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ABSTRACT. — We study moduli spaces of twisted quasimaps to a hypertoric va-
riety X, arising as the Higgs branch of an abelian supersymmetric 3D gauge theory.
These parametrize systems of maps between rank one sheaves on P!, subject to
a stability condition. We identify the singular cohomology of these moduli spaces
with the Ext group of a pair of holonomic modules over the “quantized loop space”
of X, which we view as a Higgs branch for a related theory with infinitely many
matter fields. We construct the coulomb branch of this theory, as a periodic ana-
logue of the coulomb branch associated to X. Using the formalism of symplectic
duality, we derive an expression for the generating function of twisted quasimap
invariants in terms of the character of a certain tilting module on the periodic
coulomb branch. We give a closed formula when X arises as the abelianisation of
the N-step flag quiver.

REsuME. — Nous étudions ’espace de modules des quasi-applications tordues
vers une variété hypertorique X, branche de Higgs d’une théorie de jauge supersy-
métrique abélienne en dimension 3. Ces variétés paramétrisent des systémes stables
d’applications entre faisceaux de rang 1 sur P!. Nous identifions la cohomologie de
ces espaces avec le groupe Ext d’une paire de modules holonomes d’un “espace de
lacets quantique” de X, qui apparait comme branche de Higgs d’une théorie avec
un nombre infini de champs de matiére. Sa branche de Coulomb est un analogue
périodique de la branche de Coulomb associée & X. La dualité symplectique nous
permet d’obtenir une formule pour la fonction génératrice des invariants des quasi-
applications tordues, utilisant le caractére d’un module basculant sur la branche de
Coulomb périodique. Nous donnons une formule close lorsque X est I’abélianisation
du carquois associé au cotangent d’une variété de drapeaux.

Keywords: Hypertoric variety, Quasimaps, Symplectic Duality, 3D mirror symmetry.
2020 Mathematics Subject Classification: 14N35, 14M25, 14J33, 53D30, 53D55.

(*) Research of first named author was supported by a CUHK Start-up grant (project
code : 4937006) and the starting grant of A. S. at Institut for Matematik, Aarhus Uni-
versitet. Research of Artan Sheshmani was further partially supported by NSF DMS-
1607871, NSF DMS-1306313, Simons 38558, and Laboratory of Mirror Symmetry NRU
HSE, RF Government grant, ag. No 14.641.31.0001. A.S, would like to sincerely thank
Center for Mathematical Sciences and Applications at Harvard University, as well as the
Aarhus University department of mathematics, and the Laboratory of Mirror Symmetry
in Higher School of Economics, Russian federation, for their support. Shing-Tung Yau
was partially supported by NSF DMS-0804454, NSF PHY-1306313, and Simons 38558.



1226 Michael MCBREEN, Artan SHESHMANI & Shing-Tung YAU

1. Introduction

A large body of geometric representation theory in the last decade has
grown around the study of symplectic resolutions: algebraic symplectic va-
rieties which are “almost affine” in a suitable sense. Their quantizations
yield important algebras in representation theory, such as the envelopping
algebras of reductive lie algebras, rational Cherednik algebras [19] and finite
W-algebras [36]. Their enumerative geometry, on the other hand, has been
related to quantum integrable systems attached to quantum loop groups;
see for instance [1, 31, 38].

Relations between the quantization of a symplectic resolution in finite
characteristic and its enumerative geometry have been conjectured by
Bezrukavnikov and Okounkov [7], and in certain cases proved [3]. A second
line of investigation relates quantizations in characteristic zero of a sym-
plectic resolution X to the enumerative geometry of a “symplectic dual”
resolution X'; this paper takes a further step in that direction.

The work [11] defined an analogue of the BGG category O for symplec-
tic resolutions, and conjectured that these occur in pairs X, X' such that
category O of X is Koszul dual to category O of X'. They called X' the
symplectic dual of X. Gukov and Witten pointed out that the exact same
pairs X, X' as Higgs and Coulomb branches of supersymmetric gauge the-
ories in three dimensions. These theories should in turn come in dual pairs,
exchanging their Higgs and Coulomb branches, as explained by Seiberg and
Intriligator [26].

A construction of the Coulomb branch (or from our perspective, of X',
starting from X), was proposed in the papers [12, 35]. A physical construc-
tion, similar in spirit, was also proposed in [14].

In [24], Hikita conjectured a second, rather surprising relationship be-
tween X and X': an isomorphism between the cohomology ring H*(X,C)
and the ring of coinvariants of O(X') under the action of a torus 7' of
Hamiltonian automorphisms of X'. This conjecture was extended to equi-
variant cohomology by Nakajima [28, Conjecture 8.9]; the corresponding
deformation of the coinvariant algebra is the so-called B-algebra of a quan-
tization of X'. Interestingly, the definition of the latter depends on a choice
of cocharacter ¢ of T'.

In [27], the authors conjectured that the quantum D-module of X, in
a certain specialisation, equals the “character D-module” of X'. The lat-
ter is defined via the quantization of X', and in particular describes the
differential equations satisfied by the characters of modules in category O.
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In this paper, we consider a specific enumerative problem on X, namely
the Betti numbers of the moduli of twisted hypertoric quiver sheaves on
a rational curve, which one may think of as a kind of refined Donaldson
Thomas invariant. These are assembled into a generating function

Tret(2,7) = Z Z ) dim H (Qm (P, X, 7), C)27 7.

yEH2(X,Z) i€Z

We define a symplectic ind-scheme LX , which we view as a model of the
universal cover of the loop space of X. We show that the moduli of twisted
quiver sheaves may be expressed as an intersection of lagrangians in LX.
We then propose an extension of 5ymplect1c duality to the infinite dimen-
sional space LX and identify its dual L£LX' with a periodic analogue PX'
of X*. This space, which is finite dimensional but of infinite type, carries an
action of Ha(X,Z) by automorphisms. It was first defined by Hausel and
Proudfoot in an unpublished note. When the hypertoric variety is cograph-
ical, i.e. arises from a graph I in a suitable sense, the space PX" is closely
related to the compactified Jacobian of a nodal curve with dual graph T'.
In particular, in [17] it was proven that the cohomology of the quotient of
(a deformation retract of) PX" by its Ha(X,Z) may be identified with the
cohomology of the compactified Jacobian.

Our main result expresses the generating function for twisted DT invari-
ants of the hypertoric space X as a certain graded trace of an indecompos-
able tilting module 7" D)o OVer the quantization of PX".

THEOREM 1.1 (Theorem 7.4).

(1.1) Tref(z, 1) = Z grdim (607~a3° l!,(wr)oo) 7
vEH2(X,Z)

Theorem 1.1 requires many technical preliminaries to state, but it has a
simple consequence : an explicit formula for the generating function.

THEOREM 1.2 (Theorem 7.11).

(12) Tref Z 7_ Z Z wa(r+s,s)zd>b(s+r).

beB' seSbJr,reSL

Here B' indexes torus fixed points of X, and the other quantities are
explained in the body of the paper. This formula may of course be obtained
by other, more direct means, but it appears here as a natural expression
of representation theoretic structures on the Coulomb branch. We may
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1228 Michael MCBREEN, Artan SHESHMANI & Shing-Tung YAU

summarize our computations by the following very schematic diagram:

Refined quasimap invariants of X,

!

Ext groups of simple modules over quantum £X,
I Symplectic duality

Weight spaces of a tilting module over quantum 77X7!7

|

Explicit formulae for quasimap invariants.

An appealing feature of our approach is that that we can deduce Theo-
rem 1.1 directly from a Koszul duality between category O for L£LX and PX".
The Koszul duality, established in the finite dimensional setting in [10], is
a basic expected feature of symplectically dual spaces. Thus we are able to
relate in a precise way two seemingly distinct relationships between dual
resolutions: one categorical, the other enumerative.

There is an additional wrinkle to our story. Category O depends on two
parameters : a cocharacter of the hamiltonian torus acting on X, and a
stability condition determining a birational model of X. We are interested
in simple modules lying in category O on LX for opposite torus cocharac-
ters. Dually, we must consider category O for opposite birational models of
PX'. This leads us to compose Koszul duality with Ringel duality, which
eventually explains the appearance of the tilting module.

We should note that to avoid dealing with the potential pathologies of
infinite dimensional spaces, we work extensively with finite dimensional
and finite type approximations to L£X and PX ' and limits of these. It
would be interesting to work directly on the limit spaces, and develop in
this context the full analogues of the finite dimensional theory — module
categories, Koszul dualities and their ilk. A second interesting direction is
to replace the hypertoric space X by a Nakajima quiver variety, or more
generally the Higgs branch of a non-abelian reductive group G. The ana-
logue of PX' in this case may be a periodic version of the Coulomb branch
of X defined in [12]. Our approach may also be compared to the interest-
ing paper [14]; we hope that our perspective will be complementary to that
one. The reader may also compare our description of the quasimap moduli
spaces with that of [25].

The structure of our paper is as follows. We begin with a review of hy-
pertoric varieties, their quantizations and the module categories attached
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to these, as described in [9, 10, 34]. We hope these sections will be helpful
to readers less familiar with the combinatorics of hypertoric spaces. We
then turn to enumerative geometry, and recall the definition of twisted
quasimaps from [29]. The last two sections of our paper introduce the hy-
pertoric loop space and its symplectic dual, and apply the general theory
from the previous sections to these rather unusual hypertoric varieties to
obtain our formulae for quasimap invariants.

Acknowledgements

The first named author thanks Roman Bezrukavnikov and Andrei Negut
for insights arising from old and new joint projects, Conan Leung and Du
Pei for helpful comments and Ben Webster for explanations of Koszul dual-
ity for hypertoric varieties. The second named author would like to thank
Ludmil Katzarkov and Vladimir Baranovsky, for valuable conversations
on geometric quantization. A. S. is further grateful to Sheldon Katz, Alina
Marian and Martijn Kool who suggested the problem of counting stable flag
shaves with support on curves (analog of twisted quiver sheaves discussed
in the current article), while discussing earlier work of A. S. on higher rank
flag sheaf invariants on surfaces, and their relation to Vafa—Witten theory.

2. Symplectic resolutions and symplectic duality

We summarize the general features of symplectic duality, before passing
to the hypertoric setting in the next section.

DEFINITION 2.1. — Let X be a smooth complex variety equipped with
an algebraic symplectic form Q) and an action of C* scaling §2 by a nontrivial
character. We call X a conical symplectic resolution if

e The natural map X — Spec H(X, Ox) is proper and birational.
e The induced C*-action on Spec H°(X, Ox) contracts it to a point.
e The minimal symplectic leaf of Spec H*(X,Ox) is a point.

The last condition is to avoid cases such as X = C2, and can often
be removed at the cost of slightly more cumbersome statements. Famous
examples include the Springer resolution 7V G /B, moduli of framed sheaves
on C? and Nakajima quiver varieties.

We fix a maximal torus T of the group of (complex) hamiltonian auto-
morphisms of X, which we assume, for simplicity, acts with isolated fixed
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points on X. The ring of algebraic functions on X can be quantized to ob-
tain an N-graded noncommutative algebra U, depending on a parameter
n € H?*(X,C). Given a cocharacter ¢ of T with isolated fixed points on
X, we can decompose U, into subalgebras U;r Uy Ug scaled positively,
negatively or not at all by (.
Category O is defined as the category of finitely generated modules over
U, on which U, acts locally finitely.
In [11], the authors define a symplectic duality between two conical sym-
plectic resolutions X and X' as
e Isomorphisms 7' = H?(X',C*) and T' = H?(X,CX), identifying
certain root hyperplanes defined in [11]. In particular, any choice
of cocharacter ¢ of T determines a choice of n € H?(X', C), and
vice-versa.
e A Koszul duality (see Definition 4.2) between category O of X
and category O of X', where the parameters ¢,n and —¢', —n' are
identified by the above.

The original symplectic duality, from this perspective, was the Koszul du-
ality of Category O for a reductive Lie algebra g and its Langlands dual
g%, together with its extension to parabolic and singular variants [4, 5, 39].

A physical interpretation of Koszul duality in the context of symplec-
tic duality was given in [14], where it is explained as a correspondence of
boundary conditions for supersymmetric gauge theories in three dimen-
sions.

3. Hypertoric varieties

In this section we define our main geometric actors: the hypertoric vari-
eties introduced in [8]. For a survey of these spaces, see [37].
Fix the following data:
(1) A finite set E.
(2) A short exact sequence of complex tori

(3.1) 1—G—D—T—1,

with an isomorphism D = (C*)~.
(3) A character 7 of G.
To these choices we will associate a hypertoric variety. Let g,0,t be the
complex lie algebras of G, D, T. We require that 07 — tz be totally uni-
modular, i.e. the determinant of any square submatrix (for a given choice
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of integer basis) is one of —1,0,1. This will ensure that our hypertoric
variety is a genuine variety and not an orbifold. We also assume that no
cocharacter of G fixes all but one of the coordinates of CF.

Let V = SpecC|z | e € EJ; then D acts by hamiltonian transformations
on TVV = SpecClz.,w, | € € E], equipped with the standard symplectic
form Q=3 _pdze Adwe. A moment map pup : TVV — ¥ is given by

ND(Zv w) = (Zewe)~

We have the exact sequence
(3.2) 0—>gi>0—>t—>0

and its dual
(3.3) 00—tV —¥ L gv —0.

The pullback pg = 8V o up defines a moment map for the G action on
TVV. Fix a character (n,\) € gy ©g".

DEFINITION 3.1. — Let

(3.4) Xy = g N/ G
where for U a G-variety, U///,G indicates the GIT quotient Proj @, .y{f €
OW) :g*f=n(g)"f.}.

We will henceforth always assume that 7 is suitably generic, in which case
Xy, is smooth; this holds away from a finite set of hyperplanes. We write
X, = X0, which we sometimes abbreviate further to X. The Kirwan map
gives identifications H? (X, Z) = gy and Hy(X,, Z) = gz, and X,, carries a
real symplectic form of class 7, for which the action of the compact subtorus
of T' is Hamiltonian.

X inherits an algebraic symplectic structure from its construction via
symplectic reduction. The induced T action on X is Hamiltonian. There is a
further action of C; dilating the fibers of V'V, which scales the symplectic
form by h. This preserves ugl(O), and descends to an action of C; on X
commuting with the action of T'.

The natural map X, — Spec HO(XU, Ox,) is proper and birational, and
defines a symplectic resolution.

3.1. Hyperplane arrangements and their bounded and feasible
chambers

In the next few subsections we introduce some notions from linear pro-
gramming which capture both the geometry of X and the behavior of
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modules over its quantization. This material is covered in greater general-
ity in [10].

To the sequence (3.1) and the character n we associate a “polarized
hyperplane arrangement” as follows.

\
Let ) — 0y 2, gy be the induced short exact sequence of dual lie al-
gebras, and let £/ = (8¥)~!(n). It is an orbit of ; in [10] the corresponding
object is denoted Vg.

DEFINITION 3.2. — Let A, be the affine hyperplane arrangement on
ty whose hyperplanes H. = {d. = 0} are the intersections of ty with the
coordinate hyperplanes of 0.

Each hyperplane is cooriented, i.e. defines a positive half-space {d. > 0}
and a negative halfspace {d. < 0}.

Each sign vector a € {+, —}¥ determines an intersection of halfspaces
Ay ={de 2 0] ale) = +}N{d. <0 ale) =~} inty. We call such
intersections chambers, and will sometimes abuse notation and call « itself
a chamber.

DEFINITION 3.3. — We say « is feasible if A, is non-empty.

We write F,, for the set of feasible sign vectors. The A, for « feasible
are the chambers (in the usual sense) of A,,.
Let Ag o be defined the same way as A,, with n = 0. Fix ¢ € tz.

DEFINITION 3.4. — We say « is bounded if (¢, —) is bounded and proper
on A07a.

This notion depends on ¢ but not 7. We write B¢ for the set of bounded
chambers, and ’P}; for the set of bounded and feasible chambers.

3.2. Lagrangians from chambers

To each chamber A,, we can associate a Lagrangian £, C X, as follows:
35)  La=A{ye=0]ale) =+}Nn{z. =0]ale) = —}//;G.

The lagrangian £, is nonempty precisely when « is feasible. It is contracted
to a point by flowing along the cocharacter ¢ precisely when « is bounded.
The chamber A, may be recovered as the image of £, under the moment
map pr : X, — tx with respect to the real symplectic form on X,,.

These lagrangians capture the geometry of X, in the following sense:

ANNALES DE L’INSTITUT FOURIER
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(+-+)

(=) Cexrd

(++ )

e
(== -) (_—#-—3 (--{..L)

Figure 3.1. A sample arrangement. We have indicated the gradient of
(¢, —) by an arrow. The d. > 0 halfspace for each edge e is indicated
by a small arrow along the d, = 0 hyperplane. The chambers are inter-
sections of half planes, labeled by sign vectors a € {+, —}3. Bounded
chambers are shaded.

PROPOSITION 3.5 ([8]). — The union of £, over all feasible « is a de-
formation retract of X,,.

We call this union the “core” of X,.

3.3. Vertices and torus fixed points

The vertices of our arrangement are indexed by bases, i.e. subsets b C F
such that Hjy = (,¢, He is a point. Alternatively, they are the subsets
indexing tuples of coordinate vectors in 9g whose image in tg form a basis
(our unimodularity assumption ensures that they in fact form a basis of tz).
This shows that the set of bases B does not depend on the choice of 7.

TOME 75 (2025), FASCICULE 3
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DEFINITION 3.6. — Let ¢ : Zb — ty be the isomorphism defined by
the dual basis to the basis described above.

LEMMA 3.7. — For generic (,n, the set of feasible and bounded cham-
bers admits a bijection

(3.6) B — P
fixed by the condition that A, ;) has (-maximum Hy.

Just as each chamber A, defines a lagrangian, each base b € B, defines
a T-fixed point p, € X,,.

LEMMA 3.8. — There is a bijection B — Xg taking b to

p = (TVCP 111G (0)) 4G

The map ¢, in this interpretation, is given by taking linear combinations
of the characters appearing in the normal bundle to p, in X,,. On the other
hand, £,(4) is the attracting cell of the fixed point p, under the action of
the cocharacter ¢ : C* — T.

3.4. Equivariant and K&ahler chambers

In this section, we describe the depence of X, on the parameter n, and
the dependence of the fixed locus XSX on the cocharacter ¢ : C* — T.
This leads to the notion of root hyperplanes in gy and tg.

DEFINITION 3.9. — The support of an element y € 0z is the smallest
coordinate subspace containingy. A circuit 7y is a nonzero primitive element
of gz whose image in 9z has minimal support. A root hyperplane in gy is
a hyperplane v+ C g} where v is a circuit.

PROPOSITION 3.10. — X, is smooth precisely when 1 does not lie on a
root hyperplane.

We write £ for the set of connected components of the central arrange-
ment in gy defined by the root hyperplanes, which we call Kahler chambers.
Their importance for us lies in the following fact.

PROPOSITION 3.11. — The set of feasible chambers F,, depends only on
the Kdhler chamber containing 7).
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One may view this proposition as a combinatorial manifestation of the
previous one, in the sense that as n approaches a root hyperplane, some
chamber A, will collapse to a lower-dimensional polytope, and correspond-
ingly the lagrangian £, C X, will collapse to a lower-dimensional variety,
thus producing a singularity of X,,.

There is a second central arrangement attached to G — D — T, dual in
a sense we shall make precise later.

DEFINITION 3.12. — A cocircuit is a nonzero primitive element x of
ty whose image in 0y has minimal support. A root hyperplane in tg is a
hyperplane x C tg where x is a cocircuit.

We define the equivariant chambers of the sequence G — D — T as
the set of chambers of the central arrangement in tg defined by the root
hyperplanes. We write € for the set of equivariant chambers. Let ( : C* —
T be a cocharacter, and write X¢ for the set of fixed points under the
induced C*-action. The following propositions are easily verified.

PROPOSITION 3.13. — X¢ is discrete precisely when ( lies in an equi-
variant chamber.

PROPOSITION 3.14. — The set of bounded chambers B¢ depends only
on the equivariant chamber containing (.

3.5. Symplectic duality for polarized hyperplane arrangements,
or Gale duality

In the hypertoric setting, symplectic duality can be described in terms of
an operation on polarised hyperplane arrangements known as Gale duality.
Consider as above the sequence (3.1) of tori, together with a character n
of G. We also fix a cocharacter ¢ of T. We define the Gale dual data to be

(1) The set E.
(2) The dual sequence of tori
(3.7) TV — DY — GV

with the induced isomorphism DV = (C*)¥.
(3) The character —C of T.
(4) The cocharacter —n of GV.

Any construction starting from the first sequence and the parameters 7, ¢
may be performed starting from the second instead, using the parameters
—(, —n. We decorate the result with a shriek : A", Uf], etc.
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Note that by definition we have E = E'. In particular, the sets of sign
vectors {+, —}¥ for the Gale dual arrangements are canonically identi-
fied. Under this identification, the bounded and feasible chambers are ex-
changed. On the other hand, there is a natural bijection of the bases B = B'
given by taking b C E to its complement b C E.

One of the main results of [10] is that X and X' are symplectically dual;
we will spell this out in more detail below.

000 ®0® 000 e0o0 o
0000 ®®e e eoo T(_)
0C0O0O0@®eeeoo o
0000O0@®® ®0O0 Yo
00000 O0@®eloo 0
0000 00Oe ®0o0 °
000000000 °
©O0000000 OO0 °
©O000 0000000 o
00000000000 ®
00000000000 ®

Figure 3.2. The integer points of two Gale dual arrangements. The
significance of these points will become clear in Section 4.5. Chambers
which correspond under the duality have been given matching colours.
Colourless chambers appear only on one side of the duality. On the
right, we have indicated the cocharacter ( and the set of bounded
chambers.

3.6. Hypertoric varieties from graphs, or cographical
hypertorics

In this section we explain how to associate a hypertoric variety to any
directed graph I'. This class of examples includes many of is often easier to
grasp intuitively, while retaining most of the features of the general setting.
We will take advantage of this intuitive presentation in our discussion of
enumerative invariants.
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Let E be the edge set of I', and V' the set of vertices. Then we have a
natural map of tori

(C)V =, c*)-L oI, C%) = (C)F

given by the coboundary map. Let G = (C*)V /C* be the quotient by the
constant cochains; then we have a short exact sequence

G — CYT',C*) — T == HY(I',C*).
Pick a sufficiently generic character n of G.
DEFINITION 3.15. — Let
X, (I) = TVCE .

X, (T') is by construction a hypertoric variety. We call hypertorics which
arise in this way cographical. They are special cases of Nakajima quiver
varieties, in which all of the vertices are given rank one.

The Gale dual X(T')' of a cographical hypertoric is called graphical.
When T is planar, the Gale dual is the cographical hypertoric associated
to the dual graph.

LEMMA 3.16. — The vertices b € B are indexed by the spanning trees of
I'; more precisely, each b C FE is the set of edges not appearing in a spanning
tree. The composition gz — ZF — 7P of the coboundary map with the
natural projection is thus an isomorphism, whose inverse is precisely ¢, :
7b — 97.

An important class of cographical hypertorics are obtained by “abelian-
izing” more general quiver varieties. Consider a quiver () with vertices v;
of fixed rank r;.

DEFINITION 3.17. — Define the abelianization Q*® to be the quiver
obtained by splitting each v; into r; new vertices v},j = 1,...,r;, with a

: )
map between v} and v}, for each map between v; and v; .

We view Q" as a directed graph. Given n € Cy(Q?",Z), we can form the
cographical hypertoric Xn(Qab). The geometry and representation theory
of X ,,(Qab) reflects that of the quiver variety attached to @), while admitting
a more combinatorial description [23].

Although the results of this paper are not specific to hypertoric varieties
arising from abelianization, they are an important source of motivation
for us.
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4. Categories

In the following sections we will discuss various categories arising from
the quantization of hypertoric varieties. We begin by establishing some
general preliminaries on Koszul and highest-weight categories. The reader
may wish to skip to Section 4.4 and return as needed to the previous
sections.

Roughly speaking, an abelian category C' is Koszul if each simple ob-
ject admits a projective resolution P®* — L that “looks like” the classical
Koszul resolution. The complexes P*® are in turn the projective objects of
a certain abelian subcategory LPC(C) of the category of chain complexes
in C. We say LPC(C) is Koszul dual to C. The key feature for us will be
an identification of Ext groups of simple objects on one side of the duality
with Hom spaces of projective objects on the dual side.

We make this precise below, closely following the exposition in [11], to
which we refer for further details.

1. Mixed categories

Conside an abelian category C' with a choice of “weight” wt(L) € Z for
each simple object L, with finitely many simples in any given weight. Cis
said to be mixed if whenever wt(L) < wt(L') we have Ext*(L,L’) = 0. As
explained in [5], one may think of this as being “graded semisimple”.

We suppose C has a Tate twist, i.e. an automorphism denote M — M (1)
on objects such that wt(L(1)) = wt(L) — 1. This allows us to define the
category C /Z with the same objects as 5 but graded morphism spaces

Homg , (M, M) = @) Homz (M, M'(—d)).
dez

Let P be the direct sum of projective covers of all simples of weight 0 in
C. Consider the graded ring

R = HomC/Z(P, P).
The category C of finite dimensional right-modules over R is said to be a
degrading of C conversely, C is said to be a graded lift of C.

2. Koszul categories
Mixed categories admit the following generalization of the classical

Koszul resolution. Recall that the head of a module is its largest semisimple
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quotient. A projective resolution Py — M in C is said to be linear if the
heads of all indecomposable summands of P; have weight j.

DEFINITION 4.1. — An abelian category C' is said to be Koszul if it
admits a graded lift for which any minimal projective resolution of a simple
weight zero module is linear. A graded algebra is said to be Koszul if its
category of graded modules is Koszul.

We write LPC(C) for the category whose objects are linear projective
complexes, and whose morphisms are chain maps; it is (somewhat sur-
prisingly) abelian. The simple objects are indecomposable projectives sup-
ported in a single degree j. We can make LPC(C~’) into a mixed category
by weighting these simples with weight j.

There is a functor K : DY(C) — DPLPC(C) defined in [32], which is
an equivalence precisely when the degrading of C is Koszul. In this case, it

takes indecomposable projectives to the corresponding simples.
Let C and C" be Koszul, with graded lifts C' and C".

DEFINITION 4.2. — A Koszul duality between C' and C' is an equiva-
lence of mixed categories

k: LPC(C) — C.

In particular, by precomposing with K, this defines a bijection between
the indecomposable projectives P, of C' and the simples L!a of C".

Let L' = D, L!a be the direct sum over all nonisomorphic simple ob-
jects in C', and let P = @, P. be the direct sum over all nonisomorphic
indecomposable projective objects in C'. Kozsul duality implies an equality

Ext*(L', L') = Hom(P, P)

where the cohomological grading on the left-hand side corresponds to the
grading induced by a graded lift of P on the right, and the idempotents
given by projection to any given a-summand are identified.

4.3. Highest weight categories

Koszul duality plays well with the notion of highest weight categories,
which appear frequently in representation theory.

DEFINITION 4.3. — Let C' be a category with simples L., projective
covers P, and injective hulls I, indexed by a € Z, and let < be a partial
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order on Z. C is said to be highest weight if for each simple, there is an
object V,, and epimorphisms

P, — V, — L,

such that the kernel of the right-hand map is an extension of modules
Lg,B < a, whereas the kernel of the left-hand map is an extension of
modules V,,vy > a. We call V,, a standard object.

We will always further assume that End(V,) = C. If C,, is the subcat-
egory generated by L) with A < «, then V,, may be characterised as the
projective cover of L, in C¢,. We call the injective hull A, of L, in C¢q
a costandard object.

Yet a third class of objects will play an important role for us.

DEFINITION 4.4. — T € C is tilting if it admits a filtration by standard
objects and a filtration by costandard objects.

One can show that indecomposable tilting objects are also indexed by
Z, so that T, has largest standard submodule V,, and largest costandard
quotient A,.

4.4. Quantized hypertoric varieties

We now turn to certain Koszul categories arising from the quantization
of hypertoric varieties. Consider the ring of differential operators D(CF) =
C(ze, 0. | € € E). It carries a natural homomorphism

Symd — D(CF),

taking the eth coordinate element §, to the Euler operator zeg. We think

of D(CF) as a quantization of TVCF, and the homomorphism as a quan-
tization of the moment map TVCF — 2V for the action of D.

Fix n € gy and let kern be the kernel of the induced map Symg — C.
Via the inclusion Symg — Symd, we may view kern as a subspace of
D(CE)E,

DEFINITION 4.5. — The hypertoric enveloping algebra is given by
U, = D(CE)E/D(CF)C (kern).

The definition of U, is a quantum analogue of Definition 3.4. Indeed,
the filtration of U,, induced by the usual filtration on differential operators
by order yields an associated graded algebra isomorphic to the coordinate
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ring O(X) = O(p~1(0))¢. U,, was studied in detail by Musson and Van
den Bergh in [34] in the more general context of rings of torus-invariant
differential operators.

The ring U, arises from a sheaf on X5, where 7 is another character of G.
We recall this construction briefly below, for motivational purposes. Recall
that the symplectic form on X7 gives its structure sheaf Ox,_ a Poisson
bracket {—, —}. The following makes sense for a general C*-equivariant
symplectic variety.

DEFINITION 4.6. — A quantization of Ox_ is a dilation-equivariant
sheaf Q of flat C[h] algebras over Xy, with h of dilation-weight n, to-
gether with a dilation-equivariant isomorphism Q/hQ = Ox, such that for
any local sections f,g of Ox and lifts f,§ to Q, the element [f,?ﬂ € hQ
has image {f, g} in hQ/h*Q = Ox.

Analogous quantizations, for X a smooth symplectic variety (without C*
action), were studied by De Wilde and Lecomte [18] and Fedosov [20] in the
smooth setting. Fedosov’s methods were extended to the algebraic setting
by Bezrukavnikov and Kaledin in [6]. For symplectic resolutions, a theorem
due to Losev [30] identifies the space of C*-equivariant quantizations with
H? (X,,C) via a certain “non-commutative period map”. The latter in turn
equals g¢ for the hypertoric variety X.

We consider the sheaf Q,, associated to an integral (but otherwise generic)
parameter 7 € gy. The algebra of global sections of Q,, is a C[h[-algebra
with an action of C*. We can consider the subalgebra of C*-finite elements,
and specialise & = 1 to obtain a finitely generated algebra over C. This is
precisely the algebra Uj,.

It follows from the above that the global section ring of @, does not
depend on the choice of 77. On the other hand, the functor of global sections,
taking sheaves of Q,-modules to U,-modules, will be an equivalence of
abelian categories only when 7 and 7 are suitably compatible.

In the next sections, we discuss some particularly nice subcategories of
U,, modules, which we will eventually relate to enumerative invariants.

4.5. Gelfand—Tsetlin modules

DEFINITION 4.7. — The Gelfand-Tsetlin category G, of U, is the cate-
gory of finitely generated modules M over U,, such that we have an Sym t
module decomposition

(4.1) M= P Mm],

metYy
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where the action of Symt on M[m] factors through Symt/mk for some
k > 0. Here m is a maximal ideal of Sym t.

In order to describe this category more explicitly, it is useful to con-
sider the support of a U,-module M in tj, meaning the set of weights
which appear in the decomposition (4.1). The support of any fixed module
equals the lattice points of a certain polytope, obtained by “quantizing”
the constructions of Section 4.8. Namely, to each sign vector o € {+, —}¥
we associate the set of lattice points A, = {d. € ZZ° | ale) = +} N
{d. € ZS7' | ae) = =} Nty We define the sets F, and B of feasible and
bounded chambers as in Definitions 3.3 and 3.4, replacing A, by A,.

LeEMMA 4.8. — The support of any module M € G, is a union of feasible
chambers A, a € F,.

DEFINITION 4.9. — Let p € t,/. Define P,Sk) = Uy/(m}) and let P, be
the projective limit of Plgk) as k tends to infinity.

PROPOSITION 4.10. — We have an equality of vector spaces
(4.2) Hom(P,, M) = M|p].

Choose an element ;1 € A, for each feasible . The modules P, are a com-
plete and irredundant set of indecomposable projective pro-objects in G,,.

Proof. — This is proven in [34]; our notation is closer to [9, Section 3.4].
Equation (4.2) is a direct consequence of the definition of P,. Since taking
weight spaces is an exact functor, it follow that P, is projective. By hypoth-
esis, Gelfand—Tsetlin modules are direct sums of their weight-spaces, from
which it follows that the P, form a complete set of projectives as p ranges
over the weights of 7. Determining when P, and P, are isomorphic is the
most delicate part of the proof; for u, ¢’ in the same chamber, the isomor-
phism is constructed from the action of the weight space Up[p' —p]. O

DEFINITION 4.11. — Let L, be the simple quotient of P,.

The L, for feasible sign vectors « form a complete and irredundant set
of simple modules in G,. These simple objects are “quantizations” of the
lagrangians £,. A concrete manifestation of this is Proposition 4.17, which
the reader may want to read immediately before proceeding.

4.6. Quiver algebras
The description of projective objects as weight functors in Proposi-

tion 4.10 implies the following handy description of the category G,.
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Let Qg be the quiver algebra with indempotents e,, for each a € {+, —}¥,
an edge between vertices that differ by a single sign (in particular, edges
in both directions), and relations imposing the equality of two-edge paths
with the same start and endpoints. Let Cj E be the completion with respect
to the grading by path length.

The significance of @ g stems from the following.

PROPOSITION 4.12 ([34, Proposition 3.5.6 and Theorem 6.3]). — The
category of finitely generated D(C¥)-modules which decompose as direct
sums of generalized eigenspaces for the action of Sym 0 is equivalent to the
category of finite dimensional modules over @ E-

Let 0 : © — Qg be the map taking 0. to 6., where the latter is the
sum over all o € {+, —}¥ of the two-edge composition which flips the eth
coordinate twice.

DEFINITION 4.13. — Let
R:=Qg/9(9)

and let R be the completion of R with respect to the length filtration. For
negy,lete, = YaerF, €a- Define

R, = e, Re, and En = enﬁen.

Let P =@, 7 P, be the sum of all indecomposable projective mod-

ules.
PROPOSITION 4.14. — We have
(4.3) R, = End(P).

The functor taking M € G, to Hom(P, M) is an equivalence between G,
and the category of finite dimensional modules over R,,.

Proof. — This can be derived directly from Proposition 4.12. In terms
of the description of G, established in the previous section, however, we
can understand this equivalence as follows. By Proposition 4.10, P is a
projective generator of G,. Equation (4.2) may be used to show End(P) =
R,, as in [34, Theorem 3.1.7]. O

4.7. The dual of G,

In this section, we study the Koszul dual of G, from an algebraic perspec-
tive. In the following section, we will relate it to the symplectic dual X".
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Consider the algebra
(4.4) R¢ := R/Re:R

and its completion R, Let G be the category of finite dimensional (ﬁ!)c—
modules. Just as the simples of G, were indexed by the n-feasible a €
{+, —}¥, the simple modules of G¢ are indexed by the (-bounded a.

Let (R')™" denote the algebra (4.4) attached to the Gale dual arrange-
ment (3.7).

THEOREM 4.15. — R, and (R')™" are Koszul dual algebras.

Proof. — This is [10, Lemma 8.25]. The proof amounts to a rather intri-
cate calculation showing that a certain “Koszul complex” with underlying
vector space R7" ® R!n is exact. (I

The key features of this Koszul duality for us are Corollaries 4.16 and 4.17.

COROLLARY 4.16. — Let Ly, Lo, be simple modules in G,,. Then
(4.5) Ext®(La,, Lay) = €a, (R) "eq,.

We say that 7 is linked to n if 77 = F,. Let 77 and 7 be linked, and
let Lo, L, be two simple modules. Recall that o,y also parametrize
lagrangian subvarieties £q,, £, C X3, as in Section 3.2. The modules L,
are, in a suitable sense, quantizations of these lagrangians. In particular,
we have the following.

COROLLARY 4.17. — We have an isomorphism of graded vector spaces
(4.6) He~dim(g N L,,,C) = Ext®(La,, Lay)-

Here codim is the complex codimension of £,, N £, in £4,. The Yoneda
product is given by a simple convolution rule, which we do not discuss here.

Proof. — This follows from Corollary 4.17 and [9, Theorem 6.1}, which
shows that the weight spaces e, (R') "e,, are given by the left-hand side
of Equation (4.6).

Heuristically, this identification may be understood as follows. The mod-
ules L,, may be constructed by taking global sections of a sheaf of modules
Ly, over @, supported along £,,. Locally along £,,, the sheaf Q,, ressem-
bles a sheaf of twisted differential operators, and the modules £, ressemble
regular holonomic modules over this sheaf. Such modules may be identi-
fied with constructible sheaves via the Riemann—Hilbert correspondence.
In our particular case, this identifies the Ext groups (up to a shift) with
Ext(Ce, ,Cs, ne,,) = H* (L4, N £a4,,C), where Exts are taken in the
constructible category of £,,. O
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We can write the shift by codimension more explicitly via the following.

DEFINITION 4.18. — Given chambers a, 3 € B¢, let da,p be the length
of the shortest path in BS from « to B. In other words, it is the mini-
mal number of signs one can flip in {+,—}F to get from « to B without
leaving BC.

Geometrically, do g is the codimension of £, N SE@ C £, when this
intersection is non-empty.

4.8. Category O

A certain subcategory of G, called category O plays a key role in the
original definition of symplectic duality, and will play a starring role in this
paper.

For each ( € t, we have a decomposition U, = U,;r &) Ug @ U, into
elements scaled positively, fixed or scaled negatively by (.

DEFINITION 4.19. — Of, or “algebraic category O” is defined to be the
abelian category of finitely generated Uy,-modules on which U;r acts locally
finitely.

For each such ¢, we have a left adjoint to the natural inclusion (9,47 — Gy
given by the ¢-truncation functor m¢ : G, — OS. This takes a module M to
its quotient by the subspace generated by M [u] for u lying in a (-unbounded
chamber. One can show that 7 (P,) is an indecomposable projective of (9%,
nonzero exactly when o € BS N F n- With some more work, one obtains the
following, proven in [10]:

PROPOSITION 4.20. — (’)g is a highest weight category, with index set
T given by B¢ N F.
For each a € B¢ N F,, we denote by
LOM P(l? VON TO(

the simple, projective, standard and tilting modules in Og indexed by a.

We fix n € gy and ( € tz, neither contained in a root hyperplane. One
of the main features of symplectic duality for hypertorics is the following
result, proven in [10, Corollary 4.20] using the results of [9].

THEOREM 4.21. — The category (D,C7 is standard Koszul. Its Koszul dual
is the category O associated to the Gale dual data (3.7).
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Thus the quantizations of symplectically dual hypertorics X, and X !*C
are, in a suitable sense Koszul dual to each other.
As with G,,, there is a quiver description of category O. Let

€ = Z €q-

agB<
We have the algebra
(4.7) RS = R, /RyecR,
and its completed analogue ]TE,C,
PROPOSITION 4.22. — (’)f, is equivalent to the category of finite dimen-
sional modules over ﬁ%
Proof. — This is (the integral case of) [10, Theorem 4.7]. O

4.9. Twisting functors and Ringel duality

This section reinterprets the right-hand side of Equation (4.5) in terms
of the quantization of X'. The answer will be given in Proposition 4.24.
We begin with some preliminaries.

Given two generic 11,12 € gV, [9, Proposition 6.1] defines a twisting
functor ,, @y, : (’)fh — 022. In terms of R%—modules7 this is given by the
derived functor of

M — emRCen2 ®R$]2 M.
When 72 = —mn;, this functor is closely related to Ringel duality. In partic-
ular, it takes indecomposable projectives to indecomposable tilting mod-
ules [9, Theorem 6.10]. More explicitly, Lemma 3.7 gives bijections

(4.8) F,nB LB F, NB

associating to b € B the bounded feasible chamber with (-maximal point
Hy. Letv: Fy NB¢ — Fns NBS be the composition. Setting 17, = —ny, the
image of a projective module under the twisting functor is then given by

(4.9) 2P (Pa) = Tya)-
We have the following formula for v.

LEMMA 4.23. — Let u1(b) = «. Then v(a)(e) = ale) if e ¢ b, and
v(a)(e) = —af(e) otherwise.
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Now suppose a; € F, and as € F_,. Then we have CanRS€o, =
ea26_nRCeneal.
As in the proof of [9, Lemma 6.4], we have

e—nRgeneal =3®_y(Po,)-

Combining with Equation (4.9) and keeping track of the natural gradings

on either side, we obtain the following.

PROPOSITION 4.24.

(4.10)

€as R €ar (—day (ar)) = €asTuar)-

where the angle brackets denote a shift of the Z-grading.

(OGO NONONONONONE
OO0 OOOO0OO0

00000000 00
o0000O0OCGOO
000000000

"9 0000
..Q..O
0 0900

H

Q00000000
(ONCNONONONONCIONG)

O O
(ON®)

OO 00000000
cooQloooooo00
CO0ONOOO0OO000O0
0000000000
©0000@eep0o000
0C000@eep0O0O0
0000000000
QQQQOOOJBQP
0000000000
00000000000
ee 000000000

Figure 4.1. We have drawn the arrangements associated to n and —n,
for a generic choice of n, in our favorite example. The central chamber,
colored red, is feasible for only one of +n, whereas all other chambers
are feasible for both choices. Chambers identified by v have been given
matching colors. We have left the unbounded chambers (with respect
to a generic choice of cocharacter) colorless, for comparison with the

Gale dual figures in Figure 4.2.

We will eventually be concerned with the class of this tilting module in
the Grothendieck group of category O, which can be understood in terms
of classes of Verma modules as follows. Given b € B, let Blf ={a:ale) =
p1(b)(e) for all e € b}. It indexes the chambers contained in the cone with
vertex Hp, emanating in the (-negative direction.

There is a partial order on B generated by the relations b < b if b and
b’ differ by a single coordinate, and ((Hp) < ¢(Hp ). In other words, b < b’
if one can travel from H} to Hy along line segments of the arrangement in

the (-positive direction.
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©)
O
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00000 @@ 0

Figure 4.2. We have drawn the Gale dual arrangements to Figure 4.1,
corresponding to opposite cocharacters. The red chambers are bounded
for one choice of cocharacter and not the other, whereas all other
chambers are bounded for both choices. Chambers identified by v have
been given matching colors.

PROPOSITION 4.25 ([9, Lemma 6.4]). — There is a filtration of T, g)
indexed by the poset B. The associated graded space FyT,(g)/F>yT,5) of
this filtration is isomorphic to the Verma module V) if B € Bg, and
vanishes otherwise.

This proposition is useful because the weight spaces of Verma modules
are easy to write down.

LEMMA 4.26. — Let b € B and let a € F;. Then V,4)[a] = C if a(e) =
w(b)(e) for e € b, and vanishes otherwise.

LEmMMA 4.27. — With respect to the Z-grading on T, (,), the subquo-
tient weight space V,,, )] lies in degree dq, 1, 6) + dpy(v),a — dayv(ay)-

Proof. — This follows from the explicit construction of the Verma mod-
ules in [9, Lemma 6.4]. An element of the Verma module is represented by
a path in the quiver concatenated from a taut path from «; to pe(b) and

a taut path from uo(b) to a. The lengths of these paths give the first two
terms. The last term is the degree shift in Proposition 4.24. O

5. Twisted quasimaps and enumerative invariants

We now turn from quantizations of hypertoric varieties to their enu-
merative geometry. The connection between these two seemingly unrelated
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topics will be established in Section 6.4, where we begin to show that the
enumerative invariants attached to X, can be expressed in terms of the
quantization of a much larger hypertoric variety.

We begin by recalling some general definitions and results from [15]. Let
W be an affine variety with local complete intersection singularities, to-
gether with an action of a reductive group G, linearized by a G-equivariant
line bundle £. Let W*® C W be the semistable locus for this lineariza-
tion, which we assume equals the stable locus, so that the GIT quotient is
W///cG = W?/G. Let [W/G] be the stack quotient.

Let C be a fixed curve with at worst nodal singularities. In fact, we will
work exclusively with C' = P! in the following. Let f : C — [W/G] be a
map; we say it is a quasimap to W///cG if the preimage of the unstable
locus W\ W** is a finite set.

Twisted quasimaps, on the other hand, count sections of a certain [W/G]-
bundle over C. Suppose we have an action of a torus T on W commuting
with G, and let T be a T-bundle on C. Let W = W x1 7. Then we may
define twisted quasimaps as sections of the bundle [W/G] — C satisfying
an analogous condition to the above.

5.1. Twisted quasimaps to hypertoric varieties

We will be interested in twisted quasimaps to hypertoric varieties. For
clarity, we focus on the case where X, = X, (I') is cographical; this is a
special case of Kim’s construction in [29], which in turn may be understood
in terms of the construction outlined in the previous section. We leave the
general case to the interested reader.

Let I" be a graph with vertices V' and edges E. We pick a distinguished
“framing vertex” vy € V.

Fix a curve C, and for each edge e of I' a pair of line bundles Mg, M on
C such that Mg ® M = wg'. Fix A, € H°(C,wc) for each vertex v of T'.

DEFINITION 5.1. — A twisted quasimap F associates to each vertex v
of ' a line bundle F, on C, and to each edge a pair of maps

Te : ME® -Ft(e) — fh(e)

and

Ye : My @ Frie) — Fi(e)
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of the underlying coherent sheaves, satisfying moment map relations in-
dexed by the vertices v # vy of I':

(5.1) Z Tele — Z YeLe = Ayp-

h(e)=v t(e)=v

Recall that X,(T') = pg'(0)///,G. Choose nonvanishing sections of M¢
and Mg over some open U C C. Then such a quasimap defines a map
U = [ng'(0)/G].

DEFINITION 5.2. — We say a twisted quasimap is stable if for a trivial-
ization as above over some open dense U C C, the resulting map has image
in the stable locus of ug'(0).

From now on, we fix C = P! and thus A\, = 0. The set of degrees
(deg(M¢), deg(My)) form a torsor M over dz. We have an isomorphism
M = 97 which associates to m € 9z the pair of bundles M¢ = O((m° +
1)-00), My = O((—m® + 1) - 00).

We write Qpm, (P*, X,),7) for the moduli of stable twisted quasimaps of
degree v € Hy(X,,,Z). This is a mild abuse of notation, as the moduli
depends on the presentation of X, as a GIT quotient. It is a finite type
Deligne-Mumford stack, proper over Spec H(X,, Ox, ).

LEMMA 5.3. — Let F € Qm(C, X,),7) and let C = P'. Then at most
one arrow along each edge e € E carries a non-zero morphism.

Proof. — The compositions x.y. and y.r. both lie in H(C, (M @
M)~ = H°(C,we ), which vanishes. O

We now give a more concrete description of this moduli space. Fix a
degree v € Ho(X,Z) = gz, and consider the vector space

H(V) = @ Hom(MLi@O(’Yh(e))v O(’Vt(e)))GSHom(MZ@O(’Yt(e)% O(Vh(e)))
eclk

It carries an action of (C*)V = G. We view O(n) = O(n - c0) as the sheaf
of functions on C of degree at most n at co. Thus there is a G-equivariant
“evaluation” map
ev:C* x H(y) — TVCF,
taking (c, he @ he) to (he(c), he(c)).
The character 7 € gy determines a G-equivariant structure on the line-
bundle Oy,), and thus a linearization of the G-action.

LEMMA 5.4. — A point h € H(v) is semistable if and only if ev(C* x h)
meets the semistable locus of TVCF.
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Proof. — For any ¢, ev(c x —) is a G-equivariant map of vector spaces
preserving linearizations, and thus maps the unstable locus into the unsta-
ble locus. This takes care of one direction. For the converse, suppose that
ev(c x h) is unstable for all c. The unstable locus of TVCF is a union of
coordinate subspaces; by irreducibility of C*, ev(C* x h) must lie entirely
in one of these. One can check directly that in such cases, h is unstable. [

Let £ = Qm(P!, X,),7) be the principle G-bundle parametrizing choices
of isomorphisms F,, = O(v,). There is a tautological G-equivariant embed-
ding & — H(~), which descends to an embedding

P Qm(P, X, y) — [H(y)/G.
Moreover, the map ev descends to the natural map
& : C* x Qm(P', X,),7) — [TVCE/G].

LEMMA 5.5. — The map p is an isomorphism of Qum (P!, X,),~) onto the
GIT quotient

H()//G.

Proof. — We must show that p identifies quasimap stability with GIT
stability. This follows from Lemma 5.4, since a quasimap F is stable if and
only if there exists ¢ € C* for which &v(c x F) lies in the stable locus of
TVCE. O

5.2. Obstruction theories

In our setting, the moduli of twisted quasimaps to a quiver varieties car-
ries a perfect obstruction theory. Consider the sheaf on P! x Q,, (P!, X,),7)
given by

T = @ Hom(M, ® Fiey, Faie)) ® Hom(My © Fiey, Fie))-
ecE

We have a projection 7 : P! x Qp, (P!, X,),7) = Qm(P', X,,7). Then the
deformations and obstructions are given by

def = R7°(P!,¥) obs = Rr'(P!,%).
LEMMA 5.6. — The obstruction theory is symmetric.

Proof. — We must show def = obs". By Serre duality, we have
H'(P', %) = H' (P, T @ wp)".
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‘We have

(5.2) TV R wp = @ Hom(fh(e), M, ® ]:t(e)) R wpt

eel
© Hom(Fye), My @ Fp(e)) ® wpr
(5.3) = @ Hom(My ® Frey, Fi(e)) DHom(Mz @ Fyey, Fhie))
eckE
(5.4) _g

where we have used the condition M, ® M, = wPTll. The result follows. 0O

Since the moduli space in our setting is smooth, its virtual degree equals
its Euler characteristic up to a sign. We are thus led to the following defi-
nition.

DEFINITION 5.7.
DT, = x(Qm(P', X, 7).
We will also be interested in the natural refinement

DT (r) = Z(—T)i dim H' (Qm (P', X,,7), C).

i

We form generating functions for these quantities:

(5.5) Y(z) =) DT,z
and
(5.6) Trel(z, 1) = Z DTf/ef(T)z”.

The main result of this paper will give a surprising interpretation of these
generating functions using symplectic duality. The next section establishes
the groundwork for this result by introducing the “hypertoric loop space”.

Remark 5.8. — Unlike the Euler characteristic DT.,, the polynomials
DT,;ef(T) might in principle be quite sensitive to deformations of the target.
‘We make no claim to their invariance under such deformations, but believe
they are nonetheless an interesting object of study, by analogy with other
refined invariants arising from string theory.
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6. Quasimaps to hypertoric varieties and the loop
hypertoric space

6.1. Heuristics and definition

In this subsection we describe our model for the (universal cover of) the
loop space of a hypertoric variety, via finite dimensional approximations.

The basic idea is the following. The hypertoric variety X, was con-
structed as the symplectic reduction of TVCF by the torus G; one might
naively expect that the symplectic reduction of the loop space LTVCF by
the loop group LG = G((t)) would yield the loop space of X,. Replacing
G((t)) by G[t] should define a covering space of the loop space with fibers
G(t)/G[t] = gz = Ha(X,Z). Since X, is simply connected, this (again
naively) should be the universal cover of the loop space. We perform a
variant of this construction where G[t] is replaced by its finite dimensional
subgroup G, which is a natural choice from the perspective of quasimaps.

Since G[t]/G is pro-unipotent, this is for many purposes a fairly mild dif-
ference. In particular, both ZX,, and the space Maps(S!, X)) of continuous
maps from the circle in X, carry an action of S by “loop rotation”, with
isomorphic fixed-point loci given by infinitely many copies of X,, indexed
by the lattice Ho(X,Z). It follows that the S'- equivariant cohomology of
EXn and Maps(S?, X,,) are isomorphic, perhaps after inverting the gener-
ator u € HZ, (pt).

We now describe the construction in detail. Recall that we defined X
starting from the sequence of tori G — D — T, where D = (C*)¥ together
with the element 7 € g .

Let LCP := CF ®c C[t,t71]. Tt is an infinite dimensional vector space
with a basis v. ® t*, where e € E,k € Z. It is filtered by the subspaces
LnCF | spanned by the basis elements with |k| < N.

Now consider the cotangent space TV LCF = TVCFE @¢ C[t,t~1], with its
induced basis v, ®t*, w, ®tF. It carries a symplectic form €, given in terms
of the symplectic form w on TVCF by

Q. i) = [

— W
[tj=1 ¢

(v(t),w(t)).
In the coordinates x. i, ye,r determined by our chosen basis, we have

Q=>"> dzcs Adye,

k€eZecE

The action of D on CF induces an action on LCF, preserving the filtra-
tion. Via the embedding G — D, we have a hamiltonian action of G on
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TV LNnCF with moment map
pun(v(),w(t)) = u(v(t), w(t

LnXy = puyt(0)//G-

We have natural closed embeddings L NX, — L N+1X5, and we may define
an ind-scheme by taking the limit along these embeddings.

dt
ot

DEFINITION 6.1.
LX, = lim LyX,.
N—oo

The ind-scheme EXT] is a symplectic reduction of an infinite dimensional
vector space by a finite dimensional torus. Were the vector space also finite
dimensional, it would be a hypertoric variety in the usual sense. We will
view EXn as an “ind- hypertoric variety.”

Let £D be the torus of automorphisms of LCF sending each basis element
to a multiple of itself. We have LD = (C*)*P where LE := E x Z. EXn
carries a Hamiltonian action of £D which factors through 7 := LD/G.

Morally, we may say that EXn is the hypertoric variety associated to

(1) The set LE := E X Z.
(2) The short exact sequence of tori

(6.1) G— LD —T.

(3) The character 7.
It is the limit of genuine hypertoric varieties associated to

(1) The set LyE == E x [-N, N].

(2) The short exact sequence of tori
(6.2) G— LyD — Ty.

where Ly D = (C*)&~D,

(3) The character 7.
Given an object associated to sequence (6.1), there is often a natural “N-
truncation” associated to the sequence (6.2). For instance, a € {+, —}*F
defines o € {+, —}*~F by restriction. We will speak of N-truncated items
without further comment below; we hope that our meaning will be clear.

There is a natural embedding D — LD (and thus 7' — 7) given by the

“constant loops”™. On the other hand, 7 contains the “loop rotation” torus
Cy, acting by (2" - Ten, 27" Ye,—n). We will for the most part ignore the
infinite rank torus 7, and focus on the subgroup

(6.3) CrxT—T.
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6.2. Lattice actions and fixed loci

We may identify 0z with the group of diagonal matrices in End(CF)
whose entries are powers of ¢. This defines a natural action of 97 on LCF,
which in turn induces a symplectic action on TVLCF and thus on EXU.

There is a natural embedding X, — [IXn given by the “constant loops”.
The image is a connected component of the C*-fixed locus. In fact, the
connected components of the C*-fixed locus are given by Jv-translates of
X,, where v € gz. Recall that the latter may be identified with Hy(X,Z)
via the Kirwan map.

More explicitly, given § € 9z, we can define § - TVCF as the symplectic
subspace of TVLCF given by the translation of the “constant loops” TVC¥
by &:

§-TVCE = @ (ve @ % Bwe @) .

ecE
LEMMA 6.2. — The fixed locus of the loop rotation action of C* is
given by
|_| - Xy
Y€z

where 0 - X,, = (07 - TVCF) ///,G.

LEMMA 6.3. — The fixed points of the T' x C* action are given by

|_| oy - p.

peXTF vegz

We will be interested in the (lagrangian) attracting cells of these fixed
points in ZX,] with respect to certain C*-actions. Namely, let 6 € ZF be
a cocharacter of D and n a positive integer, and consider the cocharacter
(6,n) of D x C*. Roughly speaking, one may think of the attracting cell
of 0v - p as parametrizing quasimaps from C to X, with “degree” v and
limit p at z = 0. We will eventually make this statement precise with
Proposition 6.13.

We will restrict ourselves to (d,n) for which n is much larger than ||
for all e € E. We thus treat § as a small perturbation of the loop rota-
tion cocharacter. This will make the combinatorics more intuitive, without
fundamentally changing the nature of the results.

DEFINITION 6.4. — Fix a pair (6,n) as above, and let { == (6,n) be
the corresponding cocharacter of C; x T, and by abuse of notation, the
induced cocharacter of C;f X T.
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6.3. Combinatorial data

We can define as in Section 3.1 a quantized hyperplane arrangement
L ~A, associated to the sequence (6.2) and the character 1. It controls the
module categories attached to the quantization of L NXy.

We will also consider the arrangement ZAn associated to Sequence (6.1).
Since this is an arrangement in the infinite dimensional space, special care is
needed. We will in fact use EAn mainly as a convenient bookkeeping device
for the combinatorics of the finite dimensional arrangements L NA,as N —
00, and our results will always fundamentally concern finite arrangements
and limits thereof. A better general framework in which to understand
Sequence (6.1) is perhaps that of non-finitary matroids [13].

Our first task is to describe the set £B of bases of EA,], by which we mean
subsets of LE whose N-truncations are bases of £ ~A,;, for all sufficiently
large N. We expect from Lemma 6.3 that they will be indexed by the bases
of the finite arrangment and the elements of gy.

Recall that each base b € B is a subset of E. Let b:= (LE\ E) Ub.

LEMMA 6.5. — LB = {0y bforbeBand~y e 9z}
Here we have used the action of the lattice 0z on LE by translation:
d-exn=ex(n+d).

Proof. — A subset s C LF is a base if and only if its complement s¢ :=
LE\ s is a base for the dual sequence. By definition, s¢ is a base if the
canonical map Z*° — gV is an isomorphism. We must then have

SC:Uexne

eca

where a € B' is a base of the dual (finite) arrangement. Let b = a¢ € B and
set v := ¢p(n). Then 9y - b = s. The converse is direct. O

Next we identify the bounded feasible chambers of EAn.

DEFINITION 6.6. — We say € {+,—}*F is (-bounded if its trunca-
tions 3 € {+, —}NE are {-bounded for all N. We say it is n-feasible if it
is feasible for all sufficiently large N. i

Write £BS for the set of bounded chambers, and LN’Pg for the set of
bounded feasible chambers.
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Recall that o € {+, —}¥ indexes a chamber of A. We define the following
elements of {4, —}*F.

a® = {17 [T a0 x (43577

eckE
o™ = {+}° x [THale)} " x {=}<7%,
ecE

where £L79FE = E x Z>% and L<°FE = E x Z<Y.
We have an action of 97 on {+, —}*F by translation. Namely, ¢ - 3(e x
n) = B(e x n+ d.). Given § € 0z, we have the translates

64)  (=0)-a”= {1 x [[{ale) ™ x (115777

eclk

(6.5) (=0) - = {+}£7°F x [T {a(e)}*% x {-}£7°F,

eckE
where £7°E C LE is the subset |J,cpe X (6,00) and likewise LOF =
Ueep e X (=00, de).
LEMMA 6.7. — The set of bounded feasible chambers is given by
EPf; ={0y-a° fory € gz and a € 735}

Likewise,
EPU_C = {07y - a*> for v € gz and « 67377_4}.

Write
Pe LB S P
for the bijections defined as in Equation 3.6. Write
LPS & [B Y=,y [P ¢
for their loopy analogues.

LEMMA 6.8. — Let b € B be a base of the finite arrangement. Then

110(9 - b) = 0 - ¢ (b)° and pioo (9 - b) = 0y - ¢ (b)>°.

To these chambers we can associate lagrangians £(9-a?), £(0y-a*) C
EXU, via Equation (3.5). Note that we have changed our notation slightly
so that the indexing chamber is no longer a subscript, to avoid cramped
expressions. In the next section, we describe these lagrangians in more
elementary terms and relate them to quasimaps.

We can likewise define the truncated Lagrangians £y(0v - af),
EN(0y - a™) C L X. Their intersections stabilize in the following sense.

TOME 75 (2025), FASCICULE 3



1258 Michael MCBREEN, Artan SHESHMANI & Shing-Tung YAU

LEMMA 6.9. — Let m € M and N > 0. Then
gy(m-a?)Nen(0y-as°) = £(m-af) N L(dy - a5°)

where the left-hand side is viewed as a subvariety of LX via the natural
embedding.

Proof. — This is direct from the definitions. O

6.4. Presenting the moduli of stable quasimaps as an
intersection of lagrangians

In this section we relate our lagrangians to moduli of quasimaps. For the
benefit of readers less familiar with the hyperplane arrangements consid-
ered above, we phrase these results in terms of explicit coordinates, before
returning to our more hands-off approach in the following section.

DEFINITION 6.10. — Let d be an integer. We define Lagrangian sub-
spaces of LTVC by

Qo(d) ={xer =0 for k < —d and y. ,, = 0 for k < d}
Qoo(d) = A{xer, =0 for k > d and ye , = 0 for k > —d}.
We have

(6.6) Qo(d1) NQoo(d2)
= HOm(Opl (dl), Opl (d2 - 1)) D HOII’I(O[pzl (dz), O[p»l (dl - 1))

DEFINITION 6.11. — Given 0 € 0z, we define a Lagrangian ﬁo(é) in
LTVCF by taking the product of factors Qo(d.) as above over all edges
e € E. We can similarly define Q.,(9).

Let oy = {+}¥ and a_ = {~}£. Then by construction we have

LEMMA 6.12. — R
£(6-af) = Q0(8)///nG
and

£(6-a™) = Qa0 (8) ///,G-

We now fix a twist m € M, as in Definition 5.1. Given v € gz, we have
0y +m € 0z.

PROPOSITION 6.13. — We have
(6.7) Qm (P!, X, 7) = £m - af) N L(dy - ™).
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Proof. — The claim follows from Equation (6.6) and Lemma 6.12, to-
gether with Lemma 5.5 which presents the quasimap moduli space as the
corresponding GIT quotient. d

COROLLARY 6.14. — For generic 1, Qm(P*, X,,,7) is a smooth variety.

Proof. — By construction, the intersection on the right-hand of Equa-
tion (6.7) is a GIT quotient of the vector space W := Qy(m) N Qoo (v) by
the torus G. If the stable and semistable loci coincide, the result is a toric
orbifold. The orbifold structure corresponds to the existence of non-trivial
(finite) stabilizers of stable orbits of G. By assumption, the embedding
G — D defining our hypertoric variety X is unimodular. It follows that
the same is true for the action of G on W. It follows that the GIT quotient
is a smooth variety, as claimed. O

6.5. From loop space lagrangians to loop space modules

From now on, we fix our twist m to be the basepoint mg € M correspond-
ing to 0 € 9z. This will ensures that the modules Ly () and Ly (9v-a>)
belong to category O for opposite choices of cocharacter. It is the choice
for which our results have the cleanest form. The generalization to other
twists, however, does not pose any essential difficulties.

We thus take as our starting point the two lagrangians on the right-hand
side of Equation (6.7), with m = mg. We can “quantize” these lagrangians
as follows. Let £ NGy be the category of Gelfand—Tsetlin modules associated
to the arrangement L NA,.

DEFINITION 6.15. — Let Ly (aY) (resp. Ln(dv - a>)) be the simple
objects of ZNQW associated to the chambers oY (resp. 8v - a>°) described
in Equation (6.4).

By Lemma 6.7, these modules lie in category ENN(Qg (resp. EN(’);Z) for
each N.

LEMMA 6.16. — The following Ext groups stabilize as N — oo:
Jim Ext* ™M™ (Ly(a%), Ly(97-a)) = H*(£(a%) N £(a>),C)

= H.(Qmo (Pla Xm 'Y)a (C)
Here codim = dy(aY,dv - a>) is defined as in Proposition 4.18.

Proof. — This follows from Proposition 4.17, combined with
Lemma 6.9. g

Note that the shift of grading by the codimension diverges as N — co.
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7. The periodic hypertoric space

We now turn to the symplectic dual to the loop space. We will apply the
same combinatorial procedure that we would use for a finite type hypertoric
variety to produce a candidate for the dual. It would be interesting to
compare this with the more canonical approach of [12], via convolution
algebras.

To this end, we consider the Gale dual of the sequence (6.1). It corre-
sponds to the data of

(1) The set LE.
(2) The short exact sequence of tori

(7.1) TV — LDY — G".

(3) The character —C of TV.
We also consider the “truncated” data, namely:

(1) The set LNE.

(2) The short exact sequence of tori
(7.2) TN — LyDY — GV.

(3) The restriction of the character —(.
We write ’PNAL g for the associated hyperplane arrangement. If we let N —
00, we obtain a limiting hyperplane arrangement PAL & It is a hyperplane
arrangement on gg, given by all nZ-translates of the hyperplanes of A!—C'
It is preserved by the action of gz by translations.

We can define by the usual prescription the associated hypertoric variety
PNX!—E' There is an open embedding PNXI_C~ — PN+1X!_E “dual” to the
closed embedding L NX — L ~N+1X. Thus we can take the limit of schemes

PX' .= lim PyX' ..
—C Noo —¢
Morally, this is the hypertoric variety associated to Sequence (7.1). When
X =2 TVP! =2 X' PX'is a symplectic surface containing an infinite chain
of rational curves, whose hyperkéihler geometry has been studied in [2]. The
geometry in more general cases has been further explored in [16, 21, 22].
We learned of the space PX L ¢ /nany years ago from an unpublished note
of Hausel and Proudfoot.

PX!_~ carries an action of gz, which is free on an analytic open subset,
which is also a homotopy retract. The quotient of this retract by gz is
called the hypertoric Dolbeault space in [33], and PXI_ ¢ plays the role of
universal cover of the Dolbeault space. It is shown in [17] that when the
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hypertoric variety X' arises from a graph T', the quotient is closely related
to the compactified Jacobian of a certain reducible nodal curve with dual
graph T'. In particular, they have the same cohomology.

y:/

©O 00009000 O0|®0
Q00090000000 OQ
0 O000 00 0 0e
0000000000
000000 QOQ0 0O
Coc 0000000 0O
000009000 OO
00090000 OO
ORI N ZONCNONONOI N )

0000000

Figure 7.1. The integer points of a periodic arrangement. Chambers
related by the action of gz = Z? have matching colors.

Given b € B', let b C LE be the image of the composition of inclusions
bC ECLE.

LEMMA 7.1. — The bases PB' of PA!,@ are given by 0y -b for b € B!
and vy € gz.

Write PP:g for the —(-feasible —n-bounded chambers in PA" & We
have the following analogue of Lemma 6.7.

LEMMA 7.2.
PP:ZJ ={0y-a° fory € gz and o € P:g}.

This lemma provides a bijection between the irreducible lagrangian com-
ponents of the core of PX' and the gz-translates of the —7-bounded com-
ponents of X'
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7.1. Enumerative invariants as traces

LEMMA 7.3. — For N > 0, we have an isomorphism
(73)  coyax (PNIR) ™) euy = H (9, (P!, X,,,7), ©).

Here codim = dy(af,dy - a>) denotes the codimension of £y gy.q> N
£ N,al, in either lagrangian. It is an instance of Definition 4.18.

Proof. — This is a consequence of Lemma 6.16, which identifies the right-
hand side with an Ext group in G,, together with Corollary 4.16, which
identifies this Ext group with the left-hand side via Koszul duality. O

The left-hand side of Equation (7.3) equals a certain weight space in an
indecomposable tilting module. Namely, we have bijections

P(P')_L = PB' == P(P')"

between vertices and bounded feasible chambers for +C, as in Diagram (4.8).
The composition of these bijections from left to write defines a bijection v
of chambers. By Proposition 4.24 we have a graded isomorphism

(74)  eoyas (PN(R!)*C) cat (=dn(a}, v(a}))) = eor.a=Ty (a0

The chamber V(ag) which appears in this expression can be described
explicitly. Let b = p~!(ay ). Then
) <0 e e >0
v(ag) = v(ay)® = {7 x [0 < [T {=3 7%
e€b e¢b

In particular, v(a9) differs from o> in precisely |b| = rk T places, where
T=D/G.

Comparing the grading shifts in Equations (7.4) and (7.3), we find a
graded isomorphism for N > 0

o0 Thy (o) = H 5 (Qy (B, X,.7),C)
where
(7.5) Ay = dn (5,07 a®) —dy(al, v(al)).
Although both terms in this degree shift diverge as N — oo, their difference
equals —dn (v(a9),dy - a>) which converges to
dy = —|0v| +rkT.

where [0] =3 5 [0c|.
We can thus derive the following expression for the generating function
defined in Equation (5.6).
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THEOREM 7.4.

(7.6) Trel(z, 1) = Z grdim (eava‘i"T;(ag)) 2,
Y€z
Loosely speaking, the right hand side is a graded trace of an indecom-
posable tilting module over PX '_ &

7.2. Verma filtrations and explicit formulae

Theorem 7.4 has the benefit of being stated in fairly general terms, one
can imagine a similar statement holding for non-hypertoric symplectic res-
olutions. Moreover, its proof does not require us to know either side explic-
itly.

Nevertheless, we can deduce from Theorem 7.4 a more explicit formula
for the left-hand side, using the filtration of Ti(agw from Proposition 4.25.
This requires us to plunge back into the combinatorics of our hyperplane
arrangements. The end result can also be obtained by a direct analysis of
the quasimap spaces, but we find the treatment via symplectic duality both
instructive and suggestive of possible generalizations.

In order to apply the proposition, our first task is to understand for which
¢ € PB' does PB, " contain the chamber o’ . Recall that PB' = {9 b} for
b e B, v € gy It will be helpful to parametrize v using the isomorphism

¢bIZb—>gz.

DEFINITION 7.5. — Let b € B'. Write pu : B' — P_l. Let G® c Z° be
the subgroup generated by

(7.7) (ZS°)° for p(b)(e) = +
(7.8) (Z7°)° for p(b)(e) = —.
It is the set of s € Zb for which (n, ¢y(s) - ) > (n, x).

DEFINITION 7.6. — Let S? C G® be the submonoid generated by

(7.9) (Z<)° for ale) = u(B)(e) = +
(7.10) (27°)¢ for a(e) = u(b)(e) = —
(7.11) (Z<0) for ale) # p(B)(e) = +
(7.12) (27°)° for a(e) # u(d)(e) = —

LEMMA 7.7. — Let b € B and s € Z. Let a € {+,—}¥. Then a° €

PB;:(s)»Z if and only if s € S,.
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Proof. — Translating by ¢,(—s), we find that the desired inclusion holds
if and only if

no(d)(e) = u(—s) - a’(e)
for all e € b. We have o(b) = p(b)° and u(b)°(e) = u(b)(e) for e € b. The
condition thus becomes

p(b)(e) = ¢p(—s) - a’(e)
for all e € b. One can then check directly that this holds only for s as
described. 0

Combining the above with Proposition 4.25, we conclude the following.

PROPOSITION 7.8. — There is a filtration of T}, ..

PB', whose nonzero subquotients are given by V/i for ¢ = ¢p(s) b
where b € B' and s € Sg+.

indexed by ¢ €

LEMMA 7.9. — The weight space

!
Cou (k)0 Vi (9n(5):5)
equals C when k — s €S2, and vanishes otherwise.

Proof. — This is an application of Lemma 4.27 to our setting. Translat-
ing by ¢p(—k), we reduce to the case

!
€a=V,,_(oy(s—k)B)"

This is nonzero exactly when a* € PB;:(s—k)é' By a variation on
Lemma 7.7, this holds when k — s € S? . O

The contribution of the subquotient Vli
tion Y(z) is thus

o (b0(3) D) to our generating func-

Z LPo(k) — Z Pb(s+Tr)
klk—seSh, resh,

To obtain the contribution to the refined generating function Y**(z, 1), we
must take into account the Z-grading on the subquotient.

Given 6 € 9z, let |8] :== > ;5 [0c|. Given b € B, define ¢, € 07 by € =1
for u(b)(e) = + and € = 0 for pu(b)(e) = —. Thus

leo| = d(a—, (b)) = d(a=, p(b)>) = (=, pioo (b))

LEMMA 7.10. — The weight space

|
Cou(k)-a YV (6(5)5)
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is supported in cohomological degree

Vo (k, s) = |gp (k)| + |6k — 5) — €] — |Pp(s) + €b]-

Proof. — By Theorem 7.4, the cohomological degree is given by the nat-
ural Z-grading on the module TL(O& ) shifted by —dg, (). This grading may
be computed on any sufficiently large truncation of the periodic arrange-
ment. By Lemma 4.27, this equals

dn (02, oo ($(5)D)) AN (ttoo (60(5) D), b (k)-0>) —d (oS, (0%)) =dys, 1)

for N > 0. We can rewrite this as

AN (a9, oo (D) - D)) + dn (oo (60 (5) - B), Do (k) - ™)
—dn (%, dp(k) - ) + dn g, (k) — AN,y (k)
for N > 0.

The difference of the first and third terms gives |p(k)| — |#p(s) + €], and
the second term equals |¢p(k — s) — €.

O
Adding the contributions of each base b € B', we finally obtain
THEOREM 7.11.
(113) T =Y Y e e,
beB' seSt | ,rest
(¥+ @ _
Example 7.12. — We consider one of the simplest non-trivial examples,

for which X = TVP? and X' is a resolution of the singularity zy = 23. Both
X and X' are cographical, and in this case Gale duality is an instance of
planar graph duality.

Thus, let ' be the graph with two vertices v1, v and three edges ey, es, e3
from v; to ve. We pick the basis (1,—1) of C°(T',Z)/Z(1,1) and (0,1,0),
(0,0,1) of HY(T',Z). The associated sequence of tori is thereby identified
with

G=C* — (C)F — (C*)* =T,

We pick the character n = 1 of G and the cocharacter ¢ = (—1,1) of T.
Then X ('), & TVP2,
The dual graph I'* is given by the cycle

el €z es €1
—> W12 —> W23 —> W31 — .
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P

We have X (I'")_; = C2/Z3. The bases b € B' are given by single edges
b; =e€;,1=1,2,3. We have

w(br) = {+—+}

plbe) = {+,+, +}

(bs) = {—= —+}.
The maps ¢, are identified in our bases with the identity Z — Z, and the
monoids Sg+ are all equal to Z=°. We find

¢b1 (kv S) = G(k - 5) - 4a 1;[}1)2 (k7 5) = 6(k - S) - 67¢b3 (kv S) = G(k - 5) —2.
We conclude

(714) frref(z’ 7_) _ Z (7_67‘72 + F6r—4 + TGT*G)Z(S*FT)'

SE€ZZ0 rez>0

Example 7.13. — Consider the linear quiver ) with vertices vq,...,vn
and arrows v; — v;41. Representations of this quiver in the category of
coherent sheaves on a curve C, which assign a locally free sheaf V; of rank
r; to each vertex and maps of sheaves V; — V;;1 for each edge, are an
interesting object of study in enumerative geometry.

Let Q2 be the abelianization of Q. Thus, fix a tuple of integers ry, ..., ry,
and define the abelianized quiver Q" to have vertices vg ,j=1,...,r; and

edges v] — vg;_1 for all j,7'. We describe the twisted quasimap invariants

of the variety X (Q?P).

Fix a sufficiently generic cocharacter ¢ € H(T',Z). By Lemma 3.16, the
set B is given by all spanning trees of Q2. Given b € B, its contribu-
tion to the sum in Theorem 7.11 is determined by ¢, (also described in
Lemma 3.16) and the monoids SZUr and S? .

In turn, these can be written down directly from Definition 7.6 once we
know p(b) and a,a_. As usual, we have o = {+}¥. On the other hand,
«a_ depends on the choice of ; by making a suitable choice, we may ensure
that a_(e) = + for e : v/ — vf_/i_l if and only if j = ;.

Finally, we describe 1(b). Recall that the complement b° of b is a spanning
tree. Let e € b; then H; (eUb®,Z) = Z. Choose a generator L which crosses
e in the positive direction, which we view as a loop in I'. Then p(b) is given
by {+}"" x {sign ((LY)}*<".

Combined with Theorem 7.11, this describes Y**(z, 7) for X (Q?). Since
the number of spanning trees is quite large even for small numbers of ver-
tices, we do not write the sum out in full.
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| I
I Vg'
I
I

T1 ) T3

Figure 7.2. The quiver Q" from Example 7.13, where Q is the linear
quiver with three vertices and ranks r1 = 1,79 = 2,r3 = 3. The dotted
lines join vertices which were “split oftf” from a single vertex v; of the
original quiver @, of rank r;.
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