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FORMAL MULTIPARAMETER QUANTUM GROUPS,
DEFORMATIONS AND SPECIALIZATIONS

by Gastén Andrés GARCIA & Fabio GAVARINI (*)

ABSTRACT. — We introduce the notion of formal multiparameter QUEA — in
short FoMpQUEA - as a straightforward generalization of Drinfeld’s quantum
group Uj(g). Then we show that the class of FOMpQUEAs is closed under defor-
mations by (“toral”) twists and deformations by (“toral”) 2-cocycles: as a con-
sequence, all “multiparameter formal QUEAs” considered so far are recovered, as
falling within this class. In particular, we prove that any FOMpQUEA is isomorphic
to a suitable deformation, by twist or by 2-cocycle, of Drinfeld’s standard QUEA.

We introduce also multiparameter Lie bialgebras (in short, MpLbA’s), and we
consider their deformations, by twist and by 2-cocycle. The semiclassical limit
of every FOMpQUEA is a suitable MpLbA, and conversely each MpLbA can be
quantized to a suitable FOMpQUEA. In the end, we prove that, roughly speaking,
the two processes of “specialization” — of a FOMpQUEA to a MpLbA — and of
“deformation (by toral twist or toral 2-cocycle)” — at the level of FOMpQUEAs or
of MpLbA’s — do commute with each other.

RiESUME. — Nous introduisons la de algébre enveloppante universelle quantifiée
(=AEUQ) multiparamétrique formelle — en bref AEUQMpFo — comme générali-
sation directe du groupe quantique de Drinfeld Uy (g). Ensuite, nous prouvons que
la classe des AEUQMpFo est fermée par rapport aux déformations par torseurs
(“toraux”) et aux déformations 2-cocycles (“toraux”): par conséquent, toutes les
“AEUQ multiparamétrique formelle” considerées jusqu’a ce jour sont retrouvées,
comme incluses en cette classe. En particulier, nous prouvons que toute AEU-
QMpPFo est isomorphe & une déformation convenable, par torseur ou par 2-cocycle,
de la AEUQ standard de Drinfeld.

Nous introduisons aussi des bigébres de Lie multiparamétriques (en bref, bGL-
Mp), et nous considérons leur déformations, par torseur et par 2-cocycle. La limite
semiclassique de chaque AEUQMpFo est une bGLMp convenable, et a I'envers
chaque bGLMp peut étre quantifiée & une AEUQMpFo convenable. Finalement,
nous montrons que, en gros, les deux procedures de “specialisation” — d’une AEU-
QMpFo & une bGLMp — et de “déformation (par torseur toral ou 2-cocycle toral)”
— au niveau des AEUQMpFO ou des bGLMp — commutent ’'une avec Pautre.
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1. Introduction

Quantum groups can be thought of, roughly speaking, as Hopf algebras
depending on one “parameter” such that, for a “special value” of this pa-
rameter, they turn isomorphic either to the universal enveloping algebra of
some Lie algebra g or to the function algebra of some algebraic group G.
In the first case the quantum group is called “quantized universal envelop-
ing algebra” (or QUEA in short) and in the second “quantized function
algebra” (or QFA in short).

Quite soon, people also began to introduce new quantum groups depend-
ing on two or more parameters, whence the terminology “multiparameter
quantum groups” came in use: see, e.g., [7, 8, 9, 12, 14, 15, 19, 25, 31, 34,
37, 38, 42, 45, 46, 49, 51, 53], and the list might be longer. Nevertheless,
one can typically describe a multiparameter quantum group so that one
single parameter stands “distinguished”, as the continuous one that can
be specialized. The other parameters instead (seen as discrete) parame-
trize different structures on a common “socle” underlying the semiclassical
limit of the quantum group, that is achieved when the continuous parame-
ter is specialized. Indeed, this already occurs with one-parameter quantum
groups: for example, the celebrated Drinfeld’s QUEA Uy (g) associated with
a complex, finite-dimensional, semisimple Lie algebra g has a description
where the continuous parameter /i bears the quantization nature of Uy (g),
while other discrete parameters, namely the entries of the Cartan matrix
of g, describe the Lie algebra structure on g itself.

In this paper we focus onto the study of multiparameter QUEAs; then it
will be possible to realize a parallel study and to achieve the corresponding
results for multiparameter QFA’s by suitably applying duality. Recall that
QUEAs (and QFA’s alike) are usually considered in two versions: the so-
called “formal” one, dealing with topological Hopf algebras over k[A], and
the “polynomial” one, dealing with Hopf algebras over a field K with some
q € K entering the game as parameter. One of the first general examples
of multiparameter QUEA, hereafter mentioned as MpQUEA, was provided
by Reshetikhin in [49]. This extends Drinfeld’s definition of Ux(g) to a
new object UY(g) that shares the same algebra structure of Up(g) but
bears a new coalgebra structure, depending on a matrix ¥ that collects the
new, discrete parameters of UY(g). At the semiclassical limit, these new
parameters (hence ¥) describe the new Lie coalgebra structure inherited
by g from UY(g) itself. Note that UY(g) is defined from scratch as being
the outcome of a deformation by twist of Drinfeld’s Ux(g), using a twist
of a specific type (that we shall call “toral”) defined via ¥. It follows that
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the class of all Reshetikhin’s MpQUEAs is stable under deformation by
toral twists, i.e. any such deformation of an object of this kind is again an
object of the same kind. Even more, this class is “homogeneous”, in that
each U} (g) is nothing but a twist deformation of Drinfeld’s Up(g).

With a parallel approach, a polynomial version of Reshetikhin’s MpQUE-
As was introduced and studied by Costantini—Varagnolo: see [14, 15], and
also [27]; on the other hand, these works do not consider deformations.
Alternatively, using the duality with quantum coordinate algebras, two-
parameters quantum envelopling algebras of polynomial type are consid-
ered in Dobrev—Parashar [16] and in Dobrev—Tahri [17]. The effect of the
twist can be seen in the description of the coproduct after a change the
presentation & la Drinfeld—Jimbo type.

In another direction, a different version of polynomial MpQUEA (still
working over g as above), call it Uq(g), has been developed in the works of
Andruskiewitsch-Schneider, Rosso, and many others (see for instance [1,
2, 46, 50]). In this case, the “multiparameter” is cast into a matrix q =
(qij)i,j el whose entries take part in the description of the algebra struc-
ture of Uq(g). Under mild, additional conditions, this yields a very general
family of MpQUEAs which is very well-behaved: in particular, it is stable
under deformations by 2-cocycles of “toral” type. Even better, this family
is “homogeneous”, in that each Uq(g) is a 2-cocycle deformation of Jimbo—
Lusztig’s polynomial version Uy(g) of Drinfeld’s Ux(g).

Note that, in Hopf theory, twist and 2-cocycle are notions dual to each
other. Thus the constructions of MpQUEAs by Reshetikhin and by Andrus-
kiewitsch—Schneider (besides the difference in being “formal” or “polyno-
mial”) are somehow dual to each other, and, as such, seem definitely dif-
ferent from each other.

The purpose of this paper is to introduce a new notion of MpQUEA
that encompass both Reshtikhin’s one and Andruskiewitsch—Schneider’s
one. Indeed, we achieve this goal introducing a new family of MpQUEAs
which incorporates Andruskiewitsch—Schneider’s one, hence in particular
it includes Drinfeld’s standard example (see Definition 4.4, Theorem 4.13
and Section 4.5). We show that this new family is stable by toral 2-cocycle
deformations (Theorem 5.13), just as Andruskiewitsch-Schneider’s, and it
is also stable by toral twist deformations (Theorem 5.2), hence it incor-
porates Reshetikhin’s family as well. In particular, we show that every
MpQUEA of the Reshetikhin’s family is actually isomorphic to one of the
Andruskiewitsch-Schneider’s family, and viceversa: the isomorphism is es-
pecially meaningful in itself, in that it amounts to a suitable change of
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presentation via a well-focused change of generators (see Theorem 5.2). In
this sense, we really end up with a single, homogeneous family — not just
a collage of two distinct families; this can be seen as a byproduct of the
intrinsic “self-duality” of Drinfeld’s standard Up(g).

For each one of these MpQUEASs, then, one can decide to focus the de-
pendence on the discrete multiparameters either on the coalgebra structure
(which amounts to adopt Reshetikhin’s point of view) or on the algebra
structure (thus following Andruskiewitsch—Schneider’s approach). In our
definition we choose to adopt the latter point of view, as it is definitely
closer to the classical Serre’s presentation of U(g) — or even to the presen-
tation of Drinfeld’s standard Uy (g) — where the discrete multiparameters
given by the Cartan matrix entries rule the algebra structure.

Technically speaking, we adopt the setting and language of formal quan-
tum groups, thus our newly minted objects are “formal MpQUEAs”, in
short “FoMpQUEAs”. This is indeed a necessary option: in fact, the setup
of polynomial MpQUEAs is well-suited when one deals with (toral) 2-
cocycle deformations, but behaves quite poorly under deformations by
(toral) twists. Roughly speaking, the toral part in a polynomial MpQUEA
(in the sense of Andruskiewitsch—Schneider, say) happens to be too rigid, in
general, under twist deformations; this is shown in our previous paper [24],
where we pursued the same goal by means of “polynomial MpQUEASs”,
which eventually prove to be a somewhat less suitable tool.

Thus, one needs to allow a more flexible notion of “toral part” in our
would-be MpQUEA in order to get a notion that is stable under defor-
mation by (toral) twists. We obtain this by choosing to define our formal
MpQUEA as having a toral part with two distinguished sets of “coroots”
and “roots”, whose mutual interaction is encrypted in a “multiparameter
matrix” P whose role generalizes that of the Cartan matrix. We formalize
all this via the notion of realization of the matrix P, which is a natural
extension of Kac’ notion of realization of a generalized Cartan matrix (cf.
Definition 2.1); our FoOMpQUEA then is defined much like Drinfeld’s stan-
dard one, with the entries of P playing the role of discrete multiparameters.

By looking at semiclassical limits, we find that our new class of FoM-
PQUEASs gives rise to a new family of multiparameter Lie bialgebras (in
short MpLbA’s) that come equipped with a presentation “a la Serre” in
which the parameters (i.e., the entries of P, again) rule the Lie algebra
structure (cf. Section 3.2.3). Again, we prove that this family is stable by
deformations, in Lie bialgebra theoretical sense, both via “toral” 2-cocycles
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and via “toral” twists (see Theorem 3.17 and Theorem 3.12). In particu-
lar, every such MpLbA admits an alternative presentation in which the Lie
algebra structure stands fixed (always being ruled by a fixed generalized
Cartan matrix) while the Lie coalgebra structure does vary according to
the multiparameter matrix P. Like in the quantum setup, the isomorphism
between the two presentations is quite meaningful, as it boils down to a
well-chosen change of generators (cf. Theorem 3.12). The very definition of
these MpLbA’s, as well as the just mentioned results about them, can be
deduced as byproducts of those for FoOMpQUEAs (via the process of special-
ization); otherwise, they can be introduced and proved directly; in short,
we do both (cf. Section 3 and Theorem 6.3). These MpLbA’s were possibly
known in literature, at least in part: yet our construction yields a new,
systematic presentation of their whole family in its full extent, also proving
its stability under deformations by (toral) 2-cocycles and (toral) twists.

As a final, overall comment, we recall that a close relation between mul-
tiparameters and deformations is ubiquitous in several applications, e.g. in
the classification of complex finite-dimensional pointed Hopf algebras over
abelian groups [2, 3], where deformations by 2-cocycle play a central role.
Moreover, MpQUEAs may also serve as interpolating objects in the study
of the representation theory of quantum groups associated with Langlands
dual semi-simple Hopf algebras [22], where deformations by twist instead
are a key tool.

A last word about the organization of the paper.

In Section 2, we introduce the “combinatorial data” underlying our con-
structions of MpLbA’s and FoMpQUEAs alike: the notion of realization of
a multiparameter matrix, and the process of deforming realizations either
by twists or by 2-cocycles.

Section 3 is dedicated to introduce our MpLbA’s and study their defor-
mations by (toral) twists and by (toral) 2-cocycles.

In Section 4 we introduce our newly minted FoMpQUEAs, in particular
using different, independent approaches, and to prove their basic properties.

With Section 5 we discuss deformations of FOMpQUEASs by (toral) twists
and by (toral) 2-cocycles: we prove that these deformations turn FoM-
pQUEAs into new FoMpQUEAs again, the case by twist being possibly
the more surprising.

Finally, in Section 6 we perform specializations of FoOMpQUEAs and
look at their resulting semiclassical limit: we find that this limit is always a
MpLbA (in short, by the very definition of MpLbA’s), with the same mul-
tiparameter matrix P as the FOMpQUEA it comes from. Conversely, any
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possible MpLbA does arise as such a limit — in other words, any MpLbA
has a FoMpQUEA which is quantization of it. Then — more important —
we compare deformations (by toral twists or 2-cocycle) before and after
specialization: the outcome is, in a nutshell, that “specialization and de-
formation (of either type) commute with each other” (cf. Theorem 6.4 and
Theorem 6.4). In fact, this last result can be deduced also as a special
instance of a more general one, which in turn is an outcome of a larger
study about deformations (of either type) of formal quantum groups, i.e.,
Drinfeld’s-like QUEAs and their dual, the so-called QFSHA’s, and of their
semiclassical limits. This is a more general chapter in quantum group the-
ory, with its own reasons of interest, thus we shall treat it in a separate
publication (cf. [26]).

Acknowledgements

The authors thank Marco Farinati for several fruitful conversations. They
also especially thank the Referee, whose shrewd remarks and comments
helped a lot to improve the paper.

2. Multiparameters and their realizations

In this section we fix the basic combinatorial data that we need later on.
The definition of our multiparameter Lie bialgebras and formal multipa-
rameter quantum groups requires a full lot of related material that we now
present. In particular, N = {0,1,...} and N} := N\ {0}, while k will be a
field of characteristic zero.

2.1. Multiparameter matrices, Cartan data, and realizations

We introduce hereafter the “multiparameters”, which we will use to con-
struct (semi)classical and quantum objects as well. The theory can be de-
veloped more in general, but we stick to the case of “Cartan type” as more
relevant to us; accordingly, this will keep us close to the common setup of
Lie algebras of Kac—-Moody type, in particular those whose Cartan matrix
is symmetrisable.

ANNALES DE L’INSTITUT FOURIER
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2.1.1. Cartan data and associated Lie algebras

Hereafter we fix n € Ny and I := {1,...,n}. Let A = (aij)ijel be
a generalized, symmetrisable Cartan matrix; then there exists a unique

diagonal matrix D = (diéij) with positive integral, pairwise coprime

entries such that DA is symmz’ejterilc. Let g = ga be the Kac—Moody algebra
over C associated with A (cf. [35]); we consider a split integral Z-form of
g, and for the latter the scalar extension from Z to any field k: by abuse of
notation, the resulting Lie algebra over k will be denoted by g again.

Let @ be the root system of g, with II = {a|i € I} as a set of simple
roots, Q) = P,c; Za; the associated root lattice, ®T the set of positive
roots with respect to II, QT = €, ; Na; the positive root (semi)lattice.

Fix a Cartan subalgebra h of g, whose associated set of roots identifies
with @ (so k@ C h*); then for all & € ® we call g, the corresponding root
space. Now set b’ := g’ N'h where ¢’ := [g, g is the derived Lie subalgebra
of g: then (h’)* =kQ C bh*. We fix a k-basis IIV := {h; := a;/}iel of b’ so
that (f),H,HV) is a realization of A, as in [35, Chapter 1]; in particular,
a;(h;) = aj; forall 4,5 € I.

Let b” be any vector space complement of b’ inside . Then there exists a
unique symmetric k-bilinear pairing on b, denoted (, ), such that (h;,h;) =
aijdj_l, (hi, hY) = o (hY) and (hY,hY) =0, for all 4,5 € I, h{,hY € b”; in
addition, this pairing is invariant and non-degenerate (cf. [35, Chapter 2]).
By non-degeneracy, this pairing induces a k-linear isomorphism ¢ : h*ih,
and this in turn defines a similar pairing on h*, again denoted ( , ), via pull-
back, namely (¢t7*(hq),t7!(h2)) = (h1, h2); in particular, on simple roots
this gives (o, o) == d;a,; for all ¢, j € I. In fact, this pairing on h* restricts
to a (symmetric, Z-valued, Z-bilinear) pairing on @; note that, in terms of
the latter pairing on @, one has d; = (a;, ;) /2 and a;; = Aai,ay) (i,j €1I).

(ai,4)
Moreover t : h*——sh restricts to another isomorphism #' : (b’)*i)b’ for
which we will use notation t, == t'(a) = t(a).

Let ny, resp. n_, be the nilpotent subalgebra in g containing all positive,
resp. negative, root spaces, and set by = h @ ny be the corresponding
Borel subalgebras. There is a canonical, non-degenerate pairing between
b, and b_, using which one can construct a Manin double g” = b, @ b_,

automatically endowed with a structure of Lie bialgebra — roughly, g? is like
g but with two copies of § inside it (cf. [11], Section 1.4), namely b, = hd0
inside by and h_ := 0 @ b inside b_; accordingly, we set b’, := b’ @ 0 and
b’ = 0@h’ . By construction both b, and b_ lie in g” as Lie sub-bialgebras.

TOME 0 (0), FASCICULE 0
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Moreover, there exists a Lie bialgebra epimorphism myp : gP” — g which
maps the copy of by inside g” identically onto its copy in g.

For later use we fix generators e;, h;, f;(i € I) in g as in the usual Serre’s
presentation of g. Moreover, for the corresponding elements inside gP =
by @ b_ we adopt notation e; = (e;,0), hj” := (h;,0), h; = (0,h;) and
f; = (0,1;), for all ¢ € I. Notice that we have by construction

€ €0ia,, hi=d 'ty €h, ficg., Viel

In sight of applications to Lie theory, we introduce, mimicking [35, Chap-
ter 1], the notion of realization of a multiparameter matrix:

DEFINITION 2.1. — Let h be a formal variable, and k[h] the ring of
formal power series in h with coefficients in k. Let b be a free k[h]-module of
finite rank, and pick subsets IV = {T;F,Tf}ie[ Ch,and Il == {ai}iel C
h* == Homyp (b, lk[[h]]) For later use, we also introduce the elements S; :=
271(T;" + T, ) and A; == 271 (T;" — T;") (for i € I) and the sets & =
{Si}iel ChandA:= {Ai}iGI <h.

Let P € M, (k[h]) be any (n x n)-matrix with entries in k[R].

(a) We call the triple R := (b, I1, HV) a realization of P over k[h], with
rank defined as rk(R) = rkyppy(h), if:
(al) ay (Tz+) = Pij, O (T;_) = Pji, for all Z,] S I,
(a.2) the set 33 == {S; = S;(mod hh)},_, is k-linearly independent
inh=p / hb.
N.B. — This is equivalent to saying that X itself can be com-
pleted to a k[A]-basis of b, hence in particular ¥ is k[h]-
linearly independent in b.
(b) We call a realization R = (h, I1, HV) of the matrix P
(b.1) straight if the set IT := {@; == a;(mod hh*)}iel is k-linearly
independent in bh* := h*/hb*.
N.B. — This is equivalent to saying that II can be completed
to a k[A]-basis of h*, thus in particular II is k[A]-linearly
independent in h*;
(b.2) small if Spankm ({S’i}ig) = Spankm ({TiJr,IT}iEI);
(b.3) split if the set IV = {T%; = T;*(mod hh)},c, is k-linearly

independent in b := h/hh.

N.B. — This is equivalent to saying that ITV can be completed
to a k[A]-basis of B, hence in particular it is k[A]-linearly
independent in b;

ANNALES DE L’INSTITUT FOURIER
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(b.4) minimal if Spany, ({T;F,Ti_}iel) =b.
N.B. — In particular, the realization R is split and minimal
if and only if {Tf, Ti_}iel is a k[[A]-basis of .

(¢c) For any pair of realizations R := (h,II,IIV) and R := (b, 1L, 11V) of
the same matrix P, a (homo)morphism ¢ : R — R is the datum of
any k[h]-module morphism ¢ : b — § such that ¢(Tii) = To_i(i) (for

all i € I) for some permutation o € S; — the symmetric group over

I — hence, in particular, ¢(I1V) = 11V, and also that ¢* (H) =1I.

N.B. — Realizations along with their morphisms form a category,
in which the iso-/epi-/mono-morphisms are those morphisms ¢ as
above that actually are k[A]-module iso-/epi-/mono-morphisms.

(d) Let A= (as) <1 € My(k) be any symmetrisable generalized Car-

tan matrix, ané D = (diéij)i,je ; the associated diagonal matrix,
as in Section 2.1.1. We say that a matrix P € M, (k[k]) is of Cartan
type with corresponding Cartan matrix A if Py :=271(P + PT) =
DA.

N.B. — Condition (b.3) is equivalent to requiring that ¥ U A be
k-linearly independent in h = / hb; in turn, this is equivalent to
saying that X UA itself can be completed to a k[i]-basis of h, hence
in particular it is k[A]-linearly independent. Similarly, the condition
ng(Tii) = Tgi(i) — 4 € I, for some permutation ¢ € S(I) — in (c) can
be replaced by ¢(S;) = S,y and ¢(4;) = A, .

(e) In an entirely similar way, one may define realizations of a ma-
trix P = (pi»j)zyjel € M, (k) over a ground field k. Such a re-
alization R = (B,H,HV) consists of a k-vector space h and dis-
tinguished subsets 11 == {T;",T;"},_, C b and 11 = {a;},_, C
b* := Homy (b, k): then condition (a.1) reads the same, while (a.2)
instead says that the set {Si =21 (Tz+ + T[) }ieI is linearly inde-
pendent, and the rank of the realization is rk(R) = dimy(h). Also,
R is straight, resp. split, if I, resp. I1V, is linearly independent.

Basing on the context, we shall possibly stress the ring we are
working over, namely k[h] for P € M, (k[h]) and the field k for
P e M, (k).

Remark 2.2. — In the present language, if P = P is symmetric a real-
ization of it in the sense of [35, Chapter 1, Section 1.1], is also a realization,
in the sense of Definition 2.1, of P which has rank 2n — r, is straight and
small with A; =0 for all i € I.
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The following consequence of the definitions yields another link with Kac’
notion of “realization”:

LeMMA 2.3. — Let P € M,(k[h]) be a matrix as above. If R =
(h,IL11V) is a straight realization of P, then the triple (b,ILI1¢) — with
ITY := {S;},c; — is a realization of Py := 27! (P+ PT) — over the ring k[h] —
in the sense of [35, Chapter 1, Section 1.1], but for condition (1.1.3).

Note that condition (1.1.3) in [35, Chapter 1, Section 1.1], is fulfilled
whenever rk(h) = 2n — rk(P;); in particular, we can always achieve that
condition up to suitably enlarging or restricting . In any case, from now on
with any straight realization of a matrix P of Cartan type, for some Cartan
matrix A, we shall always associate the realization of Ps = DA given by
Lemma 2.3, hence also the corresponding realization of A and then all the
related data and machinery mentioned in Section 2.1.

We need now a few technical results:

PROPOSITION 2.4.

(a) For every P € M,(k[Rr]) and every ¢ > 3n — 1k (P + PT), there
exists a straight split realization of P with rk(h) = ¢, which is
unique up to isomorphisms.

(b) Claim (a) still holds true if we drop the condition “straight” and

pick £ = 2n.

Proof.

(a). — Let r:=r1k (P + PT) and £ > 3n — r be fixed. We set
Sp=2"NTr+1T7), Ay=2"Y(T;"-T;) Viel

for any choice of elements T/5(i € I) in any k[A]-module h; then T;5 =
S; £ A; for all i € I, so we have

Spar (] ({TiJr’Tii}ig) = Spanyy <{Si’Ai}¢el>'
Therefore, the existence of a split realization of P amounts to the same as

the existence of the slightly modified notion where:

e instead of the TiJr ’s and the T, ’s one considers the S;’s and the
Ai 7S,
e condition (a.1) in Definition 2.1 is replaced by condition
(a.14) a;(Si) =27 (pij +pji), o (Ai) =27 (pyy —pji) Vi, j €L
Therefore, we look now for such a “realization” in this alternative sense.
We consider the matrices (respectively symmetric and antisymmetric)

P,=2"'(P+PT), P,=27Y(P-P7)

ANNALES DE L’INSTITUT FOURIER
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and then, reordering the indices in I if necessary, we re-write the matrix

Py in the block form P, = (i‘i gz) where P has size r x 7, rk (P;) =r,
and the other blocks have the corresponding sizes; according to the same

reordering of the indices (if any), we also re-write P, as P, = (iﬁ ?j)

. r .
with P, of size r x r, and so on.

Now we consider the ¢ x ¢ matrix

Py P 0 0 0 0
P- P} I, 0 0 0
0O I,, O 0 0 0
(2.1) Gp P, P, 0 I, 0 0
P- P, 0 0 I, 0
0 0 0 0 0 Iz

that is non-degenerate, as det (Gp) = +det (Psr) # 0. Now, set h =
k[A)*" ", fix as S;’s, respectively A;’s (i € I), the rows of Gp (as vectors
in bo) from 1 to n, respectively from 2n —r + 1 to 3n — r, and fix as a;’s
(j € I) the first n linear coordinate functions on he (as vectors in h}).
Now set ITg ; = {Si’Ai}iel and let b be the k[h]-span (inside he) of the
rows of G'p; then the «;’s restrict to elements of h* (that we still denote
by a;) hence we consider II := {a;},_; as a subset in h*. Now the triple
Rsa = (h,H,Hg’A) is a “realization” (in the present, modified sense) of
P which is straight split, thus proving the existence part of claim (a).

As to uniqueness, we reverse the previous line of arguing. Indeed, given
a split “realization”, in modified sense, Rg 1 = (b, II, Hg,A) of P, we com-
plete Hg’A to a k[A]-basis of h adding extra elements Y7, ..., Yy_o,; more-
over, we define additional a;,,41,...,¢ € h* such that the matrix of all
values of the ;’s on the elements of the ordered basis

{Sh" '7Sn7Y17"':YnfraAlv"'aAnaY’nf’r‘+1w"7}/-272n}

is given by
P; P 0 0 0 0
P- P! I,, 0 0 0
|B- B 0 0 0 0
(2.2) Np = Pl P 0 I, 0 0
P- P, 0 0 I, 0
Do Do 0 0 0 I

which by construction is non-degenerate. Now, let us extend scalars for
a while from k[A] to k((h)): then by Gauss’ elimination algorithm on the
rows (involving in particular the first r rows) we can modify the matrix
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12 Gastén Andrés GARCIA & Fabio GAVARINI

Np in (2.2) till it gets a new form where B. = 0 and D. = 0; moreover,
the “new” submatrix Bs fulfills

det (P; ) det(Bs) = £det (Np) #0, hence Bs € GL,_,(k((h))

hence we can choose another basis in Spank((h)) (Yl, .. .,Yn_r) so to get
Bs = I,_,. Then another Gauss’ elimination process involving the rows
from n + 1 to 2n — r allows us to modify the last £ — (3n — r) rows so as to
get D = 0.

All this gives us a new split realization (in modified sense) of P over k((h))
and a specific basis, including the S;’s and the A;’s, of the k((%))-vector space
Bi(ny considered in it: eventually, taking as b the k[h]-span of that basis
we can easily read off that “realization over k((%2))” is a genuine realization
over Kk[h], which is isomorphic to the original one, by construction (indeed,
we only modified a direct sum complement of Spany ) ({Si; Ai}icr) by a
sheer rescaling, at most). But now, for this final realization the matrix Np
in (2.2) takes the same form as Gp in (2.1): so taking as ¢ : h — b the
isomorphism given by change of bases, we are eventually done.

(b). — As claim (a) already guarantees the existence of straight realiza-
tions, the relevant part of claim (b) concerns the uniqueness, that is proved
again like for (a), up to minimal changes. Namely, instead of the matrix
in (2.2) we deal with

P P, 0 0 0 0
P- P I,, 0 0 0
Npo=|P, P 0 I, 0 0
P- P; 0 0 I, 0
Do Dy 0 0 0 Ipo,

and then we observe that we can again reduce it to a similar matrix where
D. = 0 — acting by Gauss’ elimination on the rows, exploiting the non-
singular square submatrix P; — and Ds = 0 — where we perform another
Gauss’ elimination on the columns (which in the end amounts to modifying
the a;’s), exploiting the nonsingular square submatrix I_s,. O

Remark 2.5. — It follows from definitions that a necessary condition
for a small realization of any P € M, (k[r]) to exist is rk (Ps | P,) =
rk(Ps). Conversely, with much the same arguments used in the proof of
Proposition 2.4, we can prove that such a condition is also sufficient, as the
following holds true, indeed:
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PROPOSITION 2.6. — If P € M,(k[h]) is such that tk (P, | P,) =
rk(Ps), then, for all £ > 2n—rk(P;), there exists a straight small realization
of P with rk(h) = ¢, and such a realization is unique up to isomorphisms.

After this existence results concerning realizations of special type, we
can achieve a more general result with two additional steps. The first one
tells in short that every realization can be “lifted” to a split one:

LEMMA 2.7. — Let R :== (h,H,HV) be a realization of P € Mn(k[[h]])
Then there exists a split realization R = (h, f[,flv) of the same matrix
P and an epimorphism of realizations = : R — R such that, if by =
Span ({Tf}ie]) and by = Span ({Tii}iel), then 7 induces an isomorphism
m /by 2 b/br. '

If in addition R is straight, resp. minimal, then a split realization R as
above can be found that is straight, resp. minimal, as well.

Proof. — We proceed in two steps, first working over scalar extensions
from k[A] to k((h)) and then “pulling back” our result to the original setup.
To this end, hereafter, for any k[A]-module m we write m(?) = k() @kpaym.

Let by == Span ({T;", T} },.;)- Then hgﬁ) embeds into h(® and the latter
splits into hM) = b(Th) @ b’ for some k((h))-submodule b’ in ™. Now fix
formal vectors T (i € I), the free k((/i))-module hY. with k((h))-basis IT"" :=
{1, T;}ieI, and the k((h))-module epimorphism 7’ : b7, :== f)’T o A )
given by 7/ (1) = T;* (i € I) and 7r|h = idy, . If we let a ") be the natural

scalar extension of ¢; (j € I), then every such ag

is a k((h))-linear function
from h) to k((h)), and altogether the ag-h)’s are linearly independent over
k((h)) if the a;’s are; therefore, the set IT' := {a/j == agh) o W’}jeI lies inside
the k((h))-dual module of b, and it is also k((%))-linearly independent if IT
is — in other words, if we are in the straight case.

Now look at h embedded into h™ and set

hi=(x)""(p), TV = ('];) (1Y) =10"
= (W/’f))*(ﬂ) _ {(ﬂ_/|6)*(a§h)> — agh) OTH|6 = aﬂﬁ}jel'

Then b is a free k[z]-module containing IV and such that h™ = b/, while
IT is a subset in the k[A]-dual of b, that is even k[A]-linearly independent
if IT is — i.e., if we are in the straight case. Even more, looking in depth
we find that R = (b, 11, ﬁv) is indeed a split realization of the matrix P —
which is also straight, resp. minimal if such is the original — that together
with the epimorphism 7 = 7’ |f) : b — b yields all that is prescribed in
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the claim. Indeed, we only have to point out the last step, noting that =
induces an isomorphism 7, : [')/w’l(hT) i h/hT and then observing that,
by construction, we have 7~ (hp) = hr. O
A last result concerns morphisms between realizations.
LEMMA 2.8. — Let R := (H, ﬁ,ﬁv) and R = (E,ﬁ, ﬁv) be two realiza-
tions of a same P € M, (k[h]), and let ¢ : R — R be a morphism between
them. Then Ker (qﬁ : H — E) N jer Ker(a;).

Proof. — Since a; = ¢*(&;) = &; o qﬁ (j €I by assump‘mon for all

k € Ker(¢) we have a;(k) = (&; 0 ¢)(k) = &;(¢(k)) = &;(0) =0 (j € 1),
whence the claim. O
Remark 2.9. — Working with matrices in M, (k) and realizations of them

over k (for some field k), all the previous constructions still make sense;
some results (e.g., Proposition 2.4 and Lemma 2.7) even get stronger and /or
have simpler proofs.

2.2. Twist deformations of multiparameters and realizations

In this subsection we introduce the notion of deformation by twist of
realizations, which will be needed later when dealing with deformations of
multiparameter Lie bialgebras and formal multiparameter quantum uni-
versal enveloping algebras.

2.2.1. Deforming realizations (and matrices) by twist

Fix P = (pi)j)i’jel € M, (k[h]) and a realization R := (b,II,1I),
possibly (up to changing minimal details in what follows) over k if P €
M, (k); in particular d; := p;;/2 for all ¢ € I.

Recall that b is, by assumption, a free k[#i]-module of finite rank ¢ =
rk(h). We fix in b any k[A]-basis {H,} where G is an index set with
0] = rk(p) =

Fix an antisymmetric square matrix & = (qbqk)

g€eg’

kg € s0, (k[A]) — in-
deed, we might work with any ® € M, (]k[[h]]), but at some point we should
single out its antisymmetric part ®, = 27! (<I> - CIDT) which would be all
that matters. We define the twisted “distinguished toral elements” (also
shortly called “coroots”)

t
(2.3) Ty, =T, + Z a(Hy)rg Hp.
g,k=1
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As a matter of notation, let T := (%f) be the (2n x 1)—matrix given by the
column vectors TF = (Tf) . Similarly, let Tg = ( ) be the (2n x 1)-

matrix given by the (superposed) two column vectors T% = (quz)le ,» and
H the column vector H := (Hg)geg' Moreover, denote by 2 the (n x t)-
matrix with entries in k] given by 2 := (s (H, )) and set Ay = (73),
a matrix of size (2n x t).

Now, using matrix notation we have Tg = T — A, PH. Eventually, define
also

Lerl?’

(2.4) Ps (pw)uel =P —ApAT.
Now, using the above notation, a direct computation yields
Sei =21 (Tg, +Tg,;) =27 (T, +T,) = S Viel
aJ(TJr) p”, aJ(T ) p] Vi,jel

so that the triple Rg = (ho,1le,I1§) with he = b, Il = I and Iy =
{T;i,Tq;i |z € I}, is a realization of the matrix Py = (pg?j)ijel’ as in

)T

Definition 2.1; also, by construction Rg is also straight, resp. small, if and
only if such is R. Moreover, Pg is the sum of P plus an antisymmetric
matrix, so the symmetric part of Py is the same as P, i.e. (Pq>)s =PF;. In
particular, if P is of Cartan type, then so is Pg, and they are associated
with the same Cartan matrix. In short, we get:

ProprosiTION 2.10. — With notation as above, the following holds true:

(a) the matrix Py = P — A®AT obeys (P@)S = P;; in particular, if P
is of Cartan type, then so is Pg, and they are associated with the
same Cartan matrix.

(b) the triple

Ro = (he = b, g =TI, I := {Tg’i’T‘ii}iEl’)

is a realization of Pg; moreover, Re¢ is straight, resp. small, if and
only if R itself is straight, resp. small.

DEFINITION 2.11. — The realization Re = (h,H,Hg) of the matrix
Py = (p??j)ije , s called a twist deformation (via ®) of the realization
= (h.IL11Y) of P.

Similarly, the matrix Py is called a twist deformation of the matrix P.
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Remarks 2.12.

(a) Observe that, by the very definition of twisting one has that
(Pq))@/ = Pq>+q>/, and (R¢)<b’ = Rq>+<p/ for all CD,CI)/ € 5ot(k[[h]])
Therefore, the additive group so, (k[#]) acts on the set of (multi-
parameter) matrices of size n := |I| with fixed symmetric part, as
well as on the set of their realizations of (any) fixed rank.When
two matrices P, P’ € M, (k[A]) belong to the same orbit of this
s0, (k[h])-action we say that P and P’ are twist equivalent.

(b) Tt follows from Proposition 2.10(a) that if two multiparameter ma-
trices P and P’ are twist equivalent, then their symmetric part is
the same, that is P; = P.. Next result shows the converse holds
true as well, up to taking the group so (k[A]) big enough, namely
with ¢ > 3n — rk(Ps).

LEMMA 2.13. — With notation as above, let P,P’" € M, (k[r]), and
consider the aforementioned action by twist on M, (k[[hﬂ) by any additive
group so, (k[A]) with t > 3n —rk(Ps). Then P and P’ are twist equivalent
if and only if P; = P..

Proof. — We have to prove the “if” part of the statement, so we assume
that P, = P, and we look for ® € so,(k[7]) such that P’ = Pg, that is P’ =
P — 2A®2A". By assumption P’ = P + A with A := P’ — P antisymmetric,
and we want

(2.5) A= —AAT

for some ® € 50t(k[[h]]) — in other words, we have to show that the equa-
tion (2.5) in the indeterminate ® has a solution.

By Proposition 2.4(a), there exists a straight split realization of P, say
R = (b,H,HV), of rank t. By the straightness assumption, the ay’s are
linearly independent in h*, while the H,’s form a basis of h, so the matrix
A = (ag(Hg))Z:f has rank |I| = n; therefore, we can write it as a block
matrix A = (G | Q)MU where G, @ and M, are matrices of size n X n,
n x (t —n) and ¢ x t, respectively, and moreover G is invertible and M, is
a permutation matrix. Then (2.5) reads

(2.6) A=—(G|Q)M,oM] (f;) :

Now let us replace the indeterminate matrix ® with ¥ := M,®M? and
accordingly let us read (2.6) as an equation in ¥, namely

(2.7) A——(G] Q)\I/<g;>

ANNALES DE L’INSTITUT FOURIER



FORMAL MULTIPARAMETER QUANTUM GROUPS 17

;—) where A, B, C' and D
has size nxn, nx (t—n), (t—n)xn and (t—n) x (t—n), respectively, we see
at once that a possible solution for (2.7) is ¥ = (’ngg) with A == G7'AG™.
Thus (2.7) has a solution, hence (2.5) has one too. O

then writing the latter in block form as ¥ (

Remark 2.14. — A similar notion of twist-equivalence of matrices can be
found in [1] and [50] for matrices corresponding to diagonal braidings.

Next result “upgrades” the previous one to the level of realizations.

PROPOSITION 2.15. — Let P and P’ be two matrices in M, (k[h]) with
the same symmetric part, i.e. such that P; = P..

(a) Let R be a straight realization of P of rank t. Then there exists a
matrix ® € so,(k[h]) such that P’ = Py and the corresponding re-
alization Re Is straight. In short, if P, = Py then from any straight
realization of P we can obtain by twist deformation a straight re-
alization (of the same rank) for P’, and viceversa.

(b) Let R and R’ be straight small realizations of P and P’, such that
rk(R) = rk(R') =: t. Then there exists a matrix ® € so,(k[R])
such that R’ & Re. In short, if P, = Py then any straight small
realization of P is isomorphic to a twist deformation of a straight
small realization of P’ of same rank, and viceversa.

(c) Every straight small realization R of P is isomorphic to some twist
deformation of the standard realization of Py of the same rank as
R, as in Lemma 2.3.

Proof.

(a). — We can resume the same argument used in the proof of
Lemma 2.13 to show that there exists a suitable ® € so;(k[R]) such
that P’ = Ps, the difference being only that now the starting point is
the given realization R of P. But then Proposition 2.10 ensures also that
Ro = (h,II,I1Y) is a realization of P’ = Pg, which is straight because R
itself is.

(b). — This follows from claim (a), along with the uniqueness (up to
isomorphisms) of straight small realizations (cf. Proposition 2.4(a)).

(¢). — This follows as an application of claim (b), taking P’ = P
and R’ := (h,IL 1Y) — assuming R = (h,II,IIV) — as the standard Kac’
realization over k[A] which is straight and small, see Remark 2.2 and
Lemma 2.3. O
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2.2.2. Stability issues for twisted realizations

Keep notation as above; in particular, from Section 2.2 we consider TF =

(Tf)iel and T := (%f), we fix a vector of k[#]-basis elements H := (Hg)geg
geg

Rt .
el and A, = (7m>' Finally,
given ® € 5ot(k[[h]]) we consider the new strings of “coroot vectors” Ii =
+
(Tii)ie ! and Tg = (%E’) that are linked to the old coroot vectors — as in

Section 2.2.1 — by the formulas

for b and accordingly we set A := (ag(Hg))

(2.8) TE = T* 7 ADH, Te =T — ALPH.

Eventually, recall also the notation Py = (pg?j)i el = P —AdAT.

From Proposition 2.10 we have that the class of )(small) minimal realiza-
tions is stable under twist deformations. We look now instead at the split
case.

Assume that the realization R = (h7H, HV) of P is split, i.e. the Tii’s
are part of a k[h]-basis of h. From (2.8) we see that we cannot give for
granted the same property for the T, ; ,’s, hence we cannot say either that
the realization Rg = (h, H,Hg) of Pg be split as well — in fact, all that
depends on the matrix 2A,®. We shall now discuss this issue in detail in a
more restricted setting.

We assume now that R is split minimal, so {T}", Tiﬁ}z‘el is a k[[h]-basis
of b (cf. Definition 2.1(d)). Again from Definition 2.1, let us consider the
elements S; = 271 (TZJr + T;) and A; = 271 (TZ+ - T;) —foralliel —
and similarly Sg ; == 27! (Tgﬂ. —|—T(;,i) and Ag,; =271 (T;i —Tq:ﬂ.) — for all
i €I;setalso S:=2"1(I'"+T7) and A:==2""(T" —T"), and similarly
Se =2"1(T4+Ty) and Ag =271 (T'§ — T). In matrix terms, we have

S\ [(+27', 427\ (T*
A} \+27'1, —27'1,) \T~

Se\ _ [(+27'L, +27'I,)\ (T4
Ag)  \+27'L, —27'L,) \Ty
and conversely also
r* +I, +I, v (I I
(0)-(r M)sa mm= (17 1) sede
In particular we have Spany ({Si, Ai}ier) = Spany ({T7, 17 },c;) and
similarly Spany; ({Sqm-, A‘I’»i}ieI) = Spanyp ({T;i,Tgi}id).

and
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Now, with respect to the previous analysis we pick our fixed k[i]-basis of
b tobe {Hy}, g = {ﬂ+,ﬂ_}i61: then 2 reads as a block (n x 2n)-matrix
2A = (PTP), hence the first identity in (2.8) yields, via straightforward

computations,

+I, +I,\ (S
Sp=5, Ag=A-(P'P)® (+In _In> (/1>

which in matrix terms reads

o ()= 0.) ()

where B’ and B” are blocks in the matrix (P?P)® (Iﬁ: f?:) = (B'B"),
i.e. they are the (n xn)-matrices B’ := PT(®T++ 0T~ )+ P(@—T4+077)
and B” := PT(®TF —@&T~) 4 P(®—F — &~ ), with notation as follows:
. . ++ +-— . B £1,€

we write ® in block form & := (§_+ g__) with &€= = (¢3! 2)i’jel
all €i, €5 € {+, —}.

Now, it is clear that the set {Tg: Ty i}ie ;s k[A]-linearly independent
if and only if

Spany 4] ({Tq-;iaTq:,i}ieI) = Spany[p ({Ti+’Ti_}i€I>

and the latter is true if and only if

Spank[[hﬂ ({Sq>’i,/1<1>,i}i€[) = Spank[[h]] ({Si7/1i}iel)'

But the latter holds true, by (2.9), if and only if the matrix (I, — B") is
invertible in M, (]k[[h]]) Finally, from the explicit form of B”, we find the
following criterion:

Assume that the realization R := (h,ILIIV) of P be split minimal. If
the matrix M} = I,, — PT(®*F —&+~) — P(®~F — ®=7) is invertible
in M, (k[h]), then the realization Re = (h,I1,I1}) of Py is split minimal
too (and viceversa).

As an outcome, this proves that the twist deformation of a split real-
ization may be not split (counterexamples do exist, see below), hence the
subclass of all split realizations is not stable under twist deformations.

for

Examples 2.16. — Note that My has the following matrix form

Mg =1, - (PTP)<I><+I">.
_In

TOME 0 (0), FASCICULE 0



20 Gastén Andrés GARCIA & Fabio GAVARINI

Using this, we may find examples where My is invertible or not. For
instance, we have:
(a) if ® = Ogp, then ME = I,, is invertible;
(b) if (PTP)Q("HZ) is nilpotent, then Mg is clearly invertible;
(¢) Let & = (_gT ﬁ) with & € M, (k[A]). Then ME = I, + PT& +
PoT . If we take & antisymmetric, we find M}? =1, — 2P,® where
P, = 27'(P — PT) is the antisymmetric part of P. Hence, by
taking the canonical multiparameter P = DA, we get Mg = I,,.
On the other hand, there are plenty of examples such that (In —
2P{,,®) is non-invertible; for example, take n even, @ invertible and

antisymmetric, and P, = 271®~!. In addition, in this last case is
Mp =0, hence

Spany <{S<Dvi’/1‘1’vi}i€1)

= Spankﬂh]] <{Si}i€I) ; Spankﬂh]] ({S“ Ai}ie[) .
By our analysis, this proves that in this case the realization Re is
definitely not split — on the contrary it is (small) minimal.

2.3. 2-cocycle deformations of multiparameters and realizations

In this subsection we introduce the notion of deformation by 2-cocycles
of realizations (as well as of multiparameters), which is dual to that of
deformation by twist.

2.3.1. Deforming realizations (and matrices) by 2-cocycles
Fix again P = (pm)i)jel € M, (k[h]) and a realization R := (b,II,II")
of it, setting d; := p;;/2 for all ¢ € I and Dp = diag (all7 ... ,dn). We con-
sider special deformations of realizations, called “2-cocycle deformations”.
To this end, like in Section 2.2, we fix in b a k[h]-basis {Hg}g where G
is an index set with |G| = rk(h) = ¢.

Let x : b x h — Kk[A] be any k[A]-bilinear map: note that it bijectively
corresponds to some X = (Xgv), .o € Me(k[h]) via xgy = x(Hy, H). We
assume that y is antisymmetric, which means x7 (z,y) = —x(z,y) where
XL (z,y) == x(y,x), for all z,y € b; this is equivalent to saying that X is
antisymmetric, i.e. X € so; (kﬂhﬂ) We denote by Altys (f) X th[[h]]) the

€g’
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set of all antisymmetric, k[#i]-bilinear maps from b x b to k[A]. We assume
also that y obeys

(210) X(Sz —) =0= X(—, Sz) Viel

where S; = 2_1(Ti+ + TZ_) for all 4 € I. In particular, this implies (for
i€, Ten)that x(+7T;7,T) = x(—-1T;7,7), x(T.+T;") = x(T,-T;),
hence

(2.11) +x(-T") = —x(-1T7) Viel
For later use, we introduce also the notation

(2.12) Altﬂfﬂhﬂ(h) = {X € Altyy (f) X f),]k[[h]]) ‘ x obeys (2.10)}

and to each x € Altufﬂh]](b) we associate X = (XU = X(T;F,T;r)) K
ije

which is a matrix in so,, (k[R]).
Basing on the above, we define

Py =P+X = (Pz(';'() = pij + Xu)
o = fol® — (7))

We are now ready for our key result on 2-cocycle deformations.

i,5€1

’LGI'

PROPOSITION 2.17. — Keep notation as above. Then:

(a) Py =P+ X obeys (P(X))s = P,; in particular, if P is of Cartan
type, then so is P(y), and they are associated with the same Cartan
matrix.

(b) the triple R(y) = (f),H(X),HV) is a realization of the matrix P
which is minimal, resp. split, if so is R.

X)’

Proof.
(a). — This is obvious, as X is antisymmetric.
(b). — Since the set IIV does not change, condition (a.2) is trivially

satisfied. In particular, Ry is minimal, resp. split, if so is R. The conditions
on (a.1) follows easily by definition and (2.11): namely,

o (T) = oy () + (T T ) = pig + 1y = p)
UT7) = 0y (T7) + (T, 1) = pys = X (T} 1)
=pji + X(Tj'"7 T;‘) =Dpji + Xji = pg»’f)

for all 4, j € I. This shows that R, is a realization of P(,,. O
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DEFINITION 2.18. — The realization R,y = (b, 1I,),11") of Py, =
(p(x)), ,
ij Jijel
(b7 11, HV) of P. Similarly, the matrix Py is called a 2-cocycle deformation
of the matrix P.

Remarks 2.19.
(a) The very definitions give
s
(P(x))(x)f = Pty (R(X))(X') =Rix) X X' € Altgry (h)-

Thus, the additive group Altﬂfﬂh]] (h) acts on the set of (multiparam-
eter) matrices of size n = |I| with fixed symmetric part, as well

is called a 2-cocycle deformation of the (initial) realization R =

as on the set of their realizations of (any) fixed rank. When two
matrices P and P’ in M, (k[h]) belong to the same orbit of this
Altﬂfﬂhﬂ(b)—action, we say that P and P’ are 2-cocycle equivalent.

(b) It follows from Proposition 2.17(a) that if two multiparameter ma-
trices P and P’ are 2-cocycle equivalent, then their symmetric part
is the same, i.e. P; = P.. As a consequence of the next result, the
converse holds true as well (cf. Lemma 2.21 below), under mild,
additional assumptions.

Next result concerns the aforementioned Altﬂf[[hﬂ (h)-action on realiza-
tions; indeed, up to minor details it can be seen as the “2-cocycle analogue”
of Proposition 2.15:

PROPOSITION 2.20. — Let P, P’ € M, (k[h]) be two matrices with the
same symmetric part, i.e. such that P; = P.. Moreover, let R be a split
realization of P.

(a) There exists a map x € Altf[[hﬂ(h) such that P = P(,) and the
realization R(y) = (h7 My, HV) of P! = Py is split. In a nutshell,
if P, = P; then from any split realization of P we can obtain a split
realization (of the same rank) of P’ by 2-cocycle deformation, and
viceversa.

(b) Assume in addition that R be minimal. Then R is isomorphic to a
2-cocycle deformation of the split minimal realization of P;.

Proof.

(a). — Since P and P’ share the same symmetric part, we have A :=
P' — P € so,(k[A]), so P' = P+ X with X = (Xi7);jer = A Let
h" = Spany; ({Ti+}ie 1). Then X defines a unique antisymmetric, k[a]-
bilinear map

X" € Altypap (b” x ", k[A])  with X"(T;7,T;") = xi; Vi,jel
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Imposing (2.11), this x” extends to a map, non-unique, in general, y €
Altfﬂh]] ([) X h,kﬂh]]), obeying (2.11) and such that x b = Y". Now

choosing I, == {al(X) =q; + X(,7 T-i) }iel C b*, we get, thanks to Propo-

7

sition 2.17, that R, = (h, Iy, HV) is a split realization of P’ = P(,,.

(b). — Let’s write the split minimal realization of P, as
Rt = (h7 [Ty, H;/t)

with 11, = {7}, and Iy = {a{*”}._,. Since P = P, + P, — with
p, =271 (P — PT) — applying the arguments in (a) above we fix the
matrix X = P, = (Xi3); je; € Son(k[R]) and x € Altip (b x b,Kk[A])
00 . ozESt) + X(,7 Tii). As

i

obeying (2.11); moreover, for all i € I we set «
R is split minimal and

O‘gx) (Tz’i) = O‘;St) (Tzi) +X(z}ivTJ+) = (Ps)ij +Xij = (Ps)ij + (Pa)ij =Dij

x) _ . .
jX = o for all j € I. Thus the realization (RSt)(X)

obtained from the 2-cocycle deformation of R afforded by x coincides with

for all 4,j € I, we get «

R. Finally, the assumption “split minimal” implies rk(h) = 2n, so the
uniqueness property in Proposition 2.4(b) gives R & R as desired. O

As a byproduct, we find this “2-cocycle counterpart” of Lemma 2.13:

LEMMA 2.21. — With notation as above, let P, P’ € M, (k[h]). Then
P and P’ are 2-cocycle equivalent, for the aforementioned 2-cocycle action
on M, (k[R]) of some additive group so,(k[A]), if and only if P, = P).

Proof. — The “if” part is Proposition 2.17, so we are left to prove the
“only if”. By the existence result for realizations (cf. Proposition 2.4), we
can pick a realization R of P of rank rk(R) = ¢: then Proposition 2.20(a)
applies, and we are done. O

Remark 2.22. — To sum up, we wish to stress the following, remarkable
fact. Consider two matrices P, P’ € M, (k[h]) with the same symmetric
part P = P!, and a realization R = (b,H,HV) of P that is split and
straight. Then, by Proposition 2.15 and Proposition 2.20, one can construct
two realizations Re and R(y) of P’ by a twist deformation, respectively
a 2-cocycle deformation, of R that affects only the coroot set IIV or the
root set II, respectively; in particular, Re is still straight (yet possibly not
split) and Ry is still split (yet possibly not straight), while both have the

same rank as R.
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3. Multiparameter Lie bialgebras and their deformations

In this section we introduce multiparameter Lie bialgebras, i.e. Lie bial-
gebra structures on a given vector space that depend on a multiparameter,
and their deformations. Indeed, these will be the semiclassical objects cor-
responding to the specialization of our formal multiparameter quantum
enveloping algebras at A = 0.

3.1. Lie bialgebras and their deformations

We recall hereafter a few notions concerning Lie bialgebras and their
deformations; all this is classic, so we rely on references for more details.

3.1.1. Generalities on Lie bialgebras

A Lie bialgebra is any triple (g; [, ], 5) such that g is a k-module — for
some ground field k — [, ] is a Lie bracket on g (making the latter into
a Lie algebra), the map § : g — g A g is a Lie cobracket on g (making it
into a Lie coalgebra, i.e. 6* : g* A g* — g* is a Lie algebra bracket on g*),
and the two structures are linked by the constraint that ¢ is a 1-cocycle —
for the Chevalley—Eilenberg cohomology of the Lie algebra (g;[ , ]) with
coefficients in g/Ag. As a matter of notation, we set zAy =27 (z®@y—yRx)
and thus we identify g A g with the subspace of antisymmetric tensors in
g ® g. Moreover, we use a Sweedler’s-like notation 6(z) = x1] ® 2[g) for any
r€g.

For example, the compatibility condition between both structures reads

(3.1) §([z,y]) =ad, (6(y)) —ad, ((5(36))
= [z ] @y Ty @ [z, yp] - [y 2p] @2 — 2 @ [y, 2]

When (g; [, ],0) is a Lie bialgebra, the same holds for (g*;6*,[, |*), up
to topological technicalities, if g is infinite-dimensional, which is called the
dual Lie bialgebra to (g; [, ],5). We shall usually denote a Lie bialgebra
simply by g, hence its dual by g*.

We need some more notation. Given r =r; ®ro and s = 51 ® so in g® g
(and similarly in g A g) we write ro1 =19 ® r1 and

[r, s] = [7"1781] Qr2® sz +11 & [7"2781] Qs2+11 Q051 Q [7"2782]
which in compact form reads
[r, s] = [r1.2,51,3] + [r1,2, 52,3] + [r1,3, 52,3]-

Further details can be found in [11, 41], and references therein.
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3.1.2. Deformations of Lie bialgebras

A general theory of deformations for Lie bialgebras exists, which clearly
springs up as a sub-theory of that of Lie algebras: see, for instance, [13, 43],
and references therein. In the present work, we are mainly interested in two
special kinds of deformations, where either the Lie cobracket or the Lie
bracket alone is deformed, leaving the “other side” of the overall structure
untouched. We begin by deforming the Lie cobracket. Let (g; [, ], 6) be a
Lie bialgebra. Let then ¢ € g ® g, identified with a 0-cochain, be such that

(3.2)  ad, ((id®d)(c) +c.p. + [c,c]) =0,ad, (c+¢,,) =0 Vazeg

where ad, denotes the standard adjoint action of x and “c.p.” means “cyclic
permutations (on the tensor factors of the previous summand)”.
Then the map 6¢ : g — g A g defined by

(3.3) §¢ =46 — 0(c), ie. §%(z) = d(x) —ads(c) Vz € g

is a new Lie cobracket on the Lie algebra (g;[ , |) making (g; [, ],6¢) into
a new Lie bialgebra (cf. [41, Theorem 8.1.7]).

DEFINITION 3.1. — Every ¢ € g® g that obeys (3.2) is called a twist of
the Lie bialgebra g, and the associated Lie bialgebra g¢ = (g;[ , },56) is
called a deformation by twist (or “twist deformation”) of the original Lie
bialgebra g.

Now we go and deform the Lie bracket. Let again (g;[, ],0) be a Lie
bialgebra. Let now y € Homy (g ® g,]k) and identify Homy (g ® g,]k) =
(g ®g)" = g*®g* — up to technicalities in the infinite-dimensional case (yet
the outcome is always the same). Then condition (3.2) with g* replacing g
and x in the role of ¢ reads

(3.4) ady (0.(x) + [, x],) =0,ady (x + x,,) =0 Vi eg*

where x,, = xT, O, is the coboundary map for the Lie algebra g* and
similarly the symbol [ , ], has the same meaning as above but with respect
to g*.

For example, the condition ady (X + X2,1) =0 for all ¥ € g* reads

(@) (x(ze, y) + X zp2) + 0 ypy) (X (@, 1) + x (Y, @) =0

for all z,y € g. This is clearly satisfied, for instance, whenever x is anti-
symmetric, i.e. it is a 2-cochain for the usual Lie algebra cohomology.
Then the map [, |, : g A g — g defined by

(3.5) [z,9],, = [z, 9] + x(zp), v) 22 — x(yp), 2)yy Yo,y e
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is a new Lie bracket on the Lie coalgebra (g; 5) making (g; [,] 5) into a

new Lie bialgebra (cf. [41, Exercise 8.1.8]).

X?

DEFINITION 3.2. — Every x € Homy (g Ag, k) obeying (3.4) is called a
2-cocycle of the Lie bialgebra g, and the Lie bialgebra g, = (g; [, ]x’ 5) is
called a deformation by 2-cocycle (or “2-cocycle deformation”) of the Lie
bialgebra g.

At last, we point out that the two notions of “twist” and of “2-cocycle”
for Lie bialgebras, as well as the associated deformations, are so devised as
to be dual to each other. The following result then holds, whose proof is
left to the reader:

PropPOSITION 3.3. — Let g be a Lie bialgebra, and g* the dual Lie
bialgebra.
(a) Let ¢ be a twist for g, and x. the image of ¢ in (g* ® g*)* for the
natural composed embedding gRg — g** ®g** — (g* ® g*)*. Then
Xe Is a 2-cocycle for g*, and there exists a canonical isomorphism
of Lie bialgebras (g*)xc =~ (gc)*.
(b) Let x be a 2-cocycle for g; assume that g is finite-dimensional, and
let ¢, be the image of x in the natural identification (g ® g)* =
9" ® g*. Then c, is a twist for g*, and there exists a canonical
isomorphism of Lie bialgebras (g*)c" = (gx)*.

3.2. Multiparameter Lie bialgebras (=MpLbA’s)
Let A = (ai’j)i,jel

matrix, and let P := (pm»)ijel € M, (k) be a matrix of Cartan type with
associated Cartan matrix A: about the latter, hereafter we refer to the

be some fixed generalized symmetrizable Cartan

notions in Definition 2.1 and all what follows in Section 2, but working
now with k as ground ring instead of k[i]. Thus P + PT = 2DA, i..
Dij+Dpji = 2d;a;5 for all ¢, 7 € I, which implies p;; = 2d; # 0 foralli € I. Let
R = (h, 11, HV) be a split minimal realization of P, as in Definition 2.1(b.4)
—so b is free over k with {7}", T[}iel as k-basis.

Out of these data, we introduce the “multiparameter Borel Lie bialge-
bras” bi and a suitable Lie bialgebra pairing among them; then out of
this pairing we construct the associated Manin double, that is a suitable,
canonical structure of Lie bialgebra onto bf @ b depending on that of
bL and on the pairing itself. Our recipe follows in the footsteps of Hal-
bout’s construction in [30], that we are just slightly generalizing: indeed,
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all proofs in [30] easily adapt to the present situation, the only assumptions
which are relevant in the calculations being that (o, ;) = 2d; = p;; and
(Oli,()éj) + (Cvj, Cli) = diaij + djaji = pij +pﬂ fOI‘ all Z,j S I

N.B. — As a matter of notation, as we are dealing with k rather than
k[7], comparing with Section 2.1 we identify the space b with b, the roots
Q; with a;, etc.

3.2.1. Pre-Borel multiparameter Lie bialgebras

We define the positive, resp. negative, pre-Borel multiparameter Lie bial-
gebra with multiparameter P as being the free Lie algebra over k, denoted
by bf, resp. by b”, with generators Ti+, E;, resp. T; , F; (i € I). More-

—
over, we give bf , resp. bY, the unique structure of Lie bialgebra over k
whose Lie cobracket is uniquely defined — still using shorthand notation
rAy =2 r®y—y®z)—forallicl, by

§(T)=0,6(E;) =—-2T" NE;=—(T;' ® B, — E; @ T}")
resp. by 0(T) =0,6(F;) =+2T; ANFi=+(T; @ F, - F;®T;).
One can prove — like in [30] — that there exists a Lie bialgebra pairing
(,): 07 xo? — K
uniquely given — for all and 4,j € I — by
(T, 1) = pij = eu(T; ) = oy (T}),
(", Fy) = 0= (B, T} )
<Ei7Fj> = 5”]7;21 = 5ij2di_1'

3.2.2. Borel multiparameter Lie bialgebras

We introduce a Lie ideal [4 of Ei as follows. On the one hand, [ is the
Lie ideal generated by the elements

T = (08T, B = [0 By - ay(TH)E Vi,jel
By = (ad(E:) " (B)) Vi ]
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on the other hand, [_ is the Lie ideal generated by the elements
- — e T - - .
T, ;= T; aTjL Fi(,j):: [T, Fj] + oy (T F; Vi, jel
17(11'3' . .
F, ;= (ad(Fi)) (F}) Vi # j.
Now, acting once again like in [30], one sees that [, is contained in the

left radical and [_ is contained in the right radical of the pairing ( , ) :
bﬁ x bY — k introduced above. This has two consequences:

(a) first, [y is in fact a Lie bi-ideal in the Lie bialgebra b , hence either
quotient bf = bf / [+ is a quotient Lie bialgebra indeed: we call
bi , resp. bY the positive, resp. the negative, Borel multiparameter
Lie bialgebra with multiparameter P;

(b) second, the (non-degenerate) Lie bialgebra pairing (, ) : b2 x b2 —
k boils down to a (possibly degenerate) Lie bialgebra pairing ( , ) :
b¥ x b2 — k of (multiparameter) Borel Lie bialgebras.

3.2.3. Multiparameter Lie bialgebras as doubles

Still following [30], we proceed now to introduce our multiparameter Lie
bialgebras, in two consecutive steps.

The split minimal case. — By general theory we can use the two Lie bial-
gebras b_‘i and b” and the pairing among them to define their generalized
double (as in [41, Section 8.3]). Namely, we endow gB := b¥ @b’ with a Lie
algebra structure described in the same way as in [30, Théoréme 1.5], and
the unique Lie coalgebra structure such that (bf)cop — gB <> bf are Lie
coalgebra embeddings, where a superscript “cop” means that we are taking
the opposite Lie coalgebra structure — cf. [11, Chapter 1, Section 1.4}, for
further details, or even [5, Section 2.3] (and references therein), for a quick
recap of this topic and its generalizations. This makes g& into a Lie bial-
gebra; in addition, when the pairing (, ) : by x b_ — k is non-degenerate,
the Lie bialgebra gZ is even quasitriangular.

Finally, from the previous description of bi and b” one also deduces an
explicit presentation for g?. Namely, gg is the Lie bialgebra generated (as
Lie algebra) by the k-subspace h together with elements E; and F; (i € I),
with relations

[T/, T”} = 0, [T, EJ} — Oéj (T)EJ = 0, [T, F]] + O(j (T)F] = 0
(ad(E:)' " (E;) =0,  (ad(Fy)) " (F;) =0
T +T7
[E:, Fj] = 035 5d,

ANNALES DE L’INSTITUT FOURIER



FORMAL MULTIPARAMETER QUANTUM GROUPS 29

for all T/, 7", T € b, 4,7 € I, i # j, with Lie bialgebra structure given on
generators — for all 7' € h and all « € I — by

§(T) =0, &(E)=2T}AE;, §(F)=2T AF,

As a last remark, we stress that in g& the Lie algebra structure does de-
pend on the multiparameter P, while the Lie coalgebra structure is actually
independent of it.

The general case. — Let now P be again a multiparameter (of Cartan
type) and R := (h, H,HV) be any realization of it — not necessarily split
nor minimal. Then we define a Lie bialgebra g% generalizing the notion of
gB introduced above.

Namely, as a Lie algebra we define g% by generators and relations with
(formally) the very same presentation as for gg right above. The Lie coal-
gebra also has the same form, but we introduce it indirectly.

First of all, using Lemma 2.7 we fix a realization R = (f),f[,HV) of
P that is split, and we also fix h7 = Span ({Tf}iel) inside . Then we
consider also R = (f.)T,lgI HV) — where 1T := {&i = ai‘h }ZGI — that is
agaln a realization of P, which is now spht and minimal. Out of R and
R we define two Lie algebras — denoted g%, resp. gf — via an exphc1t
presentation, which is again (formally) like the one given above for gB, up
to the obvious changes. Clearly, the inclusion h7 C § induces an embedding
of Lie algebras g§ — g?.

Now, as R is split minimal, the Lie algebra g? actually is one of the
form gg, and as such it bears a structure of Lie bialgebra as given above.
But then, it follows by constructlon that there is a unique way to extend
the Lie cobracket of g% to g% in such a way that the embeddmg gx < gk
mentioned above is actually one of Lie bialgebras. In short, g% bears a Lie
bialgebra structure that is again described by the very same formulas as
for gB, up to replacing everywhere b with .

Finally, again by Lemma 2.7 there exists also an epimorphism of realiza-
tions 7 : R — R. Then, from the presentation of both g% and gR, this =
induces an epimorphism of Lie algebras L : g? — gx, such that Ker (LE)
is generated by Ker (7T :h - f)), and the latter lies in the center of g}g,
by definitions and by Lemma 2.8; moreover, the Lie cobracket of g? kills
Ker(m), so the latter is a Lie bi-ideal in the Lie bialgebra gg. Thus gF
inherits via L, a quotient Lie bialgebra structure from g}g, again described
by the same formulas given above for g&.

Every such Lie bialgebra g% will be called multiparameter Lie bialgebra,
in short MpLbA. In addition, we say that the MpLbA g¢R is straight, or
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small, or minimal, or split, if such is R, and we define rank of g% as
rk (gF) = rk(R) = rku(h).

For later use, we remark that every g% has two obvious triangular de-
compositions

(3.6) gp =ny Ghdn, gy =n_@®hen,

as a direct sum of Lie algebras, where ny, resp. n_, is the Lie subalgebra
of g% generated by all the E;’s, resp. all the F}’s.

The following result points out the fact that the dependence of MpLbA’s
on realizations (for a common, fixed multiparameter matrix) is functorial:

PROPOSITION 3.4. — Let P € M, (k). If both R" and R" are realizations
of P and ¢ : R' — R" is a morphism between them, then there exists
a unique morphism of Lie bialgebras Ly : g71§/ — gg” that extends the
morphism ¢ : h’ — b" given by ¢; moreover, Lia, = idg§ and Loy =
Ly oLy (whenever ¢' o ¢ is defined). Thus, the construction R + g — for
any fixed P — is functorial in R.

Moreover, if ¢ is an epimorphism, resp. a monomorphism, then L is an
epimorphism, Fesp. a monomorphism, as well. Finally, for any morphism
¢ : R — R, the kernel Ker (L) of Ly coincides with Ker(¢), and the
latter is central in g% .

In particular, when ¢, and hence also Ly, is an epimorphism, we have —
setting ¢ := Ker(¢) — a central exact sequence of Lie bialgebras

’ ‘C’ 1"
00—t —gp —%gp — 0.

Proof. — The existence of L4 is obvious, as well as all the other claims;
we only spend a moment on the centrality of Ker(¢). Lemma 2.8 imply
Ker(¢) C (;c; Ker(a)); then from the relations among the generators of
g% (cf. Section 3.2.3) we get that each element in Ker(¢) commutes with
all generators of g, thus Ker(¢) is central. O

COROLLARY 3.5. — With notation as above, if R' = R" then there
exists a Lie bialgebra isomorphim g}gl = 9713”.

In particular, all MpLbA’s built upon split realizations, respectively small
realizations, of the same matrix P and sharing the same rank of §j, are
isomorphic to each other, hence they are independent (up to isomorphisms)
of the specific realization, but only depend on P and on the rank of b.

Proof. — This follows at once from Proposition 3.4 together with the
uniqueness result in Proposition 2.4 and Proposition 2.6. O
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Remark 3.6. — We expect that our definition (and construction) of
MpLbA’s, as well as the related results presented below, can be extended to
the case where the symmetrizable generalized Cartan matrix A is replaced
by a more general symmetrizable Borcherds—Cartan matrix, as in [10]. How-
ever, due to additional technical difficulties, we do not pursue such a goal
in the present paper.

3.2.4. Construction via double cross sums

In this subsection we give another construction of our MpLbA’s, as suit-
able double cross sums; the latter can be seen as a semiclassical version
of the double cross products of FoMpQUEAs given in Section 4.5.4. We
follow [41, Section 8.3] for the exposition.

DEFINITION 3.7 ([41, Definition 8.3.1]). — Two Lie algebras (g, m) form
a right-left matched pair if there is a right action of g on m and a left action
of m on g, denoted

4mg-—m and D:mRg—g
obeying the following conditions (for all m,n € m and z,y € g):
[m,n]<z=[m<z,n]+[mn<dz]+na(mez)—m<(n>a)
m>[z,y] = [m>z,yl + [z,m>yl+ (may)pz— (maz)>y.
After the previous definition, the key fact is the following result:
PROPOSITION 3.8 ([41, Proposition 8.3.2]).

(a) Given a matched pair of Lie algebras (g, m), there exists a Lie al-
gebra, called double cross sum Lie algebra and denoted by g <t m,
whose socle is the vector space g @ m and whose Lie bracket is (for
allx,y € g and m,n € m)

[xem,ydn] = (z,y] + mpy—nvz)® ([m,n]+m<y —naz).

(b) Conversely, if the direct sum space ) = g @ m bears a structure
of Lie bialgebra such that the copies of g and m inside it are Lie
subalgebras, then (g, m) is a matched pair of Lie algebras whose
associated double cross sum obeys g <1 m = I, i.e. it is isomorphic
to h. The required actions are recovered from the identities

[i(m),i(z)] =i(m>z)+j(m<z) Voegmem

where i : g = g@®m = bh(y — i(y) = (y,0m)) and likewise j :
m—g@®m=h (n— j(n):=(04,n)) are the natural Lie algebra
monomorphisms.
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In order to extend the notion of matched pair to Lie bialgebras, it is
necessary to have a compatibility of the left-right actions with the Lie
coalgebra structures. Thus assume now that g and m are Lie bialgebras: we
say that m is a right g-module Lie coalgebra if it is a right g-module and
in addition (for m € m and « € g) one has

Sm(m<az) = (mp<4x) @ mp + mp ® (Mg <4z) = dm(m) <z

the notion of left m-module Lie coalgebra is defined analogously.

PROPOSITION 3.9 ([41, Proposition 8.3.4]). — Let (g,m) be a matched
pair of Lie algebras, with both g and m being Lie bialgebras and with <,
resp. >, making g into a left m-module Lie coalgebra, resp. m into a right
g-module Lie coalgebra, such that, for all m € m and x € g, we have
0=m<dy(x) + dm(m) > x

= (mazp) @p)+ap @ (m awp)) + (mpy > 2) @mp)+mp @ (mpy) > ).
Then the direct sum Lie coalgebra structure makes g > m into a Lie bial-
gebra, which is called the double cross sum Lie bialgebra. O

3.2.5. Multiparameter Lie bialgebras as double cross sums

Let A = (a’i’j)ij ¢; be some fixed generalized symmetrizable Cartan
matrix, and let P = (pm»)ijel € M, (k) be a matrix of Cartan type with
associated Cartan matrix A. Then one defines, as in Subsection 3.2.2, the
Borel multiparameter Lie bialgebras bi and b”, dually paired by a Lie
bialgebra pairing, that we denote hereafter by (, ) : bY x b¥ — k. Using
this pairing one may define left-right actions

a: 67 ® (7)™ — bf >: b @ (b2) — (60)™
mdx = m[1]<m[2],x> mbxi= $[1]<m,$[2]>
for all m € bﬁ and z € (bI_D)Op, cf. [41, Example 8.3.7]. Then these Borel
multiparameter Lie bialgebras form a matched pair ((bf )Op, bi), whence

the double cross sum Lie bialgebra (67)” ta b is defined. By the very
construction, there exist also Lie bialgebra monomorphisms

(62)° — (67)" > bF «— b
An entirely similar construction can be made transposing the opposite
Lie algebra structure on b to the co-opposite Lie coalgebra structure on
b%: in other words, the pairing ( , ) induces skew-parings both on (b7)*" ®
bi and on bY ® (bf)COp. In this case, we get the matched pair of Lie
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cop cop

bialgebras (bl_g , (%) and the double cross sum bF > (b2)™"; the

latter also admits the Lie bialgebra monomorphisms

cop

67— b7 b (b7)*F +— (b7)*".
Morevoer, by the very definition, this double cross sum is isomorphic to the
Drinfeld double gB as defined in Section 3.2.3, that is b% >q (bi)wp =~ gb.

3.3. Deformations of MpLbA’s by toral twists

Let g% be a MpLbA as in Section 3.2.3 above; then b is a free k-module
of finite rank ¢ := rk(h): we fix in it a k-basis { H, } where G is an index
set with |G| = rk(h) =: ¢t.

We begin introducing the so-called “toral” twists for g71§.

geg’

DEFINITION 3.10. — For any antisymmetric matrix © = (egk)g,keg €
so;(k), we set
t
(3.7) jo =) O, @ H eh@hCgog.
g,k=1

We call jo the toral twist (or “twist of toral type”) associated with ©.

N.B. — When g is a simple Lie algebra, in the classification of [20] via
Belavin—Drinfeld triples the above twist is associated with the empty da-
tum; moreover, it turns out to be a semiclassical limit of a twist for Ux(g),
see Section 6.

Next result — which explains our use of terminology — follows by con-
struction; in particular, it makes use of the antisymmetry condition on ©.

LEMMA 3.11. — For any matrix © = (ng)g weg € 90¢(k), the element

jo given in Definition 3.10 is a twist element for the Lie bialgebra g, in
the sense of (3.2).

Concerning deformations of MpLbA’s by toral twists, our main result
is the next one. To settle its content, let P € M,(k) be a multiparameter
matrix of Cartan type with associated Cartan matrix A, let R be a realiza-
tion of it, and let g% be the associated multiparameter Lie bialgebra; then,

for any given antisymmetric matrix © = (Hgk)g weg € s0.(k), let jo =

Z;,k:1 04 Hy ® Hy, be the associated twist as in (3.7). Moreover, we con-
sider the “deformed” multiparameter matrix Pg = (1)1-91].)Z_J_E ;= P—Aeu”
as in (2.4) — again of Cartan type, the same as P — and its corresponding
“deformed” realization Re = (b, I, 11 = {Tgyi’T&i}ieI)'
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THEOREM 3.12. — There exists a Lie bialgebra isomorphism

fg : gﬁj’ S (gg)je (notation as above, with in right-hand side the twist
deformation (gg)je of g% by je occurs) given by E; — E;,T + T and

F,— F; foralliel, Teb.

In particular, the class of all MpLbA’s of any fixed Cartan type and of
fixed rank is stable by toral twist deformations. Moreover, inside it the sub-
class of all such MpLbA’s associated with straight, resp. small, realizations
is stable as well.

Proof. — By Section 3.2.3, the Lie algebra structure in (g7l§)j(9 is the
same as in g%, and the latter only depends on the «;’s and the sums

S; = 2"YT;* + T;) (j € I). Now, both the a;’s and the S;’s do not

change (see above) when we pass from g& to g?(_? or viceversa; therefore,

the formulas in the claim (mapping each generator of g§§ onto the same
name generator of g = (975)39) provide an isomorphism of Lie algebras.
Now consider the toral twist jo = Z;k:l OgxHy ® Hy, given in (3.7).
By (3.3)
t
670 (z) = 6(z) — ad, (jo) = 0(z) — Z Ogi([z, Hy| ® Hy + Hy @ [z, Hy))
g,k=1

for all z € g. Now take = := E; (¢ € I): then the previous formula reads

890 (Ey) = 0(Ey) —

O ([Ee, Hy) © Hy, + Hy ® [Eg, Hy])
1

- ‘?TMW

:5(Eg) - ng(fozg(Hg)Eg(@Hk7Hg®oqg(Hk)Eg)
1

El
Il

g
:T;@Eg—Eg@TZ'_

t
+ Z Ogi (ae(Hg) By ® Hy, + o (Hy)Hy @ Ey)
g,k=1

t
= | T+ > Orgou(Hy)Hy | @ By
g,k=1

t
—E® | T, + Z Orgae(Hy) Hy
g,k=1

=T3,E —E, TS, =2T3 , NEs
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hence in short we get 67¢ (Ey) = QTge A Ey. Similar computations give
§°(E;) = 2TS ;ANE;,  879(T) =0, 6%°(F) =2Tg ,AF;, Viel,Teb.

This means that, through the Lie algebra isomorphism fl(?, the Lie coalge-
bra structure of (97;)]@ is described on generators exactly like that of g?(_?,
with the new “coroots” T@ii (iel)in (gg)je playing the role of the co-
roots Tii (iel)in g?@f’. Therefore f§ : g?@‘? — (g?)ﬂe is an isomorphism
of Lie bialgebras. O

In fact, the previous result can be reversed, somehow. Namely, our next
result shows, in particular, that every straight small MpLbA can be re-

alized as a toral twist deformation of the “standard” MpLbA g5, (as in
Section 3.2.3) (cf. claim (c) below).

THEOREM 3.13. — With assumptions as above, let P and P’ be two
matrices of Cartan type with the same associated Cartan matrix A, i.e.
such that Ps = P).

(a) Let R be a straight realization of P and let g'% be the associated
MpLbA. Then there exists a matrix © € so.(k) such that P’ = Pg,
the corresponding Re is a straight realization of P’ = Pg, and for
the twist element jo as in (3.7) we have

ap” = (7).

In a nutshell, if P, = Ps then from any straight MpLbA over P
we can obtain by toral twist deformation a straight MpLbA (of the
same rank) over P’ again.

(b) Let R and R’ be straight small realizations of P and P’ respectively,
with tk(R) = rk(R’) = t, and let gR and g%,/ be the associated
MpLbA’s. Then there exists a matrix © € so,(k) such that for the
twist element jo as in (3.7) we have

ar = (g5)’°.
In a nutshell, if P, = Ps then any straight small MpLbA over
P’ is isomorphic to a toral twist deformation of any straight small
MpLbA over P of the same rank.
(¢) Every straight small MpLbA is isomorphic to some toral twist de-

formation of the standard MpLbA gB , (over DA = Ps, cf. Sec-
tion 3.2.3) of the same rank.
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Proof.

(a). — By Theorem 3.12 it is enough to find © € so.(k) such that
P’ = Pe, that is P’ = P — 4027 but this is guaranteed by Lemma 2.13,
so we are done.

(b). — This follows from claim (a), along with the uniqueness of straight
small realizations — cf. Proposition 2.4(b) — and Proposition 3.4.

(c). — This follows from (b), taking as g% the given straight small
MpLbA and as g% the “standard” MpLbA gB over P := DA = P.. g

Remarks 3.14.

(a)

Theorems 3.12 and 3.13 have the following interpretation. Our
MpLbA’s 9713 depend on the multiparameter P; at a further level,
once we perform onto g® a deformation by toral twist the out-
come g?,@ = (g?)m depends on two multiparameters, namely
P and ©. Thus all these g?c_)’s form a seemingly richer family
of “twice-multiparametric” MpLbA’s. Nonetheless, Theorem 3.12
above proves that this coincides with the family of all MpLbA’s,
though the latter seems smaller.

In short, Theorems 3.12 and 3.13 show the following. The de-

pendence of the Lie bialgebra structure of g}%@ on the “double pa-
rameter” (P, 0) is “split” in the algebraic structure — ruled by P —
and in the coalgebraic structure — ruled by ©. Now, Theorems 3.12
and 3.13 enable us to “polarize” this dependence so to codify it
either entirely within the algebraic structure (while the coalgebraic
one is reduced to a “canonical form”) — so the single multiparame-
ter Pg is enough to describe it — or entirely within the coalgebraic
structure (with the algebraic one being reduced to the “standard”
one) — so the one multiparameter O p is enough indeed.
As we saw at the end of Section 2.2.2, the (sub)class of split realiza-
tions is not closed under twist deformation; as a consequence, the
subclass of all MpLbA’s that are “split” is not closed either under
twist deformation.

3.4. Deformations of MpLbA’s by toral 2-cocycles

Let g?, be a MpLbA as in Section 3.2.3, and keep notation as above. Du-
ally to what we did before, we consider now the so-called “toral” 2-cocycles

for g%.
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DEFINITION 3.15. — Fix an antisymmetric k-linear map xy : h @ h — k
such that
(3.8) Xx(Si,—) =0=x(—,S;) Viel

where S; := 271 (T;* + T;") for all i € I (cf. Definition 2.1); in other words,

R
we have x € Altﬂfﬂhﬂ(h), cf. (2.12). Moreover, let 773" : gR& — b be the
canonical projection induced by any one of the triangular decompositions
in (3.6). We define

R R
xo=xo (miF @nl’) igf @af —hoh—k

and we call it the toral 2-cocycle (or “the 2-cocycle of toral type”) associ-
ated with x.

Next result follows at once by construction, and explains our use of ter-
minology:

LEMMA 3.16. — For any antisymmetric k-linear map x : h ® h — k
obeying (3.8), the map

R R
Xg = X © (WﬁP ®7r§”) gp®gy —hoh—k
is a 2-cocycle for the Lie bialgebra g%, in the sense of (3.4).

Proof. — We have to check that yy € Homy (g% ® g, k) satisfies (3.4),
that is

ady (0:(xg) — [xg> Xal,) =0, ady (xg+ (xg), ) =0 V€ (gF)"

Since x is antisymmetric, we have that x4 + (Xg)2 , =0, hence the second

condition is trivially satisfied. On the other hand, the first equality follows

2,1

from the fact that actually one has 0,(xg) = 0 and [xg,xg], = 0. To
see it, let us describe 9. (xgq), [xg: Xol, € (97 ®@ g% @ aR)" explicitly. For
T,y,2 € gy we have

Bx(Xa) (@9, 2) = ((i[d®3.)(xg) + D) (2,9, 2)
=xa(z® [y, 2]) + c.p.
=X (. [y, 2]) + X (% [2,9]) + x5 (v, 2, 2])
[xo: Xal. (2,9, 2) = Xg (21}, )Xo (%12), 2) + Xo (Y11]> 2) X (Y1215 2)
+ Xa (211, ) x5 (212), Y)-
Using (3.6), for g € gf write g = g+ + go + g— with g3 € ny and
go € . As x4 is defined through the map 7r§7’§, the map 0.(xg4) vanishes
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when evaluated at elements in ny or n_. Moreover, since the bracket on b
is trivial and [h,ny] C ny, we get

9« (xg)(@,y, 2) = X(l"o, [Yt,2-] + [y—, Z+D + c.p.

But [ny,n_] is contained in the Lie subalgebra spanned by the S;’s (i € T),
so we eventually get 0. (xq)(2,y,2) = 0 — for all z,y,z € g% — by condi-
tion (3.8).

To prove that [xg, xgl, (%, 9, 2) = 0, we use the Lie coalgebra structure.
From (3.1) it follows that d(ny) C b ® ny. Since 6(h) = 0 by definition
and 0 (xg) vanishes on ny, we get that each summand of [xg, X4, (2, ¥y, 2)
is zero. O

The second result is the dual analog of Theorem 3.12 and of Theo-
rem 3.13.

We start with some preliminaries. Let P € M;(k) be a multiparameter
matrix of Cartan type with associated Cartan matrix A, let R be a real-
ization of it, and let g% be the associated multiparameter Lie bialgebra;
then, given any x € Altﬂf[[hﬂ(b) as in (2.12), let x4 : gF @ g — k be the
2-cocycle map for g& as in Lemma 3.16.

Consider the antisymmetric matrix X = (Y;; = x (T}, T;‘))z,’jel €50, (k).
By Proposition 2.17 we have a matrix F(,) and a realization R, of it,
given by
and

= ol (7))

'LGI.

In particular, if P is of Cartan type, then so is P(,) as well, and they are
associated with the same Cartan matrix.

THEOREM 3.17. — Keep notation as above.

(a) There exists a Lie bialgebra isomorphism fI(DX) : g?(;"))f»(gg)xg,
where (g}%)xg = (a5, }Xg,(;) is the 2-cocycle deformation of g%

as in Definition 3.2.
In particular, the class of all MpLbA’s of any fixed Cartan type
and of fixed rank is stable by toral 2-cocycle deformations. More-
over, inside it the subclass of all such MpLbA’s associated with

split, resp. minimal, realizations is stable as well.
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(b) Let P and P’ be two matrices of Cartan type with the same asso-
ciated Cartan matrix A, i.e. such that P; = P.. Then the following

holds:

(b.1)

Proof.

Let R be a split realization of P and let g% be the associated
MpLbA. Then there is x € Altﬂf(b) such that P’ = P, the
corresponding Ry is a split realization of P’ = Py, and for
the 2-cocycle x4 as in Definition 3.15 we have

97;/00 ~ (gzg)xg
In a nutshell, if P, = P, then from any split MpLbA over P
we can obtain by toral 2-cocycle deformation a split MpLbA
(of the same rank) over P’.

Let R and R’ be split minimal realizations of P and P’ re-
spectively, and let gx and gg be the associated MpLbA'’s.
Then there exists x € Altuf (h) such that for the 2-cocycle x4
as in Definition 3.15 we have

ap = (a7),,

In a nutshell, if P, = P, then any split minimal MpLbA over
P’ is isomorphic to a toral 2-cocycle deformation of any split
minimal MpLbA over P.

Every split minimal MpLbA is isomorphic to some toral 2-
cocycle deformation of the Manin double g8, = by & b_
associated with D A endowed with the canonical Lie bialgebra
structure given in Section 3.2.3.

(a). — By Section 3.1.2, the Lie coalgebra structure in (g?)x is the
g

. o . . R .
same as in g%, and the latter coincides with the one in g P(;X)). In particular,

we have a Lie coalgebra isomorphism among them. With respect to the Lie

algebra structure, we know that the Lie bracket in (gg)x is a deformation
g
of that of g according to (3.5). Let us see that the modified defining

relations in (gp) coincide with the ones in gP ', cf. Section 3.2.3; this

will imply that both objects are isomorphic as LIC bialgebras.

As the Lie cobracket on the subalgebra h of g P

[T/, T/l] N

g

<X) is trivial, we get

=[T",T"] = T}yyxs (T[’2] 1) + T Xg (Tm, ) =[T'.T"=0
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for all T/, 7" € h. Take now i € I: since §(T) = 0, 6(E;) = 2T;" A E; and
0(F;) =21, A Fj, we get that

T.El,, = [T,E] - Bixo(T7,T)
= ai(T)E; + X(T.1;") By = o (),
[T, Fi]xg =[T,F] = Fixg(T; ,T) = —i(T)F; + xo (T, T; ) F;
= — (i) = x(T.T,) ) Fi = —a{V (D) F;
[Ei, Fy], = [Bi, Fj] + Eixg (T Fy) — Fixg(T; , Ex)
I+ 1

Note that only the relations involving the roots are changed by the cocycle.
Now, with respect to the Serre relations, as the Lie subalgebras ny are
contained in the right and left radical of x4, analogous calculations as
above yield that

(ady, (B)) " (E;) = (ad(Ey)) " (E;) =0
(ady, (F)' ™ (F}) = (ad(F))' " (F;) = 0

where hereafter the symbol ad,, denotes the adjoint action with respect

to the deformed bracket [—, -], .

(b.1). — By claim (a), it is enough to find an antisymmetric k-linear
X : b ®b — k obeying (3.8) such that P’ = P(,y; this is guaranteed by
Proposition 2.20.

(b.2). — This follows from claim (b.1), along with the uniqueness of
split realizations — cf. Proposition 2.4(b).

(b.3). — This follows as an application of claim (b.2), taking as g%, the
given split minimal MpLbA and for g% the “standard” MpLbA g& over
P := DA = P, (cf. Section 3.2.3), which by definition is straight and split
minimal. 0

4. Formal multiparameter QUEAs (=FoMpQUEAs)

This section is devoted to introduce formal multiparameter quantized
universal enveloping algebras (in short, FOMpQUEAs) and to study their
deformations.
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4.1. The Hopf algebra setup

Our main references for the theory of Hopf algebras are [44] and [48]. Con-
cerning topological Hopf algebras, in particular fi-adically complete ones,
see for instance [11, 36, 39].

4.1.1. Hopf notation

Let us fix our notation for Hopf algebra theory (mainly standard, indeed).
The comultiplication is denoted A, the counit € and the antipode S; for the
first, we use the Heyneman-Sweedler notation, namely A(z) = x(1) ® z(g).

Hereafter by k we denote the ground ring of our algebras, coalgebras,
etc. In any coalgebra C, the set of group-like elements is denoted by G(C);
also, we denote by Ct := Ker(¢) the augmentation ideal. If g,h € G(C),
the set of (g, h)-primitive elements is defined to be P, ;(C) = {z € C |
A(z) = 2®g+h®az}. In case C is a bialgebra, we write Prim(C) = P1 1(C)
for the space of primitive elements.

For a Hopf algebra H (or just bialgebra), we write H°P, resp. H°P, for
the Hopf algebra (or bialgebra) given by taking in H the opposite product,
resp. coproduct.

Given a Hopf algebra map m : H — K, then H is a left and right
K-comodule, with structure maps A = (r @ id)A : H - K ® H, p =
(idem)A : H — H ® K. The space of left and right coinvariants then is
defined, respectively, by

©OFH:="H={heH|(r®id)(A(h)) =1®h}
HK = g7 = [he H|(don)(AR) =he1).
We recall the (essentially standard) notion of skew-Hopf pairing between

two Hopf algebras and the construction of the Drinfeld’s double.

DEFINITION 4.1 ([4, Section 2.1]). — Given two Hopf algebras H and
K with bijective antipode over the ring k, a k-linear map n: H @ K — k
is called a skew-Hopf pairing (between H and K) if, for allh € H, k € K,
one has

(4.1) n(h, k:'k:/') n(h(l), K )n(h(2), k”)
(4.2) (h’h” k) n(h k(g))n(h”,k(l))
(4.3) n(h1) =), (k) = (k)
(4.4) n(S+1(h), k) = n(h, ST(K),
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Note that the map n turns out to be convolution invertible: its inverse is
given by n=t(h, k) = n(h,S(k)) = n(S~Y(h),k) forallh € H and k € K.

In this setup, the Drinfeld double, or “quantum double”, D(H, K,n) is
the quotient algebra T(H® K )/Z, where T is the (two-sided) ideal generated
by the relations

lg=1=1k, a®b=ab
(1) @ ya) 1Y), 2@) = 1), 2) Ye) @ @)

for all a,b € H or a,b € K and x € K,y € H. This is also endowed
with a standard Hopf algebra structure, for which H and K are Hopf k-
subalgebras.

4.1.2. Topological issues

We will often deal with topological Hopf algebras, namely Hopf algebras
over the ring k[[7i] of formal power series over a field k in a formal variable
h. This ring carries a natural topology, called the h-adic topology, coming
from the so-called h-adic norm with respect to which it is complete, namely

"anhn+@n+1hn+l+"'|’ =C™" (an 750)

where C' > 1 is any fixed constant in R. In this sense, we shall consider
topological k[h]-modules and the completed tensor products among them,
which we denote by ®k[[h]} or simply by ®. For any k-vector space V, set

VIR = onh™ v, € V,¥n >0

n>0

then V[A] is a complete k[Ai]-module. We call a topological k[A]-module
topologically free if it is isomorphic to V[A] for some k-vector space V.
For two topologically free modules V] and W[A] one has that

VIr] @ W[h] = (Ve W)[h]

see [36, Proposition XVI.3.2]. Then all completed tensor products between
k[A]-modules will be denoted simply by ®, unless we intend to stress the
topological aspect. In particular, we make no distinction on the notation
between Hopf algebras and topological Hopf algebras; we assume it is well-
understood from the context.
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4.1.3. Hopf algebra deformations

There exist two standard methods to deform Hopf algebras, leading to
so-called “2-cocycle deformations” and to “twist deformations”: hereafter
we recall both procedures, adapting them to the setup of topological Hopf
algebras, then later on we apply them to formal quantum groups.

Twist deformations. — Let H be a Hopf algebra (over a commutative
ring), and let 7 € H ® H be an invertible element in H®? (later called a
“twist”) such that

Fi2(A ®id)(F) = Fos (id @A) (F), (e®id)(F) =1 = (id ®e) (F).

Then H bears a second Hopf algebra structure, denoted H” and called
twist deformation of the old one, with the old product, unit and counit,
but with new “twisted” coproduct A* and antipode S given by

AT () = FA(x)F 1, ST (z) = vS(x)v! Ve e H

where v = > > S(f{)fs — with > - f{ @ f5 = F~! —is invertible in H
(see, [11, Section 4.2.E], for further details). When H is in fact a topological
Hopf algebra — meaning that, in particular, its coproduct A takes values
into H® H where now “®” stands for a suitable topological tensor product
— then the same notions still make sense, and the related results apply
again, up to properly reading them.

Cocycle deformations. — Let (H,m, 1, A, e) be a bialgebra over a ring
k. A convolution invertible linear map o in Homy(H ® H, k) is called a
(normalized) Hopf 2-cocycle (or just a “2-cocycle” if no confusion arises) if

o(bay, cy)oa, beyc)) = alag), bay)o(a)be), )

and o(a,1) = €(a) = o(1,a) for all a,b,c € H, see [44, Section 7.1].

Using a 2-cocycle o it is possible to define a new algebra structure on H
by deforming the multiplication. Indeed, define m, = cxm*o~! : HQ H —
H by

mey(a,b) =a -, b= a(a(l), b(l))a(g)b(g)oﬁl(a(g), b(g)) Va,b € H.

If in addition H is a Hopf algebra with antipode S, then define also S, :
H — H as S, : H— H where

SU((L) = a(a(l),S(a(g)))S(a(g))U_l(S(a(4)), a(5)) Va € H.
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It is known that (H s Mgy 1, A, e) is in turn a bialgebra, and similarly also
that (H, Mgy, 1, A€, S,,) is a Hopf algebra: we shall call such a new structure
on H a cocycle deformation of the old one, and we shall graphically denote
it by H,; see [18] for more details.

4.1.4. Deformations and duality

The two notions of “2-cocycle” and of “twist” are so devised as to be
dual to each other with respect to Hopf duality. The proof of the following
result (an exercise in Hopf theory) is left to the reader:

PROPOSITION 4.2. — Let H be a Hopf algebra over a field, and H* its
linear dual.

(a) Let F be a twist for H, and o, the image of F in (H @ H)" for the
natural composed embedding HQ H — H**Q H** — (H* ® H*)*.
Then o, is a 2-cocycle for H*, and there exists a canonical isomor-
phism (H*)U = (H}-)>k

(b) Leto bea 2—Cfocycle for H; assume that H is finite-dimensional, and
let F, be the image of o in the natural identification (H ® H)" =
H* ® H*. Then F, is a twist for H*, and there exists a canonical

*

isomorphism (H*) = (Hg) .

4.1.5. Some g-numbers

Let Z [q, q_l] be the ring of Laurent polynomials with integral coefficients
in the indeterminate q. For every n € N} we define

O, =1 (), =T =1aqs ot zq
. — - ny _ (n)q!
(1= 0,0, = T 0, (k) Oy

q

—q
_ — =q —(n— 1)_|_ n 1 Zq2s n+1
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where the objects in the first two lines are elements of Z[g|, and those in
the last two are elements of Z [q, q’l]. In particular, we have the identities

(M ="l () =™ ), (Z)q2=qk(""“)mq~

Moreover, for any field F we can think of Laurent polynomials as functions
on F* hence for any ¢ € F* we shall read every symbol above as a suitable
element in F.

4.2. Formal multiparameter QUEAs

We introduce now the notion of formal multiparameter quantum univer-
sal enveloping algebra, or just “FoMpQUEA”, in short.

Hereafter, k is a field of characteristic zero, k[A] the ring of formal power
series in h with coefficients in k. In any topological, k[h]-adically complete
k[#]-algebra A, if X € A we use the standard notation

+oo
"X = exp(h X) = Zh”X"/n! €A
n=0

DEFINITION 4.3. — Let A = (ai,j)ijel

metrizable Cartan matrix, and let P = (pi7j)

be some fixed generalized sym-
ijer € M, (k[[ﬁﬂ) be a matrix
of Cartan type associated with A as in the sense of Definition 2.1(d), that
is P+ PT = 2DA, ie. pij + pji = 2d;a;j for all i,j € I, which implies
pii =2d; #0 foralli € 1.

We define in k[h] the following elements: q := e" = exp(h) € k[h], ¢; =
ehdi ( = qdi), Qij = elpii ( = qpij) for all i,5 € I, and also qilj/2 = ehpii/2
for all 1,7 € I. In particular we have qili/ 2 = oM = ¢; and Q05 = q;;° for
alli,j €I

We can now define our FOMpQUEAs, using notation as in Definition 4.3
above.

DEFINITION 4.4. — Let A = (a;;)
able Cartan matrix, and P = (pi,j)

il be a generalized symmetriz-
iier € Mn (k[r]) a matrix of Cartan

type associated with A. We fix a realization R = (h,H,HV) of P as in
Definition 2.1.
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We define the formal multiparameter quantum universal enveloping
algebra — in short formal MpQUEA, or simply FoMpQUEA — with
multiparameter P and realization R as follows. It is the unital,
associative, topological, h-adically complete k[h]-algebra U;%ﬁ(g)
generated by the k[A]-submodule ¥ together with elements E;, F;
(for all i € I), with relations (for all T, T",T" € b, i,5 € I)

TEj - EJT = +Oéj(T)Ej TFJ — F]T = —Oéj(T)Fj
sl etk e-"_;:bT;r —e My
T'T" =TT, EiF;— BB, = 6,0
4 —4q;
1—aq; 1
— Q4 k/2 —k/2 l—aij—k . .
e A R e T
k=0 qi
1—aq;
1—ay k/2 —k/2 l—ai;—k L
e A e e A T !

k=0 qi

We say that the FoMpQUEA Ugh(g) is straight, or small, or
minimal, or split, if such is R; also, we define the rank of U]D%h(g)
as rk (U]%h(g)) = rk(R) = rkypp(h)-

We define the Cartan subalgebra U}:‘:h(b), or just Up(h), of a FoM-
pQUEA Ugh( g) as being the unital, h-adically complete topological
k[A]-subalgebra of UE ,(g) generated by the k[h]-submodule b.
We define the positive, resp. the negative, Borel subalgebra
U}%h([u), resp. U]%h(b,), of UF(g) to be the unital, h-adically
complete topological k[[Ai]-subalgebra of Uﬁ,h( g) generated by b and
all the E;’s, resp. by h and all the F;’s (i € I).

We define the positive, resp. negative, nilpotent subalgebra
Ugh(mr), resp. U]%h(n,), of a FoMpQUEA Ugh(g) to be the uni-
tal, hi-adically complete topological k[[hi]-subalgebra of U}%h( g) gen-
erated by the E;’s, resp. the F;’s, with i € I.

The following two results underscore that the dependence of FoMpQUE-

As on realizations (which includes that on the multiparameter matrix) is

functorial:

PROPOSITION 4.5. — Let P € M, (k[h]). If both R and R are real-
izations of P and ¢ : R' — R" is a morphism between them, then there ex-

ists a unique morphism of unital topological k[h]-algebras Uy : U];‘:;i(g) —
UE;; (g) that extends the morphism ¢ : b’ — b of k[h]-modules given by ¢;
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moreover, Uq, = idyr () andUgog = Uy oUy (whenever ¢'o¢ is defined).

Thus, the construction R — Ugh(g) — for any fixed P — is functorial in R.
Moreover, if ¢ is an epimorphism, resp. a monomorphism, then Uy is an

epimorphism, resp. a monomorphism, as well. B
Finally, for any morphism ¢ : R' — R, the kernel Ker (Uy) of Uy is the

two-sided ideal in U}}%(g) generated by Ker(¢), and the latter is central in
UEn(9)-

Proof. — Everything is obvious, we only spend some words on the cen-
trality of Ker(¢). Lemma 2.8 gives Ker(¢) C [1;c; Ker(aj); then (4.5)

implies that each element in Ker(¢) commutes with all generators of the
algebra UR, (g), so Ker(¢) is central in U, (g). O

COROLLARY 4.6. — With notation as above, if R’ = R" then there ex-
ists an isomorphism U]}}l(g) &= UZ%;; (g) of (topological) Hopf k[h]-algebras.

In particular, all FOMpQUEAs built upon split realizations, respectively
small realizations, of the same matrix P and sharing the same rank of h are
isomorphic to each other, hence they are independent (up to isomorphisms)
of the specific realization, but only depend on P and on the rank of b.

Proof. — This follows at once from Proposition 4.5 together with the
uniqueness result in Proposition 2.4 and Proposition 2.6. |

We conclude this subsection with an important structure result, namely
the “triangular decomposition” for FOMpQUEAs. We begin with some pre-
liminaries.

DEFINITION 4.7. — Let A = (aij), i,
able Cartan matrix, and P = (piﬁj)i,je ; € My, (k[R]) a matrix of Cartan
type associated with A. We fix a realization R = (b,H,HV) of P as in
Definition 2.1.

(a) We define 17+, resp. 17_, to be the unital, associative, topological,
h-adically complete k[h]-algebra with generators E;(i € I), resp.
F;(i € I), and relations

be a generalized symmetriz-

1—a;;
ujy = D (1) F _kaij] a XXX =00 (Vi)
k=0 qi
with X = FE, resp. X = F.
(b) We define U° to be the unital, associative, commutative, topologi-
cal, h-adically complete k[h]-algebra generated by h. In other words,
it is U0 = §h(h), the h-adic completion of the symmetric k[h]-
algebra over the k[h]-module b.
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(c) We define 7??(9) =U- ®x[n] Uo ®x[n] U+, and we introduce
notation f]\é = U~ @ k[h] ® k[A], ﬁ%(h) = k[n] ® U° @ k[A],
U = k[h]@k[R]@U*, as well as F® = Fo1o1, H® =19 H®1,
E® =1®1@FEforal FeU~ ,HeU% EeU*.

Similarly, we set Fg’g(g) = U+ @k[h]] Uo ®k[[h]] U-, and we
consider parallel, suitable notation for elements inside it.

The following, key technical result is also interesting in itself:

LEMMA 4.8. — There exists on ﬁg?(g) a unique structure of unital,
associative, topological, hi-adically complete k[[fi]-algebra such that U @ U %
and U}, are all k[h]-subalgebras in U§h®(9)7 and moreover

FP-T®=F,0T®1, T® EP=1QTQE;, F? EP=F,Q1QE,
T® FP=FoT®l-aF?, Ef-T®=10T@E; —o(T)E}

K3
b e
o tIT _ o=,

® ® _ . g

An parallel claim holds true for

EE?(E) =0t ®kﬂhﬂ e ®k[[h]] U-.

Proof. — It is enough to prove the statement about 37;’,? (9)-
We introduce a structure of an fi-adically complete, topological k[a]-

algebra ﬁ?’,ﬁ? (g) as required by hands, somehow. First, we assume that

in this algebra the submodules U & U 9 and U g sit as k[A]-subalgebras —
there is no obstruction to such a requirement. After this, the structure will
be uniquely determined once we fix the products among elements in any
two (different) of these subalgebras. Moreover, as the subalgebra U @ resp.
ﬁ%(f)), resp. ﬁg, is (topologically) generated by the F°’s (i € I), resp. the
T®s (T € B), resp. the E?’S (j € I), it is enough to fix the products among
any two such generators (from different sets). Eventually, recall that the
Fy’s, resp. the E;’s, are indeed generators for Tj", resp. for [7*, which are
only subject to the “quantum Serre relations” in Definition 4.7(b), while
the T’s are “commutative free” — but for the fact that they are related
by obvious, built-in relations such as T = /T" + ¢’T" inside § implies
T=T'+d"T"in ﬁ%, as b is naturally mapped (linearly) into ﬁ%. Thus,
one can define the values of the product among E®, E;&’ and T® in any
possible way as soon as all “quantum Serre relations” among the Fi® s
and among the E? ’s, as well as the “obvious relations” among the T'’s
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from b — namely the “linear relations” (such as T'= /T + ¢"T") and the
commutation relations (of the form T'T" = T"T") are respected.
By the above discussion, the following choices

FP.T® =F,0T®1, T® - EP =1Q0TQE;, F? Ef =F,01QE;
T FP =FeTel-0(l)F,elel

E‘;&'T® = 1®T®Ej—o¢j(T)1®l®Ej
e+rzT,i+ _ eI

® ® ._ 1 . _—
EP FP=F@l®E+6; 10 —m— 5 @1

for the values of the product among two generators — from different subal-
gebras [Afé, [Af% or U g — are enough to determine a unique algebra structure
as required: we only have still to check that, using these defining formu-
las for the product, the relations mentioned above among generators are
respected.

First of all, we consider all linear relations and commutation relations
among the T”s: in this case, the check is entirely trivial.

Second, we consider the case of quantum Serre relations. Concerning
them, in order to have more readable formulas, we simplify notation (with
a slight abuse) by writing, instead of “F®” (VF € ﬁ_) just “F7 again,
and similarly “H” instead of "H®” (VH € (70) and “E” instead of "E®”
(VE € UT).

Our goal now is to check that the multiplication defined by the previous
formulas “respects” the quantum Serre relations: In turn, this eventually
boils down to verify the following: all products between a factor chosen
in {Fi,T, E;li,j € I,T € h} and another (in either order) chosen in
{uf, uf;|i,j € 1,i#j} is zero.

Clearly all products of type uf; -Fyand Fgﬂfj, resp. ug -F; and Fy ug, are
zero because so they are in the subalgebra U~ resp. U". The non-trivial
cases are

T -uf

E F F E E F F
g uij'Tv T u; wi; - T, uij'Ffa Fl'uijv uij’Et» Et‘uij

(R ij

but among these, four cases are indeed almost trivial, as definitions give
T-uf=10T@u;=19T®0=0
ufy T=u;@T®1=00T®1=0
Fouf=F,eleu=F®120=0

ul Ey=u ;10 FE=001® E, =0.

]
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Eventually, the remaining, really non-trivial cases are the following four

E F E F
us T, T~uij, Uij'Fg7 FEi - u;;

that we now go and analyze in detail.
Let us consider the product 7" - uf; straightforward calculations give

1—ai;
T uf =T ( ZJ (—1)* {1 —kaij:| q;;k/Qq;k/QFil—aij—ijFik>
1_aijk:0 @
_ Z (1) [1 —kai_j:| q;;k/2qj—ik/2TFi1—aU—ijFik
gt
_ (71)k [1 _kaij:| q;;k/ij—ik/z
k=0 ai

x Flmwi—hp pk g (T — (1 = aij)as + aj)(T)) ®1
=u; ® (T —((1—aij)a; + og)(T)) ®1
=0@ (T = ((1-ay)ai +a;)(T)) @1 =0

which is good. The product ug - T is dealt with in a similar way.

Let us now consider the product ug - Fy: again, direct calculations yield

different results, depending on whether ¢ € {i,j} or not.

Case 1: L & {i,j}. —

1—a,3j
k|1 —ai; k/2 —k/2 pl—aij—k
:>U5'F£:<Z(_1) { k ]} Q;;/jS/Ei ' EjEzk>Fé

k=0 qi

1—ay; 1

k|l — Q45 k/2 —k/2l—aij—k
:Fe@l@(Z (1) [ . J] G2 2B EjE§>
k=0 qi

=Feleu;,=Fe120=0
which stands good!
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Case 2: £ =j. —

(

17&1']‘

D

k=0

k2 —
45
qi

:>u5Fg

Jt

o

q k/2E21a”kE7Ef>

170,1‘]’
k|l —aij|  +k/2 —k/2 Jl—aij—k
:Z<_1) { k]} qij/ ji/Ei By
k=0 qi
170,1‘]’
_ k|l —aij|  +k/2 —k/2
= (=1) { k } 5 i

k=0 qi

x Bk (Fj B+ S
1—aij

IR
k=0

+ _
e+hT.7‘ — ethj

qi

+ -
+hT _ T

othid; _ o—hd;

1] Ji

o1

F;

FJEZk

).Ek

+k/2 —k/2pl-ai;—k

+k/2 —k/zqk—1+%

Jt

+k/2 —k/2 1—a;;—k

ij

®E

k
X ———— . F¢
e+hdj _ e*hdj ?
1—a,-j 1
_ E Z kL — Qg
_FJ®1®U‘ZJ+ (_1) |: k 4;; i
k=0 qi
+
e+th El_aij
X Fhd; _o—hd, i
l—aij
SPIICIH A
k 17 i
k=0 qi
—hT;
(S J l—ai,j
X T, —oohd; L
+ _ _ —
_F ool E 4 Cj;( )e+th —Cj(q)e M
=r;0lou; +1® othd; — o—hd;

3

where in the last line we have F; ® 1 @ uf; = F; ® 1©0 =0, and

1—aij

j

} . (qij
|

C’;]'.(q) =

1—aij

|

1—aij

k

>

k=0
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Jt

k ..
;" =0
qi

+k/2 —k/2qk—1+aij

+k/2 —14ay;
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where the very last identity follows from the general, combinatorial g¢-
identity (see for example [33, Chapter 0], or [40, Section 1.3.4])

K2

al N
Z(—l)k{ ] N =0 vNeN,.
q

In a parallel Way we get Cf(q) = 0, hence from the above analysis we
conclude that uf;- Fy = uf; - Fj = 0 whenever £ = j. The third and last case
is when ¢ = i. To deal Wlth that, let us notice that standard computations
give us, for all n € N,

E} - F, = F;E}' + [E}, F}]

=F,E'+ Y E{[E;, F]E} "

=0
€e+hT e hT] -
n mn—1—
= BB ZE ethdi _ g—hd; E;
4 +hT n—1 +€ —RhT;~
e _
:FZEZn Z@an KO Elnl
C]i - C]i
—n+1 +hTH +n—1_,—hRT~
q, e i —q, e i 1
_ . n 3 1 . mn
= Fz El + [Tl]qL T1 1 Ez .
q;, —4q;

Using this, we compute still more, and get, for all r,s € N,

E/E;E; - F,

q;s+1e+hTi+ {rsfl —hT~
_ T s i
*EiEJ(Fi B + (8], 1 Ly

q;  — qi

_ + 1 e
q s+1 e+hTi q;i-s 1 e RT,

+1
q; —d4a;

g "t et T q+r 1 o—hT;
o r S 1 3
= Fz . E/‘7 E]Ez + [T]Qi 1
q;  — qi

—s4+1—-2r ﬁT +s—14+2r +1 —hT_*
qz q] e+ q'L qjl !

qi _qi

=E} - Fi-E;E} +[s] E{E; -

-E7'E;E$

+ [s],, -ETE;E:L.

ANNALES DE L’INSTITUT FOURIER



FORMAL MULTIPARAMETER QUANTUM GROUPS 53

Applying this result, we get the following:

> F B %] ¢;q;"EIE B} - F
S
q

r+s=1—a;;

1 — Q4 s —s r s
> (—1)8{ s j] ai; /2%‘ /2. (FlEz E;E;
q

r+s=1-—a;;

E
uij . FZ

i

i

—r+1e+hT+ +r—1 o—hT;

+ [r],, & E B[ BB}
q; — qi
—s+1-2r —1 +hT+ +s—1427r +1 e—hT
. .. €
n [S]ql 4q; 4;; — —4 95: © EZTE],E:—1>
q; — qi

)

i

s 1 — Q44 +s/2 —s/2
SL D SR b } 0
r+s=1—a;; q
L
vy S e
hbm—a; T~ %
r- )
+ Y 7( ULINI -El'E,EF

-1

htk=—ai; " —q;
where the coefficients Fh  and I, are given by where the coefficients I’,j &
and I}, are given by

+k/2 —k/2 h+k+1 h+k+1
Iy, = q;; /qﬂ/qth L } [h+1]qi_[ e ] [k+1]qi>

qi qi

=0.

Plugging this result in the previous formulas, we get
{=iq. —

s 1—- ij s —s r s
= u-F=F- > (—1)‘[ Saj} 4 /2qji PEJE;E; +0+0

r+s=1—a;; qi
=Fu;+0+0=Folou;=F120=0
which makes the job. The case of E; uf; is entirely similar, hence it is left
to the reader. d

The next result shows that ﬁ?’g (g9) and ﬁ?’g@ (g) are nothing but dif-
ferent, explicit realizations of our FoMpQUEA U].%h(g); moreover, from
this we deduce an explicit description of the nilpotent, Borel and Cartan
quantum subalgebras in U}D%h(g).
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THEOREM 4.9.
(a) There exist natural isomorphisms of topological k[h]-algebras
527;,{8’ = U~ B U° Gupmy U = UE4(0)
?77;,? = U* @iy U° @upry U~ = UR1(0)
induced by multiplication in Up)h(g).
(b) With notation as in Definition 4.4, the isomorphisms in claims (a)
above induce by restriction similar isomorphisms
UBp(n ) =0, Un(h) = 0°, U}’%h(m)':vﬁ*
UE @upny U° 2 UB,(04),  U° Supg U = U, (bs).
It follows then that U, (n+), Us(b), and U, (b+) admit the obvi-

ous descriptions (in particular, by generators and relations) inher-
ited from Definition 4.7.

Proof.

(a). — The two cases are entirely similar, so we prove the claim only
for ﬁ? 2(g).

Consider the k[A]-algebra ﬁ?g =U~- ®U°® UT of Lemma 4.8.

By construction, it is (topologically) generated by the elements Fi®, %,
E;& (i,j € I,T € ), and these generators obey the same relations (up
to “inserting/removing” any super/sub-script “®”) as the analogous gen-
erators of U}%h( g). Therefore, there exists an epimorphism of topological
k[h]-algebras
T U(e) — URil(9), Fi— FP.T+— T E;— EY  (Vi,5,T).
On the other hand, for each e € {—,0,+} there is a morphism of alge-
bras U ‘&U}%h( g) mapping every generator of U® onto the corresponding

generator in U]%h(g). Composing these with “threefold-multiplication” mg
in U, (g) we obtain a morphism
R&) . [~ 30980
pz=mzo(n_@meny) :Upp(e) =U @U°@U" — UF,(g)

of topological k[A]-modules. Now, by construction, the map pug is inverse to
7, so the latter is bijective, hence it is a k[A]-algebra isomorphism. As on
both sides we consider h-adic topology, this 7 is then an homeomorphism of
topological spaces too, so it is an isomorphism of topological k[h]-algebras.
Therefore p3, being the inverse of 7, is an isomorphism of topological k[A]-
algebras too.

(b). — This follows quite easily from claim (a). O
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Remark 4.10. — The proof above relies on an ad-hoc argument which
has roots on well-known Hopf theoretic constructions: bosonization and
lifting. Indeed, the algebras U* admit a braided Hopf algebra structure
whose comultiplication is defined by setting the generators E;, resp. Fj,
to be primitive elements, for all i € I. Hereafter, by braided Hopf alge-
bra we mean a Hopf algebra in a bralded tensor category; in the present
case, the category is the category onD of Yetter—Drinfeld modules over
the topological Hopf algebra U U°. Given a Hopf algebra B in a category
of Yetter—Drinfeld modules ZyD over a Hopf algebra H, there is a pro-
cess to construct a usual Hopf algebra, called the “Radford biproduct”
or bosonization: it is kind of a semidirect product and coproduct, dis-
covered by Radford and interpreted categorically by Majid. As a vector
space, the bosonization B# H is just the vector space B ® H. In our case,
the (completed) tensor product U~ ® U* of the braided Hopf algebras
is again a braided Hopf algebra, and the bosonization (Tj” ® ﬁ*)#ﬁo
is a topological, complete Hopf k[h]-algebra. By construction, it can be
presented by the generators T' € h and E;, F; with i € I, satisfying
all the relations in (4.5) except the commuting relation between E; and
Fy; in fact, the latter now is replaced simply by [Ei7Fj] = 0. Here en-
ters into the picture the process of lifting or deformation: through this
process, one deforms the relations in a specific way, in our case, the el-
ement, [Ei,Fj} € U~ ® Ut becomes skew-primitive in the bosonization
([7'_ ® ﬁ“‘)#ﬁo and one change the relation by setting it equal to the dif-
ference between the group-like elements appearing in the comultiplication,
that is
5 e thTH _ o—hT
EiF; — F{E; i, q+1 — qz

In general, the lifting process can also be described by means cocycle
deformations.

All these constructions are described explicitly in [23] in the case of poly-
nomial multiparameter quantum groups. It is worth noting that, by means
of a process of bosonization and/or taking quantum doubles, one can gen-
eralize triangular decompositions to more general families of Hopf algebras
or quantum groups; this implies special features in representation theory,
see for example [47].

Eventually, we can now prove the “triangular decomposition” theorem
for our FoMpQUEAs:
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THEOREM 4.11 (“Triangular Decompositions” in U}:‘:h(g)). — There ex-
ist natural isomorphisms of topological k[h]-algebras

N
©
~

=

5
=

i
oK

U]g%h(n

Un(bh)

UF n(n=) @y Un(h) Sxgry U p(ny
UF n(ny) @y Un(h) Sxpry U p(n

k] U]Dz,h(n¥

) Q) )

(notation as in Definition 4.4) induced by multiplication in U]%h(g).

Proof. — This is a direct consequence of Theorem 4.9 above. g

4.3. Hopf structure on FoMpQUEAs

We introduce now on our FOMpQUEAs a structure of topological Hopf
algebra. Another proof of its existence will follow from an alternative con-
struction (cf. Section 4.5). To begin with, we explain the link between our
“formal” and the “polynomial” one.

Remark 4.12. — The usual, formal QUEA Uy (g) by Drinfeld has a “poly-
nomial” sibling U,(g) introduced by Jimbo and Lusztig: the latter is a
(Hopf) subalgebra of the former, over the subring ]k[q, q_l] of k[A], with
gt = et

Our notion of formal multiparameter QUEA is explicitly tailored so that
this parallelism extend to the multiparameter setting, linking our formal
multiparameter U}:‘:h( g) with a “polynomial” multiparameter QUEA Uq(g)
as in [46] or [25].

To see this, we consider a matrix P of Cartan type, whose associated
Cartan matrix is A, and a split realization R = (h,H,HV) of it: for this
the algebra U}% 1(9) is defined and we begin by modifying the presentation

of the latter. First, replace each F; by F; = ¢;F; for all ¢ € I. Then the
fourth relation in (4.5) reads

e
othT _ o—hT;

E;F; — FiE; = 6; j¢;i
J J 34 G — 1

Vi, j el

Second, using the relation (Z)q =gt h [mq’_ (cf. Section 4.1.5) along

7
ij

with the identity ¢;;q;; = qZ- — which follows from the assumption P +
Pt = 2DA and definitions, see Definition 4.3, we can re-write the two last
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relations in (4.5) as

1_ai’l ); —a;;—k . .
S () e R =0 (20
q

k=0

lfaij
1 —a; 5) & pl—ai—k g L,
S 0r (1) PR B R =0 G20)
qii

k=0

With this reformulation, U}%h( g) has the following, alternative presen-
tation: it is the unital, associative, topological, fi-adically complete k[A]-
algebra generated by the k[h]-submodule b and the elements E;, F; (for
all 4 € I), with relations

TE; — E;T = +a;(T)E; TF; — F;T = —a;(T)F;
e thAT _ o—hTo
gii — 1
(—1)t {1 — ai]} +k/2,—k/2 plma—kp pk ()
95 i JEy =
a

k 1] Ji

i

7' =T"T, E,F, — FLE; = i,k Gii

1—&11]'

(4.6)

k=0
1—aij
O] e R <o

i i
k=0 qi

for all T, 7", 7" €8, 1,5,k € I, with ¢ # j.
Now set

q:tl — e:th c ]k[[h]]

and consider the k-subalgebra k[q, q_l] of k[A], and the elements K Z-il =
e L =M (i€ 1) in UF(g). Then in the scalar extension

U?h(g) = k(q) ®xlq,q1] U}792,h<9)7

we slightly abuse notation by writing X := 1 ® X for any X € U;h(g),
and we define Uq(g) to be the unital k(g)-subalgebra of U?,’h(g) generated
by {Kiil,Lfl,Ei,Fi}iel. By construction and by (4.6), we can describe
Uq(g) as being the unital, associative algebra over k(¢g) with generators
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Kiil, Lfl, E;, F; (for all i € I) and relations
KEVHEL _ bl el pedlpdl _ pdlpedl  pElp4l o palpl
i 1Y gt B by T R b by Ty
KPK ' =1=K'K, LfL7'=1=L7'L}!
KHE KT = By, LYELT = qf B,

)

irj
KF KT = ¢7 Fy, LPRLT = g F
o Ki—L;
(4.7) EiF; — F;E; = 5i,jqu'q“7_1
(e O
— aij C l—aij—k .
S or(') e R =0 (20
k=0 Qii
1—0.1‘_7‘

1 —ay 5) & pleai—k £ pok S,
(1) R R =0 (20)
q

i1

k=0

Next we consider the scalar extension Up(h) = k(q) ®x[q,q1] Un(h) of
Ur(h) (cf. Definition 4.4(b)) which clearly embeds as a “Cartan subalgebra”
into Uﬁh(g) = k(q) ®k[q,q21] U]Dz)h(g); let also Uq(h) be the k(g)-subalgebra
— inside Uq(g), Un(h) and Up(h) — generated by all the K'’s and all the
L#Ys. Note that inside Uy (h) we have +7;7 = i~ !log (Kiil) and 7, =
h~'log (L?ﬂ). By construction, both Uy(h) and Uqg(g) are modules (on
the right and on the left, respectively) for the commutative algebra Uq(h);
therefore, the Uq(h)-module Up(h) @y, ) Uq(g) is well-defined. Finally, the
h-adic completion of the latter actually identifies with its closure inside
U?h(g), which is exactly all of U};‘:h(g): in a nutshell, we have a (complete)
tensor product factorization

UB 1(8) = Un(h) ®u,v) Uq(a)-

The previous observation is our bridge to achieve the key point about
the notion of formal multiparameter QUEA, that is the following:

THEOREM 4.13. — Every FoMpQUEA U}?h(g) as in Definition 4.4
bears a well-defined structure of topological Hopf algebra over k[h] — with
coproduct taking values into the h-adically completed tensor product

Ugh(g) @k[[h]] Uﬁh(g) —given by VT € bh, L€ I)

A(E) =E ®1+ M QE,
(4.8) AT)=T®1+10T
A(F)=Foec ™ 410 F,
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(4.9) e(E) =0, €(T)=0, e(F)=0
(4.10)  S(E) =—e " B, S(T)=-T, S(F)=—FeT .

Proof. — We provide hereafter two proofs; a third, independent one will
follow from another approach, that is detailed in Section 4.5 later on.

First Proof. — Via a direct approach, the proof is a matter of computa-
tion. First, in the free, topological, fi-adically complete, unital, associative
k[h]-algebra Fr generated by the k[A]-submodule h together with the E;’s
and the F;’s, the formulas (4.8) and (4.9) define a structure of (topological)
bialgebra. Then one has to check that the two-sided ideal Zx in Fr gener-
ated by relations (4.5) is a bi-ideal for that bialgebra. Second, one has to
check that the map S : UK, (g) = U ,(9)° defined on Fr /T = U ,(g)
by the second line in (4.10) is an algebra anti-morphism with the “right”
properties for the antipode map on the generators. In all cases, compu-
tations are the same as for [11, Definition-Proposition 6.5.1] which treats
Drinfeld’s special case with h of minimal rank. It is worth stressing, though,
a key feature of this generalized result: namely, the assumption that P be
of Cartan type is what one uses to prove that the quantum Serre’s relations
(i.e., the last two relations in (4.5)) are mapped into Fr®Zr + Ir®Fr
— where ® denotes the h-adic completion of the algebraic tensor product —
by the given coproduct on Fr. Actually, one shows that the elements £; ;
and F; ; represented by the left hand side of these equalities are skew-
primitives, namely

A(E; ;) = Ei; @1 + et st T+ T g p,
and similarly
A(Fi,j) — Fi,j ® e*(lfaqtj)ﬁTfth; +1® Fi,j~

Second Proof. — This alternative method goes through an indirect ap-
proach, based on multiparameter QUEA of “polynomial type”.

First of all, we assume the realization R to be split. In this case, Ob-
servation 4.12 provides a factorization UR ,(g) = k(q) ®yq,q=1) U p(0) =
Un(h) @uqy(n) Uqle).

Due to its presentation in Observation 4.12, our Uq(g) is a “multipa-
rameter quantum group” in the sense of [46] — cf. also [25], where such an
example of multiparameter quantum group is referred to as being “ratio-
nal”, in that each g;; is a power of a single, common parameter ¢q. The
key point then is that any such (“polynomial”) multiparameter quantum
group Uq(g) has a specific Hopf algebra structure (cf. [46] and [23]) given
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(for all £ € I) by

A(E) =E®1+K,®E;, €e(E)=0, S(E)=-K,'E
(4.11) A(KE) = KPP o K e(K7) =1, S(KF) = KT
: (Lﬁ:l) Lil Lzl:l’ G(Lfil) — 17 (Lil) — L:Fl
A(Fe) =FRLi+10F, (Fe) 0, ( ) = —FgLZl.

Let now ﬁq(g) be the k[g,q~*]|-subalgebra of Uq(g), hence of U];‘:h(g),
generated by {Ei,Kfl,Liil,Fi}iGI: it is h-adic dense in Uq(g), and re-
stricting the coproduct A to ﬁq(g) yields A(ﬁq(g)) - ﬁq(g) ®klg,q-1]
ﬁq(g). Therefore, since K; = exp (+hT;") and L; = exp (—hT; ), there
exists one and only one way to extend (continuously) A|0q(g) to UK, (g),
which gives a map

(4.12) A:UF(9) — UBp(a)@UER(a)

described by (4.11) together with the additional constraint that all the
Tf’s be primitive.

Since the original map A on Uqg(g) obey the axioms of a coproduct,
the same holds true for the map in (4.12) as well — though in a topological
framework. With similar arguments, we deal with counit and antipode map,
so that we end up with a (topological) Hopf structure for U]%h( g), uniquely
induced from the one on Uq(g). Tracking the whole construction, we even-
tually see that such a structure is described on generators by (4.8), (4.9)
and (4.10).

Now we consider the case of a realization R = (fLH, HV) of any kind.
By Lemma 2.7, we can then pick a split realization (of the same matrix P
as R), say R = (f), 11, HV) and an epimorphism of realizations 7 : R — R.
By functoriality (cf. Proposition 4.5), such a 7 induces an epimorphism of
FoMpQUEAs Uy : U]D%ﬁ(g) —» U]?h( g), whose kernel Ker (Uy) is generated
by Ker(7), and the latter is central in U]%h(g); moreover, every element
in Ker(m) is primitive. Therefore Ker (Uz) is indeed a Hopf ideal in the
Hopf algebra Uﬁ’h(g), hence U]}’h(g) automatically inherits via Ur a quo-
tient Hopf algebra structure from Uﬁ,h(g), which is again described by the
formulas in the statement. g

The following is now immediate:

COROLLARY 4.14. — The Cartan subalgebra Uy (h) and the Borel subal-
gebras Uf (b)) and U, (b_) are actually (topological) Hopf subalgebras
of Ugh(g), their Hopf structure being described again via formulas (4.8)
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and (4.10). In addition, when R is split we have that

UBn(bs) = Un(hs) X Ug(by)
Uq(hj:)
where Uq(by) is the multiparameter quantum group corresponding to the
Borel subalgebras.

The next result follows at once from the second proof of Theorem 4.13.

PROPOSITION 4.15. — Let ¢ : R — R" be a morphism between realiza-
tions of a same matrix P € M, (k[[h]]) Then the morphism of unital topo-
logical k[h]-algebras Uy : U]}}I(g) — U]}}; (g) granted by Proposition 4.5
is indeed a morphism of (unital topological) Hopf k[h]-algebras. If we set
t := Ker(¢), then Uy(t) is a unital, h-adically complete k[h]-subalgebra
of Ug%(g) which is a central Hopf subalgebra, isomorphic to a quantum
Cartan (in the sense of Definition 4.4(b)), and Ker(Uy) = U]%;i(g)Uh({%)Jr,
with Us(£)" the augmentation ideal of Uy (t).

In particular, if U, is an epimorphism, then we have that

UB(8) = URL(e) [UE(8)Un(e)".

Example 4.16. — Fix P := DA, r := rk (DA) and let R = (H,ﬁ,ﬁv)
and R = (h, H,HV) be realizations of DA, where R is straight and split
with rk (E) = 2(2n — r) while R is straight and small with rk(h) = 2n — r;
more precisely, we assume T;r =T, in R, for all 7 € I. With this setup,
UgAyh(g) is the usual Drinfeld’s QUEA Uy (g, ) for the Kac-Moody algebra
g, associated with the Cartan matrix A as in Section 2.1.1; in particular, its
semiclassical limit is U(g). Instead, Ug 4.7(9) has semiclassical limit U(gP),
with g the Manin double of g = g, (cf. Section 2.1.1).

Now, there exists a (non-unique, if r < n) epimorphism ¢ : R - R
such that gb(ff:) = T (i € I); then 3 == Ker(¢) C Njer Ker(@;). Since
every element of fy is primitive inside UgAyh(g), the subalgebra U,Z?(g) of
U]} 4.7(9) generated by 3 is indeed a Hopf subalgebra; moreover, it is central
in UgAﬁ(g) because 3 C (<, Ker(a;). Also, U,Z?(g) is the h-adic completion
of the polynomial k[A]-algebra over 3*, so we can loosely think of it as being
a “quantum Cartan algebra” of “rank” 2n — r.

By Proposition 4.15, ¢ yields a (Hopf) epimorphism of (topological) Hopf
algebras Uy : UEA’h(g) — UgAﬁ(g); by construction, the kernel of latter is
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the two-sided ideal generated by 3, that is
Ker (Ug) = UgA,h(El)U%z(é)JrUgA,h(g) = USA,h(Q)U§(5)+
= Uﬁ(a)*USA,h(@

i
and we have that U, ,(9) = U, (g 9)/UR 5a. h RG)

Finally, if we deal instead with R small and R spht such that rk (H) =2n
and rk(h) = n, then g = g, has to be replaced by the derived algebra g’
associated with A, and g” by the Manin double of g’. The previous analysis
then works again.

Remark 4.17. — Let us now take any matrix P (of Cartan type), a re-
alization R of it that is minimal and small with rk(h) = 2n — r — with
r =1k (P4 P") - and the associated FOMpQUEA UF (g); then we can
still find another realization R of P that is split with rk(h) = 2(2n — r)
and an epimorphism of realizations m : R — R so that 37 = Ker(m) is
again free of rank 2n —r (see Lemma 2.7 and its proof). Then the previous
analysis (that was based upon ¢ : R — R and U, : U},@A’h(g) — U4 1(9))
can be repeated now, step by step, basing instead upon = : R — R and
the associated epimorphism Uy : U}%h(g) — U}%h(g) of FoOMpQUEAs: this
leads to the sequence of Hopf algebra maps

. . Uﬂ_
(4.13) Ui (3x) — Ubn(9) — UBx(9)

where U, ,Z?(gﬂ) is the (central) subalgebra of Ugh(g) generated by 3., which
is again a “quantum Cartan algebra” of “rank” 2n — r. Again, we obtain
that

UB(0) = UBw(0) /URW@UR Gr)

Therefore, the situation in general is much similar to what happens in
the special, “standard” case of P = D A; what does actually change, indeed,
is the explicit description of 3, — with respect to that of 3, that was quite
clear — hence of the “quantum Cartan algebra of rank 2n — r” UR (3.).

4.3.1. The case of split (and) minimal FoMpQUEAs

We consider now the special case of a FoOMpQUEA U}%h(g)7 as defined
in Definition 4.4, for which the realization R is split and minimal —
short, split minimal. In this case, it follows by definition that U]% n(g) can
be described as follows: it is the unital, associative, topological, h-adically
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complete algebra over k[A] with generators E;, T;", T, , F; (for all i € I)

3
and relations

T, E; — EjT;" = +pijEj, T E; — EjT; = +p; i E;
T,"Fj — FiT," = —pi jFy, T, Fj — FT;, = —p;iF}

+pt _ ot +pF _ pFpt
7T =117, 7T =171
ot _ o—hT]
EF; — FE; = 0;; qj_l - qi_l
i X e {E,F
1—ayj k/2 —k/2 1l—aij—k e{E F}
(_1)]{ k ]} Q;; 4 qj; / X, " Xszk =0 oy
k=0 qi J

and bearing the (topological) Hopf k[A]-algebra structure given (for all
tel) by

A(E) = B, @1+ oF, €(E,)
ATF)=TF@1+10TF,  «(T})

0, S(Eg) = _e—hT;r Ey
0, S(Tei) =T}
O7 S(Fg) = —Fg e+hT[ .

AFR)=Foe " 110 F, FR)

Note then that in this case Ugh(g) depends only on the matrix P. Indeed,
in the spirit of Observation 4.12, in this special case the formal MpQUEA
Ugh(g) is just a “logarithmic version” of the polynomial MpQUEA U, (g)
in Observation 4.12.

In addition, in this case the FOMpQUEA UZ%E( g) admits an alternative,
somewhat significant presentation, as follows. Consider inside UE n(g) the
vectors S; = 271 (T;" + 1) and A; = 271 (T;" = T;) — for all i € I;
these clearly form yet another k[A]-basis of h. Then UF,(g) admits the
obvious presentation given by construction and taking into account that
{Ti'*', Ti_}i crisa k[A]-basis of b, but also the following, alternative one: it
is the fi-adically complete, unital k[A]-algebra with generators E;, F;, S;,
A; (i € T) and relations

+(pij + pji)

i, Ej] = 5 Bi = tdiayE;
[Si,Fj] = 7_(;0”;_ pji)Fj = —d;a;; F}
[Ai, Ej] = +(pij — pji) Ej, [Ai, Fj] = —(pij — pji) F}
+hS; _ —hS;
hAT € —€
[A“SJ] :0, Ele —FjEz:(SZ’JeJ'_ z W
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i X e{E,F

1—a;; _ —aii—k E{ ) }
Z (_1)k |: B zj] q:j_'k/Zq]‘ikail j Xin/f =0 . :
k=0 q i#

Moreover, the Hopf structure of U;’}’h( g) is then described (for i € I) by
A(E)) = By @1+t ethSigp,
A(S) =8Sr@1+1®S,, A(A) =401+11®4,
A(F) =F,@e et 419 F.

i

In particular, this implies that the h-adically complete, unital subalgebra
Ur(b4), rep. Ux(b_), of Ugh(g) generated by all the E;’s, resp. all the F;’s,
and all the S;’s is isomorphic to the “standard” positive, resp. negative,
Borel subalgebra in the derived version of Drinfeld’s QUEA Uj(g). On
the other hand, both subalgebras Uy (by) are not Hopf subalgebras inside
U}%h(g), contrary to what happens in Drinfeld’s setup.

4.4. Further results on FOMpQUEAs

We present now a few more techniques, which provide alternative proofs
for our results about the structure of quantum nilpotent, Cartan and Borel
subalgebras, as well as the triangular decomposition results. This mainly
follows in the footpath of a standard strategy, already used for one-parame-
ter QUEA’s, yet we also provide a totally new idea for a proof of the
triangular decomposition theorem.

4.4.1. Preformal multiparameter QUEAs and special representations

We introduce now some “preliminary versions of FoMpQUEASs”, essen-
tially defined like the FoMpQUEAs but for dropping from their definition
the quantum Serre relations. These “pre-FoMpQUEAs” will be a key tool
in our analysis, as well as some special representations of them that we also
introduce presently.

Let U be the unital, associative k[Ah]-algebra generated by the k[A]-
submodule b together with elements E;, F; (i € I), subject to the same
relations as in (4.5), except the last two (the quantum Serre relations). Let
ﬁ%h(g) be the h-adic completion of U. From the proof of Theorem 4.13, it
follows at once that 17713 1+ (9) is a topological Hopf algebra over k[A].

Let V = @, k[h] - v; be the free k[h]-module with basis {v;},;,
let. T5(V) be the tensor algebra of V over k[A], and let T (V) be the h-
adic completion of Tx(V'). Then, Tx(V) is a free k[A]-module with basis
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{vs}jes> where J is the set of all finite sequences of elements in I and
vy =05, @ - ®wj,. — or simply vy = vy, ---v;, — is standard monomial
notation for all J = (j1,...,j,) € J. For J = (j1,...,4r) € J and 1 <
k < 7, write e = (J1s- e s Jk=1sTk41s---30r)s Ik = (Jr+1,---,Jr) and

Qg =y .

LEMMA 4.18. — For every A € h*, there exists a unique representation
of U onto Ty,(V') — which is then denoted T{ (V) — such that, for all J =

(jlv"'ajr) S j
Fi “Vg = V(3,0 T.’UJ = ()\(T) - aJ(T))vJ

q+)\(Ti+)faJZ(Ti+) . qf)\(Ti_)Jran (T,)

Ei Vg = E 1 -
1<e<r 4% —4
Je=i

’sz.

In addition, this representation — of U onto Ty (V') — induces by continuity
a unique representation Uﬁh(g) onto T (V'), which is hereafter denoted by
TH(V).

Proof. — We must prove that the equalities above do endow Ty (V') with
a structure of U-module: to this end, let us performe a quick check to show
that such an action is well-defined. For every T, T’ € § we have

T . (T . 'UJ) = ()\(T) — aJ(T))T’ oy
= (MT) = as(T)) (MT") = s (T))vy =T - (T - vy).
Take now T € b and F; with ¢ € I. Then
T-(F;-vg)—F - (T-vy) =T v — F - (MT) — s (T))vy)
= (MT) = aqn(T) = XT) + a(T))va,n
= (= a@n(T) + as(T))vi,
= —a;(T)vi,y = —a;(T)F; - vy.
Similarly, for T € h and F; with i € I we find

AT ) —ag, (T _ = AT ) 4o, (T))
T-(E;-0u))= Y (MT)—ay,(T))? 4

Vs
+1 —1 J
1<e<r 4G —4q; ¢
1=J¢
HMT ) —ay, (T _  —=XT7 )+ay, (T7)
q i £ T q i 4 i
E;i-(T-vs)= > (MT)—as(T)) T vj,-
1<e<r 4i 4i
i=Js
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Since ay(T) — v, (T') = @, (T) = o(T) for all j, = i, we obtain

AT —ag, (TF) _  —NT7 ) +aq, (T7)
q 7 1 % q 7 £ %

[T, Ei] vy = Z o (T) 1 -1 Ve

1<e<r 4; 4q;

1=J¢

= ai(T)EZ-.vJ.

Finally, to check the commuting relation between E; and F; we note
first that S 2T, =Y B(N(T) — e (T))" vy for all T € b and

n=0 n!

m > 1. Then, by the continuity of the linear action, we get that

— AT =y (1))

+
T L — g

vy
and

oM Ly, = T e (1)),
Then, for i,j € I with i # j, we have
Ei . (FJ 'UJ) —Fj . (Ez 'U])

XTI oy, (T]) q—A(Ti*)+aJ,Z(Ti*)

q

=E; v — F;- Z S Vi
1<e<r i 4i
i=J¢
q+)‘(T7‘,+)7a"e (T _ qf)‘(Ti_)+°‘Je ()

=FE; v ) — Ui 5y

i U(4,J) +1_ -1 G, Je)
1<e<r 4 4

1=j¢
First, if ¢ # j, then j, =i # j and (j,/?)g = (j, jg), ag,n, = oy, for all
1 </ < r. Hence
—1\~1 -« + — Y -
Bivg.) = Z (qi+1 — g 1) (q-&-)\(Ti )=, (T; )_q AT )+, (T; ))U(j,jz)
1<eLr
i=Jg
which implies that F; - (Fj . ’U]) - F;- (EZ . 'UJ) =0.
Assume now that i = j. Then for i = j, we have (i, J), = J and a(; 5, =
ay for £ =1, while (i, J), = (i, jg) and a(;, yy, = ay, for £ > 1. This implies
that

Ei TUG,T) = (qj_l — qi_l)il (qu)‘(T;r)*O‘J(T;r) —q

+ Z (qi+1 . qi_1)71(q+,\(T;f)faJ£(Ti+) _ q—)\(Ti_)ﬁLoch(T;)),U(iyj[)

1<e<r
1=Jj¢

,)\(T;)Jra\/(Tf)),UJ
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and consequently

qA(Tj»)_aJ(Tj») — q_A(T£7)+O‘J(Ti7)

Ei-(Fi~UJ)—Fi-(Ei~UJ): q+1 q_l Uy
[ - Y
ehTi‘*iehT[
=T -1 ‘Y-
Q;—l*qi !

Therefore, the formulas above define indeed an action of U onto T (V).
Finally, since this action is k[A]-linear, it induces a unique (topological)
action of U?h(g) on T(V) by completion. This completes the proof. [

With an entirely analogous proof, we obtain the following lemma:

LEMMA 4.19. — For every A € h*, there exists a unique representation
of U onto Ty,(V) — which is then denoted *Ty, (V') — such that, for all J =
(jlv-'~7j7‘) € j

E; vy =4y, T-vy=AT)+ay(T))vs
—NT;)—ay,(T;) _
F,L' Vg = Z g

F1_ -1
1<t<r 4; 4
Je=1

AT s (T

vjz.

Moreover, this representation, of U onto Ty (V'), induces by continuity a
representation U?h(g) onto Tr(V'), hereafter denoted by *Tx (V). O

Denote by U°, resp. U™, resp. U, the unital associative k[h]-subalgebras
of U generated by b, resp. by all the E;’s, resp. by all the F}’s (i € I). Write
(70(: ﬁh(f)) = ﬁ?h(h)), resp. (7+, resp. 17_, for the h-adic completion of
them: all these are topological k[[A]-subalgebras of ﬁ?h(g).

As a first consequence of Lemma 4.18, we get the following;:

PROPOSITION 4.20. — The Cartan subalgebra U® = Up(h) = Ij’gh(h)
is the h-adic completion of Sy(h), the symmetric algebra of  over k[i]. In
particular, U n(h) is independent of P and R (though not of ) — whence
the simplified notation.

Proof. — We provide two different, independent proofs.

First Proof. — Let Tx(h), resp. Sk(h), be the tensor algebra, resp. the
symmetric algebra, of j over k[i], and let T1(h), resp. S(h) be the h-adic
completion of them. By the commutation relations among elements of h in
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U 7;, 1(9), we have a diagram of morphisms

Th(h) ——=—> 5p(h) Un(h)——"—=UE,(a)
Th(h) — o S (h) —— 2 0

where the maps pp s, pru, ps and pyo are the canonical epimorphisms,
Lty is the canonical inclusion, all vertical arrows are canonical embeddings,
and the diagonal arrows h — Si(h) too. We want to show that ps y is in
fact an isomomorphism.

Let V = @, k[A].v; be the free k[A]-module with basis {v;},. ;. Choos-
ing A € h* and restricting the action defined in Lemma 4.18 to the im-
age of in, we have that Upn(h) acts on f%(V) by the character A via
Twvy; = ()\(T) —aJ(T))vJ, forall T € b and for all J = (jl, .. ,jr) €J.In
particular, T-vg = T'-1 = A(T) for all T € b. This action induces an action
of Sp(h), and of its k[A]-subalgebra Sp(h), on f%(V) via the epimorphism
pr,u- By the very definition, this action coincides with the unique action of
Sr(h) on f%‘(V) defined by the character A € h* by the universal properties
of the symmetric and the tensor algebras.

Let t € Sx(h) be such that ps (¢) = 0: then 0 = t-vy = Ag(t) — extending
A € b* to a k[A]-algebra character Ag of Si(h). Since A is arbitrary, we get
As(t) = 0 for all A € b*, so that ¢ = 0. Similarly, Ag further extends,
canonically and uniquely, to a h-adically continuous character of 5 r(h),
denoted Ag. Then for any te gh(h) such that pp ¢ (ﬂ = 0 we have 0 =
t vy = Ag(t), thus Ag(¢) = 0 for all A € h*, which implies ¢ = 0. Hence
pru is injective and Sh(b) = Un(h).

Second Proof. — By definition there is a k[#]-linear morphism from b
to Ugn(g), whose image we denote by b’; in other words, b’ is the k[A]-
submodule of Ugh(g) spanned by the generators T € h. By definition,
Ugh(h) is (topologically) generated by h’, which in turn is a Lie subalgebra
inside the Lie algebra of primitive elements of the Hopf algebra UR,(h).
Since we are in characteristic zero, by Milnor-Moore’s Theorem we deduce
that U}?ﬁ(b) is indeed nothing but the h-adic completion of the universal
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enveloping algebra U (h’ ) of b’; in turn, the latter coincides with the sym-
metric k[h]-algebra Sh(b’) — hence its completion coincides with §h(f)’) -
because the multiplication therein is commutative, by construction!

Finally, we observe that the built-in epimorphism § — §’ is indeed
an isomorphism, so that h’ = h. This is proved again making use of
Lemma 4.18 above, in particular looking at how b acts on each repre-
sentation ZA“Q(V), for all A € h*, along the same lines as in the last part of
the First Proof above. O

Let U’ be the k[A]-subalgebra of ﬁ?h(g) generated by U~, Ut and
U = Up(h) — the h-adic completion of U°. By Theorem 4.13, it follows
that U’ is a (topological) Hopf k[#]-subalgebra of ﬁﬁh(g).

We fix some more notation. For any finite sequence J = (jl,jg, e ,jr)
— with 7 > 1 — of elements in I, we set T =0and Ey :=1=: Fp, and in
general

+._ ot + + . .
Ty =T, +T;, + -+1;, E;=E;Ej, - E;, Fj=F;F;, - Fj.
As the coproduct of the elements E;’s and F;’s in U’ and in ﬁgh(g) coin-

cides with the one defined for the one-parameter polynomial QUEA, the
following lemma follows at once, from [33, Lemma 4.12]:

LEMMA 4.21. — Let J be a finite sequence as above. Then there exist
Laurent polynomials ¢} € Z[x,z~"], indexed by finite sequences of ele-
ments of I, with aj = a4 + ap and such that, both in U’' and in ﬁgh(g),
one has

ZCAB EAenTB ®FEp

(4.14)
ZCAB FA@GHT FB

Moreover, one has CA,(Z) = (SA’J and c@’B =0pB,J- O
As an intermediate result, we get a triangular decomposition for U 71% n(9):
PROPOSITION 4.22. — The multiplication maps
iU @Un(h) @U" — UR(0)
and
fia: Ut @Un(h) © U~ — UR4(0)

induced by restriction of multiplication in ﬁ?h(g) — the tensor products
here being the h-adically completed ones — are both isomorphisms of topo-
logical k[h]-modules.
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Proof. — It is enough to prove one case, say that of pTg, the other one
being entirely similar.

Consider the map p3’' : U~ ® Up(h) ® UT — U’ induced by restriction
of multiplication in U’. We show that this map is bijective.

We prove first that ps’ is surjective. Let {Hg}qeg be a k[R]-basis of b.
Thanks to the defining relations in the first two lines of (4.5), we see at
once that U’ is k[A]-spanned (in h-adic sense) by the set of “monomials”

{FZ- o Fy Hy By B ‘ n,s,m € N,iq, jy € I Va,b, Hy € ﬁh(b)}
and then this guarantees that w3’ is onto, since
Fy - F, -Hij Ej - Ej, =u'((Fi, - F,) @ Hi; © (Ej, - Ej,,))-

Our second, last task is to prove that /.73> is injective. Let A\, 0 € h* and
consider the U?h(g)—modules TA(V) and (V) given by Lemmas 4.18
and 4.19, respectively. Then U%;(g) acts on the tensor product TMNV)®
oT #(V) too, and this yields by restriction a U’-action as well. Assume we
have a linear dependence relation

Z a;jFyH;ErL =0
JL

for finitely many elements a1, € k[h], where J, and L are finite sequences
of elements in I and Hj 1 € Ux(h).

In the set of finite sequences of elements in I, we consider the partial
order given by J = (jl,jg,...,jr) > (51,62,...,43) =: L if and only if
aj—op =y, 05, — > 0y = >, a5, for some simple roots a;,. Choose Jy
such that aj, 1 # 0 for some L, and such that Jy is maximal with respect
to the order given above.

Now, for vy € f%‘(V) \ {0} and wy € °T,(V)\ {0} being “highest weight
vector” and “lowest weight vector”, respectively, definitions give

0= Z apFrHy Er | - (vg ® wy)
JK.L

= ZQJ,L(FJHJ,L) : (EL : ('U(b ®’LU@))
J,L

= ZCLJ,L(FJHJ,L) : ZCQ,B(Q) (EA ehT§> vy @ (Ep - wp)
J.L AB

ANNALES DE L’INSTITUT FOURIER



FORMAL MULTIPARAMETER QUANTUM GROUPS 71

—ZCUL FjHy 1) ZC ) T5) By, vy @ wp
= ZGJ,LC&L(Q)QMTL ) (FJHJ,L) (v @ wp)
=" as 0 TON(Hn) 1) 0+ an) (Hi L) o)) Fr - (vg © wi)

=> CLJ,LCI’\(T;))\((HJ,L)(U)(@ +ar)((Hiz) )
JL

ZCAB DWEs-vp® ("4 Fg) -w

= ZCLJ,LQ’\(TL ))‘<(HJ,L)(1))(9 +arn)((Hir) )
JL

XZCAB UA®(ehT;FB).wL

where we get third and fifth equality from Lemma 4.21, and we recall

L _
c@}L(q) =1.
Consider now those coeflicients with J = Jy. Since oy, = aa + ap, we

have that A, B < Jy and A = .Jy if and only if B = (; therefore
+
0= as . IN((Hyy,L) ) 0+ ar) (Hio,L) o))
L

Jo —1 hT‘i
x e g(a v ®e 0wy,

+ o -
=Y as. e >)\((HJO7L)(1))(9+aL)((HJD)L)(Q))q(eJr DTy @ wy.
L
Since {vy ® wr} 1 is a basis of the free k[A]-module fg(V) ®T(V), for
all L such that aj, 1 # 0 we must have

+ o _
0= g TON((Huo 1) 1)) (0 + n) ((Hi 1) 5)) o

= aJo,LqA(T+)+(G+aL) ) (A * (0 + aL)) (HJO,L)

where “x” denotes the convolution product between characters; this implies
that 0 = aj,,(A* (04 ar))(Hy,,) for all \,0 € h*. Since Un(b) = Su(h),
this holds true if and only if aj, ;, = 0 for all K, a contradiction. Thus, uf
is injective.

Finally, as p5 is a k[Ah]-linear map, it is an isomomorphism between
topological algebras which extends uniquely to an isomorphism ;7)3 on their
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completions. Since the completion of U’ is exactly our U ?h(g), we eventu-
ally obtain the isomomorphism 3 : U~ @ Ux(h) @ Ut — ﬁﬁh(g) which is
described just like in the claim. g

For the last steps, we need more notation: if X € {F, E}, i,j € I (i # j),
set

1—ai]- 1
) k|1 —ag +k/2 —k/2 o l—ai;—k ~
“z)g = Z (=1 { k ]] 4i; / 4ji / X, "X X e UBn(0)-

k=0 qi

Let £, resp. F~, be the closed, two-sided ideal of U™, resp. of U,
generated by all the ug-’s, resp. uf;’s (i # j). Denote by Ugh(ni) the unital,
h-adically complete topological k[A]-subalgebra of U]Dzﬁ(g) generated by all
the E;’s, resp. F;’s (i € I).

Next result describes explicitly the structure of the Cartan and of the
(positive/negative) nilpotent subalgebras in our FOMpQUEAs:

PROPOSITION 4.23.

(a) The closed two-sided ideal of U Eh(g) generated by all the uzb; ’s,
resp. all the u;’s, is equal to the image of U~ ®@Up(h) @ ET, resp.
F~®@Un(h)®@U™, under the multiplication map i3 : U~ @Ux(h) QU T
= UR5(9).

An entirely similar claim holds true as well with fi3 replacing [i3.

(b) Un(h) Ugh(f)) through the obvious canonical epimorphism. In
particular, Up(h) = U]J%h(h) is the h-adic completion of Sy(h), the
symmetric algebra of b over k[h], hence it is independent of P and
R (it only depends on b).

(¢c) The algebra U, (ny), resp. U, (n_), is isomorphic to the unital,
h-adically complete topological k[h]-algebra generated by the E;’s
(i € I), resp. the F;’s (i € I), with relations uf; = (0, resp. uf; =0,
fori #j.

Proof.

(a). — This follows mutatis mutandis from [33, Lemma 4.20].

(b). — The first part of the claim follows from the proof of [33, The-
orem 4.21 d)]. Indeed, let J be the kernel of the canonical, i-adically
continuous epimorphism p : ﬁgh(g) — U}}:h(g); by construction, it is the
closed two-sided ideal generated by the ug and uf; foralli # jin I. By (a),
we have

(4.15) j:;ﬁ(ﬁ*®ﬁh(b)®5++f*®ﬁh(h)®l7+).
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Now, the kernel of the canonical epimorphism p|0r(h) : l?h(f)) — Up(h) =
Ugh(h) is nothing but 7 N ﬁgﬁ(f)); then by (4.15) it is equal to the image
under /Tg of

(6’* RUn(h) @ET +F @ Un(h) ® 17+) N (k[1] ® UR,(h)  k[A])

and since the latter is obviously trivial, we get that J N ﬁ?h(f)) = 0. There-
fore, p|0h(h) : ﬁh(b) —_— U}fﬁ(b) is injective, hence it is an isomorphism.

The second part of the claim follows from the first, coupled with Propo-
sition 4.20.

(¢). — This is proved much like item (b), but using that
JnuU+

= /Tg((ﬁ*®ﬁn(h)®5++}‘*®ﬁh(h)®ﬁ+) N (k[[h]]@k[[h]]@ﬁ*))

= (k[F] @ k[A] ® £T) = £F
JNnU~-

= 73 ((U“ QU RET+F-Us(h)0UT) N (U~ k][] ®k[[h]]))

= m3(F~ @ k[h] @ k[A]) = F~. O
Remark 4.24. — An alternative, independent argument which also leads

to prove Proposition 4.22 and Proposition 4.23 goes as follows.

First, we can state a strict analogue of Lemma 4.8 where we replace
the k[A]-module U;;z@(g) = U~ @ Up(h) @ Ut — taking complete tensor
product — with its “parent” ﬁ?’,? (9) = U~ ® ﬁﬁ(b) ® U*: the claim will
be that U g’;?(g) bears a structure of fi-adically complete, topological k[A]-
algebra which is uniquely determined by the same recipe (and formulas) as
in Lemma 4.8 — the proof will be quite the same, only a bit simpler because
there will be less relations to deal with.

Second, we provide a strict analogue of Theorem 4.9, now concerning
ﬁg’,;@(g) and ﬁgh(g) instead of U;;i@(g) and UF(g); here again, the
proof will follow in the footsteps of the one for the previous case. This
last result eventually will be just a reformulation of Proposition 4.22 and
Proposition 4.23 altogether.

4.4.2. Triangular decomposition — revisited

Using the previous constructions, we present now alternative proofs of
“triangular decomposition” for FOMpQUEAs. Again, it is enough to prove
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one of the various isomorphisms in the statement of Theorem 4.11, so now
we shall deal with

UBh(n=) ®xpng Un(h) Rugng Ubp(ng) 2 UR (o)
where the (would-be) isomorphism is induced by multiplication.

Second Proof. — By construction and by the results reported in Propo-
sition 4.23, we have isomorphisms of (topological) k[#%]-modules

UR,(g) = ((7‘®5ﬁ(h)®ﬁ+)/(f‘®ﬁh(b)®ﬁ+ + ﬁ‘@ﬁh(h)@vé’*)
~ (ﬁ*/f*) ® Un(h) @ ((7*/5*)
> U @Uph)@UT = Uﬁ,n(n—) ® Un(h) @ U}?h(mr)
(using simplified notation for the tensor product), where the isomorphism

(from right to left) is induced by multiplication, hence we are done. O

Third Proof. — The claim amount to saying that the k[A]-linear map
(4.16) B UBn(n=) ®xprg Un(h) ®ugng U n(ng) — UF(9)

induced by multiplication (on three factors) is in fact bijective.

To begin with, let U~, resp. U°, resp. UT, be the k[h]-subalgebra of
U}D%h(g) generated by all the F;” (¢ € I), resp. all of b, resp. E;’s (i €
I); then let U, = U].%ﬁ(n,), resp. UY = Up(h), resp. U;S = Ugﬁ(mr).
Furthermore, let us define U+ = Spank[[h]] ({EﬂE}FHE> where the
F, resp. H, resp. E, are all possible monomials in the Fy’s 7(1 € I), resp.
in the H's (H € b), resp. in the E;’s (j € I); note that Ut is a k[A]-
submodule of U]%h( g), but not a k[i]-subalgebra. Finally, we let U be the
k[#]-subalgebra of Ugh(g) generated by U*.

Clearly, the map p in (4.16) restricts to a similar map

(417) /,LZU_®kh U0®kh U-‘r_)Ui
(7] (7]

which again is induced by multiplication. We shall presently prove the
following

CLAIM 4.25. — The map pu in (4.17) is bijective.

Once this is settled, we have that both u and its inverse p~! will be
(mutually inverse) isomorphisms of k[/]-modules, hence in particular con-
tinuous for the h-adic topology. Then, taking A-adic completion on both
sides, p and p~! will canonically induce (bicontinuous) mutually inverse
isomorphisms of topological k[h]-modules, denoted py and ugl, between
the h-adic completion of U™ ®y[p] Uo Qxpay U * and the h-adic completion

ANNALES DE L’INSTITUT FOURIER



FORMAL MULTIPARAMETER QUANTUM GROUPS 75

of U*+. Now, by construction the -adic completion of U~ N U’ N U+
is just Uy, @kpa UL Rxgr Uy, while the A-adic completion of U+ (which coin-
cides with the hi-adic completion of U) is nothing but U]%h( g). In particular,
again by construction uy coincides with K3 in (4.16), hence the latter in

turn is an isomorphism of topological k[[A]-modules.

Thus we are left with the task to prove the Claim 4.25 above. As it is
clear that u is surjective, hence we only have to prove that it is injective too.
For this, we use the Hopf structure of U].%h( g), in particular its coproduct,
adapting an argument that does work in the uniparameter case, see e.g. [32,
Section 3.1], or [39, Section 6.1.5].

We saw above that Ut is k[A]-spanned by the set of monomials of the
form F - H - E where each single factor in turn is of type F = F;, --- F;_,
resp. H = Hy, ---Hy_,resp. E=F; ---E; ,withii,..., 05, 01,...,0m €1
(n,m € N) and Hy,,...,Hy, (s € N) ranging in some fixed, ordered k[A]-
basis {Hg}éeﬁ of h. Similarly (with same notation), U~ ®yp Uo° ®x[A] Ut
is k[[A]-spanned by the set of (tensor) monomial of the form FF ® H ® E,
with ', H and E as before.

To begin with, let G be the free Abelian group with basis {&;},.;: we en-
dow it with the product order, hereafter denoted by =, induced by the stan-
dard order in Z. We define on U a k[h]-algebra G-grading U = @, g Uy
given on generators by

O(E;) = +e;, 8(&) =0, O(F)) = —¢;

for all i, j € I, H € Up(h) \ {0} — the reader can easily check that these
formulas on the generators are indeed compatible with the relations in (4.5)
among them. This restricts to similar G-gradings on Ut as well as on U™,
U° and U™ - which then are graded subalgebras of U with respect to this
G-grading — hence on U~ ®g[p) Uo° ®x[n] U™ too. Note then that each one of
the monomials F-H-E =F;, --- F; -Hy, ---Hy - Ej; --- Ej  and similarly

F ® H ® E considered above is G-homogeneous of degree

3(Fi1"'Fz‘n'Hel"'He 'Ejl"'Ejm) =¢ej ++ej,, —&iy ——¢i, €G.

s

Now consider the twofold iteration A?) = (A ®id)o A = (id®A) o A
of the coproduct map A of Ugh(g). By the very definition of A we easily
see that

AQ)(E‘ an) —1®1® (Fi1 "'Fin) +Zut ® vy @ wy
t

(4.18)
A(2)(E] ”'Ejm) = (EJ "'Ejn) ®1®1+Zak®bk®ck
k
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where the wy’s in the first line of (4.18) are elements in Ugh(g) which
are G-homogeneous of degree strictly greater — for the order < in G — than
G(Fi - F ), while similarly the ax’s in second line are elements in Ugh(g)

in
which are G-homogeneous of degree strictly smaller than 9(Ej, --- Ej,.);
in short,

(4.19)  O(w) Z O(Fy, -+ Fj,) Vi, oNap) 2 0(Ey, -+ E;,) Vk.
Eventually, from (4.18) and (4.19) together we get

A3 (Fi1 - F; Hy, -+ Hy Ej, Ejn)

(2)(F¢1 o Fy -H-Ej "'Ejm)

@(F, - F,) AR (H) A (B, - ;)

= (F, - Fi,-Hp) ©Hoy @ (Hey - Ejy By, )+ 605,00,

=A
A

where each tensor @, ® =, ® (2, lies in Uy ® Ug ® U, — with ¢, £ and w
being degrees for the G-grading — and obeys the following condition:

(420) 8(F§-~1Qn)§(ﬁ or a)ééﬂﬁbln-ﬁbm)

We have to prove that the map p in (4.17) is injective. As U~ @U@ U™
is k[A]-spanned by all the (tensor) monomials of the form FF @ H ® E
(notation as above, with the monomial H being ordered): so we assume

(4.21) m (Z koF, ® H, ®E0> -0

oceS

for finitely many k, € k[#i], and we prove that

Y teF,®H,®E,=0.
oesS

First of all, (4.21) yields

> keE,H,E, = p (Z keF, @ H, ® E) = 0.

o€eS oceS

Second, the previous analysis for A®) gives, for all indices o,
A®(F,H,E,)

= (B, (Hy) ) © (Hy) gy © ((Hy) o) £, ) + 297 0 27 0 97
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with the 7 ® 27 ® (27’s obeying (4.20) above. Then

0= A(Q)(O) =A® (Z KUFUHJE[,>

ceS

=Y kA (F,1,E,)

ZH"<( o’ )(1)>®(HU)(2)®<( )(3) )JFZQW@:U@.QU)

Now, we select those o in S for which §(F,) has some minimal value — in
(g; = ) — say [i, and simultaneously a(ﬂg) has a maximal value, say ji; we

denote by Sg the subset of such indices. Then by degree comparison, we
see (cf. (4.20)) that

Z Ko (Eo ' (ﬂo)u)) ® (Ea)@) ® ((ﬂo)(?,) 'E,,)

UES’E
is the whole homogeneous summand in
S (1) @ 1)y © (11 2) + K070 27 22
ocesS r

of degree (Ji,0,71) with respect to the grading by G x G x Gin U@ U @ U
canonically induced by the G-grading of U. For this reason, the identity

Z Ko ((0 )(1)) (HU)(2) ® ((EJ)(:J,) Ea)

ceSs
+y e E] ®¢g> =0
T
found above implies at once

(4.22) > ko (Ea : (ﬂg)m) © (Hy) ) © ((ﬂa)@) 'Ea) =0

i
UGSﬂ

Now observe that U? admits as k[A]-basis the set of all ordered mono-
mials H in the Hy’s (i.e., we assume that Hy, =< --- = Hj ), directly
by construction and by Proposition 4.20. Let D be the Abelian group of
rank ¢ = rk(h) with basis {d¢},.,, that we endow with the product or-
der, again denoted by =, induced by the standard order in Z. There is
a natural D-grading on U such that a(H g) = J, for all elements of the
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fixed basis {Hg}éeﬁ,
0p, + -+ d¢,. Also, as the elements of f are primitive in Ugﬁ(g), we have

(423)  AP(Hy, - Hy)=1@ (Hy - Hy) @14 Y 2,0y, 82

whence H = Hy, --- Hy, is D-homogenenous of degree

where the y,’s are elements in U? which are homogeneous (for the D-
grading mentioned above) of degree strictly lower than that of Hy, --- Hy,,
that is

(4.24) Oyr) 3 O0(Hy,---Hp))=s  Vr.

The left-hand side of (4.22) belongs to U ®UO®U5; taking into account
the D-grading in U° mentioned above, the identity (4.22) implies that each
homogeneous component — with respect to the obvious grading of U™ ®
U®U* by G x D x G — in the left-hand side of (4.22) must be zero as
well. In particular, let us focus on a single monomial Hg = Hyz -+ Hys
which actually occurs in (4.22), having maximal degree in (D; =< ): then
for the (G x D x G)-homogeneous component of degree (ji,0(Hz),1) =
(ﬁ,dg + -4 0gz, 1) in (4.22) we find, by (4.23) and (4.24)

(4.25) > keF,®H,®E,=0
aesg(e)

where Sg(ﬁ) = {0 € Sg | H, = H;} is a non-empty subset of Sﬁ But
now (4.21) and (4.25) jointly provide the new, shorter linear combination

> heE,@H,®F,=)Y kB, 0H,®F,~ Y kE,@H,®F,

f Py
oeS\S" oesh

that still belongs to Ker(u): applying again the same argument, and iter-

ating, we end up with > ¢ r,E, ® H, ® F, = 0. O

4.5. Construction of FoOMpQUEAs

In this section we provide two new, independent constructions (with re-
spect to what is done in Section 4) of FOMpQUEAs. Namely, when R is
split minimal we construct a FOMpQUEA UF,(g) — with its whole struc-
ture of Hopf algebra — first as (a slight variation of) a quantum double
(or “Drinfeld’s double”), and them as a double cross product. Then from
this special case (via Proposition 2.4, Lemma 2.7 and Proposition 4.15)
we deduce the existence — and explicit presentation — of U].%ﬁ( g) for any

realization R as a quotient of U]%lh(g) for a suitable, split realization R’.
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It is worth explaining a bit what is the general scheme beneath our pre-
sentation. The construction of the quantum double applies to any pair of
Hopf algebras (possibly topological) over a ring R, with an R-valued skew-
Hopf pairing between them. Typically, this applies to any pair of Hopf alge-
bras which are dual to each other, and their canonical (evaluation) pairing.
Now assume we do that for some QUEA, say Ux(g), together with its dual
(in topological sense) Ux(g)" =t Fy[G] — the latter being a “quantum for-
mal series Hopf algebra” (=: QFSHA), in Drinfeld’s terminology. Then the
corresponding quantum double D(Uh( g)7Fh[[G]]) will be a “quantum ob-
ject” — isomorphic to Us(g) ® Fr[G] as a coalgebra — whose specialization
at h = 0 will be the Drinfeld’s double D(U(g), F[G]); this means that,
roughly speaking, D(Ux(g), F[G]) is indeed “half a QUEA” and “half a
QFSHA”. Therefore, if one aims instead to get a new, full QUEA out of
the initial QUEA Ujx(g), then one has to modify the previous construc-
tion; indeed, there exists a general recipe to perform such a modification
(see [21], Section 12.2) which in turn relies on Drinfeld’s “Quantum Duality
Principle” which allows one to “extract” a suitable QUEA out of a QFSHA
(cf. [28] and references therein). In our presentation we will not formally
apply this general recipe: instead, we will present an ad hoc construction,
tailored to the specific situation we have at hand. However, whatever we
do is directly dictated, step by step, by the general recipe, only we display
our construction in layman’s terms just to spare the reader some extra
theoretical tools that are not needed in full generality. Nevertheless, it is
worth stressing that we are actually applying the general recipe, even we
do not show it in full light: yet it is there, standing in the backstage.

As a first goal, we aim to construct a suitable quantum double of Borel-
like FoMpQUEAs, starting from a pairing among Borel FoMpQUEAs: to
this end, we need to step back and introduce “pre-Borel” FoMpQUEAs
instead, a pairing with values in k(%)) among them, and Borel FOMpQUEAs
as quotients of pre-Borel ones. As second step, we show that this pairing
“pushes-forward” to Borel FoOMpQUEAs, hence can be used to perform a
quantum double construction; actually, a priori this would not be feasible,
because the pairing is valued in k(%)) rather than k[A]: nevertheless, we
prove that in the present case the quantum double construction indeed does
work (in a suitable sense) over k[h] as well, hence we are done.

Along the way, another obstruction we encounter is that the construc-
tion of the pairing we would need actually clashes with A-completeness
of (pre-)Borel FoMpQUEAs; therefore, we scale down to constructing a
pairing defined on some dense, non-complete subalgebras — of (pre-)Borel
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FoMpQUEAs — and then we manage to carry out the quantum double
construction we are looking for.

Finally, we will present yet another construction — parallel to that via
quantum doubles — of FOMpQUEAs in terms of double cross products of
Borel FoMpQUEAs.

4.5.1. Pre-Borel FoMpQUEAs and their pairings

Our first purpose is to construct quantum doubles of Borel FOMpQUEAs
of split, minimal type; for this, we need a suitable pairing among such Borel
FoMpQUEASs. To this end, we need to step back and introduce “pre-Borel”
FoMpQUEAs instead, a pairing with values in k(%)) among them, and
Borel FoMpQUEASs as quotients of pre-Borel ones.

DEFINITION 4.26. — Let A = (ai;), ¢,
ijer € My (k[R]) a matrix of Cartan type
with associated Cartan matrix A and R = (h,H, HV) a split minimal re-
alization of P, so that b = Spamy; ({Tf,Ti_}ieI) and it has rank 2n
(cf. Definition 2.1).

We define the positive, resp. negative, pre-Borel formal multiparameter

be a generalized symmetriz-

able Cartan matrix, P := (p; ;)

quantum universal enveloping algebra — in short positive, resp. negative,
pre-Borel FOMpQUEA — with multiparameter P as being the free unital,
associative, topological, hi-adically complete algebra over k[h], denoted by
ﬁ?h([ur), resp. by ﬁ?h(b_), with generators T;", E; (i € I), resp. T, , F;
(iel).

Moreover, we give to ﬁ?h(bJr), resp. to ﬁ?h(b_), the unique, topolog-
ical Hopf k[h]-algebra structure uniquely defined by (for alli € I)

AT =TF 1410t S@F)=-T7. (1) =0

AE)=E ol+e™ 0B, S(E)=-c " E, eE)=0
for (NJEE([M), and for (NJEE([L) in turn by (for alli € I)
AT7)=T; ®1+1®T;, S(T7) =17, e(T;7) =0

A(Fl) = Fz (024] eihTi_ —|—]_ ® Fl‘, S(Fl) = _Fi e+hTi_, E(Fl) =0.

From now on, we work with fixed positive and negative pre-Borel FoM-
pQUEAs U 7;) +(b1) as above; in the following construction the two will play
asymmetric roles, but one can also reverse those roles — switching U E R(01)

and U 71% 5 (b_) among them — and eventually get exactly the same outcome.

ANNALES DE L’INSTITUT FOURIER



FORMAL MULTIPARAMETER QUANTUM GROUPS 81

DEFINITION 4.27. — Let us consider T, =hT, ,F; = hF; € ﬁgh(b_),
for t € I. We define Z/N{Eh(b,) to be the h-adic closure in ﬁgﬁ(b,) of the
unital k[A]-subalgebra generated by {T;, Ff}eel‘

Similarly, we define UEE(bJr) to be the h-adic closure in U?h(b+) of the
unital k[h]-subalgebra generated by {T} = hT};", B}, == hEk}kej'

The following, technical result is obvious from definitions

LEMMA 4.28. — Let €1 = Ker(egr  (y,)) NUR (bx) + RUT ,(b2).
Then:

(a) Ijlgh(bi) is complete with respect to the gf)-adic topology, and
{Tj,Ei}iel, resp. {T;’Fj}jel’ is a set of topological generators
of it;

(b) L?Eh(bi) is a (topological) Hopf k[#i]-subalgebra of ﬁ?h(bi).

The key point with pre-Borel FoMpQUEAs is our next result, whose
proof is more or less standard in Hopf theory.

PROPOSITION 4.29. — There exists a k[[h]-linear skew-Hopf pairing
T ﬁ?n(h) ®Ik[[h]] a?h(b—) — k[7]
uniquely given — for all 1,5 € I — by

%(,T;raT;) = Q5 (Tji) = C”(Tﬁ) = Dij» %(,T;ra ]-) =0= %(Lf;)
T(T;7, F;) =0=7(E;, T; ), T(1,F;) =0=7(E;1)
#(11) =1, R(BFy) =
q; —4;

Proof. — Assume first that such a skew-Hopf pairing exists: then it
is uniquely determined by its values on the (topological) algebra gen-
erators of ﬁﬁh(bJr) and Z/N{E’h(b,) chosen in the sets {T;r’Ei}ieI and
{Tj_, F; }je ,» respectively; indeed, this follows from repeated applications
of formulas (4.1) and (4.2) in Definition 4.1 along with the fact that
L?? n(b_) is a Hopf (sub)algebra. Therefore, once the above mentioned
values are specified as in the statement, this proves uniqueness.

To show that such a pairing exists, it is equivalent to prove, as usual,
that there exists a anti-homomorphism = : ﬁ?n(b—k) — ggh(b_)* of alge-
bras, where Z/N{E’h(b_)* = Homyp (Ijlgh(b_),k[[h]]). This is known once

it is assigned on the free (topological) generators of U Eh(b-ﬁ-) picked from
{Ti+7Ei}i€I’ — R
them, because Z/{Eﬁ(b,) is freely generated by {T;, Fj}z‘el'

and to define v on those elements we use the coproduct on
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Given an augmented R-algebra (A, €) over a ring R, amapd: A — R
is called a derivation if d(xy) = d(x)e(y) + e(x)d(y) for all x,y € A. Also,
for two algebra maps «, € Algr(A, R), an (o, 3)-derivation is a map
d: A — R such that d(zy) = d(z)a(y) + B(x)d(y) for all z,y € A.

Taking into account that the Tf’s are primitive, the K; = e+hTy
group-like and the F;’s are (1, K;)-primitive, for all i € I, we define in

are

Z?Eh(b_)* the derivation 7;, the algebra morphism k; and the (e, x;)-
derivation 7; by (for all i, € I)
Tz(T'_) = Dij» Tz(i) —0 ’ii(T'_) = Pij, ’%(7) =0
_1y -1
m(T;) =0, mi(F5) = 0h(a —a')

Now consider U 5 h(b_)* as an algebra with the convolution product, that
is, (Ig)(m) = f(z))9(z@)) for all f,g € Ugh(b_) and = € U}%h(b_).
As UE (by) is the free (topological) algebra generated Ey {T;’_’*Ei}i -
one has an algebra anti-homomorphism ~ : UP R(b1) — Z/{gh(b,) given
by v(T;") == 7; and y(E;) == n; for all i € I. Let 7 : ﬁgh(bﬁ ®xk[n]
agh(b,Z — k[Ah] be the lir~1ear map defined by 7(z,y) = (v(z))(y) for
all z € U71§,h(b+) and y € U}g’h(b,); then by the very construction of -,
condition (4.2) is satisfied. On the other hand, condition (4.1) is satisfied
because it is satisfied on the generators T;" and FE; (i € I) and the co-
multiplication is an algebra map; the same holds for the conditions (4.3).
Finally, one may prove conditions (4.4) concerning the antipode using again

the values on the generators, as both S and S~! are algebra and coalgebra
anti-homomorphisms. O

Remark 4.30. — It is clear by construction tllat one can also intro-
duce a topological Hopf subalgebra UF (b)) of U ,(by), for which the
zinalog of Lemnia 4.28 holds true, and a suitable skew-Hopf pairing 7 :
UT 5 (b5) Bx[n] UR,(b_) — Kk[h] similar to~the one in Progosition 4.29,
and denoted again by 7. Moreover, both UR (b+)®kﬂﬁ]] L{Ph(b_) and
UT 5 (b1) ®xprg U (b-) will embed in UP h(h+) Sx[n] UP »(b_), their in-
tersection will c01nc1de with Z/{ A(64) ®k[[h]] UR P1(b-), and the restrictions
to this last submodule of the two pairings considered so far will coincide.

4.5.2. From pre-Borel FOMpQUEAs to Borel FOMpQUEAs

We introduce now Borel FoMpQUEAs, as quotients of pre-Borel FoM-
pQUEAs: indeed, the former are carefully devised so to inherit from the
latter all possible “good” properties.
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DEFINITION 4.31. — Let pre-Borel FoMpQUEAs ﬁ?h(bi) be given as

in Definition 4.26. We deﬁnf f+ to be the closure — in the h-adic topology
— of the two-sided ideal in U?h(b+) generated by the elements (i,5 € I)

T =THTH —TFTF, B =T/ E; — E;T} — a(T})E;
1—aij

1—ayj; k)2 —k/2 ml—ai;—k o
D DL ] I e T R
k=0 qi

and we define z _ to be the closure — in the h-adic topology — of the two-
sided ideal in U}.%h(b,) generated by all the elements (i,5 € I)

e — 7). _
T =TT, —~T; T;, F.§ =T F - FT  +a;(I])E;
lfaij

1—ay k/2 —k/2 pl—as;—k .
D S ] IR e e L )
k=0 qi

Moreover, we define the positive, resp. negative, Borel formal multipa-
rameter quantum universal enveloping algebra — in short positive, resp.
negative, Borel FoMpQUEA — with multiparameter P as being the quo-
tient UE,(by) = UR b+)/f+, resp. U, (b_) = ﬁ?h(b,)/f,, With a
standard abuse of notamon, hereafter we shall denote with the same symbol
any element in ﬁﬁh(bi) as well as its image (via the quotient map) in the

quotient algebra UJ, (by) = ﬁ?h(bi)/fi.
We need also similar definitions for the Hopf subalgebras L~{71§ p(b1):

DEFINITION 4.32. — Let Z/N{%h(hi) be defined as in Definition 4.27, and
consider in it g.g?) = Ker(efﬂ;r(bi)) ﬂljgh(bi) + h]jﬁh(bi). We define

f+ to be the closure, in the gf)—adic topology, of the two-sided ideal in
UF (b)) generated by the elements (for all i,j € I)

T = ijj — T;FTZ‘.*, EE? =T/E; — E;T} — ha;(T])E;
lfai]‘

= 1—ay k(2 ~k/2 ik B L,

Eij= ) (—1)'“{ k ]} P E; E;E} (i #7)
k=0 qi
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and we define Z_ to be the closure — in the S~(_m—ad1'c topology — of the
two-sided ideal in Uﬁh(b_) generated by the elements (for all i,j € I)

o oy o= — -
T, =T;T; -T;T;, F\}:=T;F;—F,T; +ha;(T;)F;

i, i,j
lfaij
= 1—ai;|  +k/2 —k/251—ai—ks = L,
Fij= Z (—1)1{ i J] Qi / 45 / F; F;F} (i # J).
k=0 qi

Accordingly, we consider the quotients U, (b+) = Zjlﬁh(bi)/fi, and,
with standard abuse of notation, we shall denote with the same symbol any
element in L{ﬁ 5 (b+) as well as its coset in the quotient algebra Z/{];‘: R(01) =

UR L (b1) /T
The key point concerning Borel FOMpQUEAs is the following:

PRrROPOSITION 4.33.

(a) I is a Hopf ideal Ofﬁgh(bi), so that U]}’h(bi) = ﬁ?h(bi)/fi is
a quotient Hopf algebra. Similarly, .. is a Hopf ideal of ﬁ}% n(01),
therefore the quotient UF ;(b) = Z]Eh(bi)/fi is in fact a Hopf
algebra.

Moreover, L{Eh(bi) is a (topological) Hopf subalgebra in
UR,(bs).

(b) The ideal I, resp. Z_, is contained in the left, resp. right, radical of

the pairing T : ﬁ?h([ur) ® Z/N{?h(b_) — k[A] in Proposition 4.29.

Similarly, the ideal 7:_, resp. f_, is contained in the left, resp.
right, radical of the pairing T : L?Eh(b+) ® ﬁgh(b_) — k[A] in
Remark 4.30. ’ ’

(¢) The two skew-Hopf pairings T : ﬁ%h(b_ﬁ ® H};"’h(b_) — k[7]
and T : Z]Eh(b+) ® ﬁ?h(b_) — k[A] mentioned in (b) uniquely
induce skew-Hopf pairings 7 : Uf;,(by) ® UF (b)) — Kk[h] and
T UR,(by) ® UF,(b_) = Kk[h] described by obvious formulas as
in Proposition 4.29.

Proof. — Claim (c) follows at once from (a) and (b), so now we prove
the latter ones.

As to (a), computations show that the Tl-fj’s are primitive, while the
Ef?’s are skew-primitive, namely A(El(?) = g) ®1+ et Ty ®Ei(§);
similarly, again direct computations prove also that A(E; ;) = E; ; @ 1 +
et (1—ai) T +ATT @E; ;. This implies that I is a Hopf ideal of ﬁgh(bJr).

With similar arguments, one proves the claim for I_ and for fi as well.
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Finally, the statement about being a Hopf subalgebra follows by con-
struction.

As to (b), again direct computation shows that I + lies in the left radical
of the pairing 7. For instance, the functional %(Tﬁ'Tf, —) is non-zero only
when it is evaluated in elements of the form T,;TZ for some 1 < k,¢ < n;
in this case,

AT T Ty ) = 7 (15 T )7 (1, Ty ) + 7 (T, T (T, 7))
= puPjk + PikDje = %(T;FT;’, T.T,)

so the generators Tfj =TT, —=1;T; of I + lie in the left radical for all
i,jel

Similarly, we saw that the generators Eg) =T E;— E;T —a;(T;")E;
are skew-primitive again, namely A(Eg)) = EZ(I;) @1+ Ty ®EZ-(§).
Thanks to this, in order to prove that the EZ.(:‘;)’
left radical it is enough to show that they kill the generators of Z]Eh(b_),

s are contained in the

because for all z,y € ngn(b,) we have
%(Eg),xy) = %(Ef?,x)%(l,y) + %(e+fj+,x)%(Eg),y).
Now, from %(Eg7 1) = 0 for all ¢ € I, the properties of the skew-Hopf

pairing imply that %(Eg), 1) = 0 too, for all ¢,j € I. Similarly, direct

computation gives, using notation 7g(a ® b,u ® v) == 7(a, u)7(b,v),
%(Ez(? T;Z) = %(Ti—i_Ej — E;T" — (T E;, TE)
=T (Tf ® B — B 0T — o (TNE; @1, A(TE))
=Tg (T;r RE; —FB;@T;" — oy (TN E; @1, T, ®1+1®T,;)
=0

exactly because %(Ej, 1) =0= %(Ej,T,;) for all 5,k € I. Likewise, we
also have

#(BD )

#(T B, - BT — (T E,, Fi)

7o (T © By — B; @ T — oy(T)E; © 1, A(Fy) )

Il
o 3

® (7;+ RE, —EoT" —a;(THE; ©1,Froe Tr +1® Fk)
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because when we expand the last line the only non-trivial summands are

1

(B, Fi) 7 (T e T ) = +85h(a " = a;) - an(T)

and
oy (T)F (B Fu) -7 (1e7T% ) = =y (1) dh(ef —a7') 1

which add up to zero.

Finally, the E; ;’s are skew-primitives too, so again it is enough to show
that they kill the generators of Zjlg »(b_). This follows again by direct
calculation, for instance

7By F)
l—a,yj 1
~ s — Q45 s —s l—a;;—: s =
:W<Z (-1) { 5 ”] ai; /qui 2 gEjEi»Fk>
s=0 qi
170.1']‘ 1
— Q45 s —5/2~ —ai;—S s =
=% ') R (B e g 0 a0 (FL)
s=0 qi
1—(17;]' 1
s — Q44 +s/2 —s/2
:Z(_l) [ SJ] qij/jS/
s=0 qi

x%@(E;_“”_s@Ej QFE:, Frwe Tr@e Tk 1@ Fy®e Tx +1®1®Fk)
so that for all s we get
7 (Eil_a“_s@@Ej@Ef,Fk@ej'? ®e Tk +1@F,@e Tx +1®1®Fk) —0

because %(Eﬁe*i: ) =0= %(Ej7 1) and %’(E;fa”*s, 1) =0. O

Remarks 4.34.

(a) Constructions imply that U]%h(bi) in Proposition 4.33(a) coincide
with the Borel FOMpQUEAs of Definition 4.4(c), with their whole
Hopf structure (cf. Proposition 4.14), so we use again same notation
and terminology.

(b) Denote by t4 and R_, respectively R and t_, the left and the right
radical of the skew-Hopf pairing 7 : ﬁﬁh(bJr)@ngh(b,) — k[A],
respectively 7 : ﬁ;’.ﬁh(m)@ﬁﬁh(b,) — Kk[R]; all these are Hopf
ideals, and then — in both cases — the pairings 7 induce similar skew
Hopf pairings between the quotient Hopf algebras U 71% A(b4) / vy and
ﬁ?h(b,)/R,, resp. L??h(bJr)/RJr and ﬁ?h(b,)/t,, which are
non-degenerate. When the matrix P is symmetric, hence equal to
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DA, basing on [35, Theorem 9.11], one can prove that the relations
in Definition 4.31, resp. in Definition 4.32, generate the Hopf ideals
t4, resp. R4, hence one has that U?h(bi)/ti = U]},n(bi) and

UR L (b1) /Ry = UR,(by).
Next result points out a technical property of the Borel FoMpQUEAs.

LEMMA 4.35. — The algebras Ugﬁ(bi) are topologically free, i.e. they
are torsion-free as k[h]-modules and they are separated and complete for
the h-adic topology.

Proof. — It is proved in Theorem 5.15(b) later on, in a way indepen-
dent of whatever follows from here to there, that in the split minimal case
the FoMpQUEA Ugh(g) is just a deformation (in a proper sense) of Drin-
feld’s Up(g) — in “double version”, i.e. with Cartan subalgebra of rank
2|I|; in particular, UZ,(g) and Us(g) have the same k[i]-module struc-
ture. Now Uj(g) is known to be topologically free, so the same holds for
U]D%E(Q)7 and then this property is inherited by the subalgebras Uﬁh(bi)
too. Alternatively, the proof of Theorem 5.15(b) also applies directly to
Ugh(bi), proving that the former are suitable deformations of Drinfeld’s
Up(by): the latter are known to be topologically free, so the same holds for
UFy(b2) too. O

4.5.3. FoMpQUEAs as quasi-doubles of Borel FoMpQUEAs

The analysis carried on from Section 4.5.2 on provides skew-Hopf pairings
between Borel FOMpQUEAs U, (b-) and U, (b+). Following the recipe
in Definition 4.1, we can then consider the associated (Drinfeld’s) quantum
doubles, that we denote by

Fn(8) = D(UE(b1),UE(b-), 7)
DR u(0) = DU (6:), UR(b-), 7).

By definition of Drinfeld’s quantum double, there exists an isomorphism
of (topological) k[h]-coalgebras 375 n(0) = UE,(by) Bx[n] UE 1 (b_). Even

more, both U, (by) and UF,(b_) embed into DF ,(g) ~ via u = u®1
and ¥ — 1 ®7, respectively — as Hopf subalgebras, and these (Hopf) subal-

(4.26)

gebras actually generate all of E »(9), as a topological algebra. A similar

analysis applies to %Eh( g). Note that here we apply Lemma 4.35: by it,
U]%h(bi) is topologically free, thus also L{gh(bi) is, hence the products
U y(bs) k[A] UF 1, (b=) are topologically free too.
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Our next result is an explicit description of these quantum double Hopf
algebras.

ProrosiTiON 4.36. — With assumptions as above, the quantum double
Hopf algebra BE +(9) in (4.26) admits the following presentation: it is the
unital, associative, topological, hi-adically complete algebra over k[h] with
generators E;, T;', T;, F;, (i,j € 1) and relations (for i,j € I)

LT =TT, T, E; - E;T;" = +pi; B

1 —a;| k)2 —k/2 l—ag—k L,
Z (*1)]C k ’ CI:J_ /2‘1]'1' /in i EjEzk:O (i #J)
k=0 - - qq

T = TJ.—T—

i g 7

T»_Fj — F]TZ_ = _hpjiFj

(1 — ag;] k/2 —k/231—ai;—k L,
Z(_l)k Ek ! Q;;/qj‘i/Fi FjFi’c:O (i #7)
k=0 L dgi

Ej — EJT; = +hpjiEj, T+FJ — FJT+ = _piij

with Hopf structure given on the above generators (for all i € I) by
AE)=Eol+e™ o, AT =T'el+1eT}
AT;)=T; ®1+10T;, A(F)=Foe T 410 F,
@) B) =0 (IV)=0. T7)=0  (F) =0
S(E) =—-e "B,  S(TF)=-T;
S(T;)=-T;

70

S(F;) =—e"i F;.
. . o S
A similar result provides a likewise presentation of DS ;(g).

Proof. — Recall that we have an isomorphism of (topological) k[A]-
coalgebras th(g) = U]%h(bJr) ®xpry UK, (b-). Moreover, through it
both U, (by) and UJ,(b_) embed into DF ,(g) ~ via u — u ® 1 and
via ¥ — 1 ® v — as Hopf subalgebras, which generate Bﬁ’h(g), as a topo-
logical algebra. In particular, as a matter of notation we shall write u for
u® 1 and @ for 1 ® . From all this it follows that BEH( g) admits a pre-
sentation with generators E;, T;', T;, Fj, (i,j € I) — as these generate
U]D%h([u) and Z/lgh(b,) — and relations given by the first two lines in (4.27)
— because these are the relations among the E;’s and 7" ’s inside U]},h(bJr) -
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and the mid two lines in (4.27) — since these are those among the Tj_’s and
F;’s inside L{gh(b_) — plus the additional relations, given at the end of
Definition 4.1, that link the generators E; and T;" (i € I) inside U, (by)
with the generators T and F; (j € I) inside Z/{]Dah( _). Concerning these
last set of relations, direct computation proves that they are given by the
last two lines in (4.27).
For example, taking = =

T; and y = T;‘ we have that
2y (Y2), (2)
=T T n(1,1) + T;n(T;"1) + T w (LT, ) + = (T;", T5)
=TT, +pi
(YW, 7)) Y2 T(2)
= 7T(TZ-+, T;) + ﬂ(TiJr, 1)T; + 7r(1, T;)T;r + (1, 1)Ti+T;
=pi + T, T;
which yields T;rfj_ = T;Tf for all ¢,57 € I; similarly, for z = Fj and
y = E;, we get
2y 7 (Y2), (2)
— F,Er(L,e T3 ) +F; " n(Bi,e 10 )+ B (1, Fy) +e" = (E;, F))
= FE; + 6, ;he T (gt — q;l)’1
(YW, 7)Y T2)
= 7(E;, Fj) Ty +7(E;, 1) F; +7r(e+ﬁTi+, F))E; e Ty +7T(e+hTi+, 1)E;F;
= 6i,jhe_:7; (q;r1 - q[l)_1 + E;F;

which yields the relation E;F; — F;E; = 6; h% (1,7 €1).
Finally, the Hopf structure is given once we know how it looks on gener-
ators, hence it is given by (4.28) because Uf;,(by) and U, (b_) are both
Hopf subalgebras. 7
A parallel argument yields a similar presentation for %E +(9). O

We still need some auxiliary ingredients:
DEFINITION 4.37.
(a) We denote by B}ﬁ 1 (9) the h-adic completion of the k[h]-subalgebra
generated in DR ,(a) by {Ei T, T = h-T5 Fo= o' F}
(b) We denote byf}%h(g) the hi-adic completion of the k[h]-subalgebra
generated in D ;. (9) by {Ei = h™'E;, T;" = v 'T}, T Fi},_,
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We are finally ready for the main result we are looking for:

THEOREM 4.38. — Let A= (a;;), ;., be a generalized symmetrizable

Cartan matrix, and let P = (pivj)i,jel € M, (k[r]) be a matrix of Car-
tan type with associated Cartan matrix A. With assumptions as above,
both Eh(g) and Bﬁh(g) are topological, h-adically complete Hopf k[[h]-
algebras, which are isomorphic to the FOMpQUEA UF,(g) given in Defi-
nition 4.4. ,

Proof. — The claim follows directly from the construction of th( 9)

and %gh(g), and from Proposition 4.36 above: in fact, all this yields

a presentation for 3}3 »(g) and one for 5713 »(g) — with generating set
{Ei7 7‘?—7 Ti_a Fi}ie[’
algebras are isomorphic. At the same time, the formulas for the Hopf

in both cases — that just coincide, hence these two

structure in 7}% +(g) and 571% 5(g) show that these algebras inherit the
Hopf structure as well. Comparing this presentation with the one defin-
ing U]D%h(g) one sees that they coincide again, whence the last part of the
claim. g

4.5.4. Construction as double cross products

In this subsection we implement an alternative construction of U}%h( 9)
as a subalgebra of a double cross product, which is also an alternative way
of constructing a quantum double. We follow Majid [41, Section 7.2] for
the description of the double cross product. We begin by introducing the
construction in the general context of matched pairs of Hopf algebras.

DEFINITION 4.39 ([41, Definition 7.2.1]). — Two bialgebras or Hopf al-
gebras A and H form a right-left matched pair if H is a right A-module
coalgebra and A is a left H-module coalgebra with mutual actions < :
H®A— H,>: H® A — A that obey the compatibility conditions

(hg)<a = (h < (g(l) > a(l))) (9(2) < a(g)), l1<a=¢€(a)
ho (ab) = (h(l) > a(l)) ((h(z) N a(g)) > b)7 hel= E(h)
(h) <a@) @ (b > a@) = (he) aw) ® (hay>aq)).
THEOREM 4.40 ([41, Theorem 7.2.2]). — Given a matched pair of bial-

gebras (A, H), there exists a double cross product bialgebra A <t H built
on the vector space A ® H with product

(a® h) - (b®g) = a(h(l) <lb(1)) ® (h(g) Db(g))g Ya,be A h,g e H
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and tensor product unit, counit and coproduct maps. Moreover, A and H
are subbialgebras via the canonical inclusions, and A <t H is generated by
them with relations

h-a= (h(l) Qb(l)) X (h(z) Db(g)) Vh e H,a € A.

If in addition A and H are Hopf algebras, then so is their double cross
product, with antipode

S(awh) = (108(h))(S(a)®1) = (S(hw) <S(bw)) @ (S(hw)>S(bw)))-
4.5.5. From skew-Hopf pairings to double cross products

Let R be a ring, let A, H be two R-bialgebras and let n: H ® A — R
be a skew-Hopf pairing which is convolution invertible. Then H is a right
A-module coalgebra and A is a left H-module coalgebra via the actions

ho>a = hayn~ " (hay, aq))n(hs): a)
haa=a@n " (hay aw)n(he),as)

for all h € H and a € A. In particular, then, there exists a double cross
product bialgebra A <1 H built upon A ® H; as we know, it has the tensor
product unit, counit and coproduct, while its product now explicitly reads,
in terms of the pairing, as follows (see [41, Example 7.2.7]):

(@@h)-(b®@g) :=n"" (k) bay)aba) © haygn(hea), b))

In addition, when both A and H are Hopf algebras then such is A a1 H as
well.

4.5.6. FoMpQUEAs as double cross products

Using the skew-Hopf pairing between our Borel FOMpQUEAs given by
Proposition 4.33, namely

T UR,(by) @ USp(6-) — K[A]
and
T USR(b1) @ UR,(b-) — Kk[A]

we may apply the general construction in Section 4.5.5 above and define
two new, double crossed-product Hopf algebras

U (b )b UR (b)) and  UR,(b-) s UE,(by).
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Following the recipe in Section 4.5.5, the actions of Z/{Eh(b_) on U}?’h(lu_)
and of U, (by) on UF,(b_) via the skew-Hopf paring 7 are given by
T, oT; =0, T;F<«T; =0, T;7<aF;=0, Ep>T; =0
Ti+ > F]' = —piij, E; < Tj_ = —hp”E

Rt _ h(etTT 1)
EivF; =6; ———2, E«F; =6;———~
g J ij q;H _ qi—l g J v qj‘l —q 1

Xr1=0, 1<X=0 VXe{E, T F.T;}

el

(for all 4,5 € I). It is clear that these formulae completely define the cross
product structure on Uf ,(b_) > U (by). For example, let us compute

E;«F ; explicitly. Set L; = e 75 and K; = ¢T7 : then computations give

B Fj = (FJ')@)”A((EZ')(U’ (Fj)(n)n((Ei)@)v (Fj)(g))
= Lyn~ " (Ei, F;)n(1,L;) + Lin~ " (K;, F;)n(E;, L)

+ Fyn~ (B, (1, Ly) + Fyn ™ (Ki, 1)n(E;, Ly)
+ 17N (E;, 1)n(1, F;) + 1n~ " (K;, 1)n(E;, F))
= Lyn ' (Ei. Fj) +n(Ei, Fj) = Lm(EuS( i) +n(Ei, Fj)
= Lin(Ei, —F; L") +n(Ei, F;) = (1 - Lj)n(Ei, F;)
s -1y
iJ q:rl _q;1

Now, the formulae above show that actually even (U}%h(h_), Ugh(b+))
is indeed a matched pair of Hopf algebras, with actions uniquely induced in
the obvious way from the actions for the pair (L{],%h(b_), U}gh([u_)) which
are explicitly given by

TreT; =0, T;7<aT; =0, T;7<4F;=0, Ep>T; =0
Ti+ [>Fj = 7p7;ij, El <1Tj_ = *pijEi

(1-e) (e 1)
EiDFj:fsiij ENFJ':(SMW

Y>1=0, &' =0  WWel{E, T\ FT }, .,

Therefore, a well-defined double cross product Uf,(b_) >4 U (by)
exists, which is a Hopf algebra containing both U, (by) and U, (b_) as
Hopf subalgebras.
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With a similar situation as for Theorem 4.38, we may then obtain our
FoMpQUEA U1732,h( g) as a double cross product Hopf algebra, namely the
following holds:

THEOREM 4.41. — Let A = (aiJ)ijeI be a generalized symmetriz-

able Cartan matrix, and let P = (Pi,j)me] € M, (k[h]) be a matrix
of Cartan type with associated Cartan matrix A. With assumptions as
above, Ugh(b,) > U]:%h([hr) is a topological, h-adically complete Hopf
k[A]-algebra, which is isomorphic to the FOMpQUEA U]%h( g) given in Def-
inition 4.4. g

Remark 4.42. — Here again, it is worth pointing out that the procedure
we followed above to construct Ugh(b,) > Ugh(bJr) follows a general
recipe. Namely, starting with a QUEA Uy, and its dual QFSHA Uy = Fj,
one has the right-left matched pair (Uh,FE), with Uy acting on Fy by
coadjoint action, and viceversa; thus one can construct Uy < Fy, which is
isomorphic to the quantum double D(Uh, Fh) and, as such, is not yet the
kind of object we are looking for. Then one observes (see [6, Section A.5])
that the right-left matched pair (Uh, Fh) induces another similar right-left
matched pair (Uy,UyY), where U, denotes (in notation of [6]) the QUEA
that is associated by Drinfeld’s Quantum Duality Principle with the QF-
SHA F},. Finally, we can consider the double cross product U, < U}/
— isomorphic to (Uh, Uy ) — which is now exactly the kind of QUEA we
are looking for.

Instead of applying verbatim the recipe sketched above, in the previous
construction we followed an explicit, concrete approach that seems totally
independent; however, it is important to understand that what we did is in
fact nothing but a concrete “realization” of the general recipe, even though
it is not formally apparent.

4.5.7. The general case: third proof of Theorem 4.13

The previous analysis provides an explicit construction of any FoM-
PQUEA defined on a realization R which is split minimal. Out of this,
we now deduce a construction of a FOMpQUEA on R of any type, by a
process of “extension and quotient”. In the end, we find another proof for
Theorem 4.13.

Let P be a multiparameter matrix (of Cartan type), let R := (f), 11, HV)
be any realization of it, and let Ugh(g) be the associated (topological,
unital, associative) k[A]-algebra, as in Definition 4.4.
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By Lemma 2.7, we can also pick a split realization of P, say R =
(ﬁ,ﬂ,ﬂv), and hr = Span ({Tii}iel) inside h. Then we take the FoM-
pQUEA Uﬁh(g) associated with R: inside it, we consider the Cartan sub-
algebras Uh(ﬁ) = U];h(f.)) and Uh(ﬁT) = UEH(F')T) — both independent of
R and P, as for every Cartan subalgebra — and also the complete, unital
k[h]-subalgebra generated by hr, the E;’s and the F}’s: the latter is clearly
yet another FOMpQUEA, namely U];z’h(g), where R = (GT,IE[, I1V) — with
= {& = ai|6T }ier — 1S again a realization of P, now split and minimal.
Thanks to Theorem 4.38 then, there exists a Hopf algebra structure on
U;z’h(g), which is described by formulas as in (4.8), (4.9), (4.10).

On the other hand, definitions imply that UR,(a) = Un(h) &y, )
U}%h(g). Then there is only one way to extend the Hopf structure in U}.%h(g)
mentioned above to a Hopf structure on Ugﬁ(g) =~ Uy (h) ®Uﬁ(6T) U;?ﬁ(g)
so that all elements in § are primitive; in other words, there exists a unique
(topological) Hopf structure in Uy (h) ®Uﬁ(6T) U;Z,h(g) = Uﬁh(g) which
coincides with the given one on the right-hand factor and makes all elements
of b primitive in the left-hand factor.

Finally, again by Lemma 2.7, there exists an epimorphism of realizations
m : R — R. By functoriality, we get an epimorphism Ur : U]%h(g) —
UFy(g) with Ker (Uy) generated by Ker(w) (cf. Proposition 4.5); more-
over, every element in Ker(w) is primitive and is central in Ugh(g). Thus
Ker (Uy) is a Hopf ideal in the Hopf algebra U173%h(g)7 hence U (g) inherits

via Uy a quotient Hopf algebra structure from U]})h(g), again described by
the formulas in (4.8)—(4.10).

Remark 4.43. — We expect that our definition (and construction) of
FoMpQUEASs, and all related results presented hereafter, can be extended
to the case when the symmetrizable generalized Cartan matrix A is re-
placed by a more general symmetrizable Borcherds—Cartan matrix, see [5]
and references therein. However, due to additional technical difficulties, we
do not pursue such a goal in this paper.

5. Deformations of formal multiparameter QUEAs

After introducing formal MpQUEAS, in the previous section, now in the
present section we go and study their deformations, either by twist or by
2-cocycle — both of “toral type”, say.
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5.1. Deformations of FOMpQUEAs by toral twists

We discuss now suitable twist deformations (of “toral type”) of FoM-
pQUEAs, proving that they are again FOMpQUEAs. By the results in [20]
one can show that all possible twist elements F for Drinfeld’s Uy(g) can
be constructed from data associated with Belavin—Drinfeld triples which
classify classical r-matrices for g itself: in this respect, our “toral” twists
correspond to the trivial Belavin—Drinfeld triples.

5.1.1. Toral twist deformations of U]D%ﬁ(g)

We fix a matrix P = (pi,j)i’jel € M, (k[A]) of Cartan type with asso-
ciated Cartan matrix A, a realization R := (b,H, HV) of it and the FoM-
pQUEA U].%h(g), as in Section 2 and Section 4; in particular, d; = p;;/2
(i € I), and b is a free k[A]-module of finite rank ¢ := rk(h). We fix in b
any k[A]-basis {Hg}geg’ where |G| = rk(h) = t. Pick & = (d)gk)g,keg €
s0,(k[A]), and set

t
Jo =Y buHy® He € h®h CUEL(h) @ U ,(h).
g,k=1

By direct check, we see that the element

t
(5.1) Foi=c? % —exp [ 1270 Y g, ® Hy,
g,k=1

in Ugh(b) ® U]%h(b) is actually a twist for Ugh(g) in the sense of Sec-
tion 4.1.3. Using it, we construct a new (topological) Hopf algebra
(U].%h(g))k, isomorphic to Uf;,(g) as an algebra but with a new, twisted
coalgebra structure, as in Section 4.1.3. A direct calculation yields explicit
formulas for the new coproduct on generators, namely

A*(B) = E @ Lyl + e Ko B (Veel)
A*(T)=T®1+1®T (VT €p)
A®(F) = F@Lgye ™ +K5, @ F,  (Vel)

with

Th2TN DDy e (Hy) ook Hi Koo = o™ >y o (Hy) kg Hi

,C@)g =€
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for all £ € I. Similarly, the “twisted” antipode S® := S¥* and the counit

€® := € are given by
S®(B) = —e M KGLE LG, € (E) =0 (vel)
S*(T) = -T, e (T)=0 (VT eh)

S*(F)) = =KLy, et™ e, e®(F) =0 (Vel).

Remark 5.1. — The twist Fg is an example of Reshetikhin’s twist as
in [49], only “adapted” to the present case of our more general FOMpQUEA
U;%h(g). When g is a simple Lie algebra, this twist corresponds to empty
datum of the Belavin—Drinfeld triple with respect to the classification in [20]
of twists for Ux(g).

5.1.2. Twisted generators

From the explicit description of the coproduct A?, it follows that
(U}.?’ﬁ(g))}-‘I> is generated by group-likes and skew-primitive elements; in
particular, it is a pointed Hopf algebra. Moreover, both Hopf algebras
U]D%h(g) and (U}%,Eb(g))}-‘I> have the same coradical and the same space
of skew-primitive elements. As the coproduct is changed by the twist,
one sees that the skew-primitive generators of U]%ﬁ(g), which are (1, g)-
or (g,1)-primitive for some g € G(U}%h(g)), with respect to A, become
(h, k)-primitive for A®. Looking at the coradical filtration, and the associ-
ated graded Hopf algebra, one may find from that set of generators some
new (1,¢)- or (¢,1)-primitives for (U]Dz)h(g))fq). This leads to devise (new)
twisted generators and a corresponding presentation for (U]% A g))ﬁ’, which

F
* and a new FoM-

yields a Hopf algebra isormorphism between (U]:?, i g))
PQUEA with suitable multiparameter matrix and realization.

Motivated by the above analysis, we introduce now in (Uﬁ,h( g))}-‘j’ the
“twisted” generators (for all £ € I) E} = E;}ZE@ FY = FgICgl@ and
the twisted “distinguished toral elements” (or “coroots”) that were already
defined in (2.3), i.e. T;e = TF + E;kzl ay(Hy)drgHy. Still from Sec-

tion 2.2.1, we recall also Pp = (p??j) and Rg = (h,H, H}I’))7 the latter

i,jel
being a realization of the former.
. . . F. .
Second, the commutation relations in the algebra (U, (g))”* give new
commutation relations between twisted generators. Namely, by straightfor-

ward computations, for instance using that

-1 t . .
IC‘I%jEi — eh2 Zg,k:l a;(Hg)prgai(Hy) EiK@)j
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and that . .
_1\*E1
MR = T (K 3)

one proves that inside (UF( g))ﬁ’ the following identities hold true (for
Al T, T, T" € b, i, j,lel,i#j, X €{E F}):

TE} - BT = +a;(T)E},  TF] — F'T = —a;(T)F}
+hT;,i — _th,i
TT" — TNT/, E;-I)Fg F[ o _ 51 . € e

T 1
i+ —4;
E 1 / /

— a; q>+k2 q:,—k‘Q ¢.1—a7‘,’—k P @ki
St e ! =
k= qi
with qi)j = el (i,j € I) — so that qfi — ofPli = ehpii — gh2di — Q.
Third, the Hopf operations on the twisted generators read (¢ € I, T € b)

A*(E)=E2 @1 +etToe @ B2, ®(EF) =0
AY(T)=T@1+1&T, (T)=0
AY(FR)=Fr@e e t1@ FF, & (F) =0
SYEP) = —e B, SY(T) =T, S(FP)=—FPe o
In a nutshell, the above analysis proves the following result:

THEOREM 5.2. — There exists an isomomorphism of topological Hopf
algebras

fP : P<1> n(g) — (Ugh(g))}—q)
given by E; — Ef T+ T and F; — F® foralli€ I, T € b.

In particular, the class of all FOMpQUEAs of any fixed Cartan type
and of fixed rank is stable by toral twist deformations. Moreover, inside it
the subclass of all such FoMpQUEAs associated with straight, resp. small,
realizations is stable as well.

Similar, parallel statements hold true for the Borel FoMpQUEAs, namely
there exist isomorphisms f3 . U;f;h(bi) < (U;%h(bi))]:q’ given by for-
mulas as above. O

In fact, the previous result can be somehow reversed, as the following
shows: in particular, loosely speaking, we end up finding that every straight
small FOMpQUEA can be realized as a toral twist deformation of the “stan-
dard” FoMpQUEA by Drinfeld (cf. claim (c) in Theorem 5.3 here below).

THEOREM 5.3. — With assumptions as above, let P and P’ be two
matrices of Cartan type with the same associated Cartan matrix A.
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Let R be a straight realization of P and let Uﬁjh(g) be the asso-

ciated FoMpQUEA. Then there exists a straight realization R’ of
P’ and a matrix ® € so,(k[A]) such that for the associated twist
element Fg as in (5.1) we have

Ug,h(g) = (UEE(G))
In a nutshell, if P, = Ps then from any straight FOMpQUEA over
P we can obtain by toral twist deformation a straight FoMpQUEA

Fo

(of the same rank) over P’.

Conversely, if R' is any straight realization of P’ and U]},/ﬁ(g) is
the associated FoOMpQUEA, then there exists a straight realization
R of P and a matrix ® € so, (k[A]) such that for the associated
twist element Fg as in (5.1) we have

Ug’ih(g) = (UEE(E!))ED-
Let R and R’ be straight small realizations of P and P’ respectively,
with tk(R) = rk(R') = t, and let UF(g) and U ,(g) be the
associated FoOMpQUEAs. Then there exists a matrix ® € so, (k[1])
such that for Fg as in (5.1) we have

Uzgl,h(g) = (Uz?n(g))
In other words, if P, = P, any straight small FoMpQUEA over
P’ is isomorphic to a toral twist deformation of any straight small
FoMpQUEA over P of same rank.
Every straight small FOMpQUEA is isomorphic to some toral twist
deformation of Drinfeld’s standard FoMpQUEA (over DA = P;) of
the same rank.
Similar, parallel statements hold true for the Borel FOMpQUEAs.

Fo

Proof.
(a). — By Theorem 5.2 it is enough to find ® € so;(k) such that P’ =

Py, that is P/ = P — A®AT"; but this is guaranteed by Lemma 2.13, so we
are done.

(b). — Like for Theorem 3.13(b), this follows from claim (a), along

with the uniqueness of straight small realizations, by Proposition 2.4(b),
and Proposition 3.4.

(c). — This follows applying (b), with Uﬁ,lﬁ(g) the given straight small

FoMpQUEA and U];‘:h(g) the “standard” FoMpQUEA UEE (gg) over P :=
DA = P! as in Drinfeld’s definition (up to “taking the double”), which is
straight and split minimal. O
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Remark 5.4. — Theorems 5.2 and 5.3 have the following interpretation.
Our FoMpQUEAs Ugh( g) are quantum objects depending on the multipa-
rameter P; but when we perform onto U]D%h(g) a deformation by twist as
in Section 5.1.1, the output U;%’h@(g) = (U]%,*g))ﬁb depends on two mul-
tiparameters, namely P and ®. Thus all these Ug”h‘b( g)’s form a seemingly
richer family of “twice-multiparametric” formal QUEAs. Nonetheless, The-
orem 5.2 above proves that this family actually coincides with the family
of all FOMpQUEAs, although the latter seems a priori smaller.

In short, Theorems 5.2 and 5.3 show the following. The dependence of
the Hopf structure of U;f(g) on the “double parameter” (P, ®) is “split”
in the algebraic structure (ruled by P) and in the coalgebraic structure
(ruled by ®); now Theorems 5.2 and 5.3 enable us to “polarize” this depen-
dence so to codify it either entirely within the algebraic structure (while
the coalgebraic one is reduced to a “canonical form”), so that the single
multiparameter Pg is enough to describe it, or entirely within the coalge-
braic structure (with the algebraic one being reduced to the “standard”
Drinfeld’s one), so that the multiparameter ®p alone is enough.

Remark 5.5. — As the subclass of split realizations is not closed under
twist (cf. the end of Section 2.2.2), the subclass of all “split” FoMpQUEAs
is not closed too under twist deformation; this is a quantum analogue of
Remark 3.14(b).

5.2. Deformations of FoMpQUEAs by toral 2-cocycles

We consider now some 2-cocycle deformations (called “of toral type”
again) of the formal MpQUEAs U}% +(9), and we prove that these are again
formal MpQUEAs.

5.2.1. Special 2-cocycles of Up 1 (b)
Fix again P := (pivj)i,jel € M, (kﬂh]]) of Cartan type with associated
Cartan matrix A, a realization R := (b, 1I, HV) of it and the (topological)
Hopf algebra Uﬁ’h(g), as in Section 2 and Section 4, setting d; = p;;/2
for all i € I and Dp = diag (dl, .. .,dn). We consider special 2-cocycles
of U}?’h( g), called “toral” as they are induced from the quantum torus. To
this end, like in Section 5.1.1, we fix in h a k[A]-basis {Hg} where G
is an index set with |G| = rk(h) = t¢.

geG’
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Like in Section 2.3.1, we fix an antisymmetric, k[A]-bilinear map x :
h x h — k[Aa], that corresponds to some X = (Xg’Y)g,weg € sot(lkgﬂh]])
via Xgy = X(Hg, Hy). We also consider the antisymmetric matrix X =
(i = x (T, Tj+))i jer € 50, (k[R]). Any such map x induces uniquely an

antisymmetric, k[A]-bilinear map
Xv : Upn(b) x Up(b) — K[A]
as follows. By definition, U];‘:h(f)) is an h-adically complete topologically

/‘ﬁhﬂ(h) — the fi-adic

free Hopf algebra isomorphic to §k[[hﬂ(f)) = D,en
Sigrp(h) — hence the

completion of the symmetric algebra Sy (h) = @
following makes sense:

neN

DEFINITION 5.6. — We define Yy as the unique k[A]-linear (hence h-
adically continuous) map U]D_‘:h(h) ® U]%h(h)&ﬂk[[h]] such that (with iden-
tifications as above)

Xu(z,1) =¢€(z) = xuv(l,2) Vze §k[[h]](h)

Xu(z,y) = x(z,y) Va,y € Sy (h)

Xv(z,y) =0 Ve € Sp(h),y € Sp(h):rys=>1,r+s>2.

By construction, xy is a normalized Hochschild 2-cocycle on Ugﬁ(h),
that is for all z,y,z € U, (h) we have
E(x)SCiU(:% Z) - SCiU(x:% Z) + %U("E7 yZ) - )?U(‘T7 y)E(Z) =0.
Now recall that, given two linear maps 7,9 : UF;(h) @ U, (h) — k[A],
one may define the convolution product map n * ¥ : U];.z’h([))®2 — k[Ar] -

using on U]Dz’h(h)®2 = §k[[h]](h)®2 = §k[h]](b @ b) the standard coalgebra
structure — by the formula

(n*9)(x®y) =nlza),y1) (@@, Ye2) Yo,y € USu(h).

Then by n*™ we denote the m-th power with respect to the convolution
product of any map 7 as above; in particular, we set n* =€ ® e.
The following result describes the powers of our map xy:

LEMMA 5.7. — Forall Hy,H_ € b and k,¢,m € N, we have

5k7m6g7m(m!)2X(H+,H_)m form > 1,

~ xm Hk,Hé _
o™ (5 ) {5;@05470 form = 0.

Proof. — The proof follows by a direct computation. O
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DEFINITION 5.8. — Keep notation as above. We define xy as the unique
k[A]-linear map from U, (h) @y U4 (h) to k() given by the exponen-
tiation of h=1271xy, i.e.

XU = TR = Z hfmiU*m/Qmm!.
m>=0

LEMMA 5.9. — The map xy is a well defined, normalized, k((h))-valued
Hopf 2-cocycle for U;%h(f)), such that, for all H.,H_ € b, and setting
K:I: = ehHi,

X%l(H-HH—) = ihilQilX(H—i-aH—)a XU(K+7K—) = eh2_1X(H+’H7) .

Proof. — The identities follow from Lemma 5.7, hence x is well defined.
The other claims follow from the proof of [52, Theorem 4.1], see also [29,
Lemma 4.1]. O

5.2.2. Toral 2-cocycles of Uﬁh(g)

The previous construction provides, starting from y, a normalized Hopf
2-cocycle that will be denoted xu : U, (h) x U, (h) — k(h)).

We assume now that the map x satisfies the additional requirement (2.10),
in other words we require that x € Altﬂf[[h]](h) — notation of Section 2.3.
The latter map canonically induces a k[A]-bilinear map ¥ : h x b — k[A],
where h = h/ﬁ with s := Spany ({Si}iel)’ given by

)Z(T’ +35,T" +5) = X(T’,T”) v, T" € b.

Now, replaying the construction above but with h and ¥ replacing h and
X, we can construct a normalized Hopf 2-cocycle Xu : Uy, (h) x Uy (h) —
k((R)); for the latter, the analogue of Lemma 5.9 holds true again. Moreover,
note that U (h) = Skpap(h), and, thanks to (2.10), there exists a unique
Hopf algebra epimorphism 7 : U]%h(g) — UEE(H) given by w(E;) = 0,
w(F)=0-forie€l—and n(T) = (T+s) €hC Ugh(ﬁ) —for T € b.
Then we consider

oy = Xv o (mx ) Upp(8) x Up (g) — k(h)
which, with a slight abuse of terminology, is automatically a normalized,

k((h))-valued Hopf 2-cocycle on U (g).

DEFINITION 5.10. — We shall call all normalized Hopf 2-cocycles oy, of
UFy(g) obtained, from all x € Altﬂfﬂhﬂ(b), via the above construction as
“of toral type”, or “toral 2-cocycles”; we denote by Z, (U;%h(g)) the set of
all of them, which is actually independent of P, indeed.
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5.2.3. Formulas for the o,-deformed product

Let a toral 2-cocycle o, € Z5 (U?h(g)) as above be given. Following
Section 4.1.3, using o, we introduce in U]?h(g) a “deformed product”,
hereafter denoted by &,; then X (™ox = Xs, - -6, X will denote the n-th
power of any X € U;’}’h( g) with respect to this deformed product.

Directly from definitions, sheer computation yields the following formu-
las, relating the deformed product with the old one (T", 7", T € b, 4,5 € I):

T 1" =TT",  FEis Fj=E[F;,  FjsFi=FE;
Ts E; =TE; + 2 'x(T\T;")E;, E;js, T =E;T+2'x(T;,T))E;
Ts Fj =TFj+27'x(T,T; )Fj, Fjs, T =FT+2"'x(T;,T)F;

m—1
m)e + +
E"7 = ] ox (eWTf: e+ )E;” =EM

+ + —1le ..
E;mUXE;L =0, (e-l-hmTi 7e+hnTj )Ez"LE]n _ e-‘rﬁmn? Xij EZnEjn
)"’X (”)UX
‘j'xEj‘}XEk

m—1 n—
_ +ReT AT +hTT+ +hT+

=1
+ + + ot
.oy (e+hmTi LT ) ( HUMTHT) hnTyf )E}”EJEQ

B

m—1
Fi(m)ax _ H o (efheT;’eth;)Fim o

z X

— — - - — —ly
B o CR I St 1 30 S e 00

(m)o (n)o
Fi * "’XF]".TXFk *
m—1 n—1
_ (H O_;l(e—héTi7e—hTi>> (H O_;l(e—hTTk’e—th>>
=1 t=1
) 0;1 (efhmTi_ ’ e—hT].‘)J; (e—h(mT[JrTj—), o= Ty )FiijFI?
(m)s (n)o
Fi * &XFjdXFk x

m—1 n—1
_ H O_;l(e—MTi e T ) H U;l(e—hTTk e Ty )
=1 t=1

—1 —hmT.” —hT; —1 7h(mT.7+Tf) —hAnT, m n
Oy (e i,e i )Ux (e i T e k)Fi F; By
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It is also worth remarking that the identity T, T" =T"T" (for T, T" € b)
also implies that T(Mox = 7™ (for T € hand n € N) —i.e., each “deformed”
power of any toral element coincides with the corresponding “undeformed”
power. It follows then that the exponential of any toral element with respect
to the deformed product ¢, is the same as with respect to the old one.

Remark 5.11. — Observe that the whole procedure of 2-cocycle deforma-
tion by o, should apply to the scalar extension k(%)) @[] U]%h(g), since
a priori the 2-cocycle oy, takes values in k((%)) rather than in k[A]. Nev-
ertheless, the formulas above show that Ugﬁ(g) is actually closed for the
deformed product “s,” provided by this procedure, hence the deformation
eventually “restricts” to U]gz,h( g) itself, so that we eventually end up with
a well-defined 2-cocycle deformation (U]}’h( g))UX.

A first, direct consequence of these formulas is the following:

PRrROPOSITION 5.12. — With notations as above, the deformed algebra
(U}%h(g))g is still generated by the elements E;, F; and T (withi € I and

Teb) ofU}}:h(g).

5.2.4. Toral 2-cocycle deformations of Uﬁh(g)

Our key result concerns 2-cocycle deformations by means of toral 2-
cocycles. In order to state it, we need some more notation, which we now
settle.

Let P = (pij)i,jel € M, (k[r]) be a multiparameter matrix of Car-
tan type with associated Cartan matrix A (cf. Definition 2.1) and fix a
realization R = (f), H,HV) of P. Fix an antisymmetric k[A]-bilinear map
X : b x b — Kk[A] enjoying (2.10) — that is, x € Altf[[hﬂ(h) — we asso-
ciate with it the matrix X = (Xm = X(Ti"’, TJ*))z‘,jeI as above. Note that
+X(7, Tj+) = fx(f, Tj_) for all j € I, as direct consequence of (2.10).
Basing on the above, like in Section 2.3 we define

Py =P+X = (P%O :Pij+>2ij)_ _
i,5€l

and
g = {QEX) = x( Tf)}

Then, still from Section 2.3 we know that P, is a matrix of Cartan type,
the same of P indeed, and R,y = (h, (), 1Y) is a realization of it.

zEI.
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We are now ready for our result on toral 2-cocycle deformations. Note in
particular that, though toral 2-cocycles have values in k((%)), the deformed
multiplication is still well defined within our initial FOMpQUEA, which is
defined over k[A].

THEOREM 5.13. — There exists an isomorphism of topological Hopf
algebras
~ 7R
(Ugn(g))gx = UP&S?&(E)
which is the identity on generators. In short, every toral 2-cocycle deforma-
tion of a FoOMpQUEA is another FOMpQUEA, whose multiparameter P,
and realization R ) depend on the original P and R, as well as on x, as
explained in Section 2.3.
Similar statements hold true for the Borel FoMpQUEAs and their defor-
mations by o, namely there exist isomorphisms
R
(UBA(bs)), 2= Up%)y(b).
Proof. — We begin by noting the following key

FacT. — The generators of U}%h(g), when thought of as elements of
the deformed algebra (Uﬁh( g)) , obey the defining relations of the (same
’ O'X

name) generators of U;j(;’;zh(g), with respect to the deformed product ..

Indeed, most relations follow at once from the formulas in Section 5.2.3.
Namely, the identities 775, 7" = T'T" imply T"5 7" = T"5,T" — for all
T, 7" € b. Also, from Ts E; = TE; + 2_1x(T, T;)Ej and F;e, T =
E;T + 2_1x(Tj+,T)Ej —forall T € hand j € I — we get (since x is
antisymmetric)

To E; — ;5T = (aj(T) +27 (x = XT)(T, T;))Ej = +a(T)E;.

A similar, direct analysis also yields Ts, F; — Fjs, T = faJ(X) (T)F;.
The identities F;s, Iy = FE;F; and Fjs, E; = F;E; in turn imply
oHhT _ o—hT

bl ot+hpii /2 _ g—hpii/2°

Eio Iy — Fjs, By = EjFy — FjE; =6
Eventually, since p; = pl(-lx) by definition, and the exponential of toral
elements with respect to ¢, is the same as with respect to the old product,
we conclude that

+RT; —RTT

TIx Ix

ot /2 o=t /2

Eis Fj = Fjo Ei = i

X

where o, denotes the exponential of any X with respect to s,.
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What is less trivial is proving the quantum Serre relations for the de-
formed product; we do this for the relation involving the E;’s, leaving the
relation involving the F;’s as an exercise for the reader. To this end, set

qZ(JX) P = hlpita) for all 4,5 € I.
As (P(y)), = Ps = DA, we have qgi X = ¢;; and q(X) — ot /2 = = ¢; for all

i € I. Then, for all i # j € I we have to prove that

1—a;;
S 0[] ) ) e B <

17 Jt z
k=0 qi
To prove that, we analyze the factors in the summands separately.

Claim 1. — For all ¢ # j € I, we have

COVTR2 (L 0ONTRIZ L k/2 —h/2 ik
(@;7) () =ay Tap e
This follows by direct computation. Next claim instead is a consequence
of Section 5.2.3:
Claim 2. — Fix i # j € I and write m := 1 — a;;. Then

E(m—k)gx

3

(R)ax _

o Ejo B oy (K" P K)oy (K" P K, KF)E"*E,EF.

Now we evaluate the value of the toral 2-cocycle using the exponentials.
Claim 3. — For all i,j € I and m, k,¢ € N, we have
(a) oy (K], K) = e o,
(b) oy (K" F K, KF) = /%2 K,
(c) (TX(Km kK )O’X(Km kK K’“) — oUm—2k)27"Xi;
All assertions follow by computation using Lemma 5.9. Indeed, for (a)
we have

oy (K!L K;) = Xu (Kf,Kj) = M2 IXUTTTT) _ ohe2™ %y
For item (b), Lemma 5.9 yields
o (K, KE) = 3o (KT K, ) = o (oHm9m 1), e
_ eh2_1x((mfk)Ti++TJT*',k:Tl.'*') — k27 Xy
Now, putting altogether (a) and (b) we eventually get (c), because

oy (Km k K )Ux (Km kK Kk) h(m—k)271)2ij ehkrliﬂ :eh(m—zk)zflgu.
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Finally, Claim 1, 2 and 3 altogether yield, for m =1 — a;;,

L[] o)

k=0 qi

+k/2 —k/2 (k) oy

(q(X)) E'(7n_k)ax UXEJGXEZ

Jji 2

kM 4k/2 —k/2 Rk, A(m—2k)2" 1% mme—

_ (_1) {k} p / » / ofikXi, eh( 2k)27 1%, Ei kEjEf

qi
1 = kT +k/2 —k/2 vm—k
= eMm2 X Z(_l) [k} 45 / dj; / E; EjEzk =0
k=0 qi

where the last equality follows from the quantum Serre relation.

Now, the Fact above implies that there exists a well-defined homomor-
phism of topological Hopf algebras £ : U;}((Xx))ﬁ(g) — (U;%h(g))g given on
generators by ((E;) = E;, {(F;) = F;, {(T) =T (i € I, T € h) — in short,
it is the identity on generators. Moreover, thanks to Proposition 5.12 this is
in fact an epimorphism. As an application of this result, there exists also an
epimorphism of topological Hopf algebras £ : U, (g) — (U;‘XX))h(g))

I—x
which again is the identity on generators — just replace x with —x and

with P(X)
Mimicking what we did for U]%h( g), we can construct, out of x, a nor-

malized Hopf 2-cocycle ¢, for (Ug(;’)"h(g)) ; then we also have a similar

2-cocycle o) on U]%h( g) defined as the pull-back of ¢, via ¢, and a unique,
induced Hopf algebra homomorphism

t,+ (UEn@),, — ((UF50), )

é-X
between deformed Hopf algebras, which is again the identity on generators.

Now, tracking the whole construction one sees at once that o} = oy, so
that

R R
(UEW9),, = (UF@), . and ((UE0.@) ) =Usu@.
Ix
But then composition gives two homomorphisms
R X
Uy 0l:Up™y(g) — (U]D%h(g))ax — Up2
R
toty + (UBn(9), — Upln(e) — (UBA(9),

which (both) are the identity on generators: hence we get £; o (¢ =id and
Lot =id, thus in particular ¢ is an isomorphism. O
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Remark 5.14. — With notation of Theorem 5.13, we have P,y — P = A
for some antisymmetric matrix A € so,(k[A]). Conversely, under mild
assumptions on P, this result can be “reversed” as it is shown below.

THEOREM 5.15. — Let P, P’ € M,(k[A]) be two matrices of Cartan
type with the same associated Cartan matrix A.
(a) Let R be a split realization of P and Ugh(g) be the associated

FoMpQUEA. Then there exists a split realization R’ of P, a matrix
X = (;(ij)i jer € 50n (k[R]) and a toral 2-cocycle o such that

UF (0) = (UFA(0), -

In a nutshell, if P, = Ps then from any split FoOMpQUEA over P
we can obtain a split FOMpQUEA (of the same rank) over P' by a
toral 2-cocycle deformation.

(b) Let R be a split minimal realization of P. Then the FOMpQUEA
UE () is isomorphic to a toral 2-cocycle deformation of the Drin-
feld’s standard double QUEA, that is there exists some bilinear map
X € Altf[[hﬂ(h) such that

Uz?,h(G) = (UDA,h(QDJX-
(¢) Similar, parallel statements hold true for the Borel FoMpQUEAs.

Proof.

(a). — By Proposition 2.20(a), there exists x € Altﬂfﬂhﬂ(h) such that
P" = P,y and the triple — constructed as in Section 2.3 — R’ := R(y) =
(f), Iy, HV) is a split realization of P’ = P(,). Then

UF w(0)= (UEW(9)),,

by Theorem 5.13.
(b). — Drinfeld’s Upa n(g) is — in our language — nothing but the
FoMpQUEA built upon a split minimal realization Ry = (b,Hst,H;/t)
. . st
of DA, for which we write IIY, = {Tii}iel and Il = {ag )}iel' From
Proposition 2.20(b) we have a suitable form x € Altf[[hﬂ(h) such that
the realization (RSt)(x) obtained as toral 2-cocycle deformation of Ry

through x coincides with R. Then, by Theorem 5.13 we get eventually
UF(9) = (Upan(g?)), as desired. 0
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6. Specialization and quantization: FOMpQUEAs
vs. MpLbA’s

This section dwells upon the interplay of specialization — applied to quan-
tum objects as our FoMpQUEAs — and, conversely, of quantization — per-
formed onto such semiclassical objects as our MpLbA’s.

First of all, we shall see that the specialization of a FOMpQUEA yields
a suitable MpLbA; conversely, any MpLbA has at least one quantization,
in the form of a well defined FoOMpQUEA. Then, we shall investigate the
interaction between the process of specialization — at A = 0 — of any FoM-
PQUEA and the process of deformation — either by (toral) twist or by
(toral) 2-cocycle — of the same FOMpQUEA or of the MpLbA which is its
semiclassical limit. In particular we will find out that, in a suitable, natural
sense, the two processes commute with each other.

6.1. Deformation vs. specialization for FOMpQUEAs and
MpLbA’s

Recall that a deformation algebra is a topological, unital, associative
k[h]-algebra A which is topologically free as a k[h]-module. Conversely, a
deformation of a (unital, associative) k-algebra A is by definition a defor-
mation algebra A such that Ag & A / hA. The same criteria apply to the
notion of “deformation Hopf algebra”, just replacing “topological, unital,
associative k[h]-algebra” with “topological Hopf k[h]-algebra”. Following
Drinfeld, we say that a deformation Hopf algebra H is a quantized univer-
sal enveloping algebra (or QUEA in short) if H/hH = U(g) for some Lie
algebra g. In particular, the Lie bracket in g comes from the multiplication
inU(g) 2 H / hH. Moreover, this g inherits a Lie coalgebra structure from
the QUEA, making it into a Lie bialgebra, thanks to the following result:

THEOREM 6.1 (cf. [11, Proposition 6.2.7], [21, Theorem 9.1]). — Let H
be a quantized universal enveloping algebra with H /hH = U(g). Then the
Lie algebra g is naturally equipped with a Lie bialgebra structure, whose
Lie cobracket is defined by

A(z) — A%P(z)

(6.1) d(x) = — (mod h)
where x € H is any lifting of x € g C U(g) = H/hH. O
DEFINITION 6.2 ([11, 21]). — The semiclassical limit of a quantized uni-

versal enveloping algebra H is the Lie bialgebra (g, -, -], 5) where g is the
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Lie algebra s. t. H/hH = U(g) and § is defined as above. Conversely, we
say that H is a quantization of the Lie bialgebra (g, [—, =], 5).

6.1.1. Formal MpQUEAs vs. MpLbA’s

In this section we finally compare our FOMpQUEAs with our MpLbA’s.
Mainly, we show that the FOMpQUEAs are indeed quantized universal
enveloping algebras; in particular, we prove that their specialization at
h = 0 is a universal enveloping algebra of a MpLbA as those in Section 3.
Thus the specialization of each FOMpQUEA is a MpLbA; conversely, any
FoMpQUEA is the quantization of some MpLbA. The other way round is
true as well: every MpLbA admits a FOMpQUEA as its quantization.

Second, we describe the interplay between the process of specializing/
quantizing (switching between FoMpQUEAs and MpLbA’s) and the pro-
cess of deforming within either family of FoOMpQUEAs or MpLbA’s, sepa-
rately — by twist or by 2-cocycle.

We fix a matrix P = (pi)j)i,jel € M, (k[R]) of Cartan type with asso-
ciated Cartan matrix A, and a realization R := (f), 11, HV) of P. Then we
have the associated (topological) Hopf algebra U]% +(9), as in Definition 2.1

and Section 4. Similarly, we also have the MpLbA g% introduced in Sec-
tion 3.2.3, where we use (loose) obvious notation such as R := R(modh)
and P = P(modh).

Our first result points out that FoMpQUEAs and MpLbA’s are in bijec-
tion through the specialization/quantization process, as one might expect:

THEOREM 6.3. — U]D_‘:h( g) is a quantized universal enveloping algebra
in the sense of Section 6.1, whose semiclassical limit is U(g%).

In short, for each pair (P, R) as above — R being a realization of P — and
for the FoMpQUEA U]%h(g) and the MpLbA g% associated with (P, R),

we have: gg is the specialization of U]%h(g), or — equivalently — U]%h(g) is

a quantization of gg

Proof. — First of all, we note that H := U]Dz’h(g) is topologically free.
We prove that by reducing the problem to the case of Drinfeld’s standard
double QUEA. Namely, we begin assuming that UF,(g) is split minimal,
i.e. such is the realization R. Then by Theorem 5.15(c) we have an isomor-
phism Ugh(g) >~ (Upa,n(g)), as topological Hopf k[h]-algebras, where
(U D Aﬁ(g))g is a suitable 2-cocycle deformation of Drinfeld’s standard
double QUE)EA Upa n(g). As the latter is known to be a topologically free

Ix
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k[A]-module, and 2-cocycle deformation does not affect the k[i]-module
structure, we conclude that U]D%h( g) is topologically free as well.

Now assume that UJ;(g) is just split (possibly not minimal): then,
by definition, IIV = {E+7Ti_}¢€ ; can be completed to a k[A]-basis of
b, hence §' = Spank[[hﬂ (HV) has a direct sum complement §” so that
h = b & b”; therefore Us(h) = Uh(h’) ® Uh(f)”) as algebras. Further-
more, the realization R clearly “restricts” to another realization R’ of P
whose Cartan (sub)algebra is b’, which in addition is split minimal: then
as Ux(h) = Uh(f)’) ® Uh(b”) one also gets easily

(6.2) UBu(0) 2 UBL(a) ® Up(h")  as k[h]-modules

(by construction). Indeed, by definition we have a natural monomorphism
of realizations R’ < R induced by the monomorphism b’ < § of Cartan
(sub)algebras; by Propositions 4.5 and 4.15, this induces a monomorphism
Ugg(g) — U;h(g) between FoMpQUEAs — the image of the latter is the
(complete) k[i]-subalgebra generated by the E;’s, the Tii’s and the F;’s
(i € I). Now, applying twice Theorem 4.11 — yielding triangular decompo-
sitions for Ugﬁ(g) and Ug%(g) — we get

UBu(g) 2 URL(n2) ® Un(h) ® UF,(ns)
2 UFu(n2) @ Un(b') @ Un(b") @ UFp(ny)
= URp(n2) @ Up(h) & URp(ny) © Un(h") 2 UBL(g) © Un(h”)

where we applied also Uy (h") & U}%h(mr) = U]%h(tu) ® Ux(h"), which is
clear, and U (h) = Ux(b’) ® Un(h"),which proves our claim.

Therefore, as U],%;Z(g) is topologically free by the previous analysis (as
R’ is split minimal) and Uy (h”) is also topologically free by construction,
from (6.2) we deduce the same for Ugh(g) as well.

Finally, let’s cope with the general case. By Lemma 2.7 there exists an
epimorphism 7 : R — R, where R = (b, I, HV) is a split realization of P:
by Proposition 4.15, this induces an epimorphism of Hopf algebras (though,
for us, it is enough to be one of algebras, indeed) U]%h(g) il» Ugh(g)
whose kernel is generated by Uy (€)1 with ¢ := Ker(r), where 7 : h — b is
the epimorphism of Cartan (sub)algebras associated with 7. As b is free of
finite rank, we have h = ¢®h = €4 b for some free submodule h’ = b inside
b; therefore Uy (h) = Upn(&)@Un(h) = Up(£) @ Ux(h) as algebras, whence, as
in (6.2), one gets U].%ﬁ(g) = Uh({’)@Ugﬁ(g) as k[7]-modules. As U]%h(g) is
topologically free as seen before and Uy () is too, we deduce the same for
UE () too.
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Second, we must prove that U}?h( 9)/ ﬁUgh(g), as a co-Poisson Hopf al-

gebra, is isomorphic to U(gg). Indeed, from the presentation of U]%h(g) we
get that Ugh(g)/hUgh(g) is generated by the cosets (modulo hUEh(g))
of the F;’s, T’s and E;’s (i € I, T € b); moreover, these cosets X = X
mod hU]% 1(g) obey all relations induced modulo % by the defining relations

among the original generators X of U]D_‘:h(g). On the other hand, by con-

struction the Lie bialgebra g% is endowed with a built-in presentation (as
a Lie algebra) by generators — the F;’s, T’s and E;’s — and relations, and
explicit formulas for the value of the Lie cobracket § on the given gener-
ators. From this, a presentation of U (g%) is obtained in the obvious way,
where the generators are again the F;’s, T’s and FE;’s as before, as well as
explicit formulas for the value of the Poisson cobracket ¢ on each one of
those generators.

Comparing, the presentation of U(g%) with that of U}%h(g)/hUZ})h(g)
we find that all the given relations among generators of the latter algebra
do correspond to identical relations among the corresponding generators in
the former: namely, mapping X to X — for all X € {Ei,Fi | i€ I} uh -
turns every relation among the X’s into a same-look relation among the
X’s. This implies that a well-defined epimorphism of Hopf algebras

¢:U(gR) — UR(8)/hUE 1 (g)

(6.3) _ _ _
E; — E;, T—T, F, — F;

(i € I, T € ) exists; moreover, comparing the formulas on both sides for
the co-Poisson bracket on generators we see that this is also a co-Poisson
Hopf epimorphism.

On the other hand, we can make U(gg) into a k[[i]-algebra by scalar
restriction — via k[h] — k[A]/Rk[A] = k. Then the same remark about
relations implies that there exists a well-defined k[#]-algebra epimorphism

w’:U}%h(g)ﬂU(gg), Ei— E,T—T F,+— F
(i € I, T € bh) with Ker (1/)’) B) hUEh(g); so a k-algebra epimorphism

(U UEE(G)/hUEE(Q) - U(Gg)

(6.4) o B o
Eii—>Ei, Tl—>T, F; — F;

(i € I, T € b) is induced too. Direct comparison between (6.3) and (6.4)
shows that ¢ and 3 are inverse to each other, hence v is a Hopf morphism
too and we are done. O
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6.2. Blending specialization and deformation

In this section we compare the process of deformation at the quantum
level or at the semiclassical level. The outcome, in a nutshell, is as follows:
deformation (by twist or by 2-cocycle) commutes with specialization.

6.2.1. Blending specialization and twist deformation

Once more, we fix again P = (pi’j)ijel € M, (kﬂh]]) of Cartan type, a
realization R = (f),H,HV) of it, and the associated FoMpQUEA Ug’h(g)
and MpLbA g?. As b is a free k[h]-module of finite rank ¢, we fix a k[A]-
basis {Hg}geg’ with |G| = rk(h) = ¢.

Pick a matrix ¥ = (¢gk)g,k€g € so¢(k[A]). Out of it, we define
t
jg= Y UaHy @ H €h®@h as in (3.7)
g,k=1

¢
Fy =exp | h27} Z VorHy ® Hy, | € USp(9) ® UFn(g) asin (5.1)
g,k=1

with jg being a (toral) twist for the Lie bialgebra 971:3 and Fy is a (toral)
twist for the Hopf algebra U}?’h(g). Then we consider the deformation

(971:3)“ of 971:3 by the (Lie) twist jz and the deformation (U]}:h(g))ﬁ of
Ugh(g) by the (Hopf) twist Fy.
Again out of ¥, we define also the matrix Py and its realization Ry =

(,IL 1Y), as in Proposition 2.10. Then the FOMpQUEA U}%‘I”h(g) and the

MpLbA 97}32\1; both exist, again linked with each other by a quantization/
Specializatign relationship.

We can now state our result, which in particular claims (roughly speak-
ing) that “deformation by twist commutes with specialization”.

THEOREM 6.4. — With assumptions as above, (U]%h(g))]:\p is a quan-
tized universal enveloping algebra, whose semiclassical limit is U ((gg)j@).

More precisely, we have (U]D%h(g))}-‘l’ = U]f:h(g) and (97}:3)]@ = 971:3;

Proof. — The claim follows, as direct application, from the three iso-
, Fu WF 03 R
morphisms (Uﬁh(g)) = U]};:h(G), U%“fh(g)/hUﬁ“’,h(g) = Uﬁ(ggj) and

= 312 = jg
gg\j = (g%)h’ which respectively come from Theorem 5.2, Theorem 6.3

and Theorem 3.12. O
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6.2.2. Blending specialization and 2-cocycle deformation

Now we analyze what happens when combining deformations by 2-cocycle,
for both FoMpQUEAs and MpLbA’s, with the specialization process (from
the former to the latter ones).

We start with P := (p”) ger € M, (k[7]) of Cartan type, a realiza-
tion R := (f),H,HV) of P, and a fixed k[A]-basis {Hg}geg of b, with

|G| = rk(h) = t. Then we have also Ugh(g) and 971:3, interlocked via quan-
tization/specialization.

Like in Section 5.2.1, let x : h x h — k[A] be an antisymmetric k[A]-
bilinear map which obeys (3.8). Taking everything modulo 7, this y defines
a similar antisymmetric, k-bilinear map v = (X mod h) :ho X ho = k,
where b = h/hh = b, which obeys (3.8) again, up to replacing “x” with
“~”. Following Section 5.2.2, we construct out of x a k((h))-valued toral 2-
cocycle oy : UF,(9) @UF 1,(8) — k((h)), and then out of this the 2-cocycle
deformed Hopf algebra (UZ} L+ (g )) . Similarly, out of v we construct, as in

Section 3.4 (but replacing “x” with v") a toral 2-cocycle 4 for the Lie
bialgebra g%, and out of it the 2-cocycle deformed Lie bialgebra (g%)w
g

Still out of x, we define the matrix P,y and its realization R, =

(b,H(X),HV), as in Proposition 2.17; similarly, out of v we get the ma-

trix P(,) and its realization R(,y: then by construction P, = 13( y and
R

= Ry Ry
R(y) = Riy). Attached to these we have UP(;)zh(g) and gp(:) 95,

again connected via quantization/specialization.
Next result claims that, roughly speaking, “deformation by 2-cocycle
commutes with specialization”.

THEOREM 6.5. — With assumptions as above, (Uﬁh(g))a is a quan-
’ X

tized universal enveloping algebra, with semiclassical limit U((gg)v )
g

Proof. — The claim follows, as direct application, from the isomorphisms

513 R
WEA@),. E UE ),

R X R X v

P(())h /h P((>)h Uﬁ(gP((w))

and

R 17 R
gP(:Y)) : (gp>'yg

which respectively come from Theorem 5.13, Theorem 6.3 and Theo-
rem 3.17. O
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6.3. Final overview

In this paper we studied multiparametric versions of formal quantum
universal enveloping algebras and their semiclassical limits. As these are
presented by generators and relations, their very definition highlights the
relation between the multiparameters and the action of a fixed commutative
subalgebra: like for Kac—-Moody algebras, this is encoded in the notion
of realization of a multiparameter matrix P related to a symmetrizable
Cartan matrix. This tool allows us to relate the quantum objects with the
semiclassical limit, and the multiparameter objects with the standard ones:
the latter is done via deformation(s) and an explicit change of generators.

In conclusion, loosely speaking, one may say that:

(a) multiparameters are encoded in realizations;

(b) FoMpQUEAs are quantizations of MpLbAs;

(c) multiparameter objects are given by deformation of either the al-
gebra or the coalgebra structure (both options being available) of
standard objects.

Finally, we provide a “pictorial sketch” of the global picture. What we
have in one single glance is summed up in the following diagram:

U;&::h(g) o (U;)zh(g))]:\p <Theorem 6.3> U(g?;) ~ U<(g71:§)m)

)

Theorem 5.3

é Theorem 3.13

Theorem 6.3 . U(g%)

Theorem 3.17

(UE®),, = UR @) <% U ((eF) ) = U(sp)

Note that in this diagram each horizontal arrow (with dotted shaft)
denotes a “quantization/specialization (rightwards/leftwards) relationship”
— which involves the “continuous parameter” h — whereas each vertical

Theorem 5.15

arrow (having a waving shaft) denotes a relationship “via deformation”
— which involves “discrete parameters”.
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