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SCHWARZ REFLECTIONS AND THE TRICORN

by Seung-Yeop LEE, Mikhail LYUBICH,
Nikolai G. MAKAROV & Sabyasachi MUKHERJEE (*)

Abstract. — We continue our exploration of the family S of Schwarz reflection
maps with respect to the cardioid and a circle which was initiated in our earlier
work. We prove that there is a natural combinatorial bijection between the geo-
metrically finite maps of this family and those of the basilica limb of the Tricorn,
which is the connectedness locus of quadratic anti-holomorphic polynomials. We
also show that every geometrically finite map in S arises as a conformal mating of a
unique geometrically finite quadratic anti-holomorphic polynomial and a reflection
map arising from the ideal triangle group. We then follow up with a combinatorial
mating description for the periodically repelling maps in S. Finally, we show that
the locally connected topological model of the connectedness locus of S is naturally
homeomorphic to such a model of the basilica limb of the Tricorn.

Résumé. — Nous poursuivons l’exploration d’une famille S d’applications de
réflections de Schwarz par rapport la cardioïde et par rapport au cercle, qui a été
initiée dans des travaux antérieurs. Nous prouvons qu’il y a une bijection natu-
relle de nature combinatoire entre les applications géométriquement finies de cette
famille et celles du membre associé à la basilique de la Tricorn, qui est le lieu
de connexité des applications polynomiales anti-holomorphes de degré deux. Nous
prouvons aussi que toute application géométriquement finie dans S provient d’un
accouplement conforme entre un polynôme quadratique anti-holomorphe géomé-
triquement fini uniquement déterminé avec une application associée à un groupe
engendré par les réflections par rapport aux côtés d’un triangle idéal. Nous conti-
nuons avec une description d’un accouplement combinatoire pour les applications
périodiquement répulsives de S. Enfin, nous montrons que le modèle topologique
locallement connexe du lieu de connexité de S est naturellement homéomorphe à
un tel modèle du membre associé à la basilique de la Tricorn.
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1. Introduction

1.1. Quadrature domains, and Schwarz reflections

A domain in the complex plane is called a quadrature domain if the
Schwarz reflection map with respect to its boundary extends meromorphi-
cally to its interior. They first appeared in the work of Davis [17], and
independently in the work of Aharonov and Shapiro [2, 3, 4]. Since then,
quadrature domains have played an important role in diverse areas of com-
plex analysis such as quadrature identities [3, 17, 29, 65], extremal problems
for conformal mapping [5, 23, 70], Hele-Shaw flows [32, 62, 72], Richard-
son’s moment problem [30, 64, 72], free boundary problems [13, 66, 69],
subnormal and hyponormal operators [31]. Moreover, topology of quadra-
ture domains has important applications in physics, and leads to interesting
classes of dynamical systems generated by Schwarz reflection maps.

It is known that except for a finite number of singular points (cusps and
double points), the boundary of a quadrature domain consists of finitely
many disjoint real analytic curves. Every non-singular boundary point has
a neighborhood where the local reflection in ∂Ω is well-defined. The (global)
Schwarz reflection σ is an anti-holomorphic continuation of all such local
reflections.

Round discs on the Riemann sphere are the simplest examples of quadra-
ture domains. Their Schwarz reflections are just the usual circle reflections.
Further examples can be constructed using univalent polynomials or ratio-
nal functions. Namely, if Ω is a simply connected domain and φ : D → Ω is
a univalent map from the unit disc onto Ω, then Ω is a quadrature domain
if and only if φ is a rational function. In this case, the Schwarz reflection
σ associated with Ω is semi-conjugate by φ to reflection in the unit circle.

Figure 1.1. The rational map φ semi-conjugates the reflection map 1/z
of D to the Schwarz reflection map σ of Ω.

To a disjoint union of quadrature domains, one can associate a dynam-
ical system generated by the corresponding Schwarz reflections. In [44],
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dynamical ideas were applied to the theory of quadrature domains with
some physical implications. A systematic exploration of such dynamical
systems was then launched in [43]. Two specific examples of Schwarz re-
flection maps (associated with simply connected quadrature domains) that
appeared in [43] are Schwarz reflections of the interior of the cardioid curve
and the exterior of the deltoid curve,{

z

2 − z2

4 : |z| < 1
}

and
{

1
z

+ z2

2 : |z| < 1
}
.

One of the principal goals of that paper was to develop a general method of
producing conformal matings between groups and anti-polynomials using
Schwarz reflection maps. In particular, it was proved in [43, § 4] that the
Schwarz reflection map of the deltoid is a mating of the ideal triangle group
and the anti-polynomial z2.

1.2. Coulomb gas ensembles and algebraic droplets

Quadrature domains naturally arise in the study of 2-dimensional Cou-
lomb gas models. Consider N electrons located at points {zj}N

j=1 in the
complex plane, influenced by a strong (2-dimensional) external electrostatic
field arising from a uniform non-zero charge density. Let the scalar potential
of the external electrostatic field be N · Q : C → R ∪ {+∞} (note that
the scalar potential is rescaled so that it is proportional to the number of
electrons). We assume that Q = +∞ outside some compact set L, and finite
(but not identically zero) on L (see Figure 1.2). Since the charge density of
the potential Q is assumed to be uniform (and non-zero), it follows that Q
has constant Laplacian on L. It follows that we can write Q(z) = |z|2−H(z)
(on L), where H is harmonic. In various physically interesting cases, the
scalar potential is assumed to be algebraic; i.e., ∂H

∂z is a rational function.
The combined energy of the system resulting from particle interaction

and external potential is:

EQ(z1, · · · , zN ) =
∑
i ̸= j

ln |zi − zj |−1 +N

N∑
j=1

Q(zj).

In the equilibrium, the states of this system are distributed according to
the Gibbs measure with density

exp(−EQ(z1, · · · , zN ))
ZN

,

where ZN is a normalization constant known as the “partition function”.
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Figure 1.2. The external potential Q is infinite outside a compact set
L. In the limit, the electrons condensate on a compact subset T (of L)
which is called a droplet.

An important topic in statistical physics is to understand the limiting
behavior of the “electron cloud” as the number of electrons N grows to
infinity. Under some mild regularity conditions on Q, in the limit the elec-
trons condensate on a compact subset T of L, and they are distributed
according to the normalized area measure of T [25, 34]. Thus, the proba-
bility measure governing the distribution of the limiting electron cloud is
completely determined by the shape of the “droplet” T .

If Q is algebraic, the complementary components of the droplet T are
quadrature domains [44]. For example, the deltoid (the compact set bounded
by the deltoid curve) is a droplet in the physically interesting case of the
(localized) “cubic” external potential, see [75].

The 2D Coulomb gas model described above is intimately related to
logarithmic potential theory with an algebraic external field [63] and the
corresponding random normal matrix models, where the same probability
measure describes the distribution of eigenvalues [1, 71].

We will call any compact set T ⊂ C such that T c := Ĉ \ T is a disjoint
union of finitely many quadrature domains an algebraic droplet, and we
define the corresponding Schwarz reflection as a map σ : T c → Ĉ. Iteration
of Schwarz reflections was used in [44] to answer some questions concerning
topology and singular points of quadrature domains and algebraic droplets,
as well as the Hele-Shaw flow(1) of such domains. At the same time, these
dynamical systems seem to be quite interesting in their own right, and in
this paper we will take a closer look at them.

(1) It is a flow on the space of planar compact sets such that the normal velocity of the
boundary of a compact set is proportional to its harmonic measure. This is an example
of the so-called DLA or diffusion-limited aggregation process.

ANNALES DE L’INSTITUT FOURIER
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1.3. Anti-holomorphic dynamics

In this paper, we will be mainly concerned with dynamics of Schwarz
reflection maps (which are anti-holomorphic) with a single critical point.
It is not surprising that their dynamics is closely related to the dynamics
of quadratic anti-holomorphic polynomials (anti-polynomials for short).

The dynamics of quadratic anti-polynomials and their connectedness lo-
cus, the Tricorn, was first studied in [16] (note that they called it the Man-
delbar set). Their numerical experiments showed structural differences be-
tween the Mandelbrot set and the Tricorn. However, it was Milnor who first
observed the importance of the Tricorn; he found little Tricorn-like sets as
prototypical objects in the parameter space of real cubic polynomials [47],
and in the real slices of rational maps with two critical points [48]. Nakane
followed up by proving that the Tricorn is connected [58], in analogy to
Douady and Hubbard’s classical proof of connectedness of the Mandelbrot
set. Later, Nakane and Schleicher [60] studied the structure and dynami-
cal uniformization of hyperbolic components of the Tricorn. It transpired
from their study that while the even period hyperbolic components of the
Tricorn are similar to those in the Mandelbrot set (the connectedness locus
of quadratic holomorphic polynomials), the odd period ones have a com-
pletely different structure. Then, Hubbard and Schleicher [36] proved that
the Tricorn is not pathwise connected, confirming a conjecture by Milnor.
Techniques of anti-holomorphic dynamics were used in [6, 7, 40] to answer
certain questions with physics motivation.

Recently, the topological and combinatorial differences between the Man-
delbrot set and the Tricorn have been systematically studied by several
people. The combinatorics of external dynamical rays of quadratic anti-
polynomials was studied in [54] in terms of orbit portraits, and this was
used in [56] where the bifurcation phenomena, boundaries of odd period
hyperbolic components, and the combinatorics of parameter rays were de-
scribed. It was proved in [38] that many rational parameter rays of the
Tricorn non-trivially accumulate on persistently parabolic regions, and Mi-
siurewicz parameters are not dense on the boundary of the Tricorn. These
results are in stark contrast with the corresponding features of the Man-
delbrot set. In this vein, Gauthier and Vigny [26] constructed a bifurcation
measure for the Tricorn, and proved an equidistribution result for Mis-
iurewicz parameter with respect to the bifurcation measure. As another
fundamental difference between the Mandelbrot set and the Tricorn, it was
proved in [39] that the Tricorn contains infinitely many baby Tricorn-like
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6 S.-Y. Lee, M. Lyubich, N. G. Makarov & S. Mukherjee

sets, but these are not dynamically homeomorphic to the Tricorn. Tricorn-
like sets also showed up in the recent work of Buff, Bonifant, and Milnor
on the parameter space of a family of rational maps with real symmetry [8]
(also see [14]).

1.4. Ideal triangle group and the reflection map ρ

The ideal triangle group G is generated by the reflections in the sides of a
hyperbolic triangle Π (in the open unit disk D) with zero angles. Denoting
the (anti-Möbius) reflection maps in the three sides of Π by ρ1, ρ2, and ρ3,
we have

G =
〈
ρ1, ρ2, ρ3 : ρ2

1 = ρ2
2 = ρ2

3 = id
〉
< Aut(D).

Π is a fundamental domain of the group. The tessellation of D by images of
the fundamental domain under the group elements is shown in Figure 3.1.

In order to model the dynamics of Schwarz reflection maps, we define a
map

ρ : D \ int Π → D
by setting it equal to ρk in the connected component of D\ int Π containing
ρk(Π) (for k = 1, 2, 3). The map ρ extends to an orientation-reversing
double covering of T = ∂D admitting a Markov partition T = [1, e2πi/3] ∪
[e2πi/3, e4πi/3] ∪ [e4πi/3, 1] with transition matrix

M :=

0 1 1
1 0 1
1 1 0

 .
The anti-doubling map

m−2 : R/Z → R/Z, θ 7→ −2θ

(which models the dynamics of quadratic anti-polynomials on their Julia
sets) admits the same Markov partition as above with the same transition
matrix. This allows one to construct a circle homeomorphism E : T → T
that conjugates the reflection map ρ to the anti-doubling map m−2. The
conjugacy E , which is a version of the Minkowski’s question mark function,
serves as a connecting link between the dynamics of Schwarz reflections
and that of quadratic anti-polynomials (see the article by Shaun Bullett
in [9, § 7.8] for a detailed exposition of the Minkowski’s question mark
function, and [43, § 4.4.2] for an explicit relation between Minkowski’s
question mark function and E). The conjugacy E plays a crucial role in the
paper (see Section 3 for details).
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1.5. Dynamical decomposition: tiling and non-escaping sets

Let us now describe the basic dynamical objects associated with iter-
ation of Schwarz reflection maps. Given an algebraic droplet T and the
corresponding reflection σ : T c → Ĉ, we partition Ĉ into two invariant
sets. The first one is an open set called the tiling set. It is the set of all
points that eventually escape to T (where σ is no longer defined). Alter-
natively, the tiling set is the union of all “tiles”, the fundamental tile T

(with singular points removed) and the components of all its pre-images
under the iterations of σ. The second invariant set is the non-escaping set,
the complement of the tiling set; it is analogous to the filled in Julia set in
polynomial dynamics. The dynamics of σ on the non-escaping set is much
like the dynamics of an anti-holomorphic rational-like map (which may be
“pinched”). On the other hand, the dynamics on the tiling set exhibits
features of reflection groups; this is particularly evident if the tiling set is
unramified (i.e., if it does not contain any critical point of σ).

This is precisely the case if T is the deltoid. Figure 1.3 shows the tiling
and the non-escaping sets as well as their common boundary, which is
simultaneously analogous to the Julia set of an anti-polynomial and to the
limit set of a group. In fact, it was shown in [43, § 4] that the Schwarz
reflection σ of the deltoid is the unique conformal mating of the anti-
polynomial z 7→ z2 and the reflection map ρ in the following sense: the
conformal dynamical systems

ρ : D \ int Π → D

and
f0 : Ĉ \ D → Ĉ \ D, z 7→ z2

can be glued together by the circle homeomorphism E (which conjugates ρ
to f0 on T) to yield a (partially defined) topological map η on a topological
2-sphere. There exists a unique conformal structure on this 2-sphere which
makes η an anti-holomorphic map conformally conjugate to σ.

1.6. Circle-and-cardioid family and main results

One of the principal goals of this paper is to study the dynamics of the
following one-parameter family of Schwarz reflection maps. Consider the
cardioid

♡ := φ(D), where φ(u) = u/2 − u2/4;

TOME 0 (0), FASCICULE 0
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Figure 1.3. Schwarz dynamics of the deltoid with tiles of various ranks
shaded. The interior and the exterior of the bright green Jordan curve
are the tiling set and the non-escaping set, respectively.

i.e., ♡ is the domain bounded by the cardioid curve defined in Subsec-
tion 1.1. For each complex number a ∈ C\(−∞,−1/12), the circle centered
at a circumscribing the cardioid ♡ touches ∂♡ at exactly one point. Let ra

be the radius of this circumcircle, Ta be the droplet B(a, ra)\♡, and let Fa

denote the corresponding Schwarz reflection map: the circle reflection σa

in the exterior of B(a, ra) and the reflection σ with respect to the cardioid
in its interior (see Figure 1.4). This family of Schwarz reflections maps Fa

is denoted by S and is referred to as the circle-and-cardioid family.
The Schwarz reflection map Fa is unicritical; indeed, the circle reflection

map σa is univalent, while the cardioid reflection map σ has a unique
critical point at the origin. Note that the droplet Ta has two singular point
on its boundary. Removing these two singular point from Ta, we obtain
the desingularized droplet T 0

a (which is also called the fundamental tile).
The non-escaping set of Fa (denoted by Ka) consists of all points that
do not escape to the fundamental tile T 0

a under iterates of Fa, while the
tiling set of Fa (denoted by T∞

a ) is the set of points that eventually escape
to T 0

a . The connected components of intKa are called Fatou components.
The boundary of the tiling set is called the limit set, and is denoted by Γa.
It is instructive to think of the tiling set, the non-escaping set, and the
limit set of Fa as the analogues of the basin of infinity, the filled Julia set,
and the Julia set (respectively) of a polynomial.

ANNALES DE L’INSTITUT FOURIER
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Figure 1.4. The circle {|w− a| = ra} is the circumcircle to the cardioid
♡ centered at a. The domain of Fa is the union of ♡ and the exterior
disk B(a, ra)c := Ĉ \B(a, ra).

As in the case of quadratic polynomials, the non-escaping set of Fa is
connected if and only if it contains the unique critical point of Fa; i.e.,
the critical point does not escape to the fundamental tile. In this case, the
conformal map ψa from T 0

a onto Π extends to a biholomorphism between
the tiling set T∞

a and the unit disk D. Moreover, the extended map ψa

conjugates Fa to the reflection map ρ. On the other hand, if the critical
point escapes to the fundamental tile, the corresponding non-escaping set
is totally disconnected (see Figure 5.2).

This leads to the notion of the connectedness locus C(S) as the set of
parameters with connected non-escaping sets (see Figure 1.6). Equivalently,
C(S) is exactly the set of parameters for which the tiling set is unramified.

The geometrically finite maps (i.e., maps with attracting/parabolic cy-
cles, and maps with non-escaping, strictly pre-periodic critical point) of
S are of particular importance. They belong to the connectedness locus
C(S), and their topological and analytic properties are more tractable. For
instance, if Fa is geometrically finite, then the limit set Γa of Fa is locally
connected, and the area of Γa is zero.

For any c0 in the Tricorn with a locally connected Julia set, one can glue
the conformal dynamical systems

ρ : D \ int Π → D and fc0 : Kc0 → Kc0 , z 7→ z2 + c0

(where Kc0 is the filled Julia set of fc0) by (a factor of) the circle homeomor-
phism E yielding a (partially defined) topological map η on a topological

TOME 0 (0), FASCICULE 0
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2-sphere. We say that Fa0 is the (unique) conformal mating of ρ and the
quadratic anti-polynomial fc0 if this topological 2-sphere admits a (unique)
conformal structure that turns η into an anti-holomorphic map conformally
conjugate to Fa0 .

Figure 1.5. Left: The filled Julia set of the map z2 − 1. The map has a
super-attracting cycle of period 2. Right: The part of the non-escaping
set of F0 inside the cardioid (in dark blue) with the critical point 0
marked. The map has a super-attracting cycle of period 2.

The current paper has the dual objective of producing a topological
model of the parameter space of the family S, and proving that every
geometrically finite map in S is a conformal mating of a unique geometri-
cally finite quadratic anti-polynomial and the reflection map ρ arising from
the ideal triangle group (see Subsection 1.4 for the definition of ρ).

Theorem 1.1 (Geometrically finite maps are mating). — Every geo-
metrically finite map in S is a conformal mating of a unique geometrically
finite quadratic anti-polynomial and the reflection map ρ.

Let us mention in this respect that in the 1990s, Bullett and Penrose dis-
covered holomorphic correspondences that are matings of quadratic holo-
morphic polynomials and the modular group [12]. More recently, Bullett
and Lomonaco studied the dynamics of such correspondences and showed
that they also appear as matings of certain rational maps and the modular
group [10, 11]. The conclusion of Theorem 1.1 can be viewed as a similar
phenomenon in the anti-holomorphic world, which produces in a simple
and systematic way an abundant supply of such examples.

ANNALES DE L’INSTITUT FOURIER
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The proof of Theorem 1.1 requires a thorough understanding of the re-
lation between the geometrically finite maps in S and those in the basilica
limb L of the Tricorn (see Subsection 2.2.10 for the definition of the basilica
limb of the Tricorn). We establish such a relation via combinatorial models
of the maps which we briefly describe below.

In usual holomorphic dynamics, the uniformization of the basin of infin-
ity of an (anti-)polynomial extends continuously to the Julia set, provided
that the Julia set is connected and locally connected. Similarly, for pa-
rameters a in the connectedness locus C(S), there is a dynamically defined
conformal isomorphism ψa between the tiling set T∞

a and the unit disk D
that conjugates Fa to the reflection map ρ (see Subsection 5.1, also com-
pare [43, Proposition 5.38]). Moreover, if the limit set of such an Fa is
locally connected, then ψ−1

a extends continuously to the limit set. This
yields a topological model of the non-escaping set of Fa as the quotient
of the closed unit disk by a geodesic lamination (analogous to polynomial
laminations).

To glue the action of the reflection map ρ with that of quadratic anti-
polynomials, we use the topological conjugacy E (see Subsection 1.4) be-
tween ρ (which models the external dynamics of the maps in S) and the
anti-doubling map θ 7→ −2θ on the circle (which models the external dy-
namics of quadratic anti-polynomials). The desired relation between the
geometrically finite maps mentioned above is achieved by showing that E
induces a bijective correspondence between the laminations of geometri-
cally finite maps in S and those of geometrically finite maps in L.

Theorem 1.2 (Combinatorial bijection between geometrically finite
maps). — There exists a natural bijection between the geometrically finite
parameters in S and those in L such that the laminations of the correspond-
ing maps are related by E and the dynamics on the respective periodic Fatou
components are conformally conjugate.

The above bijection is called “combinatorial straightening”, and is de-
noted by χ. While the existence of the map χ follows from well-known
realization results in polynomial dynamics, the proof of the fact that χ is
a bijection lies at the heart of the technical difficulties of this paper.

Injectivity of χ is equivalent to “combinatorial rigidity” of geometrically
finite maps in S; more precisely, one needs to prove that geometrically
finite maps in S are completely determined by their combinatorial models
(or laminations) and suitable conformal invariants associated with them
(see Subsection 8.2). We establish such rigidity results via a “Pullback
Argument”. In fact, due to certain geometric features of the quadrature

TOME 0 (0), FASCICULE 0
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domains under consideration, the proof also involves an analysis of the
boundary behavior of conformal maps near cusps and double points.

Figure 1.6. The escape locus C \ ((−∞,−1/12) ∪ C(S)) is tessellated
by parameter tiles, a few of which are marked. The brown line stands
for the slit (−∞,−1/12), and the connectedness locus C(S) is shown in
blue. The initial parameter −1/12 of C(S) corresponds to the fat basilica
parameter of the Tricorn.

On the other hand, surjectivity of χ amounts to finding geometrically
finite maps in C(S) with prescribed laminations and conformal data. Note
that since Schwarz reflection maps are not defined on the whole sphere
(they are not even branched covers), there is no “Thurston Realization
Theorem” available for such classes of maps. To circumvent this problem,
we design a suitable machinery for description of the external structure
of C(S) (the “escape locus” of S); namely, we uniformize the escape locus
of S, and tessellate it by dynamically meaningful tiles. More precisely, for
every map Fa with a disconnected limit set (i.e., when a /∈ C(S)), there is
a conformal map ψa, defined on a proper subset of the tiling set containing
the critical value ∞, that conjugates Fa to ρ (see Subsection 5.1). Using
the map ψa, we prove the following result (compare Figure 1.6).

ANNALES DE L’INSTITUT FOURIER



SCHWARZ REFLECTIONS AND THE TRICORN 13

Theorem 1.3 (Uniformization of the escape locus). — The map

ΨΨΨ : C \ ((−∞,−1/12) ∪ C(S)) → D2,

a 7→ ψa(∞)
is a homeomorphism, where D2 is the hyperbolic half-plane in the unit disk
D bounded by the geodesic connecting the non-trivial third roots of unity
and not containing the origin.

The proof of Theorem 1.3 has some features in common with the proof
of connectedness of the Mandelbrot set, but lack of holomorphic parameter
dependence of the maps Fa adds significant subtlety to the situation forcing
us to adopt a more topological route. The uniformization ΨΨΨ allows us to
use the tessellation of the unit disk arising from the ideal triangle group
to produce a tessellation of the escape locus of S. One can then define
“external parameter rays” for S as “spines” of suitable sequences of tiles
in the tessellation of the escape locus. Equivalently, these external rays are
obtained by pulling back a Cayley graph of the ideal triangle group via the
uniformization ΨΨΨ. We remark that although the parameter rays and tiles
of S are reminiscent of usual ray-equipotential structures in escape loci of
polynomial parameter spaces, the parameter rays of S are not defined as
pre-images of radial lines (see Definition 6.5 and [43, § 2]). Finally, the
surjectivity part of Theorem 1.2 is established by realizing geometrically
finite maps with prescribed combinatorics (in S) as limit points of suitable
external parameter rays of S.

The tessellation of the escape locus and the study of the landing/accumu-
lation properties of the external rays of S not only play a key role in the
proof of bijection between geometrically finite maps mentioned above, but
also enable us to study the connectedness locus C(S) from outside. Indeed,
these results combined with our knowledge of the corresponding situation
for the Tricorn allow us to demonstrate that the lamination model of the
connectedness locus of the circle-and-cardioid family precisely corresponds
to that of the basilica limb of the Tricorn under the circle homeomorphism
E (see Figure 1.7 for pictures of the two parameter spaces in question).
This proves that the locally connected models of the two connectedness loci
are homeomorphic (see Subsection 2.2.10 for the definition of the abstract
basilica limb L̃ of the Tricorn, and Subsection 12 for that of the abstract
connectedness locus C̃(S) of S).

Theorem 1.4 (Homeomorphism between models). — The map E in-
duces a homeomorphism between the abstract connectedness locus C̃(S) of
the family S and the abstract basilica limb L̃ of the Tricorn.

TOME 0 (0), FASCICULE 0
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Figure 1.7. Left: A blow-up of C(S) around the principal hyperbolic
component (having its center at a = 0) is shown. The marked red pa-
rameter (tip of the doubling Mandelbrot copy) corresponds to a Misi-
urewicz map for which the critical point 0 lands at a fixed point in three
iterates. Right: The region to the left of the grey region (which is a part
of the principal hyperbolic component of the Tricorn) is the real basilica
limb of the Tricorn.

Combining Theorem 1.3 and Theorem 1.4, one obtains a description of
the parameter space of the circle-and-cardioid family as a “combinatorial
mating” of the basilica limb of the maps with (a part of) the unit disk D
equipped with its tessellation arising from the ideal triangle group (com-
pare [22] for an analogous mating description of the parameter space of a
certain family of quadratic rational maps).

To conclude, it is worth mentioning that there are several compelling
reasons for adopting a combinatorial approach to describe the topology
of the connectedness locus C(S). The “external map” of Fa is given by
the map ρ, which is a two-to-one covering of the circle with three para-
bolic fixed points. On the other hand, the external map of a quadratic
anti-polynomial is given by θ 7→ −2θ, which is a two-to-one covering of
the circle with three repelling fixed points. As there is no quasisymmetric
conjugacy between a parabolic and a repelling fixed point, one cannot qua-
siconformally straighten Fa to a quadratic anti-polynomial. In fact, there
exists no (anti-)rational map of degree two with three parabolic fixed points
(alternatively, there is no (anti-)Blaschke map with more than one para-
bolic fixed point). Consequently, maps in S cannot be quasiconformally
straightened to any family of (anti-)rational maps.

In addition to the above obstacles, there are intrinsic issues with anti-
holomorphic parameter spaces that make straightening maps ill-behaved
(see Section 13, also compare [39, Theorem 1.1]). Since the Tricorn is known
to be non-locally connected (with quite non-uniform wiggly features in
various places), one needs to work with its locally connected topological
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model to develop a tractable theory. On the other hand, there are deep
MLC-type problems of combinatorial rigidity for the Tricorn that are still
open (compare [46, § 38]), and go beyond the scope of the current work.
Any progress in this direction would bring our topological models closer to
the actual connectedness loci.

1.7. Organization of the paper

In Section 2, we give a detailed description of the dynamics of qua-
dratic anti-polynomials and their connectedness locus, the Tricorn. Al-
though many techniques used in the study of the Mandelbrot set can be
adapted to investigate the Tricorn, lack of holomorphic parameter depen-
dence adds complexity to the situation. Moreover, lack of quasi-conformal
rigidity of parameters on the boundary of the Tricorn results in various
topological subtleties. We discuss some of the essential topological differ-
ences between the Mandelbrot set and the Tricorn, and record all the results
that we will need in the paper.

Sections 3 contains a description of the ideal triangle group, the associ-
ated reflection map ρ, and the conjugacy E between ρ and z2. In Section 4,
we briefly review the basic definitions and some general properties of quad-
rature domains and Schwarz reflection maps.

Section 5 is a recapitulation of the circle-and-cardioid family S that was
introduced in [43]. Some basic dynamical results about the maps in the
circle-and-cardioid family (that were proved in [43]) are also collected here.

In Section 6, we begin our study of the parameter space of S. The main
goal of this section is to prove Theorem 1.3, which states that the conformal
position of the escaping critical value produces a homeomorphism between
the escape locus of S and a suitable simply connected domain.

In Section 7, we describe the structure of hyperbolic components of C(S).
As in the case of the Tricorn, the hyperbolic components of odd period
vastly differ from their even-period counterparts.

Section 8 concerns combinatorics of geometrically finite maps. In Sub-
section 8.1, we introduce an important combinatorial object called orbit
portraits which, as in the polynomial case, describes the landing patterns
of dynamical rays landing on a periodic orbit. Subsequently in Subsec-
tion 8.2, we prove a number of crucial rigidity statements (Theorems 8.13,
8.17) to the effect that PCF parameters in S are uniquely determined by
their combinatorial models (orbit portraits for centers of hyperbolic com-
ponents, and laminations for Misiurewicz parameters). This subsection also
contains some rigidity statements for hyperbolic and parabolic maps.
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In Section 9, we carry out a detailed study of the landing/accumulation
properties of parameters rays of S at (pre-)periodic angles (under ρ). This
requires a complete combinatorial understanding of parabolic parameters
of C(S). The odd period parabolic parameters of C(S) and the structure of
bifurcations across such parameters are studied in Subsection 9.1. Subsec-
tion 9.2 contains a combinatorial realization result for parabolic parameters
as landing/accumulation points of parameter rays at periodic angles. In
Subsection 9.3, we investigate landing properties of parameter rays of S at
strictly pre-periodic angles. In particular, we characterize parameter rays
landing at Misiurewicz parameters in terms of combinatorial properties of
their dynamical planes. The results of this section play an important role
in the proofs of our main theorems.

In Section 10, we define the combinatorial straightening map χ on all
geometrically finite maps of S. More precisely, we send a geometrically
finite map Fa to the unique geometrically finite map of the Tricorn so
that the homeomorphism E sends the lamination of the former to that of
the latter, and the conformal conjugacy classes of the first return map to
the characteristic Fatou components of the corresponding maps are the
same. The fact that such a member of the Tricorn can be found follows
from the combinatorial structure of the corresponding laminations, landing
properties of external parameter rays of the Tricorn, and our understanding
of the closures of the hyperbolic components.

Thanks to the combinatorial rigidity results proved in Subsection 8.2,
the above combinatorial straightening map turns out to be injective.

We proceed to show that the straightening map is surjective onto all geo-
metrically finite maps of the Tricorn. We use landing properties of external
parameter rays of S prepared in Subsection 9.3 to show that Misiurewicz
maps in S with prescribed lamination can be found as limit points of suit-
able parameter rays. To achieve the goal for hyperbolic parameters in S, we
first realize parabolic parameters using results from Subsection 9.2. Since
parabolic parameters lie on boundaries of hyperbolic components, this al-
lows us to realize hyperbolic parameters by perturbing parabolic param-
eters inside hyperbolic components. This part of the argument involves a
thorough understanding of odd period hyperbolic components of C(S) and
their bifurcation structure. This yields our desired combinatorial bijection
between the geometrically finite maps of S and L, and completes the proof
of Theorem 1.2.

In the next Section 11, we put together Theorem 1.2 and standard tech-
niques in holomorphic dynamics to complete the proof of Theorem 1.1.
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In Subsection 12, we construct a locally connected model for C(S), and
use the landing properties of parameter rays to complete the proof of The-
orem 1.4.

The final Section 13 is devoted to a discussion of possible analytic im-
provements of the straightening map χ. In fact, we show that the map χ

has “built-in” discontinuities. It is worth mentioning that discontinuity of
straightening maps is typical in anti-holomorphic dynamics, and is related
to “non-universality” of certain conformal invariants (compare [39, § 8]).

In Appendix A, we use softer arguments (that avoid conformal removabil-
ity) to demonstrate that the deltoid Schwarz reflection map naturally arises
as the conformal mating of z2 and the map ρ arising from the ideal trian-
gle group. We also employ similar arguments to show that the circle-and-
cardioid family is canonical in the sense that, if a quadratic anti-polynomial
z2 + c in the real basilica limb of the Tricorn is conformally mateable with
the refection map ρ, then (up to Möbius conjugation) the corresponding
conformal mating necessarily lies in the circle-and-cardioid family. We use
this fact to prove uniqueness of the conformal mating of the Basilica anti-
polynomial z2 − 1 and ρ.

Appendix B uses a classical result of Warschawski to prepare some an-
alytic tools regarding boundary behavior of conformal maps near cusps.
These technical results play a crucial role in the rigidity theorems proved
in Section 8.

Acknowledgements

The authors are grateful to the anonymous referee for detailed comments
and suggestions for improvement.

2. Background on holomorphic dynamics

Notation 2.1.
• The complex conjugation map on the Riemann sphere is denoted

by ι.
• The complex conjugate of a set X ⊂ C will be denoted by ι(X),

while X will stand for the topological closure of X.
• B(a, r) (respectively B(a, r)) will stand for the open (respectively

closed) disk centered at a with radius r.
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• The complement of X ⊂ Ĉ will be denoted by Xc; i.e., Xc := Ĉ\X.

This preliminary section will be a brief survey of several fundamental
results on the dynamics and parameter spaces of quadratic polynomials
and anti-polynomials. The results collected in this section will be repeatedly
used in the rest of the paper.

2.1. Dynamics of complex quadratic polynomials: the
Mandelbrot set

The quadratic polynomial family is undoubtedly the most well-studied
family of maps in holomorphic dynamics. Although it is the simplest family
of nonlinear holomorphic maps, their dynamics and parameter space turn
out be highly non-trivial. In particular, many powerful methods were de-
veloped to study the parameter space of these maps leading to remarkable
theorems. These results and methods laid the foundation of the study of
general parameter spaces of holomorphic maps, and act as a strong moti-
vational factor in our investigation.

With this in mind, we will briefly review some aspects of the dynamics
and parameter space of complex quadratic polynomials in this subsection.
We will mainly touch upon the concepts and results that are directly (or
indirectly) related to our study of the dynamics and parameter spaces of
Schwarz reflections.

Any complex quadratic polynomial can be affinely conjugated to a map
of the form pc(z) = z2 +c. The filled Julia set K(pc) is defined as the set of
all points that remain bounded under all iterations of pc. The boundary of
the filled Julia set is defined to be the Julia set J(pc). The complement of
the filled Julia set is called the basin of infinity, and is denoted by A∞(c).

For a periodic orbit (equivalently, a cycle) O = {z1, z2, · · · , zn} of pc,
we denote by µ(c,O) := (p◦n

c )′(z1) the multiplier of O (the definition is
independent of the choice of zi). A periodic orbit O of pc is called super-
attracting, attracting, neutral, or repelling if µ(c,O) = 0, 0 < |µ(c,O)| < 1,
|µ(c,O)| = 1, or |µ(c,O)| > 1 (respectively). A neutral cycle is called
parabolic if the associated multiplier is a root of unity. Otherwise, it is
called irrational.

Every quadratic polynomial pc has two finite fixed points, and the sum
of the multipliers of these two fixed points is 2.

We now recall the existence of local uniformizing coordinates for attract-
ing cycles of holomorphic maps. Let z0 be an attracting fixed point of a
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holomorphic map g; i.e., 0 < |g′(z0)| < 1. By a classical theorem of Koenigs,
there exists a conformal change of coordinates κ in a neighborhood U of
z0 such that κ(z0) = 0 and κ ◦ g(z) = g′(z0)κ(z), for all z in U . The
map κ is known as Koenigs linearizing coordinate, and it is unique up to
multiplication by a non-zero complex number [50, Theorem 8.2].

For every quadratic polynomial, ∞ is a super-attracting fixed point.
It is well-known that there is a conformal map φc near ∞ such that
lim

z→∞
φc(z)/z = 1 and φc ◦ pc(z) = φc(z)2 [50, Theorem 9.1]. The map

φc is called the Böttcher coordinate for pc. The function Gc(z) := log |φc|
can be extended as a subharmonic function to the entire complex plane
such that it vanishes precisely on K(pc) and has a logarithmic singularity
at ∞. In other words, Gc is the Green’s function of K(pc) [50, Corollary 9.2,
Definition 9.6]. The level curves of Gc are called equipotentials of pc. As
for the conformal map φc itself, it extends as a conformal isomorphism to
an equipotential containing c, when K(pc) is disconnected, and extends as
a biholomorphism from Ĉ \K(pc) onto Ĉ \D when K(pc) is connected [50,
Theorem 9.3, Theorem 9.5]. The dynamical ray Rc(t) of pc at an angle
t ∈ R/Z is defined as the pre-image of the radial line at angle t under φc.
Evidently, pc maps the dynamical ray Rc(t) to the dynamical ray Rc(2t).

We say that the dynamical ray Rc(t) of pc lands if Rc(t) ∩ K(pc) is a
singleton; this unique point is called the landing point of Rc(t). It is worth
mentioning that for a quadratic polynomial with connected filled Julia set,
every dynamical ray at a periodic angle (under multiplication by 2) lands
at a repelling or parabolic periodic point, and conversely, every repelling
or parabolic periodic point is the landing point of at least one periodic
dynamical ray [50, § 18].

The filled Julia set K(pc) of a quadratic polynomial is either connected,
or totally disconnected. In fact, K(pc) is connected if and only the unique
critical point 0 does not lie in the basin of infinity A∞(c) [20, Exposé III,
§ 1, Proposition 1] [15, Chapter VIII, Theorem 1.1]. This dichotomy leads
to the notion of the connectedness locus.

Definition 2.2. — The Mandelbrot set M is the connectedness locus
of complex quadratic polynomials; i.e.,

M := {c ∈ C : K(pc) is connected} .

A parameter c ∈ M is called hyperbolic if pc has a (necessarily unique)
attracting cycle. A connected component H of the set of all hyperbolic
parameters is called a hyperbolic component of M. The following classi-
cal result is a consequence of holomorphic parameter dependence of the
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Figure 2.1. Mandelbrot set, the connectedness locus of quadratic holo-
morphic polynomials z2 + c.

maps pc [21, Exposé XIX, Theorem 1], [15, Chapter VIII, Theorem 1.4,
Theorem 2.1].

Theorem 2.3 (Hyperbolic components of M). — Every hyperbolic
component of M is a connected component of the interior of M. For every
hyperbolic component H, there exists some n ∈ N such that each pc in H

has an attracting cycle of period n. The multiplier of the unique attracting
cycle of pc (where c ∈ H) defines a biholomorphism from H onto the open
unit disk D in the complex plane. This map is called the multiplier map of
H, and is denoted by µH .

Moreover, every parameter on the boundary of a hyperbolic component
H has a unique neutral cycle of period dividing n. The derivative of p◦n

c at
this neutral cycle defines a continuous extension of µH up to ∂H.

The above proposition directly leads to the notion of centers and roots
of hyperbolic components.

Definition 2.4. — The center of a hyperbolic component H is the
unique parameter in H which has a super-attracting cycle (equivalently,
where the multiplier map vanishes).
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The root of H is the unique parameter c ∈ ∂H with µH(c) = 1.

The unique hyperbolic component of period one (also called the principal
hyperbolic component of M) will be of particular importance to us. We
denote it by ♡. A straightforward computation shows that the inverse of
the multiplier map of ♡ takes the form

φ : D → ♡

φ(µ) = µ/2 − µ2/4.

Roots of hyperbolic components are intimately related to bifurcation
phenomena in M. If c is a parabolic parameter of M such that pc has a
k-periodic cycle of multiplier e2πip/q (where gcd(p, q) = 1 and q ⩾ 2), then
c lies on the boundary of a hyperbolic component H of period k and a
hyperbolic component H ′ of period kq. Moreover, c is the root of H ′ [21,
Exposé XIV, § 5, Proposition 5].

The following theorem plays a basic role in the study of M. For a proof,
see [20, Exposé VIII, § I.3, Theorem 1].

Theorem 2.5 (Connectedness of M). — The map Φ : C \ M → C \D,
defined by c 7→ φc(c) (where φc is the Böttcher coordinate for pc) is a
biholomorphism. In particular, the Mandelbrot set is compact, connected,
and full.

The above theorem allows one to define parameter rays of the Mandelbrot
set as pre-images of radial lines under Φ. More precisely, the parameter ray
of M at angle θ is defined as

Rθ :=
{

Φ−1 (
re2πiθ

)
, r > 1

}
.

If lim
r→1+

Φ−1 (
re2πiθ

)
exists, we say that Rθ lands. The parameter rays of

the Mandelbrot set have been profitably used to reveal its combinatorial
and topological structure. In particular, it is known that all parameter rays
of M at rational angles land. For a complete description of landing patterns
of rational parameter rays and the corresponding structure theorem of the
Mandelbrot set, see [68, Theorem 1.1].

One of the most conspicuous features of the Mandelbrot set is its self-
similarity. In [19], Douady and Hubbard developed the theory of polynomial-
like maps to study this self-similarity. They proved the “straightening the-
orem” that, under certain circumstances, allows one to study a sufficiently
large iterate of a polynomial by associating a simpler dynamical system,
namely a polynomial of smaller degree, to it [19, Chapter I, Theorem 1].

TOME 0 (0), FASCICULE 0



22 S.-Y. Lee, M. Lyubich, N. G. Makarov & S. Mukherjee

They used it to explain the existence of infinitely many small homeomor-
phic copies of the Mandelbrot set in itself [19, Chapter II, Proposition 14].
It is worth mentioning that continuity of the straightening map from a baby
Mandelbrot set to the original Mandelbrot set is an essential consequence
of quasiconformal rigidity of parameters on the boundary of M [19, Chap-
ter I, Proposition 7]. In fact, straightening maps are typically discontinuous
in the parameter spaces of higher degree polynomials [37].

For a more general and comprehensive discussion of straightening of
quadratic-like families, see [46, Chapter 6].

We refer the readers to [20, 21] for an account of the early development
of the subject, and to [46] for a more comprehensive account containing
many sophisticated results on the Mandelbrot set.

2.2. Dynamics of quadratic anti-polynomials: the Tricorn

In this section, we recall some known results on the dynamics of qua-
dratic anti-polynomials, and their parameter space. The reason to include
this fairly detailed survey is twofold. Since the Schwarz reflection maps are
anti-holomorphic and they depend only real-analytically (and not holomor-
phically) on the parameter, some of the purely holomorphic techniques used
to study the Mandelbrot set fail to work in this setting. It is, therefore, not
too surprising that the tools required to study the dynamics and parame-
ter space of quadratic anti-polynomials find widespread applications in our
study of the parameter space of Schwarz reflections. Secondly, some impor-
tant topological features of the parameter space of anti-polynomials differ
from their holomorphic counterpart. These differences serve as a mental
guide in our analysis. Readers familiar with anti-holomorphic dynamics (or
unwilling go through this lengthy exposition) may skip to Subsection 2.2.10
where the abstract basilica limb of the Tricorn is defined, and come back
to this section whenever required.

Any quadratic anti-polynomial, after an affine change of coordinates, can
be written in the form fc(z) = z2 + c for c ∈ C. In analogy to the holomor-
phic case, the set of all points that remain bounded under all iterations of
fc(z) = z2 + c (for c ∈ C) is called the filled Julia set Kc. The boundary
of the filled Julia set is defined to be the Julia set Jc. This leads, as in
the holomorphic case, to the notion of connectedness locus of quadratic
anti-polynomials:

Definition 2.6. — The Tricorn is defined as T = {c ∈ C : Kc is
connected}.
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Figure 2.2. Left: Tricorn, the connectedness locus of quadratic anti-
polynomials z2 + c. Right: Wiggling of umbilical cord on an odd period
hyperbolic component of the Tricorn.

Remark 2.7. — The anti-polynomials fc and fωc are conformally conju-
gate via the linear map z 7→ ωz, where ω = exp( 2πi

3 ). It follows that T has
a 3-fold rotational symmetry (see Figure 2.2).

Remark 2.8. — The Tricorn (see Figure 2.2) can be thought of as an
object of intermediate complexity between one dimensional and higher di-
mensional parameter spaces. Combinatorially speaking, Douady’s famous
‘plough in the dynamical plane, and harvest in the parameter space’ prin-
ciple continues to stand us in good stead since our maps are unicritical
and our parameter space is still real two-dimensional. However, the iter-
ates of a quadratic anti-polynomial fc only depend real-analytically on the
parameter c (unlike the iterates of z2 + c, which depend holomorphically
on c). This results in significant topological differences between the Tri-
corn and the Mandelbrot set. Note that since the second iterate of fc is
(z2 + c)2 + c, the space of quadratic anti-polynomials can be viewed as
the real slice {(a, b) ∈ C2 : a = b} of the family of biquadratic polynomials
{(z2 +a)2 +b : a, b ∈ C}. The polynomials (z2 +a)2 +b generically have two
infinite critical orbits, much like cubic polynomials. Hence, the dynamics
and parameter space of quadratic anti-polynomials also resemble in many
respects the connectedness locus of cubic polynomials.

2.2.1. Dynamical plane of anti-polynomials

Similar to the holomorphic case, we have a notion of Böttcher coordi-
nates for anti-polynomials. By [58, Lemma 1], there is a conformal map φc

TOME 0 (0), FASCICULE 0



24 S.-Y. Lee, M. Lyubich, N. G. Makarov & S. Mukherjee

near ∞ that conjugates fc to z2. As in the holomorphic case, φc extends
conformally to an equipotential containing c, when c /∈ T , and extends as
a biholomorphism from Ĉ \ Kc onto Ĉ \ D when c ∈ T .

Definition 2.9. — The dynamical ray Rc(θ) of fc at an angle θ is
defined as the pre-image of the radial line at angle θ under φc.

The dynamical ray Rc(θ) maps to the dynamical ray Rc(−2θ) under fc.
It follows that, at the level of external angles, the dynamics of fc can be
studied by looking at the simpler map

m−2 : R/Z → R/Z, m−2(θ) = −2θ.

We refer the readers to [60, § 3], [54] for details on the combinatorics of the
landing pattern of dynamical rays for unicritical anti-polynomials.

For an anti-holomorphic germ g fixing a point z0, the quantity ∂g
∂z |z0 is

called the multiplier of g at the fixed point z0. One can use this definition
to define multipliers of periodic orbits of anti-holomorphic maps (com-
pare [53, § 1.1]). A cycle is called attracting (respectively, super-attracting
or parabolic) if the associated multiplier has absolute value between 0
and 1 (respectively, is 0 or a root of unity). A map fc is called hyperbolic
(respectively, parabolic) if it has a (super-)attracting (respectively, para-
bolic) cycle. A connected component of the set of all hyperbolic parameters
is called a hyperbolic component of T .

Remark 2.10. — Recall that every quadratic polynomial pc has three
distinct fixed points in Ĉ (except for c = 1

4 , which has a simple fixed point
at ∞, and a double fixed point at 1

2 ). On the other hand, the number of
distinct fixed points of a quadratic anti-polynomial fc drops from 5 to 3 as c
exits the principal hyperbolic component; i.e., the hyperbolic component
of period one (the central blue region in Figure 2.2). More precisely, for
c in the principal hyperbolic component, fc has two attracting and three
repelling fixed points (in Ĉ), while for c outside the closure of the principal
hyperbolic component, fc has one attracting and two repelling fixed points.

It is worth mentioning that the Lefschetz fixed point index of an at-
tracting (respectively, repelling) fixed point of fc (which is defined as the
winding number of fc(z) − z along the boundary of a small disc centered
at a fixed point) is +1 (respectively, −1). By the Lefschetz–Hopf Theorem,
the sum of the indices of all fixed points must be −1 (since the topolog-
ical degree of fc on Ĉ is −2). Thus outside the closure of the principal
hyperbolic component, the loss of an attracting fixed point of fc must be
accompanied by the loss of a repelling fixed point. This explains why the
number of fixed points of fc must drop by two.
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A (super-)attracting cycle of fc belongs to the interior of Kc, and a para-
bolic cycle lies on the boundary of Kc (see [50, § 5, Theorem 5.2]). Moreover,
a parabolic periodic point necessarily lies on the boundary of a Fatou com-
ponent (i.e., a connected component of int Kc) that contains an attracting
petal of the parabolic germ such that the forward orbit of every point in the
component converges to the parabolic cycle. In the attracting (respectively,
parabolic) case, the forward orbit of the critical point 0 converges to the
attracting (respectively, parabolic) cycle. In either case, the unique Fatou
component containing the critical value is called the characteristic Fatou
component.

It is well-known that if fc has a connected Julia set, then all rational
dynamical rays of fc land at repelling or parabolic (pre-)periodic points.
This allows us to introduce an important combinatorial object that will
play a key role later in the paper.

Definition 2.11. — The rational lamination of a quadratic anti-polyno-
mial fc (with connected Julia set) is defined as an equivalence relation on
Q/Z such that θ1 ∼ θ2 if and only if the dynamical rays Rc(θ1) and Rc(θ2)
land at the same point of J(fc). The rational lamination of fc is denoted
by λ(fc).

The next proposition lists the basic properties of rational laminations.

Proposition 2.12. — The rational lamination λ(fc) of a quadratic
anti-polynomial fc satisfies the following properties.

(1) λ(fc) is closed in Q/Z × Q/Z.
(2) Each λ(fc)-equivalence class A is a finite subset of Q/Z.
(3) If A is a λ(fc)-equivalence class, then m−2(A) is also a λ(fc)-

equivalence class.
(4) If A is a λ(fc)-equivalence class, then A 7→ m−2(A) is consecutive

reversing.
(5) λ(fc)-equivalence classes are pairwise unlinked.

Proof. — The proof of [41, Theorem 1.1] applies mutatis mutandis to
the anti-holomorphic setting. □

Definition 2.13. — An equivalence relation λ on Q/Z satisfying the
conditions of Proposition 2.12 is called a formal rational lamination under
m−2.

2.2.2. Uniformization of the exterior of the Tricorn

The following result was proved by Nakane [58].
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Theorem 2.14 (Real-analytic uniformization). — The map Φ : C\T →
C \ D, defined by c 7→ φc(c) (where φc is the Böttcher coordinate near
∞ for fc) is a real-analytic diffeomorphism. In particular, the Tricorn is
connected.

The previous theorem also allows us to define parameter rays of the
Tricorn.

Definition 2.15. — The parameter ray at angle θ of the Tricorn T ,
denoted by Rθ, is defined as {Φ−1(re2πiθ) : r > 1}, where Φ is the real-
analytic diffeomorphism from the exterior of T to the exterior of the closed
unit disc in the complex plane constructed in Theorem 2.14.

2.2.3. Uniformization of hyperbolic components

Recall that a map fc is called hyperbolic if it has a (super-)attracting cy-
cle, and a hyperbolic component of T is defined as a connected component
of the set of all hyperbolic parameters. Note that if c lies in a hyperbolic
component of odd (respectively even) period of T , then the first return map
of an attracting Fatou component of fc is anti-holomorphic (respectively
holomorphic). Due to this dichotomy, one needs to study the topology of
odd and even period hyperbolic components of T separately. The hyper-
bolic component of period 1 can be studied by explicit computation [60,
Lemma 5.2] and is in some sense atypical. Hence we restrict our attention
to higher period components, which is all we need in this paper.

Let H be a hyperbolic component of even period k of T . For c ∈ H, the
k-periodic attracting cycle of fc splits into two distinct attracting cycles of
period k

2 under f◦2
c . These two attracting cycles of f◦2

c have complex conju-
gate multipliers. Let zc be the attracting periodic point in the critical value
Fatou component. We define µc := (f◦k

c )′(zc). The map c 7→ (f◦k
c )′(zc) is

called the multiplier map of the hyperbolic component of even period k.
For c ∈ H, the restriction of f◦k

c to the Fatou component Uc containing
c is a degree 2 proper holomorphic map. Moreover, f◦k

c has a unique fixed
point on ∂Uc. Choosing a Riemann map of Uc that maps the attracting
periodic point to 0 and the unique boundary fixed point to 1, we obtain
a conjugacy between f◦k

c |Uc and a holomorphic Blaschke product of de-
gree 2 on D. By construction, such a Blaschke product must be of the
form B+

a,θ(z) = e2πiθz (z−a)
(1−az) , where a ∈ D and θ = θ(a) ∈ R is selected

so that z = 1 is fixed by B+
a,θ. The unique such Blaschke product with a

super-attracting fixed point is B+
0,0. Let B+ be the space of all holomorphic

Blaschke products B+
a,θ where a ∈ D and B+

a,θ(1) = 1.
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Now let H be a hyperbolic component of odd period k ̸= 1 with center c0.
As before, for c ∈ H, let zc be the attracting periodic point of fc contained
in the critical value Fatou component Uc. Let Jac(f◦k

c , zc) be the Jacobian
determinant of f◦k

c at zc. A simple computation shows that zc is a periodic
point of f◦2

c of period k, and the associated multiplier

(
f◦2k

c

)′ (zc) = −Jac
(
f◦k

c , zc

)
=

∣∣∣∣∂f◦k
c

∂z
(zc)

∣∣∣∣2

is real and positive (compare [53, § 1.1]). Clearly, one has to work a bit
harder to define a meaningful conformal invariant that uniformizes a hy-
perbolic component H of odd period. Unlike in the even period case, the
natural conformal invariant for maps with odd period attracting cycles is
not a purely local quantity; it uses the conformal position of the orbit of the
critical point. The following definition was introduced in [39, § 6] (see [60,
§ 5] for an equivalent formulation).

For c ∈ H\{c0}, there are two distinct critical orbits of the second iterate
f◦2

c converging to an attracting cycle. One can choose two representatives
of these two critical orbits (e.g. c and f◦k

c (c)) in a fundamental domain (in
the critical value Fatou component), and consider their ratio in a Koenigs
linearizing coordinate. More precisely, let κc : Uc → C be a Koenigs lin-
earizing coordinate for f◦2k

c near zc; i.e., κc(f◦2k
c (z)) = (f◦2k

c )′(zc)κc(z) for
all z ∈ Uc. We define

ζH(c) :=
κc

(
f◦k

c (c)
)

κc(c) .

Since a Koenigs linearizing coordinate is unique up to multiplication by a
non-zero number, the above ratio is independent of the choice of κc. At the
center c0, we define ζH(c0) = 0. The map ζH is called the Koenigs ratio
map of the hyperbolic component H of odd period k.

For c ∈ H, the restriction of f◦k
c to the Fatou component Uc contain-

ing c is a degree 2 proper anti-holomorphic map. Moreover, f◦k
c has three

fixed points on ∂Uc. Exactly one of them is a cut point of the Julia set,
this point is called the dynamical root point of fc on ∂Uc. Choosing a
Riemann map of Uc that maps the attracting periodic point to 0 and the
dynamical root point to 1, we obtain a conjugacy between f◦k

c |Uc
and an

anti-holomorphic Blaschke product of degree 2 on D. By construction, such
a Blaschke product must be of the form B−

a,θ(z) = e2πiθz (z−a)
(1−az) , where

a ∈ D and θ = θ(a) ∈ R is selected so that z = 1 is fixed by B−
a,θ. The

unique such Blaschke product with a super-attracting fixed point is B−
0,0.
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Let B− be the space of all anti-holomorphic Blaschke products B−
a,θ where

a ∈ D and B−
a,θ(1) = 1.

A direct calculation (or the Schwarz lemma) shows that 0 is necessar-
ily an attracting fixed point for every Blaschke product in B±. Clearly,
both Blaschke product spaces B± are simply connected as their common
parameter space is the open unit disc D. Thus, the spaces B± can be en-
dowed with real-analytic manifold structures (the appearance of a and a

in the definition of B±
a,θ is an obstruction to the existence of a complex

structure on B±). For both families of Blaschke products, we can define
the multiplier/Koenigs ratio of the attracting fixed point. The next lemma
elucidates the mapping properties of the multiplier/Koenigs ratio maps
defined on B± [60, Lemma 5.4].

Lemma 2.16. — The Blaschke product model spaces B± are simply
connected. Moreover, the Koenigs ratio map (respectively, the multiplier
map) of the attracting fixed point defines a real-analytic 3-fold branched
covering from B− (respectively a real-analytic diffeomorphism from B+)
onto D.

The above discussion shows that we can associate a unique element of
B− (respectively B+) to every fc in an odd (respectively even) period hy-
perbolic component H. We thus have a map ηH from H to B− or B+.
The following theorem, which gives a dynamical uniformization of the hy-
perbolic components, was proved in [60, Theorem 5.6, Theorem 5.9] (cf. [51,
§ 5]).

Theorem 2.17 (Uniformization of hyperbolic components). — Let H
be a hyperbolic component. The map ηH : H → B− (respectively, B+) is a
real-analytic diffeomorphism.

(1) If H is of odd period, then ηH : H → B− respects the Koenigs ratio
of the attracting cycle. In particular, the Koenigs ratio map is a
real-analytic 3-fold branched covering from H onto the unit disk,
ramified only over the origin.

(2) If H is of even period, then ηH : H → B+ respects the multiplier
of the attracting cycle. In particular, the multiplier map is a real-
analytic diffeomorphism from H onto the unit disk.

2.2.4. Bifurcation from even period hyperbolic components

We will now review some facts about neutral parameters and boundaries
of hyperbolic components of the Tricorn. The following proposition states
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that every neutral (in particular, parabolic) parameter lies on the boundary
of a hyperbolic component of the same period (see [56, Theorem 2.1]).

Proposition 2.18 (Neutral parameters on boundary). — If fc0(z) =
z2 + c0 has an neutral periodic point of period k, then every neighborhood
of c0 contains parameters with attracting periodic points of period k, so
the parameter c0 is on the boundary of a hyperbolic component of period
k of the Tricorn.

Moreover, every neighborhood of c0 contains parameters for which all
period k orbits are repelling.

Using Theorem 2.17, one can define internal rays of hyperbolic compo-
nents of T . If H is a hyperbolic component of even period, then all internal
rays of H land [39, Lemma 2.19]. If H does not bifurcate from a hyperbolic
component of odd period, then the landing point of the internal ray at an-
gle 0 is a parabolic parameter with an even-periodic parabolic cycle. This
parameter is called the root of H.

The bifurcation structure of even period hyperbolic components of the
Tricorn is analogous to that in the Mandelbrot set. The following theorem
was proved in [56, Theorem 1.1].

Theorem 2.19 (Bifurcations from even periods). — If a quadratic anti-
polynomial fc has a 2k-periodic cycle with multiplier e2πip/q with gcd(p, q)
= 1, then c sits on the boundary of a hyperbolic component of period 2kq
of the Tricorn (and is the root thereof).

2.2.5. Bifurcation from odd period hyperbolic components

We now turn our attention to the odd period hyperbolic components of
the Tricorn. One of the main features of anti-holomorphic parameter spaces
is the existence of abundant parabolics. In particular, the boundaries of
odd period hyperbolic components of the Tricorn consist only of parabolic
parameters [56, Lemma 2.5].

Proposition 2.20 (Neutral dynamics of odd period). — The boundary
of a hyperbolic component of odd period k consists entirely of parameters
having a parabolic orbit of exact period k. In suitable local conformal
coordinates, the 2kth iterate of such a map has the form z 7→ z+ zq+1 + . . .

with q ∈ {1, 2}.

This leads to the following classification of odd periodic parabolic points.
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Definition 2.21. — A parameter c will be called a parabolic cusp if it
has a parabolic periodic point of odd period such that q = 2 in the previous
proposition. Otherwise, it is called a simple parabolic parameter.

In holomorphic dynamics, the local dynamics in attracting petals of par-
abolic periodic points is well-understood: there is a local coordinate ψatt

which conjugates the first-return dynamics to translation by +1 in a right
half plane [50, § 10]. Such a coordinate ψatt is called a Fatou coordinate.
Thus, the quotient of the petal by the dynamics is isomorphic to a bi-
infinite cylinder, called the écalle cylinder. Note that Fatou coordinates are
uniquely determined up to addition of a complex constant.

In anti-holomorphic dynamics, the situation is at the same time restricted
and richer. Since the real eigenvalues of an anti-holomorphic map at a neu-
tral fixed point are ±1, neutral dynamics of odd period is always parabolic.
In particular, for a neutral periodic point of odd period k, the 2kth iterate
is holomorphic with multiplier +1. On the other hand, additional structure
is given by the anti-holomorphic intermediate iterate.

Proposition 2.22 (Fatou coordinates). — [36, Lemma 2.3] Suppose z0
is a parabolic periodic point of odd period k of fc with only one petal
(i.e. c is not a cusp), and U is a periodic Fatou component with z0 ∈ ∂U .
Then there is an open subset V ⊂ U with z0 ∈ ∂V , and f◦k

c (V ) ⊂ V

so that for every z ∈ U , there is an n ∈ N with f◦nk
c (z) ∈ V . Moreover,

there is a univalent map ψatt : V → C with ψatt(f◦k
c (z)) = ψatt(z) + 1/2,

and ψatt(V ) contains a right half plane. This map ψatt is unique up to
horizontal translation.

Remark 2.23. — Note that the above proposition applies more gener-
ally to anti-holomorphic neutral periodic points such that the attracting
petal(s) has (have) odd period.

The map ψatt will be called an anti-holomorphic Fatou coordinate for
the petal V . The anti-holomorphic iterate interchanges both ends of the
écalle cylinder, so it must fix one horizontal line around this cylinder (the
equator). The change of coordinate has been so chosen that the equator is
the projection of the real axis. We will call the vertical Fatou coordinate the
écalle height. The écalle height vanishes precisely on the equator. Of course,
the same can be done in the repelling petal as well. We will refer to the
equator in the attracting (respectively repelling) petal as the attracting
(respectively repelling) equator. The existence of this distinguished real
line, or equivalently an intrinsic meaning to écalle height, is specific to
anti-holomorphic maps.
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The écalle height of the critical value plays a special role in anti-holomor-
phic dynamics. The next theorem, which is proved in [56, Theorem 3.2],
proves the existence of real-analytic arcs of simple parabolic parameters on
the boundaries of odd period hyperbolic components of the Tricorn.

Theorem 2.24 (Parabolic arcs). — Let c̃ be a simple parabolic param-
eter of odd period. Then c̃ is on a parabolic arc in the following sense:
there exists a real-analytic arc C of simple parabolic parameters c(h) (for
h ∈ R) with quasiconformally equivalent but conformally distinct dynamics
of which c̃ is an interior point, and the écalle height of the critical value of
fc(h) is h.

The real-analytic arc of simple parabolic parameters constructed in the
previous theorem is called a parabolic arc, and the real-analytic map c :
R → C is called it critical écalle height parametrization.

Remark 2.25 (Queer arcs). — It is worth mentioning that most of the
topological differences between the Mandelbrot set and the Tricorn arise
from the existence of quasiconformally conjugate parabolic parameters on
the boundary of the Tricorn (while no two distinct parameters on the
boundary of the Mandelbrot set are quasiconformally conjugate; compare
Theorem 2.24 and [19, Chapter I, Proposition 7]). We do not know whether
there are any non-trivial quasiconformal conjugacy classes on the bound-
ary of the Tricorn other than odd period parabolic arcs. This question has
connections with the “no invariant line fields” conjecture; in particular,
non-existence of invariant line fields would imply that the parabolic arcs
are the only non-trivial quasiconformal conjugacy classes on the boundary
of T .

Let f : U → C be a holomorphic function on a connected open set
U (⊂ C), and ẑ ∈ U be an isolated fixed point of f . Then, the residue fixed
point index of f at ẑ is defined to be the complex number

ι(f, ẑ) = 1
2πi

∮
dz

z − f(z) .

where we integrate in a small loop in the positive direction around ẑ. If the
multiplier µ := f ′(ẑ) is not equal to +1, then a simple computation shows
that ι(f, ẑ) = 1/(1 −µ). If z0 is a parabolic fixed point with multiplier +1,
then in local holomorphic coordinates the map can be written as f(w) =
w+wq+1 +αw2q+1 + · · · (putting ẑ = 0). A simple calculation shows that
α equals the parabolic fixed point index. It is easy to see that the fixed
point index does not depend on the choice of complex coordinates, so it is
a conformal invariant (compare [50, § 12]).
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By the fixed point index of a periodic orbit of odd period of fc, we will
mean the holomorphic fixed point index of the second iterate f◦2

c at that
periodic orbit.

Let C be a parabolic arc of odd period k and c : R → C be its critical
écalle height parametrization (compare Theorem 2.24). For any h in R, let
us denote the residue fixed point index of the unique parabolic cycle of
f◦2

c(h) by indC (f◦2
c(h)). This defines a function

indC : R → C, h 7→ indC

(
f◦2

c(h)

)
.

Every parabolic arc limits at a parabolic cusp (of the same period) on
each end. Moreover, in the dynamical plane of a parabolic cusp, the double
parabolic points are formed by the merger of a simple parabolic point with a
repelling point. The sum of the fixed point indices at the simple parabolic
point and the repelling point converges to the fixed point index (which
is necessarily a finite number) of the double parabolic point of the cusp
parameter. This observation leads to the following asymptotic behavior of
the parabolic fixed point index towards the ends of parabolic arcs (see [36,
Proposition 3.7] for a proof).

Proposition 2.26 (Fixed point index on parabolic arc). — The func-
tion indC is real-valued and real-analytic. Moreover,

lim
h→±∞

indC (h) = +∞.

Note that in the Mandelbrot set, bifurcation from one hyperbolic com-
ponent to another occurs across a single point. The following theorem is
one of the instances of the topological differences between the Mandelbrot
set and the Tricorn [36, Theorem 3.8, Corollary 3.9], [39, Lemma 2.12] (see
Figure 2.3).

Theorem 2.27 (Bifurcations along arcs). — Every parabolic arc of pe-
riod k intersects the boundary of a hyperbolic component of period 2k
along an arc consisting of the set of parameters where the parabolic fixed
point index is at least 1. In particular, every parabolic arc has, at both
ends, an interval of positive length at which bifurcation from a hyperbolic
component of odd period k to a hyperbolic component of period 2k occurs.

Here is a brief dynamical description of the nature of bifurcation across
an odd period hyperbolic component. As a parameter approaches a para-
bolic arc from the interior of a hyperbolic component of odd period k, the
corresponding attracting k-cycle tends to merge with a repelling k-cycle
(lying on the boundary of the immediate basin of the attracting k-cycle).
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Figure 2.3. Left: A hyperbolic component of even period bifurcating
from another hyperbolic component of even period across a point. Right:
A hyperbolic component of even period bifurcating from a hyperbolic
component of odd period across arcs.

This produces the simple parabolic k-cycle for parameters lying on the par-
abolic arc. When such a parabolic parameter (lying on the parabolic arc)
with fixed point index greater than 1 (respectively, less than 1) is slightly
perturbed outside the k-periodic hyperbolic component, the parabolic k-
cycle splits into an attracting (respectively, repelling) cycle of period 2k.

Similarly, as a parameter approaches a parabolic cusp from the interior
of a hyperbolic component of odd period k, the corresponding attracting
k-cycle tends to merge with two distinct repelling k-cycles (both lying on
the boundary of the immediate basin of the attracting k-cycle). This pro-
duces the double parabolic k-cycle for a parabolic cusp. When the parabolic
cusp is slightly perturbed outside the k-periodic hyperbolic component, the
double parabolic k-cycle splits into an attracting cycle of period 2k and a
repelling cycle of period k.

To conclude this subsection, note that we have associated two impor-
tant conformal invariants with odd period parabolic parameters; namely,
the residue fixed point index of its parabolic cycle and the critical écalle
height. There is no known explicit relation between these two invariants.
However, some partial information is collected in the following proposi-
tion [39, Corollary 2.21].

We can assume without loss of generality that the set of parameters on C

across which bifurcation from H to a hyperbolic component H ′ (of period
2k) occurs is precisely c[h0,+∞); i.e. C ∩ ∂H ′ = c[h0,+∞).
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Proposition 2.28. — The function

indC : [h0,+∞) → [1,+∞)

h 7→ indC

(
f◦2

c(h)

)
.

is strictly increasing, and hence a bijection. In particular, the bifurcating
region c[h0,+∞) can be parametrized by the fixed point index of the unique
parabolic cycle.

Following [56], we classify parabolic arcs into two types.

Definition 2.29. — We call a parabolic arc a root arc if, in the dy-
namics of any parameter on this arc, the parabolic orbit disconnects the
Julia set. Otherwise, we call it a co-root arc.

2.2.6. Orbit portraits

Definition 2.30. — Let fc be a parabolic map. The characteristic par-
abolic point of fc is the unique parabolic point on the boundary of the char-
acteristic Fatou component of fc (i.e., the Fatou component containing the
critical value).

Orbit portraits were introduced by Goldberg and Milnor as a combina-
torial tool to describe the patterns of all periodic dynamical rays landing
on a periodic cycle of a complex quadratic polynomial [27, 28, 49]. The
usefulness of orbit portraits stems from the fact that these combinatorial
objects contain substantial information on the connection between the dy-
namical and the parameter planes of the maps under consideration. Orbit
portraits for quadratic anti-polynomials were studied in [54].

Definition 2.31. — For a cycle O = {z1, z2, · · · , zp} of fc, let Ai

be the set of angles of dynamical rays landing at zi. The collection P =
{A1,A2, · · · , Ap} is called the orbit portrait associated with the orbit O.

Theorem 2.32. — [54, Theorem 2.6] Let fc be a quadratic anti-polynomial,
and O = {z1, z2, · · · , zp} be a periodic orbit such that at least one ra-
tional dynamical ray lands at some zj , j ∈ {1, · · · , p}. Then the asso-
ciated orbit portrait (which we assume to be non-trivial; i.e., |Ai| ⩾ 2)
P = {A1,A2, · · · , Ap} satisfies the following properties:

(1) Each Aj , j ∈ {1, · · · , p}, is a finite non-empty subset of Q/Z.
(2) For each j ∈ Z/pZ, the map m−2 maps Aj bijectively onto Aj+1,

and reverses their cyclic order.
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(3) For each i ̸= j, the sets Ai and Aj are unlinked.
(4) Each θ ∈ Aj , j ∈ {1, · · · , p}, is periodic under m−2, and there are

four possibilities for their periods:
(a) If p is even, then all angles in P have the same period rp for

some r ⩾ 1.
(b) If p is odd, then one of the following three possibilities must

be realized:
(i) |Aj | = 2, and both angles have period p.
(ii) |Aj | = 2, and both angles have period 2p.
(iii) |Aj | = 3; one angle has period p, and the other two

angles have period 2p.

Definition 2.33. — A finite collection P = {A1, A2, · · · , Ap} of non-
empty finite subsets of Q/Z satisfying the conditions of Theorem 2.32 is
called a formal orbit portrait under the anti-doubling map m−2 (in short,
an m−2-FOP).

By [54, Theorem 3.1], every formal orbit portrait is realized by some fc.

Theorem 2.34 (Realization of orbit portraits outside T ). — Let P =
{A1, A2, · · · , Ap} be a formal orbit portrait under the anti-doubling map
m−2. Then there exists some c ∈ C\T , such that fc has a repelling periodic
orbit with associated orbit portrait P.

Among all the complementary arcs of the various Aj , there is a unique
one of minimum length. This shortest arc IP is called the characteristic
arc of the orbit portrait, and the two angles {t−, t+} at the ends of this
arc are called its characteristic angles.

The following theorem will play an important role later in the paper.

Theorem 2.35 (Realization of orbit portraits at parabolic parameters).
Let P = {A1, A2, · · · , Ap} be a formal orbit portrait under the anti-
doubling map m−2 with characteristic angles t− and t+.

(1) Suppose that p is odd, and t± have period 2p. Then the parameter
rays Rt− and Rt+ accumulate on a common root parabolic arc C

such that for every parameter c ∈ C , fc has a parabolic cycle of
period p and the orbit portrait associated with the parabolic cycle
of fc is P.

(2) Suppose that p is even. Then the parameter rays Rt− and Rt+

land at a common parabolic parameter c (whose parabolic cycle has
period p) such that the orbit portrait associated with the parabolic
cycle of fc is P.
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Proof. — (1) By [54, Lemma 2.9], we have that A1 = {t−, t+}, and hence
t+ = (−2)pt−. It now follows from [38, Lemma 4.1] that the parameter rays
Rt− and Rt+ accumulate on a common root parabolic arc C . Hence, in the
dynamical plane of every c ∈ C , the dynamical rays Rc(t−) and Rc(t+) land
at the characteristic parabolic point. Finally, by [56, Lemma 4.8], these are
the only dynamical rays landing at the characteristic parabolic point of fc

(for c ∈ C ). This proves that for every parameter c ∈ C , the map fc has a
parabolic cycle with associated orbit portrait P.
(2) Arguing as in [38, Lemma 4.1], we can conclude that Rt− and Rt+

either accumulate on a common root arc C or land at a common parabolic
parameter c of even parabolic period.

We will first show that the former possibility cannot occur. For definite-
ness, we assume that {t−, t+} ⊂ A1. Let us suppose that Rt− and Rt+

accumulate on a common root arc C of period k, and fix some c′ ∈ C .
Then, the dynamical rays Rc′(t+) and Rc′(t−) land at the characteristic
parabolic point of fc′ , which has odd period k. It follows that t+ = (−2)kt−,
and both these angles t± have period 2k. It is now easy to see that p must
divide k (otherwise, t+ would be contained in some Ai different from A1).
But this is impossible as p is even and k is odd.

Therefore, the parameter rays Rt− and Rt+ must land at a common
parabolic parameter c of even parabolic period. Then, the corresponding
dynamical rays Rc(t+) and Rc(t−) land at the characteristic parabolic point
of fc, which has even period. We denote the actual orbit portrait associated
with the parabolic cycle of fc by P ′. Since both the orbit portraits P and
P ′ have even orbit period, it follows by [54, Lemma 3.3] that each of them
is either primitive or satellite (compare [49, Lemma 2.7]). The proof of [49,
Lemma 2.8] now applies verbatim to show that P = P ′. This completes
the proof. □

Let H be a hyperbolic component of even period k such that H does
not bifurcate from an odd period hyperbolic component. Let A1 be the
set of angles of the dynamical rays landing at the dynamical root of fc

(where c ∈ H or c is the root point of H). Then, the first return map of the
dynamical root either fixes every angle in A1 and |A1| = 2, or permutes the
angles in A1 transitively. Moreover, the characteristic angles t− and t+ of
the orbit portrait P generated by A1 are precisely the two adjacent angles
in A1 (with respect to circular order) that separate 0 from c, and bound
a sector of angular width less that 1

2 . The root point of H is the landing
point of exactly two parameter rays at angles t− and t+.
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Let us now look at the connection between orbit portraits associated
with parabolic parameters on the boundary of an odd period hyperbolic
component H and the angles of parameter rays accumulating on ∂H. Sup-
pose that the period of H is k and its center is c0. The first return map of
the closure of the characteristic Fatou component of c0 fixes exactly three
points on its boundary. Only one of these fixed points disconnects the Julia
set, and is the landing point of two distinct dynamical rays at 2k-periodic
angles. Let the set of the angles of these two rays be S′ = {α1, α2}. Then,
α2 = (−2)kα1, and S′ is the set of characteristic angles of the correspond-
ing orbit portrait. Each of the remaining two fixed points is the landing
point of precisely one dynamical ray at a k-periodic angle; let the collection
of the angles of these rays be S = {θ1, θ2}. We can, possibly after renum-
bering, assume that 0 < α1 < θ1 < θ2 < α2 and α2 − α1 <

1
2 . Then, these

angles satisfy the following relation (see [54, Lemma 3.5])

(2.1)
(
2k + 1

)
(θ1 − α1) = (α2 − α1) =

(
2k + 1

)
(α2 − θ2).

Figure 2.4. Left: Parameter rays accumulating on the boundary of a hy-
perbolic component of period 5 of the Tricorn. Right: The correspond-
ing dynamical rays landing on the boundary of the characteristic Fatou
component in the dynamical plane of the center of the same hyperbolic
component.

2.2.7. Boundaries of odd period hyperbolic components

By [56, Theorem 1.2], ∂H is a simple closed curve consisting of three
parabolic arcs, and the same number of cusp points such that every arc
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has two cusp points at its ends. Exactly one of these three parabolic arcs
(say, C3) is a root arc, and the parameter rays at angles α1 and α2 ac-
cumulate on this arc. The characteristic parabolic point in the dynamical
plane of any parameter on this root arc is the landing point of precisely
two dynamical rays at angles α1 and α2. The rest of the two parabolic arcs
(say, C1 and C2) on ∂H are co-root arcs. Each of these co-root arcs con-
tains the accumulation set of exactly one parameter ray at an angle θi, and
the characteristic parabolic point in the dynamical plane of any parameter
on this co-root arc is the landing point of precisely one dynamical ray at
angle θi (compare Figure 2.4).

At the parabolic cusp on ∂H where C1 and C2 meet, the characteristic
parabolic point is the landing point of exactly two dynamical rays at angles
θ1 and θ2. The same is true at the center of the hyperbolic component of
period 2k that bifurcates fromH across this parabolic cusp. Moreover, these
angles are the characteristic angles of the corresponding orbit portrait.

On the other hand, at the parabolic cusp where C1 and C3 (respectively,
C2 and C3) meet, the characteristic parabolic point is the landing point of
precisely three dynamical rays at angles α1, α2 and θ1 (respectively, α1,
α2 and θ2). As before, the same is true at the center of the hyperbolic
component of period 2k that bifurcates from H across this parabolic cusp.
The characteristic angles of the corresponding orbit portrait are α1 and θ1
(respectively, θ2 and α2).

Theorem 2.36 (Boundaries of odd period hyperbolic components). —
The boundary of every hyperbolic component of odd period of T is a topo-
logical triangle having parabolic cusps as vertices and parabolic arcs as
sides.

2.2.8. Misiurewicz parameters

A Misiurewicz parameter of the Tricorn is a parameter c such that the
critical point 0 is strictly pre-periodic. For a Misiurewicz parameter, the
critical point eventually maps on a repelling cycle. By classification of Fatou
components, the filled Julia set of such a map has empty interior. More-
over, the Julia set of a Misiurewicz parameter is locally connected [20, Ex-
posé III, Proposition 4, Theorem 1], and has measure zero [20, Exposé V,
Theorem 3].

Theorem 2.37 (Parameter rays landing at Misiurewicz parameters).
Every parameter ray of the Tricorn at a pre-periodic angle (under m−2)
lands at a Misiurewicz parameter such that in its dynamical plane, the
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corresponding dynamical ray lands at the critical value. Conversely, every
Misiurewicz parameter c of the Tricorn is the landing point of a finite (non-
zero) number of parameter rays at pre-periodic angles (under m−2) such
that the angles of these parameter rays are exactly the external angles of
the dynamical rays that land at the critical value c in the dynamical plane
of fc.

Proof. — A proof of the corresponding results for the Mandelbrot set
and the necessary modifications required to adapt the proof in the anti-
holomorphic setting can be found in [68, Theorem 1.1 (pre-periodic case)]
and the remark thereafter.

Alternatively, see [26, Theorem 7.3] for the first part of the result (also
compare [46, Theorem 37.35]). For the converse, let A be the set of angles
of dynamical rays landing at the critical value c of a Misiurewicz polyno-
mial fc. Pick θ ∈ A. If c′ is the landing point of Rθ, then the dynamical ray
Rc′(θ) lands at the critical value c′ of fc′ . But then, the holomorphic poly-
nomials f◦2

c and f◦2
c′ have a common critical portrait in the sense of [61]. It

now follows by [61, Theorem 1.1] that f◦2
c = f◦2

c′ ; i.e., c = c′. Therefore, for
each θ ∈ A, the parameter ray Rθ lands at the Misiurewicz parameter c.
By the first part, no other parameter ray at a pre-periodic angle can land
at c. □

Let c0 be a Misiurewicz parameter, and A′ be the set of angles of the
dynamical rays of fc0 landing at the critical point 0. The set of angles
of the dynamical rays that land at the critical value c0 is then given by
A := m−2(A′). Moreover, m−2 is two-to-one from A′ onto A. All other
equivalence classes of λ(fc0) are mapped bijectively onto its image class by
m−2. Note also that all angles in A′ are strictly pre-periodic. It is easy to
see that the existence of a unique equivalence class (of λ(fc0)) that maps
two-to-one onto its image class under m−2 characterizes the pre-periodic
lamination of Misiurewicz maps. A formal rational lamination satisfying
this condition is said to be of Misiurewicz type.

The next theorem shows that every formal rational lamination of Misi-
urewicz type is realized as the rational lamination of a unique Misiurewicz
map fc.

Theorem 2.38 (Realization of rational laminations). — Every formal
rational lamination of Misiurewicz type is realized as the rational lamina-
tion of a unique Misiurewicz map fc in T .

Proof. — Let λ be a formal rational lamination of Misiurewicz type.
As λ is of Misiurewicz type, there exists a unique λ-class A′ (consisting of
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strictly pre-periodic angles under m−2) such that m−2 maps A′ two-to-one
onto A := m−2(A′).

It is easy to see that λ satisfies the properties of [41, Theorem 1.1] with
d = 4, and hence, there exists a degree 4 holomorphic polynomial P with as-
sociated rational lamination λ. Moreover, there are exactly three λ-classes
on whichm4 (i.e., multiplication by 4 modulo one) acts in a two-to-one fash-
ion. It follows that P has three distinct simple critical points {α1, α2, α3}
such that P (α1) = P (α2). By [55, Lemma 3.1], P is a biquadratic polyno-
mial; i.e., P (z) = (z2 + a)2 + b, for some a, b ∈ C, a ̸= 0. Moreover, the
critical points of P are strictly pre-periodic.

Let θ ∈ A, and c ∈ T be the landing point of Rθ. Then, the dynamical
ray Rc(θ) lands at the critical value c of fc. It is now easy to see that the
PCF holomorphic polynomials P and f◦2

c have a common critical portrait
in the sense of [61]. Once again, [61, Theorem 1.1] implies that P = f◦2

c ; i.e.,
a = c and b = c. Therefore, λ(fc) is equal to the rational lamination of P ;
i.e., λ(fc) = λ. The uniqueness statement follows by [61, Theorem 1.1]. □

2.2.9. Global topological structure

There are various topological differences between the Mandelbrot set and
the Tricorn. Here, we collect some of these important differences.

Note that the Mandelbrot set is conjectured to be locally connected. This
is known in many cases; e.g. at most finitely renormalizable parameters
with no non-repelling cycles [35], parameters in embedded baby Mandel-
brot sets satisfying the secondary limbs conditions [45], etc. The following
theorem, which is in stark contrast to the corresponding situation for M,
was first proved in [36, Theorem 6.2] and improved in [39, Theorem 1.2]
(see Figure 2.2).

Theorem 2.39. — The Tricorn is not path connected. Moreover, no
non-real hyperbolic component of odd period can be connected to the prin-
cipal hyperbolic component by a path.

It should be mentioned that unlike the Mandelbrot set, not every (ex-
ternal) parameter ray of the Tricorn lands at a single point [38] (see Fig-
ure 2.4).

Theorem 2.40 (Non-landing parameter rays). — The accumulation set
of every parameter ray accumulating on the boundary of a hyperbolic com-
ponent of odd period (except period one) of T contains an arc of positive
length. The fixed rays at angles 0, 1/3 and 2/3 land on the boundary of
the principal hyperbolic component.
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The next result, which was proved in [38, § 5], is also in contrast with
the corresponding situation for M.

Theorem 2.41 (Non-density of Misiurewicz parameters). — Misiure-
wicz parameters are not dense on the boundary of T . Indeed, there are
points on the boundaries of the period 1 and period 3 hyperbolic compo-
nents of T that cannot be approximated by Misiurewicz parameters.

Non-density of Misiurewicz parameters on ∂T can be clearly seen in
Figure 2.5 (left); for instance, the landing point of the parameter ray at
angle 0 is not a limit point of Misiurewicz parameters.

Another salient difference between M and T is that the straightening
map for “baby Tricorns” is always discontinuous [39, Theorem 1.1]. The
discontinuity phenomena is related to non-local connectivity and existence
of quasiconformally conjugate parameters on the boundary of the Tricorn.

Theorem 2.42 (Discontinuity of straightening in the Tricorn). — Let
c0 be the center of a hyperbolic component H of odd period (other than 1)
of T , and R(c0) be the corresponding c0-renormalization locus (i.e., the
baby Tricorn based at H). Then the straightening map χc0 : R(c0) → T is
discontinuous at infinitely many parameters.

2.2.10. The real basilica limb

Let us now define the real basilica limb of the Tricorn. Of course, one
can give a more general definition of limbs, which can be found in [56, § 6].
Let us denote the hyperbolic component of period one of T by H0.

Definition 2.43. — The connected component of
(
T \H0

)
∪ {− 3

4 } in-
tersecting the real line is called the real basilica limb of the Tricorn, and is
denoted by L.

L is precisely the set of parameters c in T such that in the dynamical
plane of fc, the rays Rc(1/3) and Rc(2/3) land at a common point (i.e.,
1/3 ∼ 2/3 in λ(fc) for all c ∈ L).

Recall that the parameter rays of the Tricorn at angles 1/3 and 2/3 are
denoted by R1/3 and R2/3. Suppose that these two parameter rays land at
the parabolic arcs C1 and C2 respectively (compare [38, Lemma 3.1]). The
closure of these two parabolic arcs intersect at − 3

4 .
The real basilica limb L is not compact. There are limit points of L on

the parabolic arcs C1 and C2 (of period one), but these points do not lie
in L. Moreover, L \ L is precisely the union of two sub-arcs of C1 and C2
(compare Figure 2.5(left)).
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−1 − 3

4

Figure 2.5. Left: The real basilica limb of the Tricorn is shown. The sub-
arcs of the parabolic arcs C1,C2 that are contained in L are highlighted
in black. These two sub-arcs constitute L\L. Right: A few identifications
in the construction of the abstract basilica limb L̃.

2.2.11. The abstract basilica limb

We conclude this subsection with the construction of a locally connected
model of the real basilica limb of the Tricorn. Let γ be the hyperbolic geo-
desic of D connecting 1/3 and 2/3 on ∂D ∼= R/Z. We denote the connected
component of D \ γ not containing 0 by D2. The locally connected model
of L will be defined as the quotient of D2 under a suitable equivalence
relation.

We will first construct an equivalence relation on ∂D∩ ∂D2. We identify
the angles of all rational parameter rays of T that land at a common
(parabolic or Misiurewicz) parameter or accumulate on a common root
parabolic arc of L (see Figure 2.5(right)). We also identify 1/3 and 2/3.
This defines an equivalence relation on Q/Z ∩ ∂D2. We then consider the
smallest closed equivalence relation on ∂D ∩ ∂D2 generated by the above
relation. Take the hyperbolic convex hull of each of these equivalence classes
in D. This yields a geodesic lamination of D2 (by hyperbolic geodesics of D).
Finally, consider the quotient of D2 by collapsing each hyperbolic convex
hull obtained above to a single point. The resulting continuum is called the
abstract basilica limb L̃ (see [46, § 9.4.2] for a general discussion on the
construction of pinched disk models of planar continua).

We will now give a description of L̃ as a quotient space of L.
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Definition 2.44.

(i) Two parameters c and c′ in L are called combinatorially equivalent
if fc and fc′ have the same rational lamination.

(ii) The combinatorial class Comb(c) of c ∈ L is defined as the set of
all parameters in L that are combinatorially equivalent to c.

(iii) A combinatorial class Comb(c) is called periodically repelling if for
every c′ ∈ Comb(c), each periodic orbit (excluding ∞) of the anti-
polynomial fc′ is repelling.

The following proposition gives a complete description of the non-repelling
combinatorial classes of L.

Proposition 2.45 (Classification of combinatorial classes). — Every
combinatorial class Comb(c) of L is of one of the following four types.

(1) Comb(c) consists of an even period hyperbolic component (that
does not bifurcate from an odd period hyperbolic component), its
root point, and the irrationally neutral parameters on its boundary,

(2) Comb(c) consists of an even period hyperbolic component (that
bifurcates from an odd period hyperbolic component), the unique
parabolic cusp and the irrationally neutral parameters on its bound-
ary,

(3) Comb(c) consists of an odd period hyperbolic component and the
parabolic arcs on its boundary,

(4) Comb(c) is periodically repelling.

Remark 2.46. — It is conjectured that every periodically repelling com-
binatorial class of L is a point. This is known in many cases; e.g. for all
Misiurewicz parameters [67], at most finitely renormalizable parameters
with no non-repelling cycles [35], parameters in embedded baby Mandel-
brot sets satisfying the secondary limbs conditions [45], etc.

The abstract basilica limb L̃ is obtained from L by

(1) identifying all points in each periodically repelling combinatorial
class of L,

(2) identifying all points in the non-bifurcating sub-arc of every para-
bolic arc of L, and

(3) identifying all points in (L \ L) ∪ {− 3
4 }.

We refer the readers to [36, 38, 39, 56, 60] for a more comprehensive
account of the combinatorics and topology of the Tricorn.
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3. Ideal triangle group

We now briefly review the basic properties of the ideal triangle group
and the associated reflection map ρ, which play an important role in our
study of the “escaping” dynamics of Schwarz reflection maps.

Consider the open unit disk D in the complex plane, and the hyperbolic
geodesics C̃1, C̃2, and C̃3 (in D) connecting the third roots of unity. These
geodesics bound a closed ideal triangle (in the topology of D), which we
call Π. Reflections with respect to the circular arcs C̃i are anti-conformal
involutions (hence automorphisms) of D, and we call them ρ1, ρ2, and ρ3.
The maps ρ1, ρ2, and ρ3 generate a subgroup G of Aut(D). The group G
is called the ideal triangle group. As an abstract group, it is given by the
generators and relations

⟨ρ1, ρ2, ρ3 : ρ2
1 = ρ2

2 = ρ2
3 = id⟩.

Note that Π is a fundamental domain of G. The tessellation of D arising
from G will play an important role in this paper (see Figure 3.1). We will
denote the connected component of D \ Π containing int ρi(Π) by Di. Note
that D1 ∪ D2 ∪ D3 = D \ Π.

Figure 3.1. Left: The G-tessellation of D and the formation of a few
initial tiles are shown. Right: The dual tree to the G-tessellation of D.

We now associate with the ideal triangle group G a piecewise reflection
map

ρ : D \ int Π → D, z 7→ ρi(z) if z ∈ Di, i ∈ {1, 2, 3}.
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Clearly, ρ restricts to a C1, expansive, orientation-reversing, double cov-
ering of T. In fact, the orbit of any point in D under G coincides with its
grand orbit under the reflection map ρ. In other words, ρ is orbit equivalent
to G.

The map ρ|T admits a Markov partition T = (∂D1 ∩ T) ∪ (∂D2 ∩ T) ∪
(∂D3 ∩ T) with transition matrix M = 1 − Id, where 1 is the 3 × 3 matrix
with all entries equal to 1, and Id is the 3 × 3 identity matrix.

Let W := {1, 2, 3}. An element (i1, i2, · · · ) ∈ WN is called M -admissible
if Mik,ik+1 = 1, for all k ∈ N. We denote the set of all M -admissible words
in WN by M∞. One can similarly define M -admissibility of finite words.
Expansivity of ρ implies that there is a continuous surjection Q : M∞ → T
that semi-conjugates the left-shift map to ρ.

Definition 3.1. — The images of the fundamental domain Π under the
elements of G are called tiles. More precisely, for any M -admissible word
(i1, · · · , ik), we define the tile

T i1,··· ,ik := ρi1 ◦ · · · ◦ ρik
(Π).

It follows from the definition that T i1, ··· , ik consists of all those z ∈ D
such that ρ◦(n−1)(z) ∈ Din

, for n = 1, · · · , k and ρ◦k(z) ∈ Π. In other
words,

T i1, ··· , ik = ∩k
n=1ρ

−(n−1)(Din
) ∩ ρ−k(Π).

Let us set dD(0, ρ1(0)) = dD(0, ρ2(0)) = dD(0, ρ3(0)) =: ℓ. For any M -
admissible sequence (i1, i2, · · · ), let us consider the sequence {0, ρi1(0), ρi1 ◦
ρi2(0), · · · ). Clearly, the hyperbolic distance (in D) of any two consecu-
tive points in this sequence is ℓ. Connecting consecutive points of this se-
quence by hyperbolic geodesics of D, we obtain a curve in D that lands at
Q((i1, i2, · · · )) ∈ T (i.e., at the point on T whose ρ-itinerary with respect
to the above Markov partition is (i1, i2, · · · )).

Definition 3.2. — The curve constructed above is called a G-ray at
angle Q((i1, i2, · · · )).(2)

We refer the readers to [43, § 2] for a more detailed description of the
symbolic dynamics of ρ.

The map ρ is closely related to the anti-doubling map m−2 : θ 7→ −2θ on
R/Z. In fact, there exists a homeomorphism E of the circle that conjugates
ρ to z2 (see [43, § 2]). This topological conjugacy will be important in more
ways than one in the rest of the paper.

(2) Here, we identify T with R/Z.
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4. Quadrature domains and Schwarz reflections

Although we will deal with explicit quadrature domains and Schwarz re-
flection maps in this paper, we would like to remind the readers the general
definitions of these objects. For a more detailed exposition on quadrature
domains and Schwarz reflection maps, we refer the readers to [24, 44] and
the references therein.

Let ι denote the complex conjugation map.

Definition 4.1. — Let Ω ⊊ Ĉ be a domain such that ∞ /∈ ∂Ω and
int Ω = Ω. A Schwarz function of Ω is a meromorphic extension of ι|∂Ω to
all of Ω. More precisely, a continuous function S : Ω → Ĉ of Ω is called a
Schwarz function of Ω if it satisfies the following two properties:

(1) S is meromorphic on Ω,
(2) S = ι on ∂Ω.

It is easy to see from the definition that a Schwarz function of a domain
(if it exists) is unique.

Definition 4.2. — A domain Ω ⊊ Ĉ with ∞ /∈ ∂Ω and int Ω = Ω is
called a quadrature domain if Ω admits a Schwarz function.

Therefore, for a quadrature domain Ω, the map σ := ι ◦ S : Ω → Ĉ is
an anti-meromorphic extension of the Schwarz reflection map with respect
to ∂Ω (the reflection map fixes ∂Ω pointwise). We will call σ the Schwarz
reflection map of Ω.

The next proposition characterizes simply connected quadrature domains
(see [3, Theorem 1]).

Proposition 4.3 (Simply connected quadrature domains). — A simply
connected domain Ω ⊊ Ĉ with ∞ /∈ ∂Ω and int Ω = Ω is a quadrature
domain if and only if the Riemann uniformization f : D → Ω extends to a
rational map on Ĉ.

In this case, the Schwarz reflection map σ of Ω is given by f ◦ (1/z) ◦
(f |D)−1. Moreover, if the degree of the rational map f is d, then σ :
σ−1(Ω) → Ω is a (branched) covering of degree (d− 1), and σ : σ−1(int Ωc)
→ int Ωc is a (branched) covering of degree d.

5. The circle-and-cardioid family

In this section, we will recapitulate the definitions and various impor-
tant facts about the family of Schwarz reflection maps with respect to the
cardioid and a circumscribing circle which was introduced in [43].
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Proposition 4.3 immediately shows that the principal hyperbolic compo-
nent ♡ of the Mandelbrot set (also called the main cardioid) is a quadrature
domain. Indeed, it admits a polynomial Riemann uniformization

φ : D → ♡, µ 7→ µ/2 − µ2/4.

The Riemann uniformization φ semi-conjugates the Schwarz reflection map
σ of ♡ to the reflection map 1/z of the unit disk. This yields an explicit
description of σ.

(5.1) σ(φ(µ)) = φ(1/µ) i.e., σ
(
µ

2 − µ2

4

)
=

(
2µ− 1

4µ2

)
for each µ ∈ D.

This allows us to study the basic mapping properties of the map σ,
see [43, § 5.1]. In particular, σ has a unique critical point at 0.

5.1. The circle-and-cardioid family: dynamical and parameter
planes

We are now ready to describe the main object of this paper, namely
the circle-and-cardioid family. For a ∈ C, let B(a, ra) be the smallest disk
containing ♡ and centered at a; i.e., ∂B(a, ra) is the circumcircle to ♡.
According to [43, Proposition 5.9], we have the following dichotomy:

• for a ∈ (−∞,−1/12), the circumcircle ∂B(a, ra) touches ∂♡ at
exactly two points, and

• for any a ∈ C \ (−∞,−1/12), the circumcircle ∂B(a, ra) touches
∂♡ at exactly one point.

In order to extract triangle group structure from our family of Schwarz
reflection maps, we will restrict to parameters a ∈ C \ (−∞,−1/12). Let

Ωa := ♡ ∪B(a, ra)c.

We now define our dynamical system Fa : Ωa → Ĉ as,

w 7→
{
σ(w) if w ∈ ♡,
σa(w) if w ∈ B(a, ra)c,

where σ is the Schwarz reflection of ♡, and σa is reflection with respect to
the circle |w− a| = ra. It follows from our previous discussion that 0 is the
only critical point of Fa. We will call this family of maps S; i.e.,

S :=
{
Fa : Ωa → Ĉ : a ∈ C \ (−∞,−1/12)

}
.
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Let Ta := Ωc
a = B(a, ra) \ ♡ (which we call the droplet). Note that

∂Ta has two singular points; namely αa (a double point) and 1
4 (a cusp).

Both of them are fixed points of Fa. We define the fundamental tile (or
desingularized droplet) of Fa as T 0

a := Ta \ {αa,
1
4 }. Then, the restriction

Fa : F−1
a (T 0

a ) → T 0
a is a degree 3 covering.

Figure 5.1. Left: The tiles of rank 0 and 1 are labelled as T 0
a and T 1

a

respectively. Right: Pictured are some of the initial tiles for a parameter
a such that the critical value ∞ escapes to the fundamental tile T 0

a in one
iterate; i.e., Fa(∞) = a ∈ T 0

a . A tile of rank 2 is ramified (i.e., it contains
the critical point 0) and hence disconnects the non-escaping set Ka. For
such a parameter a, the external conjugacy ψa extends conformally to
all the tiles of the first rank (and all non-degenerate tiles of higher rank).

Proposition 5.1 ([43, Proposition 5.10]). — For each a ∈ C \ (−∞,

− 1
12 ), the map Fa : F−1

a (Ωa) → Ωa is a two-to-one branched covering,
branched only at 0.

Definition 5.2.
(1) For any k ⩾ 0, the connected components of F−k

a (T 0
a ) are called

tiles (of Fa) of rank k. The unique tile of rank 0 is T 0
a .

(2) The tiling set T∞
a of Fa is defined as the set of points in Ωa that

eventually escape to T 0
a ; i.e., T∞

a = ∪∞
k=0F

−k
a (T 0

a ). Equivalently,
the tiling set is the union of all tiles.

(3) The non-escaping set Ka of Fa is the complement Ĉ \ T∞
a . Con-

nected components of intKa are called Fatou components of Fa.
All iterates of Fa are defined on Ka.

(4) The boundary of T∞
a is called the limit set of Fa, and is denoted

by Γa.
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The tiling set and the non-escaping set yield an invariant partition of the
dynamical plane of Fa.

Proposition 5.3 ([43, Proposition 5.19, Corollary 5.20]). — For each
a ∈ C \ (−∞,− 1

12 ), the tiling set T∞
a is an open connected set, and hence

the non-escaping set Ka is closed. Consequently, each Fatou component of
Fa is simply connected.

Thanks to next lemma, one can perform quasiconformal deformations in
the family S.

Lemma 5.4 ([43, Lemma 5.29]). — Let a ∈ C \ (−∞,− 1
12 ), and ν be

an Fa-invariant Beltrami coefficient on Ĉ, and Φ be a quasiconformal map
integrating ν such that Φ fixes 0, 1

4 , and ∞. Let b = Φ(a). Then, b ∈
C \ (−∞,− 1

12 ), Φ(Ωa) = Ωb, and Fb = Φ ◦ Fa ◦ Φ−1 on Ωb.

The Fatou components of maps in S can be classified using classical
quasiconformal deformation techniques and adapting the Fatou-Julia the-
ory (for rational maps) for the current setting.

Proposition 5.5 ([43, Proposition 5.30, Corollary 5.33]). — Let a ∈
C \ (−∞,− 1

12 ). Then the following hold true.
(1) Every Fatou component of Fa is eventually periodic.
(2) For a ̸= − 1

12 , every periodic Fatou component of Fa is either the
(immediate) basin of attraction of an attracting/parabolic cycle, or
a Siegel disk.

(3) For a = − 1
12 , Fa has a 2-cycle of Fatou components such that every

point in these components converges (under the dynamics) to the
singular point αa = − 3

4 through a period two cycle of attracting
petals (intersecting the real line). These are the only periodic Fatou
components of Fa.

Let us also mention the relation between (closures of) various types of
Fatou components and the post-critical set.

Proposition 5.6 ([43, Proposition 5.32]).
(1) If Fa has an attracting or parabolic cycle, then the forward orbit of

the critical point 0 converges to this cycle.
(2) If U is a Siegel disk of Fa, then ∂U ⊂ {F ◦n

a (0)}n⩾0. Every Cremer
point (i.e., an irrationally neutral, non-linearizable periodic point)
of Fa is also contained in {F ◦n

a (0)}n⩾0.
(3) For a = − 1

12 , the critical orbit of Fa converges to the singular point
− 3

4 .
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Definition 5.7. — Let a ∈ C \ (−∞,−1/12) be such that the critical
point 0 escapes to the fundamental tile T 0

a under iterations of Fa. Then
the smallest positive integer n(a) such that F ◦n(a)

a (∞) ∈ T 0
a is called the

depth of a.

The next result shows that the non-escaping set Ka of Fa is connected
if and only if Ka contains the unique critical point 0. It also reveals the
group structure in the tiling set of Fa.

Proposition 5.8 ([43, Propositions 5.23, 5.38, 5.52]).

(1) If the critical point of Fa does not escape to the fundamental tile
T 0

a , then Ka is connected. Moreover, the conformal map ψa from
T 0

a onto Π extends to a biholomorphism between the tiling set T∞
a

and the unit disk D. The extended map ψa conjugates Fa to the
reflection map ρ.

(2) If the critical point of Fa escapes to the fundamental tile, then the
corresponding non-escaping set Ka is a Cantor set. In this case,
there exists a conformal map

ψa :
n(a)⋃
k=0

F−k
a (T 0

a ) →
n(a)⋃
k=0

ρ−k(Π)

conjugating

Fa :
n(a)⋃
k=1

F−k
a (T 0

a ) →
n(a)−1⋃

k=0
F−k

a (T 0
a ) to ρ :

n(a)⋃
k=1

ρ−k(Π) →
n(a)−1⋃

k=0
ρ−k(Π),

where n(a) denotes the depth of a.

This leads to the definition of the connectedness locus of the family S.

Definition 5.9. — The connectedness locus of the family S is defined
as

C(S) = {a ∈ C \ (−∞,−1/12) : 0 /∈ T∞
a }

= {a ∈ C \ (−∞,−1/12) : Ka is connected}.

The complement of the connectedness locus in the parameter space is called
the escape locus.

Proposition 5.10 ([43, Propositions 5.25, 5.26]). — C(S) ⊂ ♡ ∪ { 1
4 }.

Moreover, C(S) is closed in C \ (−∞,− 1
12 ).
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0
1/4

∂♡

∂B(a, ra)

αa

Figure 5.2. Parts of the dynamical planes of various parameters are
shown. The white regions denote the tile of rank 0. The non-escaping
sets in the top row have non-empty interior, while the one in the bottom
left figure has empty interior. The bottom right figure indicates a totally
disconnected non-escaping set.

Definition 5.11.
(i) Let a ∈ C(S). For any M -admissible word (i1, · · · , ik), the dynam-

ical tile T i1,··· ,ik
a is defined as

T i1,··· ,ik
a := ψ−1

a (T i1,··· ,ik ).

(ii) Let a ∈ C \ ((−∞,− 1
12 ) ∪ C(S)). For any M -admissible word (i1,

· · · , ik), the dynamical tile T i1,··· ,ik
a is defined as above, provided

T i1,··· ,ik is in the image of ψa.
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We can use the map ψa to define dynamical rays for the maps Fa.

Definition 5.12. — The pre-image of a G-ray at angle θ under the map
ψa is called a θ-dynamical ray of Fa.

We denote the set of (pre-)periodic points of ρ : S1 → S1 by Per(ρ) (see
Section 3 for the definition of the piecewise reflection map ρ). The landing
property of (pre-)periodic dynamical rays plays an important role in our
study.

Proposition 5.13 ([43, Proposition 5.44]). — Let a ∈ C(S), and θ ∈
Per(ρ). Then the following statements hold true.

(1) The dynamical θ-ray of Fa lands on Γa.
(2) The 0-ray of Fa lands at 1

4 , while the 1
3 and 2

3 -rays land at αa. No
other ray lands at 1

4 or αa. The iterated pre-images of the 0, 1
3 , and

2
3 -rays land at the iterated pre-images of 1

4 and αa.
(3) Let θ ∈ Per(ρ) \ ∪n ⩾ 0ρ

−n({0, 1
3 ,

2
3 }). Then, the dynamical ray of

Fa at angle θ lands at a repelling or parabolic (pre-)periodic point
on Γa.

The following converse to the previous proposition is also important.

Proposition 5.14 ([43, Proposition 5.45]). — Let a ∈ C(S). Then,
every repelling and parabolic periodic point of Fa is the landing point of
finitely many (at least one) dynamical rays. Moreover, all these rays have
the same period under F ◦2

a .

Remark 5.15. — Unlike in the holomorphic situation, it is not true that
all rays landing at a periodic point have the same period under Fa (this is
already false for quadratic anti-polynomials, see [53, Theorems 2.6, 3.1]).

Let a ∈ C(S). Proposition 5.13 allows us to define a landing map

La : Per(ρ) → Γa

that associates to every (pre-)periodic angle θ (under ρ) the landing point
of the θ-dynamical ray of Fa.

Definition 5.16. — For a ∈ C(S), the pre-periodic lamination of Fa

is defined as the equivalence relation on Per(ρ) ⊂ R/Z such that θ, θ′ ∈
Per(ρ) are related if and only if La(θ) = La(θ′). We denote the pre-periodic
lamination of Fa by λ(Fa).

The next definition and the subsequent proposition relates pre-periodic
laminations of Fa to rational laminations of quadratic anti-polynomials (see
Definition 2.11).
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Definition 5.17. — The push-forward E∗(λ(Fa)) of the pre-periodic
lamination of Fa is defined as the image of λ(Fa) ⊂ Per(ρ) × Per(ρ) under
E × E . Clearly, E∗(λ(Fa)) is an equivalence relation on Q/Z. Similarly, the
pullback E∗(λ(fc)) of the rational lamination of a quadratic anti-polynomial
fc is defined as the pre-image of λ(fc) ⊂ Q/Z × Q/Z under E × E .

Proposition 5.18 ([43, Proposition 5.51]). — Let a ∈ C(S), and λ(Fa)
be the pre-periodic lamination associated with Fa. Then, λ(Fa) satisfies
the following properties.

(1) λ(Fa) is closed in Per(ρ) × Per(ρ).
(2) Each λ(Fa)-equivalence class A is a finite subset of Per(ρ).
(3) IfA is a λ(Fa)-equivalence class, then ρ(A) is also a λ(Fa)-equivalence

class.
(4) If A is a λ(Fa)-equivalence class, then A 7→ ρ(A) is consecutive

reversing.
(5) λ(Fa)-equivalence classes are pairwise unlinked.

Consequently, the push-forward E∗(λ(Fa)) is a formal rational lamination
(under m−2).

5.2. Geometrically finite maps

Recall that for any a ∈ C \ (−∞,− 1
12 ), the map Fa has two fixed points

αa and 1
4 such that Fa does not admit an anti-holomorphic extension in

a neighborhood of these points. The dynamical behavior of Fa near these
fixed points were analyzed in [43, Propositions 5.12, 5.13, 5.15]. In what
follows, we will refer to these fixed points as singular points. On the other
hand, the terms cycle/periodic orbit will be reserved for periodic points of
period greater than one (these are contained in Ωa).

The map Fa is called hyperbolic (respectively, parabolic) if it has a
(super-)attracting (respectively, parabolic) cycle. It is easy to see that a
(super-)attracting cycle of Fa belongs to the interior of Ka, and a para-
bolic cycle lies on the boundary of Ka (e.g. by [50, § 5, Theorem 5.2]).
Moreover, a parabolic periodic point necessarily lies on the boundary of
a Fatou component (i.e., a connected component of intKa) that contains
an attracting petal of the parabolic germ such that the forward orbit of
every point in the component converges to the parabolic cycle through the
attracting petals.

A Misiurewicz parameter in the family S is a parameter a such that the
critical point 0 is non-escaping and strictly pre-periodic under iterations
of Fa.
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Figure 5.3. Left: The dynamical plane of the Misiurewicz map z2 −
1.5437 · · · , for which the critical point 0 lands at the α-fixed point in 3
iterates. Right: A part of the dynamical plane of the Misiurewicz map
Fa where a = 5

36 . The critical point 0 of this map lands at the fixed
point αa in 3 iterates.

The main properties of geometrically finite maps (i.e., hyperbolic, para-
bolic, and Misiurewicz maps) in the family S are summarized below.

Theorem 5.19 ([43, Theorem 1.4, Propositions 6.6, 6.9]). — Let Fa be
geometrically finite. Then the following hold.

(1) a ∈ C(S).
(2) The limit set Γa of Fa is locally connected.
(3) The area of the limit set Γa is zero.
(4) The iterated pre-images of the cardioid cusp are dense in the limit

set Γa. Moreover, repelling periodic points of Fa are dense in Γa.
(5) If a is a Misiurewicz parameter, then intKa = ∅; i.e., Ka = Γa.

Moreover, Γa is a dendrite.

6. Tessellation of the escape locus

In this section, we will construct a homeomorphism from the escape
locus of the family S (see Definition 5.9) to a suitable simply connected
domain. This will yield a dynamically defined tessellation of the exterior
of the connectedness locus (in the spirit of a ray-equipotential structure of
escape loci of polynomials). The proof will be reminiscent of the proof of
connectedness of the Mandelbrot set, but lack of holomorphic parameter
dependence will add some complexity to the situation.
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In order to prove the main result of this subsection, we need an auxiliary
lemma. Note that for a ∈ (−∞,−1/12), the disk B(a, ra) touches ♡ at
exactly two points; i.e., int (B(a, ra) \ ♡) consists of two connected compo-
nents [43, Proposition 5.9]. Exactly one of these two connected components
is disjoint from the positive real axis, and we denote the closure of this com-
ponent by K−

a . Note that K−
a ∩R− = [qa,− 3

4 ], for some qa(< 0) ∈ ∂B(a, ra)
(compare Figure 6.1). As before, we denote the Schwarz reflection map with
respect to ∂♡ by σ and reflection with respect to ∂B(a, ra) by σa. Using
these maps, we now define Fa (for a ∈ (−∞,−1/12)) on [−∞, qa] ∪ [− 3

4 , 0]
as

Figure 6.1. For each a ∈ (−∞,−1/12), the disk B(a, ra) touches ♡ at
exactly two points. The closure K−

a of one of the two complementary
components of B(a, ra)c∪♡ intersects the negative real axis at the points
qa and − 3

4 .

w 7→
{
σ(w) if w ∈

[
− 3

4 , 0
]
,

σa(w) if w ∈ [−∞, qa] .

Lemma 6.1. — For all a ∈ (−∞,−1/12), we have that F ◦n
a (∞) ∈ R−

whenever F ◦n
a (∞) is defined.

Proof. — This follows from the simple observation that Fa([− 3
4 , 0]) =

[−∞,− 3
4 ] ⊂ R− and Fa([−∞, qa]) = [qa, a] ⊂ R−. □
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Note that for all a ∈ C \ ((−∞,−1/12) ∪ C(S)), the critical value ∞ is
contained in the domain of the conjugacy ψa. We will now show that the
conformal position of the critical value ∞ yields the desired uniformization
of the escape locus. Recall that the connected component of D\Π containing
int ρ2(Π) is denoted by D2 (where Π is the ideal triangle in D with vertices
at 1, ω, and ω2; and ρ2 is reflection in the side of Π connecting ω and ω2).

Proof of Theorem 1.3. — First note that by Proposition 5.10, the set
(−∞,−1/12) ∪ C(S) is closed in the plane. So the complement of this set
is open in C.

Since ∞ lies outside B(a, ra), it follows that ΨΨΨ(a) := ψa(∞) ∈ D2 for
each a ∈ C\((−∞,−1/12)∪C(S)). More precisely, ΨΨΨ(a) ∈ T k1,··· ,kn(a) with
k1 = 2.

Note also that as a runs over C\ ((−∞,−1/12)∪C(S)), the fundamental
tile T 0

a changes continuously, and hence so does the conformal map ψa

restricted to ∪n(a)
k=0F

−k
a (T 0

a ) ∋ ∞. It follows that ΨΨΨ(a) = ψa(∞) depends
continuously on a.

Our plan is to show that ΨΨΨ is proper and injective (cf. [58, § 3]). Since
ΨΨΨ is continuous, the Invariance of Domain Theorem would then imply that
ΨΨΨ is an open map, and hence a homeomorphism onto its image (cf. [33,
Theorem 2B.3]). Finally, properness of ΨΨΨ : C\ ((−∞,−1/12) ∪ C(S)) → D2
would force the image of ΨΨΨ to be the entire simply connected domain D2.

Lemma 6.2. — The map ΨΨΨ is proper.

Proof. — We will consider three different cases.
Let us first choose a sequence {ak}k ⊂ C\((−∞,−1/12)∪C(S)) such that

|ak| → ∞. We can assume that each ak lies outside ♡; i.e., ak ∈ intT 0
ak

and hence ∞ lies in some tile of first generation. Now consider the do-
main Uk := int (T 0

ak
∪ F−1

ak
(T 0

ak
)), which is mapped biholomorphically onto

int (Π ∪ ρ−1(Π)) by ψak
. Since Uk contains ak and ∞, it follows that

ψak
(ak) and ψak

(∞) are contained in int (Π ∪ ρ−1(Π)) for each k. More-
over, the assumption |ak| → ∞ implies that ak is uniformly bounded
away from ∂♡ \ {αak

, 1
4 } in the hyperbolic metric of Uk for all k. Hence,

ψak
(ak) is uniformly bounded away from C̃1 ∪ C̃3 in the hyperbolic met-

ric of int (Π ∪ ρ−1(Π)) for all k. If ψak
(ak) converges to ∂Π ∩ ∂D, then

ψak
(∞) converges to ∂D2 (as ρ2(ψak

(ak)) = ψak
(∞)). Otherwise, ψak

(ak)
and ψak

(∞) are bounded away from the boundary of int (Π ∪ ρ−1(Π)).
Since the spherical distance between ak and ∞ tends to 0 as k increases,
it follows that the hyperbolic distance of ψak

(ak) and ψak
(∞) (with re-

spect to the hyperbolic metric of int (Π ∪ ρ−1(Π))) must also converge to
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0. But this implies that both the sequences {ψak
(ak)}k and {ψak

(∞)}k

accumulate on C̃2. In either case, we conclude that {ΨΨΨ(ak)}k tends to the
boundary of D2.

Now let {ak}k ⊂ C\((−∞,−1/12)∪C(S)) be a sequence accumulating on
C(S). Suppose that {ΨΨΨ(ak)}k converges to some u ∈ D2. Then, {ψak

(∞)}k

is contained in a compact subset K of D2. After passing to a subsequence,
we can assume that K is contained in a single tile of D (arising from G).
But this implies that each ak has a common depth n0, and ψak

(F ◦n0
ak

(∞))
is contained in the compact set ρ◦n0(K) ⊂ Π for each k. Note that the
map Fa, the fundamental tile T 0

a as well as (the continuous extension of)
the conformal map ψa : T 0

a → Π change continuously with the parameter
as a runs over C \ (−∞,−1/12). Therefore, for every accumulation point
a0 of {ak}k, the point F ◦n0

a0
(∞) belongs to the compact set ψ−1

a0
(ρ◦n0(K)).

In particular, the critical value of Fa0 lies in the tiling set T∞
a0

. This con-
tradicts the assumption that {ak}k accumulates on C(S), and proves that
{ΨΨΨ(ak)}k must accumulate on the boundary of D2.

Finally, let {ak}k be a sequence of parameters converging to some param-
eter a0 in (−∞,−1/12). Recall that n(ak) is the smallest positive integer
such that F ◦n(ak)

ak (∞) ∈ T 0
ak

. For k sufficiently large, Fak
is a small pertur-

bation of Fa0 . Hence by Lemma 6.1, we have that Re(F ◦n(ak)
ak (∞)) < − 3

4
and Im(F ◦n(ak)

ak (∞)) ≈ 0 (compare Figure 6.2). On the other hand, we
can choose a point x ∈ hull(♡) \ ♡ (where ‘hull’ stands for convex hull)
such that x ∈ intT 0

ak
, and ψak

(x) is contained in a fixed compact subset of
int Π for all k. We now consider the domain Uk := int (T 0

ak
∪ F−1

ak
(T 0

ak
)),

which contains both F
◦n(ak)
ak (∞) and x. Observe that a part of the hy-

perbolic geodesic (in Uk) connecting x and F
◦n(ak)
ak (∞) passes through

a very thin channel (whose thickness decreases as k increases and gets
pinched in the limit), and lies extremely close to the boundary of Uk (com-
pare Figure 6.2). Therefore, the hyperbolic distance (in Uk) between x and
F

◦n(ak)
ak (∞) goes to +∞ as k tends to +∞. Since ψak

is a conformal iso-
morphism between Uk and int (Π ∪ ρ−1(Π)), it follows that the hyperbolic
distance (in int (Π ∪ ρ−1(Π))) between ψak

(F ◦n(ak)
ak (∞)) and ψak

(x) goes
to +∞ as k tends to +∞. Consequently, ψak

(F ◦n(ak)
ak (∞)) converges to

the boundary ∂(Π ∪ ρ−1(Π)) as k tends to +∞. But ψak
(F ◦n(ak)

ak (∞)) is
contained in Π. Therefore, ψak

(F ◦n(ak)
ak (∞)) must converge to one of the

(non-trivial) third roots of unity as k tends to +∞. In fact, Lemma 6.1
implies that for k sufficiently large, each ψak

(F ◦n
ak

(∞)) (1 ⩽ n ⩽ n(ak))
is close to one of the non-trivial third roots of unity, and hence the same
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Figure 6.2. For a non-real parameter ak sufficiently close to
(−∞,−1/12), the fundamental tile T 0

ak
of Fak

has a very narrow chan-
nel. Hence, a part of the hyperbolic geodesic of Uk (the shaded domain
in the figure) connecting x and F

◦n(ak)
ak (∞) lies close to the boundary

of Uk. As a consequence, the hyperbolic length of this geodesic is very
large.

is true for ΨΨΨ(ak) = ψak
(∞). It follows that ΨΨΨ(ak) converges to one of the

non-trivial third roots of unity (which lies on ∂D∩∂D2) as k tends to +∞.
This completes the proof of the fact that ΨΨΨ is a proper map. □

Lemma 6.3. — The map ΨΨΨ is injective.

Proof. — Suppose that there exist parameters a1, a2 ∈ C\((−∞,−1/12)
∪C(S)) such that ΨΨΨ(a1) = ΨΨΨ(a2). This implies that, in particular, they have
the same depth; i.e., n(a1) = n(a2). We denote the common depth by n0.

According to Proposition 5.8, for i ∈ {1, 2}, there exist conformal maps

ψai :
n0⋃

k=0
F−k

ai

(
T 0

ai

)
−→

n0⋃
k=0

ρ−k(Π)
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conjugating

Fai
:

n0⋃
k=1

F−k
ai

(
T 0

ai

)
−→

n0−1⋃
k=0

F−k
ai

(
T 0

ai

)
to

ρ :
n0⋃

k=1
ρ−k(Π) −→

n0−1⋃
k=0

ρ−k(Π).

We define a conformal homeomorphism

ψa2
a1

:= ψ−1
a2

◦ ψa1 :
n0⋃

k=0
F−k

a1

(
T 0

a1

)
−→

n0⋃
k=0

F−k
a2

(
T 0

a2

)
that conjugates Fa1 to Fa2 . Note that ψa2

a1
extends continuously to the cusp

1
4 of ∂T 0

a1
, and sends it to the cusp 1

4 of ∂T 0
a2

. Moreover, the assumption
that ψa1(∞) = ψa2(∞) implies that ψa2

a1
maps the unique critical value ∞

of Fa1 (with associated simple critical point at 0) to that of Fa2 . Hence, the
map ψa2

a1
can be lifted via the maps Fa1 , Fa2 to a conformal homeomorphism

from
⋃n0+1

k=0 F−k
a1

(T 0
a1

) onto
⋃n0+1

k=0 F−k
a2

(T 0
a2

) such that it maps 1
4 to 1

4 . Due
to the equivariance property of ψa2

a1
(with respect to Fa1 , Fa2) and the

normalization of the lift, this lifted map agrees with ψa2
a1

on their common
domain of definition. Abusing notation, we denote this extension of ψa2

a1
by

ψa2
a1

:
n0+1⋃
k=0

F−k
a1

(
T 0

a1

)
−→

n0+1⋃
k=0

F−k
a2

(
T 0

a2

)
.

We also note that ψa2
a1

sends the unique critical point 0 of Fa1 to the unique
critical point 0 of Fa2 .

By [43, Proposition 5.9], the curves ∂♡ and ∂B(ai, rai
) have a simple

tangency at αai , for i ∈ {1, 2}. Moreover, 1
4 is a (3, 2)-cusp on ∂♡. Hence,

Lemmas B.2 and B.3 and conformality of Fai
at the iterated preimages of

αai
, 1

4 imply that the conformal map ψa2
a1

is asymptotically linear near the
singular points αa1 ,

1
4 and at their iterated preimages under Fa1 . The same

results also show that ψa2
a1

extends as a quasiconformal homeomorphism
g1 of Ĉ (cf. Lemma 8.11). By construction, g1 conjugates Fa1 to Fa2 on⋃n0+1

k=1 F−k
a1

(T 0
a1

), and is conformal on the interior of
⋃n0+1

k=0 F−k
a1

(T 0
a1

).
With the quasiconformal homeomorphism g1 at our disposal, a standard

pullback argument as in Proposition 8.13 (cf. [42, Theorem 5.1]) can be
employed to construct a sequence of K-quasiconformal maps {gr}r ⩾ 1 of Ĉ
such that for all r ⩾ 1,

(1) Fa2 ◦ gr+1 = gr ◦ Fa1 on Ĉ \ intT 0
a1

,
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(2) gr is conformal on the interior of
⋃n0+r

k=0 F−k
a1

(T 0
a1

),
(3) gr+1 = gr on

⋃n0+r
k=0 F−k

a1
(T 0

a1
), and

(4) gr(0) = 0, gr(∞) = ∞, gr( 1
4 ) = 1

4 .
By compactness of the family of K-quasiconformal homeomorphisms and
Properties (1), (3) of the sequence {gr}, there exists a quasiconformal home-
omorphism g∞ of Ĉ that conjugates Fa1 to Fa2 on their tiling sets. Since
the non-escaping sets Ka1 ,Ka2 are Cantor sets (see Proposition 5.8), it fol-
lows (by continuity of g∞) that the conjugacy relation holds on the entire
domains of definition of Fa1 , Fa2 . Also, Condition (2) implies that g∞ is
conformal on the tiling set T∞

a1
.

Moreover, the proof of Theorem 5.19(3) applies mutatis mutandis to
Schwarz reflection maps in the escape locus C \ ((−∞,−1/12) ∪ C(S)) and
shows that the non-escaping sets Ka1 ,Ka2 have zero area. It now follows
by Weyl’s lemma that g∞ is a Möbius map of Ĉ. Finally, since the Möbius
conjugacy g∞ fixes 0, 1

4 , and ∞, it must be the identity map. Hence, Fa1

and Fa2 are conjugate via the identity map; i.e., a1 = a2. □

The theorem now readily follows from the previous two lemmas. □

As an immediate application of Theorem 1.3, we can define parameter
tiles that yield a tessellation of the escape locus (see Figure 1.6).

Definition 6.4. — For an M -admissible word (i1, · · · , ik) with i1 = 2,
the parameter tile Ti1, ··· , ik is defined as

Ti1, ··· , ik := ΨΨΨ−1 (
T i1, ··· , ik

)
.

Finally, we define external parameter rays of S via the map ΨΨΨ.

Definition 6.5. — The pre-image of a G-ray at angle θ (where θ ∈
(1/3, 2/3)) under the map ΨΨΨ is called a θ-parameter ray of S.

Remark 6.6. — It follows from the proof of properness of ΨΨΨ that every
parameter ray of S accumulates on C(S); i.e., none of them accumulates
on the slit (−∞,−1/12).

The set of all parameter rays of S form a binary tree (compare Fig-
ure 3.1). Note that if a lies on a parameter ray at angle θ, then in the
dynamical plane of Fa, the critical value ∞ lies on a dynamical ray at
angle θ. This duality will play an important role in the rest of the paper.

7. Hyperbolic components

We now discuss the structure of hyperbolic parameters in C(S).
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Since Fa depends real-analytically on a, a straightforward application
of the Implicit Function Theorem shows that attracting periodic points
can be locally continued as real-analytic functions of a. Hence, the set of
hyperbolic parameters form an open set. A connected component of the set
of all hyperbolic parameters is called a hyperbolic component. It is easy to
see that every hyperbolic component H has an associated positive integer
n such that each parameter in H has an attracting cycle of period n. We
refer to such a component as a hyperbolic component of period n.

A center of a hyperbolic component is a parameter a for which Fa has a
super-attracting periodic cycle; i.e., the unique critical point 0 is periodic.

If Fa has an attracting periodic cycle, then the critical point 0 of Fa is
attracted by the attracting cycle (see Proposition 5.6). Moreover, we can
associate a dynamically defined conformal invariant to every hyperbolic
map Fa; namely multiplier if the attracting cycle (of Fa) has even period,
and Koenigs ratio if the attracting cycle (of Fa) has odd period (see Sub-
section 2.2.1 for the corresponding definitions for anti-polynomials).

The hyperbolic components in C(S) are parametrized by the Blaschke
product spaces B±, which model the first return map of the dynamics to
the connected component of int(Ka) containing 0. The following theorem
describes the topology and dynamical uniformizations of hyperbolic com-
ponents in C(S).

Theorem 7.1 (Dynamical uniformization of hyperbolic components).
Let H be a hyperbolic component in C(S).

(1) If H is of odd period, then there exists a homeomorphism η̃H :
H → B− that respects the Koenigs ratio of the attracting cycle. In
particular, the Koenigs ratio map is a real-analytic 3-fold branched
covering from H onto the open unit disk, ramified only over the
origin.

(2) IfH is of even period, then there exists a homeomorphism η̃H : H →
B+ that respects the multiplier of the attracting cycle. In particular,
the multiplier map is a real-analytic diffeomorphism from H onto
the open unit disk.

In both cases, H is simply connected and has a unique center.

Proof. — See [60, Theorem 5.6, Theorem 5.9] for a proof of the corre-
sponding facts for quadratic anti-polynomials. It is straightforward to adapt
the proof in our case. The main idea is to change the conformal dynamics
of the first return map of a periodic Fatou component. More precisely, one
can glue any Blaschke product belonging to the family B± in the connected
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component of int(Ka) containing 0 by quasiconformal surgery. This gives
the required homeomorphism between H and B±.

However, there is an important detail here. Since the original dynamics
Fa is modified only in a part of the connected component of int(Ka) con-
taining 0 (this is precisely where an iterate of Fa is replaced by a Blaschke
product), the resulting quasiregular modification Ga shares some of the
mapping properties of Fa. In particular, Ga sends B(a, ra)c to B(a, ra)
and maps G−1

a (♡) to ♡ as a univalent map. Hence, we can adapt the proof
of Lemma 5.4 to show that Ga is quasiconformally conjugate to some map
Fb in our family S. □

Using Relation (5.1), it is easy to compute the centers of some low period
hyperbolic components of C(S).

Figure 7.1. Left: The hyperbolic component of period two (in blue) with
its center 0 marked. Right: The part of the non-escaping set of F0 inside
the cardioid (in dark blue) with the critical point 0 marked.

Examples 7.2. —
(i) Since Fa(0) = ∞, there is no super-attracting map in S with a fixed

critical point. Hence, there is no hyperbolic component of period 1
in C(S).

(ii) The unique parameter with a super-attracting 2-cycle in C(S) is
a = 0. Indeed, the critical orbit of the map F0 is given by 0 ↔ ∞.
It is not hard to see that the pullbacks of the leaf joining 1/3 and 2/3
(under ρ) generate the pre-periodic lamination of the corresponding
non-escaping set K0. Hence, its pre-periodic lamination is homeo-
morphic to the rational lamination of the Basilica anti-polynomial
z2 − 1.
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In particular, 0 is the center of the unique hyperbolic component
of period two of C(S) (see Figure 7.1).

(iii) The center of the unique period 3 hyperbolic component is 3
16 (see

Figure 7.2 and Figure 7.3). Its critical orbit is given by 0 7→ ∞ 7→
3/16 7→ 0.

Figure 7.2. Left: A part of the non-escaping set of a = 3/16. The cor-
responding map has a super-attracting 3-cycle. Right: A blow-up of the
same non-escaping set around the Fatou component containing the crit-
ical point 0.

Similarly, the centers of the two period 4 hyperbolic components are 2
9

(primitive) and
√

52−5
36 (satellite).

We will conclude this subsection with a brief description of neutral pa-
rameters and boundaries of hyperbolic components of even period of C(S).
The following proposition states that every neutral (in particular, para-
bolic) parameter lies on the boundary of a hyperbolic component of the
same period.

Proposition 7.3 (Neutral parameters on boundary). — If Fa0 has a
neutral periodic point of period k, then every neighborhood of a0 contains
parameters with attracting periodic points of period k, so the parameter
a0 is on the boundary of a hyperbolic component of period k of C(S).

Proof. — See [56, Theorem 2.1] for a proof in the Tricorn family. Since
the proof given there only uses local dynamical properties of anti-holomorphic
maps near neutral periodic points, it applies to the family S as well. □
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Figure 7.3. Left: The region enclosed by the deltoid-shaped curve is the
unique hyperbolic component of period 3 of C(S) with its center at 3/16.
There are bifurcations to period 6 hyperbolic components at the ends of
each parabolic arc. Right: The region enclosed by the cardioid-shaped
curve is a hyperbolic component of period 4 centered at 2/9.

Using Theorem 7.1, one can define internal rays of hyperbolic components
of C(S). If H is a hyperbolic component of even period, then the proof
of [39, Lemma 2.19] can be adapted to show that all internal rays of H
at rational angles land (note that by Proposition 8.15, the accumulation
set of such a ray is necessarily a finite set). If H does not bifurcate from a
hyperbolic component of odd period, then the landing point of the internal
ray at angle 0 is a parabolic parameter with an even-periodic parabolic
cycle. This parameter is called the root of H.

The next theorem describes the bifurcation structure of even period hy-
perbolic components of C(S). Once again, its proof in the Tricorn family is
given in [56, Theorem 1.1], which can be easily adapted for our setting.

Theorem 7.4 (Bifurcations from even period hyperbolic components).
If Fa has a 2k-periodic cycle with multiplier e2πip/q with gcd(p, q) = 1,
then the parameter a sits on the boundary of a hyperbolic component of
period 2kq (and is the root thereof) of C(S).
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8. Combinatorial rigidity of geometrically finite maps

8.1. Combinatorics of dynamical rays: orbit portraits

We now delve into a combinatorial study of hyperbolic and parabolic
maps in S. The following landing property of dynamical rays for hyperbolic
and parabolic maps in S follows from the preparation in Section 5.

Proposition 8.1 (Landing/bifurcation of dynamical rays).
(1) Let a ∈ C(S) and Fa be a hyperbolic or parabolic map. Then, every

M -admissible sequence of tiles {T i1
a , T

i1,i2
a , · · · } shrinks to a point

on Γa. In particular, every dynamical ray of Fa lands at some point
of Γa, and conversely.

(2) If a /∈ C(S), then every dynamical ray of Fa either bifurcates or
lands at some point on Ka.

Proof. — (1) This follows from Theorem 5.19 and Carathéodory’s theo-
rem on boundary extension of (inverses of) Riemann maps.
(2) This follows from the fact that the accumulation set of a ray is con-
nected and that the limit set of a parameter a /∈ C(S) is a Cantor set
(Proposition 5.8). □

Clearly, if the dynamical ray of Fa at angle θ lands at a point w ∈ Γa,
then the dynamical ray at angle ρ(θ) lands at the point Fa(w).

8.1.1. Hubbard tree, characteristic angles, and lamination

Definition 8.2. — For a hyperbolic or parabolic map Fa, the Fatou
component containing the critical value ∞ is called the characteristic Fatou
component of Fa. If Fa is parabolic, the parabolic periodic point on the
boundary of the characteristic Fatou component is called the characteristic
parabolic point of Fa.

Suppose that the period of the characteristic Fatou component Ua of
a hyperbolic (respectively, parabolic) map Fa is k. Then, the sequence of
iterates {F ◦kn

a }n forms a normal family on Ua. Hence, the F ◦k
a -orbit of every

point in Ua converges to the attracting (respectively, parabolic) periodic
point in Ua (respectively, on ∂Ua).

The characteristic Fatou component and the fixed points (of the first
return map of the component) on its boundary will be vital in the rest of
the section.
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Definition 8.3. — Let Fa be a hyperbolic (respectively, parabolic)
map, and Ua be the characteristic Fatou component. Let w be a boundary
point of Ua such that the first return map of Ua fixes w. Then we call w
a dynamical root of Fa if it is a cut-point of Ka; otherwise, we call it a
dynamical co-root.

We now proceed to define Hubbard trees for super-attracting and para-
bolic maps.

For a super-attracting map Fa, the critical Fatou component U (which
has period k, say) admits a Riemann map that conjugates the first return
map F ◦k

a of U to the map z2 on D. Pre-images of radial lines in D under
this Riemann map are called geodesic rays in U . Pulling the geodesic rays
in U back by iterates of Fa, we obtain geodesic rays in all the Fatou com-
ponents of Fa. Since the non-escaping set Ka of a hyperbolic map Fa is a
locally connected full continuum (see Theorem 5.19), it follows that there
exists a unique arc in Ka connecting any two points (of Ka) such that
the intersection of the arc with every Fatou component is contained in the
union of two geodesic rays (compare [20, Exposé II, § 6, Proposition 6]).
Such arcs are called allowable. The union of the allowable arcs connecting
the post-critical set of Fa is a tree, and we call it the Hubbard tree of the
super-attracting map Fa.

For a parabolic map Fa, one can similarly define a tree in Ka which
connects the post-critical set and the parabolic cycle. Note that the tree
obtained this way is not uniquely defined in the Fatou components, but
they are all homotopic relative to the limit set. Such a tree is called a
Hubbard tree of the parabolic map Fa (also compare [36, Definition 5.4]).

In either case, the Hubbard tree is an Fa-invariant (up to homotopy
relative to Γa in the parabolic case) finite tree in Ka that connects the post-
critical orbit (and the parabolic cycle if Fa is parabolic). We denote this
tree by Ha. Following the arguments of [20, Exposé IV, § 4, Proposition 4]
(in the super-attracting case) or [68, Lemma 3.5] (in the parabolic case),
it is easy to see that the critical value ∞ is an endpoint of the tree, and
every branch points of the tree is a pre-periodic repelling point.

One can now adapt the proof of [59, Lemma 3.4, Corollary 4.2] to deduce
the following.

Proposition 8.4. — Let Fa be a super-attracting or parabolic map.
Then, every dynamical co-root of Fa has the same exact period as its Fatou
component. It is the landing point of exactly one dynamic ray, and this ray
has the same exact period as the component.
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The characteristic Fatou component Ua of Fa has exactly one dynamical
root. If the period of Ua is even, then Ua has no co-root; if the period is
odd, it has exactly two co-roots. Moreover, if the period of Ua is an odd
integer k, then its dynamical root is the landing point of exactly two rays
at 2k-periodic angles.

The angles of the two adjacent rays landing at the dynamical root of Fa

(bounding a sector of angular width less that 1
2 ) and separating the critical

point 0 from the critical value ∞ are called the characteristic angles of Fa.
The hyperbolic geodesic in D terminating at these two angles is referred to
as the characteristic geodesic.

The characteristic angles of a hyperbolic or parabolic map Fa will play a
crucial role in the combinatorial study of the connectedness locus C(S). In
particular, we will show that that the pre-periodic lamination of a hyper-
bolic or parabolic map Fa (which yields a topological model of the map)
can be recovered from its characteristic angles.

We start with a preliminary statement.

Lemma 8.5. — Let Fa be a super-attracting map, and Ha the Hubbard
tree of Fa. Then, intKa ∩ Ha is dense in Ha.

Proof. — Let us denote the super-attracting cycle of Fa by 0.

Claim 8.6. — The union of intKa ∩ Ha and the iterated pre-images of
αa on Ha is dense on Ha.

Proof of the Claim: If it were false, then there would be an arc γ0 ∈
Ha such that none of the images F ◦n

a (γ0) contains αa or intersects the
immediate basin of the critical point 0.

We consider the hyperbolic metric on each of the two connected compo-
nents of

V := Ĉ \ (Ta ∪ 0) ,

and define the corresponding “hyperbolic metric” on each connected com-
ponent J of Ha \{0, αa} as follows. For x, y ∈ J , a smooth path γ connect-
ing x to y in V is called admissible if it can be retracted to [x, y] ⊂ Ha in
V relative to the end-points (clearly, γ must be contained in a connected
component of V ). Then we let

dhyp(x, y) := inf
γ
ℓhyp(γ),

where γ runs over all admissible paths connecting x to y, and ℓhyp denotes
hyperbolic length in V .
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Note that if the images x′ = Fa(x) and y′ = Fa(y) also lie in the same
component J ′ of Ha \ {0, αa}, then any admissible path γ′ connecting x′

to y′ lifts by Fa to an admissible path γ connecting x to y. Moreover, γ is
contained in Ĉ \ E1

a ⊂ V . It follows that ℓhyp(γ′) > ℓhyp(γ). Hence,

(8.1) dhyp(x′, y′) ⩾ c · dhyp(x, y),

with c = c(ε) > 1 provided x′ and y′ stay ε-away from 0, 1
4 , and αa.

Note that by our assumption on γ0, all iterates of γ0 stay ε-away from 0.
Moreover, no iterate of γ0 contains αa. Since αa repels nearby points in
Ka, it follows that infinitely many iterates of γ0 stay ε-away from αa.
Finally, as γ0 is contained in the Hubbard tree, all iterates of γ0 are
bounded ε-away from 1

4 as well. It now follows by Relation (8.1) that
dhyp(F ◦n

a (x), F ◦n
a (y)) → ∞, for x, y ∈ γ0. But this is impossible as in-

finitely many iterates of γ0 are uniformly bounded away from ∂V . This
completes the proof of the claim. □

To complete the proof of the lemma, it now suffices to argue that αa is
in the closure of intKa ∩ Ha. We will assume the contrary, and arrive at
a contradiction. To this end, let us choose a sufficiently small arc I0 ⊂ Ha

containing αa and not intersecting intKa, and define In := F ◦2n
a (I0). Since

αa repels nearby points in Ka and F ◦2n
a (n ⩾ 1) is injective on I0, the fam-

ily {In}n is a strictly increasing sequence of arcs in Ha. In particular, the
(right) end-points of In form a strictly monotone sequence in the com-
pact set Ha, and hence must converge to an attracting fixed point of F ◦2

a .
This is clearly impossible unless a = 0 (which is the only map with a super-
attracting 2-cycle). Moreover, for a = 0, the above argument shows that
the arcs In come arbitrarily close to 0; i.e., In ∩ intKa ̸= ∅ for n large. As
intKa is completely invariant, it follows that I0 ∩ intKa ̸= ∅ as well. □

Recall that the piecewise reflection map ρ was defined in Section 3.

Proposition 8.7 (Characteristic angles determine lamination). — Let
a be a super-attracting parameter. Then, the iterated pre-images of the
characteristic geodesic under ρ are pairwise disjoint, and their closure in
Q/Z is the pre-periodic lamination λ(Fa).

Proof. — Let Sa be an arc in Ka connecting 1
4 to σ−1

a ( 1
4 ) (it is defined

up to homotopy in intKa). We call Sa the spine of Fa.
Since ρ|T is expansive and Γa is locally connected, the arguments of [18]

(also see [46, Proposition 24.15]) can be easily adapted for our setting
to show that every cut-point of Γa eventually falls on the spine of Fa.
Moreover, every point on the spine eventually falls on the Hubbard tree
Ha of Fa.
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Therefore, we only need to show that every leaf of the lamination λ(Fa)
consisting of a pair of rays landing at a cut-point on the Hubbard tree can
be approximated by iterated pre-images of the characteristic leaf. We will
proceed as in [46, Theorem 25.58].

We denote the critical Fatou component by U0. Let us consider a leaf L
of the lamination λ(Fa) comprising a pair of dynamical rays landing at the
same cut point w ∈ Ha and bounding a minimal sector S (so there are no
other rays in this sector landing at w). By Proposition 8.5, w can be approx-
imated by components U−k of the basin intKa such that F ◦nk (U−k) = U0.
There are two possibilities:

(1) w ∈ ∂U−k for some component U−k ⊂ S. Iterating forward, we can
assume that w ∈ ∂U0. But since 0 is not a branch point of Ha,
the immediate basin U0 intersects the Hubbard tree Ha at most at
two points. Moreover, one of these two points p is fixed under the
first return map of U0, and the other is an iterated pre-image of
p. Hence it is sufficient to consider w = p. But then L itself is the
pre-characteristic leaf.

(2) There is a sequence of components U−k ⊂ S (such that nk → ∞)
converging to w. Let L−k be the corresponding pre-image of the
characteristic leaf (landing at iterated pre-image of p on ∂U−k). As
k → ∞, these curves converge to some curve L−∞ comprising two
rays in S landing at w. But L is the only such curve, so L−∞ = L.

In either case, L is approximated by pre-images of the characteristic leaf.
□

8.1.2. Orbit portraits

Following Definition 2.31, we now introduce the notion of orbit portraits
for the Schwarz reflection maps Fa.

For a cycle O = {w1, w2, · · · , wp} of Fa, let Ai be the set of angles
of dynamical rays landing at wi. The collection P = {A1,A2, · · · , Ap} is
called the orbit portrait associated with the periodic orbit O of Fa.

Theorem 8.8. — Let O = {z1, z2, · · · , zp} be a periodic orbit of Fa

such that at least one (pre-)periodic dynamical ray (a ray at an angle
θ ∈ Per(ρ)) lands at some zj , j ∈ {1, · · · , p}. Then the associated orbit
portrait P = {A1,A2, · · · , cAp} (which we assume to be non-trivial; i.e.,
|Ai| ⩾ 2) satisfies the following properties.

(1) Each Aj , j ∈ {1, · · · , p}, is a finite non-empty subset of Per(ρ).
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(2) For each j ∈ Z/pZ, the map ρ maps Aj bijectively onto Aj+1, and
reverses their cyclic order.

(3) For each i ̸= j, the sets Ai and Aj are unlinked.
(4) Each θ ∈ Aj , j ∈ {1, · · · , p}, is periodic under ρ, and there are

four possibilities for their periods:
(a) If p is even, then all angles in P have the same period rp for

some r ⩾ 1.
(b) If p is odd, then one of the following three conditions holds:

(i) |Aj | = 2, and both angles have period p.
(ii) |Aj | = 2, and both angles have period 2p.
(iii) |Aj | = 3; one angle has period p, and the other two

angles have period 2p.

Proof. — Since Fa is a unicritical anti-holomorphic map whose action on
the angles of (landing) dynamical rays is given by ρ : R/Z → R/Z, which is
an orientation-reversing double covering with no attracting periodic point,
the proof of [54, Theorem 2.6] carries over verbatim to the present setting
(also compare [49, Lemma 2.3]). □

The following definition is analogous to that of formal orbit portraits
under the anti-doubling map m−2 (see Definition 2.33).

Definition 8.9. — A finite collection P = {A1, A2, · · · , Ap} of non-
empty finite subsets of Per(ρ) satisfying the conditions of Theorem 8.8 is
called a formal orbit portrait under ρ (in short, a ρ-FOP).

Recall from Section 3 that the map E : R/Z → R/Z is a topological
conjugacy between the reflection map ρ (which models the action of Fa on
its external dynamical rays) and the anti-doubling map m−2 (which models
the action of quadratic anti-polynomials on its external dynamical rays).
Let P = {A1, A2, · · · , Ap} be a ρ-FOP. We define the push-forward of P
under E by

E∗(P) := {E(A1), E(A2), · · · , E(Ap)} .

Similarly, we can define the pull-back E∗(P) of an m−2-FOP P under E .
The following proposition is a consequence of the fact that the maps ρ

and m−2 are topologically conjugate via E . It is our first step in establishing
a combinatorial bijection between the centers of C(S) and those of L.

Proposition 8.10 (E preserves orbit portraits). — If P is a ρ-FOP,
then E∗(P) is an m−2-FOP. Conversely, if P is an m−2-FOP, then E∗(P)
is a ρ-FOP.
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Proposition 8.10 allows us to transfer combinatorial/topological results
about m−2-FOPs to corresponding results for ρ-FOPs. In particular, among
all the complementary arcs of the various Aj of a ρ-FOP P, there is a unique
one of minimum length. This shortest arc IP is called the characteristic
arc of P, and the two angles {t−, t+} at the ends of this arc are called its
characteristic angles (compare [54, Lemma 3.2]). We can assume, without
loss of generality, that 0 < t+ − t− < 1

2 .

8.2. Rigidity theorems

This subsection will be devoted to some combinatorial rigidity results
which show that PCF parameters and even-type parabolic parameters of
C(S) are completely determined by their combinatorics (orbit portraits
associated with dynamical root, or laminations).

We start with some preliminary results. Let a1, a2 ∈ C(S)\{−1/12}. We
will denote the pre-image of αai

(under σ) that lies in ♡ by α′
ai

. Recall
that by Proposition 5.8, ψa2

a1
:= ψ−1

a2
◦ ψa1 : T∞

a1
→ T∞

a2
is a conformal

isomorphism. It restricts to a conformal isomorphism between E1
a1

and
E1

a2
, where E1

ai
is the union of the tiles of rank 0 and 1. It extends to a

homeomorphism between E1
a1

and E1
a2

mapping 1
4 , αa1 , σ−1

a1
( 1

4 ), and α′
a1

to 1
4 , αa2 , σ−1

a2
( 1

4 ), and α′
a2

respectively (see Figure 8.1).

Figure 8.1. E1
ai

is the union of the tiles of rank 0 and 1; i.e., E1
ai

=
T 0

ai
∪T 1

ai
. The map ψa2

a1
induces a homeomorphism between E1

a1
and E1

a2

mapping 1
4 , αa1 , σ−1

a1
( 1

4 ), and α′
a1

to 1
4 , αa2 , σ−1

a2
( 1

4 ), and α′
a2

respectively.

Lemma 8.11.
(1) ψa2

a1
: E1

a1
→ E1

a2
is asymptotically linear near 1

4 , αa1 , σ−1
a1

( 1
4 ), and

α′
a1

.
(2) ψa2

a1
: E1

a1
→ E1

a2
has a quasiconformal extension ψ̂ to Ĉ.
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Proof. — (1) In [43, Proposition 5.38], ψai
was first defined as (the home-

omorphic extension of) a conformal isomorphism between Tai
and Π. Hence,

ψa2
a1

: Ta1 → Ta2 is a conformal isomorphism mapping 1
4 and αa1 to 1

4
and αa2 respectively. Moreover, on the tiles of first rank, ψa2

a1
is equal to

F−1
a2

◦ (ψa2
a1

)|Ta1
◦ Fa1 (choosing suitable inverse branches of Fa2).

Since a1, a2 ∈ C(S)\{−1/12}, it follows from [43, Proposition 5.12, 5.13]
that the asymptotic developments of Fai near 1

4 and αai are comparable.
Moreover, Fai

is anti-conformal near σ−1
ai

( 1
4 ) and α′

ai
. Therefore, to prove

the lemma, it suffices to show that ψa2
a1

: Ta1 → Ta2 is asymptotically
linear near αa1 and 1

4 . But this follows from Lemmas B.2 and B.3 as 1
4 is

a conformal cusp of type (3, 2) on ∂Tai
and αai

is a regular double point
on ∂Tai , i ∈ {1, 2}.
(2) As ψa2

a1
is asymptotically linear at the cusps 1

4 , σ
−1
a1

( 1
4 ), and at the double

points αa1 , α
′
a1

, the proofs of Lemmas B.2 and B.3 show that the conformal
map ψa2

a1
: E1

a1
→ E1

a2
admits quasiconformal extensions to neighborhoods

of these singular points. Since the rest of ∂E1
ai

(i ∈ {1, 2}) is a union
of non-singular real-analytic arcs, the map ψa2

a1
extends conformally in a

neighborhood of these points (by the Schwarz reflection principle). It follows
that ψa2

a1
has a quasiconformal extension ψ̂ to Ĉ. □

Remark 8.12. — For a1, a2 ∈ C(S) \ {−1/12}, the map ψa2
a1

: E1
a1

→
E1

a2
does not necessarily have an analytic extension in a neighborhood

of αai
. In fact, the existence of such an analytic extension would imply

that the pairs of curve germs (∂♡, ∂B(a1, ra1))αa1
and (∂♡, ∂B(a2, ra2))αa2

are conformally equivalent. A description of conformal equivalence classes
of pairs of real-analytic smooth curves (γ1, γ2) (with associated Schwarz
reflection maps σ1, σ2) touching at the origin is given in [57] in terms of
conformal conjugacy classes of the parabolic germ σ1 ◦ σ2 (also see [73]).

We are now in a position to prove combinatorial rigidity of super-attracting
and even-type parabolic parameters of S.

Proposition 8.13 (Rigidity of super-attracting maps). — Let a1 and
a2 be two super-attracting parameters such that their dynamical roots have
the same associated orbit portrait. Then, a1 = a2.

Proof. — The orbit portrait associated with the dynamical root of a
super-attracting parameter completely determines the Hubbard tree of the
maps, so the restriction of the maps on their respective Hubbard trees are
topologically conjugate. Moreover, there exist Böttcher maps conjugating
Fa1 to Fa2 in a neighborhood of the super-attracting cycle.
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Let us define a K-qc map ξ0 of the sphere that agrees with ψa2
a1

on E1
a1

,
and with the Böttcher conjugacies in a neighborhood U of the critical cycle.
The existence of such a map is guaranteed by Lemma 8.11. Note that ψa2

a1

conjugates Fa1 : ∂E1
a1

→ ∂T 0
a1

to Fa2 : ∂E1
a2

→ ∂T 0
a2

(both of which are
double coverings). Moreover, Fai : Ĉ \ intE1

ai
→ Ĉ \ intT 0

ai
is a two-to-one

branched covering branched at 0. Since ξ0 sends the critical value of Fa1 to
that of Fa2 , we can lift ξ0 via Fa1 and Fa2 to obtain K-qc homeomorphism
from int (Ĉ \ E1

a1
) to int (Ĉ \ E1

a2
) that matches continuously with ξ0 on

∂E1
a1

. By quasiconformal removability of analytic arcs, we obtain a K-qc
map ξ1 of the sphere. The lift ξ1 becomes unique once we require ξ1(∞) =
∞. Moreover, ξ0 and ξ1 agree on U ∪ E1

a1
, so they are homotopic relative

to the union of the super-attracting cycle and the singular points.
By iterating this lifting procedure and arguing as in [46, Lemma 38.6],

we obtain a global K-qc map ξ that conjugates Fa1 to Fa2 . Moreover, ξ
agrees with ψa2

a1
on T∞

a1
and is conformal on intKa1 . Since Γa1 has measure

zero (see Theorem 5.19), it follows that ξ is conformal on the sphere. Note
that since ξ fixes 0, ∞ and 1

4 , it must be the identity map. Therefore,
id(F ◦2

a1
(0)) = F ◦2

a2
(0); i.e., a1 = a2. □

An essentially similar argument combined with the description of hyper-
bolic components of C(S) given in Section 7 yields the following rigidity
result for all hyperbolic maps.

Proposition 8.14 (Rigidity of hyperbolic maps). — Let a1 and a2 be
two hyperbolic parameters such that their dynamical roots have the same
associated orbit portrait. Moreover, suppose that the first return map of
their characteristic Fatou components are conformally conjugate. Then,
a1 = a2.

Our next result states that parabolic parameters of even-type can also
be recovered from their combinatorics.

Proposition 8.15 (Rigidity of parabolic maps). — Let a1 and a2 be
two parabolic parameters such that their characteristic Fatou components
have even period. If their dynamical roots have the same associated orbit
portrait, then a1 = a2.

Proof. — Note that since the parabolic cycles of Fa1 and Fa2 have the
same associated orbit portraits, their parabolic cycles have a common
period k and a common combinatorial rotation number when k is even
(see [49, Definition 2.12] for the definition of combinatorial rotation num-
ber). Choose an attracting petal containing the critical value ∞ and an
attracting Fatou coordinate (in the characteristic Fatou component of Fai)
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that conjugates the first return map of the petal to the translation ζ 7→ ζ+1.
Since Fatou coordinates are unique up to addition of a complex constant,
we can arrange so that the critical values of Fa1 and Fa2 have the same
image under the Fatou coordinates. Hence, the Fatou coordinates induce a
conformal conjugacy between the first return maps of the petals that sends
∞ to ∞. Using Fa1 and Fa2 , we now spread this conjugacy to suitable at-
tracting petals in all the periodic Fatou components such that the domain
of the conjugacy (which we denote by U) contains the entire post-critical
set of Fa1 .

We now construct a K-qc map ξ0 of the sphere that agrees with ψa2
a1

on
E1

a1
, and with the conjugacy on U constructed in the previous paragraph.

Then ξ0 lifts to a K-qc map ξ1 of the sphere (normalized so that ξ1(∞) =
∞) agreeing with ξ0 on E1

a1
∪U . In particular, ξ1 is homotopic to ξ0 relative

to the union of the post-critical set and the singular points. The rest of the
proof is analogous to that of Proposition 8.13. □

Remark 8.16. — We will see in Theorem 9.3 that parabolic parameters
with odd-periodic characteristic Fatou components are not combinatorially
rigid; i.e., they admit quasiconformal deformations that preserve combina-
torics, and hence cannot be uniquely determined by their parabolic orbit
portraits. However, we will prove a slightly weaker rigidity statement for
such maps in Proposition 9.4.

We now prove a combinatorial rigidity principle for Misiurewicz parame-
ters S to the effect that a Misiurewicz parameter is completely determined
by its pre-periodic lamination. Since the limit set of a Misiurewicz map Fa

is a dendrite (see Theorem 5.19), there exists a unique arc (in Γa) connect-
ing any two points of Γa. The union of such arcs connecting the post-critical
set of Fa is a tree, and we call it the Hubbard tree of a Misiurewicz map Fa.

Proposition 8.17 (Rigidity of Misiurewicz parameters). — Let a1 and
a2 be Misiurewicz parameters with the same pre-periodic lamination. Then,
a1 = a2.

Proof. — Since Fa1 and Fa2 have the same pre-periodic lamination, the
restriction of the maps on their Hubbard trees are topologically conjugate.
In particular, their critical orbits have the same pre-period and period.
Moreover, there exist quasiconformal maps defined on a neighborhood of
the post-critical set of Fa1 conjugating Fa1 to Fa2 . Let us now construct a
K-qc map ξ0 of the sphere that agrees with ψa2

a1
= ψ−1

a2
◦ ψa1 on E1

a1
, and

with the quasiconformal conjugacies in a neighborhood of the post-critical
set of Fa1 . This is possible due to Lemma 8.11. Then ξ0 lifts to a K-qc
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map ξ1 of the sphere (normalized so that ξ1(∞) = ∞) agreeing with ξ0 on
the union of E1

a1
and some neighborhood of the post-critical set of Fa1 . In

particular, ξ1 is homotopic to ξ0 relative to the union of the post-critical
set and the singular points.

By iterating this lifting procedure and arguing as in Proposition 8.13,
we obtain a global K-qc map ξ that conjugates Fa1 to Fa2 . Moreover, ξ
agrees with ψa2

a1
on T∞

a1
. Since intKa1 = ∅, and Γa1 has measure zero (see

Theorem 5.19), it follows that ξ is conformal on the sphere. As ξ fixes 0,
∞ and 1

4 , it must be the identity map. Therefore, id(Fa1(∞)) = Fa2(∞);
i.e., a1 = a2. □

9. Parameter rays

In this section, we discuss landing/accumulation properties of parameter
rays of S at (pre-)periodic angles.

In particular, we explore the connection between parabolic (respectively,
Misiurewicz) parameters of C(S) and parameter rays at ρ-periodic (respec-
tively, pre-periodic) angles. This, on the one hand, leads to a complete de-
scription of the boundaries of odd period hyperbolic components of C(S),
and on the other hand, prepares the ground for the proofs of the main
theorems of this paper.

9.1. Odd period parabolics, and period-doubling bifurcations

We begin with a preliminary discussion of the boundaries of odd period
hyperbolic components and period-doubling bifurcations associated with
them. Let us first note that the boundaries of odd period hyperbolic com-
ponents of C(S) consist only of parabolic parameters.

Proposition 9.1 (Neutral dynamics of odd period). — The boundary
of a hyperbolic component of odd period k of C(S) consists entirely of
parameters having a parabolic orbit of exact period k. In suitable local
conformal coordinates, the 2kth iterate of such a map has the form z 7→
z + zq+1 + . . . with q ∈ {1, 2}.

Proof. — See [56, Lemma 2.5] for a proof in the case of unicritical anti-
polynomials. The same proof applies to the family S. □

This leads to the following classification of parabolic points of odd period.
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Definition 9.2. — A parameter a will be called a parabolic cusp if it
has a parabolic periodic point of odd period such that q = 2 in the previous
proposition. Otherwise, it is called a simple parabolic parameter.

Suppose that a is a parabolic cusp with a k-periodic parabolic cycle.
Since every cycle of attracting petals of Fa attracts the forward orbit of 0,
it follows that the period of the characteristic Fatou component of Fa is 2k.
By Theorem 8.8, the angles of the dynamical rays landing at the k-periodic
parabolic cycle of Fa have angles k or 2k. Therefore, there are finitely many
possibilities for the orbit portrait associated with the k-periodic parabolic
cycle of Fa. Hence, Proposition 8.15 implies that there are only finitely
parabolic cusps of a given period k in C(S).

Let us now fix a hyperbolic component H of odd period k, and let a ∈ H.
Note that the first return map F ◦k

a of a k-periodic Fatou component of Fa

has precisely three fixed points (necessarily repelling) on the boundary of
the component. As a tends to a simple parabolic parameter on the boundary
∂H, the unique attracting periodic point of this Fatou component tends to
merge with one of these three repelling periodic points. Similarly, as a tends
to a parabolic cusp on the boundary ∂H, the unique attracting periodic
point of this Fatou component and two of the three boundary repelling
periodic points merge together.

Now let a be a simple parabolic parameter of odd (parabolic) period k.
The holomorphic first return map F ◦2k

a of any attracting petal of Fa is
conformally conjugate to translation by +1 in a right half-plane (see [50,
§ 10]). The conjugating map is called an attracting Fatou coordinate. Thus
the quotient of the petal by the dynamics F ◦2k

a is isomorphic to a bi-infinite
cylinder, called the attracting écalle cylinder. Note that Fatou coordinates
are uniquely determined up to addition by a complex constant.

Since F ◦k
a commutes with F ◦2k

a , it follows that F ◦k
a induces an anti-

holomorphic involution of the attracting écalle cylinder C/Z. Such a map
must fix a horizontal round circle of C/Z. By using one real additive degree
of freedom of the Fatou coordinate, we can assume that this invariant circle
is R/Z. This special Fatou coordinate clearly conjugates the first anti-
holomorphic return map F ◦k

a of the attracting petal to the map ζ 7→ ζ + 1
2

(compare Proposition 2.22). This coordinate is unique up to addition of
a real constant. The pre-image of the real line (which is invariant under
ζ 7→ ζ+ 1

2 ) under this Fatou coordinate is called the attracting equator. By
construction, the attracting equator is invariant under the dynamics F ◦k

a .
The imaginary part of the image of the critical value ∞ (whose forward

orbit converges to the parabolic cycle, by Proposition 5.6) under this special
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Fatou coordinate is called the critical écalle height of Fa (since this Fatou
coordinate is unique up to addition of a real constant, the real part of the
image of ∞ under this coordinate is not well-defined). It is easy to see that
critical écalle height is a conformal conjugacy invariant of simple parabolic
parameters of odd period. One can change the critical écalle height of simple
parabolic parameters by a quasiconformal deformation argument to obtain
real-analytic arcs of parabolic parameters on the boundaries of odd period
hyperbolic components.

Theorem 9.3 (Parabolic arcs). — Let ã be a simple parabolic param-
eter of odd period. Then ã is on a parabolic arc in the following sense:
there exists a real-analytic arc of simple parabolic parameters a(h) (for
h ∈ R) with quasiconformally equivalent but conformally distinct dynam-
ics of which ã is an interior point, and the écalle height of the critical value
of Fa(h) is h. This arc is called a parabolic arc.

Proof. — See [56, Theorem 3.2] for a proof in the case of unicritical anti-
polynomials. One essentially uses the same deformation in the attracting
petals, and Lemma 5.4 guarantees that the quasiconformal deformations of
F

ã
also lie in the family S. □

The deformation of complex structure giving rise to parabolic arcs is
supported on the basin of attraction of the parabolic cycle. Hence, the
quasiconformal conjugacy (constructed in Theorem 9.3) between any two
maps on the same parabolic arc is conformal on the tiling set. It follows
that along a parabolic arc, the angles of the dynamical rays landing at the
parabolic cycle remain constant. In other words, the orbit portrait associ-
ated with the parabolic cycle remains constant on a parabolic arc, so simple
parabolic parameters of odd period of C(S) are not combinatorially rigid.
However, the next proposition shows that they can be uniquely determined
by a combination of combinatorial and analytic data.

Proposition 9.4 (Weak rigidity of odd period parabolics). — Let a1
and a2 be two simple parabolic parameters of odd period such that their
parabolic cycles have the same orbit portrait. Then, they lie on the same
parabolic arc. Moreover, if they have equal critical écalle height, then a1 =
a2.

Proof. — Suppose that the critical écalle heights of Fa1 and Fa2 be
h1 and h2 respectively. Using the deformation constructed in [56, Theo-
rem 3.2], we obtain a quasiconformal conjugacy φa2

a1
between the first re-

turn maps of Fai on the attracting petals such that the conjugacy preserves
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the post-critical set. Let us denote the union of attracting petals (contain-
ing the post-critical set) where the conjugacy is defined by U . Note that if
h1 ̸= h2, this conjugacy is not conformal.

We now construct a K-qc map ξ0 of the sphere that agrees with ψa2
a1

on
E1

a1
, and with the conjugacy φa2

a1
constructed above on U (the existence of

such a map is guaranteed by Lemma 8.11). Then, ξ0 lifts to a K-qc map ξ1
of the sphere that agrees with ξ0 on E1

a1
∪U . In particular, ξ1 is homotopic

to ξ0 relative to the post-critical set and the irregular fixed points. One can
now proceed as in Proposition 8.13 to conclude that iterating this lifting
procedure yields a quasiconformal homeomorphism ξ of the sphere that
agrees with ψa2

a1
on T∞

a1
, and conjugates Fa1 to Fa2 .

Let us assume that the parameter a1 lies on the parabolic arc C . We
denote the critical écalle height h2 parameter on C by a′

2. By Theorem 9.3,
there exists a quasiconformal conjugacy ξ̂ between Fa1 and Fa′

2
such that

ξ̂ is conformal on T∞
a1

. It is now easy to see that ξ̂ ◦ ξ−1 is a quasiconformal
conjugacy between Fa2 and Fa′

2
such that ξ̂ ◦ ξ−1 agrees with ψa′

2
a2 := ψ−1

a′
2

◦
ψa2 on the tiling set and is conformal on the parabolic basin. Since parabolic
limit sets have measure zero (see Theorem 5.19), it follows that ξ̂ ◦ ξ−1 is
a conformal conjugacy between Fa2 and Fa′

2
. Moreover, ξ̂ ◦ ξ−1 fixes 0, ∞,

and 1
4 . Hence, it is the identity map implying that a2 = F ◦2

a2
(0) = F ◦2

a′
2

(0) =
a′

2. Thus, a1 and a2 lie on the same parabolic arc C , proving the first part
of the proposition.

Let us now assume that h1 = h2. In this case, the conjugacy φa2
a1

between
the first return maps of Fai on the attracting petals (such that it preserves
the post-critical set) can be chosen to be conformal. Indeed, both the maps
have a simple parabolic cycle of common odd period k. Choose an attracting
petal containing the critical value ∞ and an attracting Fatou coordinate
(in the characteristic Fatou component of Fai

) that conjugates the first
return map of the petal to the glide reflection ζ 7→ ζ + 1/2. These Fatou
coordinates are unique up to addition of a real constant. Since Fa1 and
Fa2 have equal critical écalle height, we can arrange so that the critical
values of Fa1 and Fa2 have the same image under the Fatou coordinates.
Hence, the Fatou coordinates induce a conformal conjugacy φa2

a1
between

the first return maps of the petals that sends ∞ to ∞. Using Fa1 and
Fa2 , we now spread this conjugacy to suitable attracting petals in all the
periodic Fatou components such that the domain of the conjugacy contains
the entire post-critical set of Fa1 .

We can now argue as in the first part of the proposition to obtain a
quasiconformal conjugacy ξ between Fa1 to Fa2 that agrees with ψa2

a1
on

ANNALES DE L’INSTITUT FOURIER



SCHWARZ REFLECTIONS AND THE TRICORN 79

T∞
a1

, and is conformal on the parabolic basin. But this implies that ξ is the
identity map, and hence a1 = a2. □

Corollary 9.5. — Two distinct parabolic arcs do not intersect.

Let us fix a parabolic arc C , and its critical écalle height parametrization
a : R → C . Since C(S) is bounded, C accumulates on both ends of R; i.e.,
C is a compact connected set in C. It is easy to see that any accumulation
point of C (as the critical écalle height goes to ±∞) is a parabolic cusp of
the same period (compare [56, Lemma 3.3]). Since there are only finitely
many parabolic cusps of a given period, C limits at parabolic cusp points
on both ends. Note also that in the dynamical plane of a parabolic cusp,
the double parabolic points are formed by the merger of a simple parabolic
point with a repelling point.

Proposition 9.6 (Fixed point index on parabolic arcs). — Along any
parabolic arc of odd period, the holomorphic fixed point index of the para-
bolic cycle is a real valued real-analytic function that tends to +∞ at both
ends.

Proof. — The proof is similar to that of [36, Proposition 3.7]. Indeed, as
we move along a parabolic arc towards one of the cusp points at its end,
the simple parabolic cycle merges with a repelling cycle, and the sum of
their holomorphic fixed point indices converges to the fixed point index of
the double parabolic cycle of the cusp parameter (see Subsection 2.2.5 for
the definition of holomorphic fixed point index). But it is easy to see that,
as in the anti-polynomial case, the holomorphic fixed point index of the
repelling cycle is real and diverges to −∞ as the parameter converges to a
cusp. Since the limiting double parabolic cycle has a finite index, it follows
that the holomorphic fixed point index of the simple parabolic cycle (which
is also real) must tend to +∞. □

It now follows by arguments similar to those used in [36, Theorem 3.8,
Corollary 3.9] that:

Theorem 9.7 (Bifurcations along arcs). — Every parabolic arc of pe-
riod k intersects the boundary of a hyperbolic component of period 2k
along an arc consisting of the set of parameters where the parabolic fixed
point index is at least 1. In particular, every parabolic arc has, at both
ends, an interval of positive length at which bifurcation from a hyperbolic
component of odd period k to a hyperbolic component of period 2k occurs.

Roughly speaking, when a parameter on such a bifurcating arc is per-
turbed outside the odd period hyperbolic component, the simple parabolic
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periodic point splits into two attracting periodic points that lie on the same
orbit of Fa.

The next proposition contains some partial information about the rela-
tion between critical écalle height and parabolic fixed point index on the
bifurcating region of a parabolic arc. For any h in R, we denote the residue
fixed point index of the unique parabolic cycle of F ◦2

a(h) by indC (F ◦2
a(h)).

Proposition 9.8. — Let H be a hyperbolic component of odd period k
in C(S), C be a parabolic arc on ∂H, a : R → C be the critical écalle height
parametrization of C , and let H ′ be a hyperbolic component of period 2k
bifurcating from H across C . Then there exists some h0 > 0 such that

C ∩ ∂H ′ = a[h0,+∞).

Moreover, the function

indC : [h0,+∞) → [1,+∞), h 7→ indC

(
F ◦2

a(h)

)
.

is strictly increasing, and hence a bijection.

Proof. — The proof of [39, Lemma 2.13, Corollary 2.21] can be applied
mutatis mutandis to our setting. □

9.2. Parameter rays at periodic angles

In this subsection, we will first look at the connection between orbit
portraits associated with parabolic parameters on the boundary of an odd
period hyperbolic component H and the angles of parameter rays accumu-
lating on ∂H. Subsequently, we will discuss the relation between the orbit
portrait associated with the root of an even period hyperbolic component
H that does not bifurcate from an odd period hyperbolic component and
the angles of parameter rays landing at the root of H.

We begin with a preliminary result.

Lemma 9.9 (Orbit separation lemma). — Let Fa have a parabolic cycle.
Then, the characteristic parabolic point of Fa can be separated from any
other point on the parabolic orbit by two (pre-)periodic dynamical rays
landing at a common repelling (pre-)periodic point.

Proof. — The proof uses the dynamics of Fa on the parabolic Hubbard
tree, and is analogous to that of [68, Lemma 3.7]. □
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Proposition 9.10 (Accumulation points of periodic parameter rays).
Let θ ∈ (1/3, 2/3) be periodic under ρ, and a0 ∈ C(S) be an accumulation
point of the parameter ray at angle θ. Then, Fa0 has a parabolic cycle of
period k dividing the period of θ such that the corresponding dynamical
ray at angle θ lands at the characteristic parabolic point of Fa0 .

Proof. — The proof is similar to the classical proof of landing of rational
parameter rays of the Mandelbrot set (cf. [28, Theorem C.7], [68, Proposi-
tions 3.1, 3.2]).

By Proposition 5.13, the dynamical ray of Fa0 at angle θ lands at a k-
periodic repelling or parabolic point w0 ∈ Γa0 . Clearly, k divides the period
of the angle θ (under ρ).

Let w0 be a repelling periodic point. Then, by the Implicit Function
Theorem and the existence of Koenigs linearization coordinates for repelling
points, there exist a neighborhood U of a0 in the parameter space and a
real-analytic function w : U → Ĉ such that w(a0) = w0, the point w(a) is
a repelling periodic point of period k of Fa, and the dynamical ray of Fa

at angle θ lands at w(a) for all a ∈ U (cf. [28, Lemma B.1]). But there are
parameters a near a0 and lying on the parameter ray at angle θ. For such
parameters a, the corresponding dynamical ray at angle θ bifurcates. This
contradiction proves that w0 is a parabolic periodic point.

Let us assume that w0 is not the characteristic parabolic point of Fa0 .
By Lemma 9.9, the characteristic parabolic point of Fa0 can be separated
from w0 by two (pre-)periodic dynamical rays landing at a common re-
pelling (pre-)periodic point. Evidently, this separation line persists under
perturbation, and separates ∞ from the dynamical ray at angle θ. How-
ever, for parameters a near a0 and lying on the parameter ray at angle θ,
the critical value ∞ lies on the dynamical ray at angle θ. Once again, this is
a contradiction, which proves that w0 is the characteristic parabolic point
of Fa0 . □

Recall the notions of ρ-FOP and m−2-FOP from Definitions 8.9 and 2.33,
respectively. Using Proposition 8.10, one can transfer combinatorial/topolo-
gical results about m−2-FOPs to corresponding results for ρ-FOPs. In par-
ticular, among all the complementary arcs of the various Aj of a ρ-FOP P,
there is a unique one of minimum length. As in the anti-polynomial case,
we call this shortest arc IP the characteristic arc of P, and refer to the
two angles t−, t+ at the ends of this arc as the characteristic angles of P
(compare [54, Lemma 3.2]). We can assume, without loss of generality, that
0 < t+ − t− < 1/2.
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Let t± ∈ (1/3, 2/3) with t− = Q((i1, i2, · · · )), t+ = Q((j1, j2, · · · , ))
(see [43, § 2]). Then, there exists a complementary component of (Ti1 ∪
Ti1,i2 ∪· · · )∪ (Tj1 ∪Tj1,j2 ∪· · · )∪C(S) (see Definition 6.4 for the definition
of parameter tiles) that contains the tail of any sequence of tiles determined
by any θ ∈ (t−, t+). We say that a lies between the parameter rays at angles
t− and t+ if a lies in this component.

The next theorem asserts that every ρ-FOP with characteristic angles in
(1/3, 2/3) is realized by some member of S outside C(S).

Theorem 9.11 (Realization of ρ-FOP outside C(S)). — Let P = {A1,

A2, · · · , Ap} be a formal orbit portrait under ρ with its characteristic angles
t± in (1/3, 2/3). Then, there exists some a ∈ C\((−∞,−1/12)∪C(S)) such
that Fa has a periodic orbit with associated orbit portrait P.

Proof. — Adapting the proof of [54, Lemma 3.4], one can show that in
the dynamical plane of every parameter a lying between the parameter
rays at angles t− and t+, the dynamical rays at angles t− and t+ land at a
common point w ∈ Γa. Using Proposition 8.10, one then obtains analogues
of [54, Lemma 2.9, Lemma 3.3] to the effect that the characteristic angles
t− and t+ essentially determine the actual orbit portrait P ′ associated
with the periodic point w. Finally, one proceeds as in [54, Theorem 3.1]
to conclude that for judicious choices of a between the parameter rays at
angles t− and t+, the actual orbit portrait P ′ associated with w coincides
with P. □

The following proposition, which is an analogue of Theorem 2.35 for the
family S, will play an important role in the sequel.

Theorem 9.12 (Realization of ρ-FOP at parabolic parameters). —
Let P = {A1, A2, · · · , Ap} be a ρ-FOP with characteristic angles t± ∈
(1/3, 2/3).

(1) Suppose that p is odd, and t± have period 2p. Then the parameter
rays of S at angles t− and t+ accumulate on a common root para-
bolic arc C such that for every parameter a ∈ C , the map Fa has
a parabolic cycle of period p and the orbit portrait associated with
the parabolic cycle of Fa is P.

(2) Suppose that p is even. Then the parameter rays of S at angles t−
and t+ land at a common parabolic parameter a (whose parabolic
cycle has period p) such that the orbit portrait associated with the
parabolic cycle of Fa is P.

Proof. — (1) By Theorem 9.11, the dynamical rays at angles t− and t+

land at a common point of Γa for all parameters a /∈ C(S) lying between the
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parameter rays at angles t− and t+. One can now employ a standard wake
argument, analogous to the one in [38, Lemma 4.1], to conclude that the
parameter rays of S at angles t− and t+ must accumulate on a common
root parabolic arc C (such that the rays together with C separate the
plane). The details are similar to the proof of Theorem 2.35.
(2) Once again, the proof is completely similar to that of Theorem 2.35.
The fact that the parameter rays at angles t− and t+ land follows from
discreteness of (even-type) parabolic parameters with a prescribed orbit
portrait (see Proposition 8.15). □

Let us now fix a hyperbolic component H of odd period k and center a0.
The first return map of the closure of the characteristic Fatou component of
a0 fixes exactly three points on its boundary. Only one of these fixed points
disconnects the non-escaping set, and is the landing point of two distinct
dynamical rays at 2k-periodic angles (see Proposition 8.4). Let the set of
the angles of these two rays be S′ = {α1, α2}. Then, α2 = (−2)kα1, and
S′ is the set of characteristic angles of the corresponding orbit portrait.
Each of the remaining two fixed points is the landing point of precisely
one dynamical ray at a k-periodic angle; let the collection of the angles of
these rays be S = {θ1, θ2}. We can, possibly after renumbering, assume
that 0 < α1 < θ1 < θ2 < α2 and α2 − α1 <

1
2 .

Since parabolic cusps are isolated (see Proposition 8.15) and ∂H is con-
nected, every parabolic cusp is the common limit point of two distinct
parabolic arcs. By Theorem 9.7, every parabolic cusp and its nearby sim-
ple parabolic parameters are points of bifurcation from H to a hyperbolic
component of period 2k. It follows that every parabolic cusp lies in the
interior of C(S) (compare [56, Lemma 5.12]).

One can now argue as in the proof of [56, Theorem 1.2] to give a complete
description of ∂H. Indeed, Theorem 9.12, Proposition 9.10 and Proposi-
tion 9.4 imply that there are exactly three parabolic arcs on ∂H which can
be numbered in the following way.

There is a unique parabolic arc (say, C3) such that the characteristic par-
abolic point in the dynamical plane of any parameter on C3 is the landing
point of precisely two dynamical rays at angles α1 and α2. Moreover, the
parameter rays at angles α1 and α2 (and no other) accumulate on C3. The
rest of the two parabolic arcs (say, C1 and C2) on ∂H have the property
that the characteristic parabolic point in the dynamical plane of any pa-
rameter on Ci (i = 1, 2) is the landing point of precisely one dynamical
ray at angle θi. Furthermore, Ci (i = 1, 2) contains the accumulation set of
exactly one parameter ray at angle θi.

TOME 0 (0), FASCICULE 0



84 S.-Y. Lee, M. Lyubich, N. G. Makarov & S. Mukherjee

At the parabolic cusp on ∂H where C1 and C2 meet, the characteristic
parabolic point is the landing point of exactly two dynamical rays at angles
θ1 and θ2. The same is true at the center of the hyperbolic component of
period 2k that bifurcates fromH across this parabolic cusp. Moreover, these
angles are the characteristic angles of the corresponding orbit portrait.

On the other hand, at the parabolic cusp where C1 and C3 (respectively,
C2 and C3) meet, the characteristic parabolic point is the landing point of
precisely three dynamical rays at angles α1, α2 and θ1 (respectively, α1,
α2 and θ2). As before, the same is true at the center of the hyperbolic
component of period 2k that bifurcates from H across this parabolic cusp.
The characteristic angles of the corresponding orbit portrait are α1 and θ1
(respectively, θ2 and α2). Finally, Proposition 8.10 allows us to translate
the second statement of [54, Lemma 3.5] to the current setting implying
the following relation

(9.1) ρ◦k((α1, θ1)) = (θ1, α2), ρ◦k((θ2, α2)) = (α1, θ2).

Theorem 9.13 (Boundaries of odd period hyperbolic components). —
The boundary of every hyperbolic component of odd period of C(S) is a
topological triangle having parabolic cusps as vertices and parabolic arcs
as sides.

Let us briefly carry out a similar analysis for even period hyperbolic com-
ponents that do not bifurcate from odd period ones. Let H be a hyperbolic
component of even period k such that H does not bifurcate from an odd
period hyperbolic component. Let A1 be the set of angles of the dynamical
rays landing at the dynamical root of Fa (where a ∈ H or a is the root
point of H). Then, the first return map of the dynamical root either fixes
every angle in A1 and |A1| = 2, or permutes the angles in A1 transitively
(by Proposition 8.10 and [54, Lemma 3.3]). Moreover, the characteristic
angles t± of the orbit portrait P generated by A1 are precisely the two
adjacent angles in A1 (with respect to circular order) that separate 0 from
∞, and bound a sector of angular width less that 1

2 . It now follows from
Theorem 9.12 and Proposition 8.15 that the parameter rays at angles t±
land at the root point of H.

To conclude this subsection, let us state a generalization of Proposi-
tion 8.7.

Proposition 9.14. — For any hyperbolic or parabolic map Fa, the pre-
periodic lamination is completely determined by the characteristic angles
of Fa.
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Proof. — It follows from the above discussion that the pre-periodic lam-
ination and the characteristic angles remain unaltered throughout an odd
period hyperbolic component and the parabolic arcs on its boundary (re-
spectively, throughout an even period hyperbolic component and its root).
The result now follows from Proposition 8.7. □

9.3. Parameter rays at pre-periodic angles

In this section, we will study the landing properties of parameter rays of S
at strictly pre-periodic angles. Let a0 be a Misiurewicz parameter, and A′ be
the set of angles of the dynamical rays of Fa0 landing at the critical point 0.
The set of angles of the dynamical rays of Fa0 that land at the critical value
∞ is then given by A := ρ(A′) ⊂ (1/3, 2/3). Moreover, ρ is two-to-one from
A′ onto A, and is injective on all other λ(Fa0)−classes. As for quadratic
anti-polynomials, the existence of a unique λ(Fa0)-equivalence class that
maps two-to-one onto its image equivalence class (under ρ) characterizes
pre-periodic laminations of Misiurewicz maps. It is called a pre-periodic
lamination of Misiurewicz type.

Proposition 9.15 (Landing of parameter rays at pre-periodic angles).
Let θ ∈ (1/3, 2/3) be strictly pre-periodic under ρ. Then the parameter
ray of S at angle θ lands at a Misiurewicz parameter such that in the
corresponding dynamical plane, the dynamical ray at angle θ lands at the
critical value ∞.

Proof. — Let a0 be an accumulation point of the parameter ray of S
at angle θ. Arguing as in the second part of [46, Theorem 37.35], we will
conclude that a0 is a Misiurewicz parameter such that in the dynamical
plane of Fa0 , the dynamical ray at angle θ lands at the critical value ∞.

By Proposition 5.13, the dynamical ray of Fa0 at angle θ lands at some
repelling or parabolic pre-periodic point w (as θ is strictly pre-periodic
under ρ, the landing point cannot be periodic). Let us suppose that Fa0 is
a parabolic map. Note that as the landing point of the dynamical θ-ray of
Fa0 is not periodic, the ray does not land at the characteristic parabolic
point of Fa0 . Since the limit set of a parabolic map is locally connected
and repelling periodic points are dense on the limit set (see Theorem 5.19),
it follows that there exists a cut-line through repelling periodic points on
Γa0 separating the θ-dynamical ray from the critical value. But such cut-
lines remain stable under small perturbation. Therefore, for parameters
sufficiently close to a0, the θ-dynamical ray stays away from the critical
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value. However, this is impossible as there are parameters near a0 on the
θ-parameter ray for which the critical value lies on the θ-dynamical ray.
This contradiction shows that Fa0 is not parabolic; i.e., the dynamical ray
of Fa0 at angle θ lands at some repelling pre-periodic point w.

We suppose that w is not the critical value of Fa0 , and will arrive at a
contradiction. If w is not a pre-critical point either, then for nearby pa-
rameters, the θ-dynamical ray would land at the real-analytic continuation
of the repelling pre-periodic point w, and would stay away from the crit-
ical value. But there are parameters near a0 on the θ-parameter ray for
which the critical value lies on the θ-dynamical ray, a contradiction. Hence
w must be a pre-critical point implying that the critical point of Fa0 is
strictly pre-periodic. So a0 is a Misiurewicz parameter. As the limit set of
a Misiurewicz map is a dendrite (by Theorem 5.19) and repelling periodic
points are dense on it (see Theorem 5.19), the dynamical ray at angle θ
landing at w can be separated from the critical value by a pair of dynamical
rays landing at a common repelling periodic point. Once again, this separa-
tion line remains stable under perturbation, contradicting the existence of
parameters near a0 on the θ-parameter ray. Hence, w must be the critical
value of Fa0 .

We claim that a0 is the unique parameter in C(S) with the property that
the dynamical ray at angle θ lands at the critical value ∞. Since the limit
set of a ray is connected, this will prove that the parameter ray at angle θ
indeed lands at a0.

To prove the claim, let us assume that there exists another parameter a1
with the same property. Note that both the pre-periodic laminations λ(Fa0)
and λ(Fa1) are of Misiurewicz type. Hence, the formal rational laminations
E∗(λ(Fa0)) and E∗(λ(Fa1)) are also of Misiurewicz type. By Theorem 2.38,
there exist Misiurewicz parameters c0 and c1 in L realizing these rational
laminations. By construction, the dynamical ray Rc0(E(θ)) (respectively,
Rc1(E(θ))) lands at the critical value c0 (respectively, c1) of fc0 (respec-
tively, of fc1). It now follows by Theorem 2.37 that the parameter ray
RE(θ) lands both at c0 and c1 implying that c0 = c1. Therefore, we have
λ(Fa0) = λ(Fa1). By Proposition 8.17, we conclude that a0 = a1. This
completes the proof of Proposition 9.15. □

Recall that for a Misiurewicz map fc0 , the angles of the parameter rays
of T landing at c0 are exactly the external angles of the dynamical rays
that land at the critical value c0 in the dynamical plane of fc0 (see The-
orem 2.37). We will now prove an analogous statement for Misiurewicz
parameters of C(S).
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Proposition 9.16 (Correspondence between dynamical and parameter
rays). — Let a0 ∈ C(S) be a Misiurewicz parameter. Then, the angles of
the parameter rays (at pre-periodic angles) of S landing at a0 are exactly
the external angles of the dynamical rays that land at the critical value ∞
in the dynamical plane of Fa0 .

Proof. — Let A ⊂ (1/3, 2/3) be the set of angles of the dynamical rays
of Fa0 that land at the critical value ∞. By Proposition 9.15, the angles of
the parameter rays (at pre-periodic angles) of S landing at a0 are contained
in A.

Now pick θ ∈ A, and let a1 be the landing point of the parameter ray of
S at angle θ. Then, the dynamical ray of Fa1 at angle θ lands at the critical
value ∞. By the proof of Proposition 9.15, we know that there can be at
most one parameter in C(S) whose dynamical θ-ray lands at the critical
value ∞. Therefore, a0 = a1, i.e., the parameter ray of S at angle θ lands
at a0. As θ was an arbitrary element of A, it follows that all parameter
rays at angles in A land at a0. The proof is now complete. □

10. Combinatorial straightening

In this section, we prove the main theorems of the paper.
The proof of Theorem 1.2 will be carried out in two stages. In Subsec-

tion 10.1, we will construct a lamination-preserving bijection between the
centers of C(S) and the centers of L. A lamination-preserving bijection be-
tween the Misiurewicz parameters of C(S) and L will be constructed in
Subsection 10.2.

10.1. Combinatorial bijection for hyperbolic and parabolic
parameters

In this subsection, we will prove Theorem 1.2 for the hyperbolic and par-
abolic parameters of C(S). Recall that for every hyperbolic and parabolic
parameter a, the first return map of the characteristic Fatou component Ua

has a unique fixed point on ∂Ua that is a cut-point of Ka (which we call the
dynamical root of Fa). The orbit portrait (more precisely, its characteristic
angles t±) associated with the dynamical root of Fa completely determines
λ(Fa) (see Propositions 8.7 and 9.14). In fact, all the iterated pullbacks
of the leaf connecting t− and t+ under ρ are pairwise disjoint, and their
closure in Q/Z is equal to λ(Fa).
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Lemma 10.1. — For every super-attracting map Fa0 ∈ C(S) with pre-
periodic lamination λ(Fa0), there exists a unique super-attracting map
fc0 ∈ L with associated rational lamination E∗(λ(Fa0)). Moreover, this
correspondence is a bijection between the super-attracting maps of C(S)
and L.

Proof. — Note that super-attracting maps are precisely the centers of
hyperbolic components.

Let a0 be the center of a hyperbolic component H of even period (other
than two) of C(S) that does not bifurcate from a hyperbolic component
of odd period. Let P be the orbit portrait associated with the dynamical
root of Fa0 , the characteristic angles of P be t±, and the pre-periodic lam-
ination of Fa0 be λ(Fa0). By Proposition 8.10, E∗(P) is an m−2-FOP with
characteristic angles E(t±). Since the orbit period of P is even, the second
statement of Theorem 2.35 implies that the parameter rays RE(t−) and
RE(t+) of the Tricorn land at the root point of some hyperbolic component
H ′ of T . Moreover, the orbit portrait associated with the parabolic cycle of
the root of H ′ is given by E∗(P). It follows that in the dynamical plane of
the center c0 of H ′, the orbit portrait associated with the dynamical root
is E∗(P). In particular, E(t±) are the characteristic angles of fc0 .

By Proposition 8.7, the two angles t± (respectively, E(t±)) completely
determine the pre-periodic lamination of Fa0 (respectively, the rational
lamination of fc0); more precisely, all the pullbacks of the leaf connecting t+
and t− (respectively, E(t+) and E(t−)) under iterations of ρ (respectively, of
m−2) are pairwise disjoint, and their closure in Per(ρ) (respectively, in Q/Z)
is equal to λ(Fa0) (respectively, λ(fc0)). Therefore, λ(fc0) = E∗(λ(Fa0)).
Since 1/3 ∼ 2/3 in λ(Fa0), it follows that the dynamical rays Rc0(1/3) and
Rc0(2/3) land at a common point of J(fc0). Hence, c0 ∈ L. Finally, by [56,
Theorem 5.1] (also compare [46, Theorem 35.1]), fc0 is the unique PCF
map in L with rational lamination E∗(λ(Fa0)).

Thanks to Theorem 9.12, the previous argument also goes in the opposite
direction demonstrating that if c0 is the center of a hyperbolic component
of even period of L that does not bifurcate from a hyperbolic component
of odd period, then there exists some super-attracting map Fa0 with asso-
ciated pre-periodic lamination E∗(λ(fc0)).

We now turn our attention to hyperbolic components of odd period and
hyperbolic components of even period bifurcating from them. Let a0 be the
center of a hyperbolic component H of odd period k. Let P be the orbit
portrait associated with the dynamical root of Fa0 , and the characteristic
angles of P be α1 and α2. By Subsection 9.2, each of the two co-roots
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of Fa0 is the landing point of exactly one dynamical ray at angle θi (i =
1, 2). There are three hyperbolic components of period 2k bifurcating from
H, and the characteristic angles (of the orbit portraits associated with
the dynamical roots) of their centers are {θ1, θ2}, {α1, θ1}, and {θ2, α2}.
Moreover, these angles satisfy Relation (9.1).

By Proposition 8.10 and Theorem 2.35, the parameter rays RE(α1) and
RE(α2) of the Tricorn accumulate on a common root arc C of T , and for
every parameter c ∈ C , the parabolic orbit portrait is E∗(P). Let C ⊂ ∂H ′

(where H ′ is a hyperbolic component of period k of T ), and c0 be the center
of H ′. Then, the orbit portrait associated with the dynamical root of fc0 is
E∗(P). As in the previous case, this implies that λ(fc0) = E∗(λ(Fa0)), and
c0 ∈ L. Moreover, fc0 is the unique PCF map in L with rational lamination
E∗(λ(Fa0)).

It also follows from the above discussion that the angles E(αi) and E(θi)
(where i = 1, 2) satisfy Relation (2.1). Hence, the dynamical rays at angles
E(θi) land at the dynamical co-roots of fc0 . Therefore, the characteristic
angles (of the orbit portraits associated with the dynamical roots) of the
centers of the hyperbolic components of period 2k bifurcating from H ′

are given by {E(θ1), E(θ2)}, {E(α1), E(θ1)}, and {E(θ2), E(α2)}. It follows
that the push-forwards of the pre-periodic laminations of the centers of the
three hyperbolic components bifurcating from H are precisely the rational
laminations of the centers of the three hyperbolic components bifurcating
from H ′.

As in the even period case, one can use Theorem 9.12 and the combina-
torial description of odd period hyperbolic components of C(S) and L to
conclude surjectivity of the map between centers.

It remains to discuss hyperbolic components of period two. There is
exactly one hyperbolic component H2 (respectively, H ′

2) of period two in
C(S) (respectively, in L). The center of H2 (respectively, H ′

2) is 0 (respecti-
vely, −1). In the dynamical planes of the centers of these components, the
dynamical rays at angles 1/3 and 2/3 land at the α-fixed point (which is
the dynamical root), and these are the characteristic angles of the corre-
sponding orbit portrait. Moreover, these two angles completely determine
the corresponding pre-periodic (respectively, rational) lamination (compare
Proposition 8.7). Since E fixes 1/3 and 2/3, it follows that E∗(λ(F0)) =
λ(f−1).

Finally, by Proposition 8.13, two distinct super-attracting maps in C(S)
cannot have the same pre-periodic lamination. Hence, the correspondence
between the centers of C(S) and L defined above is injective. □
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As a corollary of the above proof (combined with our analysis of the
hyperbolic components of S and their boundaries, and the rigidity results
of Subsection 8.2), we get a combinatorial bijection between the hyperbolic
and parabolic parameters of C(S) and those of L.

Corollary 10.2 (Bijection between hyperbolic and parabolic parame-
ters of C(S) and L).

(1) If a ∈ H ⊂ C(S) is a hyperbolic parameter (contained in the hyper-
bolic component H) with associated pre-periodic lamination λ(Fa),
then there exists a unique hyperbolic parameter c ∈ H ′ ⊂ L (con-
tained in the hyperbolic component H ′) with associated rational
lamination λ(fc) = E∗(λ(Fa)) satisfying ηH′(c) = η̃H(a). In partic-
ular, the dynamics on the respective periodic Fatou components of
Fa and fc are conformally conjugate. Moreover, this correspondence
is a bijection between the hyperbolic parameters of C(S) and L.

(2) If a ∈ C(S) is a parabolic parameter with associated pre-periodic
lamination λ(Fa) (and critical écalle height h, if Fa has an odd-
periodic simple parabolic cycle), then there exists a unique para-
bolic parameter c ∈ L with associated rational lamination E∗(λ(Fa))
(with the same critical écalle height h in the odd-periodic simple
parabolic case). In particular, the dynamics on the respective pe-
riodic Fatou components of Fa and fc are conformally conjugate.
Moreover, this correspondence is a bijection between the parabolic
parameters of C(S) and L.

Proof. — (1) Let a0 be the center of the hyperbolic component H ∋ a

of C(S). By Lemma 10.1, there exists a super-attracting parameter c0 ∈ L
such that λ(fc0) = E∗(λ(Fa0)). We can assume that c0 is the center of the
hyperbolic component H ′ of L.

According to Theorem 7.1, there exists a homeomorphism η̃H : H → B±

(respectively, ηH′ : H ′ → B±) that maps the center of H (respectively, H ′)
to the super-attracting Blaschke product B±

0,0. We now define the param-
eter c := η−1

H′ ◦ η̃H(a). By construction, the first return maps of Fa and fc

to their respective characteristic Fatou components are conformally conju-
gate to a common Blaschke product in B±, and hence these return maps
are conformally conjugate to each other. Thus, the dynamics on the respec-
tive periodic Fatou components of Fa and fc are conformally conjugate. In
particular, the Koenigs ratio/multiplier of the corresponding attracting cy-
cles are equal. Moreover, the laminations of the two maps are related in
the desired way.
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The fact that the above correspondence induces a bijection between the
hyperbolic parameters of C(S) and L can now be proved mimicking the
arguments of Lemma 10.1 (and invoking Proposition 8.14).
(2) Given a parabolic parameter a ∈ C(S) with associated pre-periodic lam-
ination λ(Fa) (and critical écalle height h, if Fa has an odd-periodic simple
parabolic cycle), the existence of a unique parabolic parameter c ∈ L with
associated rational lamination E∗(λ(Fa)) (and with critical écalle height
h in the odd-periodic simple parabolic case) follows from the proof of
Lemma 10.1 (cf. [56, Lemma 5.2]). The rigidity statements of Proposi-
tions 8.15 and 9.4 imply that this defines a bijective correspondence be-
tween the parabolic parameters of C(S) and L.

Note further that if the characteristic Fatou components of Fa and fc

have even period, then the first return maps of Fa and fc to these compo-
nents are conformally conjugate to the unique quadratic parabolic Blaschke
product 3z2+1

z2+3 . Hence, these return maps are conformally conjugate to each
other; i.e., the dynamics on the respective periodic Fatou components of Fa

and fc are conformally conjugate. On the other hand, if the characteristic
Fatou components of Fa and fc have odd period, then the first return maps
of Fa and fc to these components are conformally conjugate to a common
quadratic parabolic anti-holomorphic Blaschke product, precisely because
the maps are required to have equal critical écalle height. Thus, in this case
too, the dynamics on the respective periodic Fatou components of Fa and
fc are conformally conjugate. □

The proof of Lemma 10.1 also implies that the map E induces a bijection
between the parameter rays at periodic angles landing/accumulating at the
parabolic parameters of C(S) and L.

Corollary 10.3 (Correspondence of parameter rays at periodic an-
gles).

(1) If a parabolic parameter a ∈ C(S) of even parabolic period corre-
sponds to the parabolic parameter c ∈ L under the above bijection,
then the angles of the two parameter rays (at periodic angles) land-
ing at a are precisely the E-pre-images of the angles of the two
parameter rays (at periodic angles) landing at c.

(2) If a root (respectively, co-root) parabolic arc C ⊂ C(S) corresponds
to the arc C ′ ⊂ L, then the angles of the two parameter rays at
periodic angles (respectively, the angle of the unique parameter ray
at a periodic angle) accumulating on C are precisely the E-pre-
images of the angles of the two parameter rays at periodic angles

TOME 0 (0), FASCICULE 0



92 S.-Y. Lee, M. Lyubich, N. G. Makarov & S. Mukherjee

(respectively, the angle of the unique parameter ray at a periodic
angle) accumulating on C ′.

10.2. Combinatorial bijection for Misiurewicz parameters

We now turn our attention to the Misiurewicz parameters.

Lemma 10.4 (Bijection between Misiurewicz parameters of C(S) and L).
For every Misiurewicz parameter a0 ∈ C(S) with pre-periodic lamination
λ(Fa0), there exists a unique Misiurewicz parameter c0 ∈ L with associated
rational lamination E∗(λ(Fa0)). Moreover, this correspondence is a bijection
between the Misiurewicz parameters of C(S) and L.

Proof. — Pick a Misiurewicz parameter a0 ∈ C(S) with pre-periodic lam-
ination λ(Fa0). Then by Proposition 5.18, E∗(λ(Fa0)) is a formal rational
lamination of Misiurewicz type. By Theorem 2.38, there exists a unique Mi-
siurewicz parameter c0 ∈ L such that λ(fc0) = E∗(λ(Fa0)). Since 1/3 ∼ 2/3
in λ(Fa0), the same identification holds in λ(fc0) as well (recall that E fixes
1/3 and 2/3). Therefore, the dynamical rays Rc0(1/3) and Rc0(2/3) land
at a common point of Jc0 ; hence c0 ∈ L.

According to Proposition 8.17, two distinct Misiurewicz parameters of
C(S) cannot have the same pre-periodic lamination. This shows that the
map between Misiurewicz parameters of C(S) and L defined above is injec-
tive.

It remains to prove surjectivity of the above map. Pick a Misiurewicz
parameter c0 ∈ L with rational lamination λ(fc0). Suppose that the set of
critical value angles of fc0 is A. Then by Theorem 2.37, the parameter c0
is the landing point of the parameter rays of T at angles in A. Moreover,
as c0 ∈ L, we have that A ⊂ (1/3, 2/3). Pick θ ∈ E−1(A). Clearly, θ ∈
(1/3, 2/3). By Proposition 9.15, the parameter ray of S at angle θ lands
at a Misiurewicz parameter a0 such that the dynamical ray at angle θ of
Fa0 lands at the critical value ∞. By Proposition 5.18, the push-forward
E∗(λ(Fa0)) is a formal rational lamination of Misiurewicz type, and hence
is realized as the actual rational lamination of some Misiurewicz parameter
c1 ∈ T . Our construction implies that E(θ) is a critical value angle for fc1 .
Once again by Theorem 2.37, the parameter ray RE(θ) (of T ) lands at c1.
Since E(θ) ∈ A, it follows that c0 = c1. Hence, E∗(λ(Fa0)) = λ(fc0). □

The following important result relates the angles of the parameter rays
of S landing at a Misiurewicz parameter a0 to those of the parameter rays
of T landing at the corresponding parameter c0.
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Corollary 10.5 (Correspondence of parameter rays at pre-periodic
angles). — Let a0 and c0 be Misiurewicz parameters in C(S) and L (re-
spectively) such that E∗(λ(Fa0)) = λ(fc0), and A be the set of angles of
the parameter rays of S (at pre-periodic angles) landing at a0. Then, E(A)
is precisely the set of angles of the parameter rays of T (at pre-periodic
angles) landing at c0.

Proof. — By Proposition 9.16, the set of external angles of the dynamical
rays that land at the critical value ∞ in the dynamical plane of Fa0 is
precisely A. Since E∗(λ(Fa0)) = λ(fc0), the set of external angles of the
dynamical rays that land at the critical value c0 in the dynamical plane of
fc0 is equal to E(A). Finally by Theorem 2.37, E(A) is the set of angles of
the parameter rays of T (at pre-periodic angles) landing at c0. □

Theorem 1.2 now readily follows.
Proof of Theorem 1.2. — This clearly follows from Corollary 10.2 and

Lemma 10.4. □

Let us give a name to the bijection between the geometrically finite
parameters of C(S) and L established in Theorem 1.2.

Definition 10.6. — For a geometrically finite parameter a0 ∈ C(S),
we denote by χ(a0) the unique geometrically finite parameter c0 ∈ L such
that E∗(λ(Fa0)) = λ(fc0) and the first return maps of the characteristic
Fatou components (of Fa0 and fc0) are conformally conjugate. The map
fχ(a0) will be called the combinatorial straightening of Fa0 .

11. Conformal mating in the circle-and-cardioid family

11.1. A combinatorial condition for mating

Let us state and prove a general combinatorial condition that guarantees
mateability of a post-critically finite quadratic anti-polynomial and the
reflection map ρ.

Proposition 11.1. — Let a0 ∈ C(S) and c0 ∈ L be post-critically
finite maps satisfying E∗(λ(Fa0)) = λ(fc0). Then, Fa0 : Ka0 → Ka0 is
topologically conjugate to fc0 : Kc0 → Kc0 such that the conjugacy is
conformal on intKa0 , and Fa0 : T∞

a0
\intT 0

a0
→ T∞

a0
is conformally conjugate

to ρ : D \ int Π → D.
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We start with an intermediate lemma, which states that the homeomor-
phism E : R/Z → R/Z induces a topological conjugacy between the maps
Fa0 and fc0 on their respective limit and Julia sets.

Lemma 11.2. — With a0 and c0 as in Proposition 11.1, the home-
omorphism E of the circle induces a topological conjugacy Ea0 between
Fa0 : Γa0 → Γa0 and fc0 : Jc0 → Jc0 .

Proof. — As fc0 is a post-critically finite map, Jc0 is locally connected.
Hence, the inverse of the Böttcher conjugacy φc0 : Ĉ \ Kc0 → Ĉ \ D be-
tween fc0 and z2 extends continuously to R/Z, and yields a semi-conjugacy
between m−2 : R/Z → R/Z and fc0 : Jc0 → Jc0 . The fibers of this semi-
conjugacy give rise to an equivalence relation λR(fc0) (on R/Z), which is
the smallest closed equivalence relation containing the rational lamination
λ(fc0) (see [41, Lemma 4.17]). Therefore, fc0 : Jc0 → Jc0 is topologically
conjugate to the quotient of m−2 : R/Z → R/Z by the m−2-invariant
lamination λR(fc0).

Again, for a post-critically finite parameter a0, the limit set Γa0 is locally
connected (see Theorem 5.19). Hence, the inverse of the external conjugacy
ψa0 : T∞

a0
→ D between Fa0 and ρ extends continuously to the boundary,

and yields a semi-conjugacy between ρ : R/Z → R/Z and Fa0 : Γa0 →
Γa0 . The fibers of this semi-conjugacy give rise to an equivalence relation
λR(Fa0) (on R/Z), which is the smallest closed equivalence relation on
R/Z containing the pre-periodic lamination λ(Fa0) (this can be proved
following the arguments of [41, Lemma 4.17]). Therefore, Fa0 : Γa0 → Γa0

is topologically conjugate to the quotient of ρ : R/Z → R/Z by the ρ-
invariant lamination λR(Fa0).

Figure 11.1. The maps ψa0 and φ−1
c0

in the commutative diagram denote
the homeomorphisms induced by the continuous boundary extensions of
the corresponding conformal maps. The composition of the three hor-
izontal maps yields a topological conjugacy between Fa0 : Γa0 → Γa0

and fc0 : Jc0 → Jc0 .
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Since E∗(λ(Fa0)) = λ(fc0), and λ(Fa0) (respectively λ(fc0)) generate
λR(Fa0) (respectively, λR(fc0)), we have that E∗(λR(Fa0)) = λR(fc0)
(recall that E is a homeomorphism of the circle). Therefore, the conjugacy E
between ρ and m−2 descends to a topological conjugacy between their quo-
tients by λR(Fa0) and λR(fc0) respectively. It follows that Fa0 : Γa0 → Γa0

is topologically conjugate to fc0 : Jc0 → Jc0 by the composition of the
above three conjugacies (see Figure 11.1). □

We denote the topological conjugacy between Fa0 : Γa0 → Γa0 and
fc0 : Jc0 → Jc0 by Ea0 .

Let us now proceed to prove Proposition 11.1, which gives a complete
description of the dynamics of the post-critically finite map Fa0 as a “mat-
ing” of the reflection map ρ arising from the ideal triangle group G and the
anti-polynomial z2 + c0.

Proof of Proposition 11.1. — Let us first assume that a0 is a Misiurewicz
parameter. Then the corresponding pre-periodic lamination λ(Fa0) is of
Misiurewicz type, and hence, λ(fc0) = E∗(λ(Fa0)) is a rational lamination
of Misiurewicz type. It follows that c0 is a Misiurewicz parameter of the
Tricorn. Thus we have Γa0 = Ka0 , and Jc0 = Kc0 . The theorem (for Misi-
urewicz parameters) now follows from Lemma 11.2 and Proposition 5.8.

Now let a0 be a super-attracting parameter. We will construct a confor-
mal conjugacy between Fa0 and fc0 in the interior of Ka0 that matches con-
tinuously with the conjugacy on the limit set constructed in Lemma 11.2.

We assume that Fa0 has a super-attracting cycle of odd period k (the even
period case is similar). Let U be the Fatou component of Fa0 containing the
critical point 0. Since Ka0 is full and Γa0 is locally connected, it follows that
U is a Jordan disk. Hence, the Riemann uniformization b : D → U (which
is the inverse of a Böttcher coordinate) that conjugates z2|D to the first
return map F ◦k

a0
|U extends homeomorphically to the boundary ∂D. We can

normalize the Riemann uniformization so that it sends 1 to the dynamical
root on ∂U . Moreover, if Ũ is the Fatou component of fc0 containing 0, then
the same is true for the Riemann uniformization b̃ : D → Ũ that conjugates
z2|D to the first return map f◦k

c0
|
Ũ

. Therefore, h := b̃ ◦ b−1 : U → Ũ

conjugates F ◦k
a0

to f◦k
c0

.
We claim that h continuously matches with Ea0 on ∂U . Since both h and

Ea0 conjugate F ◦k
a0

|∂U to f◦k
c0

|
∂Ũ

, it follows that E−1
a0

◦ h : ∂U → ∂U is an
orientation-preserving homeomorphism commuting with F ◦k

a0
|∂U . Moreover,

it fixes the dynamical root on ∂U . But F ◦k
a0

|∂U is topologically equivalent
to z2|∂D, and the only orientation-preserving homeomorphism of the circle
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commuting with z2 and having a fixed point is the identity map. Hence,
E−1

a0
◦ h|∂U = id, and the claim follows.

Let us now consider another component D of intKa0 . Since intKa0 is
the basin of the super-attracting cycle of Fa0 , there exists some positive
integer n such that F ◦n

a0
maps D univalently onto U . Let D̃ be the Fatou

component of fc0 such that Ea0(∂D) = ∂D̃, and D̃f−n
c0

be the inverse branch
that maps Ũ to D̃. Since Ea0 is a conjugacy on the whole limit set, we have

Ea0 |∂D = D̃f−n
c0

◦ Ea0 |∂U ◦ F ◦n
a0

: ∂D → ∂D̃.

We now define
hD := D̃f−n

c0
◦ h ◦ F ◦n

a0
: D → D̃.

Since, h agrees with Ea0 on ∂U , it now follows that Ea0 |∂D = hD|∂D.
Thus, we have extended the conjugacy Ea0 (which was defined between

the limit set of Fa0 and the Julia set of fc0) conformally and equivariantly
to all of intKa0 . Since Γa0 is locally connected, the diameters of the Fatou
components of Fa0 tend to 0. It is now easy to verify that the extension is
a homeomorphism on Ka0 .

This, together with the proof of Proposition 5.8, completes the proof of
the theorem for super-attracting parameters. □

The proof of Proposition 11.1 can be easily modified to cover the case of
hyperbolic and parabolic maps.

Proposition 11.3. — Let a0 ∈ C(S) be geometrically finite, and c0 :=
χ(a0) ∈ L (see Definition 10.6). Then, Fa0 : Ka0 → Ka0 is topologically
conjugate to fc0 : Kc0 → Kc0 such that the conjugacy is conformal on
intKa0 , and Fa0 : T∞

a0
\ intT 0

a0
→ T∞

a0
is conformally conjugate to ρ :

D \ int Π → D.

11.2. Geometrically finite maps are matings

Proof of Theorem 1.1. — Let a0 be a geometrically finite map in C(S).
It follows from Theorem 1.2 and Proposition 11.3 that Fa0 : Ka0 → Ka0 is
topologically conjugate to fχ(a0) : Kχ(a0) → Kχ(a0) such that the conjugacy
is conformal on intKa0 , and Fa0 : T∞

a0
\ intT 0

a0
→ T∞

a0
is conformally

conjugate to ρ : D \ int Π → D.
Let us consider the two conformal dynamical systems

fχ(a0) : Kχ(a0) → Kχ(a0) and ρ : D \ int Π → D.
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We use the mating tool ξ := φ−1
χ(a0) ◦ E : T → Jχ(a0) (where φ−1

χ(a0) : T →
Jχ(a0) is the continuous boundary extension of the inverse of the Böttcher
coordinate of fχ(a0)) to glue D outside Kχ(a0). Note that ξ semi-conjugates
ρ to fχ(a0).

Denote

X = D ∨ξ Kχ(a0), Y = X \ int Π.

(This is a slight abuse of notation. We have denoted the image of int Π ⊂ D
in X under the gluing by int Π.)

We will argue that X is a topological sphere. Since Kχ(a0) is homeo-
morphic to D/λR(fχ(a0)) (where λR(fχ(a0)) is the real lamination of fχ(a0),
which has a locally connected Julia set), it follows that X is topologi-
cally the quotient of the 2-sphere by a closed equivalence relation such
that all equivalence classes are connected and non-separating, and not all
points are equivalent. It follows by Moore’s Theorem that X is a topological
2-sphere [52, Theorem 25]. Moreover, Y is the union of two closed Jordan
disks (with a single point of intersection) in X.

The well-defined topological map

η ≡ ρ ∨ξ fχ(a0) : Y → X

is the topological mating between ρ and fχ(a0).
The conjugacies obtained in Proposition 11.3 glue together to produce a

homeomorphism

H : (X,Y ) →
(
Ĉ,Ωa0

)
which is conformal outside H−1(Γa0), and which conjugates η : Y → X

to Fa0 : Ωa0 → Ĉ (see Subsection 5.1 for the definition of Ωa0 and Γa0).
It endows X with a conformal structure compatible with the one on X \
H−1(Γa0) that turns η into an anti-holomorphic map conformally conjugate
to Fa0 .

In this sense, Fa0 is a conformal mating of the reflection map ρ arising
from the ideal triangle group and the anti-polynomial z2 + χ(a0). □

Note that the proof of Theorem 1.1 uses local connectivity of Γa0 (respec-
tively, of Jχ(a0)), rigidity of the corresponding maps, and our understand-
ing of the dynamics of Fa0 (respectively, of fχ(a0)) on Ka0 (respectively,
on Kχ(a0)) in a crucial way. This is precisely the reason why we restricted
ourselves to geometrically finite maps in Theorem 1.1.

We will now provide a weaker (and more combinatorial) mating descrip-
tion for the periodically repelling maps in C(S).
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Definition 11.4.

(1) A map Fa ∈ C(S) \ {− 1
12 } is called periodically repelling if every

periodic point of Fa (except the fixed points 1
4 and αa) is repelling.

(2) For a periodically repelling map Fa (respectively, fc), we define the
real lamination λR(Fa) (respectively, λR(fc)) of Fa (respectively, of
fc) to be the smallest closed equivalence relation in R/Z containing
λ(Fa) (respectively, λ(fc)).

Note that by Proposition 5.5, a periodically repelling map Fa has no
Fatou components; i.e., Ka = Γa. Thus, the dynamics of a periodically
repelling map Fa on its non-escaping set Ka is combinatorially modeled
by the quotient of ρ : T → T by the ρ-invariant lamination λR(Fa). By an
anti-holomorphic version of [41, Theorem 1.1] (which can be proved along
the lines of Kiwi’s arguments), there exists some periodically repelling map
fc ∈ L such that λ(fc) = E∗(λ(Fa)). Clearly, we have that Kc = Jc, and
the dynamics of fc on its filled Julia set Kc is combinatorially modeled by
the quotient of m−2 : R/Z → R/Z by the m−2-invariant lamination λR(fc).
Moreover, the combinatorial models of Fa : Ka → Ka and fc : Kc → Kc

are topologically conjugate by a factor of E .
Therefore, the dynamics of a periodically repelling map Fa can be de-

composed into Fa : T∞
a \ intT 0

a → T∞
a , which is conformally equivalent to

ρ : D \ int Π → D, and Fa : Ka → Ka, which is combinatorially equivalent
to fc : Kc → Kc. In this sense, every periodically repelling map Fa is a com-
binatorial mating of a (periodically repelling) quadratic anti-polynomial fc

(restricted to its filled Julia set), and the reflection map ρ.

Proposition 11.5. — Every periodically repelling map Fa is a combi-
natorial mating of a periodically repelling quadratic anti-polynomial fc :
Kc → Kc and the reflection map ρ : D \ int Π → D.

Corollary 11.6. — If the limit set of Fa and the Julia set of fc (ap-
pearing in Proposition 11.5) are locally connected, then Fa is a conformal
mating of fc (restricted to its Julia set) and the reflection map ρ.

Proof. — The discussion preceding the proof of Proposition 11.5, com-
bined with local connectivity of Γa,Jc and [41, Lemma 4.17], implies that
Fa|Ka and fc|Kc are topologically conjugate by a factor of E . □
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12. Homeomorphism between topological models of
parameter spaces

In this subsection, we will construct a locally connected model C̃(S) of
C(S), and show that it is homeomorphic to the combinatorial model L̃ of L.

The construction of C̃(S) will be similar to that of L̃ (compare Subsec-
tion 2.2.10). We first construct an equivalence relation on Per(ρ) ∩ ∂D2 by
identifying the angles of all parameter rays of C(S) at pre-periodic angles
(under ρ) that land at a common (parabolic or Misiurewicz) parameter
or accumulate on a common root parabolic arc of C(S). We also identify
1/3 and 2/3. We then consider the smallest closed equivalence relation on
∂D ∩ ∂D2 generated by the above relation. Taking the hyperbolic convex
hull of each of these equivalence classes in D, we obtain a geodesic lami-
nation of D2 (by hyperbolic geodesics of D). The abstract connectedness
locus C̃(S) is defined as the quotient of D2 obtained by collapsing each of
these hyperbolic convex hulls to a single point.

Proof of Theorem 1.4. — By Corollaries 10.3 and 10.5, the parameter
rays of S at angles θ, θ′ ∈ Per(ρ) land at a common parabolic/Misiurewicz
parameter or accumulate on a common root parabolic arc if and only if the
parameter rays of T at angles E(θ), E(θ′) ∈ Q/Z have the same property.
Hence, E × E is a bijection between the equivalence relation on Per(ρ) ∩
∂D2 induced by the (co-landing or co-accumulation property of) parameter
rays of S at pre-periodic angles (under ρ) and the equivalence relation
on Q/Z ∩ ∂D2 induced by the rational parameter rays of T . Since E is
a homeomorphism, the smallest closed equivalent relations on ∂D ∩ ∂D2
generated by the above relations are also homeomorphic under E × E . It
follows that the corresponding geodesic laminations of D2 are topologically
equivalent; i.e., there is a homeomorphism of D2 mapping the leaves and
gaps of one lamination to those of the other. Clearly, this homeomorphism
descends to a homeomorphism between the quotient spaces C̃(S) and L̃. □

13. Discontinuity of straightening

By construction of the map χ (see Corollary 10.2), it is a homeomor-
phism between hyperbolic components of C(S) and L. Preserving critical
écalle heights, we extended χ to the boundaries of odd period hyperbolic
components. Thus, in light of Theorem 9.7, χ is defined in small neighbor-
hoods of parabolic cusps. The goal of this section is to show that χ is not
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always continuous in neighborhoods of parabolic cusps. This is one of the
reasons why we construct a homeomorphism between the models of the
connectedness loci in a purely combinatorial way.

Let us now assume that H ⊂ C(S) is a hyperbolic component of odd
period k, and H ′ = χ(H) is the corresponding hyperbolic component in L.
Recall that ∂H consists of three parabolic arcs and an equal number of
parabolic cusps. The map χ sends parabolic cusps on ∂H to parabolic
cusps on ∂H ′, and simple parabolic parameters on ∂H to simple parabolic
parameters on ∂H ′ (preserving their parabolic orbit portraits and critical
écalle heights).

The next proposition shows that χ is a homeomorphism from H onto H ′.
We denote the Koenigs ratio map of the hyperbolic component H (re-

spectively, H ′) by ζH (respectively, ζH′).

Proposition 13.1. — As the parameter a in H (respectively, c is H ′)
approaches a simple parabolic parameter with critical écalle height h on
the boundary of H (respectively, H ′), the quantity 1−ζH (a)

1−|ζH (a)|2 (respectively,
1−ζH′ (c)

1−|ζH′ (c)|2 ) converges to 1
2 − 2ih. Consequently, χ maps the closure H of

the hyperbolic component H homeomorphically onto the closure H ′ of the
hyperbolic component H ′.

Proof. — The proof of the first statement is similar to that of [39, Lem-
ma 6.3]. Since χ preserves Koenigs ratio (of parameters in H) and critical
écalle height (of simple parabolic parameters on ∂H), it follows that χ
extends continuously to ∂H. Since χ is defined in an injective fashion and
it is continuous on H, it is a homeomorphism from H onto H ′. □

Let H1 be a hyperbolic component of even period 2k bifurcating from H

across a parabolic arc C . It is now easy to see from the proof of Lemma 10.1
that the hyperbolic component χ(H1) bifurcates fromH ′ = χ(H) across the
parabolic arc χ(C ). We will denote the critical écalle height parametrization
of the parabolic arc C (respectively, χ(C )) by a : R → C (respectively, c :
R → χ(C )). Recall that for any h in R, the fixed point index of the unique
parabolic cycle of F ◦2

a(h) (respectively of f◦2
c(h)) is denoted by indC (F ◦2

a(h))
(respectively indχ(C )(f◦2

c(h))). This defines a pair of real-analytic functions
(which we will refer to as index functions)

indC :R → R, h 7→ indC

(
F ◦2

a(h)

)
and

indχ(C ) :R → R, h 7→ indχ(C )

(
f◦2

c(h)

)
.
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We are now in a position to show that continuity of χ on C imposes a
severe restriction on the index functions indC and indχ(C ).

Proposition 13.2 (Uniform height-index relation). — If χ is continu-
ous on C ∩∂H1, then the functions indC and indχ(C ) are identically equal.

H χ(H)C χ(C )

H1

an

a(h)

χ(H1)

c(h)

χ(an)

Figure 13.1. The straightening map χ, restricted to H, is a homeo-
morphism. On the other hand, continuity of χ on C ∩∂H1 would force
parameters with equal critical écalle height to have the same parabolic
fixed point index.

Proof. — Let us pick a parameter a(h) ∈ C ∩ ∂H1. Consider a sequence
{an} ∈ H1 with an → a(h). If χ is continuous at a(h), then χ(an) →
χ(a(h)) = c(h). We will now show that indC (F ◦2

a(h)) = indχ(C )(f◦2
c(h)).

Let, indC (F ◦2
a(h)) = τ . For any n, the map F ◦2

an
has two distinct k-periodic

attracting cycles (which are born out of the parabolic cycle of F ◦2
a(h)) with

multipliers µan and µan
. Since an converges to a(h), we have that

(13.1) 1
1 − µan

+ 1
1 − µan

−→ τ

as n → ∞.
Since the multipliers of attracting periodic orbits are preserved by χ,

it follows that f◦2
χ(an) has two distinct k-periodic attracting cycles with

multipliers µan
and µan

. As {χ(an)} converges to the odd period parabolic
parameter c(h), the same limiting Relation (13.1) holds for the fixed point
index of the parabolic cycle of f◦2

c(h) as well. In particular, the parabolic
fixed point index of f◦2

c(h) is also τ (see Figure 13.1).
Since h was arbitrarily chosen (with |h| large enough so that a(h) is a

bifurcating parameter), we conclude that indC (h) = indχ(C )(h) for all h in
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an unbounded interval. As the functions indC and indχ(C ) are real-analytic,
it follows that indC ≡ indχ(C ). □

The above condition on index functions seems unlikely to hold in general.
It can be numerically verified that the index function of the period 3 par-
abolic arc of C(S) does not identically agree with the index function of the
period 3 parabolic arc of L. More precisely, it is easy to check that the par-
abolic cycles of the critical écalle height 0 parameters of these two arcs have
different fixed point indices. This proves that the map χ is discontinuous
on the period 3 parabolic arc of C(S).

Remark 13.3. — For an analogous discussion of discontinuity of straight-
ening maps for the Tricorn, see [39, Proposition 8.1].

Appendix A. Uniqueness of matings

In this appendix, we will give elementary proofs of uniqueness of the
conformal matings of ρ with z2 and z2 − 1. We remark that the following
proofs do not appeal to conformal removability of the limit sets of the
Schwarz reflection maps (cf. [43, § 4.4.3]).

A.1. Uniqueness of the mating of ρ and z2

The construction of the topological mating in [43, § 4] implies that any
conformal mating F of z2|D and ρ is an anti-holomorphic map defined on the
closure of a Jordan domain in the Riemann sphere. Indeed, since ρ is not
defined on the interior of the ideal triangle Π, the map F must be defined
on the complement of a homeomorphic copy of int Π. Moreover, as ρ fixes
∂Π pointwise, F must fix the boundary of its domain of definition DF. It
follows that DF is the closure of a simply connected quadrature domain,
and F is the associated Schwarz reflection map.

By Proposition 4.3, there exists a rational map R which maps Ĉ \ D
univalently onto intDF. Pre-composing R with a conformal automorphism
of Ĉ \D, we may assume that R(∞) = ∞. Again, as ρ : ρ−1(int Π) → int Π
is a three-to-one covering, F must send the preimage of Ĉ \ DF as a three-
to-one cover onto Ĉ \ DF. In light of the commutative diagram defining F,
we have that R is a degree 3 rational map.

As z2 has a unique critical point and this critical point is a fixed point, the
same is true for F. Possibly after conjugating F by a Möbius map, we can
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assume that the unique critical point of F is at ∞. As ∞ is a (simple) fixed
critical point of F, the commutative diagram defining F now shows that R
has a pole of order two at 0. Hence, R is of the form R(z) = az+b+ c

z + d
z2 ,

for some a, d ∈ C∗, and b, c ∈ C. Possibly after post-composing R with an
affine map (which amounts to replacing DF by an affine image of it, and
conjugating F by the same affine map), we may write R(z) = z + c

z + d
z2 ,

for some c ∈ C and d ∈ C∗.
Note that the cubic anti-rational map R has four critical points (counted

multiplicity), one of which is at the origin. Since F has only one criti-
cal point, the same commutative diagram implies that the other three
critical points of R lie on the unit circle (in fact, univalence of R on
Ĉ \ D implies that these critical points are distinct). Thus, the equation
z3R′(z) ≡ z3 − cz − 2d = 0 has three distinct solutions on T. An ele-
mentary algebraic computation involving Vieta’s formulas now shows that
possibly after conjugating R by a rotation (once again, this amounts to
replacing DF by a rotated image of it, and conjugating F by the same ro-
tation), one can choose R to be the rational map z + 1

2z2 . Thus, DF is the
closure of the quadrature domain Ω (up to post-composition by a Möbius
map), and F is the Schwarz reflection map σ (up to Möbius conjugation)
introduced in [43, § 4.1].

A.2. Uniqueness of the mating of ρ and z2 − 1

Consider the anti-polynomial g(z) ≡ g(z) = z2 − 1. For notational sim-
plicity, we set J := J−1 and K := K−1 The unique finite critical point 0 of
g forms a 2-cycle.

Note that the 1/3 and 2/3 rays of g land at a common fixed point α
on the Julia set J . We denote the components of K \ {α} by K1 ∋ 0 and
K2 ∋ −1. We have the following mapping properties of the action of g on
its filled Julia set.

(1) g : K2 → K1 is a homeomorphism, and
(2) g : g−1 (

K1)
∩ K1 → K1 is a homeomorphism.

Suppose that F is a conformal mating of g and ρ. Note that F is defined
outside a simply connected domain whose boundary is a topological triangle
with two vertices identified. We denote the domain of F by DF. Clearly,
intDF consists of two Jordan domains Ω1 and Ω2, and these domains touch
at a single point. As ρ fixes ∂Π pointwise, F must fix the boundary of each
Ωi pointwise. Hence, each Ωi is a simply connected quadrature domain
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with Schwarz reflection map F1,F2, and F is the piecewise defined Schwarz
reflection map of these quadrature domains.

After a Möbius change of coordinates, we can assume that the unique
critical point and critical value of F are at the origin and at the point at
∞, respectively. Possibly after reindexing, we can also assume that 0 ∈ Ω1
and ∞ ∈ Ω2.

By Proposition 4.3, there exist rational maps R1, R2 which map D uni-
valently onto Ω1,Ω2 respectively. Pre-composing Ri with conformal auto-
morphisms of D, we may assume that R1(0) = 0, R2(0) = ∞.

The mapping properties of g on K2 imply that F2 carries F−1
2 (int Ωc

2)
univalently onto int Ωc

2. In light of the commutative diagram defining F2,
we have that R2 is a degree 1 rational map; i.e., a Möbius map. Thus,
Ω2 ∋ ∞ is a round disk.

On the other hand, the mapping properties of g on K1 imply that F1
carries F−1

1 (Ω1) univalently onto Ω1. In light of the commutative diagram
defining F1, we have that R1 is a quadratic rational map. As 0 is a critical
point of F1 with associated critical value ∞, the same commutative diagram
also implies that ∞ is a double pole of the quadratic rational map R1.
Hence, R1 is a quadratic polynomial. As R1(0) = 0, we have that R1(z) =
az2 + bz, for a ∈ C \ {0} and b ∈ C. Since 0 is the only critical point of
F1, it follows that the only finite critical point of R1 is on the unit circle.
Possibly after pre-composing R1 with a rotation, we can assume that this
critical point is at 1. Furthermore, after conjugating F by a map of the
form w 7→ µw (which amounts to post-composing R1 with w 7→ µw), we
can also assume that R1(1) = 1

4 . A simple computation now yields that
R1(z) = z/2 − z2/4; i.e., Ω1 = ♡.

As Ω2 ∋ ∞ is a round disk, we have that F◦2(0) is the center of the round
disk Ω2

c in C. The fact that 0 is 2-periodic under F now implies that Ω2
c is

a round disk centered at the origin. Finally, since ∂Ω ∩ ∂Ω2 is a singleton,
we conclude that (up to Möbius conjugation) F is precisely the map Fa in
the circle-and-cardioid family S where a = 0.

Remark A.1. — The above argument also shows that if a quadratic anti-
polynomial z2 + c in the real basilica limb of the Tricorn is conformally
mateable with the refection map ρ, then such a conformal mating neces-
sarily lies in the circle-and-cardioid family (up to Möbius conjugation).
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Appendix B. Warschawski’s theorem and its applications

B.1. Cusps and double points

Let f : B(0, ε) → C, f(0) = 0 be a holomorphic map that is univalent
on the closure of B+ := B(0, ε)∩{Re z > 0} and has a simple critical point
at 0. Then the curve γ := f(−iε, iε) has a singularity at the origin, which
we refer to as a conformal cusp (we will often drop the word conformal and
call it a cusp). We note that f(B+) is a Jordan domain, and by univalence
of f |B+ , the cusp points in the inward direction towards f(B+). We further
define the type of the cusp on γ according to the Taylor series expansion of
f at 0. Since 0 is a simple critical point of f , we can assume (after scaling f ,
if necessary) that f(w) = w2 +

∑
k ⩾ 3 Ckw

k. Then, γ can be parametrized
near 0 as f(it) = (−t2 + O(t3)) + i(ctn + O(tn+1), where t ∈ (−ε, ε),
c ∈ R \ {0}, and n ⩾ 3. By definition, we say that the cusp at 0 is of
the type (n, 2). We note that the arc γ disconnects a small neighborhood
U ∋ 0 into two components; one of which (the narrow side) has zero angle
at 0, while the other component (the wide component that the cusp points
towards) has a full angle 2π at 0. We denote the narrow component by N ,
and the wide component by W (see Figure B.1 (left)).

0 p

W
W+

W−

N N+ N−
γ

α

β

U U

Figure B.1. Left: The real-analytic arc γ has a cusp at the origin, and it
divides the neighborhood U of 0 into a narrow part N and a wide part
W . Right: The non-singular real-analytic arcs α, β touch at the point p.
These curves divide the neighborhood U of p into a pair of narrow parts
N± and a pair of wide parts W±.

Let us now define the notion of a double point singularity. By definition,
a double point p is a point of tangency of two distinct non-singular real-
analytic arcs α, β. In particular, the double point p is a non-singular point
on each of these arcs. One can classify double points according to the order
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of contact of these two real-analytic branches. The arcs α, β divide a small
neighborhood U ∋ p into four connected components: two of which (in the
tangential directions) have zero angle at p, and each of the other two (in the
normal directions) has angle π at p. We denote the zero angle components
by N± (the narrow sides), and the π angle components by W± (the wide
sides). See Figure B.1 (right) for an illustration.

B.2. Warschawski’s theorem on conformal mapping of infinite
strips

We consider the curvilinear strip

S := {w = u+ iv : u > 0, ν−(u) < v < ν+(u)}

where ν± : [0,∞) → R are C2 maps with ν+ > ν−. Let θ1(u) = ν+(u) −
ν−(u) and θ2(u) = (ν+(u) + ν−(u))/2. Let Φ be a conformal map from the
curvilinear strip S onto the horizontal strip {z = x+ iy ∈ C : x > 0, |y| <
π/2} such that limu→+∞ Re Φ(w) = +∞.

We suppose that
(1) the strip S has boundary inclination 0 at u = +∞; i.e., for u2 > u1,

the quotients
ν±(u2) − ν±(u1)

u2 − u1
approach the limit 0, as u1 → +∞, and

(2) the integral
∫ ∞

0 (θ′
1(u))2/θ1(u)du converges.

Warschawski proved that under the above assumptions,

Theorem B.1. — [74, Theorem IX]

Φ(w) = k + π

∫ u

0

1 + (θ′
2(t))2

θ1(t) dt+ iπ
v − θ2(u)
θ1(u) + o(1), as u → +∞,

uniformly with respect to v. Here k is a real constant.

B.3. Applications to boundary behavior of conformal maps
between cusps

Let γ1, γ2 be a pair of real-analytic arcs with γ1(0) = γ2(0) = 0 such that
both of them have a cusp of type (3, 2) at 0. After truncating the curves, we
may assume that γj \ {0} is non-singular. For open neighborhoods U1, U2
of 0 (in the planes of γ1, γ2, respectively), we denote the narrow component
of Uj \ γj by Nj , j ∈ {1, 2}. We will keep the notation γj for the truncated
arcs γj ∩ Uj .
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Lemma B.2. — With the setup as above, let φ : N1 → N2 be a confor-
mal map whose continuous extension to γ1 sends 0 to 0. Then,

(1) φ is asymptotic to a linear map at 0; i.e., φ(z) = cz + o(z) as
N1 ∋ z → 0, where c ∈ C∗, and

(2) φ extends to a quasiconformal map in a neighborhood of 0.

Proof. — (1) We can send the cusp of γj at the origin to the point at
∞ by a Möbius map such that the image of the narrow region Nj is a
curvilinear strip Sj bounded by the non-singular real-analytic curves. For
definiteness, let us work with the strip S1, which is bounded by the curves
v = ν+(u) = k1 + k2

√
u+ k3/

√
u+ o(1/

√
u) and v = ν−(u) = k1 − k2

√
u−

k3/
√
u + o(1/

√
u), where u ⩾ u0 for some large u0 > 0 (with possibly

different constants for the two strips). The strips have boundary inclination
0 at ∞ since ν′

±(u) → 0 as u → +∞. Moreover, real-analyticity of the curve
γ1 implies that the maps ν± are real-analytic. A simple computation shows
that the integral convergence condition of Theorem B.1 is also satisfied by
the strip.

Let us now consider a conformal map

b : S1 → {x+ iy ∈ C : x > 0, |y| < π/2},

such that lim
u→+∞

Re b(w) = +∞. We set θ1(u) := ν+(u) − ν−(u) and
θ2(u) := (ν+(u) + ν−(u))/2. Theorem B.1 implies that as u → +∞, the
conformal map b takes the form

w = u+ iv 7→ k4 + π

∫ u

u0

1 + (θ′
2(t))2

θ1(t) dt+ iπ
v − θ2(u)
θ1(u) + o(1)

= k5
√
w +O(1),

(B.1)

uniformly in v, where k4 ∈ R, k5 ∈ C∗. It follows that a conformal isomor-
phism from S1 onto S2 (that sends +∞ to +∞) admits the asymptotics
k6w + O(1) as Re(w) → +∞, for some k6 ∈ C∗ (uniformly in Im(w)).
Due to analyticity of the boundaries of the above curvilinear strips, this
conformal map extends continuously to the boundary. Furthermore, since
the above asymptotics is uniform in Im(w), the boundary extension admits
the same asymptotics k6w + O(1) as Re(w) → +∞. Now going back to
the regions N1, N2 by the Möbius maps used earlier, we conclude that φ is
asymptotically linear near the origin; i.e., φ(z) = k7z+o(z) as N1 ∋ z → 0,
where k7 ∈ C∗.
(2) By definition of conformal cusps, for j ∈ {1, 2}, there exist open sets
Bj ∋ 0 and holomorphic maps fj : Bj → C, fj(0) = 0, that are univalent
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on the closure of B+
j := Bj ∩ {Re z > 0} and have a simple critical point

at 0, such that γj = fj(Bj ∩ iR). We set Wj := fj(B+
j ).

Let us now consider the map

Ψ : I1 := B1 ∩ iR −→ I2 := B2 ∩ iR, Ψ ≡ f−1
2 ◦ φ ◦ f1.

By construction, Ψ(0) = 0. We will show that Ψ is a quasisymmetric map.
Note that fj admits a conformal extension in a neighborhood of the arc
Ij \ {0}, and φ : N1 → N2 admits a conformal extension (by the Schwarz
reflection principle) in a neighborhood of the arc γ1 \ {0}. Hence, Ψ is
quasisymmetric on I1 \ {0}. It remains to show that Ψ is quasisymmetric
at the origin. By definition, the map f1 has an asymptotic development

(B.2) f1(ξ) = c1ξ
2 + o(ξ2),

near 0, for some constant c1 ∈ C∗. Similarly, f−1
2 admits an asymptotic

development

(B.3) f−1
2 (ζ) = c2ζ

1
2 + o(ζ 1

2 ),

near 0, for some constant c2 ∈ C∗ and an appropriate branch of square
root. Using these asymptotics of fj , one readily sees that the asymptotic
linearity of φ : γ1 → γ2 near 0 translates to asymptotic linearity of Ψ
near 0. This proves that Ψ is quasisymmetric at the origin.

We continuously extend the quasisymmetric homeomorphism Ψ : I1 →
I2 to a quasiconformal homeomorphism Ψ : B+

1 → B+
2 , and define a qua-

siconformal homeomorphism

φ̃ : W1 → W2, φ̃ ≡ f2 ◦ Ψ ◦
(
f1|B+

1

)−1
.

By construction, φ̃ matches continuously with φ on γ1. Thus, we have
a homeomorphism in a neighborhood of 0 that extends φ : N1 → N2,
and is quasiconformal outside γ1. Since analytic arcs are quasiconformally
removable, it follows that this map is a desired quasiconformal extension
of φ : N1 → N2. □

We now proceed to prove a similar result for double points. For j ∈ {1, 2},
let pj be a point of tangency of two distinct non-singular real-analytic arcs
αj , βj . We further assume that αj and βj have a simple (or non-degenerate)
tangency at pj . For an open neighborhood Uj of pj , we denote the (narrow)
components of Uj \ (αj ∪ βj) that subtend a zero angle at pj by N±

j , and
the (wide) components that subtend an angle π at pj by W±

j . We will keep
the notation αj , βj for the truncated arcs αj ∩ Uj , βj ∩ Uj , for j ∈ {1, 2}.
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Lemma B.3. — With the setup as above, let φ : N+
1 ∪N−

1 → N+
2 ∪N−

2
be a conformal map whose continuous extension to α1 ∪ β1 sends p1 to p2.
Then,

(1) φ is asymptotic to a linear map at p1; i.e., φ(z) = p2 + k(z − p1) +
o(z − p1) as N+

1 ∪N−
2 ∋ z → p1, where k ∈ C∗,

(2) φ extend to a quasiconformal map in a neighborhood of p1.

Proof. — (1) We will show that φ : N+
1 → N+

2 is asymptotically linear
at p1. The same statement for φ : N−

1 → N−
2 can be be proved similarly.

The assumption that αj and βj have a simple tangency at pj imply
that these two arcs have distinct osculating circles at pj . We denote these
(distinct) osculating circles by Cαj

,Cβj
, j ∈ {1, 2}. We can send pj to

∞ by a Möbius map such that the images of Cαj
,Cβj

are the horizontal
straight lines y = 0 and y = 1. Since the two non-singular arcs αj , βj have
at least second order contact with their corresponding osculating circles,
the images of αj , βj under the above Möbius map are curves of the form
v = νj

+(u) = 0 + O(1/u) and v = νj
−(u) = 1 + O(1/u) for u large enough.

The image of N+
j under this Möbius map is a curvilinear strip Sj bounded

by the real-analytic curves v = νj
+(u) and v = νj

−(u), where u ⩾ u0 for
some large u0 > 0. As in the proof of Lemma B.2, one sees that the maps
(νj

±)′ are real-analytic, the strips Sj have boundary inclination 0 at ∞,
and the integral convergence condition of Theorem B.1 is satisfied by the
strips, for j ∈ {1, 2}.

Let us now consider conformal maps bj : Sj → {x + iy ∈ C : x >

0, |y| < π/2}, such that lim
u→+∞

Re bj(w) = +∞., j ∈ {1, 2}. Theorem B.1
now implies that as u → +∞, the conformal map bj has the asymptotic
development w = u + iv 7→ πw + o(w), uniformly in v. Therefore, the
conformal map b−1

2 ◦ b1 : S1 → S2 is of the form w + o(w) as u → +∞
(uniformly in v). Once again, due to uniformity, the same asymptotics hold
up to the boundary. Finally, going back to N+

1 , N
+
2 by the Möbius maps

used earlier, we conclude that φ : N+
1 → N+

2 is asymptotically linear near
p1; i.e., φ(z) = p2 + k(z − p1) + o(z − p1) as N+

1 ∋ z → p1, where k ∈ C∗.
Moreover, the above proof shows that the linearity constants of the maps

φ : N+
1 → N+

2 and φ : N−
1 → N−

2 are the same.
(2) Since analytic arcs are quasiconformally removable, it suffices to ex-

tend φ : N±
1 → N±

2 to a homeomorphism from a neighborhood of p1 to a
neighborhood of p2 that is quasiconformal outside α1 ∪ β1.

TOME 0 (0), FASCICULE 0



110 S.-Y. Lee, M. Lyubich, N. G. Makarov & S. Mukherjee

Observe that φ : N±
1 → N±

2 admits a conformal extension (by the
Schwarz reflection principle) in a neighborhood of (α1 ∪ β1) \ {p1}. More-
over, φ : N+

1 → N+
2 and φ : N−

1 → N−
2 are asymptotically linear at p1

with the same linearity constant. These facts together imply that φ induces
a pair of quasisymmetric maps φ : α1 → α2 and φ : β1 → β2. Since αj , βj

are quasi-arcs, these quasisymmetric maps can be continuously extended
to quasiconformal maps φ : W+

1 → W+
2 and φ : W−

1 → W−
2 . This provides

a desired quasiconformal extension of φ : N±
1 → N±

2 . □
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