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MODULI SPACES OF SHEAVES ON FANO
THREEFOLDS AND K3 SURFACES OF GENUS 9

by Dominique MATTEI (*)

ABSTRACT. — A complex smooth prime Fano threefold X of genus 9 is related
via projective duality to a quartic plane curve I'. We use this setup to study the
restriction of rank 2 stable sheaves with prescribed Chern classes on X to an
anticanonical K3 surface S C X. Varying the threefold X containing S gives a
rational Lagrangian fibration Mg[2,1, 3] --» P3 with generic fibre birational to the
moduli space Mx (2,1,7) of sheaves on X. Moreover, we prove that this rational
fibration extends to an actual fibration on a birational model M of Mg[2,1,3].

In a last part, we use Bridgeland stability conditions to exhibit all K-trivial
smooth birational models of Mg[2, 1, 3], which consist in itself and M. We prove
that these models are related by a flop, and we describe the positive, movable and
nef cones of Mg[2,1,3].

RESUME. — Une 3-variété de Fano primitive complexe lisse X de genre 9 est re-
liée par dualité projective & une courbe quartique plane I'. On utilise cette construc-
tion pour étudier la restriction de faisceaux de rang 2 stables avec classes de Chern
prescrites sur X a une surface K3 anticanonique S C X. Varier la variété X conte-
nant S donne une fibration lagrangienne rationnelle Mg[2,1,3] --» P3 avec fibre
générique birationnelle & I'espace de modules M x(2,1,7) de faisceaux sur X. De
plus, on prouve que cette fibration rationnelle s’étend en une vraie fibration sur un
modele birationnel M de Mg|[2,1, 3].

Dans une derniére partie, on utilise les conditions de stabilité de Bridgeland pour
exhiber tous les modeles birationnels K-triviaux de Mg[2,1, 3], qui consistent en
lui-méme et M. On prouve que ces modeles sont reliés par un flop, et on décrit les
cones positif, mobile et nef de Mg|[2,1, 3].

1. Introduction

Let X be a smooth complex projective Fano threefold of index 1 and Pi-
card group generated by an ample divisor Hy. The moduli spaces

Keywords: Moduli spaces of sheaves, K3 surfaces, Fano threefolds, derived categories,
Lagrangian fibration, stability conditions.
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2 Dominique MATTEI

Mx(2,1,cq,c3) of semistable sheaves F' with rank 2 and Chern classes
c1(F) = e1(Hx), ca(F) = ca, c3(F) = cs attract a lot of attention since
the pioneer work of Barth for X = P? [1]. Using homological methods,
Brambilla and Faenzi [7] construct and describe a generically smooth and
irreducible component Mx(d) C Mg(2,1,d) = Mg(2,1,d,0), whose gen-
eral element F is locally free and satisfies Ext?(F, F') = 0.

The very general hyperplane section S € |Hx| is a K3 surface with
Picard group generated by the restriction Hg := Hx|s. Based on a result
of Tyurin (see [5]), the authors in [7] show that there exists some open
Mx (d)° € Mx(d) for which the restriction

res: Mx(d)° — Mg(2,1,d), F+—— Fg

is an immersion (i.e. a morphism with injective differential), and its image is
a (possibly singular) Lagrangian subvariety with respect to the symplectic
structure on Mg(2,1,d).

For the specific case of genus g(X) = H%/2+ 1 = 9, the Fano X
is related to a quartic plane curve I' by Homological Projective Duality
(see Section 2.4), in particular there is an embedding ¢: D(T') < D’(X)
between the derived categories of I" and X. In [6], the authors use the right
adjoint ¢': Db(X) — Db(F) of this functor to prove that the map

Mx(2,1,7) — Pic*(T"), F — ¢'F

gives an isomorphism of Mx(2,1,7) with the blow-up of Pic*(T) along a
curve isomorphic to the Hilbert scheme H{(X) of lines contained in X;
the exceptional divisor consists of the sheaves of Mx (2,1, 7) which are not
globally generated. We use this construction to prove our first main theo-
rem. For short, let us denote Mx := Mx(2,1,7) and Mg = Mg(2,1,7).

THEOREM 1.1 (= Theorem 3.7 and Theorem 3.10). — The restriction
res: Mx — Mg is injective on the set of globally generated sheaves (in
particular, it is generically injective). The image res(Mx) is a Lagrangian
subvariety of Mg with finitely many singular points, each of which have
exactly 2 preimages in Mx.

In [5], Beauville asks (in a more general context) if the subvariety res(Mx)
moves in a family on Mg, and if this family describes a (rational) La-
grangian fibration Mg — B. This is the content of Section 4.

THEOREM 1.2 (= Corollary 4.9). — The Fano threefold X moves in
a 3-dimensional open family ¥ — W C P2 parametrizing smooth Fanos
containing S. There exists a rational Lagrangian fibration Mg --» P3
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such that the fibre over a general point [X;] € P2 is the open of globally
generated sheaves in Mx,.

In fact, we prove that the relative moduli space Mzx /)y of the family
X — W is birational to Mg. The map My --+ P3 is given by sending a
globally generated sheaf F' € Mg, which is the restriction of some sheaf in
Mx,, to [Xt] € P3.

Homological projective duality associates to the K3 surface S another
polarized K3 surface (S’, H'), equipped with a sheaf of Azumaya algebras
A (or equivalently with a Brauer class a € Br(S’)). This permits to de-
fine a moduli space of semistable a-twisted torsion sheaves Mg/ o) =
Ms1,0)(0, H',2), equipped with a structure of Lagrangian fibration

M(S’,a) — ]P)g = |H/|a L+— Supp(L),

such that the fibre over a smooth curve [I'] € |H'| is isomorphic to Pic*(T").
In fact, the smooth curves in |H'| are precisely the plane quartics HP-dual
to the Fanos in X. The following result can be thought as a compactification
of the rational fibration on Mg.

THEOREM 1.3 (= Theorem 4.10). — The linear system |H'| naturally
identifies with the projective space P? of Theorem 1.2, and there exists a
birational map Mg --» Mg o) over P3.

It is known that the intermediate Jacobian of X identifies with the Ja-
cobian Pic’(I"), for T' the HP-dual curve of X. In particular, the fibration
Msra) — P? can be thought as a compactification of the twisted inter-
mediate Jacobian fibration associated the family X — W.

Eventually, we use the remarkable results of Bayer and Macri [3] to study
the birational models of Mg.

THEOREM 1.4 (= Theorem 5.1). — The moduli spaces Mg and Mg/ q)
are the only 2 birational models of Mg. They are not isomorphic and are
related by a flop along a P2-bundle over S.

In addition, we obtain a complete description of the positive, movable
and nef cones of Mg, see Section 5.5.
Notations and conventions
Throughout the paper, we work over C. By variety, we mean an integral

separated scheme of finite type. By the word sheaf, resp. vector bundle,
we mean a coherent sheaf, resp. finite rank locally free sheaf. We denote

TOME 0 (0), FASCICULE 0



4 Dominique MATTEI

irr: R — T a closed immersion between two schemes R and T', and Fr the
restriction to R of a sheaf F on T. We denote D’(R) := D’(Coh(R)) the
bounded derived category of coherent sheaves on R. The dual of a sheaf
F is denoted F*, and the derived dual is denoted FV. Recall that both
coincide when F' is locally free. For any i € Z and sheaves F, G, we denote
ext’(F, @) == dim Ext‘(F, G).
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2. Preliminaries
2.1. The Fano of genus 9

We start with a prime Fano threefold of genus 9 constructed as follows
(see [22] for more details). First, we consider ¥ = LG(3,6), the Lagrangian
Grassmannian of 3-dimensional subspaces of a 6-dimensional vector space
V' which are isotropic with respect to a skew-symmetric 2-form w. The
manifold ¥ embeds in P'3 = PVy,, with Vi = ker(A2V < C). Now we
define X as a 3-codimensional linear section of ¥, that is

X =¥XnNnPVi;

for V11 C Vi4 an 11-dimensional subvector space. The Fano X has Picard
group Pic(X) = (Hx) with Hx a hyperplane section in PVj;, and —Kx =
Hx. A very general hyperplane section S of X is a smooth K3 surface of
genus 9 polarized by the restriction Hg of Hx to S, with Pic(S) = (Hg).

The manifold X is equipped with a tautological homogeneous rank 3 sub-
bundle . As we will principally study X, we denote U again its restriction
to X, and Us its restriction to S. By [6, Lemma 3.1], both &/ and Us are
p-stable and ¢;(U) = —Hx.

ANNALES DE L’INSTITUT FOURIER
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2.2. Cohomology and moduli spaces of sheaves

The integral cohomology groups H**(X)z of X are generated by the
hyperplane class Hx (k = 1), the class of a line Lx C X (k = 2) and the
class of a closed point Py € X (k = 3). For now on, we will denote

Mx(r,e1,c,c3)

the coarse moduli space of Gieseker semistable sheaves on X with rank
r and Chern classes ¢;, i = 1,...,3. If ¢3 vanishes, we omit it from the
notation. Moreover, we will often write integers instead of Chern class as
they all are integral multiples of the corresponding generator of H**(X)z.

On K3 surfaces, it is more conveniant to use Mukai vectors (we refer
to [19, Chapter 10] for the general theory). That is, we denote Mglr,c, s]
the moduli space of semistable sheaves on S with rank r and Chern classes
c1(F) = cHg, co(F) = ﬁ — s+ r (we use the bracket notation to
avoid confusion). Recall that when [r, ¢, s] is a primitive Mukai vector, the
moduli space Mg|r, ¢, s] is a hyperkédhler manifold deformation equivalent
to a Hilbert scheme of point on a K3 surface if not empty [33].

In the present paper, we will focus our attention on Mx(2,1,7) and

Ms[2,1,3].

2.3. Technical lemmas

We gather here some useful lemmas.

LEMMA 2.1. — Let X be a smooth integral projective variety, S C X a
smooth integral hypersurface. Let F' € Coh(X) be a coherent pure sheaf
with dim (Supp(F) N S) < dim F. Let i: S < X be the closed immersion.
Then L*i*F = 0 = Tory(F, Og) for all k > 0.

Proof. — Note that LFi*F = 0 for all k& > 0 if and only if Li*F is a
sheaf. Since 7 is a closed immersion, Ri, = i, do not need to be derived,
therefore Li*F is a sheaf if and only if i, Li* F is a sheaf. By the projection
formula, we have i, Li*F ~ F @ Og. Tensoring the exact sequence

(2.1) 0— Ox(-S) — O0x — 05 — 0

TOME 0 (0), FASCICULE 0



6 Dominique MATTEI

by F, to prove both statements of the lemma we are reduced to show
that m: F(—=S) — F is injective. Recall that a sheaf is pure if and only
if all its associated points have the same dimension, in particular we can
work locally and assume that Ox (—S) is generated by a global function f
vanishing on S. Hence the kernel of

FXp

is a subsheaf whose support Z is contained in Supp(F')N.S, which have di-
mension smaller than the dimension of Supp(F') by assumptions. By purity
of F, Z must be empty, so m is injective. O

Remark 2.2. — Lemma 2.1 in very useful when it comes to compute Ext-
groups between sheaves. Indeed, pick two sheaves F, G as in the statement.
The tensor product — ® F applied to (2.1) gives an exact sequence

(2.2) 0— F(-S)—F — Fs—0

and moreover Ext’ (G, Fs) = Exty(Gs, Fs) by (derived) adjunction. The
long exact sequence obtained by applying R Hom x (G, —) to (2.2) permits
to relate the Ext groups between G and F' and the ones between Gg and
Fs.

THEOREM 2.3 (Hoppe’s criterion, [17]). — Let X be smooth projective
variety over C with Picard group generated by an ample line bundle Ox (1).
For any vector bundle E of rank r on X, we have

o If HO(X, (AYE)yorm(—1)) =0 for 0 < g < r, then E is u-semistable.
o If HY (X, (AYE)porm) = 0 for 0 < g < r, then E is u-stable, and the
converse is true when r = 2.

Here Eyorm = E(—kg) with kg € Z unique so that —r+1 < ¢1(Fnorm) < 0.

2.4. Homological Projective Duality

In this section we will only consider the application of Homological Pro-
jective Duality (HPD) in our case. For the general theory, we refer to [25].

In [24], the author proves (so-called incomplete) HP duality for ¥ =
LG(3,6). Namely, we consider the maps

[PV =PBand Y =XV N\ Z — PV},

where ¥V is the (classical) projective dual variety of X, which is a quartic
hypersurface singular along a subvariety Z C ¥V of codimension 3.

ANNALES DE L’INSTITUT FOURIER
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We obtain the following semiorthogonal decompositions, denoting >; :=
YN L, resp. Y; =Y N LY, for an admissible linear subspace L C V (i.e.
that satisfies dim ¥ NPL = dim ¥ — codim L) of dimension j:

o D'(2) = (0 (1), Us (1), Ox(2), Us(2), Ox(3), Us: (3), Ox: (4), Us: (4))
e D’(Z11) = (D*(Y11), Oy, (1),Us,, (1))
e D’(Z19) = D*(Yio, Ay).

In these cases, X171 is the Fano threefold X as in Section 2.1, Y74 is a plane
quartic, and 19 and Y are K3 surfaces of degree 16 and 4 respectively.
Beware that Db(Ylo, Ay) is the derived category of Ay-module with respect
to a sheaf of Azumaya algebra Ay over Y. Equivalently, we can use the
equivalence D®(Y7g, Ay) ~ D®(Yig, @) with the derived category of coherent
sheaves twisted by a Brauer class a € Br(Yg) provided by [10].

Remark 2.4. — Later in the text we will need the following observation.
One could ask how the functor ¢,.: D’(Y;, Ay) — D°(2,) (with r for which
it makes sense) varies when changing the linear section L. In fact, in [24] the
author proves similar semiorthogonal decompositions when replacing >,
with S, and Y, with )., where S, C ¥ x Gr(r,VV) and Y. C Y x Gr(r, V")
are the universal families of linear sections.

In particular, the kernels &, of the functors between D’(S,) and
D?(V,, Ay) are the pullback of an object £& € D’(Q(X,Y)) through the
maps S, Xgr(r,vv) Vr — Q(2,Y), where Q(%,Y) is the incidence quadric
of couples (s,y) € ¥ x Y with f(s) € g(y). Finally, the kernels &, obtained
by base change Spec C — Gr(r, V'), which correspond to the choice of a
linear section, give the semiorthogonal decompositions defined above.

Notations for the HPD

We introduce some notation for the next parts.

e We denote X = X1; the Fano threefold, I := Y7; the plane quartic
curve, S := Y19 and S’ := Y7o the K3 surfaces. Note that S, resp.
I, is a hyperplane section of X, resp. S’.

e We denote £ the object in D°(Q(X,Y)) which gives the HP-duality
and by &11, resp. &g its restriction to X x I, resp. S x S".

e We denote by

$11 : DY(I') — D"(X)

TOME 0 (0), FASCICULE 0



8 Dominique MATTEI

the Fourier—-Mukai functors with kernel £; and &9 respectively
obtained by HP-duality. Note that ¢q; is fully faithful and ¢q is
an equivalence.

We need the following lemma which relates the different “paths” between
the derived categories D?(X) and D?(S), as it reads on diagram

D'(I) —21 s D(X)

Rips/,*l lLigx

DS, a) — D'(S)

LEMMA 2.5. — We have an isomorphism of functors
LZZX [e] ¢11 ~ ¢10 o (R'I:FS/)*
from DP(T") to D’(S).

Proof. — Tt is a consequence of the adaptation of [18, Example 5.12] to
the case of twisted sheaves. The key point is that all involved functors are
Fourier-Mukai (see [11]).

In our case, we get Li%y o ¢p11 =~ ¢4 with A ~ L(Idpr xLigx)*E11 and
¢100 (Rirs )« =~ ¢p with B ~ L(irg x Idg)*(€10). But by definition of &1
and &11, A and B are both isomorphic to Lj*E with j: T'xS — Q(Y,X). O

3. Studying Mx(2,1,7) and its restriction

Fix X = ¥ NPV, as defined in Section 2, and fix S a general hyperplane
section. In particular, we assume that S is a K3 surface with Pic(S) = Z-Hg
of genus 9 and S does not contain a line. We denote Mx = Mx(2,1,7),
and Mg := Mg[2, 1, 3]. The present paper is based on the following results
from Brambilla and Faenzi.

THEOREM 3.1 ([6, Theorem 5.1]). — The functor ¢1; admits a right
adjoint ¢},. The latter induces a morphism

¢ Mx(2,1,7) — Pic*(T")
Fi— ¢\ F

which is a blow-up of Pic2(F) along a subvariety isomorphic to the Hilbert
scheme of lines in X. The exceptional divisor of ¢ consists of the sheaves
in Mx(2,1,7) which are not globally generated.

ANNALES DE L’INSTITUT FOURIER
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PROPOSITION 3.2 ([6, Lemma 5.2] and [7, Propositions 3.4 and 3.6]). —
Let F € Mx(2,1,7) be a sheaf. Then we have

HY(X,F)=0 for k=1,2,
HY(X,F(-1))=0 for k=0,1,2,3
HYX,F(-t))=0 for t>1.

Moreover, either F' is locally free or F** € Mx(2,1,6) is a stable vector
bundle, and there is a line Mp C X and an exact sequence

(3.1) 00— F — F" — Opp — 0.

Furthermore, the following statements are equivalent:

(1) the sheaf F' is not globally generated,

(2) the vector space Hom(UY, F') is non-zero,

(3) Denote I — F the image of the natural evalutation map I =
Im(ev: HY(X,F) ® Ox — F). Then I € Mx(2,1,8,2) and there
is a line Ly C X such that we have

(3.2) 0—I—F— 0O, (-1) —0.
Moreover the sheaf I admits a locally free resolution
(3.3) 0— Ox — U’ —T—0.
We prove that the pullback by igx: S < X gives a restriction morphism
(3.4) res: Mx — Msg.

LEMMA 3.3. — Let F € Mx be a sheaf. Then F' is p-stable, and its
restriction Fg to S is also u-stable.

Proof. — We know that F is (Gieseker)-semistable. Let G C F be a
subsheaf of rank 1 and with first chern class ¢;(G) = aH such that u(F) =
u(G). Then aH? = H3/2 which is impossible for a € Z. Hence F is u-stable.

Consider the exact (by Lemma 2.1) sequence

0 — F(-2) — F(-1) — Fg(-1) — 0.

If F is locally free, Hoppe’s criterion (2.3) gives H°(X, F(—1)) = 0, and
H'(X,F(-2)) = 0 by Proposition 3.2. Hence H°(S, Fs(—1)) = 0 so Fg is
p-stable. If F' is not locally free, then by Proposition 3.2, F' lies in an exact
sequence

0—F—F—0O,—0

TOME 0 (0), FASCICULE 0
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with £ € Mx(2,1,6) stable vector bundle and L C X a line. Restricting
this sequence to S (using Lemma 2.1) we get

(35) 0—>F5—>Es—>02—>0

with Z a 0O-dimensional subscheme. By [7, Proposition 3.4], E satisfies
the same vanishings as F', in particular F is p-stable, and the previous
arguments apply identically to prove that Eg is also p-stable. This implies
by (3.5) that Fg is torsion free, and any destabilizing subsheaf of Fg also
destabilizes Eg, which is not possible, so Fs is u-stable. O

Our goal is to study the restriction morphism res (3.4). In a first part, we
will prove that the restriction is generically injective, see Theorem 3.7. In a
second part, we will identify the subspace of M x on which the restriction
is not injective and study the image of M x in Mg, see Theorem 3.10.

3.1. Globally generated sheaves

Let us denote ¢ = ¢11,¢' = ¢}, for simplicity. We consider a sheaf
F € Mx. By [6, Lemma 4.3], there is an exact sequence

(3.6) 0 —UY — ¢p¢'F — F — 0.

As F' is torsion-free, in view of Lemma 2.1 the restriction to S gives the
exact sequence

(3.7) 0 — U — i5xpdp'F — Fg — 0.
PRrROPOSITION 3.4. — For F globally generated we have
dim Ext!(Fs,UY) = 1.

Note that by Theorem 3.1 the general element of M x is globally gener-
ated.

Proof. — We need to consider two exact sequences, namely
(3.8) 0—U—V0x — U —0
0— U (1) — U — U — 0,

where V' is the C-vector space of dimension 6 defining LG(3,6). For the
sequence (3.8), note that the universal quotient bundle is isomorphic to the
dual of the universal subbundle on ¥, thanks to the symplectic form on V.

ANNALES DE L’INSTITUT FOURIER
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From Hirzebruch-Riemann-Roch, we can compute x (Fs,U) = x (S, Fs®
Us). We have ch(Fs) = (2,Hg, 1), (3.8) gives ch(Us) = (3, —Hg,0) and
td(S) = (1,0,2) as S is a K3 surface. We obtain

X(57 FS ®Z/IS) = /(Q,HS, 1)(37 7Hs,0)(1,0,2) =-L
To obtain the promised result, we will prove
Ext?(Fs,Uy) = 0 = Hom(Fs,UY).

First, we have u(Fs) = 1/2 and p(Uy) = 1/3. By stability, we get
Hom(Fs,Ug) = 0.

LEMMA 3.5. — For any F € Mx, we have
Homg (U, Fs) ~ Homx (UY, F).

Proof. — We proceed as explained in Remark 2.2. By Serre duality on X
and S, the statement is equivalent to Extz(Fs,Uy) ~ Ext% (F,U"(~1)).
Apply RHomx (F,—) to (3.9) to get

Ext (F,U") — Ext%(Fs,Us) — Ext% (F,UY(~1)) — Ext (F,U").

Now applying RHomx (F,—) to (3.8) and since H¥(X,F(-1)) = 0 Vk
(Proposition 3.2), we have

Exth (F,UY) ~ Ext® ™ (F,U) VE.

We have Ext (F,U") ~ Ext (F,U) = Homx (U, F(—1)) = 0 by stabil-
ity since u(F(—1)) = —1/2 and u(U) = —1/3. Moreover Ext> (F,U") ~
Exty (F,U) = 0. Hence we obtain Ext3(Fs,Uy) ~ Ext5 (F,U¥(-1)). O

Now, for F' globally generated we have
Ext% (F,U"(—1)) ~ Homx (U",F) =0 (Proposition 3.2),
and hence by Lemma 3.5 we conclude the proof. d

From the exact sequence (3.7) we obtain the following corollary.

COROLLARY 3.6. — Let )? =XnN ]P’1~/11, ‘711 C Via be another Fano
threefold constructed as in Section 2. Let T' be its associated quartic plane
curve, and let 511: I' — X be the functor obtained by HPD. For F' € Mx
and F € M ¢ globally generated, we have

Fs~Fg — ifx¢¢'F ~i% . ¢'F.

TOME 0 (0), FASCICULE 0



12 Dominique MATTEI

THEOREM 3.7. — The morphism res is injective on the set of globally
generated sheaves (in particular, it is generically injective). Moreover, in
the notation of Corollary 3.6, for any two globally generated sheaves F €
Mx,ﬁ € My, we have

FS:ﬁS@X:)N(aHdF:ﬁ.

Proof. — Let F € Mx, FeM  be globally generated sheaves over X
and X such that Fg ~ Fg. By Corollary 3.6 and Lemma 2.5, we obtain

Fs~ Fg <= i5x¢¢0'F ~ %, 00'F
<= ¢10(irs )« © P F ~ ®10(ipg )x © Js‘ﬁ by Lemma 2.5
(3.10) = (irs/)e 0 O'F = (ifg )s 0 ¢'F since ¢y is an equivalence.

We know by [6] that ¢'F and ¢'F are line bundles on I and I respectively.
But then (irs/)« o ¢'F and (ifg )« © ¢'F are isomorphic torsion sheaves of
rank one supported on a curve, hence I' = T. Since T is given by the
linear intersection ¥ NPLY (see the beginning of Section 2.4), we obtain
X = X for X = SNPL. Finally (3.10) implies that ¢'F = ¢!ﬁ because
the pushforward by closed immersion is fully faithful. Hence F' =~ F as
P Mx — Picz(F) is injective on globally generated sheaves: these are
exactly the sheaves which are not in the exceptional divisor of the blow-up
Mx — Pic’T. O

3.2. The non-injectivity locus

We investigate now which sheaves on M x have the same restriction on
M. Recall from Proposition 3.2 that a sheaf F' which is not locally free
(resp. not globally generated) is so along a line Mg (resp. Lr). Note that
the exact sequence (3.2) is induced by the evaluation map evp: HY(F) @
Ox — F, that is Or, (—1) = coker(evp).

PROPOSITION 3.8. — Let F #£ G € Mx such that Fs ~ Gg. Then both
F and G are not locally free nor globally generated. Moreover Ly = Mg
and Mp = Lg but Mg # Lp.

Proof. — If F were globally generated, combining Proposition 3.2 and
Lemma 3.5 we would get

0 =Homyx (U, F) ~ Homg (U, Fs) ~ Homx (U",G) = 0,
in particular G would be globally generated, contradicting Theorem 3.7.
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To prove that neither F' nor G is locally free, it is enough to prove it for
G. Indeed, in this case the restriction of (3.1) to S gives an exact sequence

0—Gs — (G)gs — Oy — 0

with y = M NS (recall we assumed that S does not contain a line). Applying
RHom(—,Og) to the sequence, and using Hom(O,, Og) = 0 gives G§ ~
(G**)%, and therefore G§* ~ (G**)§* ~ (G**)s. So Gg is not locally free
and Fs ~ Gg implies that F' is not locally free neither.

Let’s prove that G is not locally free and Mg = Lp. By symmetry, this
gives Mg = Lg aswell. Apply Hom(F,—) to 0 - G(—-1) - G — Gg — 0
to get

(3.11) 0 — Hom(F,G) — Hom(Fs, Gs) — Ext'(F,G(-1)).

We get Ext' (F, G(—1)) ~ Ext?(G, F) # 0, otherwise an isomorphism Fg ~
Gs would lift to an isomorphism F' ~ G by exactness of (3.11). Apply
Hom(G, —) to (3.2) to obtain
Ext*(G, I) — Ext*(G, F) — Ext*(G, O, (—1)) — Ext*(G, ).
e Apply Hom(G,—) to 0 = Ox - UY — I — 0 to get
Ext*(G,U"Y) — Ext*(G,I) — Ext*(G,Ox).
But Ext®(G,0x) = 0 as H*(X,G(~1)) =0 Vk (Proposition 3.2),
and from (3.8) Ext*(G,U") ~ Ext3(G,U) ~ Hom(U,G(-1)) = 0
by stability and comparing slopes. Hence Ext?(G,I) = 0.
e Ext*(G,I) ~ Hom(I,G(—1)) = 0 comparing slope and by stability.
We obtain Ext?(G, F) ~ Ext*(G, O, (—1)). Hence for F # G with Fg ~
Gg, we have Ext?(G, O, (—1)) ~ Ext' (O, G)* # 0. Therefore we have
a non-trivial exact sequence

(3.12) 0—G—G— 0O, —0,

and computations of Chern classes gives

G G Op,
rk 2 2 0
ct 1 1 0
Co 7 6 -1
cs 0 O 1.

If G is not torsion free, consider its torsion subsheaf G; and the exact
sequence

0—G —§G—Gf —0.
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First note that Gy is stable. Indeed, if K C G; with rank 1 and ¢1(K) = ¢ >
1, denote K" the image of K in T'. We can consider 0 - K/ — K — K" —
0 and computing Chern classes we obtain ¢;(K’) = ¢ > 1, but K’ C G as
it is the kernel of K — K", so K’ destabilizes G which is absurd.

The composition G — G — Gy is still injective as G is torsion free. Recall
that if a sheaf H is supported on an integral subvariety Z of codimension
m, and has rank 7 at a generic point of Z, Grothendieck—Riemann—Roch
implies that cx(H) =0 for 1 <k <m —1 and:

cm(H) = (=)™ 'r[Z].

If Z is reducible, the same formula holds by addition over the components of
Z having maximal dimension. Using that Gy is stable, a quick computation
gives ¢1(G:) = 0 (hence ¢1(Gy) = 1). In particular, we obtain that G is not
locally free by [6, Lemma 2.1]. Another computation gives ca(G;) = —1 or
0, hence ¢2(Gy) = 6 or 7. We distinguish these two cases. Set d = c3(Gy).

(1) If c2(Gy) = 7, we obtain c3(G¢) = 1—d. The quotient of the injective
map G — Gy is a zero dimensional torsion sheaf T with ¢3(T) =
1—d, hence 1 — d > 0. From Proposition 3.2, either Gy is locally
free or there is an exact sequence

0—Gf—F—0,—0

with E rank 2 vector bundle with ¢1 (E) = 1, co(E) = 6. In the latter
case, computation of Chern classes gives 1 — d = 0, hence Gy ~ G.
But the map G — Gy ~ G splits the exact sequence (3.12) which is
absurd. In the former case (Gy locally free), the inclusion G — Gy
implies that G is locally free on an open subset of codimension 3,
which is absurd as the locus of non locally freeness of G is the line
M. We conclude that e3(Gy) # —1.
(2) If c2(Gy) = 6, consider the exact sequence

0—Gr —G;" —Q—0.

‘We know that g;* is stable (from the same proof as for G;) and sat-
isfies ¢1(G7*) = 1. From [7, Lemma 3.1] we must have c3(G7*) > 6,
hence ¢2(G}") = 6 and @ is O-dimensional. Moreover, since G7* is
reflexive it also satisfies c3(G7*) > 0 (generalization of [15, Propo-
sition 2.6]). From Proposition 3.2 again, G}* must be locally free.
We deduce that Gy is locally free on an open subset U C X of
codimension 3.
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The cokernel of the injective map G < Gy is a torsion sheaf T’
with ¢o(T) = —1, so it is supported on a line L. In particular, we
obtain that G is locally free on U \ L, so L = M. The composition
G — Gy — T factors through Op, as shown on the commutative

diagram
0 G g Or, 0
0 G Gy T 0.

We obtain a surjective map Or,, — T, which gives L = Mg. O
The following result is proved in [6, arXiv v.1, Lemma 5.6], but we add
a more direct proof here.

LEMMA 3.9. — In the notation of Proposition 3.8, we have Mp # Mq.

Proof. — Assume Mp = Mg (equivalently, Mp = Lp) for the seek
of contradiction. Denote Ir and Ig the sheaves appearing in (3.2) and
vr,v¢ € Hom(Ox,UV) the map appearing in (3.3) with respect to F'
and G respectively. Recall that Ir is the image of the natural evaluation
map evy r: H'(X,F) ® Ox — F, and similarly for G. Hence (Ir)|s =
(Im(evx,r))s =~ Im(evg ry), and since Fs ~ Gg we get Ig = (Ir)|s ~
(Ig)|s. Therefore(vr)|s and (y¢)|s are proportional. But from

0—U(-1) —U—Us —0

we see that HO(X,U) — H°(S,Us) is injective, hence vz and g are pro-
portional, that is I := Ir ~ I. But we have

Ext’y ((irx)«Or(=1),1) = Ext% (I, (irx).OL(-2))*
~ Ext? (Li% I, Op(—2))*
~ Ext; YOy, Li} xI)*
~ Ext; Y(Op, Li} )"
We know that the latter group is not trivial, because
F € Exty ((irx)«Or(-1),1)

is torsion free. Since L is a curve, Li} I ~ @@, L*i} I[—k]. We will prove
Lris I =0for k>1and L'} I ~ Oy, i.e. F ~ G which is absurd.
Apply Li}  to (3.3) to get the exact sequence

0— LYi% oI — O Uy — I, — 0.
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We obtain LFi I = 0 for k& > 1. Then L'}y = ker(k) and denote
P = Im(k). We know that rk(I;) > 2 by upper semicontinuity. If rk(Iz) =
2, then rk(P) = 1 and hence L'i} I = 0 because it is a torsion sub-
sheaf of Or. But this would give Ext;'(Op, Li} «I)* = 0 which is ab-
surd. Since U} — Iy, is surjective, we get rk(I;) = 3, hence P = 0 and
L't I ~Op. a

THEOREM 3.10. — For X general, the image of M x in Mg via the re-
striction map is a Lagrangian subvariety with finitely many singular points,
each of which have exactly 2 preimages in Mx.

Proof. — The assumption X general ensures that M x is smooth (recall
that M is the blow-up of Pic? (T") along a subscheme isomorphic to the
Fano of lines H{(X) which is smooth for X general [23, Theorem 4.2.7]).

LEMMA 3.11. — For all F € Mx, we have Ext?*(F, F) = 0.
Proof. — Apply RHom(—, F') to (3.6) to get

0 — Hom(U", F) — Ext'(F, F) - Ext'(¢'F, ¢'F)
— Ext' (U, F) — Ext*(F,F) — 0

and Ext*(4V, F) = 0. The map ¢ is the tangent map of ¢', which is an
isomorphism (resp. has rank 2) when F' is (resp. is not) globally generated.
We want to prove

(3.13) Ext' (Y, F) = coker(t).

Note that xr = xU",F) = x(X,F @ U) only depends on the Chern
classes of F' thanks to Hirzebruch—Riemann—Roch, hence xr is constant on
M x. Therefore if (3.13) holds for one sheaf in M x then it holds for all of
them. By [6, Section 4] we know that there exists a sheaf G € Mx with
Ext?(G, G) = 0, which gives (3.13). O

First, from [5] we know that res: Mx — Mg induces an immersion
(that is, a morphism with injective differential) of M x onto a Lagrangian
subvariety of Mg. Moreover, by Theorem 3.7 it is injective on the set of
sheaves which are either locally free or globally generated.

Consider a singular point of res(Mx), it corresponds to the image of a
sheaf FF € M x which is neither globally generated nor locally free. But
from Proposition 3.8, the set of sheaves E with Eg ~ Fg consists ex-
actly in {F,G} with G the sheaf for which Mg = Lr and Lg = MFp,
and these two (distinct by Lemma 3.9) lines intersect on S. From [23, Sec-
tion 4.2] each line in X intersects a finite number of lines. In particular, the
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scheme parametrizing couples of intersecting lines in X has dimension 1,
and the image of the intersection points of such couples of lines forms a 1-
dimensional subscheme of X . This subscheme intersects the general divisor
S in a finite number of points. O

Remark 3.12. — It would be interesting to know if these singular points
are ordinary double points. This amounts to prove that two non-trivial
extensions Tr € Ext!(F, F) and T € Ext' (G, G) for F,G € Mx such that
Fs ~ Gg do not restrict by %y to the same extension in Extl(FS, Fg).

4. Lagrangian fibrations and birational models
4.1. Relative moduli spaces

In this section, we fix S and we vary X. Recall from Section 2.1 that
we defined the Fano X (resp. the K3 surface S) as the intersection of the
Lagrangian Grassmannian ¥ C PVj4 with some linear subspace PV7; (resp.
PVig) for a 11- (resp. 10-) dimensional vector subspace of Vi4.

For now on, we fix S, i.e. we fix Vjg C Vi4. The Fanos X containing S
are parametrized by the set of 11-dimensional vector subspaces W verifying
Vig € W C Vi4, so they are parametrized by P3 = P(V4/Vig). Dually,
the set of corresponding plane curves in (P*?)Y (defined by XV N W+,
see Section 2.4) are parametrized by the 3-dimensional vector subspaces
W+ C Vi, hence parametrized by the same projective space P3 = (PV;§)V.

Let us introduce the following notations:

e Let W C P3 be the subset of vector subspaces W such that the Fano
(resp. plane curve) X NPW (resp. ¥ NPW=) is smooth. We obtain two
smooth morphisms

X ——YxPs B —— ¥V x P3.
W e——— P3 W e———— P3

such that Xy = T NPW and Gy = XY NPWL for each W € W. To
simplify notations, we will simply write [X], [T] € W for Fanos and plane
curves parametrized by W. Up to shrinking W a little bit, we can assume
that M x is smooth for all [X] € W (see proof of Theorem 3.10).
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¢ My = Mzx,w(2,1,7) stands for the relative moduli space of sheaves of
the family X — W. The fibres satisfy (Mx)x] =~ Mx for any X € W.

e Mg/ o) = M(s,0)[0, H,0] stands for the moduli space of a-twisted
torsion sheaves on S’ supported on curves on the primitive polarization
H' (see [32] for the existence of moduli spaces of twisted sheaves). This
space admits a map p: Mg/ o)[0, H', 0] — P? = |H'| defined in [4] called
Beauville-Mukai integrable system, sending a sheaf to its support.

e Pic2(8) =p (W) C Msr,q) stands for the open subspace of smooth
fibres. For any curve [I] € W, we have p~!([I']) ~ Pic*(T'), which moti-
vates the notation.

Remark 4.1. — In fact, the definition of Mg o) (or more precisely, the
last digit in the Mukai vector [0, H',0]) requires an extra choice, for in-
stance the choice of a B-field representing «, or a lift of a to the Special
Brauer group of S (see [21]). We will omit this, because this choice is of no
importance in this text.

The Brauer class o does not play a role when one considers a single
curve [I'] € W (because the Brauer group of a curve over an algebraically
closed field is trivial), but it does when considering the whole family &.
In general, the twisted and non-twisted moduli spaces are not isomorphic,
nor birational. For instance, it is known that the movable and nef cones of
M:[0, H', 0] coincide [13, Lemma 3.12] (that is, this moduli space admits
no other birational model), which we will disprove in the twisted case in
Proposition 5.21.

Since both My and Pic2(®) are nonsingular, they are both flat hence
smooth over W by miracle flatness [14, Example 10.9]. Using the next
lemma (Lemma 4.3), in view of Remark 2.4, one can prove using the ma-
chinery developped in [24, Section 2] that the functors introduced Section 3
can be defined relatively to give morphisms

' My — Pic (&),
®: PicZ(®) — Mz w(5,2,31,17).
The value (5,2,31,17) can be computed using (3.6). We will need the
next very useful criterion for flatness.
PROPOSITION 4.2 (Critére de platitude par fibres, [29, Tag 039A]). —
Let S be a scheme, let R — T be a morphism of scheme over S. Assume that

e R is flat over S,
o f.: R, — Ty is flat for every s € S.

Then f is flat.
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First, fix [X] € W a smooth Fano and I" the corresponding curve. Recall
the definition of the functors ¢ = ¢11,¢' = ¢}, in Section 2.4. Consider
the mutation functor

(4.1) p¢': DP(X) — ¢D°(T') € D°(X).

LEMMA 4.3. — Let F € Mx be a sheaf. Then the sheaf ¢¢'F and
(p¢'F)s are p-stable sheaves.

Proof. — Since the restriction to S of any p-destabilizing subsheaf of
$¢¢'F would destabilize (¢¢'F)g, it is enough to prove that (¢p¢'F)g is
p-stable. This is done in [30, Lemma 2.1]. O

Since Mx is irreducible, there is an irreducible component M C
Mx(5,2,31,17) with ¢¢' Mx C M.

LEMMA 4.4. — For any F' € My, the space M is smooth at [¢¢'F] and
Ti¢pt )M has dimension 3.

Proof. — We have

Tipg 51 M =~ Exty (¢6'F, ¢¢'F)
~ Extp(¢'F, ¢'F)
~ 9D =3

because ¢ is fully faithful, and ¢'F is a line bundle on I" which is a curve
of genus 3. Similarly, Ext% (¢¢'F, ¢p¢'F) ~ Exti(¢'F,¢'F) = 0, so the
obstruction space vanishes and M is smooth at [¢¢'F]. O

PROPOSITION 4.5. — We have an isomorphism Pic?(T") ~ M. Moreover,
these isomorphisms can be defined relatively to give an isomorphism of
Pic2 (&) onto an irreducible component of Mxw(5,2,31,17).

Proof. — Since ¢ is fully faithful, the morphism L € Pic’T — ¢L €
M is both injective and a local isomorphism as the induced linear map
Ext'(L,L) — Ext'(¢L,¢L) is an isomorphism. Moreover Pic?T and M
are irreducible with same dimension so the morphism is also surjective.

Now, consider the morphism ®: PicZ(®) — Mz /w(5,2,31,17) over W.
Recall that we assumed that both spaces are flat over WW. On each fibre
over a closed point w € W, the morphism &, is an isomorphism. By
Proposition 4.2, we obtain that ® is flat. Since Pic2(®) is smooth, we
obtain that ® is smooth of relative dimension 0, therefore étale, and since
it is injective it must be an open immersion.
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Moreover Pic2(®) — W is projective, hence the image Im(®) C
Mz (5,2,31,17) is projective over W. In particular, Im(®) is universally
closed, so the map

Im(@) Xw Mx/w(5, 2,31, 17) ~ Im(‘l)) — Mx/w(5, 2,31, 17)
is closed, and we obtain that Im(®) is a closed subset, and thus an irre-
ducible component, of Mz (5,2,31,17). O

In the following, we identify Pic2(®) with the corresponding irreducible
component of Mx /(5,2,31,17).

4.2. Global restriction to S

PROPOSITION 4.6. — The restrictions of sheaves from [X] € W to S

give relative restriction morphisms
resyy : M:{ — /\/ls,
res}y,: Pic2(®) — Mgl[5,2,6].

Note that the passage from (5,2,31) to [5,2, 6] is just a change of nota-
tion, replacing Chern classes by the Mukai vector, see Section 2.2.

Proof. — The embedding S x W — ¥ x Gr(11, V14) factors through X,
that is we have an embedding

Sxwlsx

which is a morphism over W.

Consider the moduli functors My /)y = Mx ) (2,1,7) and Mg,y =
Mg w/w(2,1,7) for the corresponding moduli problems (we use the bold
notation to avoid confusion with moduli spaces). The pullback by j gives
a natural transformation

3" My — Mgy w.

Both functors admit coarse moduli spaces Mx )y and Mgy, hence
we obtain a morphism

J5 Maxpy — Mg w-

Finally, we use the natural projection Mgy, ~ Mg x W — Mg (in
other words, we “forget” from which Fano X a sheaf on S comes from),
and we obtain the desired morphism

resy: Mx,w — Msg.
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In view of Proposition 4.5, the same argument gives a morphism
res}y,: Pic2(®) — Mg][5,2,6]. O
Consider
o M% C My the subset of globally generated sheaves,
e Pic2(6)° = ®'(M%).
LEMMA 4.7. — The subspace M% C My and Pic2(®)° are open.

Proof. — Let us recall some facts about the construction of moduli spaces
of sheaves (see [20, 1.4]). Here we use that semistable sheaves are stable in
our case (Lemma 3.3). There is an open subscheme

R C Quoty y,(H)

over W, where Quoty /W(’H) is a Quot scheme, parametrizing quotients
Hyp — F, with F, € Mx,, w € W. Here, H = Ox(—m)®N for some
integers m, N > 0. Moreover, the relative moduli space of sheaves is con-
structed as a SL(C)-GIT quotient of R, in particular the map (over W)

TR — Mz

is an open map, so we are reduced to prove that 7—!(M$) is open.

Note that Quoty (H) is a fine moduli space, in particular it carries a
universal quotient family. Restricting it to R, we obtain a universal quotient
family

p: O XH — F
on R xyy X. Note that F is R-flat by definition of the Quot-scheme and
since open immersions are flat morphisms. Any sheaf F,, € My, with a
given surjective map p,,: H., — Fy, is the pullback of p by the base change
SpecC = R, % — [puw]-

Denote pr, px the natural projection from R Xy, X. Consider the bundle
Ux obtained by pullback of Us, by the composition

X—XxW— 3.
It is easy to see that (Ux )y = Ux,, for any w € W. We can thus consider
F = F @ pillx.

For any [py: Hyw — Fu] € Ry, the sheaf F,, on X, is globally generated if
and only if H(X,,, F,, ®Ux, ) = 0 (Proposition 3.2). But this is equivalent
to

(4.2) H°(Xy, Fpuy) = 0.
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The subset R C R where (4.2) holds is open in R by the semicontinuity
theorem [14, 111.12.8]. Since RY = 7~ (Mzx)°, we conclude.
Finally, the map

' M$ — PicZ(®)

is fibrewise an open immersion (see Section 3). Using again Proposition 4.2
with a similar argument as in Proposition 4.5 we obtain that ®' is an
isomorphism onto its image. In particular, Pic (&) is open. This subset
consists only in elements in Pic*(I"), [[] € W, which are not in the locus
blown up by ¢'. O

PROPOSITION 4.8. — The restriction morphisms in Proposition 4.6 re-
strict to open immersions

resy, : M% — Mg,
ress,: Pic2 (6)° — Ms[5,2,6].

Proof. — Both M$% and Mg are smooth, hence resyy is smooth of rela-
tive dimension 0, hence étale, and since res$,, is injective (Theorem 3.7) it
must be an open immersion. The same argument applies to resi3,. O

COROLLARY 4.9. — The morphism M$% — W which sends a sheaf of
the form Fg € Mg with F € Mx globally generated to [X] € W gives a
rational Lagrangian fibration

Mg --» P?,

where the fibre over a point [X] € W is the open subset M% C Mx of
globally generated sheaves.

Proof. — From Proposition 4.8, the sheaves of the form Fs € Mg with
F € Mx for some [X] € W and F globally generated form an open subset
M4 C Mg, and from Theorem 3.7 such a sheaf cannot belong to My with
[X] # [Y] € W, hence the map Mg D M% — W is well defined. O

This rational fibration cannot extend to an actual morphism Mg — P3
with fibre res(Mx) over [X] € P? directly. Indeed, the image of Mx in
M is singular (Theorem 3.10).

To conclude this section, we show that Mg admits a birational model
for which there is an actual Lagrangian fibration over P? with generic fi-
bre Pic? (T"), which can be thought as “filling up” the rational fibration in
Corollary 4.9.
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THEOREM 4.10. — The map ®': Mx — Pic2(®) induces a birational
map Mg --» Mgl5,2,6]. Moreover, the functor ¢19 induces a birational
map Mg ) ——+ Ms[5,2,6], and the Lagrangian fibration

M(S/,a) H ]P3
is birational to the rational fibration Mg --+ P? defined in Corollary 4.9.

Proof. — Note that ®': M% = PicZ(6)? is an isomorphism (once more,
it follows from Proposition 4.2 and the fact that it is fibrewise an isomor-
phism), inducing a birational map Mg --+ Mg[5,2, 6] by Proposition 4.8.

On the other hand, for any [X] € W (and the corresponding curve I'), the
functor ¢19 sends a sheaf of the form (irs/).L € Mg o), for L € Pic’T,
to iy ¢L € Mg (Lemma 2.5). The composition

_ )
b1o oresyy: Pick(8)° — Mg o)
is an open immersion, as res}?, is so and ¢1¢ is an equivalence. We obtain a
birational map
Mg == M(s1.a),
defined over W. O

5. The birational models of Mg

The goal of this section is to study the different birational models of Mg,
in particular Ms[5, 2, 6] and Mg/ 4. Using Bridgeland stability conditions
and results from [3], we get the following.

THEOREM 5.1. — The moduli spaces Mg and Mg[5,2,6] are not iso-
morphic and are related by a flop along a P2-bundle over S which extends
the construction of Theorem 4.10. They are the only two smooth K-trivial
birational models of M. Moreover, Mg[5,2, 6] ~ Mg/ o).

The theorem will be proved Section 5.4.4.

5.1. Stability conditions

We will not give the actual definition of stability conditions. We will
mainly focus in geometric stability conditions, and we will later prove that
computations in the geometric case are sufficient to prove Theorem 5.1. A
good survey for the general theory is [28].
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Let S be a K3 surface and H an ample line bundle. We denote Stab(S)
the space of stability conditions on S. It admits a structure of complex
manifold with finite dimension [8]. Set A := H°(S,Z) ® NS(S) ® H*(S,Z).
We denote v: Ko(S) — A the Mukai vector, and (_, ) the bilinear form
on A given by ((vg,v1,v2), (v}, v],v5)) = v1 - V] — vovh — VoV

Pick a, 8 € R, a > 0. For an object I' € Db(S)7 set the f-slope as

L H'ClF

First, we consider the abelian full subcategory Coh”(S) = (T? FA[1]),
where

T? := {F € Coh(S) : all quotients F' — T satisfy us(T) > 0}
F? := {F € Coh(S) : all subobjects E «— F satisty uz(F) < 0}.

Any object F' € Coh”(S) is such that H*(F) = 0 fori # 0, —1, H*(F) € T#
and H~!(F) € F#. We consider the stability function Z: A — C given by

ez’ozH—Q—BH7 (

Za’ﬁ(vo,vl,’lQ) = ( ’U(),U1,112))

H2
=idaH - (vy — BvoH) —ve + BH - v1 + 7(042 — B*)vp.

For a Mukai vector v € A, we consider the slope-function

_ —RZ0)

wz(v) = %T(U)

When F € D’(S), we will use the abuse of notation puz (F) = puz(Z(v(F))).
DEFINITION 5.2. — An object F € D(S) is called o, g-stable, resp.
0o, g-semistable, if there is some k € Z such that F[k] € Coh”(S), and the

object F[k] is slope-stable, resp. slope-semistable, with respect to the slope
function pz in the category Coh”(S).

More precisely, F' is o, g-(semi)stable if there exists k € Z such that
F[k] € Coh”(S) and for any subobject E < F[k] in Coh”(S) with quo-
tient T', we have

pz(E) < (Lpz(T).

PROPOSITION 5.3 ([9]). — The pair 04,5 = (Cohﬁ(S),Za75> defines a

stability conditions on D?(S) if RZ, 5(8) > 0 for all roots & € A, 62 = —2
with rk(8) > 0 and pg(8) = 0. In particular, it holds for o> H* > 2.
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In [9, Sections 10 and 11] Bridgeland proves that any stability condition
such that all skyscraper sheaves k(z) are stable is of the form o, g for some
a, f up to the right-action of &Q(R) (the universal cover of the space
GLJ (R) of matrices with positive determinant). This action composes Z
with the matrix seen as a linear endomorphism of C ~ R? and relabels
the phases ¢. We call such a stability condition geometric. We denote by
U(S) C Stab(S) the open subset of geometric stability conditions and
Stab™(S) as the connected component of Stab(S) containing all geometric
stability conditions.

One could ask how does the spaces of semistable objects vary when vary-
ing the stability condition. An answer is given by the following well-known
theorem.

THEOREM 5.4 ([2, Proposition 3.3]). — Let v € A be a fixed primitive
class. Then Stab(S) admits a wall and chamber decomposition (depending
on v), that is there exists a locally finite family of real codimension 1
submanifolds with boundaries, called walls, with the following properties.

(1) For two stability conditions o1, oo lying in the same chamber (that is,
connected component of the complement of the union of all walls),
an object E is o1-(semi)stable if and only if it is oo-(semi)stable.

(2) A stability condition o lies on a wall if and only if there exists a
strictly o-semistable object.

We call a stability condition generic if it does not lie on a wall. When
fixing a Mukai vector v € A, we would like to define M, [v], resp. M, [v]**
as the coarse moduli spaces of (S-equivalent classes of) semistable, resp.
stable objects in D’(S) of class v.

THEOREM 5.5 ([3, Theorem 2.15]). — Let v € A be a primitive Mukai
vector, and o € Stab™(S) be a generic stability condition on S. Then M [v]
exists as a smooth projective irreducible holomorphic symplectic variety.
Moreover, either M, [v] is empty or v? > —2 and dim M, [v] = v? + 2 and
M, [v]*t # 0.

Finally, we will use the existence of a Gieseker chamber, as explained
below.

THEOREM 5.6 ([9, Section 14.2]). — Let v = (vg,v1,v2) be a primitive
class with vy > 0. Then there exists cg > 0 such that for any a > agy and
all f < 521’1}10, an object F € D'(S) of class v(F) = v is 0, g-stable if and
only if it is the shift of a Gieseker-stable sheaf. In particular, the moduli
space M, ,[v] is isomorphic to the moduli space Mg[v] of Gieseker-stable

sheaves on S of class v.
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5.2. From stability conditions to NS(Mg)

Let us quickly recall some facts on hyperkédhler manifolds. We refer to
Debarre’s survey [12] for the statements.

Let M be a projective hyperkdhler manifold. The cohomology space
H?(M,Z) can be equipped with a natural quadratic form q: H*(M,Z) —
Z, called Beauville-Bogomolov form, and ¢ induces a bilinear form on
NS(M)g.

Let Pos(M) be the strictly positive cone of M, i.e. the connected com-
ponent of {D € NS(M)r | ¢(D) > 0} containing the ample classes. The
movable cone Mov(M) C NS(M)g of M is define as the cone generated by
classes of divisors D such that the base locus of | D| has codimension at least
2. Denoting Nef (M) the cone generated by Nef divisors on M (it identifies
with the closure Amp(M) of the ample cone), we have the inclusions

Nef(M) C Mov(M) C Pos(M).

From [16], Mov(M) admits a wall and chamber decomposition, each cham-
ber corresponding to the image of Nef(M’) for M’ a birational model of M,
and moreover the nef cone of each birational model of M appears as a cham-
ber. This wall and decomposition can actually be seen in Stab™ () thanks
to the work of Bayer and Macri.

THEOREM 5.7 ([3, Theorems 1.1 and 1.2]). — For o,7 € Stab™(S)
generic, we have My[v] ~ M, [v]. Fix a base point o € Stab™ (S). There is
a map

(5.1) l: Stab™ (M, [v]) — Mov(M,[v])
such that the following holds.

(1) The image of 1 is the cone of big movable divisor Mov(M[v]) N
Pos(M[v]).

(2) For any generic stability condition 7 € Stab™(S), the image I(7)
lies in the chamber of Mov(M,[v]) which correspond to the bira-
tional model M, [v] of M,[v]. In particular, all smooth K-trivial
birational model of M,[v] appears as Mc[v] for some chamber
C C Stab™(9).

(3) For any chamber C C Stab™(S), we have [(C) = Amp(Mc[v]).

Crossing a wall in Stab™(S) produces a birational transformation be-
tween the moduli spaces of the adjacent chambers. The type of birational
transformation is described in [3, Theorem 5.7], and can be studied in a
lattice-theoretic way.
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5.3. Computing the walls

Consider the K3 surface we studied Section 4. Recall that S is a K3
surface of genus 9, with Pic(S) = Z(H) where H is an ample divisor of
square H? = 16. We fix v = (2,1,3) (which corresponds to sheaves with
co =7, see Section 2.2). Our goal is to study

MS = Ms(27 1,7) - MS[2’ 1)3] = MS[U]'

First, we show that it is sufficient to consider stability conditions of the
form o, as constructed Section 5.1.

PROPOSITION 5.8. — Let o € Stab™ (S) be a generic stability condition.
Then there is an autoequivalence ¢ € Aut(D"(S)) with ¢ (v) = v such
that ¢(o) lies in U(S). Moreover, the moduli space M, [v] is isomorphic to
Mo, ,[v] for some o, 3.

Proof. — From the proof of [9, Proposition 13.2] there exists an autoe-
quivalence ¢ € Aut(D’(S)) such that ¢(c) € U(S), which is the composite
of autoequivalences either of the form T3, the square of a spherical twist
along a spherical vector bundle A on S, or of the form Tp, (1), the spherical
twist along the structure sheaf of a nonsingular rational curve C' C S. But
the latter case cannot occur as Pic(S) = ZH, H? = 16, and any smooth
rational curve satisfies C? = —2. Now the fact ¢(v) = v follows from the
remark that 7% acts trivially in cohomology (T4 acts by reflection in the
hyperplane orthogonal to v(A)). Moreover, as we assumed that o does not
lie on a wall, ¢(o) cannot be on the boundary OU(S) as the latter is cov-
ered by walls. Finally, note that the action of (ﬁ:g (R) does not affect the
moduli space of stable objects as it only changes the phases. By definition
of U(S), some element of this group must send ¢o to a stability condition
of the form o, 3 as constructed above.

To sum up, there is an autoequivalence ¢ € Aut(D’(S)) acting trivially
on cohomology and an element m € GNLQ(R) which give

Mo [v] =5 My [v] — Moo [v] = Mo, ,[v]. O

Denote H = {(3,a) € R? | a > 0} the open upper halfplane in R%. In
view of Proposition 5.8, we must compute the walls lying in H. To do so,
we will use the very useful computations made by Maciocia in [27]. We
write Z, g for the central charge of a stability condition of the form o, g.
We drop (a, 8) and simply write Z := Z, 5 when the context is clear.
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DEFINITION 5.9. — Given a class 0 # w € A, we define the numerical
wall generated by w as the nonempty subset of Stab(S) given by

W(w) ={o = (P,Z) € Stab(S) | RZ(v) - SZ(w) = RZ(w) - SZ(v)}.

In particular, any actual wall of Theorem 5.4 for which there exists an
inclusion E,, — F with v(E,) = w lies in the numerical wall W (w). We
say that a point o € W(w) is an actual point if it lies in an actual wall.

Let us focus on the case of stability condition of the form o, 3. If a
numerical wall W(w) C H is actual at a point, then it remains actual
on the connected component of W(w), in other words an actual wall is a
subset of a numerical wall cut out by holes (correponding to the existence of
spherical objects, as in Proposition 5.3) or by {« = 0}, see [28, Section 6.4].

PROPOSITION 5.10 ([27]). — Let w = (wg, w1, w2) € A, w # 0, and
consider the associated numerical wall W(w) C H. Assume W (w) is not
0-dimensional. Let (8, «) € W(w).

(1) Either g = z—(l), a>0,orp# Z—; and (B, «) lies in a semicircle of
center (C,0) and radius R, where

2
VoWsg — V2Wq U1
C = d R= c-22) —

H2(vow;y — v1wo) w ( UO) @

with Q = };;;j%.

In the first case, we call W,,(w) == {8 = {1} the vertical wall, the
semicircle in the second case is called a semicircular wall.

(2) Assume @ > 0. If W(w) is a semicircular wall, then the center C
satisfies either
C’<ﬁf\/§ or v—1+\/@<0.
Vo Vo

Moreover, W (w) must intersect either the ray {8 = 7% — VQ} or
the ray {8 = Z—é + +/Q} depending on its position relative to the
vertical wall.

Remark 5.11. — Note that the only walls we are interested in are actual
walls W remaining actual along the whole numerical wall Wim, except
on the holes in Wy, arising from spherical classes (see Proposition 5.3).
Indeed, assume Woum = W (w) for some class w € H(S,Z), and let ¢ :=
Oa,p € W(w)\W Dbe a stability condition (hence not on a hole). Then o lies
in some chamber C C Stab™(S), and its image I(c) lies in the open ample
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cone Amp(Mc[v]). Since Amp(Mec[v]) is a cone, the whole ray Rsq - l(0)
lies in Amp(Me[v]). But this halfline contains W (w) (this is a consequence
of the definition of [, see [3], Theorem 10.2), in particular for any point o €
W, given two stability condition o+ near oy in each adjacent chamber, the
corresponding image (o) both lie in Amp(Mec|v]), and hence M, [v] =
M,_[v] = Me[v].

Therefore, we can compute the wall and chamber decomposition with
respect to v = (2,1, 3) thanks to the description of Proposition 5.10. Let
a,B € H. Assume F € M, ;[2,1,3]. By definition, there is an integer
k € Z with F[k] € Coh?(S). If k is even, we have v(F[k]) = (2,1,3), and

if k is odd we have v(F[k]) = (-2, -1, -3).

5.3.1. The vertical wall

By Proposition 5.10, there is (at least numerically) a vertical wall
W, = {5 =1/ 2}

in H, given by the class (2,1,4) € A. In fact, this wall is an actual wall.
Indeed, following Proposition 3.2, pick F' € Mg[2, 1, 3] not locally free, the
sheaf E := F** is a stable vector bundle such that £ € Mg[2,1,4]. We
have the exact sequence

0—F—F—0,—0
for some point z € S. This induces the exact triangle
(5.2) 0, — F[1] — E[1].

We claim that (5.2) induces an exact sequence in Coh'/2(S). Indeed
E[1],F[1] € F¥/?[1] and O, € T/

5.3.2. Left side of the halfplane

Consider a wall left to the vertical wall W,,, given by an exact sequence
(5.3) E—F—T

in Coh”(S), with F := F[k] € Coh®(S), v(F) = (2,1,3). From 3 < 1/2 we
must have k even, that is v(F) = (2, 1, 3). Denote v(F) = w = (wg, w1, wa)
and v(T) =t = (to,t1,t2). Note that E and T will play a symmetric role
in the following, hence we can assume that wg > 0 for 2 = vg = wq + to-
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Using Proposition 5.10 in this case, the wall is a semicircular wall with
center C' and radius R. We get
1

(5.4) C< 1

Moreover, any semicircular wall must intersect the ray {8 = %} Note that
for 8 = i, there is no class § = (8o, d1,02) € A with §y > 0, 62 = —2 and
p1/4(0) = 0. Indeed, these conditions on § give

802 = 6405 — 1
8o = 461,

which is impossible because &g, d1, d2 € Z. From Proposition 5.3, Z := Za,%
defines a stability condition.

In view of Remark 5.11, we can assume that the exact sequence (5.3) hold
at f = i. Recall that the imaginary and real part of Z(—) are additive on
exact sequence in Coh? (), and since pz(F) < oo we get 0 < I(Zw) <
$(Zv) and 0 < $(Zt) < $(Zv). For B = 1, it gives

0<w; — % < %
<~ %o <wy < %o + 1
4 4 2
Since w; and wy are integers, we obtain wg = 4n + 3, w; = n + 1 for
some n € Z. Moreover we assumed wg > 0, so n > 0 and in particular
2wy —wg = —2n — 1 < 0. The inequality C < i gives
2’[1.)2 - 3w0 1
16(2w, —wo) 4
<> 2wy — 3wy > 4(2101 — wo)
(5.5) = wy > 4dw; — %wo =2n + g
To obtain more bounds, we need to study E with more details.

LEMMA 5.12. — The object E is a 0,,1/4-stable object, in particular it
satisfies
(5.6) v(E)? = 16w? — 2wows > —2.

Proof. — If F is stable, then HomCohB(S)(Ev E) = Hompg)(E, E) =C
because any stable object is simple. Hence by Serre duality we get v(E)? =
—x(E,E) = —(2 — Ext'(E, E)) > —2. Moreover, note that for § = 1, any
semistable object of class a = (ag, a1, as) satisfies

1 1
(5.7) 3Z(a) = aHZZ(zLa1 —ag) > ZaHQ.
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But we have SZ(v(E)) = aH?(w; — Bwo) = 1aH?, so E cannot be strictly

semistable, otherwise any of its proper Jordan-Holder factor A would satisfy
SZ(v(A)) < 2aH? which contradicts (5.7). O

Using (5.6) we get

16w? — 2wowy > —2

w? 1
= wy < 8— + —.
wo wWo

By straightforward computations, we have

w? (n+1)? 5 1
8—L =38 =2+ =
w S ant3 T2 o)
Combined with (5.5) we get
2n+§<w <2n—&—§-|-L
2 > 2 2 2(4n+3)

Hence the only possibility is n = 0, which gives wyg = 3, w; = 1 and wy = 3.
We get C' = 13—6

PROPOSITION 5.13. — The circular numerical wall W;(3,1,3) with cen-

ter (C' = +%,0) and radius R = &

the following exact sequences

is an actual wall W;. It is induced by

(5.8) UY s P — TV[1] if B< %
(5.9) (p' F)s — Fs —» UJ[1] if % <p

in Coh”(S), where F € Mx is a non globally generated sheaf, for [X] € W
a Fano threefold containing S as in Section (2.1), and Z,/ is the derived dual
of the ideal sheaf of the point x € S.

For the definition of ¢¢', see Section 2.4. When F € Mx is globally
generated, then (5.8) cannot happen by Proposition 3.2. On the otherhand,
given another G € My we know that (¢¢'F)s ~ (¢¢'G)s implies that
F ~ G (Proposition 4.8), in particular Fs and Gg do not become S-
equivalent on the wall.

Proof. — Recall from Proposition 3.2 that for any non globally generated
sheaf F' € Mx, there is a map f: YUY — Fs which induces an exact
sequence

(5.10) 0— 05 — U L Fg — 0, — 0.
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Consider the cone C(f) € D(S). It lies in Coh?(S) for any 8 > 0. A
similar argument as in Lemma 5.12 shows that C(f) is pz-stable for any
0<pB<1.

LEMMA 5.14. — We have M, ,[-1,0,0] = {Z)/[1] | € S} ~ S for
any B > 0.

Proof. — Once again, it is easy to prove that for any 0 < § < 1 and
x € S, the object Z,[1] is uz-stable. By Theorem 5.5, M,[—1,0,0] is a K3
surface, and since it contains S it must be isomorphic to S. O

Hence C(f) = Z)/[1] for the point 2 € S appearing in (5.10). We obtain
the desired exact sequence (5.8) in Coh”(S) for all 0 < 8 < 1. At the point
oo = (3,a) € Wi(3,1,3), U is a spherical object with Z(v(Uy)) = 0, so
09 is not a stability condition (in other words, oy is a hole of ). Finally,
for £ < f the extension (3.7) give the exact sequence (5.9) in Coh”(S),
and it is easily seen to remain valid all along this part of the numerical wall
Wi(3,1,3). O

5.3.3. Right side of the halfplane

In a analogous way as in Section 5.3.2, we can prove that there is no

hole on the ray {8 = 3/4}, so we restrict ourselves to 8 = 3. Similar

computations lead to two possible numerical walls, induced respectively by

w = (1,1,8) giving Cs = % and Rg = 1%, and w = (1,1,9) giving Cy = %—g
and Ry = %.

PROPOSITION 5.15. — The numerical wall of center (Cy = 12,0) and
radius Ry = \{—3?’ is not an actual wall.

Proof. — Note that the circle of center Cy and radius Rg cross the ray
{B=2/3}ata®=R;— (2 -C)*= L.

LEMMA 5.16. — Any vector § = (8p,01,02) € A with 6y > 0, 62 = —2
and fi2/3(0) = 0 satisfies RZ, 2/3(0) > 0 whenever o* > 1/72.

Proof. — Rewriting the equations on ¢ give

807 = Jpdy — 1
200 = 39;.

ANNALES DE L’INSTITUT FOURIER



MODULI OF SHEAVES ON FANO AND K3 OF GENUS 9 33

In particular, we get 1,2 > 0 and g—f = 1—36 + &%. We get
1

1
RZ(5) >0 <= § (36+12a2)>52
16 S 16 2
= — 41207 > 2=+
3 T 5 T3 T

<:>oz2>L
1862

Since &g = %(51, we have §; > 2. In particular o? > 1/72 works for all
§’s. O

Let (2, a9) be the intersection of the numerical wall W (1,1,9) with the
ray {8 = %}, and consider a destabilizing exact sequence

(5.11) E—sF—»T.

Recall that v(F) = (=2, —1, —3), and we assume by symmetry that v(E) =
(1,1,9) and v(T) = (—
and since W (1,1,9) is the largest circular wall crossing {8 = 3} (on the

,—2,—12). We can assume that F is O oy e, 3-stable,

right side of the vertical wall W, ), we can assume that F'is o, s-stable
for all & > 0 (in fact, it is o-stable for all ¢ above the wall). By a similar
argument as for Theorem 5.6 (see [28, Lemma 6.18]), one can prove that
HO(F) is a torsion sheaf supported in dimension 0 and H~1F is a slope-
semistable torsion-free sheaf.

Consider the long exact sequence (in Coh(5))

0—H'E—H'F—H'T —HE —HF—HT—0

induced by (5.11). We have tk(H°T) = 0 = deg(H°T'), hence rk(H~'T) = 3
and deg(H~'T) = 2. In particular, any subsheaf G C H~!T satisfying
1r(G) < 2 also satisfies up (G) < 2, thus H~'T € F¥3. Moreover, either
H~'E = 0 (in which case E = H"E has rank 1 and hence is j-stable) or
pa(HE) < pg(HOF) = %, thus H~'E € F?/3. From this observation,
we deduce that the exact (in Coh®*(S)) sequence (5.11) still holds in
Coh?/3(S). But then at 8 = 2/3 we have Z(T) = 0 which is absurd (this
would be in contradiction with F' being 0a07%—stable, since (ay, %) is above
the wall). O

We will see next section (see Proposition 5.18) that W, is an actual wall
which is the reflection of W, in the vertical wall W,,. In particular, W; and
W, induce the same wall in Mov(Mg).
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5.4. Crossing the walls

In this section we study the wallcrossing of W, (vertical wall), W; (cir-
cular wall on the left side of W,) and W, (circular wall on the right side
of W,), following [3, Section 5]. By wallcrossing, we mean the birational
transformation relating the two moduli spaces corresponding to the cham-
bers on each side of the wall. For our purposes, it is enough to know that
when the wall is flopping (resp. divisorial), the moduli spaces are related by
a flop (resp. are isomorphic). In addition, a wall is called totally semistable
is all stable objects (with respect to a stability condition sufficiently close
to the wall) become strictly semistable with respect to a stability condition
on the wall.

Consider the hyperbolic lattice

= Z(w)
(6.12)  Hw = {wEH(S,Z) ‘ sz()for all o = (Z,P) EW}
associated to each wall (see [3, Proposition 5.1]). Thanks to [3, Theo-
rem 5.7], the type of wall is completely determined by Hy, (we only cite
here the conditions that we will use):

e The wall W is divisorial if there exists an isotropic class w € Hy
with (w,v) = 1 (type Hilbert—-Chow) or (w,v) = 2 (type Li-
Gieseker—Uhlenbeck), or a spherical class s € Hy with (s,v) =0
(type Brill-Noether).

e Otherwise, W is flopping if there exists a spherical class s € Hyy
with 0 < (s,v) < (v,v)/2.

e In addition, W is totally semistable if and only if there exists an
isotropic class w € Hy with (w,v) = 1, or an effective spherical
class (in the sense of [3, Proposition 5.5]) s € Hy with (s,v) < 0.

In view of the proof of Proposition 5.8, we see that for any wall W
intersecting U(S), a class w € A lies in Hy if and only if %% = 0 for
any ¢ € W N H. In otherwords, we can focus our attention to stability
conditions of the form o, g only.

Let us denote M, g = M, ,[v].

5.4.1. The vertical wall W,

Set W = W, then
Hw = Spany((2,1,4),(0,0,1)) = {(2a,a,b) € A | a,b € Z}.
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In particular, for any w € Hy, we have w? = 4a(4a — b) so w cannot be
spherical, and (v,w) is even. Moreover, the class (2,1,4) is an isotropic
class lying in Hyy. Therefore the wall W is divisorial of type Li—Gieseker—
Uhlenbeck. In particular, the wall W is a bouncing wall, in the sense that
the image of the chambers on both side of the wall in Stab™ (S) are sent to
the same chamber in Mov(Myg) [3, Lemma 10.1]. For _ < % < B4 close
enough to % and admissible a’s, both moduli spaces M, g, are isomorphic.

Note that by Theorem 5.6, M, 3. ~ Mg, and the birational transfor-
mation when hitting the wall is the map to the Uhlenbeck compactification
as constructed in [26]. It contracts the non-locally free sheaves F € Mg,
as we see in (5.2).

5.4.2. The circular wall W

Set W = W, then
Hw = Spang((0,1,3),(1,0,0)) = {(a,b,3b) € A | a,b € Z}.

Note that there is a hole in W; at § = % For g < %, UY is a stable object
(see Lemma 5.12), so this side of W, is not totally semistable. But for 5 > %,
—w = —(3,1,3) is an effective spherical class with (—(3,1,3),v) = -1 <0,
so this portion of W is totally semistable. Note that —(3, 1, 3) corresponds
to the o-semistable object UV [1].

For any w = (a,b,3b) € Hw, w? = 16b*> — 6ab and (w,v) = 10b — 3a.
Condition (w,v) = 1 gives a = 10k + 3, b = 3k + 1 with k € Z. For such
a,b, we cannot have w? = 0. In particular, there is no isotropic class w
satisfying (w,v) = 1. The same argument shows that there is no isotropic
class w with (w,v) = 2 nor spherical class s with (s,v) = 0.

On the otherhand, v(Uy) = (3,1,3) is a spherical class such that 0 <
((3,1,3),v) =1 2= ”72 Hence W; is a flopping wall. Pick o4 on each
side of the wall near a stability condition o4, € W, with 8 < 1. Recall
that on the wall W}, any stable object of class (—1,0,0) is of the for Z)Y[1]
for some x € S. Similarly, by Theorem 5.5 the only stable object of class
(3,1,3) on W is UZ. Indeed, pick a stability condition 0,5 on W; and a
stable object E, if o, 5 is not generic with respect to (3,1,3) then take
a nearby generic stability condition 04 g1c. By openness of stability, E is
still o4, g+e-stable, hence isomorphic to U .

PROPOSITION 5.17. — The wallcrossing of W, is a flop along a P2-
bundle over S.
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Proof. — We consider the part of the wall for which § < 1/3, which is
simpler. From Proposition 5.13, the objects E € Mg that get destabilized
on the wall have the following Jordan—Hélder filtration:

Ug — E — T)[1]
for some x € S. We have ext!(Z,[1]V,U") = hom(Z),U") = hom(U,T,) =
3 (this can be proved by direct computations, using H°(U) = H(U) = 0 [6,
Lemma 3.1]). We obtain that moving the stability condition to the wall
contracts a PExt' (ZY[1],UY) =~ P? of objects to Z/[1] for each z € S. O

5.4.3. The circular wall W,

It turns out that the potential wall W, on the right side of W, is the
same as the circular wall W; up to a reflection.

PROPOSITION 5.18. — The wall W,. is the image of W by the reflection
in the vertical wall W,,. In particular, W,. and W; have the same image in
Mov(S) via the map I: Stab™(S) — Mov(S) of Theorem 5.7.

Proof. — Following [3, Theorem 10.2] we see that the map [ is the com-
position of a map
lo: Stab™(S) — Pos(Msy)
and the action of a Weyl group generated by exceptional reflections on
NS(M3). Identifying NS(Mg) with v (see [31]), computations show that
a numerical wall W (w) associated to a destabilizing class w is sent by [y to
w Not. We get

lo(W,) = vt N (3,1,3)F = R(16,13,80)
lo(W;) = vt N (1,1,8)F =R(16,3,0).

The reflection pp which identifies the chambers in both side of W, is
is the reflection in the image of the vertical wall in NS(Mg). The lat-
ter is orthogonal to the class D = (2,1,5) (in fact, this computations
already appear in proof of [3, Lemma 10.1]). Direct computations give
pp(16,13,80) = —(16,3,0). O

5.4.4. Identifying the birational models
Thanks to the description of the wallcrossings, we can complete the proof

of Theorem 5.1 and identify the birational models of Mg appearing in
Section 4.
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ProposITION 5.19. — Let o be a stability condition in the interior
chamber cut out by W;. Then

Mg[5,2,6] ~ M,[2,1,3).

Proof. — By computations of walls, Mg[5,2, 6] is either isomorphic to
M,[2,1,3] or isomorphic to Mg. By [30, Theorem 2.5] (with v = (5,2, 6),
w = (2,1,3) and v; = (3,1,3) in the author’s notations), we see that
Mg[5,2,6] and Mg are not isomorphic and related by a flop. Moreover,
this flop Mg --» Mg[5,2,6] is exactly the one given by wallcrossing W,
as described in Lemma 5.17. d

PROPOSITION 5.20. — The functor ¢1¢ induces an isomorphism
d10: M(sr,0) — Mg[5,2,6].
Proof. — The equivalence ¢1g gives an isomorphism
Msr,a) = M,[5,2,6]

for some stability condition o € Stab(S). By [3, Theorem 2.12] we can
assume o € Stab™ (S), and once again by Proposition 5.8 we can assume
that o is of the form o = 04 . In particular, since Mg o) is a smooth
K-trivial birational model of Mg, then M,[5,2,6] is either isomorphic to
Mg or Mgl[5,2,6].

By Theorem 4.10, the birational maps between these three moduli spaces
are given as follows:

M sr.0y D Pic2 ()0 <2 M[5,2,6] «— M% C Mg

(iFS’)*(¢!11F) —_ (¢11¢!11F)S i Fg,

for F' € Mx globally generated on some [X] € W. But ¢19 extends to a
(non-injective) regular morphism over the bigger open Pic? (&), hence it
suffices to find two elements in Pic2(®) whose images are in the locus of
Ms[5,2,6] contracted by the flop Mg[5,2,6] --+ Mg.

To do so, it is enough to find [X] € W and F,G € Mx with Fg ~ Gg
but ¢}, F # ¢},G. In the notation of Theorem 3.10, one can find F %
G with Fs ~ Gg, in particular Mp = Lg, L = Mg but Lrp # Mp.
We know that F and G are not globally generated. By definition, ¢},
is the projection of D’(X) = (D’(T'), Ox,U") to its component D’(T),
for I' the curve corresponding to X. In particular, Proposition 3.2 implies
that ¢}, (F) =~ ¢},(Or,(—1)) (similarly for G). Now, the association L
#'(Or(—-1)), for L a line in X, is injective [6, Proposition 4.14]. Hence,
Lp # Lg implies ¢}, F # ¢},G. O

TOME 0 (0), FASCICULE 0



38 Dominique MATTEI
5.5. Movable and nef cones of Mg

In this last section, we want to give a precise description of Pos(Mg) C
NS(Mg). Recall we have v = (2,1,3). Straight computations give an or-
thogonal basis B := {e; = (0,—1,-8),es = (2,1,5)} of v+ C A, that we
identify with NS(Mg).

PROPOSITION 5.21. — The positive cone Pos(Mg) is generated by
e1 + 2es and e; — 2es. The closed movable cone W(Ms) is cut out in
Pos(Mg) by the line Rey, and it identifies with the chamber which contains
the ample class 21e1 + 8es.

Moreover, Mov(Mg) decomposes into two chambers cut out by the line
R(8es + 5e1). The chamber adjacent to the line Re; is Nef(Mg) and cor-
respond to the birational model Mg, and the other chamber is the image
of Nef(Mg[5,2,6]) via the birational map given by crossing the wall W.
See Figure 5.2.

Proof. — First, note that w = ae; + bes, for a,b € Z, satisfies w? = 0 if
and only if 16a% = 4b> = 0. Hence the cone Pos(M ) is the cone generated,
up to a sign, by {e1+2e2, e1 —2es} and contains either e; or its inverse. Pick
o =1,8=0.It gives a well-defined generic stability condition ¢ = oy,
and its image A :=[(0) is an ample class (Theorem 5.7). By computations,
we find

1 1
A — 55(167 —].3, 128) — 55(2161 + 862).

We deduce that Pos(Mg) is generated by {e1 +e2, e1 —2es}. Now the image
of the vertical wall W, is given by v N (2,1,4)* = Re;. Hence Mov(Mg)
is the upper half-cone of Pos(Mg) cut out by Re;.

Finally, the image of the circular wall W, is given by v+ N (3,1,3)% =
R(16,3,0), and we obtain two chambers in Mov(Mg). The chamber con-
taining the ample class A is Nef(Mg), and the other chamber corresponds
to the unique other birational model Mg[5, 2, 6]. O

Figure 5.2 represents the positive cone Pos(My), and Figure 5.1 repre-
sents the corresponding walls (in green and magenta) and chambers (in red
and blue) in the (3, a)-plane in Stab™(S). The movable cone Mov(M3) in
Figure 5.2 is the upper half cone, composed of Nef(Mg) in red and (the
flopped image of) Nef(Mg[5,2,6]) in blue. The two lower chambers are
their reflections in Rej.
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0 3/16 1/2 13/16 1

Figure 5.1. The (j3, a)-plane in Stab™(S).

Reg,\R(Zeg + 61) R(Seg + 561)

Figure 5.2. The positive cone Pos(Mg).
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