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ATTRACTOR INVARIANTS, BRANE TILINGS
AND CRYSTALS

by Sergey MOZGOVOY & Boris PIOLINE

ABSTRACT. — Supersymmetric D-brane bound states on a Calabi—Yau threefold
X are counted by generalized Donaldson-Thomas invariants Qz(v), depending on
a Chern character (or electromagnetic charge) v € H*(X) and a stability condi-
tion (or central charge) Z. Attractor invariants Q. (7y) are special instances of DT
invariants, where Z is the attractor stability condition Z- (a generic perturbation
of self-stability), from which DT invariants for any other stability condition can be
deduced. While difficult to compute in general, these invariants become tractable
when X is a crepant resolution of a singular toric Calabi—Yau threefold associated
to a brane tiling, and hence to a quiver with potential. We survey some known
results and conjectures about framed and unframed refined DT invariants in this
context, and compute attractor invariants explicitly for a variety of toric Calabi—
Yau threefolds, in particular when X is the total space of the canonical bundle
of a smooth projective surface, or when X is a crepant resolution of C3/G. We
check that in all these cases, Q. (y) = 0 unless v is the dimension vector of a sim-
ple representation or belongs to the kernel of the skew-symmetrized Euler form.
Based on computations in small dimensions, we predict the values of all attractor
invariants, thus potentially solving the problem of counting DT invariants of these
threefolds in all stability chambers. We also compute the non-commutative refined
DT invariants and verify that they agree with the counting of molten crystals in
the unrefined limit.

RESUME. — Les états liés supersymétriques de D-branes sur une variété de
Calabi-Yau X tridimensionnelle sont comptés par les invariants de Donaldson-
Thomas généralisés Qz(y). Ceux-ci dépendent du caractére de Chern (ou charge
électromagnétique) v € H*(X) et d’une condition de stabilité (ou charge centrale)
Z. Ces invariants DT se déduisent des invariants d’attracteur Q«(7), un cas par-
ticulier d’invariant DT ot Z = Z est une perturbation générique de la condition
d’auto-stabilité. Difficiles a calculer en général, ces invariants deviennent tractables
dans le cas ou X est une résolution crépante d’une variété de Calabi-Yau torique
singuliére, associée & un pavage périodique, et ainsi & un carquois avec potentiel.
Nous passons en revue des résultats connus et des conjectures sur les invariants
DT raffinés, encadrés ou non, et calculons explicitement les invariants d’attracteur
pour une classe de variétés Calabi-Yau qui inclut I’espace total du fibré canonique
sur une surface projective torique réguliére, et la résolution crépante des quotients
C3/G. Dans tous ces cas, nous vérifions que Q4 (y) = 0 pour tous les vecteurs v &
I’exception de ceux associés a une représentation simple du carquois et ceux dans le
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2 S. Mozgovoy & B. Pioline

noyau de la forme d’Euler antisymétrisée. Sur la base de calculs explicites en dimen-
sion basse, nous conjecturons la valeur de tous les invariants d’attracteur, donnant
ainsi une solution au probléme du calcul des invariants DT pour toute condition de
stabilité. Nous calculons également les invariants DT raffinés non-commutatifs et
vérifions l'accord avec le comptage des cristaux fondus dans la limite non-raffinée.

1. Introduction and summary

Elucidating the microscopic origin of the entropy of black holes is a key
objective of any putative theory of quantum gravity. String theory reached
this milestone about 25 years ago, with the first quantitative description of
the micro-states of BPS black holes (those black holes preserving a fraction
of the supersymmetry of the vacuum), as supersymmetric bound states of
D-branes wrapped around various cycles of the internal Calabi-Yau (CY)
three-fold X [106]. The indices counting (with sign) BPS bound states of
arbitrary D-brane charge v € H*(X) were soon determined exactly for X =
T6, X = K3 x T? or orbifolds thereof preserving at least 16 supercharges
(see e.g. [104] for a review). Despite some early successes, determining the
exact BPS indices for a genuine CY3-fold with SU(3) holonomy, hence
preserving 8 supercharges, is still an open problem, except for very special
charges . Our goal in this article is to review recent progress in the case of
non-compact threefolds, and provide some support for recent conjectures
on the BPS indices for local Fano surfaces in the so-called “attractor” or
“self-stability” chamber [16].

Mathematically, this physics problem amounts to computing the gener-
alized Donaldson-Thomas (DT) invariants Qz(v) for arbitrary v € H*(X)
and central charge Z € S(X) in the space of Bridgeland stability condi-
tions (or rather, its poorly understood subspace M(X) C S(X) spanned
by string theory moduli) [8, 24, 38, 70]. Informally, Qz(7) is the weighted
Euler characteristic of the moduli space of semistable objects with Chern
character +y in the bounded derived category of coherent sheaves D®(coh X).
It is notoriously hard to calculate in general, except when ~ describes a
rank-one coherent sheaf on X (a D6-brane in physics parlance) and Z is
the large volume central charge, in which case Qz() reduces to the usual
Donaldson—Thomas invariant [108], computable from the Gromov—Witten
invariants of X' [86]. Furthermore, physicists are often not content know-
ing Qz(y), but would also like to know its refined (or motivic) version
Qz(v,y), which counts BPS states weighted by their angular momentum in
3 dimensions [37, 51]. The latter is known for the Hilbert scheme of n points
(corresponding to bound states of a single D6-brane with n D0-branes) on
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ATTRACTOR INVARIANTS, BRANE TILINGS AND CRYSTALS 3

an arbitrary X [18], but hard to define for general compact CY3-folds and
D-brane charges [71].

For a large class of non-compact CY3-folds X, the derived category
D?(coh X) of (compactly supported) coherent sheaves becomes more tract—
able, being equivalent to the derived category D?(Q, W) of representations
for a certain quiver with potential (Q, W), with vertices corresponding to
the direct summands of a tilting object on X" (or in physics parlance, a set of
“fractional branes”). When X is toric (i.e. has a (C*)3-action), (Q, W) can
be more directly obtained from a brane tiling [49, 57, 97]. It is convenient
to associate to Z a vector of stability parameters 6, known in physics as
Fayet—Tliopoulos (FI) parameters. The DT invariants Qg (y) = Qz(7), along
with their refined version Qg (7, y) = Qz(7,y), can in principle be computed
using representation theory techniques, but the presence of a potential W
(called superpotential by physicists) greatly complicates the matter. The
framing induced by the presence of a non-compact D-brane (e.g. a D6-brane
wrapped on X) can be used to overcome these difficulties [107].

In general, the generalized DT invariant Qg(7) or its refined version de-
pend sensitively on the stability parameter @, their jumps across walls of
marginal stability in S(X) being governed by a universal wall-crossing for-
mula [66, 71]. A notable exception is the case of small crepant resolutions
(sometimes known as “local curves”), where the (unframed) quiver is sym-
metric and the skew-symmetrized Euler form (—, —) (defined in (3.2) be-
low, and also known as the Dirac-Schwinger—Zwanziger pairing) vanishes,
so that DT invariants are independent of 6 (indeed, they count D2-D0
brane bound states, which are generally free from wall-crossing and equal
to Gopakumar—Vafa invariants). The framed indices counting D6-D2-D0
branes do depend on the stability parameters (6, 0,), where 6, is the FI
parameter for the framing vertex, but they vanish in a particular cham-
ber and can be deduced elsewhere by the semi-primitive wall-crossing for-
mula [35, 37, 94], a special case of [71]. In the non-commutative (NC)
chamber, obtained by crossing through all the walls associated to D2-D0
bound states (see e.g. Figure 5.2 for the resolved conifold), they have a sim-
ple combinatorial interpretation as counting “molten crystals” in a certain
“classical crystal” associated to the brane tiling [2, 43, 63, 97, 100, 101, 107],
or equivalently, dimer configurations on the brane tiling itself [97]. In the
large volume chamber, obtained by crossing only those rays with negative
DO-brane charge, they instead reproduce the usual DT invariants computed
by the (refined) topological vertex [1, 62]. Motivic DT invariants for small
crepant resolutions have been computed for arbitrary charge and stability
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4 S. Mozgovoy & B. Pioline

condition in a series of mathematical works [18, 89, 90, 93, 98], as we shall
review below.

In contrast, for non-compact CY3-folds admitting compact divisors, such
as the total space of the canonical bundle Kg of a complex projective sur-
face S (sometimes called “local surface”), the unframed quiver is not sym-
metric, and the unframed indices Qg(y) counting D4-D2-D0 bound states
have a complicated dependence on the stability parameter . One math-
ematically natural stability condition is the “trivial stability”, where any
quiver representation is considered to be semistable, but the corresponding
moduli space is badly singular and its physical interpretation obscure. An-
other natural stability condition for the framed quiver is the NC chamber,
where unrefined invariants can be computed by counting molten crystal or
dimer configurations, just as for small crepant resolutions. Unfortunately,
computing the refined invariants in this approach appears to be difficult.

Physics instead suggests a stability condition Z, known as the “attractor
point”, which corresponds to the string moduli reached at the horizon of
a spherically symmetric black hole with charge ~ [47]. Tts key feature is
that, in a neighborhood of Z, in M(X), only single-centered black holes
(and potentially, special multi-centered configurations known as “scaling
solutions” [19]) contribute to the index. Mathematically, Z, corresponds to
a generic perturbation 6. of the self-stability parameter (—,~) for quiver
representations [5, 16, 25]. Following [16], we define the attractor invariants
(or attractor indices) as Q. (7,y) = Qg (7, ). These attractor invariants are
closely related to the notion of initial data in the theory of wall-crossing
structures and scattering diagrams [25, 56, 73], which we use to show that
Q0. (7, y) is independent of the choice of perturbation. Provided the attrac-
tor indices (7, y) can be determined for all dimension vectors «, then the
DT invariants Qg(7,y), for any stability parameter 8, can be computed by
applying the wall-crossing formula repeatedly, or more efficiently by using
the attractor flow tree formula [5, 34, 78].

In [16], based on the study of D4-D2-D0 indices on Kg and their rela-
tion to Vafa—Witten invariants of the surface S, it was conjectured that
the attractor indices ,(y,y) for quivers (@, W) associated to local Fano
surfaces have a very simple structure:

CONJECTURE 1.1. — Q4 (7, y) vanishes unless vy is associated to a simple
representation of Q, or v lies in the kernel of the skew-symmetrized Euler
form, that is (y,—) = 0;
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CONJECTURE 1.2. — If v is not associated to a simple representation
of Q, then Q,(v,y) vanishes unless v is a multiple of the dimension vector
0=(1,1,...,1) associated to a single DO-brane.

Note that Conjecture 1.2 is stronger than Conjecture 1.1, since (—, —)
has rank 2 for local surfaces and therefore has a large kernel, including
the special vector §. Both conjectures were supported by an analysis of the
expected dimension of the moduli space of quiver representations in the
attractor chamber, and by the fact that the indices Qy(y,y) in suitable
chambers agree with known results for Vafa—Witten invariants on Fano
surfaces. If correct, these conjectures open a path to compute refined in-
variants in any chamber, in particular framed DT invariants in the NC
chamber.

In this work, after reviewing the results quoted above in more detail, we
shall provide additional support for Conjecture 1.1, and refine it as follows:

(i) For X = Kg with S one of the toric Fano surfaces P2, Fy,dPy, dPs,
we compute the attractor indices 2. (7, y) rigorously, for low values
of 7v. Our method is to first evaluate DT invariants for trivial stabil-
ity, by extending the “double dimensional reduction” method of [89],
and then to apply the Joyce—Reineke formula to reach the attractor
point; we find that both Conjectures 1.1 and 1.2 are corroborated.
The same holds for some cases with more than one compact divisor,
such as Y32 and a crepant resolution of C?/Zs.

(ii) More generally, for almost Fano surfaces such as Fy or PdP,, or for
crepant resolutions of the orbifold C3/Z,, where Z, acts by

k —k—l)

1 +— diag(w,w",w = 2mi/7,

, w
for some 0 < k < r/2, we find that Conjecture 1.1 is corroborated,
while Conjecture 1.2 fails when the quiver has cycles which do not
pass through all the vertices.

(iii) In all considered cases, we find that the invariant Qg(nd,y) corre-
sponding to n DO-branes is independent of a stability parameter
0 (provided the latter is generic) and of the integer n > 1, and is
given by

(1.1) Q. (nd,y) = Qo(nd,y) = —(y° + (i +b—3)y +iy™ "),

where ¢ and b are the numbers of internal and boundary lattice
points in the toric diagram of X. Comparing with the virtual
Poincaré polynomial P(X;y), defined for any algebraic variety in
Section 2.5 and computed for any toric CY3-fold in Lemma 4.2, we
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6 S. Mozgovoy & B. Pioline

see that (1.1) agrees with the motivic invariant (—y) =2 P(X;y). This
statement can be deduced from the results of [18] on the Hilbert
scheme of n points on X' (see Remark 5.2). For other dimension vec-
tors =y such that (v, —) = 0, corresponding to D2-D0 brane bound
states wrapped on an exceptional curve, the index turns out to be
either 0 or —y.

(iv) We verify these results by computing the framed DT invariants in
the NC chamber using the attractor tree formula (or the Joyce—
Reineke wall-crossing formula), and comparing against the unre-
fined DT invariants obtained by counting molten crystals

While we are not able to prove these conjectures yet, we note that for
X = Kp2, the vanishing of attractor invariants for dimension vectors outside
the kernel of (—, —) is closely related to the scattering diagram construction
in [23]. We also note that some of the invariants above have been computed
independently using exponential network techniques [13, 14, 15], and agree
with our results in the unrefined limit.

From the physics viewpoint, we find it remarkable that the full BPS
spectrum of D4-D2-D0 bound states along with their framed analogues can
be reconstructed from such simple data. In particular, it shows that all such
BPS states behave similarly to multi-centered black hole bound states, even
though gravity is decoupled and none of the constituents carries enough
entropy to form a black hole. An interesting question is to further separate
the attractor index €, (7) into a single-centered invariant Qg (v) (also known
as pure Higgs index) from additional contributions from “multi-centered
scaling solutions” [19, 75, 79]. A preliminary analysis using the Coulomb
branch formula (see [84] and references therein) suggests that for DO-branes
on X,

(1.2) Qs(nd,y) = Qu(nd,y) +i(y + 1/y) = —y*> — (b—3)y

which depends only on the number b of boundary points in the toric di-
agram. Note that ¢ = 0 for small crepant resolutions, where Qg(7y,y) and
Q. (7, y) necessarily coincide for any - due to the vanishing of (—, —).
Finally, we note that for most dimension vectors, the motivic DT in-
variants fail to be invariant under y — 1/y. This failure can be traced
to the DO-brane invariants Q4 (nd,y) in (1.1) (and D2-D0 branes on ex-
ceptional curves when applicable), and is a consequence of the fact that
Poincaré duality does not hold for cohomology with compact support on a
non-compact algebraic variety. Physically, the relevant index should count
L?-normalizable bound states, and therefore the L?-cohomology of X and
related quiver moduli spaces [105, 110]. It is natural to speculate that this
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count can be obtained by retaining the common terms in Qy(y,y) and
Qg(v,1/y) as argued in [42, 76]. If so, it would follow from (1.2) that the
L2-analogue of Qgs(nd,y) vanishes, and that the L2-analogue of Q,(nd,y)
equals —i(y + 1/y), where ¢ is the rank of the gauge group in M-theory
compactified on X, as suggested in [42, §5.1]. The independence on n is of
course the basic property which allows to view D0-branes as Kaluza—Klein
gravitons in M-theory [109].

The remainder of this article is organized as follows. In Section 2 we recall
basic definitions and properties of DT invariants for quivers with relations,
and the relation between framed and unframed invariants for symmetric
quivers. In Section 3 we extend these relations to non-symmetric quivers
using wall-crossing formulae, introduce the notion of attractor invariants,
and present one version of the attractor tree formula. In Section 4 we review
the relation between brane tilings and quivers with potential for singular
CY 3-folds, and the relation between molten crystals and non-commutative
DT invariants. In Section 5 we survey some known results about motivic
DT invariants for small crepant resolutions, i.e. toric CY 3-folds without
compact divisors. Finally, in Section 6 we present a method for computing
motivic DT invariants for local toric CY 3-folds with compact divisors, and
apply it to compute attractor indices in a variety of examples, collecting
evidence for the conjectures mentioned earlier.

Acknowledgments
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Beaujard, Pierrick Bousseau, Pierre Descombes, Sebastian Franco, Yang-
Hui He, Pietro Longhi, Jan Manschot, Markus Reineke, Olivier Schiffmann,
Piljin Yi for useful discussions.

2. Invariants of quivers with potentials

In this section we review basic facts about representations of quivers with
potential, and the relations between framed and unframed, numerical and
motivic Donaldson-Thomas invariants.

2.1. Jacobian algebras of quivers with potentials

Let Q = (Qo,Q1,s,t) be a quiver with the set of vertices @, the set
of arrows @1, and with s: @1 — Qg and t: @1 — @y being the source
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8 S. Mozgovoy & B. Pioline

and target of the arrows. The paths in ) form a basis of the path algebra
CQ, with the composition defined by concatenation of paths. We define the
source and target of a path p = a,, ... a; to be s(a1) and t(a,,), respectively.
The path p is called a cycle if t(p) = s(p). We define the (cyclic) derivative
of p with respect to a € Q1 to be

0
(21) £ = Z Ai41...0p01 ... A5—1.

a;=a

A quiver with potential is a pair (Q, W), where W is a linear combination
of cycles in ). We denote by @2 the set of cycles contributing to W. We
define the derivative %—‘f of W with respect to a € @1 by linearity. Define

the Jacobian algebra
J=J(Q,W)=CQ/(0W/0a:a€ Q).

Example 2.1. — Let (Q, W) be the quiver with one vertex, 3 loops z, y, z,
and potential W = xyz — xzy:

X
Yy z
Then
(2.2) %—zf =zy —yz = [z,Y]

and similarly for other derivatives. The path algebra CQ is the free algebra
C (z,y, z) having non-commuting generators x,y, z, while the Jacobian al-
gebra J(Q, W) is the polynomial algebra C[z, y, z]. Note that this algebra is
the coordinate ring of the CY3-fold C3. Usually our Jacobian algebras will
be non-commutative, although they will still correspond to some CY3-fold.

Define a cut of (Q, W) to be a subset I C @7 such that every nonzero
term of W contains exactly one arrow from I. Given a cut, we define a
“partial” Jacobian algebra

(2.3)  Jr=J1(QW)=CQ'/(0W/da:a€I),  Q =(Qo,Q:1\]).
There is a natural monomorphism and a natural epimorphism of algebras
(2.4) it Jp — J, p:J —»J;

such that pi = 1.

ANNALES DE L’INSTITUT FOURIER
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Example 2.2. — Let (Q, W) be as in Example 2.1 and let I = {z}. Then
J = Clz,y,2] and J; = C[z,y]. The monomorphism i: J; = Clz,y] —
J = Cl[z,y, 2] corresponds to the projection C* — C2, (z,y,2) + (z,%)
and the epimorphism p: J — J; corresponds to the inclusion C2 — C3,
(@,y) = (x,y,0).

2.2. Stability conditions

A Q-representation is a tuple ((M;)icqy, (Ma)acq,) such that M; is a
finite-dimensional vector space for i € Qo and M,: M; — M; is a linear
map for all arrows a: i — j in Q. Given a representation M of @, we define
its dimension vector

(2.5) dim M = (dim M,);cq, € N9, N = Zs.
Define a stability function (or a central charge) to be a linear map
(2.6) Z:7% —C

such that, for all canonical basis vectors e; € N@o,

(2.7) Z(e;) € H={re™|r>0,¢€ (0,1} Vi€ Q.

We will often write Z(M) = Z(dim M) for a representation M. For any
0 # z € C, let Argz be the unique ¢ € (—m, 7] such that z € Rygel®. For
any nonzero representation M, define its phase to be

(2.8) o(M) = % ArgZ(M) € (0,1].

A representation M is called Z-semistable if, for any subrepresentation
0# N C M, we have

(2.9) P(N) < ¢(M).

Remark 2.3. — Let us relate the above definition of a stability function to
the notion of a stability condition on a triangulated category [24]. A Bridge-
land stability condition on a triangulated category D is a pair z = (Z, A),
where A is the heart of a bounded t¢-structure on D (the correspond-
ing t-structure DS® C D is uniquely determined by A as the extension-
closed subcategory generated by A[n] for n > 0) and Z: K(A) — C is
a linear map such that Z(F) € H for all 0 # F € A and Z satisfies
the Harder—Narasimhan (HN) property [24]. In our earlier discussion the
required abelian category is the category of representations A = Rep @
(and D = D®(A)). The required linear map is the composition K (.A) dim
7% 5 C.
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10 S. Mozgovoy & B. Pioline

We can formulate the above semistability condition using slopes as fol-
lows. Let us decompose
(2.10) Z=—0+ip, 0,p: 29° — R.
where 6, p are real-valued linear forms. As before, we will write (M) =
0(dim M), p(M) = p(dim M). For any non-zero representation M, define
its slope
(M) ReZ(M)

(2.11) M(M):p(M) :_ImZ(M) € (—00, 400].

Then
(2.12) B(N) < 6(M) <= u(N) < p(M)

and we can use the latter condition to test semistability. We can change the
stability function without changing the stability condition by considering

(2.13) Z’=Z—cp=—(0+cp) +ip, ceR.

In particular, assume that we have a representation M with p(M) # 0.
Then ¢ =0 — ) ) p satisfies ' (M (M) = 0. Therefore M is semistable if and
only if, for any subreprebentatlon N C M, we have 6/(N) < 0. The elements
6 € Hom(Z9,R) ~ R?° are sometimes called Fayet-Iliopoulos parameters
or weights (note that Z@° can be interpreted as the root lattice of the root
system associated with Q). A representation M is called #-semistable if
O(M) = 0 and, for any subrepresentation N C M, we have

(2.14) 6(N) < 0.

We similarly define #-semistable representations of the Jacobian algebra.
Note that the condition of #-semistability becomes trivial for § = 0.

2.3. Moduli spaces of representations

Given d € N?° define the space of representations

(2.15) R(Q,d) = €D Hom(C%,C%).
ai—g

It is equipped with an action of the group G4 = [], GLq4,(C) (in physics,
the complexified gauge group) so that the orbits correspond to isomorphism
classes of representations having dimension vector d.

Let R(J,d) C R(Q,d) be the closed subvariety of representations of the
Jacobian algebra J = J(Q, W), i.e. of representations satisfying OW/0a = 0
for all @ € Q1. This subvariety is also equipped with an action of the group
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Gg4. We can interpret R(J,d) as a critical locus of a map on R(Q,d) as
follows. For any representation M € R(Q,d) and any cycle p = a,, ... a1,
define

(2.16) tr(p|M) = tr(M,,, ... Mg,)
and define tr(W|M) by linearity.

LEMMA 2.4 (See e.g. [103]). — Consider the map
(2.17) wg = tr(W]—): R(Q,d) — C, M — tr(W|M).
Then R(J,d) = crit wq.

For any weight # € R?0 such that 6 - d = 0, let
(2.18) R%(Q,d) c R(Q,d),  R°(J,d) C R(J,d)
be open subsets of #-semistable representations. We consider moduli spaces
(2.19) M%Q,d) = R°(Q,d) )Gy,  M?(J,d) = R%(J,d) )G,
where // denotes the good quotient [61, §4.2], and moduli stacks
(220)  MYQ,d) = [R(Q,d)/Ga),  M°(J,d) = [R°(],d)/G)-
For § = 0 (trivial stability), we have R(J,d) = R°(J,d) and we define
(2.21) M(J,d) = M°(J,d),  M(J,d) = M°(J,d).

Similarly, we define R%(J,d), M*(J,d) and MZ(J,d), for any stability func-
tion Z using #-semistability for 6 given by the decomposition (2.10).

2.4. NCDT and other numerical framed invariants

Given a vector f € N?¢ (which we will call a framing vector), define a
framed representation of () to be a representation M of @) equipped with
an element

(2.22) s € @ Hom(C", M;) ~Hom (P, M),  P= P P>",
1€Qo i€Qo

where P; is the indecomposable projective representation corresponding to
a vertex ¢ € QQg. We can interpret a framed representation as a represen-
tation of a different quiver as follows. Define a quiver @, called a framed
quiver, to be a quiver obtained from @ by adding one vertex labelled by
oo and f; arrows oo — 14, for all i € QQg. Then a framed representation of
Q can be identified with a representation Mf = (M, M, s) of Qf such
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12 S. Mozgovoy & B. Pioline

that dim M., = 1. Physically, the framing vertex corresponds to an infin-
itely heavy source, also known as defect, as we discuss in Section 4.2. This
motivates the label oo for the framing vertex.

For any dimension vector d € N%°, let df = (d,1) € N@. Define the
space of framed representations

(2.23) RY(Q,d) = @ Hom(C",C*) & R(Q,d) = R(Q",d").
1€Q0

Similarly, define Jf = J(Qf, W) and

(2.24) R'(J,d) = @ Hom(C",C*) @ R(J,d) = R(J", d").
1€Q0

A framed representation M having dimension vector df = (d, 1) is called
NC-stable (where NC stands for “non-commutative”) if it is generated by
M. This means that for any subrepresentation N C M with N, # 0,
we have N = M. This stability corresponds to the weights

(2.25) o' =(6,-6-d), 0eR,

of the framed quiver, satisfying 67 (d, 1) = 0. For convenience, let us choose
a specific vector in this chamber

(2.26) 0%c=(=0,6-d), d=(1,...,1) €29,
Let
(2.27) RPNC(J, d) = R%e (Jf,d) C Rf(J,d)

denote the subspace of NC-stable framed representations and
(2.28) MPNC(J d) = R"NC(J,d)/Gq

be the corresponding moduli space (a geometric quotient). Then we define
the partition function of numerical NCDT invariants, or unrefined NCDT
partition function, as the formal sum

(2.29) Zinc(x) = Y e(M"NC(J,d),v)a",
deNQo

where ¢ = [Licq, 2% and e(X,v) = >wez ke(v1(k)) is the weighted
Euler number of X, with v: X — Z the Behrend function [17]. We will
discuss later more explicit formulas for this expression. Note that if X is
smooth, then e(X,v) = (—1)4mX¢(X). Usually we will consider the basic
framings f = e; for i € Qg, and then denote Z¢ nc by Z; nc.

More generally, for any weight § € R90, consider the weight
(2.30) 0F = (0,—0-d)
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of the framed quiver. It satisfies 6 - (d,1) = 0. A framed representation
M having dimension vector (d,1) is #f-semistable if and only if for any
unframed subobject N C M we have §(N) < 0 and for any unframed
quotient Mf — N, we have (N) > 0.

Let us assume that 6 - d’ # 0 for all 0 < d’ < d, so that the inequalities
above are strict. Under this assumption the action of G4 on RHY(J,d) =
Ref(J‘c7 d") is free and we define the moduli space

(2.31) MY (J,d) = R"(J,d)/Gyq

and the partition function of framed numerical DT invariants (assuming
that 6 - d # 0 for all d # 0)

(2.32) Zeo(x) = Y e(M™(J,d),v)z".
deNRo

As before, we denote Z,, ¢ for the basic framings by Z; 4.

Example 2.5. — Let @) be a quiver with one vertex and no loops. The
potential is necessarily trivial. Consider a framing vector f € N. For any
d € N, the space of framed stable representations RFNC(.J,d) = RFNC(Q, d)
is given by the set of epimorphisms s: Cf — C? which is empty unless
d < f. Taking the quotient by Gy = GL4(C), we obtain for d < f the
Grassmannian

(2.33) MPNC(J, d) = Gr(f, d).

Its dimension is equal to d(f — d) and its Euler number is the binomial
coefficient (;) Therefore

(2.34) Zsno(z) = (=1)ft <;> 2= (1 - (-Df2)".

deN

2.5. Refined unframed invariants

In this section we will define refined invariants of the stacks M(J,d) of
representations of the Jacobian algebra J = J(Q, W). As we will see in the
next section, these invariants can be used to compute framed numerical
invariants defined in (2.29) and (2.32).

For any algebraic variety X, let P(X;y) denote its virtual Poincaré poly-
nomial (sometimes we will denote it by [X], the motivic class of X). It is
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14 S. Mozgovoy & B. Pioline

additive with respect to complements and, for a smooth projective vari-
ety X, equals

(2.35) P(X;y) =) dim H'(X,Q) (-y)".
>0

In that case the Laurent polynomial (—y)~ 4™ X P(X:y) is symmetric un-
der y — 1/y, and can be interpreted as a character of the SU(2)-Lefschetz
action on H*(X,C); if X is the moduli space of some D-brane bound state
localized in R3, then the Lefschetz action realizes the rotations in R3. If X
is non-projective (but has pure Hodge structure), then P(X;y) is defined
using cohomology with compact support,

(2.36) P(X;y) =) dim H{(X,Q) (—y)",
>0

and the Laurent polynomial (—y)~ 4™ X P(X;y) need no longer be sym-
metric under y — 1/y. In either case, the specialization of P(X;y) at
y = 1 gives the Euler number. Note that for the affine plane P(Al;y) =
P(P';y) — 1 = y? can be identified with the number g of points of Al over
a finite field ;. We shall often omit the second argument and use ¢ and
y? interchangeably.

For any global stack [X/G] (with an appropriate group G) we define
P([X/G]) = P(X)/P(G). Note that this class usually no longer specializes
to Euler numbers but rather has a pole at y = £1, due to the vanishing of
(237)  PCL)=¢"(¢ Dn  @n=(san=][0-d).

i=1
at g =y = 1.

Let us now assume that the weight 6 is such that 6 -d # 0 for all d €
N®@o\ {0}. We have seen that in this case the action of G4 on R"Y(J,d) is
free. Therefore we can replace the corresponding stack by the moduli space
M*(J, d) and define the partition function of refined framed DT invariants
informally as

(2.38) Zig () = Y (—y)R@D Pt d)) .
deNRo

where x¢ is the Euler form defined in (3.1). The partition function of nu-
merical framed DT invariants (2.32) is obtained by specialization at y = 1.
In particular, we define ijéc = Zfrffé, cf. (2.26).

Remark 2.6. — The definition (2.38) is not quite precise. More rigor-
ously, one needs to consider the exponential motivic class (see e.g. [96])
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or the monodromic mixed Hodge structure (see e.g. [32, 72]) of the map
wq : MH9(Q,d) — A' (see Lemma 2.4) instead of the Poincaré polynomial
(or the motivic class) of M"%(.J,d) = critwg. This technicality can be cir-
cumvented when the potential has a cut I C @1 (see Section 2.1), which is
the case for all potentials that we consider. Note also that

(2.39)  f-d—xq(d,d) = dim R"(Q, d) — dim Gy = dim M"?(Q, d).

Next we define unframed DT invariants. Due to the fact that Gy on
R(J,d) (or R?(J,d)) generally acts non-freely, we can only consider refined
invariants for the corresponding stacks, and these invariants may not have
a specialization at y = 1. For trivial stability condition, we define the
generating function of unframed refined invariants (often called “stacky”
invariants) informally as

z) = 2l — _ et PEUD) 4
(2.40)  A(z) dezN;OAo(d,y) dezN;O( v) e

Remark 2.6 again applies. In the presence of a cut I C @1, we have a
rigorous definition [89]

(2.41)
A@)= Y (y)XQ(d’d”QWd)P(f,EJG:)d))xd, y(d)y= Y did,

deNRo (a:i—j)el
which will be useful for practical computations.
Example 2.7 (Quantum dilogarithm). — Let us consider a quiver Q with

one vertex and no loops. Its category of representations is equivalent to the
category of vector spaces. The corresponding partition function

)

gt —q})~" —ila
(2.42) A(w)ZZgD(émxd:Z((sl))dxd:EXp<qql>

deN deN

is called the quantum dilogarithm, denoted by E(z). The plethystic expo-
nential Exp used here is defined in Section 2.6.

For any stability function Z and any ray ¢ C C, we similarly define
P(R%(J,d))
2.43 = d d — _\xe(d,d)Z AV 5 8)) d.
(243)  Aze(z)= Y Az(dy) " (—y) PG °

Z(d)er Z(d)er

For any weight § € R?°, we define

) = ol — _xetan PE(1A) 4
(2.44)  Ag(x) MZ:OAg(d,y) MZ:O( y) teh .
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Remark 2.8. — The series Az ¢(z) and Ag(x) are related as follows. As-
sume that Z = —0+ip and £ = R>¢z for some z = x+iy € C. Then Z(d) € ¢
if and only if Im(Z(d)z) = 0. This means that 6'(d) = 0 for §' = zp — yb
and we obtain Az ¢(x) = Ag (x). Conversely, given a weight 6, consider the
stability function Z = —60 + i and the ray ¢ = Ryoi. Then Z(d) € ¢ if and
only if #(d) = 0 and we obtain Az ,(z) = Ag(x).

2.6. Relation between framed and unframed invariants

In this section we will assume that the quiver @) is symmetric, meaning
that the number of arrows i — j is equal to the number of arrows j — i for
all i,j € QQg. The general case will be considered later in Section 3.4 after
discussing wall-crossing formulae.

First, let us introduce the plethystic exponential Exp: AT — 1 + A,
where A7 is the maximal ideal in

(2.45) A=Q)[z1, ... z.]

(here Q(y) is the field of Laurent series). It is a continuous map satisfying
Exp(f + g) = Exp(f) Exp(g) and defined on monomials by

(2.46) Exp(y*fz?) = Z ymkgmd,
m=0

Generally, one has

(2.47) Bp(f) =exp [ 3 fmat )

m21

Its inverse is the plethystic logarithm

218) Lo =Y " tog (s ap . a)

m>1
where p is the Mobius function.
Assuming that @ is symmetric, we define invariants (d, y), called inte-

ger DT invariants, by factorizing the generating function of stacky invari-
ants (2.40) as

Q(d, y) 2
(2.49) Ay =Bsp | 3 2wl
deNQo\{0} y y

Here Q(d, y) is a priori a rational function in y. It follows from [32, Thm. A]
that it is a Laurent polynomial with integer coefficients (see also [45, 71] in
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the case of symmetric quivers with trivial potential). Note that the denom-
inator inside the plethystic exponential is sometimes chosen to be 3% — 1
or y — 1/y in the literature, leading to different conventions for the integer
DT invariants.

For any vector w € Z", define the algebra homomorphisms

(2.50) Sw:A— &, 2 (—y)wia.
(251) gw: ;& — 1&, l'd — (_l)w-d:pd'

THEOREM 2.9 (See [88, 89, 94]). — Let @ be a symmetric quiver. Then

2f-d 10(d d
(2.52) Zio(@) = S_¢Bxp [ Y € _1) (dy)
deNQo vy -y

In particular, numerical NCDT invariants satisfy

(2.53) Zinc(x) = SeExp | — Y (f-d)Q(d, 1) 2*
deN®o
Remark 2.10. — As we explain in Section 3.4, these formulae follow by

applying the semi-primitive wall-crossing formula, since Zf’_%f is equal to 1
for a stability parameter 6 with 6; > 0 for ¢ € Q.

THEOREM 2.11 (See [89, 94]). — Let @ be a symmetric quiver and let
weight 6 be such that 6 -d # 0 for all d € N%\ {0}. Then the partition
function of refined framed DT invariants is given by

(y*"4 — 1)Q(d, y) 2*
y -y

(2.54) Z§ (x) = S_¢ Exp

deN®o
6-d<0

In particular, numerical framed DT invariants satisfy

(2.55) Zo(x) = SeExp | = Y (F-d)Q(d, 1) 2*

deN®Qo
6-d<0

Remark 2.12. — The above formula implies that for f = Zing fiei,
(2.56) SeZeo(x) = [ (Se,Ze,0(2)".
1€Qo

Therefore it is enough to determine the partition functions Z; g(x) =
Ze, o(x) for i € Q.
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Example 2.13. — Let @ be a quiver with one vertex and no loops. The
corresponding partition function of unframed invariants was computed in

Example 2.7, namely A(z) = Exp ( ) Therefore

(2.57) Zino(z) = S¢Exp(—fz) = S¢(1 —z)" = (1 - (-1)'2)".
This formula coincides with (2.34).

3. Wall-crossing formulas and attractor indices

For a symmetric quiver (Q, W), the generating functions of framed in-
variants defined in (2.32) (or their refined counterpart in (2.38)) can be
deduced, for any stability parameter 6, from universal unframed (refined)
invariants Q(d, y) obtained by factorizing the generating function of stacky
invariants as in (2.49). Physically, this can be understood as the appearance
or disappearance of BPS states bound to an infinitely heavy defect (also
known as framed BPS states), as the phase of the central charge of the
defect is varied [7, 51]. In that case, the unframed invariants 2(d, y) count
BPS states with charge d far away from the defect, and do not experience
wall-crossing by themselves. In contrast, for non-symmetric quivers, the
unframed (refined) invariants do depend on the stability parameter 8, and
their contributions to framed partition functions no longer commute. In
this section we review the wall-crossing formulae which govern this depen-
dence, and we explain how framed and unframed invariants in any chamber
can all be deduced from invariants in the attractor chamber.

3.1. Quantum affine space

Let @ be a quiver and xg be its Euler form, defined on the lattice
I = 7Z%o by
(3.1) old,d') = Zd d— Y did).

ai—jg

Consider the skew-symmetric form on I'
(3.2) (d,d"y = xo(d,d') — xo(d,d).
Define the corresponding quantum affine space (or more precisely, its co-
ordinate ring) to be

(3:3) A= P Q)

deNQo
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equipped with the multiplication
(3.4) zdogd = (fy)<d’d/>xd+d/.
This algebra has a decreasing filtration according to the “height” § - d,

(3.5) FA= P owa?, =(,...,1) ez,
5-dzi
and we consider the corresponding completion
(3.6) A=lma/FA~ ] Q)
¢ dENRo

which we will also refer to as the quantum affine space. All partition func-
tions defined in the previous sections will be considered as elements of this
algebra.

3.2. Basic wall-crossing formulas

In section Section 2.5 we constructed, for any stability function Z: I' — C
and any ray £ C C, the generating function of stacky invariants

(3.7) Azo(z) = Y Az(d,y)a’ € A.

Z(d)et

depending on the stability function. In particular, for any weight 6 € R?0,
we consider

(3.8) Z=—0+1i0, §=(1,...,1) € 9,

and ¢ = Rxoi. Then Z(d) € ¢ if and only if 8- d = 0 and we denote Az ¢(x)
by Ag(x). For § = 0 we obtain the trivial stability condition as all objects
are automatically semistable. We denote the series Ag(x) by A(z).

THEOREM 3.1 (Wall-crossing formula). — For any stability function Z,
we have

m
(3.9) Alz) =[] Aze(x),
[
where the product runs over rays £ in the upper half-plane ordered clock-

wise. In particular, the right hand side is independent of the stability func-
tion Z.
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We can write the above formula more explicitly as follows. For any v €
N®@o\ {0}, we have

(3.10) Ay = > (—y)2izs ) H Az (i, y).

Y=ot ton
Q1>z>z0n

where we write @ <z 8 if pz(a) < pz(8). This formula implies that we can
express recursively invariants Az (v, y) in terms of invariants A(7, y). There-
fore, for two stability functions Z,Z’, we can express invariants Az (v, y) in
terms of invariants Az (7, y). More precisely, we have

THEOREM 3.2 (Joyce-Reineke formula). — Let Z and Z' be two stability
functions. Given a tuple a = (..., ay) of vectors in N9\ {0} and 1 <
k <n, define agy, =01 + -+ oy, asp = 01 + - + o and

-1 o <z Qfa1 and ALk >77 Ok,
sp(a) =41 oy >z o and agy <z asp,
0 otherwise.

Then

(311) AZ/(’Yvy) = Z H Sk: ‘<J {o0) H.AZ (079 )

Y=o+ tan k=1

The above formula was proved for the trivial stability Z in [102] and in
full generality in [65].

3.3. Stacky, Rational, Integer DT

We say that a stability function Z: I' — C is generic if ArgZ(d) =
ArgZ(d’) implies d || d’ (hence (d,d’) = 0). Similarly, a weight 6: I" — R is
called generic if Ker 6 has rank 1 (hence (—, —) vanishes on Kerf C T").

Remark 3.3. — Let Z = —0 + ip be such that 6+ N T = 0, where 6+ =
{y € Tr|6(v) =0} (this means that f(e;) € R are linearly independent
over Z) and p(e;) € Qsg for all i € Q. If d,d’ have equal phases, then
0(d)/p(d) = 0(d")/p(d"), hence 8(md) = 6(nd’) for m = p(d') and n = p(d).
This implies that md = nd’, hence d || d’. Therefore Z is generic. On
the other hand, for any indivisible vector d € T', consider the free abelian
group I'/Zd and an injective homomorphism 6: I'/Zd — R. It induces a
homomorphism #: I' — R such that §+ NT' = Zd. Therefore #: T' — R is
generic.
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Given a generic weight 6, we define invariants Qy(d,y) for d € Ker#,
called integer DT invariants, by the formula, cf. (2.49)

(Zf?(d)—o Qo(d, y)wd>

y -y

(3.12) > Ag(d,y)a® = Exp

0(d)=0

It follows from [32, Thm. A] that Qy(d,y) are Laurent polynomials with
integer coefficients (see also [87] in the case of quivers with trivial potential).
Similarly, we define invariants Qg(d,y) for d € Ker 6, called rational DT
invariants, by the formula

(3.13) Z Ag(d,y)z? = exp
6(d)—=0

( > o(ay=0 L0(d, y)z* >

y -y
or more explicitly
5 -1 (=1)k!
(3.14) Q(d,y) = (v —) Y ——Ao(d/k.y).
k|d

These families of invariants are related by the formula
3.15 Do) = 3 LY 0k

. o(a, k|dky7k*yk 0 YY)

In [80], this relation was interpreted physically as the effect of replacing
Bose-Fermi statistics by Boltzmann statistics. Assuming that specializa-
tions at y = 1 exist, we obtain, in the unrefined limit,

— 1
(3.16) Qp(d, 1) => 22 (d/k, 1),
k|d
Similarly, for a generic stability function Z = —6 +ip and any dimension

vector d, we define integer DT invariants and rational DT invariants by
(317) QZ <d7 y) = Q@’ (da y)7 ﬁZ (d7 y) = Q@’(da y)

where the stability parameters 6 are chosen such that 6'(d) =

Im(Z(d")Z(d)). Equivalently, for any ray ¢ C C, we have
(3.18)

d O d
S Mgyt =B [ 3 220 o 3o L2ldiy)at

-1 _ -1 _
Z(d)et Z(d)el Yy y Z(d)et Y Y
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3.4. Expressing framed invariants in terms of unframed
invariants (general case)

In Section 2.6 we described how generating functions of framed invariants
(refined and numerical) can be obtained from the generating functions of
unframed refined invariants in the case of symmetric quivers. A similar
result, albeit more complicated, can be formulated for arbitrary quivers.

THEOREM 3.4 (See [88, 89, 94]). — For any framing vector f € NQ0_ we
have

(3.19) Zio(x) = SpA(z) 0 S A(z)

where the inverse (S_¢A)™1 = S_¢(A™1) is taken in the quantum affine
plane A.

A more general result can be proved for any (generic) stability parameter
6 € R@°. One can uniquely decompose the series A = A(z) € A in the form
(cf. (3.26))

(3.20) A= A9’+ oAyo Ae,f,

where Ay 1, Ag, Ag _ are supported at v satisfying respectively 6(-y) > 0,
0(v) = 0, 8(v) < 0. More precisely, consider any stability function Z =
—0 +1ip. Then ArgZ(vy) = % if and only if 6(y) = 0 and ArgZ(y) < § if
and only if #(y) < 0. We have

(3.21)
Ag 4+ = H Az, Ag=Aze, £ =Ryoi, Ag_ = H Azp.
Argl>% Argl<%

The series Ag,_ counts objects with HN filtrations having slopes < 0. Equiv-
alently, these are objects M such that (V) < 0 for all subobjects N C M.

THEOREM 3.5 (See [89, 94]). — Let 6 € R¥° be such that 6 - # 0 for
all v € N@o\ {0}. Then for any framing vector f we have

(3.22) Z{G (x) = SpAg,— () 0 S_sAg, ()"

Remark 3.6. — The relation (3.22) can be understood physically as fol-
lows: the spectrum of framed BPS states with stability 8 and charge -~y
is the union of all bound states between the infinitely heavy defect defin-
ing the framing, and the unframed BPS states with charge 7 such that
0(7") < (). The formula (3.22) comes by applying the semi-primitive
wall-crossing formula to all such bound states [7].
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3.5. Relation to wall-crossing structures

In this subsection we explain the relation to the wall-crossing structures
studied in [56, 73]. Consider the complete quantum affine space A defined
in (3.6). Let g be the maximal ideal g = @dGNQO\{O}Q(y):Ed C A and let

G=1+gC A. Then g is a pro-nilpotent Lie algebra and G is the associated
pro-unipotent algebraic group such that exp: g — G is a bijection. The Lie
algebra g is graded by I' = Z90, hence g = @,Yergy with g, = Q(y)z" for
v € N@\ {0} and zero otherwise, such that [g., g,/] C g,+~/. Importantly,
we have

(3.23) (1,7 =0 = lgy,8+] =0

The generating series A = A(z) of stacky invariants corresponding to the
trivial stability condition is an element A € G. Since a wall-crossing struc-
ture can be defined as an element of the pro-unipotent group G [56, 73],
we interpret the generating series A as such a wall-crossing structure.
Similarly, the generating series Ayp, for a weight § € I'y, defines an ele-

L —4) can be interpreted as

ment in G, and the series Qg (up to the factor y—
an element of the Lie algebra Q0 € g such that exp(£2y) = Ag. We have seen
that A4y can be obtained from A by a wall-crossing formula. An alternative

way to formulate this property is as follows. We have a decomposition

(3.24) g=¢ og)@g’,
(3.25) =P o, =P s L=P o
6(v)>0 0(v)=0 6(v)<0

These are Lie subalgebras of g, which in turn define Lie subgroups GY ¢ G
for x = {+,0,—}. The map induced by multiplication

(3.26) G xGixG" — G

is a bijection. Therefore we have a projection p?: G — GY. The wall-
crossing formula implies

(3.27) Ap =p’(A).
3.6. Attractor DT invariants and the attractor tree formula
As reviewed above, the wall-crossing formulae allow to compute DT in-

variants Qz(d,y) for any stability function Z once they are known for a
particular stability function Zy (for all dimension vectors). However, no
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choice of Zy appears to lead to simple answers (with the exception of the
trivial stability for quivers without relations [102]). As explained in the in-
troduction, physics suggests that simplicity can be found by instead adapt-
ing the stability condition to the dimension vector d, namely choosing the
self-stability (—,d) [5, 25, 81]. More precisely, we define the attractor DT
invariants as

(3.28) Qu(d,y) = Qo,(d,y)

where 6,4, called an attractor stability, is a generic perturbation of the self-
stability (—,d) inside d+ = {0 € I'y [0(d) = 0}. We define similarly the
rational attractor DT invariants (d y) and invariants A.(d, y). The col-
lection of invariants (A.(d, y))q is called the initial data of the wall-crossing
structure A [56, 73]. It encodes the same information as the collection of
attractor DT invariants (Q.(d,y))q. More precisely, for any indivisible di-
mension vector d, we have

(3.29)
Z A-(nd,y)a” = exp Z W = Exp Z Q*(_nlﬂ

n>0 n>1 Y n>1 y -y
THEOREM 3.7 (see [56, Thm. 1.21]). — Invariants Q.(d,y), Q.(d,y),
A.(d,y) are independent of the choice of a generic perturbation of (—,d).

Proof. — Let dy € R5odNT be the indivisible vector and let § = (—, d).
Then the decomposition (3.24) has the form

330) ol = P 9. =P s L= P 9.

(v,d)>0 (v,d)=0 (7,d)<0

We can further decompose

(3.31) o) =0} @07,

where g”

@’YENdo 97 and gg involves the rest of the summands g, in gf.
One can show that g is an ideal in gg. Therefore we have a group homo-
morphism ¥ : G§ — G(‘)I = exp(g ”) with kernel Gg- = exp(gg). We claim
that if we apply ¥ to p?(A) = Ay € GY, the corresponding component
U(Ap)g in degree d is equal to Ay (d,y), where 6" is a generic perturba-
tion of 6 inside d*. Since #’ is a generic perturbation of 6, we can assume
that 6(d') > 0 implies 6'(d’) > 0 for 0 < d’ < d. Applying the decomposi-
tion (3.26) we can write g = A = g% - g§-¢% and then h = g = h‘i -hg .
The support of hf is contained in 6+ (in degrees 0 < d’ < d). Indeed, if
0 < d' < d is in the support of hi then 6’'(d") > 0, hence 6(d') > 0. Simi-
larly for the support of h? . Now by the uniqueness of the decomposition of
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h with respect to 6, we conclude that 6(d’) = 0 in both cases. The support
of hY also doesn’t intersect (#) NT = Zdy. Therefore h¥, € Gg and we
obtain W(Ag) = ¥(gd) = h§ . On the other hand g = (gﬁ_hf_/)hgl (R g?).
By our assumption on ¢’, we have ¢f € Gi and ¢? € GY (in degrees
0 < d' < d), therefore pgr(g) = hf = ¥(Ap) (in degree d). We conclude
that Ay (d,y) = pe(9)a = VU(Ag)q. This proves that Ay (d,y) is indepen-
dent of the choice of a perturbation. a

Let us say that a quiver @Q is strongly connected if, for any two vertices
i,j € Qo, there exists a path from i to j. For any d € Z®0, let supp(d) =
{i € Qold; # 0} and let Qlsupp(ay be the corresponding subquiver of Q.

THEOREM 3.8. — Let (Q, W) be a quiver with potential, d € N?°, and
Q..(d,y) be the corresponding attractor invariant. If Q|supp(a) is not strongly
connected, then §,(d,y) = 0.

Proof. — It is enough to show that A.(d,y) = 0. Let 6 € d*+ be a
generic perturbation of (—,d) and let M be a 6-semistable representation
having dimension vector d. According to our assumption, there exists a
decomposition supp(d) = A U B such that A, B # & and there are no
arrows from Ato B. Let d' =}, ., die; and d” = ), pdie; = d—d'. The
subspace M' = @,. 4, M; C M is a subrepresentation having dimension
vector d'.

If there exist arrows from B to A, then (d’,d”) > 0, hence (d’,d) > 0.
Therefore (M') = 6(d’) > 0 and M is not f-semistable, a contradiction. If
there are no arrows from B to A, then M" = @, _; M; C M is also a sub-
representation of M. We have 0(d')+0(d") = 6(d) = 0 and 6(d’),6(d") # 0
as otherwise d’ and d”’ would be proportional which is impossible. We con-
clude that either 6(d’) > 0 > 6(d”) or 6(d") > 0 > 0(d'), hence M is not
f-semistable, a contradiction. Therefore there are no #-semistable represen-
tations having dimension vector d. O

LEMMA 3.9. — If @ is an acyclic quiver, then the only self-stable objects
are simple. Moreover,

1 d=e; for some i € Q,

0 otherwise.

(3.32) 0. (d,y) = {

Proof. — Choose an order on (g such that ¢ < j for any arrow a : i — j.
Let M be a self-stable representation and j € Qg be a maximal vertex for
the above order such that M; # 0. Then M has a simple subrepresentation
S;. Assume that d = dim M is supported not only at j. Then there exists
an arrow a : ¢ — j such that d; # 0 (otherwise M would be decomposable).
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Therefore (e;,d) = >, ,;di > 0 and this contradicts to the assumption
that M is self-stable. Therefore M ~ Sj@" for some n > 1. By stability of
M, we actually have M ~ S;.

Let d = ndy, where n > 1 and dy € N9 is indivisible. Let # € d* be a
generic perturbation of (—, d). It follows from Theorem 3.8 that if M is a 6-
semistable representation having dimension vector d, then M is supported
at one vertex, hence M ~ Sje-a" and dg = e; for some j € Qo. This implies
(cf. Example 2.7)

(3.33) 3" As(ndo,y) Z B GL — Exp (yfy)

n=0
Therefore Q,(d,y) =1 for d = e; and zero otherwise. O

As explained in [5], the DT invariants Qz(d,y) can be determined from
attractor invariants for any dimension vector d using the flow tree for-
mula. There are actually several (conjecturally equivalent) versions of this
formula, three of them stated explicitly in [5], and two more which are
implicit in [4]. We shall present a formula which can be extracted from [4],
and which has the advantage of not requiring any perturbation of the di-
mension vectors, unlike the earlier versions in [5]. This formula was proven
in [95], after the first version of this article was released.

CONJECTURE 3.10 (Attractor tree formula). — For any generic stability
function Z, we have
— —_ Z7,<] <a“a]
330 Pan= 3 P2 T e TT0
Y=o+t y
where, for a tuple « = (o, . . ., ) of vectors in NQO\ {0}, we have F(«, Z) =
1 forn =1 and

(3.35)
Fa,2)= 3 |0V (go(wo) — 9. 00))  []  9:)]. nz2.
TeT, veVr\{vo}
is a sum over all rooted plane trees with leaves labeled by 1,...,n (and all

internal vertices having at least two children). Here Vr is the set of internal
vertices of T (including the root) and vg is the root. The symbol gz(v) is
a shorthand for gz (()uechv), where Cho denotes the (ordered) set of
children of v € Vi, a,, = >
and

(3.36) gz(ai,...,ap) =

i<u Qi IS the sum over leaves i descendant of u

(—)™ (=1)™ +1
2T mo —+ ].

)
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m=#{1 <k <r|pzlagk) > pz(askt,
(3.37) {< | uz(agk) (ask}

mo = #{1 <k <rlpzlagk) = pz(ask)}

Similarly, g.(v) is a shorthand for g. ((y)ucchv), where g.(aq,...,a;) is
defined as above for the self-stability 6, = (—,~v) withy =>_._, ;.

Figure 3.1. Example of a rooted planar tree with 8 leaves. The vertices
i = 1,...,8 are decorated with dimension vectors «;. The vertices
Vg, V1, V2, V3 are decorated with dimension vectors o + - -+ 4+ ag, a1 +
as + as, as + ag + a7 + ag, as + ag respectively.

Remark 3.11. — The sum in (3.34) runs over all ordered decompositions
v =Y, a; with a; € N@\{0}. It may be written equivalently as a sum over
unordered decompositions, by inserting a sum over permutations in (3.35)
and inserting a “Boltzmann statistics” factor 1/|Aut((a;);)| as in [5, 80].
At the attractor point ., (an infinitesimal perturbation of (—,7)), the
formula (3.34) collapses to Qg (7,y) = Q.(7,y) as expected. Computer
experiments indicate that for non-generic stability parameters, in particular
trivial stability, the formula (3.34) produces a Laurent polynomial with
rational coefficients, whose interpretation is currently unclear [3].

Example 3.12. — Consider the generalized Kronecker quiver with m > 0
arrows 1 — 2. Let e = (1,0), e = (0,1) and v = (1,1). Note that
{e1,e2) = —m. Given a stability parameter § € R?, we consider Z = —f+i,
6 = (1,1), and the corresponding slope function pg(y) = 0()/d(v). The
self-stability (—, v) corresponds to 6, = (—m,m), equivalent to the stability
parameter (0,1). There are two decompositions of v with n > 2 elements,
namely (a1, az) = (e1,e2) and (a1, as) = (e2,e1), and a single rooted plane
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tree in both cases. Since Q,(y) = 0 and Q,(e;) = 1, the formula gives

(=)™ = (=™
20y~ - y)

x [sgn (1« (e1) — pa(e2)) — sgn (po(e1) — po(e2))]
For the stability parameter 8 = (1, 0), where the slopes pg(e;) have opposite
order to the attractor slopes u.(e;), we obtain
(=y)" ==y

y -y
which is the (virtual) motive of P™~!, the moduli space M?(Q,~) of 6-
semistable representations. For the stability parameter § = (0, 1), where the
slopes pg(e;) have the same order to the attractor slopes p.(e;), we obtain
Qz(v,y) = 0, corresponding to the fact that the moduli space M?(Q,~) is
empty. For dimension vector v > (1, 1), the number of contributing trees
grows rapidly, but there are many cancellations. We have checked that the
result agrees with Reineke’s formula up to v = (4,4).

(3.38) Qz(v,y) =

= (-y)'" - PP hy)

(339)  Qz(v.y) =

Remark 3.13. — For a compact CY 3-fold, the attractor index Q,(v,y)
is expected to include contributions both from single-centered BPS black
holes with charge ~y, as well as from “scaling configurations” of BPS black
holes with charge «;. These scaling configurations correspond to bound-
aries of the phase space of multicentered black hole solutions where the
centers come arbitrarily close [19] and become indistinguishable from single-
centered black holes. In contrast, the r.h.s. of (3.34) incorporates compact
components of the phase space which are free from such boundaries. The
Coulomb branch formula developed in [79, 82] gives a prescription for dis-
entangling these scaling contributions from genuine single-centered black
holes, counted by the “single-centered” invariant Qg(v,y) (also known as
pure Higgs [19] or quiver invariant [74]). For symmetric quivers, the invari-
ants Qg(7,y) coincide with the DT invariants Qz(7, y), which are indepen-
dent of the stability condition Z. We refer to [84] for a concise review of the
Coulomb branch formula, which plays a marginal role in the present work.

Remark 3.14. — The attractor tree formula and its variants, the Joyce—
Reineke formula and the Coulomb branch formula, as well as several tools
for dealing with brane tilings, are implemented in the Mathematica pack-
age CoulombHiggs .m maintained by the second-named author and available
from https://github.com/bpioline/CoulombHiggs. See also the Sage-
Math package https://github.com/smzg/msinvar by the first-named au-
thor.
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3.7. Mutations

Upon varying the central charge Z, it may happen that Z(ey) for k € Qg
no longer lies in the upper half-plane H (see Section 2.2). Across the locus
where Z(e,) becomes real, which is known as a wall of the second kind [71],
the heart of the t-structure A turns into the category of representations
A" = Rep(Q’,W’) of a different quiver with potential (Q’, W) related to
(Q, W) by a mutation (or, in physics parlance, by Seiberg duality) [2, 6,
21, 67]. The quiver @’ has the same vertex set Qf = Qo, but the set of
arrows Q] is obtained from Q; by adding arrows a;j: 1 — j for each pair
of arrows a: i — k and b: k — j in @)1, and then reversing the orientation
of all arrows starting or ending at the vertex k [48]. The potential W’ is
obtained from W by adding cubic terms aj;aj;a};, and eliminating two-
cycles in W’ which have a quadratic term [36] (see [6, §2.5] for a more
detailed prescription). Depending on whether the central charge Z(ey,) exits
the upper half-plane H through the positive (¢ = 1) or negative (¢ = —1)
real axis, the dimension vectors associated to the vertices of Q' are given by

(3 40) 6( . —€L ifi==k
. (A ep .
e; + max(0,ey;p)er ifi#k

where v;; = (e;, e;) is the skew-symmetrized Euler form. Under this trans-

formation, the skew-symmetrized Euler form v;; = <e;7 6;»> becomes

Y Yij + max(0, yiryk;) sen(ve;) ifi,5 #k

in line with the above prescription for constructing the arrows of @’. The
dimension vector d = Zz‘er d;e; can be expressed as a linear combination
Yicq, diel of the basis vectors e} associated to the vertices of Q) via

(3.42) d = {_dk + Zj;ék d; max(0,ev;i) ifi=k

d; ifi £k
Let 8 € R% be the stability weight on @ corresponding to the stability
condition Z before Z(ex) has crossed into the lower half-plane. The condi-
tion that Z(ey) exits H through the positive (¢ = 1) or negative (¢ = —1)
real axis implies that sgn 6, = ¢. We define the stability weight 8’ on Q" by

(3.43) T iti=k
! 0; + max(O, E’}/ik) 0, ifi#k

TOME 0 (0), FASCICULE 0



30 S. Mozgovoy & B. Pioline

so that >, difi = Zie% d;0;. Note that the self-stability weight 6 =
(—,d) is invariant under this assignment.

CONJECTURE 3.15 ([83]). — Let Qq(d,y) and Q),(d’,y) be the DT in-
variants associated to the quivers (Q, W) and (Q', W), with dimension vec-
tors and stability weights related as above. Suppose that d is not collinear
to e, or equivalently that d' is not collinear to e},. Then

(1) Ifd € N® and d' € N9, then Qq(d,y) = Qb (d',y)
(2) If d € N® but d' ¢ N, then Qy(d,y) =0
(3) if d' € N% but d ¢ N, then O (d',y) = 0

In particular, the attractor invariants coincide or vanish under the same
conditions.

Remark 3.16. — This conjecture was put forward in [83] and checked for
several examples in [68, 83]. Attractor invariants were not discussed in [83],
but a similar property was stated for single-centered invariants Qs(d,y),
allowing for the possibility that Qg(ex,y) # 1 for simple representations.
The formulae above follow from Equations (1.7)—(1.13) in [83] upon setting
M =1, and flipping the sign of ;; due to our choice of conventions.

Remark 3.17. — Let us give an intuitive explanation of the above conjec-
ture (cf. [91]). Given a quiver with potential (@, W), one can associate with
it the derived category D (Q, W) of dg modules (having finite-dimensional
cohomology) over the complete Ginzburg dg algebra I'(Q, W) [67]. The cat-
egory Dgg(Q, W) is 3-CY and it has a canonical bounded ¢-structure with
the heart A = A(Q, W) equivalent to the category of finite-dimensional
modules over the complete Jacobian algebra of (Q,W) [67]. For every
k € Qo and the corresponding mutation (Q’, W’), there are canonical
equivalences @1 : Dg(Q',W') — D(Q,W) such that the images of
A= A(Q',W’) are the (right and left) mutations ,ui (A) of A with respect
to the simple object Sy, € A [67]. The above maps Z% — Z%0 (3.40) (for
e = %1) correspond to the equivalences 1 on the level of Grothendieck
groups. Under the assumption sgn(f;) = ¢ = +1, the functor &4: A" —
/ﬁofk (A) maps #'-semistable objects in A" (not isomorphic to (S},)®" for any
n > 1) to f-semistable objects in A [91, §4.3]. Morally, this correspondence
implies that the invariants counting these semistable objects should be the
same. There is, however, a technical difficulty related to the fact that our
invariants are defined using exponential motivic classes (see Remark 2.6)
rather than just the motivic classes of the critical loci.
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4. Brane tilings and crystals

For a toric CY3-fold &, the derived category of coherent sheaves
D®(coh X) is isomorphic to the derived category of representations of a
quiver (Q,W). In physical parlance, the dynamics of D-branes wrapped
on X is described by a gauge theory with fields encoded in the quiver
@ and superpotential W. For a certain class of toric CY3-folds, (@, W)
can be read off from a brane tiling, and framed BPS states in the non-
commutative chamber can be represented as molten configurations of a
crystal constructed from the brane tiling. In this section we review aspects
of these well-known facts.

4.1. Basics of toric geometry

A d-dimensional toric variety X is a normal algebraic variety equipped
with an action of the torus 7' = (C*)¢ and containing T as a dense open
orbit. It may be decomposed into a disjoint union of complex tori (C*)?=*
(the orbits) with 0 < k < d, associated to k-dimensional cones of a fan
¥ in N = Z¢ [50]. Let v1,...,v, be indivisible vectors in N generating
the 1-dimensional cones of X. In what follows we will consider only toric

varieties such that the vectors vy,...,v, generate the group N. We have
the exact sequence
(4.1) 0—L—7 - N=27%—0, v(e;) = vy,

which induces the homomorphism of tori L ®z C* ~ (C*)"~¢ «— (C*)",
hence the action of (C*)"~¢ on C”. The toric variety X is isomorphic to
the almost geometric quotient [31, §5]

(4.2) Xy = (C"\Fy)/(C*)",

where Fy is the intersection of unions (J;.; {z; = 0} for all subsets I C
{1,...,7} such that {v;|i ¢ I'} spans a cone in X.

Remark 4.1. — Equivalently, Fx is the zero locus
(4.3) Fe=2(z":0€%), 2= ][ =
v, ¢o

The toric divisors D; = {z; = 0} in X satisfy the linear equivalence rela-
tions ), a;D; = 0 whenever a-¢ := ), a,q; = 0 for ¢ € L. The canonical
line bundle is equal to Kx = O(—3_, D;). If X is Calabi-Yau, then the
canonical divisor — )", D; is trivial, hence ). ¢; = 0 for all ¢ € L. This
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means that the vector p = (1,...,1) € Z" satisfies p-q = 0 for ¢ € L,
hence induces a linear map p : N — Z such that p(v;) = 1 for all .
Hence all vectors v; lie in the same hyperplane. We project this hyper-
plane to Z?~! (for example, taking the first d — 1 coordinates) and consider
the corresponding vectors ¥; € Z4~!. The toric diagram (defined up to
GL(d — 1,Z)-transformations) is the convex hull P of the vectors
{¥;|i = 1...r}, triangulated by the restriction of the fan to Z¢~!. Internal
lattice points correspond to compact divisors in X, while lattice points on
the boundary correspond to non-compact divisors (subject to linear equiv-
alences). The virtual Poincaré polynomial of X is obtained by summing up
the Poincaré polynomials of the toric orbits,

d
(4.4) P(X) =) np(g-1)**
k=0

where ny, is the number of k-dimensional cones in ¥ (hence ng = 1,n; = 7).

LEMMA 4.2. — Let X be a smooth toric C'Y3-fold given by a convex
toric diagram having i internal vertices and b boundary vertices. Then

(4.5) P(X)=q(¢*+ (i+b—3)q+1).

In particular, the virtual Poincaré polynomial is independent of the trian-
gulation.

Proof. — By Pick’s theorem, the number of triangles in the diagram (all

having area %) is equal to 2i + b — 2. By Euler’s formula, the number of

edges in the diagram is equal to (i +b) + (2 +b—2) — 1 = 3i + 2b — 3.
Therefore

(4.6) P(X) = (q—1)>+(i+b)(q—1)*+3i+2b6—3)(¢—1)+ (20 +b—2)
which simplifies to (4.5). O

Example 4.3. — The toric fan for the conifold is spanned by the vectors

0 1 1 0
(47) Vo = 0 s V1 = 0 5 Vg = 1 5 V3 = 1 s
1 1 1 1

Its crepant resolution X = O(—1) ® O(—1) — P! corresponds to a trian-
gulation of the toric diagram. Different triangulations are related by a flop
transition. The toric diagram encloses the vectors (see Figure 4.1, left)

o we () ns ) e ()
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There is no internal lattice point so the resolution of the conifold does
not support any compact divisor. The four corners correspond to linearly
equivalent non-compact divisors. The diagonal edge corresponds to the ba-
sis P! of the fibration. Since i = 0, b = 4, the virtual Poincaré polynomial
is P(X) = ¢*(q + 1), as expected for a rank two vector bundle over P!.

Example 4.4. — The toric fan for the orbifold C?/Z3 is spanned by the
vectors

0 1 0 -1
(49) Vo = 0 5 V1 = 0 , Uy = 1 5 V3 = -1
1 1 1 1

The toric diagram encloses the vectors (see Figure 4.1, right)

wo a-() w=(). (). ()

The non-zero vectors (1,02, 03) span the toric fan for the surface S = P2.
The crepant resolution X of the orbifold is isomorphic to the canonical
bundle Kp2. It is given by the triangulation of the toric diagram. The
divisor Dy associated to the internal point vy is the exceptional divisor in
the crepant resolution, while Dy = Dy = Ds is the non-compact divisor
obtained by restricting Kp2 to a line in P?. Since i = 1, b = 3, the virtual
Poincaré polynomial is P(X) = q(¢*> + ¢+ 1), as expected for a line bundle
over P2,

Figure 4.1. Toric diagrams for the resolved conifold and C?/Z3 (also
known as local P?)

4.2. Quivers and brane tilings

The problem of determining the dynamics of D-branes on a local CY3-
fold X has a long history, going back to the seminal works [40, 41]. In
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general, the dynamics at low energies is governed by a supersymmetric
gauge theory with 8 supercharges, living in the non-compact directions
of the D-brane worldvolume. For BPS states localized in the three spa-
tial dimensions, this is a supersymmetric quiver quantum mechanics of the
type considered in [33], with product gauge group G = [[;_, U(N;), chi-
ral fields ®f; in bifundamental representations (N, ]Vj), a gauge-invariant
holomorphic superpotential W({@%}), and real Fayet—Iliopoulos parame-
ters 6; for each U(N;) factor in G. The ranks N; are the coefficients of the
D-brane charge v = >_._; N;7; on a basis of charges v; € H*(X) associ-
ated to a set of “elementary D-branes”, and the net number of chiral fields
H{®g H—[{®$; }] going from i to j is given by (minus) the skew-symmetrized
Euler form —(7;, ;). The full BPS spectrum, for given stability parameters
0;, is then obtained as supersymmetric bound states of these elementary
constituents, represented by BPS ground states of the quiver quantum me-
chanics. In the presence of an infinitely heavy defect of charge ¢, such as a
D6-brane wrapping X or D4-branes wrapping non-compact divisors in X,
the quiver quantum mechanics obtains an additional flavor group U(N)
and arrows ®¢_ ;. @7, and computes the number of framed BPS states.

Mathematically, BPS grounds states are cohomology classes on the mod-
uli space of f-semistable representations of the quiver with potential (Q,W).
The “elementary D-branes”, or “fractional branes” in the context of orb-
ifolds, correspond to a tilting sequence T = @;_, T; in the derived cate-
gory of coherent sheaves D®(coh X), such that T; generate D’(coh X') and
Ext®(T,T) = 0 for k # 0. When X is the total space of the canonical
bundle on a complex surface S, a tilting sequence T" can be constructed by
lifting a strong exceptional collection of line bundles on S [11, 60]. Note
however that the lifted sequence need not be exceptional, in particular
End(T;) = T'(X,Ox) may have dimension > 1. The triangulated category
D®(coh X) is then equivalent to the category of representations of the Ja-
cobian algebra J(Q,W) for a quiver with potential (@, W) associated to
T [9, 10].

For a wide class of toric CY threefolds, the construction of the tilting
sequence T can be by-passed and the quiver (@, W) can be read off from
a brane tiling [49, 58]. The latter is a bipartite graph G embedded in a
2-dimensional (real) torus 7, or equivalently a periodic bipartite graph G
on R2. Each vertex carries a color, black or white, such that edges connect
only vertices with different colors. The quiver @ is then the dual graph of G:
the vertices i € () correspond to faces of G (i.e. the connected components
of T\G) and the arrows a: i — j € Q1 to edges common to faces i and j.
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The arrows are oriented so that they go clockwise around white vertices of
G and go anti-clockwise around black vertices of G.

[T

‘ol

Figure 4.2. A bipartite graph (in black and white) and the dual quiver
(in red and blue)

Let Q2 be the set of connected components of T\Q, or equivalently the
set of vertices of G. Let QF and ), correspond to the sets of white and
black vertices of G. For any face F' € o, let wpr be the cycle obtained by
going along the arrows of F' (defined up to a cyclic shift). The potential W
is then

(4.11) W= > wr— Y wr

FeqQy FeqQy

Note that |Qo| — |Q1]| + |Q2] = 0, where |Q;| denotes the cardinality of the
set Q;, since the Euler number of the two-dimensional torus vanishes.

Conversely, starting with a quiver (Q, W) with |Qo| — |Q1] +|Q2] = 0, it
is straightforward to reconstruct the brane tiling: for every term w in W,
we construct a polygon with edges corresponding to the arrows of w and
orientation depending on the sign of w. Then we glue these polygons along
equal edges and obtain a torus with an embedded quiver. Considering the
dual graph, we obtain the required bipartite graph embedded in a torus.
However, not all quivers corresponding to toric CY3 singularities satisfy
the torus condition |Qo| — |Q1| + |@2] = 0, see e.g. [12] for some counter-
examples.
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Example 4.5. — Let I' C SL3(C) be an abelian group. The corresp-
onding 3-dimensional representation of I' can be decomposed as C3 =
p1 D p2 @ ps, where p; are 1-dimensional representations of I'. The set
of I'-representations can be identified with the group of characters T =
Hom(T',C*) (non-canonically isomorphic to I'). Then p; € T' satisfy
p1p2p3 = 1. The corresponding Mckay quiver has the set of vertices Qg =T°
and arrows a; ,: pp; — p for all p € T andi= 1,2,3. For any p € T and a
permutation 7 € S3, consider the cycle

(4.12) P = PPr(1)Pr(2)Pr(3) — PPr(1)Pr(2) — PPx(1) — P

The potential W is the sum over all such cycles (up to a cyclic shift),
weighted with sgn(w). This implies that |Qo| — |Q1] + |Q2] = |T'| — 3|T| +
2|T'| = 0, hence by applying the gluing algorithm described earlier we
obtain a torus and a brane tiling.

Conversely, starting from the brane tiling, one may recover both the toric
diagram of X’ and the tilting sequence [20, 49, 57, 92]. In particular, periodic
perfect matchings are in correspondence with integer points on the toric
diagram P. The correspondence is many-to-one except for corner points of
P, which correspond to a single perfect matching [49]. More directly, one
reconstruct the full toric CY3-fold X from the moduli space of DO-branes,
as we discuss next.

4.3. A-grading and torus action

In order to analyze Jacobian algebras associated to brane tilings, consider
the chain complex C of abelian groups [97]

(4.13) i 0 — ZQ 2 701 S Z2Qy — 0 — ...,

where do(F) = ), cpafor F € Q2 and di(a) = t(a) — s(a) for a € Q. Its
homology H,(C) is isomorphic to H,(7T,Z). The quotient

(414) A:ZQl/(dg(F)—dg(F/)ZF,FIEQQ)
is a free abelian group of rank |Qo| + 2. The projection
(4.15) wt: ZQ1 — A,

which we will call the weight function, induces a A-grading on the path alge-

w d
bra CQ. For any arrow a € Q;, we have 2 = 2wr _ We' where F, F/ are
y ’ da da da )

two faces that contain a. Note that these derivatives have the same weight
in A. Therefore the ideal generated by %—‘2/, for a € @1, is homogeneous
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with respect to the A-grading and the Jacobian algebra J = J(Q,W) in-
herits the A-grading. This implies that the space of representations R(J, d)
is equipped with an action of the complex torus T = Hom(A, C*)

(4.16) t- (Ma)ate = (taMa)aEQu t* =t(wt(a)).

Starting from a brane tiling and the corresponding Jacobian algebra
J = J(Q,W), one may obtain the singular toric CY3 X as the moduli
space M (J,8) = R(J,0)//Gs, for the dimension vector § = (1,...,1) € Z0
(physically, this is the moduli space for a single DO-brane). This is an affine
variety with the coordinate ring C[M(J,d)] = C[R(J,6)]%% isomorphic to
the center of J. Note that G5 = (C*)?° and the moduli space M(J,d) is
equipped with an action of the torus T /Gs. This torus is isomorphic to
Ty = Hom(M,C*), where M = Ker(dy: A — ZQ)1) is a rank 3 lattice.

To see that M(J,d) is a 3-dimensional toric variety with an action of
the torus T, we need to describe an open toric orbit in M (J, ). Consider
the open subset T/ = R(J,8) N (C*)9t C R(J,d) (which is a torus). Its
points can be identified with maps z: Q1 — C* such that [],.2(a) is
independent of F' € Q5. We obtain a group homomorphism z: Z@Q; — C*
such that z(da(F)) = x(d2(F")) for all F, F’ € Q2. Hence we can identify
x with a homomorphism z: A — C* and therefore we obtain TV = Tj.
Taking the quotient by G5 = (C*)?° we obtain the 3-dimensional torus
Tr/Gs ~ Ty inside M (J,4).

Note that M (., §) is generally a singular 3-dimensional toric CY variety.
By considering moduli spaces

(4.17) MO (J,8) = R%(J,0)/Gs

for generic stability parameters 6, one obtains crepant resolutions of the
variety M (J,d), which are still toric since the torus Ty is also contained in
these moduli spaces. One can construct the tilting bundle ' = ), 0, Li on
X = M?(J,6) as follows (see e.g. [20]). The diagonal C* C G5 = (C*)o
acts trivially on R = RY(J,§) and we have a free action of G5/C* on R?.
Let us fix a vertex ig € Qg. For any vertex i € g, we equip the trivial line
bundle L; = R? x C with an action of G5 given by

(4.18) t-(M,c) = (t-M,tit; " c),

where t- M denotes the standard action of G5 on R?(J,§). Then the diagonal
C* C G5 acts trivially on L; and we have a free action of G5/C* on L;.
Taking the quotients, we obtain a line bundle

(4.19) T; = L;i/Gs — RY/Gs = M(J,6)
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over M%(J,§). Then T = ®Dicq, Ti is the required tilting bundle (it is the
universal family over M?(J,§) [69]) and induces an equivalence of derived
categories [22]

(4.20) D%(coh X) ~ D’(modJ),  F+— RHom(T, F).

For this reason the Jacobian algebra J is called a non-commutative crepant
resolution of M (J,J).

4.4. Crystals

In the previous section we introduced the weight function wt: ZQ, —
A (4.15) which equips the Jacobian algebra J = J(Q, W) with a A-grading.
Under certain consistency condition on the brane tiling (satisfied in all our
examples), this grading can be used to equip framed moduli spaces of J-
representations with a torus action and parametrize torus-fixed points (and
therefore, as we recall below, framed BPS states in the non-commutative
chamber) as molten crystals or pyramids [97, 101].

Under the above-mentioned consistency conditions, it was proved in [97]
that two paths w,v : ¢ — j in @ induce equal elements in J if and only if
wt(u) = wt(v) (we will say in this case that u, v are equivalent). Moreover,
any nontrivial path has a nonzero weight. For any path u : i — j, we
define s(u) = i, the source of u, and t(u) = j, the target of u. Note that if
s(u) = s(v) and their weights are equal, then t(u) = t(v).

Let A; be the set of equivalence classes of paths that start at the vertex
i. It is a basis of the projective J-module P; = Je;. We define a partial
order on A; by the condition that u < v if there exists a path w such that
wu ~ v. A subset Z C A; is called an ideal (or a lower set) if u < v and
v € Z imply u € Z. In physics literature the poset A; is called a crystal,
an element u € A; is called an atom and the target t(u) € Qo is called the
color of u. The complement A;\Z of a (finite) ideal Z is called a molten
crystal.

Note that we have an embedding

(4.21) wt: A; — Al

Therefore we can parametrize atoms by their weights in A and interpret
the crystal A; as a subset of the lattice A ~ ZIQol+2,
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Example 4.6. — Consider the brane tiling

where we identify parallel sides of the parallelogram. The corresponding
quiver has one vertex 1, three loops z,y, z, and potential W = xyz — zzy.
Since da(F) = do(F") for the two terms in W, we have A = ZQ; ~ Z3. The
poset A; can be identified with N3, where a triple (k,l,m) corresponds to
the monomial z¥y'2™ € Clz,y, z] ~ J(Q,W). A finite ideal Z C A; ~ N?
is a finite subset such that if (k,I,m) € Zand 0 < k' < k, 0 < U' < I,
0 < m' < m, then (K',I'ym') € Z. Such subsets are also called plane
partitions.

When |Qo| > 1, we can still embed A; in lower dimensional spaces to
make it more visual. The first embedding was introduced in [97]. Let Q be
the universal cover of @, embedded in R?. Consider a lift of ¢ in @ which
we continue to denote by . Any path in @ starting at ¢ can be identified
with a path in Q that starts at i. It was proved in [97] that for any two
vertices 4,7 in @, there exists a path v;; : ¢ = j in @ (unique up to an
equivalence; called the shortest path from ¢ to j) such that any other path
u:i— jin @ Is equivalent to wiv;; ~ v;;w], where w; is a cycle that
starts at ¢ and goes along some face (it is unique up to an equivalence) and
n 2 0. Usually we omit the starting point of w; and write w. Therefore we
obtain a bijection

(422) A; = @0 x N C RS, w”vij — (j, ’/l)

The corresponding partial order on QNJO x N is generated by the following
relations. For any arrow a : j — k we have either av;; ~ v, or avy; ~ wvp.
Therefore

(4.23) Gon) < (k) or  (km) < (om) < (kvn+ 1),
There is an alternative embedding, called pyramid embedding,
(4.24) A; — Qo x N C R3,

where the first map is not necessarily a bijection. For any poset P and any
element u € P, define its height £(u) to be the length k of the maximal chain
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ug < up < --- < up, = u. Note that if all cycles in W have equal length,
then equivalent paths also have equal length and therefore the height of
u € A; is just the length of the path u. Every u € A; can be interpreted as
apath u:4 — j in @ (up to equivalence). The pyramid embedding maps
it to

(4.25) u— (j,0(u)) € Qo x N.

Note that u is mapped to level zero (meaning that ¢(u) = 0) only if w is the
trivial path e; at i. In this way we depict A; as an (upside down) pyramid
with the apex e;.

o ®
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e N
’ N
7/ N
4 N
N
O y - ®
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® L 4
AN 7 A
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[ o L 4 ~0®
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Figure 4.3. The bipartite graph and the dual quiver for the conifold

Example 4.7 (Conifold). — Consider the brane tiling in Figure 4.3. The
corresponding quiver has vertices 1,2, arrows aj,a2 : 1 — 2, by, bs : 2 — 1,
and the potential

(426) W = alblagbg - CleQCLle.

We draw the crystal A; as a pyramid in Figure 4.4. We denote paths u
with ¢(u) = 1 by yellow stones and paths u with ¢(u) = 2 by red stones.

4.5. NCDT and molten crystals
In (2.29) we defined the partition function Zf nc(x) of NCDT invariants

as a generating function of invariants of the moduli spaces M"NC(J, d)
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Figure 4.4. Visualization of the crystal A; as a pyramid

of NC-stable framed representations of the Jacobian algebra. The moduli
space MHNC(J d) is equipped with an action of the torus T = Hom(A, C*).
For the framing vector f = e;, the torus fixed points are parametrized by
finite ideals Z C A; and the partition function has a simple form [97]
(4.27) Zino(x) = Y (—1)ttx@DgdimT,

IcA,;
where dimZ7Z = ZUGI Et(u) € 790 is the dimension vector of the represen-
tation corresponding to the ideal Z. In this way we obtain an interpretation
of the partition function of NCDT invariants as counting molten crystals
(with signs). By Theorem 2.9 we have (for symmetric quivers)

(428) Zi,NC (37) = §€i EXp (— Z di Q(d, 1) .’Ed> .
d

Let us define the operator

(4.29) T: 2% — (—1)X(ddyd

Then the generating function counting molten crystals in A; can be writ-
ten as

(4.30) Za,(x)= > 2% =5, TZ xc(z)

TCA;
= TExp (- > di(d,1) :cd> :
d

Remark 4.8 (Algorithms). — The above partition function can be com-
puted using the following algorithm, which works for any subposet (or
subcrystal) P C A;. For simplicity we assume that all cycles in W have the
same length. We start with the set Py = {uq,...,u,} of minimal elements
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in P. Then we apply all admissible arrows to all elements in Py and obtain
the set P; of elements having height < 1. Assuming that we constructed the
set Py of elements having height < k, we apply all admissible arrows to the
elements of Py \P;_1 and obtain the set Py41 of all elements having height
< k+1in P. In order to find the terms of the partition function up to
degree n, we need only ideals Z C P having < n elements. Any element of
such semi-ideal has height < n — 1, hence it is contained in P,. This means
that we just need to find all ideals (of size < n) in the finite poset P, C P.
This is done using standard algorithms for finding all ideals in finite posets.
See https://github.com/smzg/msinvar for an implementation. An alter-
native algorithm based on the Quiver Yangian of [77] has been developed
by the second-named author and is included in the Mathematica package
CoulombHiggs.m, see Remark 3.14.

The above partition function of (numerical) NCDT invariants is itself
an important object associated with the Jacobian algebra. Later we will
study partition functions of unframed refined invariants of Jacobian al-
gebra. Having these refined partition functions, we can determine Z¢ nc
using the results of Section 2.6 and Section 3.4. Then we can compare the
result with the direct computation obtained by applying the algorithms in
Remark 4.8.

5. BPS indices for small crepant resolutions

In this section we will consider small crepant resolutions of affine singu-
lar CY3 varieties, meaning that the exceptional locus of a resolution has
dimension < 1. This implies that compactly supported sheaves on a reso-
lution have support of dimension < 1. In all our examples, we will actually
study Jacobian algebras J(Q, W) that are non-commutative crepant reso-
lutions of their centers. Moreover, an important feature of all small crepant
resolutions is that the quiver @ is symmetric. Therefore the wall-crossing
formula translates to the fact that integer DT invariants Q(d,y) are inde-
pendent of the stability parameter and satisfy (see cf. (2.49))

d
(5.1) A(z) = Exp (Ed g_zl(d’ )z > ,

y -y
where A(z) is the generating function of stacky unframed invariants corre-
sponding to the trivial stability. Our goal will be to compute this generating
function explicitly (or review existing results in the literature) and deter-

mine the DT invariants Q(d,y) = Q.(d,y) = Qs(d, y). In this way we also
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shall get access to the partition functions of framed invariants (refined and
numerical) as explained in Section 2.6. Examples of affine CY3 varieties
admitting small crepant resolutions are

(1) Quotients C?/G x C, where G C SLy(C) is finite.

(2) Quotients C3/G, where G C SO(3) is finite.

(3) Affine toric CY3 varieties with toric diagrams that don’t contain
internal nodes. They are of the form {xy — ZNogyNt = O} for 0 <
Ny < Ny or C3/(Zy x Zs) with an action of the group given by
(1,0) — diag(-1,-1,1), (0,1) — diag(1l,—1,—1). See Figure 5.1
for the corresponding toric diagrams.

Figure 5.1. Toric diagram for {a:y — 2NogyNt = O}, with No = 4 edges
at the bottom and N1 = 2 edges at the top (left). Toric diagram for
CS/(ZQ X Zg) (I‘Ight)

Note that for the action of Zy on C? given by 1 — diag(l,w,w™1),
w = e2™/N_ the corresponding quotient C3 /Zy is contained in all three
families (for the second family one needs to consider a subgroup of SO(3)
conjugate to Zn C SL3(C); for the third family one considers Ng = N,
N; = 0). Note also that the quotient C3/(Zy x Zs) is contained in the
second and the third family.

5.1. Invariants of C?

We consider the quiver ) with one vertex, three loops x, vy, z and poten-
tial W = ayz — xzy. The corresponding Jacobian algebra is J(Q,W) =
Clz,y, 2]

The following result for unframed stacky invariants of C3 was obtained
in [18]. The authors actually study the refined NCDT invariants, but the
refined unframed invariants written below can be also obtained from their
proof. For another proof of the formula see [93].
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THEOREM 5.1. — The generating function of (unframed) stacky invari-
ants for C3 is

2 " 3 >1xn
(5.2) A(z) = Exp <(Izq:n>1> = Exp (yz:n/> .

y -y
This implies that the corresponding DT invariants are
(5.3) Qn,y) = —¢* = (-y) - P(C%y), n=>1

This is the virtual motive of C* [18] (not to be confused with the vir-
tual Poincaré polynomial P(C?;y) = y%). Physically, Q(n,y) counts bound
states of n DO-branes on C3. The fact that it does not depend on n is the
basic property which allows to view DO-branes as Kaluza—Klein gravitons
in M-theory [109]. We note that (5.3) agrees in the unrefined limit with an
independent computation [13] based on exponential networks, which pro-
vide a dual representation of BPS states as D3-branes wrapped on special
Lagrangian cycles in the mirror CY 3-fold [44]. It would be interesting to
refine the computations of [13] so as to include spin dependence, along the
lines of [52].

Remark 5.2. — One has a similar formula for counting (unframed) DO
invariants of a smooth CY3-fold X' [18]

(5.4) . )
~1X] En>1 z" (—y)?[X] Zn>1 z"
Agole) =B (q g1 )ZEXP( : y -y )

where [X] = P(X;y) is the virtual Poincaré polynomial defined in (2.35). In
particular, let X be a singular toric CY3 variety arising from a brane tiling
or the corresponding quiver with potential (Q,W). Let X be a crepant
resolution of X and J = J(Q, W) be the Jacobian algebra. Then we have
an equivalence of derived categories D?(coh X) ~ D?(mod J) so that the
class of n DO-branes on X is mapped to the dimension vector nd, where
§=(1,...,1) € Z%. This dimension vector is contained in the kernel of the
skew-symmetric form, hence the DT invariants Qg (nd,y) are independent
of a (generic) stability parameter 6 and, in particular, coincide with the
attractor invariant . (nd, y). We obtain from the above formula that
(5.5) Qu(nd,y) = (—y)~*[A],
Applying Lemma 4.2, we obtain

(5.6) Qu(nd,y) = —y ' (y* + (i +b—3)y* +1i),
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where 7 and b are respectively the numbers of internal and boundary lattice
points in the toric diagram of X.

According to Section 2.6, for any framing vector f € N, we have

2 _ 1DQn, y) x
2@ = 5_cExp | 3 D0

n=1 Yy -y
(5.7)

4 2fn_1 n
— S_(Exp Z Yy )z

2 _
n>1 Yy 1

In particular, for f = 1, we have (cf. [18])

Zref( ) 71 EXp Z q pp 1

n>1

(5.8) ¢" 2yt
n>1 k 0
— H ]j k+2 n/2( x)n)—l.

The partition function of numerical NCDT invariants is given by special-
ization at ¢ = 1

(59) Zxol-) =[] =

1—zn)n
n=1

which is the MacMahon function. According to (4.27), it can be also com-
puted by counting molten crystals

(5.10) Inc(—z) =Y a¥mI
ICA,

where the crystal is A; = N3 (see Example 4.6), ideals Z C N3 are plane
partitions and dimZ = |Z|. It is a theorem of MacMahon that the gener-
ating function of plane partitions is given by (5.9). Note that the refined
topological vertex [62] postulates a different deformation of the generating
series (5.9), which is tantamount to Q(n,y) = —y rather Q(n,y) = —y* as
n (5.3).
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5.2. Invariants of C2/G x C

Let G C SLy(C) be a finite subgroup and X = C2/G x C. The corre-
sponding McKay quiver is isomorphic to the double quiver (meaning that
we add opposite arrows) of a quiver @ with an underlying diagram being
an extended Dynkin diagram of type gn for n > 0, ﬁn forn > 4 or En
for n = 6,7,8. Let @ be the Ginzburg quiver, obtained from @ by adding
opposite arrows a*: j — i for arrows a: ¢ — j and loops ¢;: i — i for
1 € Qp. The potential on @ is given by

(5.11) W= Z (¢jaa™ — lia™a).

(a:i—j)EQ1

Then the Jacobian algebra J = J (@, W) is Morita equivalent to the skew
group algebra G x C[z,y, z], where G acts on the coordinates z,y, z. There-
fore the derived category D®(mod J) is equivalent to the derived category
of G-equivariant coherent sheaves with compact support on C3.

In order to write down the formula for unframed stacky invariants, we
need to recall the root systems of affine type. Let @ be of type Xy_1 =
AN,l, 5]\],1 or EN,l. Let A; be the set of positive finite roots of type
Xny_1 and AT = AT U (—Af) be the set of all finite roots. Let § be the

indivisible imaginary root. Then the positive real roots of type X N_1 are
(5.12) A=A U{A"+ni|n>1}

while the positive imaginary roots are A = {né|n > 1}. We define A =
AT U A

Remark 5.3. — In type A ~N—1 we can also describe real roots as follows.
Let ag,...,an—1 be simple roots (so that 6 = a9+ -+ + an—1). For any
i,j € Zy, consider the element a;; = a5 + ;41 + -+ + a;. Then AT =
{aij|j7éi—1}+N5.

We can identify the root lattice of type X y_1 and the lattice T’ = Z%0.
Under this identification positive roots correspond to dimension vectors of
indecomposable Q-representations. The following result was proved in [93]
(see also [26] for the Ay_; case).

THEOREM 5.4. — The generating function of unframed stacky invari-
ants for J(Q, W) is

S ienre @+ qlqg+ N — 1) 4o pim 24
(5.13)  Alw)=Exp < — e e B
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Note that for the trivial group G (hence N = 1) we obtain Theorem 5.1.
The above theorem implies that the corresponding DT invariants are

-y de AY
(5.14) Qd,y) = —y(y*+ N —1) deAm
0 otherwise

The imaginary roots correspond to bound states of n DO-branes, with
Q(nd) = (—y) 3P(X). Real roots instead correspond to D2-DO bound
states, with DT invariants Q(d, y) interpreted as refined Gopakumar—Vafa
invariants [28, 55]. For N = 2, the result (5.14) agrees in the unrefined
limit with independent computation based on exponential networks [15].

Applying the results of Section 2.6, we can determine partition functions
of framed invariants for any framed vector f. In particular, for f = e
(corresponding to the extended vertex as well as the trivial representation
of G), we obtain numerical NCDT invariants (2.53)

(5.15) Z()’Nc(ir) = geo EXp( Z doxd + N Z d0$d> .
deAr? de Al
This implies

(5.16) Zonc(—wo,21,...,2N—1) = H< N H zd+n9) ) )

n>1 deAf

According to Section 4.5 this is also the generating function counting
molten crystals. Equation (5.16) for the group G = Zx was originally
proved in [112] using the molten crystal interpretation.

5.3. Invariants of the resolved conifold

Consider the conifold singularity
(5.17) zy — zw = 0.

Its toric diagram is shown on Figure 4.1. To see the relation between the
singularity and the toric variety, consider an exact sequence

(5.18) 0—7Z
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where the columns of the second matrix correspond to the rays of the
fan. The corresponding toric variety is equal to C*/T', where the action of
T = C* on C* is given by

(5.19) t(z1,z2,x3,24) = (t$1,t71$2,t711'3,t$4).
The map
(520) ($17x2,1'3,1'4) — (x,y,z,w) = (1’1.@2,153.%4,.%1(&3,.@2%4)

is T-equivariant and maps C* to the conifold. Taking the quotient, we
obtain an isomorphism. On the hand we can represent this toric variety as
a moduli space of quiver representations. Consider the quiver )

ay; a2

Y~
by by
Then we can identify R(Q,d), § = (1,1), with C*
(521) M +— (MalaMbNszvMaz) € (C4

so that M(Q,d) = R(Q,6)/Gs = C*/T.

We equip @ with the potential (4.26) and consider the Jacobian alge-
bra J = J(Q,W). Note that in this example we actually have M (J,§) =
M(Q, ). Crepant resolutions are obtained by considering a generic stability
parameter 0 (for example § = (1,0) or § = (0,1)) and the corresponding
moduli space M?(J,§) = M?(Q,d). They are isomorphic to the vector
bundle O(—1) & O(—1) — P! and have a derived category (of coherent
sheaves with compact support) equivalent to the derived category of J.
The following result was proved in [89).

THEOREM 5.5. — The generating function of unframed stacky invari-
ants for J(Q, W) is

q—1 k>0

Equivalently, the only non-zero unframed DT invariants are
(5.23) Qnd) = —y> —y, Qnd—e) =Qnd —e;)=1 (n>=1)

corresponding to DO-branes and D2-D0 bound states, respectively. These
invariants were first computed in the unrefined limit y — 1 in [54, 66, 107,
and have been recovered using exponential networks in [15, (3.29)].
Applying results of Section 2.6, we can determine the partition functions
of framed invariants (refined and numerical) for any framing vector f €
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N@o and any stability parameter. In particular, for f = ey, we obtain the
partition function of numerical NCDT invariants (2.53)

(5.24)  Zonc(—z0,21) = Sey Zo,nc(w)

= Exp (Z 2k(woxy ) — kafah™ — (k — 1)ah~ 1x]f>

k>1

_ H (1- 95035 “HFA -zt
= ke
According to Section 4.5, the generating function counting molten crys-

tals in the crystal Ag (see Figure 4.4) is equal to

(5.25)  Zna,(x Zxd‘mz Zone(zo, —71)
ICAp

_p G shet ) s afef )
_ -

k>1 xo )2k

This formula was conjectured in [107] and proved in [111] using the molten
crystal interpretation.

Generally, for any (generic) stability parameter § € R?, we have by The-
orem 2.11

geoZO,G = EXp (— Z doQ(d, 1)$d>,
0(d)<0
geo Z07NC = EXp (— Z doQ(d, 1).17(1) .
d

(5.26)

We see from Equation (5.24) that the walls occur only for 6 satisfying
0(1,1) =0, (m,m —1) = 0 or §(m — 1,m) = 0 for some m > 1. We can
parametrize them as follows. For any m > 0, consider the rays

(5.27) £ = Rso(l—m,m), £, =Rso(—m,m—1), {ls =Rxo(—1,1)

and let C5 be the chamber between /% and £, | (see Figure 5.2).

The partition function Zj g is independent of 6 in a given chamber. For
example, let us consider § € C,. of the form 6 = (—m,m — 1 + ¢) for
0 < e < 1. We have §(k,k) < 0 and 6(k,k —1) < 0 for all £ > 1 and
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los (2o of
C; CfL Car = Ciriv
by
I >
2 C2
Cr
by
Cy =Cnc
by

Figure 5.2. Chamber structure for framed invariants of the resolved
conifold. The spectrum of framed BPS states is trivial in the chamber
Cy, finite in the chambers C;, with m > 0, infinite in the chambers C;,
with m > 0. The non-commutative chamber corresponds to C;

O0(k—1,k) =m —k+¢e <0 only for k > m + 1. Therefore, we obtain

(528) 2079(7?50,1‘1)

:Exp(Z(chOml kwoaﬁk 1) - Z (k=1 ]Oc

k>1 k>m+1

k>1 k>m

k 1)19
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for 6 € C,,,. This generating function can be used to compute molten crys-
tals in a crystal having m stones at the top (for example, the crystal Ag
has one stone at the top).

THEOREM 5.6 (see [99, Thm. 5.13]). — For any 6 € C,,, m > 1, the
framed moduli space My°(J,d) is isomorphic to

o N P 5 m -m+1
(5.29)  Mg°(J,d) ~ Mnc(J%, (d,1)), d_(m—i-l —m )d’

where Jf is the quotient of CQf, for the framing vector f = meg (with
new arrows r;: 0o — 0 for 1 < ¢ < m), with relations induced by W and
asr; = airiy1 for 1 <i < m.

Remark 5.7. — The chamber structure for the conifold was first studied
in [64, 99]. The relations asr; = ajr;y1 for 1 < i < m can be implemented
by adding arrows p; : 1 — oo, for 1 < ¢ < m, and considering a potential
W' =W + Z;i_llpi(dg’l“i — alri_H) [29, 99]

There is a torus action on Myc(Jf, (d,1)) so that the fixed points are
parametrized by ideals in a poset (pyramid) Aém) having m stones at the
top. Under the map d — d described above, we have

(k, k) — (k. k),
(5.30) (kk—1) — (k+m—1,k+m),
(k—1LKk)— (k—m,k—m—1).
Using the formula (5.28) for the partition function Zg¢(x), we can de-
scribe the partition function of molten crystals

(5.31) (m) Z pdimI

zcal™

ZA((JM(—:UO, —r1) = Exp <Z (kaoxl kaytml k+m>>

k>1

><Exp<— > (k=g 1>

k>m—+1

= Exp (Z Okafak — kaktm=lghtm _ (k4 m — 1)afah™ 1)
k>1
k kfl)kerfl(l "Ek+m71$lf+m)k

_ H (1 —agzy — %o
(1= ahal)

k>1
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Note that for m = 1 we recover (5.25). This formula was conjectured in [107]
and proved in [99, 111].

5.4. Invariants of toric small crepant resolutions

Consider the toric singularity
(5.32) xy — 2NNt =0,

where 0 < Ny < Np. This singularity reduces to the conifold for (Ng, N1) =
(1,1), and is sometimes known as a generalized conifold. Its toric diagram
has the form as in Figure 5.1, with Ny edges at the bottom and N; edges
at the top.

The small crepant resolutions are obtained by triangulations of the toric
diagram (see Figure 5.3). We will parametrize them following [90]. Let
N = Ny + N;. Given a triangulation o, we parametrize every triangle by
the left end of its horizontal edge and enumerate triangles from right to
left. Then we obtain a bijection

(5.33) 0 =(03,0y): INn={0,...,N =1} — (In, x {0}) U (In, x {1}),

Figure 5.3. Example of a triangulation of the toric diagram on Fig-
ure 5.1 with o = ((3,0), (2,0), (1,0), (1,1), (0,0),(0,1)) and J = {0,1}

We will usually identify I = Iy with Zy. Define
(5.34) J={iel|loy(i)=0,(i+1)}

which enumerates ¢ € I such that triangles T;, T;,1 have adjoint horizontal
edges (we consider triangles T_1,Tp for i = N — 1). We will assume that
the diagonal between the origin and (1,1) is in ¢ (if Ny > 0). Then o is
uniquely determined by J. Note that the parity of J is equal to the parity
of I, see Remark 5.12.

The corresponding quiver with potential is constructed as follows. Let
I =Zpy and J C I be a subset having the same parity as I. Define a quiver
Q@ with the set of vertices Q9 = I and with edges

(5.35)  {hiti—i+Lhici+l—ilicl}U{r:i—ilicJ}
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equipped with the potential
(536) W = Z :I:rz(ﬁlhz — hiflﬁifl) + Z iflihihiflﬁifly

i€J i¢J
where the signs are chosen in such way that every arrow appears with
opposite signs (this is possible as J has the same parity as I). The quiver
(Q, W) can be glued into a brane tiling [90] as was explained in Section 4.2.
Different triangulations lead to equivalent quivers related by mutations.

Example 5.8. — Consider I = {0,1,2} and J = {0},{1} or {0,1,2}.
The corresponding potentials are

(5.37) W = ro(hoho — haha) — hihihoho + hohohihy,

(5.38) W = hohohahg + 71 (hihy — hoho) — hahahihy,

(5.39) W = ro(hoho — haha) + r1(h1h1 — hohg) + 72 (hahg — hihy).
Example 5.9 (Quotient C?/Zy x C). — Consider Ny = 0, Ny = N and

a triangulation

Then I = J = {0,...,N — 1} and the quiver Q is the Ginzburg quiver
of the cyclic quiver C'y, obtained by taking the double quiver of C'y and
adding loops at all vertices. The potential was described in (5.11).

Example 5.10 (Conifold). — Consider No = N; = 1 and a triangulation

%

Then I = 7Z5 and J = &. We obtain the same quiver with potential as was
studied in Section 5.3, with an identification

(5.40) ai = hg, as = hy, by = ho, by = hy.
Example 5.11 (Suspended pinch point). — Consider Ng = 2, N; = 1 and

a triangulation
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Then I = Zs, J = {0} and we obtain the quiver shown in Figure 5.4.
Labelling the vertices by 0, 1,2 and the arrows by

(5.41) hi:t—1+1, hiti+1—1, ro: 0 — 0.
the potential is given by
(5.42) W = T‘()(tho — hgﬁg) — Elhlhoho + Eghzhlfll.

— @b»z« ob—
©—0)=—0)
_>@<_ _>@+

Figure 5.4. Quiver and tiling for the suspended pinched point

oD

Remark 5.12. — In what follows we will consider only triangulations with
J={0,..., N’ — 1} for some N’ > 0. One can show that such triangulation
is unique and that N’ = Ny— N; (assuming that the diagonal between (0, 0)
and (1, 1) is in the triangulation). Note that N’ and N have the same parity.
Since mutations (swapping a diagonal) do not change the parity of J, we
conclude that J always has the same parity as I.

In the statement of the following theorem we use the root system of type
Apn_1 which was described in Remark 5.3.

THEOREM 5.13 (see [90]) — Let N = Ng+ Ny, N' = No—N1, I =7Zn,
J={0,...,N' =1} and (Q, W) be the quiver with potential defined above.
Then the generating function of unframed stacky invariants for J(Q, W) is
given by

Zd ( Y ) )
(5.43) Ae) = Bxp (R0,
where, for d € NV,
(1) Qd,y) = —y ifd € A% and 3,4 ; d; is even.
(2) Qd,y) =1ifde AL and } ;. ; d; is odd.
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(3) Qd,y) = —y(y> + N — 1) if d € A
(4) Q(d,y) = 0 otherwise.
Cases 1 and 2 correspond to D2-D0 bound states wrapped on a rational

curve with normal bundle O(—1) & O(—1) and O(0) & O(—2) respectively,
while case 3 corresponds to DO-branes, see Remark 5.2.

Example 5.14 (Suspended pinch point). — Consider the quiver with po-
tential from Example 5.11. We have § = g + a1 + a2 = (1,1,1) and

AT ={ag, a1, 00, a0 + a1, a1 + g, a0 + a2} + N6
We have J = {0}, s(d) = >_,4;di = d1 + d2 and 5(9) even. The real roots
d with even s(d) are
{ag, 01 + as} + N6.
The real roots d with odd s(d) are
{ahag, (67 + a1, Qg + 0[2} + N5

Therefore A(x) is equal to
(5.44)

Exp

g(zo + z122) — q% (1 + 22 + xoz1 + T022) + (0 + 2)96‘S Z m”6>
q—1

n=0

Applying (4.28) we obtain the partition function of NCDT invariants
(5.45)

Seo Zonc(z) = Exp (Z((kz+1)xo+kx1x2(k+(k+1)xo)(x1+x2))xk5>
k>0

x Exp <3 Z(k + 1)x5)xk5>

k>0

H (1 — z12P) R (1 — 202?0)* (1 — woa 2®0) 1 (1 — moaoah®)k+!

o R\Et1(] _ ko — (kt1)0\3(k+1)
iS50 (1 — zoakd)k+1(1 — 2y zoakd)k (1 — 2 )3(

Similarly, applying (4.30) we obtain the partition function of molten
crystals in the crystal Ag

Zny (o, —21, —T2) = TZAU (z) = §eOZ07Nc(z).
Therefore
(5.46)
2 B (14 212 ) (1 + 202705 (1 + zow1 2P (1 + zoaaahd)FH!
Ao (T) = H (1 = 2o@kd)FH1(1 — 2y z92Fd)k(1 — z(-+18)3(k+1)

k>0

This formula proves a conjecture from [97].

TOME 0 (0), FASCICULE 0



56 S. Mozgovoy & B. Pioline

5.5. Invariants of C3/(Zy x Zs)

Consider the quotient C3/(Zy x Zs), where the action of the group is given
by (1,0) — diag(—1,-1,1), (0,1) — diag(1,—1, —1). The corresponding
toric diagram is contained in Figure 5.1. We construct the corresponding
quiver with potential following Example 4.5. The McKay quiver @} has
vertices 0, 1,2, 3, arrows a;; : ¢ — j for all ¢ # j and potential

(5.47) W= Z taki k005
.5,k

where the sum runs over all triples of elements in (Jg. The quiver and brane
tiling are shown on Figure 5.5. The following result is proved in [98]. Here
we identify Qg with Z4 and write § = (1,1,1,1) € Z%o.

LA
<1
ok

@(CI)\Cf
-
|
T

RO
l
RS
|

Figure 5.5. Quiver and tiling for C3/(Zq X Zs)

THEOREM 5.15. — The generating function of unframed stacky invari-
ants for J(Q, W) is
(5.48)

Az) = EXp(

4wy — q7 2, (T T iya) + q(g+3)2° S
qg—1

Note that the summands of the form x;x;12 above don’t correspond to
any roots of type As. Applying (4.28) we obtain the partition function of
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unrefined NCDT invariants

(549) ZO’NC(_mO;xlax27x3)

= EXp(Z na™’ (4 + Z (ziwj+(wa;) ™) — v12aw3 — (T12273) T — Z(L’_'_J%l)))
n>1 ff;]o i#0
— ML) — M(xlxg,zJ)NM(zlxg,f)]f\Z(xgxix‘s) 7
M (z12223, 29)M (21, 20) M (22, 2°) M (23, 29)

where we define

(5.50) M(q,z) = H (1—gz")™™ =Exp (Z nq:c”) ,

n>1 n>1

(5.51) M(q,x) = M(q,2)M(q~", ) = Exp (Z n(q+ q_l)w"> :

n>1

This formula was proved in [112] using the molten crystal interpretation.

Remark 5.16. — Throughout this section, we have considered quivers
with superpotential coming from a brane tiling. Donaldson—Thomas in-
variants for deformations of the standard potential for C3, C?/Zy x C and
the conifold have been computed in [27] and references therein, and exhibit
jumps in complex codimension 1 as the deformation parameter is varied.

6. Attractor indices for local surfaces

In this section we study attractor invariants of some local surfaces (line
bundles over smooth projective surfaces). As explained in Section 4, they
arise as crepant resolutions of affine toric CY3 varieties associated to brane
tilings. In contrast to the previous section, these crepant resolutions are not
small, so there are exceptional divisors (corresponding to internal points
of the toric diagram), hence two-dimensional compact subvarieties. On the
algebraic side the problem becomes significantly more difficult since the
quiver is no longer symmetric and therefore the quantum affine plane is not
commutative. Instead of the DT invariants 2(d, y) considered in the sym-
metric case (independent of a stability parameter), in the non-symmetric
case we will study the attractor DT invariants Q. (d, y). It was conjectured
in [16] that they have a particularly nice behavior, namely they vanish
unless d = e; or d is contained in the kernel of the skew-symmetric form
(—,—). In this section we will compute attractor DT invariants .(d,y)
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explicitly for small d. They turn out to have a particularly simple form,
which suggests a natural conjecture for the value of Q. (d,y) for arbitrary
dimension vectors. As explained in Section 3, having a general formula for
attractor DT invariants, we can compute DT invariants (both framed and
unframed) for any stability parameter. In particular, we shall compute the
framed DT invariants in the non-commutative chamber, and find agreement
with the counting of molten crystals in the unrefined limit.

6.1. Double dimensional reduction

Let (Q,W) be a quiver with a potential and let I C @1 be a cut. Then
the generating function of unframed refined invariants is given by (2.41)
(the first dimensional reduction)

(6.1) A@w) = 3 (—ype@adrz@PEILA) 4 - Y dd;,

deNQo P(Gd) (ari—j)el

where

(6.2) Jr=J1(QW)=CQ'/(0W/da:acl),  Q = (Qo,Q:\I).

Assume that there is another cut I’ C @ disjoint from I. Define Q" =
(Qo, @1\(Z U I")) and consider the forgetful map

(6.3) 7 R(J;,d) — R(Q",d)

having linear fibers. Given a Q"-representation M, let ¢(M) denote the
dimension of the fiber 7! (M). Then ¢(M) is quadratic, meaning that there
exist values ¢(M, N) such that ¢(M) = ¢(M, M) and ¢(B, M;, D, N;) =
Zi,j ¢(sz Nj)‘

Let Z be the set parameterizing all indecomposable Q”-representations.
Then every Q"-representation can be written in the form M= @ y ., X 9™
for some map m: Z — N with finite support. Therefore the above generat-
ing function can be written in the form (the second dimensional reduction)

(M)
1 q d
(64) A(z)= (—q2 )XQ(d A+2yr(d) 4
MeRZep o [Aut M]
d=dim M
%)_ZM neg MmmNo(M,N)

_ (—q »
a Z HMEI( -

[L‘ZJMEI mpr dim M
1
T ma
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where (q),, was defined in (2.37), and the “interaction form” 0: ZxZ — Z
is given by

(6.5) o(M,N) = 2h(M,N) — 2¢(M,N) — p(M, N),

(6.6) h(M,N)=dimHom(M,N), p(d,e)=xqg(d,e) Z dej,
(a:i—j)el

where p(M, N) = p(dim M, dim N). In the following examples, we shall
choose the disjoint cuts I, I’ such that the remaining quiver " is simple
enough that we are able to classify all its indecomposable representations.
In that case we can then apply (6.4) to compute the generating function
A(z) and read off the DT invariants for any stability parameter using the
methods explained in Section 3.

6.2. General action of Zy on C3

Consider a finite subgroup Zy C SL3(C). Choosing a basis of C3 we can
represent the action of Zy on C? as

(6.7) 1 — diag(w,w®, w™*1),

where w is a primitive N-th root of 1 and 0 < k < N/2. The toric diagram
is the convex hull of the vectors (equivalent to Figure 4 in [58])

SN . 0N . -k
1*07 V2 = 17”3* k+1—N

The corresponding McKay quiver (cf. Example 4.5) has vertices Qo = Zy,
arrows

<)

(6.8)

(6.9 Q1: a;:i—i+l, b:i—it+k, c¢:i—i—k—1, i€Zn.
and potential

(6.10) W = Z ci+k+1(bi+1ai — a,;,.kbi).
IELN
‘We choose two cuts

(6.11) I={cilicZy}, I'={b;j|icZy}.

such that the quiver Q" = Q\(JUI") is the cyclic quiver C'x (having vertices
i € Zy and arrows a; : ¢ — i + 1 for i € Zy). As recalled below, we can
easily parametrize the set Z of indecomposable representations of C. For
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any representation M of this quiver, the arrows b; € I’ correspond to a
morphism M — X*M, where the functor ¥ is defined by

(6.12)

Y¥: RepCy — RepCl, (EM); = Mi41.

This implies that the dimension of the fiber of (6.3) over M is equal to
¢(M) = h(M,X*M), hence we have ¢(M,M') = h(M,~*M"). Using no-
tation from Section 6.1, we obtain

(6.13)

(6.14)

o(M,M') = 2h(M, M') — 2h(M,%*M") — p(M, M),
p(d,e) = xq(d,e) Z die;
(a:i—j)el

= Zdi(ei — €41 — itk + €ik—1).
i

Now we have all necessary ingredients to compute the generating function
A(z) of stacky unframed invariants of (@), W) using the formula (6.4).
Let us now describe the indecomposable representations of the quiver

QII —

Cy in more detail. Dimension vectors d of indecomposable rep-

resentations are parametrized by the (positive) roots of type ZN,l (see
Remark 5.3). The representations associated to d depend on whether d is

a real or imaginary positive root:

e For any real root d € Al C N®o_ there is just one indecompos-

able representation having dimension vector d. More precisely, for
d = a;; +nd with 4,j € Zx and n > 0 (recall from Remark 5.3
that a;; = a; + @41 + -+« and j # ¢ — 1 for real roots),
the corresponding indecomposable representation X; ; , has a basis
consisting of vectors e;, €;11, ..., €irernn, Wwhere 0 < £ < N is such
that £ = j — ¢ (mod N). We place ey, at the vertex k£ (mod N) of
Cpn. The arrows of Cn send ey to exqq for ¢ < k < i+ 0+ niN
and send e;4 ¢4+, N to zero. Note that all of these representations are
nilpotent.

For any imaginary root d = nd, there are N nilpotent representa-
tions of the form X, ;1,1 with ¢ € Zx, as well as one parameter
families of representations X,, x with A € C* (we call them invert-
ible representations) of the following form: X, » has a vector space
C™ at every vertex, identity matrices for all arrows a; : ¢ = i+ 1
except for one arrow a; with Jordan block J, » (different choices of
j € Zy lead to isomorphic representations).

Remark 6.1. — The above indecomposable nilpotent representations can
be alternatively parameterized by pairs (4, ), where i < j are integers and

ANNALES DE L’INSTITUT FOURIER



ATTRACTOR INVARIANTS, BRANE TILINGS AND CRYSTALS 61

0 < ¢ < N. Given representations M, M’ corresponding to pairs (i, 7)
and (k, £) respectively, the dimension of the vector space Hom(M, M’) is
equal to the number of integers k£ < s < £ such that s = ¢ (mod N) and
j—i>=4{—s.

We note that the interaction form (6.13) is zero if one of the representa-
tions M, M’ is invertible. This implies that we can decompose

(6.15) Alz) = Al(z) - A (2),

where A'(z) and A®(z) are defined as in (6.4) with the sums running over
(indecomposable) invertible and nilpotent representations of Cy respec-
tively. We can compute the series A!(z) explicitly as follows. The corre-
sponding series for one eigenvalue A € C* is given by

mnd
; x
n>1 \m>0 T " )m n>1

Therefore the generating function for all invertible representations is given
by

(6.17) Al(z) = Al (2)7! = Exp <q Z x”6> .

n>1

qxné
q—1

The generating function A™(x) is significantly more complicated and it is
unclear if one can find a closed formula for it. Yet we have all the necessary
ingredients to determine it for small dimension vectors using a computer.
Then we can find the corresponding attractor invariants Q2(d,y) for the
series A™(x) so that attractor invariants for the series A(x) are given by

(6.18)  Qu(d,y) = Q2(d,y) + QL(d,y)
y2(y 7y) d:né, n>17

0 otherwise.

=Qﬁ¢w+{

Before proceeding to discuss the simplest example X = C3/Zs3, we in-
troduce the following construction which will be useful later. Consider the
cyclic quiver Cy and a vertex ¢ € Zy. Then we define a functor that forgets
the vertex @

F;: Rep CN — Rep CN—l,

(6.19)
M — (Mo, ...,M;_1,Mi11,..., Mn_1),

where the linear maps between vector spaces are the same as before except
for M;—1 — M;41 which is the composition M;_1 — M; — M; 1. If i =0,
then we start with M.
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More generally, let I = {i1,... 4}, where 0 < i; < -+ < iy, < N. Then

the functor
(6.20) Fr=F,o0---0oF; : RepCy — RepCn_p,

Tm *

forgets vertices from I.

6.3. Invariants of P?

Consider the action of Z3 on C3 given by
(6.21) 1 +— diag(w,w,w)

where w = €2™/3_ The corresponding McKay quiver with potential QW)
was described in the previous section, and was studied in detail in the
physics literature [39]. It is shown along with the brane tiling in Figure 6.1.

—»2%0—»(_)—»(3)*»0—-

o NN

‘/\ \/‘/\,

@\/ A @\/@‘
o6 0]

ANSNY NS

»
»2%0—»0—»(2}%0—-

Figure 6.1. Quiver and tiling for C3/Z3

Note that the quotient X = C3/Zs3 has a crepant resolution X = Kp2 =
O(-3), the canonical bundle of P? (see the toric diagram in Figure 4.1). On
the other hand, the Jacobian algebra J = J(Q, W) is a non-commutative
crepant resolution of C3/Zs. Let us choose a cut I = {ag,be,co : 2 — 0}.
Then the algebra J; = J;(Q, W) (6.2) is given by the quiver

O ag bo co 1 a1 b1 c1 2

subject to the relations

(6.22) albo = blao, Clbo = blco, a1Co = C1Q9.
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Note that it is isomorphic to the algebra of endomorphisms
End(O @ O(1) ® O(2))

corresponding to the Beilinson exceptional sequence O, O(1),O(2) on P2.
Morally, under these identifications, the canonical embedding J;(Q, W) —
J(Q, W) corresponds to the projection Kp: — P? and the forgetful map
J(Q,W) — Jr(Q, W) corresponds to the zero section P? < Kpz. We have
a commutative diagram of derived categories

D*(cohP?) —~— Db(mod J;)

l l

D?%(coh Kpz) —~— D"(mod J)

where D?(coh Kp2) denotes the bounded derived category of coherent
sheaves with compact support on Kp2. Therefore, counting objects on P?
corresponds to counting objects on the CY3-fold Kp2 (supported on the
zero section) or counting objects in D®(mod J).

As was discussed in the previous section, we have an explicit formula for
the generating series A™(x) (and A(z)) that can be determined in small
degrees using a computer. Then we can apply the Joyce—Reineke formula
(see Theorem 3.2) to find the attractor invariants Q2(d, y) and Q.(d, y). The
following conjecture was obtained using this approach and was verified up
to degree (4,4,4).

CONJECTURE 6.2. — We have
(6.23)  Qulesy) =1, @y =-y @y +y*+1), n>1
All other attractor invariants vanish.

Note that the above vanishing of the attractor invariants was conjectured
in [16]. The value of Q.(nd,y), corresponding to n DO-branes on Kp,, was
left undetermined in this reference, but according to Remark 5.2 we have
Q,.(nd,y) = (—y)3[X]. For X = Kp2, we have [X] = q(¢*> + ¢+ 1) and the
corresponding value of Q. (nd, y) is consistent with our computations. It was
conjectured in [16] that the single-centered invariants (see Remark 3.13)
satisfy Q.(nd,y) = Qs(nd,y) —y — 1/y, so Equation (1.2) appears to be
verified in this case.

Using the prescriptions in Section 3.4, or equivalently the attractor tree
formula for the framed quiver, we can compute the framed refined DT

TOME 0 (0), FASCICULE 0



64 S. Mozgovoy & B. Pioline

invariants in the non-commutative chamber,

(6.24) Zo,NC (x)
=1+4z0+ (¥ +14+1/y*) zox1 + (v* + 1+ 1/y?) zoa?
— (v* +y+1/y) wowiws + (v + 257 + 3+ 2/y° + 1/y") worizs
+ xo} — (Z/ +y+1/y) T T2
= (¥’ + 9’y 1y + 1)y +1/y°) weaias
+ (y + 2¢? —|—3+2/y + l/y ).Z‘QJJ1$2 + (y +141/y? )xoxlxg
(y +2y° + 3y +2/y+1/y° ) (zgaizs + vgais)
+ (v® +y® + 20" + 207 + 3+ 2/y% + 2/y" + 1/y° + 1/y%) moaias
+ (y° + 3y* + 6y* + 6 + 4/y* + 1/y*) adzial + O(a])
In the unrefined limit y — 1, this agrees with the counting of molten
crystals in [30, (8.16)], see also [112, Rem. A.5]. It is worth noting that
the lack of invariance under y — 1/y in most of the coefficients in this
expansion follows directly from the non-invariance of 2, (nd, y).

For future reference, we record the unframed stacky invariants for trivial
stability condition for small dimensions (multiplied by the motive [G4] =
[licg,[GL(d;)], see (2.37)), which provide a convenient starting point for
applying the Joyce—Reineke formula:
A(d,y) - [Gd]
(1L,1,1) [ y* (y° +y* = 1)
(27 L, 1) _y7 (yg + yﬁ - 1)
(2,2,1)
(2,2,2)

M Byt =S 2yt — P+ 1)
y8<y20 +5y18+8y16 _7y14 _ 13y12 _3y10
+8y% +7yS — 4yt — 292 +1)

Stacky invariants for dimension vectors with support on 1 or 2 vertices are
easily computed since the relations 9W/da = 0 are trivial obeyed.

6.4. Invariants of Fj

We now consider the Hirzebruch surface Fy = P! x P! and the corre-
sponding CY 3-fold X = K, . It can be realized as a crepant resolution of
a singular toric CY3 variety X associated to the brane tiling shown in Fig-
ure 6.2 (for the so-called phase II in the terminology of [16]), corresponding
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to a Zs-orbifold of the conifold. The quiver has vertices indexed by i € Zy,

arrows al(l) a?:i—i+1and potential

(et}

(6.25) W = sgn(i, 7) sgn(k,l) agl)aéj)agk)aéi).
i#3,k#l
&)

i

0 0 0 @
P—O—O—@—0)
O 0 0 @
P—0—O—@—0)
O O 0 0 @

Figure 6.2. Quiver and tiling for Fy

@)

where sgn(1,2) = 1,sgn(2,1) = —1. We write a; = a; ’ and b; = q;

W—--y O
N =

|

Let us consider two disjoint cuts
(6.26) I={by,bs3}, I' = {bg, b2} .
As before, we define
(6.27) Jr =kQ'/(0W/Ba : a € 1), Q =Q\I

and Q" = Q\(J UI') = Cy4, the cyclic quiver. Then an element of a fiber of
a forgetful map

(6.28) 7 R(J;,d) — R(Q",d)

over a representation M of Q" = Cy corresponds to a choice of morphisms
for the arrows by, by € I’. The relations in the algebra J; amount to the
commutativity of the diagram

Therefore we can consider (bg, b2) as a morphism Fj sM — Fj oM between
representations of the cyclic quiver Cy, where the forgetful functor F; was
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defined in Section 6.2. This means that the dimension of the fiber 7=1(M)
is equal to

(6.29) ¢(M) = h(F13M, FyoM).

As in Section 6.1, let Z be the set of indecomposable representations of
Q" =Cy and let 0: Z x T — Z be the interaction form defined by (6.5)

(6.30) o(M,N) = 2h(M,N) — 2h(Fy 3M, Fy oN) — p(M, N),
(6.31)  p(d,d) = xq(d,d)+2 Y didj=(do—dv)* + (dy — d3)*.
(a:i—j)€el

As was explained Section 6.2 we have a simple parametrization of indecom-
posable representations of the cyclic quiver Cy. Therefore we can compute
the generating function A(z) of unframed stacky invariants of the Jacobian
algebra J(Q, W) (6.4)

(_q% )_ EM,NEI myumyo(M,N)

xZIWEI m dim M

(6.32) A(z)= >

m:I—N [ez(@ma
The following conjecture was verified in small degrees:

CONJECTURE 6.3. — We have

(6.33) Qu(e;) =1, Q. (nd) = =y H(y? +1)?, n

WV
—_

All other attractor invariants vanish.

Note that this conjecture is compatible with €2, (nd) = (—y)3[X] (5.5)
as [X] = [Kg,] = q(q + 1)2. Moreover, it was conjectured in [16] that the
single-centered invariants (see Remark 3.13) satisfy Q.(nd,y) = Qgs(nd, y)—
y—1/y, so Equation (1.2) is again verified. We note that DT invariants on
Ky, were studied using exponential networks in [14].

Using the prescriptions in Section 3.4, or equivalently the attractor tree
formula for the framed quiver, we can compute the framed, refined DT
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invariants in the non-commutative chamber

(6.34) Zinc(z)
=1+x0— (y+ 1/y)xoz1 + xgm% + (y2 + 2+ 1/y2) TOT1L

—(¥* +y+1/y+1/y*) moxizs — (y + 1/y)zoz3z1
— (v* + 2y + 1/y) zozizows — (v° + 2y + y ) afzi 203
(y +yP 2+ 1/y% + 1/y )xoxfmg
+ (v? + 2+ 1/y?) (zoz17525 + To2 T273)
— (V* +y+ 1y +1/y%) woriad — (y+ 1/y)xor1323
— (v° +20° + 4y + 4/y + 2/y* + 1/y°) moaiaizs

+ (2 24 1/y*) i ades + (y +3y2+3+ 1/y2) ririzens

+O(x7)

Again, one may check that this agrees with the counting of molten crystals
in the unrefined limit y — 1.

For future reference, we also record the unframed stacky invariants for
trivial stability condition:

d A(d,y) - [Gd]

)| y? (B +29° =297 — 92+ 1)
)| —y" (By® -3yt +1)
)

)

y10 (y14+y12+3y10_3y8_5y6+3y4+2y2_1)
_yg (3y20+4y18_y16_10y14_y12+6y10+2y6
-yt =292 +1)

(2,2,2,2) | ¥ (y*0 + Ty + 1992 — 15y — 53y'8 4+ 346

+66y'* +10y'? —49y'° —3¢° + 2095 — 3y* —3¢% +1)

6.5. Invariants of F; = dP;

We now consider del Pezzo surface dP;, which is the blow-up of P? at
one point. Equivalently, it is the Hirzebruch surface F; = P(Op1 @ Op1(1)).
Its canonical bundle Kq4p, is a crepant resolution of a singular toric CY3
variety associated to the brane tiling shown in Figure 6.3. The quiver @
has 4 vertices, 10 arrows and potential [9, 46]

(6.35) W = &}, 03, 03,®15 + OF, P35, P13 + Pya®3, DI,
— 7,3, Py P12 — Py P P13 — Do D3, D3y
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e «\@/

|

WHE——— N

&@ 9 /

%

|

TR

Figure 6.3. Quiver and tiling for

We choose the cuts
(6.36) I = {9y, 4, 4y}, I'={®13,®3,, Pso} -
Then
(6.37) Q" =Q\(IUTI') = {®13, 35, 03, @3, } = {a1,a2,a3, a4}
is a cyclic quiver with 4 vertices. An element of the fiber of
(6.38) 7: R(J7,d) — R(Q",d)

over a QQ”-representation M is encoded by the values of the arrows in I”
and induces a commutative diagram

as
Jl/ a1aq
\_/

az

l

DO ——

—
as
—

The arrows at the top produce a representation FoM of Cs (we forget
the vertex 2). The arrows at the bottom produce a representation X Fy M
(we forget the vertex 1 and perform the cyclic shift). The above analysis
implies that the fiber of 7 can be identified with

(6.39) 7Y (M) ~ Homg, (Fo M, SF, M).
Using notation from Section 6.1, we obtain

(6.40) o(M,N) = 2h(M, N) — 2h(FsM,SF,N) — p(M, N),
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(6.41) p(d,e) = xq(d,e) + Z die;

(a:i—j)el

= Zdiei - d1(€2 + 63) — d3eq — dges.

As was discussed in Section 6.1, this gives us all ingredients to compute
the generating function .A(x) of unframed stacky invariants of the Jacobian
algebra J(Q,W). Then we apply the Joyce-Reineke formula (see Theo-
rem 3.2) to find the attractor invariants Q. (d,y). The following conjecture
was verified in small degrees.

CONJECTURE 6.4. — We have
(6.42) Qule;) =1, Q.(nd) = —y '+ 202 +1), nx=1
All other attractor invariants vanish.

Note that this conjecture is compatible with Q. (nd) = (—y) ~3[Kq4p,] (5.5)
as [Kqp,] = q(¢+ 1)%. Moreover it was conjectured in [16] that Q.(nd,y) =
Qs(nd,y) —y — 1/y, in line with Equation (1.2).

Using the prescriptions in Section 3.4, or equivalently the attractor tree
formula for the framed quiver, we can compute the framed, refined DT
invariants in the non-commutative chamber

(6.43)
Zine =1+ @1 + 2122 + m1xs + (v + 1+ 1/y?) 212223 + 217374

= (y+1/y) afeses + (P + 1+ 1/y°) w1003
— (4 2y + 1/y)z1moszs + ...

Zonc =14 x9 — 2w9w3 + LE2$§ + (y2 + 2+ 1/y2) ToT3Ty
— (y + 1/y) (z3z423 + zoasal) — (¥ + 2y + 1/y)z1322324
+ (y4 +yP 112+ 1/y4) x2x§x4 + ...

Zznc =1+x3+ (y2 +1+ 1/y2) T3T4 + (y2 +1+ 1/y2) r322
+ (y2 + 2+ 1/y2) T123T4 + ToT3Ty 4 TTS
+ (vt + 207 + 3+ 2/y° + 1/y") miasal — (y + 1/y)zoasa]
+xfwsrs — (V° + 2y + 1/y)ziwozsrs + ...

Zine =1+ ay+xows — (y + 1/y)zizg + fzs + (v + 2+ 1/y°) 21202y
+ (V + 1+ 1/y%) afwomy — (y + 1/y) 212324
- + 2y + 1/y)z1wasrs + ...
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Figure 6.4. Quiver and tiling for dPo

For future reference, we also record the unframed stacky invariants for
trivial stability condition:

(1,0,1,1) | =33 (—y* —9y* +1)
(07 17 17 1) y2 (7y4 - y2 + 1)
(1,1,1,1) | v (v® +2y5 —y* — 2y 4+ 1)

6.6. Invariants of dP,

Consider del Pezzo surface dPy which is the blow-up of P? at two points,
or equivalently the blow-up of F; at one point. Its canonical bundle Kgp,
is a crepant resolution of a singular toric CY3 variety corresponding to the
brane tiling shown in Figure 6.4 (in the so called phase II). The quiver Q
has 5 vertices, 11 arrows and potential
(6.44) W = &g D503, 87y + Oyy P3P, P17y + PsaPusPoy

— By Doy Ty — Do D3503; — P5y Pys P34 P2, P1,

We choose the disjoint cuts

(6.45) I = {0y, 41, P52}, I' = {®],, Pay, P35} -
Then
(646) QN = Q\(I U I’) = {(I)%Q, @%3, @34, '1)457 @51} = {al, asz,as,aq, a5}

is a cyclic quiver with 5 vertices. The same analysis as before shows that
an element of the fiber 7=1(M), for M € Rep Q”, induces a commutative
diagram

ANNALES DE L’INSTITUT FOURIER



ATTRACTOR INVARIANTS, BRANE TILINGS AND CRYSTALS 71

asa40a3

@, ey

1— 2 —— 3

aijas

The arrows at the top produce representation F4 5 M € Rep C'3. The arrows
at the bottom produce representation Fj 3M € Rep C'3. The above analysis
implies that the fiber of m can be identified with

(6.47) 7N (M) ~ Homg, (Fy 5 M, Fy 3M).
Using notation from Section 6.1, we obtain
(6.48) o(M,N)=2h(M,N) —2h(FysM,F) 3N) — p(M,N),

As was discussed in Section 6.1, this gives us all ingredients to compute
the generating function A(z) of unframed stacky invariants of the Jacobian
algebra J(Q,W). Then we apply the Joyce—Reineke formula (see Theo-
rem 3.2) to find the attractor invariants Q. (d,y). The following conjecture
was verified in small degrees.

CONJECTURE 6.5. — We have
(6.49) Qule;) =1, Q.(nd) = —y ' + 32+ 1), n>=1
All other attractor invariants vanish.

Note that this conjecture is compatible with Q. (nd) = (—y) ~3[Kg4p,] (5.5)
as [Kap,] = q[dPs] = q([P?] + 2¢) = ¢(¢* + 3¢ + 1). Moreover Q. (nd,y) =
Qs(nd,y) —y —1/y [16].

Figure 6.5. Toric diagram of Fy (left), PPy (center) and Y32 (right)
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For future reference, we also record the unframed stacky invariants for
trivial stability condition:

d Ald,y) - [Gd]
(1,1,0,1,0) | —y° (29> — 1)
(0,1,1,0,1) | —* (2y* — 1)
(0,1,0,1,1) | y* (2y* — 1)
(1,1,1,0,1) | —y® (y® +2y* + 3y* — 1)
(1,1,1,1,0) | =y (¥ +2y* + 3y% — 1)
(1,1,1,1,1) | y? (y" 4 3y® — 2¢5 — dy* + 49> — 1)
Remark 6.6. — For dP3, none of the four brane tilings corresponding to

models I through IV in [16] admit a double cut reduction to an oriented
cyclic quiver Cs. Nonetheless, they can be reduced to a cyclic quiver with
some flipped arrows, whose representation theory is also under control but
more complicated.

6.7. Invariants of F,

Consider the Hirzebruch surface Fo = P(Op1 & Op1(2)), whose toric
diagram is shown on Figure 6.5. Its canonical bundle X = K, is a crepant
resolution of the quotient singularity X = C3/Z,, where the action of Zj4
on C? is given by

(6.50) 1 +— diag(w,w,w?). w=e/4 =3
The corresponding tiling and McKay quiver is shown on Figure 6.6, and
the potential is given by (6.10). The toric diagram (see Figure 6.5) has one
internal lattice point and one lattice point on the boundary, in agreement
with the fact that Fy is an almost Fano surface.

We apply the same approach as before to compute the attractor in-
variants of J(Q,W). The following conjecture was verified up to degrees

(37 3’ 3’ 3)'

CONJECTURE 6.7. — We have
(6.51) Qi(e;) =1, Q. (nd) = —y H(y? +1)?, n>l1,
' ODy(eg + e2 +nd) = Q(eg +e3+nd) =—y, n=0.

All other attractor invariants vanish.
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W—H O
R

|

Figure 6.6. Quiver and tiling for Fy

Note that the vectors e; 4+ e;42 + nd are contained in the kernel of the
skew-symmetric form of the above quiver. The vanishing of the attractor
invariants for dimension vectors in the kernel of the skew-symetric form was
conjectured in [16], but these invariants were left undetermined. As in the
previous section, the attractor invariant 2. (nd) counting D0O-branes on X is
seen to be consistent with (5.5), upon computing the motive [X] = ¢(g+1)2
(this follows from Lemma 4.2 or from the fact that X = Kr,). Moreover,
we find Q,(nd) = Qg(nd) —y — 1/y, in agreement with Equation (1.2), and
Q.(7) =Qs(v) for y=eg+ea+nd or e; +e3+nd withn =1,2.

Using the prescriptions in Section 3.4, or equivalently the attractor tree
formula for the framed quiver, we can compute the framed, refined DT
invariants in the non-commutative chamber:

(6.52) Zonc(z) =14z — (y+ 1/y)zox1 — yroT2 — yrizy + 2z
+ (¥ + 2+ 1/y")zomias + yPagas + (1 + y?)agaerzs
— (y +1/y)zo123 — (y° +y + 1/y + 1/y*)zories
— (° + 2y + 1/y)zoz1waws + y*aias
—(* +y+ 1y + 1y’ gzl — yagates
— (P + 2y + 1/y)adeixons
(y +yP 241/ + 1)y )xox%zg
+ (y + 2+ 1/y ) (xoxlexg + l’o.’[%l’gi{}g) + ...

One may check that this agrees with the counting of molten crystals in the
unrefined limit y — 1.
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6.8. Invariants of PdP,

The “pseudo del Pezzo surface” PdP5 is a blow up of dP; or Fs at one
point. Its toric diagram, shown on Figure 6.5, includes one lattice boundary
point, so PdP; is an almost Fano surface. The canonical bundle Kpqp, is
a crepant resolution of a singular toric CY3 variety corresponding to the
brane tiling shown on Figure 6.7. The quiver @ has 5 vertices, 13 arrows
(including one bidirectional arrow) and potential [59, (13.1)] (relabelling
nodes 1,2,3,4,5 into 3,1,4,5,2 in that reference)

(6.53) W = ®y1 Doy @7, + P51 P35P13 + P31 P33Py + ProPusP3a P,
— Py P34 P13 — P31 Py PT, — ProP35 P35 — P Pus Py Py

”@“/ 10

/

i tf'& g@ \@~t§
k=1 % o o,

Figure 6.7. Quiver and tiling for PdPq

We choose the disjoint cuts

(6.54) I = {®13, Poy, P31, P2}, = {®},, D3, P35, Pu1 }
Then
(6.55) Q" =Q\(IUI') = {5, @33, P34, Pus, P51} = {a1, as, a3, a4,a5}

is a cyclic quiver with 5 vertices. The same analysis as before shows that
an element of the fiber 7=1(M), for M € Rep Q”, induces a commutative
diagram
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The arrows at the top produce representation F5 M € Rep Cy. The arrows
at the bottom produce representation X Fy M € Rep Cy. The above analysis
implies that the fiber of 7 can be identified with

(6.56) 7= (M) ~ Homg, (Fs M, SFyM).
Using notation from Section 6.1, we obtain
(6.57) o(M,N)=2h(M,N) — 2h(FsM,SF4N) — p(M, N),

As was discussed in Section 6.1, this gives us all ingredients to compute
the generating function A(z) of unframed stacky invariants of the Jacobian
algebra J(Q,W). Then we apply the Joyce—Reineke formula (see Theo-
rem 3.2) to find the attractor invariants Q. (d,y). The following conjecture
was verified in small degrees.

CONJECTURE 6.8. — We have
Q. (e) =1, Q(nd) = -y y*' +3°+1), n
n

(6.58)
Q.(e1 +e3+nd) = Qu(es +e4 + e5 +nd) = —y,

All other attractor invariants vanish.

Note that this conjecture is compatible with (5.5) as [Kpap,] = q(¢* +
3q + 1), which is easily computed from the toric diagram in Figure 6.5.
Moreover we find that Q. (nd) = Qs(nd) —y — 1/y and Q.(v) = Qg(v) for
y=-e1+e3+ndory=ey+ ey + e5+nd for low values of n.

6.9. Invariants of Y32

The CY3 variety Y32 is the simplest element in the Y79 family of cones
over smooth Sasaki-Einstein manifolds constructed in [53, 85|, after the
conifold Y0 and Y2! = dP;. Its toric diagram, shown on Figure 6.5, has
two internal lattice points, but no boundary lattice points except for the
four corners. The brane tiling was determined in [49]. The tiling and quiver
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are shown in Figure 6.8. The quiver has 6 vertices, 16 arrows and potential

(6.59) W = @s2®3, P35 + P51 P33D15 + PPy Poa + D3y P53 Pls
+ D7, P P Pos — Pua®y, P35 — P31 P33 PT, — iP5 Py
— 03, P53P)5 — P1yPe1 P2 Pas

Figure 6.8. Quiver and tiling for Y2

We choose disjoint cuts
(660) I= {(1)647(p423q>257q)537q)31} 5 I/ = {‘1)%2,@337@%47@?15’@?6}

such that I consists of all diagonals and I’ contains one arrow of each
double arrow. Then

(6.61) Q" =Q\(TUT)
= {®1,, Pi3, Piy, Dls, Pig, Po1 } = {a1, a2, a3, a4, a5, a6}
is a cyclic quiver with 6 vertices. The same analysis as before shows that

an element of the fiber 7=1(M), for M € Rep Q”, induces a commutative

diagram

ANNALES DE L’INSTITUT FOURIER



ATTRACTOR INVARIANTS, BRANE TILINGS AND CRYSTALS 77

The arrows at the top produce representation FgM € Rep Cs. The arrows
at the bottom produce representation Fy M € Rep C5. The above analysis
implies that the fiber of 7 can be identified with

(6.62) 7 (M) ~ Home, (FsM, FyM).
Using notation from Section 6.1, we obtain
(6.63) o(M,N)=2h(M,N) — 2h(FsM, F1N) — p(M,N),

As was discussed in Section 6.1, this gives us all ingredients to compute
the generating function A(x) of unframed stacky invariants of the Jacobian
algebra J(Q,W). Then we apply the Joyce-Reineke formula (see Theo-
rem 3.2) to find the attractor invariants Q. (d,y). The following conjecture
was verified in small degrees.

CONJECTURE 6.9. — We have
(6.64) Dy(e;) =1, Q. (nd) = =y~ Ly + 39> +2), n > 1.
All other attractor invariants vanish.

Note that this conjecture is compatible with 0, (nd) = (—y)2[Y>?] (5.5)
as [Y32] = q(¢*>+3¢+2) which is easily computed from Figure 6.5. Moreover

we find that Q,(nd) = Qg(nd) — 2y — 2/y for low values of n, in line with
Equation (1.2).

6.10. Further orbifold examples

Let us consider the action of Zy on C3 given by

(6.65) 1 — diag(w,w,w™?2), w = e2m/N,

The case N = 2 corresponds to a small crepant resolution C?/Zy x C
already discussed in Section 5.2, while N = 3 and N = 4 were considered
in Section 6.3 and Section 6.7, respectively. For N = 5, our computations
for low dimension vectors indicate that

(6.66) Q) =1, Q) =—y 1y +24%+2),
while all other attractor invariants vanish. This is in agreement with the mo-
tive computed from the toric diagram in Figure 6.9. Moreover the Coulomb
branch formula gives Q. () = Qs(d) — 2y — 2/y, in agreement with (1.2).
For N = 6, we find instead
Q*(ei) = 17 Q*(né) = _y_l(y2 + 1)(y2 + 2)7
Q, (ei + €420+ €i4a + né) = -y,

9

1
0,

VoWV

n
n
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Figure 6.9. Toric diagram of C3 /Zs with action (w,w,w?) (left), C?/Zg
with action (w,w,w?) (center) and C3/Zg with action (w,w? w?)
(right). The first two have two internal lattice points, hence two com-
pact divisors, while the third has one internal lattice point and corre-
sponds to the almost Fano surface PdPs,.

while all other attractor invariants vanish. The value of Q. (nd) is in agree-
ment with the motive computed from the toric diagram in Figure 6.9. The
Coulomb branch formula gives again Q,(d) = Qg(d)—2y—2/y, in agreement
with (1.2).

Remark 6.10. — The toric diagram of the quotient Xy = C3 /Zn was
described in Section 6.2. Applying Lemma 4.2, we obtain the motive of a
crepant resolution Xy of C3/Zy,

2
- tkqtk—1) N =2k
(6.67) (] = q(q2 q )

q(q* + kq + k) N =2k+1.
Then £, (nd) = (—y)3[Xx] as explained earlier.

CONJECTURE 6.11. — For N > 3, consider the action of Zx on C3
given by 1 + diag(w,w,w™2), w = e2™/N Then the attractor invariants of
the corresponding quiver with potential are

Qule) =1, Qu(nd) = (—y) A,

(6.68)
Q*(ei +eigo2t+ - te_o2+ n5) = -,

All other attractor invariants vanish.

Finally, let us consider the action of Zg on C? given by

(6.69) 1 +— diag(w,w?, w?), w = e2m/6,
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A crepant resolution of X = C3/Zg is the canonical bundle over the almost
Fano surface PdPj3,, in the notation of [16]. Our computations indicate

that
Qu(e;) =
Qu(nd) = —y~H(y" +4y° + 1),
(6.70) Qu(e; + €eiva +eira+nd) = —y
Qu(ei +eipz +nd) = —y

Qe+ e +eips+eipa +n0) =—y

and all other attractor invariants vanish. The Coulomb branch formula
gives Q.(0) = Qs(d) —y — 1/y, in agreement with (1.2).

(1]
2]
(3]
(4]
(5]

6

(7]
(8]
(9]
(10]
(11]
(12]
(13]
(14]

(15]

BIBLIOGRAPHY

M. AcanacGic, A. KLEMM, M. MARINO & C. VAFA, “The Topological vertex”,
Commun. Math. Phys. 254 (2005), p. 425-478.

M. AGANAGIC & K. SCHAEFFER, “Wall Crossing, Quivers and Crystals”, J. High
Energy Phys. 1210 (2012), article no. 153.

S. ALEXANDROV, “Rank N Vafa—Witten invariants, modularity and blow-up”, Adv.
Theor. Math. Phys. 25 (2021), no. 2, p. 275-308.

S. ALEXANDROV, J. MANSCHOT & B. PIOLINE, “S-duality and refined BPS indices”,
Commun. Math. Phys. 380 (2020), no. 2, p. 755-810.

S. ALEXANDROV & B. PIOLINE, “Attractor flow trees, BPS indices and quivers”,
Adv. Theor. Math. Phys. 23 (2019), no. 3, p. 627-699.

M. AL, S. CECcOTTI, C. CORDOVA, S. ESPAHBODI, A. RAsTOGI & C. VAFA, “BPS
Quivers and Spectra of Complete N=2 Quantum Field Theories”, Commun. Math.
Phys. 323 (2013), p. 1185-1227.

E. ANDRIYASH, F. DENEF, D. L. JAFFERIS & G. W. MOORE, “Wall-crossing from
supersymmetric galaxies”, J. High Energy Phys. 1201 (2012), article no. 115.

P. S. AspiINwALL, “D-branes on Calabi-Yau manifolds”, 2004, https://arxiv.
org/abs/hep-th/0403166.

P. S. AspINwALL & L. M. FIDKOWSKI, “Superpotentials for quiver gauge theories”,
J. High Energy Phys. 10 (2006), article no. 47.

P. S. AspiNnwAaLL & S. KA1z, “Computation of superpotentials for D-branes”,
Commun. Math. Phys. 264 (2006), p. 227-253.

P. S. AspiINnwALL & I. V. MELNIKOV, “D-branes on vanishing del Pezzo surfaces”,
J. High Energy Phys. 12 (2004), article no. 42.

P. S. AspINwALL & D. R. MORRISON, “Quivers from Matrix Factorizations”, Com-
mun. Math. Phys. 313 (2012), p. 607-633.

S. BANERJEE, P. LoNGHI & M. Romo, “Exploring 5d BPS Spectra with Exponen-
tial Networks”, Ann. Henri Poincaré 20 (2019), no. 12, p. 4055-4162.

, “Exponential BPS graphs and D-brane counting on toric Calabi-Yau
threefolds: Part 11”7, 2020.

, “Exponential BPS Graphs and D Brane Counting on Toric Calabi—Yau
Threefolds: Part I”, Commun. Math. Phys. 388 (2021), no. 2, p. 893-945.

TOME 0 (0), FASCICULE 0


https://arxiv.org/abs/hep-th/0403166
https://arxiv.org/abs/hep-th/0403166

80

(16]
(17]
(18]

(19]

[20]
[21]
[22]
[23]
[24]
[25]
[26]

27]

(28]

(29]

(30]
(31]

(32]

(33]
(34]
(35]
(36]
(37]

(38]

S. Mozgovoy & B. Pioline

G. BEAUJARD, J. MANSCHOT & B. PIOLINE, “Vafa-Witten invariants from excep-
tional collections”, Commun. Math. Phys. 385 (2021), no. 1, p. 101-226.

K. BEHREND, “Donaldson-Thomas type invariants via microlocal geometry”, Ann.
Math. 170 (2009), no. 3, p. 1307-1338.

K. BEHREND, J. BRYAN & B. SZENDROI, “Motivic degree zero Donaldson—Thomas
invariants”, Invent. Math. 192 (2013), no. 1, p. 111-160.

1. BENA, M. BERKOOZ, J. DE BOER, S. EL-SHOWK & D. VAN DEN BLEEKEN, “Scal-
ing BPS Solutions and pure-Higgs States”, J. High Energy Phys. 1211 (2012),
article no. 171.

M. BENDER & S. MozGcovoy, “Crepant resolutions and brane tilings II: Tilting
bundles”, 2009, https://arxiv.org/abs/0909.2013.

D. BERENSTEIN & M. R. DoucLas, “Seiberg duality for quiver gauge theories”,
2002, https://arxiv.org/abs/hep-th/0207027.

M. VAN DEN BERGH, “Non-commutative crepant resolutions”, in The legacy of
Niels Henrik Abel, Springer, 2004, p. 749-770.

P. BOUSSEAU, “Scattering diagrams, stability conditions, and coherent sheaves on
P27 J. Algebr. Geom. 31 (2022), no. 4, p. 593-686.

T. BRIDGELAND, “Stability conditions on triangulated categories”, Ann. Math. 166
(2007), no. 2, p. 317-345.

, “Scattering diagrams, Hall algebras and stability conditions”, Algebr.
Geom. 4 (2017), no. 5, p. 523-561.

J. BRYAN & A. MORRISON, “Motivic classes of commuting varieties via power
structures”, J. Algebr. Geom. 24 (2015), no. 1, p. 183-199.

A. CAzzANIGA, A. MORRISON, B. Pym & B. SzZENDROI, “Motivic Donaldson—
Thomas invariants of some quantized threefolds”, 2015, https://arxiv.org/abs/
1510.08116.

J. Cuor, S. Karz & A. KLEMM, “The refined BPS index from stable pair invari-
ants”, Commun. Math. Phys. 328 (2014), p. 903-954.

W.-y. CHUANG & D. L. JAFFERIS, “Wall Crossing of BPS States on the Conifold
from Seiberg Duality and Pyramid Partitions”, Commun. Math. Phys. 292 (2009),
p- 285-301.

M. CiraFICI, A. SINKOVICS & R. J. SZABO, “Instantons, Quivers and Noncommu-
tative Donaldson—Thomas Theory”, Nucl. Phys., B 853 (2011), p. 508-605.

D. A. Cox, J. B. LitrTLE & H. K. SCHENCK, Toric varieties, Graduate Studies in
Mathematics, vol. 124, American Mathematical Society, 2011, xxiv+841 pages.

B. DAvisoN & S. MEINHARDT, “Cohomological Donaldson—Thomas theory of
a quiver with potential and quantum enveloping algebras”, Invent. Math. 221
(2020), no. 3, p. 777-871.

F. DENEF, “Quantum quivers and Hall/hole halos”, J. High Energy Phys. 10
(2002), article no. 23.

F. DENEF, B. R. GREENE & M. RAUGAS, “Split attractor flows and the spectrum
of BPS D-branes on the quintic”, J. High Energy Phys. 5 (2001), article no. 12.
F. DENEF & G. W. MOORE, “Split states, entropy enigmas, holes and halos”, J.
High Energy Phys. 1111 (2011), article no. 129.

H. DERKSEN, J. WEYMAN & A. ZELEVINSKY, “Quivers with potentials and their
representations. I: Mutations”, Sel. Math., New Ser. 14 (2008), no. 1, p. 59-119.
T. DIMOFTE & S. GUkoOvV, “Refined, Motivic, and Quantum”, Lett. Math. Phys.
91 (2010), no. 1, p. 1-27.

M. R. DoucGLaAs, “D-branes, categories and N=1 supersymmetry”, J. Math. Phys.
42 (2001), p. 2818-2843.

ANNALES DE L’INSTITUT FOURIER


https://arxiv.org/abs/0909.2013
https://arxiv.org/abs/hep-th/0207027
https://arxiv.org/abs/1510.08116
https://arxiv.org/abs/1510.08116

ATTRACTOR INVARIANTS, BRANE TILINGS AND CRYSTALS 81

[39] M. R. DoucLas, B. FioL & C. ROMELSBERGER, “The Spectrum of BPS branes on
a noncompact Calabi-Yau”, J. High Energy Phys. 509 (2005), article no. 57.

[40] M. R. DougLas, B. R. GREENE & D. R. MORRISON, “Orbifold resolution by D-
branes”, Nucl. Phys. B506 (1997), p. 84-106.

[41] M. R. DougLAs & G. W. MOORE, “D-branes, quivers, and ALE instantons”, 1996,
https://arxiv.org/abs/hep-th/9603167.

[42] Z. DuaN, D. GHIM & P. Y1, “5D BPS Quivers and KK Towers”, J. High Energy
Phys. 2 (2021), article no. 119.

[43] R. EAGER & S. FrRANCO, “Colored BPS Pyramid Partition Functions, Quivers and
Cluster Transformations”, J. High Energy Phys. 9 (2012), article no. 38.

[44] R. EAGER, S. A. SELMANI & J. WALCHER, “Exponential Networks and Represen-
tations of Quivers”, J. High Energy Phys. 8 (2017), article no. 63.

[45] A.I. EFimov, “Cohomological Hall algebra of a symmetric quiver”, Compos. Math.
148 (2012), no. 4, p. 1133-1146.

[46] B. FENG, A. HANANY & Y.-H. HE, “Phase structure of D-brane gauge theories
and toric duality”, J. High Energy Phys. 8 (2001), article no. 40.

[47] S. FERRARA, R. KALLOSH & A. STROMINGER, “N = 2 extremal black holes”, Phys.
Rev. D52 (1995), p. 5412-5416.

[48] S. FoMIN & A. ZELEVINSKY, “Cluster algebras I: Foundations”, J. Am. Math. Soc.
15 (2002), no. 2, p. 497-529.

[49] S. FrRANCO, A. HANANY, K. D. KENNAWAY, D. VEGH & B. WECHT, “Brane dimers
and quiver gauge theories”, J. High Energy Phys. 1 (2006), article no. 96.

[50] W. FULTON, Introduction to toric varieties. The William H. Roever Lectures in
Geometry, Annals of Mathematics Studies, vol. 131, Princeton University Press,
1993, xii+157 pages.

[51] D. GalorTro, G. W. MOORE & A. NEITZKE, “Framed BPS States”, Adv. Theor.
Math. Phys. 17 (2013), no. 2, p. 241-397.

[52] D. GavLakHOV, P. LoNGHI & G. W. MOORE, “Spectral Networks with Spin”, Com-
mun. Math. Phys. 340 (2015), no. 1, p. 171-232.

[63] J. P. GAUNTLETT, D. MARTELLI, J. SPARKS & D. WALDRAM, “Sasaki-Einstein
metrics on S2 x S3”, Adv. Theor. Math. Phys. 8 (2004), no. 4, p. 711-734.

[54] A. GHOLAMPOUR & Y. JIANG, “Counting invariants for the ADE McKay quivers”,
2009, https://arxiv.org/abs/0910.5551.

[55] R. GOPAKUMAR & C. VAFA, “M-theory and topological strings. I1”, 1998, https:
//arxiv.org/abs/hep-th/9812127.

[56] M. Gross, P. HACKING, S. KEEL & M. KONTSEVICH, “Canonical bases for cluster
algebras”, J. Am. Math. Soc. 31 (2018), no. 2, p. 497-608.

[57] A. HaNANY, C. P. HERZOG & D. VEGH, “Brane tilings and exceptional collections”,
J. High Energy Phys. 7 (2006), article no. 1.

[58] A. HANANY & K. D. KENNAWAY, “Dimer models and toric diagrams”, 2005, https:
//arxiv.org/abs/hep-th/0503149.

[59] A. HaNANY & R.-K. SEONG, “Brane Tilings and Reflexive Polygons”, Fortschr.
Phys. 60 (2012), p. 695-803.

[60] C. P. HERZzOG, “Exceptional collections and del Pezzo gauge theories”, J. High
Energy Phys. 4 (2004), article no. 69.

[61] D. HUYBRECHTS & M. LEHN, The geometry of moduli spaces of sheaves, second
ed., Cambridge University Press, 2010, xviii+325 pages.

[62] A.IqBAL, C. Kozcaz & C. VAFA, “The Refined topological vertex”, J. High Energy
Phys. 10 (2009), article no. 69.

[63] A. IQBAL, N. NEKRASOV, A. OKOUNKOV & C. VAFA, “Quantum foam and topo-
logical strings”, J. High Energy Phys. 4 (2008), article no. 11.

TOME 0 (0), FASCICULE 0


https://arxiv.org/abs/hep-th/9603167
https://arxiv.org/abs/0910.5551
https://arxiv.org/abs/hep-th/9812127
https://arxiv.org/abs/hep-th/9812127
https://arxiv.org/abs/hep-th/0503149
https://arxiv.org/abs/hep-th/0503149

82

(64]
(65]

[66]

[67]
(68]
[69]

[70]

(71]

(72]

(73]
[74]
[75]
[76]
[77]
(78]
[79]
(80]

(81]
(82]

(83]
(84]
(85]

(86]

S. Mozgovoy & B. Pioline

D. L. JAFFERIS & G. W. MOORE, “Wall crossing in local Calabi Yau manifolds”,
2008, https://arxiv.org/abs/0810.4909.

D. Joyceg, “Configurations in abelian categories. IV. Invariants and changing sta-
bility conditions”, Adv. Math. 217 (2008), no. 1, p. 125-204.

D. Jovyce & Y. SoNG, A theory of generalized Donaldson-Thomas invariants,
Memoirs of the American Mathematical Society, vol. 1020, American Mathematical
Society, 2012, v+199 pages.

B. KELLER & D. YANG, “Derived equivalences from mutations of quivers with
potential”, Adv. Math. 226 (2011), no. 3, p. 2118-2168.

H. KM, S.-J. LEE & P. Y1, “Mutation, Witten Index, and Quiver Invariant”, J.
High Energy Phys. 7 (2015), article no. 93.

A. D. KING, “Moduli of representations of finite-dimensional algebras”, Q. J. Math.
45 (1994), no. 180, p. 515-530.

M. KoNTSEVICH, “Homological algebra of mirror symmetry”, in Proceedings of the
International Congress of Mathematicians, Vol. 1, 2 (Zirich, 1994), Birkhéauser,
1995, p. 120-139.

M. KONTSEVICH & Y. SOIBELMAN, “Stability structures, motivic Donaldson—
Thomas invariants and cluster transformations”, 2008, https://arxiv.org/abs/
0811.2435.

, “Cohomological Hall algebra, exponential Hodge structures and motivic
Donaldson—Thomas invariants”, Commun. Number Theory Phys. 5 (2011), p. 231-
352.

, “Wall-crossing structures in Donaldson-Thomas invariants, integrable sys-
tems and Mirror Symmetry”, 2013, https://arxiv.org/abs/1303.3253.

S.-J. LEE, Z.-L. WANG & P. Y1, “BPS States, Refined Indices, and Quiver Invari-
ants”, J. High Energy Phys. 1210 (2012), article no. 94.

, “Quiver Invariants from Intrinsic Higgs States”, J. High Energy Phys.
1207 (2012), article no. 169.

S.-J. LEE & P. Y1, “Witten Index for Noncompact Dynamics”, J. High Energy
Phys. 6 (2016), article no. 89.

W. L1 & M. YAMAZAKI, “Quiver Yangian from Crystal Melting”, J. High Energy
Phys. 11 (2020), article no. 35.

J. MANSCHOT, “Wall-crossing of D4-branes using flow trees”, Adv. Theor. Math.
Phys. 15 (2011), p. 1-42.

J. MANSCHOT, B. PIOLINE & A. SEN, “A Fixed point formula for the index of multi-
centered N=2 black holes”, J. High Energy Phys. 1105 (2011), article no. 57.

, “Wall Crossing from Boltzmann Black Hole Halos”, J. High Energy Phys.
1107 (2011), article no. 59.

—, 2013, unpublished.

, “On the Coulomb and Higgs branch formulae for multi-centered black
holes and quiver invariants”, J. High Energy Phys. 5 (2013), article no. 166.

, “Generalized quiver mutations and single-centered indices”; J. High En-
ergy Phys. 1 (2014), article no. 50.

, “The Coulomb Branch Formula for Quiver Moduli Spaces”, Confluentes
Math. 2 (2017), p. 49-69.

D. MARTELLI & J. SPARKS, “Toric geometry, Sasaki-Einstein manifolds and a new
infinite class of AdS/CFT duals”, Commun. Math. Phys. 262 (2006), p. 51-89.

D. MauLIK, N. NEKRASOV, A. OKOUNKOV & R. PANDHARIPANDE, “Gromov—
Witten theory and Donaldson—-Thomas theory. 1”7, Compos. Math. 142 (2006),
no. 5, p. 1263-1285.

ANNALES DE L’INSTITUT FOURIER


https://arxiv.org/abs/0810.4909
https://arxiv.org/abs/0811.2435
https://arxiv.org/abs/0811.2435
https://arxiv.org/abs/1303.3253

ATTRACTOR INVARIANTS, BRANE TILINGS AND CRYSTALS 83

[87] S. MEINHARDT & M. REINEKE, “Donaldson-Thomas invariants versus intersection
cohomology of quiver moduli”; J. Reine Angew. Math. 754 (2019), p. 143-178.

[88] A. MORRISON, “Motivic invariants of quivers via dimensional reduction”, Sel
Math., New Ser. 18 (2012), no. 4, p. 779-797.

[89] A. MORRISON, S. Mozcovoy, K. Nacao & B. SzENDROI, “Motivic Donaldson—
Thomas invariants of the conifold and the refined topological vertex”, Adv. Math.
230 (2012), p. 2065-2093.

[90] A. MoORRISON & K. NaGao, “Motivic Donaldson—Thomas invariants of small
crepant resolutions”, Algebra Number Theory 9 (2015), no. 4, p. 767-813.

[91] L. Mou, “Scattering diagrams of quivers with potentials and mutations”, 2019,
https://arxiv.org/abs/1910.13714.

[92] S. Mozcovoy, “Crepant resolutions and brane tilings I: Toric realization”, 2009,
https://arxiv.org/abs/0908.3475.

, “Motivic Donaldson—Thomas invariants and McKay correspondence”,
2011, https://arxiv.org/abs/1107.6044.

(93]

[94] , “Wall-crossing formulas for framed objects”, Q. J. Math. 64 (2013), p. 489-
513.

[95] ———, “Operadic approach to wall-crossing”, J. Algebra 596 (2022), p. 53-88.

[96] , “Translation quiver varieties”, J. Pure Appl. Algebra 227 (2023), no. 1,

article no. 107156.

[97] S. Mozaovoy & M. REINEKE, “On the noncommutative Donaldson-Thomas in-
variants arising from brane tilings”, Adv. Math. 223 (2010), no. 5, p. 1521-1544.

, “Donaldson—Thomas invariants for 3-Calabi—Yau varieties of dihedral quo-
tient type”, Q. J. Math. 73 (2022), no. 2, p. 759-776.

[99] K. NaGAaO & H. NakAJIMA, “Counting invariant of perverse coherent sheaves and
its wall-crossing”, Int. Math. Res. Not. 2011 (2011), p. 3885-3938.

[100] A. OxouNkov, N. RESHETIKHIN & C. VAFA, “Quantum Calabi-Yau and classi-
cal crystals”, in The unity of mathematics, Progress in Mathematics, vol. 244,
Birkhduser, 2006, p. 597-618.

[101] H. OoGuRrl & M. YaMAzAKI, “Crystal Melting and Toric Calabi—Yau Manifolds”,
Commun. Math. Phys. 292 (2009), p. 179-199.

[102] M. REINEKE, “The Harder-Narasimhan system in quantum groups and cohomol-
ogy of quiver moduli”, Invent. Math. 152 (2003), no. 2, p. 349-368.

[103] E. SEGAL, “The A deformation theory of a point and the derived categories of
local Calabi—Yaus”, J. Algebra 320 (2008), no. 8, p. 3232-3268.

[104] A. SEN, “Black Hole Entropy Function, Attractors and Precision Counting of Mi-
crostates”, Gen. Relativ. Gravitation 40 (2008), p. 2249-2431.

[105] S. SETHI & M. STERN, “D-brane bound states redux”, Commun. Math. Phys. 194
(1998), p. 675-705.

[106] A. STROMINGER & C. VAFA, “Microscopic origin of the Bekenstein-Hawking en-
tropy”, Phys. Lett. B B379 (1996), p. 99-104.

[107] B. SzENDROI, “Non-commutative Donaldson—Thomas invariants and the conifold”,
Geom. Topol. 12 (2008), no. 2, p. 1171-1202.

[108] R. P. THOMAS, “A holomorphic Casson invariant for Calabi—Yau 3-folds, and bun-
dles on K3 fibrations”, J. Differ. Geom. 54 (2000), no. 2, p. 367-438.

[109] E. WITTEN, “String theory dynamics in various dimensions”, Nucl. Phys. B443
(1995), p. 85-126.

[110] P. Y1, “Witten Index and Threshold Bound States of D-Branes”, Nucl. Phys.
B505 (1997), p. 307-318.

[111] B. Young, “Computing a pyramid partition generating function with dimer shuf-
fling”, J. Comb. Theory, Ser. A 116 (2009), no. 2, p. 334-350.

98]

TOME 0 (0), FASCICULE 0


https://arxiv.org/abs/1910.13714
https://arxiv.org/abs/0908.3475
https://arxiv.org/abs/1107.6044

84 S. Mozgovoy & B. Pioline

[112]

, “Generating functions for colored 3D Young diagrams and the Donaldson—
Thomas invariants of orbifolds”, Duke Math. J. 152 (2010), no. 1, p. 115-153, with
an appendix by Bryan, Jim.

Manuscrit recu le 7 aott 2021,
révisé le 5 octobre 2022,
accepté le 16 mai 2023.

Sergey MOZGOVOY

School of Mathematics

Trinity College Dublin

Dublin 2, Ireland

Hamilton Mathematics Institute
Trinity College Dublin

Dublin 2, Ireland

mozgovoy@maths.tcd.ie

Boris PIOLINE

Laboratoire de Physique Théorique et Hautes
Energies, Sorbonne Université and

CNRS UMR 7589

Campus Pierre et Marie Curie

4 place Jussieu

75005, Paris, France

pioline@Ilpthe.jussieu.fr

ANNALES DE L’INSTITUT FOURIER


mailto:mozgovoy@maths.tcd.ie
mailto:pioline@lpthe.jussieu.fr

	1. Introduction and summary
	Acknowledgments

	2. Invariants of quivers with potentials
	2.1. Jacobian algebras of quivers with potentials
	2.2. Stability conditions
	2.3. Moduli spaces of representations
	2.4. NCDT and other numerical framed invariants
	2.5. Refined unframed invariants
	2.6. Relation between framed and unframed invariants

	3. Wall-crossing formulas and attractor indices
	3.1. Quantum affine space
	3.2. Basic wall-crossing formulas
	3.3. Stacky, Rational, Integer DT
	3.4. Expressing framed invariants in terms of unframed invariants (general case)
	3.5. Relation to wall-crossing structures
	3.6. Attractor DT invariants and the attractor tree formula
	3.7. Mutations

	4. Brane tilings and crystals
	4.1. Basics of toric geometry
	4.2. Quivers and brane tilings
	4.3. L-grading and torus action
	4.4. Crystals
	4.5. NCDT and molten crystals

	5. BPS indices for small crepant resolutions
	5.1. Invariants of C3
	5.2. Invariants of C2/GxC
	5.3. Invariants of the resolved conifold
	5.4. Invariants of toric small crepant resolutions
	5.5. Invariants of C3/Z2xZ2

	6. Attractor indices for local surfaces
	6.1. Double dimensional reduction
	6.2. General action of ZN on C3
	6.3. Invariants of P2
	6.4. Invariants of F0
	6.5. Invariants of F1=dP1
	6.6. Invariants of dP2
	6.7. Invariants of F2
	6.8. Invariants of PdP2
	6.9. Invariants of Y32
	6.10. Further orbifold examples

	References

