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COHERENT SYSTEMS OVER APPROXIMATE
LATTICES IN AMENABLE GROUPS

by Ulrik ENSTAD & Jordy Timo VAN VELTHOVEN (*)

ABSTRACT. — Let G be a second-countable amenable group with a uniform k-
approximate lattice A. For a projective discrete series representation (7, Hx) of G
of formal degree dr > 0, we show that D~ (A) > dr/k is necessary for the coherent
system 7(A)g to be complete in Hr. In addition, we show that if 7(A?)g is minimal,
then D1 (A2) < drk. Both necessary conditions recover sharp density theorems for
uniform lattices and are new even for Gabor systems in L2(R). As an application
of the approach, we also obtain necessary density conditions for coherent frames
and Riesz sequences associated to general discrete sets. All results are valid for
amenable unimodular groups of possibly exponential growth.

RESUME. — Soit G' un groupe moyennable & base dénombrable et A un réseau
uniforme k-approximatif dans G. Pour une représentation projective de la série
discete (7, Hr) de G de dimension formelle dr > 0, nous prouvons que la condition
D~ (A) > dr/k est nécessaire pour que le systéme cohérent w(A)g soit complet dans
H . En outre, nous montrons que si le systéme m(A2)g est minimal, alors D (A2) <
drk. Ces deux conditions nécessaires sont nouvelles, méme pour des systémes de
Gabor dans L2(R) et permettent de reprouver des théorémes de densité stricte.
Comme application de cette approche, nous obtenons également des conditions de
densité pour les reperes cohérents et les suites de Riesz associés a des ensembles
discrets arbitraires. Tous nos résultats sont valables pour des groupes unimodulaires
a croissance exponentielle.

1. Introduction

Let (m, ") be an irreducible, square-integrable projective unitary repre-
sentation of a second-countable amenable unimodular group G with Haar
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measure p. For a discrete A C G and g € H,, this paper concerns the
relationship between the completeness of a coherent system

(1.1) m(A)g = (7(A\)g)rea

in H,, i.e., the property that spann(A)g = H,, and the associated lower
and upper Beurling densities of A:

ANzK, ANzK,
D™ (A) = liminf inf M, D™ (A) = lim sup sup M
n—oco zeG M(Kn) n—oo z€G M(Kn)

)

where (K, )nen is any strong Fglner sequence (also called a van Hove se-
quence) in G, cf. Section 2.2. In compactly generated groups of polynomial
growth, a strong Fglner sequence can be obtained from sequences of balls
induced by a periodic metric [8], e.g., a word metric, a left-invariant Rie-
mannian or a Carnot—Carathéodory metric in the case of connected Lie
groups. Beyond polynomial growth, a sequence of balls induced by a peri-
odic metric does not need to be a Fglner sequence, e.g., the full sequence
of balls (B,(x)),>0 is not Falner when G has exponential growth. On the
other hand, any unimodular amenable group always admits a strong Fgl-
ner sequence. Indeed, this is one of many equivalent characterizations of
amenability.

A uniform lattice A in G, i.e., a discrete, co-compact subgroup of G, has
uniform Beurling density D(A) = D~ (A) = Dt(A) = 1/vol(G/A), where
vol(G/A) denotes the covolume of A. For uniform lattices, the complete-
ness properties of coherent systems (1.1) are fully understood. The density
theorem for lattice orbits [4, 19, 32] asserts that if 7(A)g is complete in H
for some g € H, then

(1.2) D(A) = dx,

where d; > 0 denotes the formal degree of 7. For classes of groups G, e.g.,
nilpotent and exponential solvable Lie groups, converse density theorems
also hold, in the sense that for any lattice A < G satisfying (1.2), there
exists g € H, such that w(A)g is complete in H,. See, e.g., [4, 11, 13, 32]
for various density theorems.

In comparison to the case of uniform lattices, the completeness of coher-
ent systems w(A)g associated to general discrete sets A C G behaves dra-
matically different. The showcase demonstrating this is given by so-called
Gabor systems in L?(R), which are the coherent systems 7(A)g arising from
the (projective) Schrédinger representation of G = R? on L?(R), given by

(1.3) n(z,6)g =" g(- —2), g€ L*(R).

ANNALES DE L’INSTITUT FOURIER
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With the usual normalization of the Lebesgue measure on R?, the formal
degree of 7 is d, = 1.

The completeness of a Gabor system m(A)g with g(t) = et being the
Gaussian is relatively well-understood. In [2, 5], it is shown that complete
Gaussian Gabor systems exist with A being a so-called regularly distributed
set of lower Beurling density D~ (A) < 1, and that for general sets A
the lower density could be 0, but that DT (A) > 1/(37) is still necessary
for completeness of m(A)g. However, for a complete Gabor system 7(A)g
with general g € L?(R), one could have D~ (A) = 0 and D*(A) < ¢ for
arbitrary € > 0 and A being a subset of a lattice in R?; see [37]. Moreover,
as shown in [31], there exist complete Gabor systems 7(A)g with upper
density DT (A) = 0. Thus, for a general discrete set A C R? and g € L%(R),
there are no necessary density conditions for m(A)g to be complete in L?(R).

The discussion so far leads to a natural question: While one cannot expect
necessary density conditions for complete coherent systems over arbitrary
point sets, is there a class of “regular” point sets that contains uniform
lattices for which such conditions hold? The purpose of the present paper
is to consider this question for uniform approximate lattices as introduced
in [6]. In contrast to a genuine uniform lattice, a uniform approximate
lattice need not be a subgroup, but only a k-approximate group in the
sense of [9, 35], that is, a symmetric set A containing the identity such
that A2 C FA for some finite set ' C G of cardinality |F| < k. While
a uniform l-approximate lattice is exactly a uniform lattice, uniform k-
approximate lattices for £ > 2 are much more general and include, among
others, Meyer’s model sets arising from cut-and-project schemes [7, 24] and
Delone sets arising from symbolic substitutions; see [3] and the references
therein.

The main theorem of the present paper provides an extension of the
density theorem for lattice orbits to coherent systems over uniform ap-
proximate lattices. Its statement is as follows.

THEOREM 1.1. — Let G be a second-countable amenable unimodular
group with a uniform k-approximate lattice A C G. Let (7, H,) be an irre-
ducible, square-integrable projective representation of G of formal degree
dr > 0. If there exists g € Hr such that w(A)g is complete in H,, then

(1.4) D=(A) > dy /k,

where D~ (A) denotes the lower Beurling density of A in G.

TOME 75 (2025), FASCICULE 6
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Theorem 1.1 is new even for the special case of Gabor systems (1.3) in
L?(R). Moreover, in contrast to [4, 11, 13, 32], Theorem 1.1 is also appli-
cable to groups admitting a uniform approximate lattice but no uniform
lattice.

Theorem 1.1 is optimal in the sense that the density D~ (A) could be
arbitrary small while d; = 1 (see Proposition 3.7), and hence one cannot
remove the denominator k£ > 1 in the right-hand side of (1.4). In addition,
Theorem 1.1 recovers the density theorems [4, 32] for genuine uniform lat-
tices which corresponds to the case k = 1.

For proving Theorem 1.1 in the case of a lattice A < G, it suffices to
obtain a necessary density condition under the stronger assumption that
m(A)g is a so-called frame (see Section 3.6) as the existence of complete sys-
tems and frames are equivalent for lattice index sets, see, e.g., [4, 16, 32]. In
turn, the frame property of a lattice orbit allows for a relatively simple di-
rect proof of the necessary density condition. However, the correspondence
between the existence of complete systems and frames does not extend
to general approximate lattices. The present paper uses therefore a differ-
ent approach for obtaining Theorem 1.1, namely it uses necessary density
conditions for systems 7 (A)g satisfying the so-called homogeneous approx-
imation property (HAP) introduced in [30] (see Definition 3.1). The HAP
is a stronger condition than merely completeness and does, in contrast to
the completeness property, allow for necessary density conditions for gen-
eral point sets. This is shown by the next Theorem 1.2; see also [1, 30] for
related results in the case of Gabor systems.

THEOREM 1.2. — Let G be a second-countable amenable unimodu-
lar group with an irreducible, square-integrable projective representation
(m,Hr) of formal degree d, > 0. Let A C G be locally finite and g € H.

If m(A)g satisfies the homogeneous approximation property (HAP), then
D= (A) > dx.

In Proposition 3.3, we show that for a relatively dense set A C G a
complete coherent system associated to the 2-fold product A2, i.e., 7(A%)g
for some g € H,, satisfies the HAP. In combination, this allows a proof of
Theorem 1.1; see the proof of Theorem 3.5 for details. Our proof method
for Theorem 1.2 is inspired by the use of the HAP in the lattice density
theorem for Gabor systems in L2(RR) (see [1, 30]) as pointed out throughout
the text.

In addition to the above results on complete systems, the present paper
also provides complementary results on (uniformly) minimal systems (see
Sections 3.4 and 3.5 for definitions).

ANNALES DE L’INSTITUT FOURIER
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THEOREM 1.3. — With notation as in Theorem 1.2,
(i) If m(A)g is uniformly minimal, then DV (A) < d.
(ii) If A C G is a uniform k-approximate lattice and w(A?)g is minimal,
then DT (A?) < d.k.

In part (ii) of Theorem 1.3, if A is a uniform lattice (so that one can
choose k = 1), then DT (A) < d is necessary for the minimality of 7(A)g.
For arbitrary A C G, the upper density DV (A) could be arbitrary large
whenever 7(A)g is merely minimal, cf. [1, Proposition 1].

Our proof of Theorem 1.3 closely follows the approach in [1] for the case
of Gabor systems. For groups G of polynomial growth, part (i) can also be
deduced from [25, Theorem 3.10], but it is new for groups with exponential
growth.

Lastly, it is worth mentioning that a direct consequence of Theorems 1.2
and 1.3 are the following necessary density conditions for frames and Riesz
sequences (see Section 3.6).

COROLLARY 1.4. — With notation as in Theorem 1.2 and Theorem 1.3,
(i) Ifr(A)g is a frame for H, and g € B2 (see (3.8)), then D™ (A) > d.
(ii) If w(A)g is a Riesz sequence in H,, then DT (A) < d.

Let us emphasize that all the above results are valid in any second-
countable amenable unimodular group, showing that Beurling densities de-
fined in terms of strong Fglner sequences give the right notion of density
in this generality. In contrast, the previous density theorems for coherent
frames and Riesz sequences over irregular point sets [14, 25] assume that the
underlying group is compactly generated of polynomial growth, in which
case Beurling densities can be expressed in terms of balls coming from a
word metric. That Beurling densities in terms of Fglner sequences give rise
to density theorems for coherent systems was also shown recently in [12].
In particular, a generalization of Corollary 1.4 applicable to non-amenable
unimodular groups was proved in [12], but we give a more elementary proof
in the amenable case in the present paper.

The paper is organized as follows. Section 2 contains the essential back-
ground on approximate lattices and Beurling densities. All density condi-
tions for coherent systems are proven in Section 3. Section 4 consists of two
examples demonstrating the main results.

Acknowledgements

The authors thank the referee for helpful suggestions and for pointing
out an inaccuracy in an example in an earlier version of the paper.
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2. Approximate lattices and Beurling densities

Throughout this section, G denotes a second-countable locally compact
group. A left Haar measure on G is denoted by pu.

2.1. Approximate lattices

A subset A C G is called locally finite if it is closed and discrete, equiv-
alently, A N K is finite for every compact set K C G. Furthermore, A is
said to be relatively dense if there exists a compact set K C G such that
AK = G, and it is said to be uniformly discrete if there exists an open set
V C G such that [ANzV]| < 1 for all x € G. A Delone set is a set that
is both relatively dense and uniformly discrete. Lastly, A is said to be of
finite local complexity (FLC) if A=1A is locally finite.

Following [6], we define uniform approximate lattices as follows.

DEFINITION 2.1. — Let k € N. A subset A C G is called a k-approximate
subgroup of G if the following properties hold:

(al) The identity e € G is contained in A;
(a2) A is symmetric, i.e., A=t = A;
(a3) there exists a finite set F' C G of cardinality |F| < k such that
A? C FA.
A k-approximate subgroup A is called a uniform k-approximate lattice if it
is also a Delone set. A set A is called simply a uniform approximate lattice
if it is a uniform k-approximate lattice for some k.

Note that for symmetric A the condition (a3) is equivalent to the exis-
tence of a finite set £’ C G such that A2 C AF’ (choose F' = F~1).
We mention the following fact, cf. [6, Corollary 2.10].

LEMMA 2.2 ([6]). — Let A be a uniform approximate lattice in G and
let T' C A be a symmetric set which contains the identity and is relatively
dense in G. Then T is a uniform approximate lattice.

Any uniform lattice in G, i.e., a discrete, co-compact subgroup, is pre-
cisely a uniform l-approximate lattice in G. By Lemma 2.2, also relatively
dense symmetric subsets of lattices containing the identity form an approx-
imate lattice. Other examples of approximate lattices are so-called model
sets and suitable subsets thereof.

ANNALES DE L’INSTITUT FOURIER
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Example 2.3 (Model sets). — A cut-and-project scheme is a triple
(G,H,T") where G and H are locally compact groups and I' is a lattice
in G x H which projects injectively to G and densely to H. Given a com-
pact set W C H of non-void interior, a set of the form

A=pa(TN (G x W)

where pg: G X H — G denotes the projection onto G is called a model
set in G. The set W is called the window associated to the model set. If T’
is a uniform lattice and W is a symmetric, compact neighborhood of the
identity of H, then A is a uniform approximate lattice: Clearly A contains
the identity and is symmetric. Denoting by pg the projection of G x H onto
H, we have that py(T')W = H since py(T') is dense in H. By compactness
there exists a finite subset F’ of I such that W2 C py(F')W. Setting
F = pg(F"), it is not hard to see that A2 C FA, hence A is an approximate
lattice. See also [6, Proposition 2.13].

In a locally compact abelian group G, any uniform approximate lattice
A is a subset of and commensurable to a model set A’ [24], i.e., there
exists a finite set F' C G such that A’ C FA. This result has been proved
for approximate lattices in connected solvable Lie groups (in particular,
nilpotent Lie groups) [21, 22] and most recently in the general seting of
approximate lattices in amenable groups [23]. Uniform approximate lattices
might exist in groups not admitting a uniform lattice, see [6, Section 2.4]
and [21, Theorem 1.5].

In the sequel, only amenable groups G (see Section 2.2) will be consid-
ered. If such a group admits a uniform approximate lattice, then it is neces-
sarily unimodular. In addition, any compactly generated group G admitting
a uniform approximate lattice is necessarily unimodular. See [6, Theorem
5.8] for both assertions.

2.2. Beurling density

A second-countable unimodular locally compact group G is called
amenable if it admits a (right) Folner sequence, i.e., a sequence (K, )nen

- WEaAKLK)
lim — 272
n—oo N(Kn)

of non-null compact subsets K,, C G satisfying
=0
for all compact sets K C G. Here, /A denotes the symmetric difference

AAB = (A\ B)U(B\ A).

TOME 75 (2025), FASCICULE 6
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A (right) strong Folner sequence is a Fglner sequence (K, ),en satisfying
the stronger condition

lim w(K,KNKE.K) _0
n—oo 1K)

for all compact sets K C G. Strong Fglner sequences are also called van
Hove sequences [27, 34] and do exist in every second-countable amenable
group, see, e.g., [28, 29, 38]. In fact, if (K,)nen is a Folner sequence and L
is any compact, symmetric neighborhood of the identity, then (K, L), is a
strong Folner sequence, see, e.g., [28, Proposition 5.10].

If G is a compactly generated group of polynomial growth, i.e., given
a symmetric generating neighborhood U C G, there exist C, D > 0 such
that u(U™) < CnP for all n € N, then any sequence of balls (B, (€))nen
with lim, r, — oo associated to a so-called periodic metric form a strong
Fglner sequence, cf. [8]. In particular, this applies to word metrics and
to left-invariant Riemannian metrics and Carnot—Carathéodory metrics on
connected Lie groups; see [8, Example 4.3] and [36, Theorem 9].

Given any strong Folner sequence (K, )nen in an amenable unimodular
group G, the associated lower and upper Beurling density of a discrete set
A C G are defined by

) AN, . AN 2K,|
D™ (A) = liminf inf ——— and D7'(A) = limsup sup ————,

respectively. The densities D~ and D% are independent of the choice of
strong Folner sequence (cf. [28, Proposition 5.14]).

A uniform lattice A C G has Beurling density given by
D™ (A) = DT(A) = vol(G/A) ™.

More generally, if A C G is a model set coming from a cut-and-project
scheme (G, H,T') with a uniform lattice I' < G x H and window W C H
(cf. (2.3)), then

W)
D= (A) = DT (A) = L
) @) vol((G x H)/T)’

where pg denotes Haar measure on H, cf. [28, Theorem 7.2]. In general,
however, approximate lattices need not have coinciding lower and upper
Beurling density, see, e.g., [6, Example 4.15].

ANNALES DE L’INSTITUT FOURIER
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3. Density conditions for coherent systems

This section provides density conditions for various reproducing proper-
ties of coherent systems. Henceforth, it will additionally be assumed that
G is amenable and unimodular.

3.1. Coherent systems

A projective unitary representation of G is a strongly continuous map
7m: G — U(H,) on a Hilbert space H, such that

m(@)w(y) = oz, y)m(zy), w,y €,
where 0: G x G — T is an associated (necessarily measurable) function
called a 2-cocycle. A projective representation 7 is called irreducible if {0}
and H, are the only m(G)-invariant closed subspaces of H.
An irreducible projective unitary representation is called a discrete series
representation if there exists a non-zero g € H, such [, [(g, 7(x)g)|* du(z) <
oo. In that case, there exists d, > 0, called the formal degree of 7, satisfying

(3.1) /G (o) g dule) = d | F12 gl

for all f,g € Hn, see, e.g., [10, 15].
Given g € H, and A C G, we refer to a family of vectors in H, of the
form
m(A)g = (m(A)g)rea
as a coherent system in H,. A coherent system is allowed to contain re-
peating elements.

3.2. The homogeneous approximation property

A coherent system mw(A)g is said to be complete if spanm(A)g = H,.
Using the notation dist(f,S) = infyeg||f — g|| for subsets S C H,, it
follows that completeness of 7(A)g is equivalent to the following: For every
f € H, and every € > 0, there exists a compact unit neighborhood K C G
such that

dist (f, span{r(A\)g: A € ANK}) <e.

The following stronger form of completeness will be central in the argu-
ments of this section. For applications to frames (see Section 3.6), it will
be convenient to consider general systems (gx)aea of vectors gy € H, and
not just coherent systems w(A)g.

TOME 75 (2025), FASCICULE 6
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DEFINITION 3.1. — Let A C G be countable. A family (gx)xea of vec-
tors gy € H, satisfies the homogeneous approximation property (HAP) if
for every f € H, and every ¢ > 0 there exists a compact unit neighborhood
K C G such that

(3.2) dist (7(z)f, span{gr : A€ ANzK}) <e
for all z € G.

The following theorem provides a necessary density condition for systems
satisfying the HAP.

THEOREM 3.2. — Let A C G be locally finite and suppose that (gx)xea
satisfies the homogeneous approximation property (3.2). Then

D=(A) > dy.

Proof. — Let n € H, be a unit vector, let € > 0 and let (K, )nen be a
strong Fglner sequence in G. Since A is locally finite,

Vo =span{gr : A € ANzK,}

is a finite-dimensional subspace of H, for every x € G and n € N.
By assumption, there exists a symmetric compact unit neighborhood
K C G such that, for all y € G,

dist (7(y)n, span{gr : A € ANyK}) < Ve

Note that if y € 2(K,, \ K¢K), then yK C xK,,. Indeed, since x 1y € K,,
but x71y ¢ KSK, it follows that 7'y ¢ K¢k for all k € K, and hence
yk~! € 2K, forall k € K, so that yK C xK,, by symmetry of K. Therefore,

dist (7(y)n, Vi) < dist (7(y)n, span{gr : A € ANyK}) < Ve,

for y € (K, \ KSK). Denote by P the orthogonal projection onto V.
Then

I1Pr()nls, = Ixwnls, — 1T = P)x(ynlz, =1 —e¢.

Integrating this inequality over z(K,, \ KSK) gives

(1= ol \ KO < PRl (o)
z(Kn\K; K)

< /G 1P (y)nllZ.. duly)

by left-invariance of Haar measure.

ANNALES DE L’INSTITUT FOURIER
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For further estimating the right-hand side, let (h;)}¥.; be an orthonormal
basis for V; ,. Then, the orthogonality relations (3.1) for = and the fact
that 7 is of unit norm, yield

N
/G PRl duto) =3 /G (e, () 2 dpa(y)

N
=d;" Y |hall3,
i=1
=d; ' dim V.
Combining the above gives
(1-e)u(K,\K:K) < dytdimV,,, < d7 AN 2K,

and hence

K, \ KiK) < [ANzK,|
p(Kn) h w(In)

As x € G and € > 0 were chosen arbitrary, this shows that

(&
AN zK,| >d N(Kn\KnK)

(1—-¢)d, Al

2o gy T )
Since
n(Kn \ K K) _ PE \ (KK N Ky))
w(Ky) p(EKn)
L, (EEKN K,
1(EKn)
51 w(KEK N K, K) ]
H(Ky)
as n — 0o, it follows that D~ (A) > d, as required. O

The above result is an extension of [1, Theorem 3(2)] for G = R? to arbi-
trary unimodular, amenable groups, and follows the proof outline closely.
See also [26, Theorem 4] and [30, Theorem 1] for related proof techniques.

3.3. Complete systems
The theme of this subsection is the interaction between completeness
and the homogeneous approximation property for coherent systems.

PRrROPOSITION 3.3. — Let A C G be relatively dense and g € H,. Sup-
pose that w(A)g is complete. Then w(A?)g satisfies the homogeneous ap-
proximation property (3.2).

TOME 75 (2025), FASCICULE 6
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Proof. — Since A is relatively dense, there exists a compact set K C G
such that G = AK. Let f € H, and ¢ > 0.

Step 1. — In this step, we show that there exists a compact set K’ such
that

(3.3) dist(m(y) f,spanm(ANK')g) <e forally € K.

By the strong continuity of 7, there exists for each y € K an open neigh-
borhood Uy, C G of y such that |7(y)f — 7(2)f|| < /2 for each z € U,.
Since the sets U, cover K, it follows by compactness that there exist
Y1,---, Yk € K such that K C Uy, U---UU,,.
Since 7(A)g is complete, there exists for each y € K a compact unit
neighborhood K such that
dist(7(y) f,span (AN K} )g) < g
Set K' = Ulgjngg/;j- If y € K, then y € Uy, for some 1 < j < k, and
hence
dist(7(y) f, span (AN K')g) < |7 (y) f — 7 (y;)f|
+ dist(m(y;) f,span 7 (A N K')g)
€ .
<5t dist(m(y;)f, span (A N Ky, )g)
< = + Z= €
2 2
This establishes (3.3).

Step 2. — Let x € G and write z = Ay for some A € A and y € K.
By (3.3), there exist ¢1,...,¢, € Cand A1,..., A\, € AN K’ such that

< €.

m(y)f — Z cim(Ai)g

Applying the unitary operator 7(\) inside the norm yields

m(y)f — Z cim(Ai)g

(A7 (y)f - Z am(A)m(Ai)g

s\ y)m(x)f =D (X A)T(ANi)g]| -
=1

Hence,

<eE.

m(z)f — Z cio (A y)a(N, A)T(AN)g

ANNALES DE L’INSTITUT FOURIER
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Note that A\; € A? and that A\; = 2y~ '\; € £K1K’. Therefore, setting
Ky = K~ 'K’ gives

dist(7(z) f,span 7(A? Nz Kj))) < ¢,

which finishes the proof. O

Proposition 3.3 is an adaption of the proof of [30, Theorem 2] to possibly
non-subgroup index sets. An immediate consequence is the following.

COROLLARY 3.4. — If A is a uniform lattice in G and 7(A)g is com-
plete for g € M., then w(A)g satisfies the homogeneous approximation

property (3.2).

Proof. — Since A is uniform, it is relatively dense. An application of
Proposition 3.3 then gives that w(A?)g satisfies the homogeneous approx-
imation property. Since A is a lattice, we have A2 = A, so the conclusion
follows. O

The following theorem is the main result of this paper. It provides an
extension of the density theorems [4, 32] for complete lattice orbits to ar-
bitrary approximate lattices.

THEOREM 3.5. — Let A C G be a uniform k-approximate lattice. If
there exists g € H, such that w(A)g is complete, then

Proof. — Let F C G be a finite set of cardinality |F| < k such that
A? C AF. Since A is relatively dense and 7(A)g is complete, it follows from
Proposition 3.3 that m(A?)g satisfies the HAP. Since A is an approximate
lattice, A has finite local complexity, so the point set A2 = A=A is locally
finite. Hence, Theorem 3.2 applies, which combined with A2 C AF yields

dr < D7 (A?) < D™ (AF).
Therefore, since |F| < k, it remains to show that D~ (AF) < |F|D~(A).
Let (K,)nen be a strong Folner sequence and let K C G be a compact

symmetric unit neighborhood such that F' C K. Then, for fixed y € F,
r€Gandn €N,

AyNzK,|=|AnzK,y | < |[AN2K, K|

TOME 75 (2025), FASCICULE 6



2306 Ulrik ENSTAD & Jordy Timo VAN VELTHOVEN

Therefore,

_ e Ay Nz K, |
D™(AF) < liminf inf ) | ="
yeF
AN2K, K| WK K
< |F|liminf inf ANz | u )
n—oo €6 (K, K) 1K)
< |FID™(A),

where we in the last equality used that

WKL K) (KK 0Ky + (KK NKS)

1(Kn) p(K)
WK, KNKSK)

1(Kn)

<1+

as n — oo.
In conclusion, the above estimates show that

d. < D~(A%) < D~(AF) < |[F|D™ (),
as required. O

To conclude this subsection, we illustrate the optimality of Theorem 3.5.
Let G = R? and let m be the Schrédinger representation of R? on L?(R),
ie.,

w(z, ) f(t) = ™ f(t —x), (2,€) € G, feL(R).
In [37, Theorem 1], it is shown that:

THEOREM 3.6 ([37]). — Let I' be a lattice in R? with D(I") > 1. For
every € > 0, there exists g € L?>(R) and a subset A C T" such that 7(\)g is
complete in L*(R), D=(A) = 0 and D*(A) < e.

By a slight modification of the example in Theorem 3.6, we show the
following:

PROPOSITION 3.7. — For every € > 0, there exists a uniform approxi-
mate lattice A’ C R? and g € L?(R) such that m(A’)g is complete in L?(R)
and DV (A") < € (so that in particular D~ (A’) < ¢).

Proof. — Let n > 1 be an integer such that 1/n < ¢ and consider the
lattice I' = n™1Z x Z. Since D(I') = n > 1, Theorem 3.6 yields a set
A C T and a vector g € L?(R) such that 7(A)g is complete, D~ (A) = 0
and DT(A) <& = (e —1/n)/2. Set

N =AU (=AU (nZ x Z).
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Then A’ is symmetric, contains the identity, and is a subset of I. Using the
subadditivity of the upper Beurling density, we obtain the following chain
of inequalities:

0< - D™ (nZ x Z) < D~ (A') < DT (M)
n
< DT (A)+ D (=A) + DT (nZ x Z)
1
<2+ - =c.
n

The positivity of D~(A’) is equivalent to the relative density of A’ in G.
Thus, A’ is a uniform approximate lattice by Lemma 2.2. O

3.4. Uniformly minimal systems

A coherent system 7(A)g is called minimal if
m(A)g ¢ span{m(X\)g: A € A\ {A}}

for every A € A. Equivalently, 7(A)g admits a bi-orthogonal system, i.e., a
sequence (hy)xea such that (m(X)g, ha) = 9y n for every A\, X € A.
A stronger property is the following.

DEFINITION 3.8. — The coherent system 7w(A)g is called uniformly min-
imal if there exists § > 0 such that

dist (ﬂ()\)g, span{r(X)g: N € A\ {)\}}) )
for every \ € A.

The uniform minimality of w(A)g is equivalent to the existence of a
bounded bi-orthogonal system, i.e., a bi-orthogonal system (hy)rea such
that supycy [|ha]| < oo, see, e.g., [1, Lemma 6].

LEMMA 3.9. — If w(A)g is uniformly minimal, then A is uniformly dis-
crete.

Proof. — Let 6 > 0 be such that
dist (W()\)g, spam{r(M)g: X' € A\ {A}}) )

for every A € A. By the strong continuity of 7, there exists a unit neigh-
borhood U such that ||7(z)g — m(2')g|| < § whenever 212’ € U. Let V be
a symmetric neighborhood of the identity with V2 C U. Assume towards a
contradiction that there exist distinct A\, \’ € ANz V for some x € G. Then
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(27N "z N) = AN e V2 C U, so ||[7(N\)g — m(\)g|| < 6. But since
N e A\ {A} we also get

Im(\)g = m(\)gll > dist (r(\)g, SPan{r(X)g : N € A\ {A}}) >4,
a contradiction. O

THEOREM 3.10. — Let A C G and suppose that w(A)g is uniformly
minimal for some g € H,. Then

DT (A) < d.

Proof. — Let n € H, be a unit vector and define V,, : H, — L*(G)
by V,f = (f,m(-)n). Fix ¢ > 0 and choose a compact symmetric unit
neighborhood K C G such that

/ Vyg)P duy) < .
G\K

Let (K, )nen be a strong Fglner sequence. For fixed z € G and n € N, let
Vi =span {m(N)g: A€ ANzK,}.

Then, by Lemma 3.9, the space V, , is finite-dimensional since A is uni-
formly discrete (in particular, locally finite). Since 7(A)g is uniformly min-
imal, there exists a bi-orthogonal system (hx)xea in H, satisfying B =
supyep [[hall3,. < oo. If P denotes the orthogonal projection onto Vi,
then (A NzK,)g and (Phy)xeanzk, are bi-orthogonal, since

(m(N)g, Pha) = (m(A)g, ha) = 6xx
for \, N € AN zK,. Therefore, for y € G,

S VarWg W (VaPha)(y) = > (w(Ng, m(y)n)(x(y)n, Phy)

AeAnz K, AeANz K,

_ < Z <7T(y)7],Ph)\>7T()\)g, W(y)77>

AeAnz K,
= (Pr(y)n,m(y)n)
= |[1Px(y)nll3, -
Integrating this identity over z K, K gives

/ (Vo (Ng) () (Vy Pha) () da(y) = / | Pr(nlZ,. duty)
K, K

AEANZ K, rKnK

< WKL K).

ANNALES DE L’INSTITUT FOURIER



COHERENT SYSTEMS OVER APPROXIMATE LATTICES 2309

Note that the orthogonality relations (3.1) yield

L(VUW(A)Q)(y)(VnPhA)(y) du(y) = dz " (n,n)(w(A)g, Phy) = d "

This, together with an application of the triangle inequality, gives

2 di

AeANz K,

| 2 [ G PRI au)

S [ O 0T PR i

< pu(KnK) +
AeAnz K,

)

/ (Vo (Ng) ) (VyPha) () dua(y)
G\zK, K

which implies that

(34) d'[ANzK,[ - >

/ (Vo (Ng) () (Vo Pha) () dua(y)
AeANzK, [/ G\TEnK

< WKL K).

Since ||V, Phy||7. = d;*||Phall7, < d;'B, each summand on the left-hand
side can be estimated using Cauchy—Schwarz inequality as

(3.5)

[ g TP @ da()
G\zK, K

< HVnPh/\HLZ (/
G\zK, K

n

1/2
<d;2B ( / Vyg(y)P? dﬂ(.ﬂ))
G\\"1zK, K

1/2
<d;'/?B'? (/ IVng(y)2du(y)>
G\K

< d;1/231/25,

1/2
Vag(A 'y du(y)>
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where the penultimate inequality used that G \ A"'2K,K C G\ K as
A € zK,,. Combining inequalities (3.4) and (3.5) gives
[ ANzKy| d-1/21/2, [ANzKn| < H(KnK) _

1K) " 1K) 1K)
As in the proof of Theorem 3.5, it follows that u(K,K)/u(K,) — 1 as
n — 00, and hence

dr

(1 —dY2BY2)D*(A) < d.
Since € > 0 was chosen arbitrary, this completes the proof. O

The proof of the previous theorem follows the corresponding proofs in [1,
25] closely, while extending it to possibly exponential growth groups.

3.5. Minimal systems

LEMMA 3.11. — If A C G is a symmetric discrete set and 7(A?)g is
minimal, then w(A)g is uniformly minimal.

Proof. — Since 7(A?%)g is minimal, there exists h € H, such that one has
(m(A\)g, h) = 6x. for X € A% Let A\, g € A. Since \;'A\; € A™TA = A2, a
direct calculation gives

(m(A)g, m(A2)h) = o (A2, (A2) Do ((A2) ™1, A )(m((A2) "' Aa)g, h)
= U()‘Q’ ()‘2)_1)0((/\2)_17 /\1) 5>\2,)\1'
Hence, <7r()\1)g,7r()\2)h> =0 for A\; # Ag. If Ay = Ao, then

a(A2, (A2) "D ((A2)7H A1) = 0 (A2, (A2) "o (Ae, (A2) 1) = 1,
so that (m(A\)g,m(A2)h) = 1. This shows that m(A)g and m(A)h are bi-

orthogonal, which implies that 7(A)g is uniformly minimal. O

THEOREM 3.12. — Let A C G be a uniform k-approximate lattice. If

7(A?%)g is minimal, then
DT (A?) < drk.
In particular, if A < G is a uniform lattice, then DV (A) < d.

Proof. — If w(A?)g is minimal, then m(A)g is uniformly minimal by
Lemma 3.11. Hence, an application of Theorem 3.10 implies that D*(A) <
d,. If F C G is a finite set of cardinality |F| < k satisfying A2 C FA, then
the subadditivity of the upper Beurling density gives

DY (A?) < |FIDT(A) < dyk,
which is the desired result. O
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3.6. Frames and Riesz sequences

A coherent system 7(A)g is a frame for H, if there exist A, B > 0 such
that

(3.6) AlfI3, < oKL < BIfI3,.  f € Ha
AEA

Equivalently, the frame operator S = >, (-, 7(A)g)m(\)g is bounded and
invertible on . If 7(A)g is a frame, then S~17(A)g is also a frame for H,,
the so-called canonical dual frame. Clearly, any frame for H, is complete
in Hy.

Dual to the notion of a frame, a coherent system 7(A)g is called a Riesz
sequence in H, if there exist A, B > 0 such that

YNy

AEA

2
37 Ak < <Blel%, e (M),

Hr

A Riesz sequence 7(A)g is a frame for its span, and its canonical dual frame
in spanm(A)g is bi-orthogonal to 7w(A)g. In particular, any Riesz sequence
is uniformly minimal.

A coherent system 7(A)g satisfying the upper bound in (3.6) (equiva-
lently, in (3.7)) is called a Bessel sequence. In this case, the index set A
satisfies sup,cq [A Nz K| < oo for some (all) compact unit neighborhoods
K C G with non-empty interior. In particular, A must be locally finite.

In order to obtain necessary density conditions for frames (resp. Riesz
sequences) w(A)g from Theorem 3.2 (resp. Theorem 3.10), it remains to
show that a frame satisfies the homogeneous approximation property. For
this, define, for a fixed relatively compact unit neighborhood @ C G, the
collection

(3.8) B2 = {g € Hr: | sup |(f,7(zy)g)|* du(z) < 0o, Vf € HW}.
GyeQ

Then B2 is dense in H, and independent of the choice of defining neigh-
borhood; cf. [18].

PROPOSITION 3.13 ([18]). — Suppose that g € B2 and that m(A)g is
a frame with canonical dual frame (hy)xepn. Then (hy)xea satisfies the
homogeneous approximation property.
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THEOREM 3.14. — Let A C G be discrete. The following assertions
hold:

(i) If g € B2 and w(A)g is a frame for H,, then D~ (A) > d.
(ii) If g € H, and w(A)g is a Riesz sequence in H,, then DT (A) < d.

Proof.

(i). — If 7(A)g is a frame, then A is locally finite. Since g € B2, the
canonical dual frame (hy)rea of m(A)g satisfies the homogeneous approx-
imation property by Proposition 3.13. Applying Theorem 3.2 to (hy)xea
yields D~ (A) > d.

(ii). — If w(A)g is a Riesz sequence, then it is automatically uniformly
minimal, and hence D" (A) < d by Theorem 3.10. O

Theorem 3.14 gives a new proof of the main result of [12] for amenable
unimodular groups.

4. Examples

This section provides two examples that illustrate the applicability of
the main theorems.

The first example provides a group in which Theorem 1.1 applies, but
where the density theorems [4, 11, 31] for complete lattice orbits do not as
the group does not admit a lattice.

Example 4.1 (Abelian group without a lattice). — For a prime number
p, define the additive subgroup Z[1/p] = {q/p* : ¢ € Z,k € N} of Q. Let
Qp denote the field of p-adic numbers, which is the completion of @ in the
p-adic norm | - |,. Identifying Z[1/p| as a subset of @, x R using the map
q — (q,q), the set Z[1/p] forms a lattice in Q, x R. For this, note that the
compact identity neighborhood C = {(z,y) € Q, x R: |z|, < 1, |y| < 1/2}
satisfies CNZ[1/p] = {(0,0)} and C+Z[1/p] = Q, xR. Since Z[1/p] projects
injectively and densely to either factor, it follows that, for any compact
symmetric neighborhood W of the identity of R, the corresponding model
set

A = po, (Z[1/p] N (Qp x W))

is an approximate lattice in Q; see Example 2.3. On the other hand, the
group @, contains no discrete subgroups besides the trivial subgroup; in
particular, it does not admit lattices.
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The product group G = Qg similarly contains approximate lattices, but

no lattices. Since QZ =2 Qp x @,, where @, denotes the Pontryagin dual of
Qp, the projective representation m of G on L?(Q,) given by

7(x,w) f(t) = wt)f(t — z), (z,w) €Q, x Qp, f € L2(Q,),

gives an example of a projective discrete series representation of G; see [17].

The second example provides a group where Theorem 3.14 is applicable,
but not the density conditions of [14, 25] as the group has exponential
growth. The example is taken from [33].

Example 4.2 (Solvable Lie group with exponential growth). — Let s =
R-span{Xj,..., X5} be the Lie algebra with

(X1, Xo] = X3, [X5,X1]=X1, [X5Xo]=—-Xo, [X5 Xy]=Xs.

Then s is completely solvable, but not nilpotent. Its center is 3 = RXj.
The simply connected Lie group S with Lie algebra s is unimodular and
admits irreducible, square-integrable representations modulo Z = exp(3).
See, e.g., [33, Section 4.13] for details.

The quotient group G := S/Z admits the projective discrete series repre-
sentation 7 := po s, where p is any irreducible, square-integrable represen-
tation (modulo Z) of S and s : G — S a Borel cross-section. Since G is an
exponential solvable Lie group, its Lie algebra g has the property that, for
every Y € g, the adjoint representation ad(Y’) on g has no non-zero purely
imaginary eigenvalues. As g is non-nilpotent, there exists Y € g such that
ad(Y’) has a non-zero non-purely imaginary eigenvalue, and thus G must
have exponential growth by [20, Theorem 1.4].
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