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CRYSTALLINE REPRESENTATIONS AND WACH
MODULES IN THE RELATIVE CASE

by ABHINANDAN

Abstract. — We study the notion of Wach modules in the relative setting, gen-
eralizing the arithmetic case. Over an unramified base, for a p-adic representation
admitting such structure, we examine the relationship between its relative Wach
module and filtered (φ, ∂)-module. Moreover, we show that such a representation is
crystalline (in the sense of Faltings-Brinon), and one can recover its filtered (φ, ∂)-
module from the relative Wach module. Conversely, for low Hodge-Tate weights
[0, p − 2], we construct relative Wach modules from free relative Fontaine-Laffaille
modules (in the sense of Faltings).

Résumé. — Nous étudions la notion de module de Wach dans le cas relatif en
généralisant le cas arithmétique. Sur une base non-ramifiée, pour une représenta-
tion p-adique admettant une telle structure, nous examinons la relation entre son
module de Wach relatif et son (φ, ∂)-module filtré. De plus, nous montrons qu’une
telle représentation est cristalline (au sens de Faltings–Brinon) et que l’on récu-
père son (φ, ∂)-module filtré à partir du module de Wach relatif. Réciproquement,
pour les poids faibles de Hodge–Tate [0, p − 2], nous construisons des modules de
Wach relatifs à partir de modules libres de Fontaine–Laffaille relatifs (au sens de
Faltings).

1. Introduction

The theory of Wach modules for p-adic crystalline representations of the
absolute Galois group of a finite unramified extension of Qp was intro-
duced in the paper of Fontaine [21]. This notion was further developed by
Wach [37, 38] and Berger [7]. Over the years, this theory has found many
applications, for example, to the Iwasawa theory of crystalline representa-
tions in [5, 6], and in the study of the p-adic local Langlands program [8].
Wach modules were also among one of the motivations for Scholze’s idea of
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380 ABHINANDAN

q-deformations [34], which in turn paved the way for the theory of prisms
and prismatic cohomology of Bhatt and Scholze developed in [11].

Our goal in this article is to upgrade the notion of Wach modules to
the relative case by which we mean certain étale algebras over a formal
torus (see Section 1.4 for precise setup). But before examining the rela-
tive case, let us recall the relation between Wach modules and crystalline
representations in the arithmetic case.

1.1. The arithmetic case

Let p be a fixed prime number and let κ denote a finite field of char-
acteristic p; set OF = W (κ) to be the ring of p-typical Witt vectors with
coefficients in κ and F = Fr (OF ). Let F denote a fixed algebraic closure
of F , Cp := F̂ the p-adic completion, and GF = Gal(F/F ) the absolute
Galois group of F . Further, let F∞ =

⋃
n F (µpn) with ΓF := Gal(F∞/F )

and HF := Gal(F/F∞). Finally, let C♭
p denote the tilt of Cp.

1.1.1. (φ, ΓF )-modules

Using a certain period ring A ⊂ W (C♭
p) stable under the Frobenius

on Witt vectors and the GF -action (see Section 3.1 for precise defini-
tion), Fontaine functorially attached to any Zp-representation T of GF

(i.e. finitely generated Zp-modules equipped with a linear and continuous
GF -action), the module D(T ) = (A ⊗Zp T )HF over the two dimensional
local ring AF = AHF . The module D(T ) is equipped with a (induced
from A) Frobenius-semilinear operator φ such that the image of φ gener-
ates D(T ), i.e. D(T ) is étale. Moreover, D(T ) is equipped with a contin-
uous and semilinear action of ΓF and if T is free the AF -rank of D(T )
equals the Zp-rank of T . In [21] Fontaine estalished an equivalence of cat-
egories between Zp-representations of GF and étale (φ, ΓF )-modules over
AF . Furthermore, this construction naturally extends to p-adic represen-
tations of GF . Namely, using the period ring B = A

[ 1
p

]
, Fontaine functori-

ally attached to any p-adic representation V of GF an étale (φ, ΓF )-module
D(V ) = (B⊗Qp

V )HF over BF = BHF (i.e. there exists a Zp-lattice T ⊂ V

such that D(T ) is an étale (φ, ΓF )-module over AF ). Moreover, he showed
that this induces an equivalence between p-adic representations of GF and
étale (φ, ΓF )-modules over BF .
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CRYSTALLINE REPRESENTATIONS AND WACH MODULES 381

1.1.2. Crystalline representations of GF

Using another period ring Bcris also equipped with a Frobenius and conti-
nuous GF -action (see Section 2.2 for precise definition), Fontaine functorially
attached to any p-adic representation V of GF an F -vector space Dcris(V ) =
(Bcris⊗Qp

V )GF . The F -vector space Dcris(V ) is a filtered φ-module, i.e. it is
equipped with a (induced from Bcris) Frobenius-semilinear operator φ and
a filtration. In case dimF Dcris(V ) = dimQp

V , such a representation is said
to be crystalline (the terminology crystalline comes from the fact that for a
smooth proper scheme X/OF and i ∈ N the p-adic étale cohomology group
of the generic fiber Vi = Hi

ét(XF ,Qp) is crystalline as a GF -representation
and the crystalline cohomology group of the special fiber Hi

cris(Xκ/F ) is
naturally isomorphic to Dcris(Vi)). Restricting the functor Dcris to the sub-
category of crystalline representations, in [20] Fontaine observed that the
associated filtered φ-modules are weakly admissible (a property relating
the endomorphism φ and filtration on Dcris(V ) in a non-trivial manner).
In fact, in [16] Colmez and Fontaine showed that crystalline representations
of GF are equivalent to weakly admissible filtered φ-modules.

1.1.3. Arithmetic Wach modules

From the discussion above, it is a natural question to ask: Does there
exist some direct relation between the étale (φ, Γ)-module of a crystalline
representation and its associated weakly admissible filtered φ-module? For
a fixed representation, this question could be rephrased in terms of compar-
ing certain elements of the period rings B and Bcris. However, the rings B
and Bcris are not comparable. So to answer this question, Fontaine consid-
ered a smaller period ring B+ ⊂ B stable under Frobenius and GF -action
and such that B+ ↣ Bcris stable under Frobenius and GF -action. Using
B+ he defined: a p-adic representation V of GF is said to be of finite height
if the associated (φ, ΓF )-module D(V ) admits a (φ, ΓF )-stable lattice over
the subring B+

F = (B+)HF ⊂ BF (see Section 4.1 for precise definitions).
In [21] Fontaine conjectured that for a crystalline representation V of

GF there exist lattices inside D(V ) over which the action of ΓF admits a
simpler form. More precisely, finite height and crystalline representations
of GF are related as follows:

Theorem 1.1 (Wach [37], Colmez [15], Berger [7]). — Let V be a p-adic
representation of GF . Then V is crystalline if and only if it is of finite
height and there exists r ∈ Z and a free B+

F -submodule N ⊂ D(V ) of rank
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382 ABHINANDAN

= dimQp
V , stable under the action of ΓF and such that ΓF acts trivially

over (N/πN)(−r).

Here (−r) denotes the Tate twist. Note that in the situation of Theo-
rem 1.1, the module N is not unique. A functorial construction was given
by Berger in [7], i.e. to any p-adic crystalline representation V of GF he
attached a canonical B+

F -submodule N(V ) ⊂ D(V ) which he called the
Wach module of V . Moreover, Berger established an equivalence of cate-
gories between crystalline representations of GF and Wach modules over
B+

F . Furthermore, Berger obtained an integral version of his result by
considering the period ring A+ = A ∩ B+ ⊂ B stable under Frobenius
and GF -action. He showed that for a crystalline representation V of GF ,
there exists a bijection between GF -stable Zp-lattices T ⊂ V and integral
Wach modules N(T ) ⊂ N(V ) where N(T ) is defined over the integral sub-
ring A+

F = (A+)HF . Finally, given N(V ) one can canonically recover the
other linear algebraic object attached to V , i.e. Dcris(V ) (see [7, Proposi-
tions II.2.1 & III.4.4]).

1.2. The relative case

The motivation for defining Wach modules in the relative case and explor-
ing its relation with ODcris(V ) (see Section 2 for notations) comes from the
hope of computing Galois cohomology of p-adic representations using syn-
tomic complexes with coefficients in ODcris(V ). Using syntomic complexes
and techniques from the theory of (φ, Γ)-modules, this was done for the
trivial representation by Colmez and Nizioł [17]. A generalization of these
complexes to non-trivial coefficients can be found in [2] and [1, Chapter 5].

In this article, we are interested in the p-adic Hodge theory of an étale
algebra over a formal torus defined over OF . More precisely, let d ∈ N and
X = (X1, X2, . . . , Xd) be some indeterminates, OF {X, X−1} the p-adic
completion of a d-dimensional torus over OF and let R denote the p-adic
completion of an étale algebra over OF {X, X−1} with non-empty and geo-
metrically integral special fiber. Next, let GR denote the étale fundamental
group of R

[ 1
p

]
and ΓR the Galois group of the cyclotomic tower over R

and HR = Ker (GR → ΓR) (see Section 3.1 for precise definitions). In the
relative setting, on one hand Brinon has developed the theory of crystalline
representations of GR [14], while on the other hand Andreatta, Brinon and
Iovita have developed the theory of (φ, ΓR)-modules in [3, 4].

Remark 1.2. — Note that in Theorem 1.1 it is important to restrict to an
unramified extension F/Qp. For ramified extensions, such a statement does
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CRYSTALLINE REPRESENTATIONS AND WACH MODULES 383

not hold in general. Therefore, in the relative setting we consider an ana-
logue of “unramified extension of Qp” (indeed, by removing the geometric
coordinates one obtains R = OF ).

1.2.1. (φ, ΓR)-modules

Analogous to the arithmetic case, we have relative period rings A ⊂
B ⊃ B+ and A+ = A ∩ B+ ⊂ B (see Section 3.1 for precise definition)
equipped with Frobenius and a continuous action of GR. Let V be a p-adic
representation of GR, then one can functorially attach to V a projective
and étale (φ, ΓR)-module D(V ) = (B ⊗Qp

V )HR over BR = BHR of rank
= dimQp V equipped with a Frobenius-semilinear operator φ and a semi-
linear and continuous action of ΓR. This induces an equivalence of cate-
gories between p-adic representations of GR and étale (φ, ΓR)-modules over
BR. Similarly, using the period ring A one can functorially attach to any
Zp-representation T of GR an étale (φ, ΓR)-module D(T ) = (A⊗Zp

T )HR

over the period ring AR = AHR . Again, this induces an equivalence be-
tween Zp-representations of GR and étale (φ, ΓR)-modules over AR.

1.2.2. Relative Wach modules

Using the period ring A+ we set D+(T ) = (A+ ⊗Zp
T )HR , which is a

(φ, ΓR)-module over A+
R = (A+)HR and let q = φ(π)

π , where π is the usual
element in Fontaine’s constructions (see Section 2.1 for notations). Note
that for a finite free Zp-representation T of GR the AR-module D(T ) is
finite projective, however it is not known whether D+(T ) is projective. So,
we introduce the following definition:

Definition 1.3. — A positive finite q-height representation is a p-adic
representation V of GR admitting a Zp-lattice T ⊂ V such that there
exists a finite projective A+

R-submodule N(T ) ⊂ D+(T ) of rank = dimQp
V

satisfying the following conditions:
(i) N(T ) is stable under the action of φ and ΓR and AR⊗A+

R
N(T ) ∼→

D(T );
(ii) The A+

R-module N(T )/φ∗(N(T )) is killed by qs for some s ∈ N;
(iii) The action of ΓR is trivial on N(T )/πN(T );
(iv) There exists R′ ⊂ R finite étale over R such that the A+

R′ -module
A+

R′ ⊗A+
R

N(T ) is free.

TOME 75 (2025), FASCICULE 1



384 ABHINANDAN

The module N(T ) is a Wach module associated to T and we set N(V ) :=
N(T )

[ 1
p

]
which satisfies analogous properties. The height of V is the small-

est s ∈ N satisfying (ii) above.

Remarks 1.4.
(i) A finite q-height representation is twist of a positive one by some

power of the p-adic cyclotomic character (see Definition 4.9 for de-
tails). The terminology “positive” refers to the fact that the Wach
module N(T ) is stable under the Frobenius-semilinear operator φ.
It is motivated by the fact (and as we will show) that V is positive
crystalline (see Theorem 1.6).

(ii) In the arithmetic case, i.e. R = OF , the notion of finite height
representations in Theorem 1.1 and finite q-height representations
in Definition 1.3 are related. In fact, in the arithmetic case using
Definition 1.3 one obtains the functorial Wach module of Berger
mentioned above (see [7, Proposition II.1.1]).

1.2.3. Crystalline representations of GR

Using the period ring OBcris(R) Brinon functorially attaches to any
p-adic representation V of GR an R

[ 1
p

]
-module

ODcris(V ) :=
(
OBcris(R)⊗Qp V

)GR
.

The module ODcris(V ) is called a filtered (φ, ∂)-module, i.e. it is equipped
with a filtration, a Frobenius-semilinear endomorphism φ and a quasi-
nilpotent integrable connection ∂ satisfying Griffiths transversality with
respect to the filtration (see Section 2.3 for precise definitons). The repre-
sentation V is said to be crystalline if the natural map is an isomorphism

OBcris(R)⊗R[1/p] ODcris(V ) ∼−→ OBcris(R)⊗Qp
V,

compatible with Frobenius, filtration, connection and the action of GR on
each side. Moreover, Brinon also defined the notion of weak admissibility
in the relative case and showed that ODcris(V ) is weakly admissible for
crystalline representations (see [14, Chapitre 8] for more details).

Notation 1.5. — We use period rings such as OBcris(R) which is a mod-
ified version of Fontaine’s relative period ring Bcris(R) (see Section 2.2 for
details). The notation O here indicates that apart from Frobenius, filtration
and GR-action, we have a connection over OBcris(R) and we will call such
rings fat relative period rings. However, note that in [14] Brinon denotes
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these rings as Bcris(R) and B∇
cris(R), respectively. Similarly, we will use the

notation ODcris(V ) and Dcris(V ) for modules instead of Brinon’s Dcris(V )
and D∇

cris(V ), respectively. We hope it is not confusing for the reader.

1.2.4. Main result

Our aim is to show that for positive finite q-height representations, the
B+

R-module N(V ) and the R
[ 1

p

]
-module ODcris(V ) are related in a precise

manner and the latter can be recovered from the former. To relate these
objects we consider the ring R[ϖ] where ϖ = ζp − 1 for a primitive p-th
root of unity ζp (take ϖ = ζp2−1 if p = 2 for a primitve p2-th root of unity
ζp2), and using this ring we construct a fat relative period ring OAPD

R,ϖ ⊂
OBcris(R) equipped with compatible Frobenius, filtration, connection and
the action of ΓR (see Section 4.3 for precise definitions). The main result
of this article is as follows:

Theorem 1.6 (see Theorem 4.25). — Let V be a positive finite q-height
representation of GR, then

(i) V is a positive crystalline representation.
(ii) Let M :=

(
OAPD

R,ϖ ⊗A+
R

N(T )
)ΓR , then after extending scalars to

OAPD
R,ϖ and inverting p, we obtain a natural isomorphism

OAPD
R,ϖ ⊗R M

[
1
p

]
∼−→ OAPD

R,ϖ ⊗A+
R

N(V ),

compatible with Frobenius, filtration, connection and the action of
ΓR on each side.

(iii) We have an isomorphism of R
[ 1

p

]
-modules

ODcris(V ) ∼←−
(
OAPD

R,ϖ ⊗A+
R

N(T )
)ΓR

[
1
p

]
,

compatible with Frobenius, filtration, and connection on each side.
Therefore, we obtain a comparison isomorphism

OAPD
R,ϖ ⊗A+

R
N(V ) ∼−→ OAPD

R,ϖ ⊗R ODcris(V ),

compatible with Frobenius, filtration, connection and the action of
ΓR on each side.

Let us mention the idea of the proof. In case N(T ) is free, we proceed in
two steps: First, we describe a process (see Proposition 4.28 for details) by
which we can recover a submodule of ODcris(V ) starting with the Wach
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module N(T ), establishing a comparison over OAPD
R,ϖ between the submod-

ule obtained and the Wach module. Next, the claims made in the theorem
are shown by exploiting properties of Wach modules and the comparison
obtained in the first step. In the first step, one can take two approaches to
obtain generators of the promised submodule of ODcris(V ): either by tak-
ing ΓR-fixed points of OAPD

R,ϖ ⊗A+
R

N(T ) (by successively approximating
for ΓR-action on a basis of N(T )); or by taking elements killed by differen-
tial operators defined using topological generators of ΓR (see Lemma 4.41
for details). In this paper, we take the latter approach whereas the former
approach is detailed in [1, Chapter 3]. In the general case when N(T ) is
projective, using property (iv) in Definition 1.3 one can pass to an extension
A+

R ⊂ A+
R′ to obtain a free Wach module, then use the preceding argument

and finally apply Galois descent to obtain the theorem (see Proposition 4.28
for details). Finally, we also show that all one-dimensional crystalline repre-
sentations are of finite q-height and for such representations one can directly
compare ODcris(V ) and the Wach module N(V ).

1.3. Relative Fontaine–Laffaille modules

After obtaining Theorem 1.6 above, it is natural to wonder if a converse
statement could be true, i.e. starting with a lattice T ⊂ V of a crystalline
representation GR, is it possible to construct the Wach module N(T )? In
the arithmetic setting, for p-adic crystalline representations of GF , this was
shown to be true by Wach [37], and the statement was refined by Berger [7].
In the relative case, the picture is quite encouraging when we restrict to
Hodge–Tate length ⩽ p− 2 (also see Remark 1.9).

For a p-adic crystalline representation of GF with Hodge–Tate length
⩽ p − 1, there exists a canonical OF -lattice inside Dcris(V ) called the
Fontaine–Laffaille module defined in [23]. In this case, Wach constructed
Wach modules out of Fontaine–Laffaille data in [38]. In the relative setting,
Faltings studied relative Fontaine–Laffaille modules in [19] and used them
to functorially recover Zp-lattices inside crystalline representations of GR.
Recently, for free relative Fontaine–Laffaille modules of filtration length
⩽ p − 2, adapting techniques from Wach’s computations, Tsuji has con-
structed generalized representations of GR over Ainf(R) (see [36]). In fact,
it is possible to show that starting with a free relative Fontaine–Laffaille
module, one can obtain a free relative Wach module over A+

R.
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Theorem 1.7 (see Theorem 5.5). — Let M be a free relative Fontaine–
Laffaille module over R of level [0, p−2], and let Tcris(M) denote the associ-
ated Zp-representation of GR. Then, the p-adic representation Vcris(M) :=
Qp ⊗Zp

Tcris(M) is a positive finite q-height representation.

Twisting the representation thus obtained by powers of the cyclotomic
character, generalizes the statement to all free Fontaine–Laffaille modules
with filtration length ⩽ p− 2.

The proof of the theorem crucially exploits the computation of
Fontaine [22], Wach [38] and Tsuji [36]. It follows in three steps: First,
starting with a Fontaine–Laffaille module, we obtain an APD

R,ϖ-module us-
ing formal properties of crystalline site for maps θ : APD

R,ϖ ↠ R and
θR : OAPD

R,ϖ ↠ R (see Section 5.3.1 for details). Next, we exploit equiv-
alence of categories obtained in Theorem 5.21 by extending scalars along
APD

R,ϖ ↠ APD
R,ϖ/I(p−1)APD

R,ϖ
∼← A+

R,ϖ/I(p−1)A+
R,ϖ ↞ A+

R,ϖ (see Proposi-
tion 5.12 for explanations). This gives us an A+

R,ϖ-module with precise
description of the Frobenius and the action of ΓR. Finally, we descend over
to the ring A+

R by exploiting the Frobenius and ΓR-action, thus obtaining
a Wach module over A+

R and proving the theorem (see Section 5.3.2).

Remark 1.8. — In a recent work, Morrow and Tsuji have developed a
theory of coefficients for integral p-adic Hodge theory in [32]. Extending
scalars of relative Wach modules along OF JπK → Ainf(OF ) would yield
generalized representions over A□

inf(R) in the sense of Morrow–Tsuji.

Remark 1.9. — Recent developments in the theory of prismatic crys-
tals [12, 18, 28], indicate that to obtain a full converse statement, i.e. to
construct Wach modules from lattices inside crystalline representations,
one needs to generalize Definition 1.3 slightly. This is a work in progress
and we will report further on this line of investigation in future.

1.4. Setup and notations

In this section we will describe the setup for the rest of the text and fix
some notations.

Convention. — We will work under the convention that 0 ∈ N, the
set of natural numbers.

Let p be a fixed prime number, κ a finite field of characteristic p, W :=
W (κ) the ring of p-typical Witt vectors with coefficients in κ and F :=

TOME 75 (2025), FASCICULE 1
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W
[ 1

p

]
, the fraction field of W . In particular, F is an unramified extension

of Qp with ring of integers OF = W . Let F be a fixed algebraic closure of F

so that its residue field, denoted as κ, is an algebraic closure of κ. Further,
we denote by GF = Gal(F/F ), the absolute Galois group of F .

Let Z = (Z1, . . . , Zs) denote a set of indeterminates and k = (k1, . . . , ks)∈
Ns be a multi-index, then we write Zk := Zk1

1 · · ·Zks
s . For k→ +∞ we will

mean that
∑

ki → +∞. Now for a topological algebra Λ we define

Λ{Z} :=
{∑

k∈Ns

akZk, where ak ∈ Λ and ak −→ 0 as k −→ +∞
}

.

We fix d ∈ N and let X = (X1, X2, . . . , Xd) be some indeterminates. Let
R be the p-adic completion of an étale algebra over OF {X, X−1} with
non-empty geometrically integral special fiber. In particular, we have a
presentation

R = OF {X, X−1}{Z1, . . . , Zs}/ (Q1, . . . , Qs),

where Qi(Z1, . . . , Zs) ∈ OF {X, X−1}[Z1, . . . , Zs] for 1 ⩽ i ⩽ s are mul-
tivariate polynomials such that det

(
∂Qi

∂Zj

)
1⩽i,j⩽s

is invertible in R. The
algebra R

[ 1
p

]
is the relative analogue of “finite unramified extension of Qp”

(indeed, by removing the geometric coordinates we will obtain R
[ 1

p

]
= F ).

Remark 1.10. — Note that Theorem 1.1 serves as our main motivation
for the theory developed in this article. The assumptions we put on R

generalizes the fact that “F is unramified over Qp”.

The p-adic Hodge theory over R is the study of p-adic representations
of the étale fundamental group of R

[ 1
p

]
, which we introduce next. We

fix an algebraic closure Fr (R) of Fr (R) containing F . Let R denote the
union of finite R-subalgebras S ⊂ Fr (R), such that S

[ 1
p

]
is étale over

R
[ 1

p

]
. Let η denote a geometric point of the generic fiber Spec R

[ 1
p

]
and

let GR := πét
1
(
Spec R

[ 1
p

]
, η
)

denote the étale fundamental group. By [27,
Exposé V, Section 8], we can write this étale fundamental group as the
Galois group (of the fraction field of R

[ 1
p

]
over the fraction field of R

[ 1
p

]
)

GR = πét
1

(
Spec R

[
1
p

]
, η

)
= Gal

(
R

[
1
p

]
/R

[
1
p

])
.

For n ∈ N, let Fn := F (µpn). From now onwards, we will fix some
m ∈ N⩾1 (take m ∈ N⩾2 if p = 2) and set K := Fm, with its ring of integers
OK . The element ϖ = ζpm−1 ∈ OK is a uniformizer of K, and its minimal
polynomial Pϖ(X) = (1+X)pm

−1
(1+X)pm−1 −1

is an Eisenstein polynomial in W [X] of
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degree e := [K : F ] = pm−1(p − 1). Finally, for S = R[ϖ] = OK ⊗OF
R

we have that R[ϖ] is totally ramified at the prime ideal (p) ⊂ R[ϖ]. And
similar to above, we obtain Galois groups GK ◁GF and GS◁GR respectively,
such that GR/GS = GF /GK = Gal(K/F ). Finally, we have that R and
R[ϖ] are small algebras in the sense of Faltings (see [19, Section II(a)]).

For k∈N, let Ωk
R denote the p-adic completion of module of k-differentials

of R relative to Z. Then, we have

Ω1
R =

d⊕
i=1

R d logXi, and Ωk
R =

k∧
R

Ω1
R.

We also have that R/pR
∼→ S/ϖS and for all n ∈ N, R/pnR is a smooth

Z/pnZ-algebra. Finally, we have a unique lift φ : R → R of the absolute
Frobenius x 7→ xp over R/pR such that φ(Xi) = Xp

i , for all 1 ⩽ i ⩽ d (in
general, a lift of Frobenius modulo p need not be unique, see [14, p. 9]).

Convention. — Let A be a ring and I ⊊ A an ideal. We say that an
A-module M is I-adically complete if and only if M

∼→ limn M/InM .
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2. p-adic Hodge theory

In this section we will recall some constructions and results in relative
p-adic Hodge theory developed in [14], albeit in a simpler setting compared
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to Brinon’s book. As we will be using different notations compared to
Brinon, we will make most of the definitions explicit.

We are interested in exploring the relationship between p-adic crystalline
representations and finite height representations of GR. This will be de-
tailed in Section 4 and Section 5. To carry out some computations in the
aforementioned sections, we will need to extend our base field (hence the
base ring) by adjoining some p-power roots of unity (see the field K and the
ring S = R[ϖ] in Section 1.4). As a consequence, we will also require the
corresponding period rings defined for such rings. However, in Section 2.1,
Section 2.2 & Section 2.3 we will only recall results from [14] by fixing our
base as R. As we shall see the period rings will only depend on R and we
have S = R ⊂ Fr (R) = Fr (S), therefore fixing our base as R is sufficient
(see [14] for general constructions).

2.1. The de Rham period ring

We will recall definitions and properties of the relative version of
Fontaine’s period ring BdR (see [22] for classical case).

2.1.1. The ring C+(R) and its tilt

Let Cp denote the p-adic completion of F . Recall that R is the union of
finite R-subalgebras S ⊂ Fr (R) = Fr (R[ϖ]), such that S

[ 1
p

]
is étale over

R
[ 1

p

]
. Let C+(R) denote the p-adic completion of R and C(R) = C+(R)

[ 1
p

]
.

We define the tilt C+(R)♭ := limx 7→xp C+(R)/p = limx 7→xp R/p and equip it
with the inverse limit topology (where we equip R/p with the discrete topol-
ogy) and let C(R)♭ = C+(R)♭

[ 1
p♭

]
for p♭ := (p, p1/p, p1/p2

, . . .) ∈ C+(R)♭

and equipped with the coarsest ring topology such that C+(R) is an open
subring. Note that an element x ∈ C(R)♭ can be described as a sequence
(xn)n∈N, with xn ∈ C(R) and xp

n+1 = xn for all n ∈ N. These rings admit
a continuous GR-action for the topology described.

We fix some choices of compatible p-power roots which will appear in the
sequel. Let ε := (1, ζp, ζp2 , . . .) ∈ C♭

p, X♭
i :=

(
Xi, X

1/p
i , X

1/p2

i , . . .
)
∈ C(R)♭

for 1 ⩽ i ⩽ d. We set Ainf(R) := W (C+(R)♭), the ring of p-typical Witt
vectors with coefficients in C+(R)♭ equipped with weak topology (see [4,
Section 2.10]). The absolute Frobenius on C+(R)♭ lifts to an endomorphism
φ : Ainf(R) → Ainf(R) and the GR-action extends to Ainf(R) such that
the action is continuous for the weak topology. For x ∈ C+(R)♭, let [x] =
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(x, 0, 0, . . .) ∈ Ainf(R) denote its Teichmüller representative. So we have
[ε] ∈ Ainf(R) with g[ε] = [ε]χ(g) for g ∈ GR and χ : GR → Z×

p the p-adic
cyclotomic character and φ([ε]) = [ε]p. Now any element x ∈ Ainf(R)
can be uniquely written as x =

∑
k∈N pk[xk] for xk ∈ C+(R)♭. So we set

π := [ε] − 1, π1 := φ−1(π) = [ε1/p] − 1, and ξ := π
π1

. Clearly we have
g(π) = (1 + π)χ(g) − 1 for g ∈ GR and φ(π) = (1 + π)p − 1.

2.1.2. Definition of OBdR(R)

We have Fontaine’s θ-map defined as θ : Ainf(R) → C+(R) sending∑
k∈N pk[xk] 7→

∑
k∈N pkx♯

k, it is a GR-equivariant surjective ring homo-
morphism whose kernel is principal and generated by, for example, p− [p♭]
or ξ (see [20, Proposition 2.4(ii)]). By Qp-linearity, the map θ can be ex-
tended to θ : Ainf(R)

[ 1
p

]
→ C(R) and we define

B+
dR(R) := lim

n
Ainf(R)

[
1
p

]
/ (Ker θ)n,

as the (Ker θ)-adic completion of Ainf(R)
[ 1

p

]
. The ring B+

dR(R) is an
F -algebra equippedw with an action of GR. The map θ further extends
to a GR-equivariant surjective ring homomorphism θ : B+

dR(R) → C(R)
with Ker θ = tB+

dR(R), where t := log[ε] = log(1+π) =
∑

k∈N(−1)k πk+1

k+1 ∈
B+

dR(R) such that g ∈ GR acts by g(t) = χ(g)t. By functoriality of the
construction of B+

dR(R), the homomorphism OF → R induces an injec-
tion B+

dR(OF ) → B+
dR(R). The ring B+

dR(R) is t-torsion free, so we set
BdR(R) := B+

dR(R)
[ 1

t

]
. The GR-action extends to BdR(R) and the ring

B+
dR(R) admits a natural GR-stable filtration given as FilrBdR(R) :=

trB+
dR(R) for r ∈ Z and we equip B+

dR(R) with the induced filtration
(see [14, Section 5.1] for details).

We can extend the map θ : Ainf(R)→ C+(R) by R-linearity to obtain a
ring homomorphism θR : R⊗ZAinf(R)→ C+(R). Let OAinf(R) denote the
θ−1

R (pC+(R))-adic completion of R ⊗Z Ainf(R) (the ideal θ−1
R (pC+(R)) is

generated by p and Ker θR), then θR extends to a surjective homomorphism
θR : OAinf(R)

[ 1
p

]
→ C(R). Define

OB+
dR(R) := lim

n
OAinf(R)

[
1
p

]
/ (Ker θR)n,

as the (Ker θR)-adic completion of OAinf(R)
[ 1

p

]
. The ring OB+

dR(R) is
an R

[ 1
p

]
-algebra and admits a GR-action. The homomorphism θR extends

to a GR-equivariant surjective homomorphism θR : OB+
dR(R) → C(R).
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The ring B+
dR(R) is t-torsion free and we set OBdR(R) := OB+

dR(R)
[ 1

t

]
.

Moreover, the GR-action extends to OBdR(R).

2.1.3. Structure and properties of OBdR(R)

A more explicit description of the ring OB+
dR(R) can be given. Note that

Xi⊗ 1− 1⊗ [X♭
i ] ∈ Ker θR ⊂ R⊗Z Ainf(R) for 1 ⩽ i ⩽ d and let zi denote

its image in OAinf(R) ⊂ OB+
dR(R). Since OB+

dR(R) is complete for the
(Ker θR)-adic topology, the homomorphism B+

dR(R)→ OB+
dR(R) extends

to a homomorphism

f : B+
dR(R)JT1, . . . , TdK −→ OB+

dR(R)
Ti 7−→ zi, for 1 ⩽ i ⩽ d.

In fact, f is an isomorphism and Ker θR = (t, z1, . . . , zd) ⊂ OB+
dR(R).

Therefore, one can identify B+
dR(R) with a subring of OB+

dR(R). There
is a natural GR-stable filtration on OB+

dR(R) given by FilrOB+
dR(R) =

(Ker θR)r for r ∈ N. We set Fil0OBdR(R) :=
∑+∞

n=0 t−nFilnOB+
dR(R) =

OB+
dR(R)

[
z1
t , . . . , zd

t

]
and FilrOBdR(R) := trFil0OBdR(R) for r ∈ Z, sat-

isfying the same conditions. Moreover, the induced filtrations on OB+
dR(R),

B+
dR(R) and BdR(R) match with the ones defined before. Finally, we have(
OBdR(R)

)GR = R
[ 1

p

]
(see [14, Section 5.2] for details).

We can equip the rings OB+
dR(R) and OBdR(R) with a connection. Let

Ni denote the unique (Ker θR)-adically continuous, B+
dR(R)-linear deriva-

tion on OB+
dR(R) given as Ni(zj) = δijXj for 1 ⩽ i, j ⩽ d, where δij

denotes the Kronecker delta symbol. Furthremore, the derivation Ni ex-
tends to a BdR(R)-linear derivation on OBdR(R), since Ni(t) = 0. Define
a connection

∂ : OBdR(R) −→ OBdR(R)⊗R[ 1
p ] Ω1

R

[
1
p

]
x 7−→

d∑
i=1

Ni(x)⊗ d logXi.

The connection ∂ is GR-equivariant and satisfies Griffiths transversality
with respect to the filtration, i.e.

∂
(
FilrOBdR(R)

)
⊂Filr−1OBdR(R)⊗R[ 1

p ] Ω1
R

[
1
p

]
.

Its restriction to R
[ 1

p

]
is the canonical differential operator. Moreover, we

have
(
OB+

dR(R)
)∂=0 = B+

dR(R) and
(
OBdR(R)

)∂=0 = BdR(R) (see [14,
Section 5.3] for details).
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2.2. The crystalline period ring

In this section, we will recall the definition and properties of crystalline
period rings following [14]. Note that Brinon defines these rings under a
certain assumption on his base ring (see condition (BR) on [14, p. 9]) which
is always true in our setting.

2.2.1. Definition of OBcris(R)

Let us consider the map θ : Ainf(R)→ C+(R) whose kernel is a principal
ideal generated by ξ or p − [p♭]. Let us denote x[k] := xk

k! for x ∈ Ker θ ⊂
Ainf(R) and k ∈ N. The divided power envelope of Ainf(R) with respect
to Ker θ is given as Ainf(R)

[
x[k], x ∈ Ker θ

]
k∈N = Ainf(R)

[
ξ[k]]

k∈N. We
define

Acris(R) := p-adic completion of Ainf(R)
[
ξ[k]]

k∈N.

This is a W (κ)-algebra equipped with a continuous action of GR. The
ring Acris(R) is p-torsion free and the Frobenius on Ainf(R) extends to
Acris(R). The homomorphism θ in Section 2.1.2 extends to a surjective
homomorphism θ : Acris(R) → C+(R). Also, we have t = log(1 + π) ∈
Ker θ ⊂ Acris(R) and the Frobenius φ on this element is given as φ(t) = pt.
Moreover, Ker θ ⊂ Acris(R) is a divided power ideal. Further, the ring
Acris(R) is t-torsion free, so we set φ

( 1
t

)
= 1

pt and define B+
cris(R) :=

Acris(R)
[ 1

p

]
and Bcris(R) := B+

cris(R)
[ 1

t

]
. These are F -algebras, equipped

with a continuous action of GR and the Frobenius φ (see [14, Section 6.1
and Section 6.2] for details).

Next, let us consider the map θR : R ⊗Z Ainf(R) → C+(R). The kernel
of this map is an ideal generated by {1 ⊗ ξ, z1, . . . , zd}, where zi = Xi ⊗
1 − 1 ⊗ [X♭

i ] for 1 ⩽ i ⩽ d. The divided power envelope of R ⊗Z Ainf(R)
with respect to Ker θR is given as R⊗Z Ainf(R)

[
x[k], x ∈ Ker θR

]
k∈N. We

define

OAcris(R) := p-adic completion of R⊗Z Ainf(R)
[
x[k], x ∈ Ker θR

]
k∈N.

This is an R-algebra equipped with a continuous action of GR. Taking
the diagonal action of the Frobenius on R ⊗Z Ainf(R) it can be shown
that the Frobenius extends to OAcris(R) and we denote this extension
again by φ. The homomorphism θR from Section 2.1 extends to surjective
homomorphism θR : OAcris(R)→ C+(R) (see [14, p. 64] for details).
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2.2.2. Structure and properties of OBcris(R)

Let T = (T1, . . . , Td) be some indeterminates as in Section 2.1.3 and
let us denote by Acris(R)⟨T ⟩∧ the p-adic completion of the divided power
polynomial algebra in indeterminates T and coefficients in Acris(R). Then
we obtain an isomorphism of Acris(R)-algebras (see [14, Proposition 6.1.5])

fcris : Acris(R)⟨T ⟩∧ −→ OAcris(R)
Ti 7−→ zi for 1 ⩽ i ⩽ d.

The ring OAcris(R) is p-torsion free as well as t-torsion free, so we
set OB+

cris(R) := OAcris(R)
[ 1

p

]
and OBcris(R) := OB+

cris(R)
[ 1

t

]
. These

R
[ 1

p

]
-algebras are equipped with a continuous action of GR and the action

of Frobenius extends to these rings and we denote this extension again by
φ (see [14, Section 6.1 and Section 6.2] for details).

Note that there exist natural morphisms of rings Acris(R)→ B+
dR(R) and

OAcris(R)→ OB+
dR(R). So we obtain induced homomorphisms B+

cris(R)→
B+

dR(R), OB+
cris(R) → OB+

dR(R), Bcris(R) → BdR(R) and OBcris(R) →
OBdR(R), which are injective and GR-equivariant. Using this, we get in-
duced filtrations on crystalline period rings as FilrBcris(R) := Bcris(R) ∩
FilrBdR(R) and FilrOBcris(R) := OBcris(R) ∩ FilrOBdR(R) for r ∈ Z
(see [14, Section 6.2] for details).

Next, we will consider a connection on OBcris(R) induced from the con-
nection on OBdR(R). For n ∈ N, we have ∂(z[n]

i ) = z
[n−1]
i ⊗ dXi for

1 ⩽ i ⩽ d, so we get that for any x ∈ OAcris(R) = Acris(R)⟨T ⟩∧, we have
∂(x) ∈ OAcris(R)⊗R Ω1

R. This gives us an induced connection

∂ : OBcris(R) −→ OBcris(R)⊗R[ 1
p ] Ω1

R

[
1
p

]
.

The connection ∂ is GR-equivariant and satisfies Griffiths transversality
with respect to the filtration, since the same is true over OBdR(R). Its
restriction to R

[ 1
p

]
is the canonical differential operator. Moreover, taking

horizontal sections we get
(
OA+

cris(R)
)∂=0 = Acris(R),

(
OB+

cris(R)
)∂=0 =

B+
cris(R) and

(
OBcris(R)

)∂=0 = Bcris(R). We equip Ω1
R

[ 1
p

]
with the unique

Frobenius-linear map φ satisfying φ(dx) = dφ(x) for x ∈ R. Then, over
OBcris(R) the Frobenius operator commutes with the connection, i.e. φ∂ =
∂φ (see [14, Proposition 6.2.5]). Furthermore, we have

(
OBcris(R)

)GR =
R
[ 1

p

]
. Finally, the natural map R

[ 1
p

]
→ OBcris(R) is faithfully flat (see [14,

Section 6.2 and Section 6.3] for details).
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2.3. p-adic representations

In this section we will recall results on linear algebra data associated to
p-adic de Rham and crystalline representations of the Galois group GR.
We will use the GR-regularity of a topological Qp-algebra B in the sense
of [14, p. 106]. If V is a p-adic representation of GR, we set

DB(V ) :=
(
B ⊗Qp V

)GR
.

This is a BGR -module and we have a natural morphism of B-modules,
functorial in V

αB(V ) : B ⊗BGR DB(V ) −→ B ⊗Qp
V

b⊗ d 7−→ bd.

The representation V is said to be B-admissible if αB is an isomorphism.

2.3.1. Unramified representations

Let Rur denote the union of finite étale R-subalgebras S ⊂ R, and let
R̂ur denote its p-adic completion. It is an R-subalgebra of C(R) equipped
with a continuous action of GR. Further, we have

(
R̂ur
[ 1

p

])GR = R
[ 1

p

]
and

R̂ur
[ 1

p

]
is GR-regular. Let us set Gur

R := Gal(Rur/R) which is a quotient of
GR. A p-adic representation ρ : GR → GL(V ) is said to be unramified, if ρ

factorizes through GR → Gur
R .

Let V be a p-adic representation of GR and we set

Dur(V ) :=
(

R̂ur
[

1
p

]
⊗Qp

V

)GR

,

which is an R
[ 1

p

]
-module and we say that V is unramified if and only if V

is R̂ur
[ 1

p

]
-admissible (see [14, Section 8.1]).

Remark 2.1. — Let V be an h-dimensional p-adic representation of GR

and T ⊂ V a Zp-lattice stable under the action of GR such that the ac-
tion is trivial modulo p. Consider the associated continuous cocycle f :
Gur

R → GLh(R̂ur) describing the action of Gur
R over R̂ur ⊗Zp

T . Since V is
unramified, f is cohomologous to the trivial cocycle and from [14, proof of
Proposition 8.1.2], there exists b ∈ 1 + p ·Mat(h, R̂ur) such that f is given
as g 7→ f(g) = g(b)b−1 for g ∈ GR. In this case, we say that f is trivialised
by b ∈ 1 + p ·Mat(h, R̂ur).

TOME 75 (2025), FASCICULE 1



396 ABHINANDAN

2.3.2. de Rham representations

Note that OBdR(R) is a GR-regular R
[ 1

p

]
-algebra. We set

ODdR(V ) :=
(
OBdR(R)⊗Qp

V
)GR

.

The representation V is said to be de Rham if it is OBdR(R)-admissible.
The R

[ 1
p

]
-module ODdR(V ) is equipped with a decreasing, separated and

exhaustive filtration induced from the filtration on OBdR(R)⊗Qp
V where

we consider the GR-stable filtration on OBdR(R) from Section 2.1.3. More-
over, the module ODdR(V ) is equipped with an integrable connection, in-
duced from the GR-equivariant integrable connection

∂ : V ⊗Qp
OBdR(R) −→ V ⊗Qp

OBdR(R)⊗R[ 1
p ] Ω1

R

[
1
p

]
v ⊗ b 7−→ v ⊗ ∂(b).

We denote the induced connection on ODdR(V ) again by ∂. Since the con-
nection ∂ on OBdR(R) satisfies Griffiths transversality, the same is true for
ODdR(V ), i.e. ∂(FilrODdR(V )) ⊂ Filr−1ODdR(V )⊗R[ 1

p ] Ω1
R

[ 1
p

]
. Further,

ODdR(V ) is projective of rank ⩽ dim(V ) over (OBdR(R))GR = R
[ 1

p

]
. If

V is de Rham then for all r ∈ Z, the R
[ 1

p

]
-modules FilrODdR(V ) and

grrODdR(V ) are projective of finite type and for such a representation the
collection of integers ri for 1 ⩽ i ⩽ dimQp

(V ) such that gr−riODdR(V ) ̸= 0
are called Hodge–Tate weights of V . Moreover, we say that V is positive
if and only if ri ⩽ 0 for all 1 ⩽ i ⩽ dimQp

(V ) (see [14, Section 8.3] for
details).

2.3.3. Crystalline representations

Note that OBcris(R) is a GR-regular R
[ 1

p

]
-algebra. We set

ODcris(V ) :=
(
OBcris(R)⊗Qp

V
)GR

.

The representation V is said to be crystalline if it is OBcris(R)-admissible
and we denote the category of all crystalline representations of GR by
Repcris

Qp
(GR). The R

[ 1
p

]
-module ODcris(V ) is equipped with a Frobenius-

semilinear operator φ induced from the Frobenius on OBcris(R) ⊗Qp
V ,

where we consider the GR-equivariant Frobenius on OBcris(R). Further,
ODcris(V ) is an R

[ 1
p

]
-submodule of ODdR(V ), and we equip the former

with induced filtration and connection which satisfies Griffiths transver-
sality with respect to the filtration. Additionally, we have ∂φ = φ∂ over
ODcris(V ) (see [14, Section 8.3] for details).
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The R
[ 1

p

]
-module ODcris(V ) is projective of rank ⩽ dim(V ). If V is

crystalline, then the R
[ 1

p

]
-linear homomorphism

1⊗ φ : R

[
1
p

]
⊗R[ 1

p ],φ ODcris(V ) −→ ODcris(V )

is an isomorphism and ODcris(V ) is called a filtered (φ, ∂)-module. The
inclusion OBcris(R) ↣ OBdR(R) induces the inclusion ODcris(V ) ↣
ODdR(V ). Let V be a non-trivial de Rham representation of GR, then
the inclusion ODcris(V ) ↣ ODdR(V ) ̸= 0 is surjective if and only if V is
crystalline (see [14, Section 8.2 and Section 8.3] for details).

In conclusion, we have a functor

ODcris : RepOcris
Qp

(GR) −→ filtered (φ, ∂)-modules over R

[
1
p

]
.

Objects in the essential image are called admissible filtered (φ, ∂)-modules
and the functor induces an equivalence of categories with the essential
image (see [14, Théorèmes 8.4.2, 8.5.1]).

Remark 2.2. — In the arithmetic case, the essential image of Dcris, i.e.
admissible filtered φ-modules can be described more explicitly. In partic-
ular, using certain invariants attached to filtered φ-modules one considers
the full subcategory of weakly admissible filtered φ-modules and it is a
result of Colmez and Fontaine that weakly admissible filtered φ-modules
are admissible (in the sense above, see [16, Théorème A]). In the relative
case, Brinon gave a definition of weakly admissible filtered (φ, ∂)-modules
(see [14, p. 136]). However, the notion is not completely satisfactory as one
does not obtain an equivalence between admissible and weakly admissible
filtered (φ, ∂)-modules (see [31, Theorem 1.3]).

2.3.4. One dimensional de Rham and crystalline representations

In the 1-dimensional case, it is possible to classify all crystalline repre-
sentations:

Proposition 2.3 ([14, Propositions 8.4.1, 8.6.1]). — Let η : GR → Z×
p

be a continuous character.
(i) η is de Rham if and only if we can write η = ηfηurχ

n where ηf is
a finite character, ηur is an unramified character taking values in
1 + pZp (therefore trivialized α ∈ 1 + pR̂ur, see Remark 2.1) and χ

is the p-adic cyclotomic character and n ∈ Z.
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(ii) η is crystalline if and only if we can write η = ηfηurχ
n where ηf is

a finite unramified character, ηur is an unramified character taking
values in 1 + pZp (therefore trivialized by some α ∈ 1 + pR̂ur, see
Remark 2.1) and χ is the p-adic cyclotomic character and n ∈ Z.

In particular, a 1-dimensional de Rham representation is potentially crys-
talline.

(iii) Let V = Qp(η) be a one-dimensional crystalline representation.
Then there exists a finite étale extension R → R′ such that the
R′[ 1

p

]
-module R′[ 1

p

]
⊗R[ 1

p ] ODcris(V ) is free. In particular, if ηf is
trivial then ODcris(V ) is a free R

[ 1
p

]
-module of rank 1.

3. (φ, Γ)-modules and crystalline coordinates

We will keep the setting and notations of Section 2. In particular, we
have that F is a finite unramified extension of Qp and K = F (µpm)
for a fixed m ∈ N⩾1 (fix m ∈ N⩾2 if p = 2). Recall that R is étale
over OF {X, X−1} and we have multivariate polynomials Qi(Z1, . . . , Zs) ∈
OF {X, X−1}[Z1, . . . , Zs] for 1 ⩽ i ⩽ s such that det

(
∂Qi

∂Zj

)
is invertible in

R. In particular, the ring OF {X, X−1} provides a system of coordinates
for R.

3.1. (φ, Γ)-modules

In this section, we briefly recall the theory of relative (φ, Γ)-modules
from [3, 4].

Let Fn = F (µpn) for n ∈ N and F∞ =
⋃

n Fn. We take Rn to be the
integral closure of R ⊗OF [X±1] OFn

[
Xp−n

1 , . . . , Xp−n

d

]
inside R

[ 1
p

]
and set

R∞ :=
⋃

n⩾m Rn noting that F∞ ⊂ R∞
[ 1

p

]
. From Section 2.1.2 recall that

C(R) = C+(R)
[ 1

p

]
and C(R)♭ denotes its tilt. The ring C(R)♭ is perfect

of characteristic p and we set AR
:= W (C(R)♭), the ring of p-typical Witt

vectors with coefficients in C(R)♭ and endowed with the weak topology
(see [4, Section 2.10]). The absolute Frobenius over C(R)♭ lifts to an endo-
morphism φ : AR → AR, which we again call the Frobenius. The action
of GR on C(R)♭ extends to a continuous action on AR commuting with
the Frobenius. The inclusion F ⊂ R

[ 1
p

]
induces inclusions C♭

p ⊂ C(R)♭

and AF ⊂ AR. Recall that we set Ainf(R) := W (C+(R)♭). The inclusion
OF ⊂ R induces inclusions O♭

Cp
⊂ C+(R)♭ and Ainf(OF ) ⊂ Ainf(R).

ANNALES DE L’INSTITUT FOURIER



CRYSTALLINE REPRESENTATIONS AND WACH MODULES 399

3.1.1. The group ΓR

The ring R∞
[ 1

p

]
is a Galois extension of R

[ 1
p

]
with Galois group ΓR :=

Gal
(
R∞

[ 1
p

]
/R
[ 1

p

])
isomorphic to the semidirect product of ΓF and Γ′

R,
where ΓF = Gal(F∞/F ) and Γ′

R = Gal
(
R∞

[ 1
p

]
/F∞R

[ 1
p

])
. In particular,

we have an exact sequence

(3.1) 1 −→ Γ′
R −→ ΓR −→ ΓF −→ 1,

where (see [14, p. 9] and [3, Section 2.4])

Γ′
R = Gal

(
R∞

[
1
p

]
/F∞R

[
1
p

])
∼−→ Zd

p,

χ : ΓF = Gal(F∞/F ) ∼−→ Z×
p .

The group ΓF can be viewed as a subgroup of ΓR, i.e. we can take a section
of the projection map in (3.1) such that for γ ∈ ΓF and g ∈ Γ′

R, we have
γgγ−1 = gχ(γ). So we can choose topological generators {γ, γ1, . . . , γd} of
ΓR such that

γ(ε) = εχ(γ), γi(ε) = ε for 1 ⩽ i ⩽ d,

γi(X♭
i ) = εX♭

i , γi(X♭
j ) = X♭

j for i ̸= j and 1 ⩽ j ⩽ d,

and that γ0 = γe with χ(γ0) = exp(pm), is a topological generator of
ΓK = Gal(K∞/K), where K∞ = F∞ and e = [K : F ]. It follows that
{γ1, . . . , γd} are topological generators of Γ′

R, γ is a lift of a topological
generator of ΓF , and γ0 is a topological generator of ΓK . In particular,

χ : ΓK = Gal(F∞/K) ∼−→ 1 + pmZp.

3.1.2. Setup

In [24, 25, 39], using the field-of-norms functor, Fontaine and Winten-
berger constructed a non-archimedean complete discrete valuation field
EK ⊂ K̂♭

∞ of characteristic p with residue field κ and admitting a continu-
ous action of ΓK (notation is a bit unfortunate as EK depends only on K∞).
Utilizing the isomorphism of Galois groups Gal(F/K∞) ∼→ Gal(Esep

K /EK)
(also see tilting correspondence in [33] for a modern treatment), Fontaine
classified mod-p representations of GK in terms of étale (φ, ΓK)-modules
over EK . By some technical considerations one can then lift this to the
classification of Zp-representations of GF in terms of étale (φ, ΓK)-modules
over a certain two dimensional regular local ring AK ⊂ W (K̂♭

∞) (see [21]
for details).
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We have an analogous theory in the relative setting, to describe which we
need to consider generically étale algebras over finite extensions of R in the
cyclotomic tower R∞/R. More precisely, let S ⊂ R be a finite Rn-algebra
with S

[ 1
p

]
étale over Rn

[ 1
p

]
. For k ⩾ n denote by Sk the integral closure of

S ⊗Rn
Rk in R

[ 1
p

]
and set S∞ :=

⋃
k⩾n Sk. We have that S∞ is a normal

R∞-algebra and an integral domain as a subring of R. As in the case of
R, for S we define GS := Gal

(
R
[ 1

p

]
/S
[ 1

p

])
, ΓS := Gal

(
S∞
[ 1

p

]
/S
[ 1

p

])
and

HS := Ker (GS → ΓS). Again, ΓS is isomorphic to the semidirect product
of ΓFn

and Γ′
S , where Γ′

S = Gal
(
S∞
[ 1

p

]
/F∞S

[ 1
p

])
is a finite index subgroup

of Γ′
R

∼→ Zd
p.

3.1.3. Rings in characteristic p

In the relative setting, Andreatta in [3] constructed an analogue of the
subfield EK ⊂ K̂♭

∞, i.e. to any S as above, he associated a ring ES ⊂ Fr Ŝ♭
∞

functorial in S∞. Let us recall his definition: Let E+
F denote the valuation

ring of EF and we have π ∈ W
(
F̂ ♭

∞
)

such that its reduction modulo p,
denoted as π = ε − 1, is a uniformizer of E+

F . Depending on S, let δ ∈
Q ∩ [0, 1] small enough and N ∈ N large enough (see [3, Definition 4.2] for
precise formulations of δ and N), and define the ring

E+
S :=

{
(a0, . . . , ak, . . .) ∈ Ŝ♭

∞, such that ak ∈ Sk/pδSk for all k ⩾ N
}

.

The ring E+
S is finite and torsion free as an E+

R-module. It is a reduced Noe-
therian ring which is π-adically complete. By construction, it is endowed
with a π-adically continuous action of ΓS and a Frobenius endomorphism
φ, commuting with each other and compatible with respective structures
on Ŝ♭

∞. Moreover, E+
S is a normal extension of E+

R, étale after inverting π

and of degree equal to the generic degree of Rm ⊂ S. Further, the set of
elements {π, X♭

1, . . . , X♭
d} form an absolute p-basis of E+

R (see [3, Propo-
sition 4.5, Corollaries 5.3 & 5.4]). The ring Ŝ♭

∞ coincides with the π-adic
completion of the perfect closure of E+

S and the extension E+
S → Ŝ♭

∞ is
faithfully flat. Finally, set ES := E+

S

[ 1
π

]
.

Definition 3.1. — Define E+ :=
⋃

S E+
S , where the union runs over

Rn-subalgebras S ⊂ R for some n ∈ N such that S is normal and finite
as an Rn-module and S

[ 1
p

]
is étale over Rn

[ 1
p

]
. Also, we set E := E+[ 1

π

]
.

These rings are π-adically complete and equipped with a Frobenius and a
continuous GR-action.
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Remark 3.2. — From [4, Proposition 2.9], we have
(
C+(R)

)HR = R̂∞,(
C+(R)♭

)HR = R̂♭
∞,
(
C(R)♭

)HR = R̂♭
∞
[ 1

π

]
, (E+)HR = E+

R and EHR = ER.

Remark 3.3. — We will describe C+(R)♭ as the ring of power-bounded
elements inside C(R)♭ (for the spectral norm). Recall that R is the union
of finite R-subalgebras S ⊂ Fr (R) such that S

[ 1
p

]
is étale over R

[ 1
p

]
. Since

R is an integral domain and p-adically separated, i.e. ∩k∈NpkR = 0, we
obtain that the filtration by powers of the ideal pR ⊂ R induces a sub-
multiplicative norm (see [13, Section 1.3.3, Proposition 1]) which extends
to R

[ 1
p

]
. A further “smoothening” of the aforementioned norm yields a

power-multiplicative norm on R
[ 1

p

]
(see [13, Section 1.3.2]) which we call

the spectral norm on R
[ 1

p

]
. Let C denote the completion of R

[ 1
p

]
for the

spectral norm and C◦ its power-bounded elements.
Next, one can show that under the spectral norm the power-bounded

elements (or equivalently, the closed unit ball) of R
[ 1

p

]
written as

(
R
[ 1

p

])◦

is exactly R. Indeed, we have the obvious inclusion R ⊂
(
R
[ 1

p

])◦ and for
the converse taking x ∈

(
R
[ 1

p

])◦, one can reduce the claim to a finite
R-subalgebra S ⊂ R integrally closed in R

[ 1
p

]
and such that x ∈ S

[ 1
p

]
.

Then it easily follows that S =
(
S
[ 1

p

])◦ = S
[ 1

p

]
∩
(
R
[ 1

p

])◦ ⊂ R
[ 1

p

]
. So

we obtain that the topology induced by the spectral norm is equivalent
to the p-adic topology on R

[ 1
p

]
, therefore C = C(R) and C◦ = C+(R)

and (C(R),C+(R)) is a uniform adic Banach Qp-algebra (see [29, Defini-
tions 2.4.1 and 2.8.1]).

Finally, by the perfectoid correspondence of uniform adic Banach al-
gebras in [29, Theorem 3.6.5], we obtain that (C(R)♭,C+(R)♭) is a uni-
form adic Banach Fp-algebra such that the topology induced by the spec-
tral norm (arising from the sub-multiplicative norm induced by the ideal
p♭C+(R)♭ ⊂ C+(R)♭) is equivalent to the topology on (C(R)♭,C+(R)♭) de-
scribed in Section 2.1.2. Finally, since C+(R) is the ring of power-bounded
elements in C(R) we obtain that the its tilt C+(R)♭ is the ring of power-
bounded elements in C(R)♭.

Remark 3.4. — Let us denote the natural valuation on C♭
p by υ♭. Then

one can show that υ♭(π) = p
p−1 > 0, i.e. π is not invertible in O♭

Cp
. Since

O♭
Cp

= C♭
p∩C+(R)♭ ⊂ C(R)♭, we obtain that π is not invertible in C+(R)♭.

Moreover, as C+(R)♭ is the ring of power-bounded elements in C+(R)♭ (see
Remark 3.3) we conclude that E+ = E ∩ C+(R)♭ ⊂ C(R)♭.
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3.1.4. Rings in characteristic 0

We have liftings of the rings discussed above to characteristic 0. In other
words, there exists a Noetherian regular domain AR ⊂ W

(
R̂♭

∞
[ 1

π

])
, com-

plete for the weak topology and endowed with a continuous action of ΓR and
a Frobenius such that AR/pAR = ER. Moreover, AR contains a subring
A+

R lifting E+
R complete for the weak topology with π, [X♭

1], . . . , [X♭
d] ∈ A+

R

(see [3, Appendix C]). Furthermore, for S as in Definition 3.1 let AS de-
note the unique finite étale AR-algebra lifting the finite étale extension
ER ⊂ ES . It is a Noetherian regular domain, complete for the weak topol-
ogy and endowed with a continuous action of ΓS and a Frobenius, lifting
the ones defined on ES . Moreover, it contains a subring A+

S lifting E+
S so

that the former is complete for the weak topology. In characteristic 0, we
set BR

:= AR

[ 1
p

]
=
⋃

j∈N p−jAR equipped with the direct limit topology
(see [3, Section 7] for details).

Definition 3.5. — Define A := completion of
⋃

S AS ⊂ AR for the
p-adic topology, where the union runs over all Rn-subalgebras S ⊂ R as in
Definition 3.1. Equip A with the weak topology induced by the inclusion
A ⊂ AR. Moreover, we set A+ := A ∩Ainf(R), B+ := A+[ 1

p

]
and B :=

A
[ 1

p

]
equipped with induced weak topology. These rings are stable under

φ and admit a continuous GR-action.

Remark 3.6. — In Definition 3.5 one can take the base ring as R[ϖ]
instead of R to obtain period rings A+

ϖ ⊂ Aϖ (instead of A+ ⊂ A). In
particular, one has that πm = φ−m(π) ∈ A+

ϖ and it easily follows that
A+ ⊂ A+

ϖ ⊂ Ainf(R) compatible with Frobenius and GR-action.

Remarks 3.7.

(i) It follows from definitions that

pA+ = pA ∩Ainf(R) = A ∩ pAinf(R) = p(A ∩Ainf(R)).

Therefore, from Remark 3.4 it easily follows that A+/pA+ = E+.
(ii) From [4, Lemma 2.11] we have AHR = AR and (A+)HR = A+

R.

3.1.5. Some lemmas on matrices

Let us note some results which will be useful in the proof of Proposi-
tion 4.11.
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Lemma 3.8. — Let h ∈ N and matrices Y ∈ Mat(h, E) and X, Z, W ∈
Mat(h, E+) such that φ(Y ) = XY Z + W , then Y ∈ Mat(h, E+).

Proof. — From Remark 3.4 we have E+ = E∩C+(R)♭. So it is enough to
show that Y ∈ Mat(h,C+(R)♭). Recall that we have C(R)♭ = C+(R)♭

[ 1
p♭

]
.

Therefore, for some smallest k ∈ N, we can write Y = 1
(p♭)k Y1 with Y1 ∈

Mat(h,C+(R)♭). Now, applying φ we get that φ
( 1

(p♭)k Y1
)

= 1
(p♭)k XY1Z +

W , which can be rewritten as (p♭
1)k

(p♭)k Y1 = φ−1(XY1Z + (p♭)kW ), where
p♭

1 = φ−1(p♭). In the last equality, note that the expression on the left
(p♭

1)k

(p♭)k Y1 ∈ Mat(h,C(R)♭), whereas the expression on the right φ−1(XY1Z +
(p♭)kW ) ∈ Mat(h, φ−1(C+(R)♭)) = Mat(h,C+(R)♭) since C+(R)♭ is per-
fect. So we obtain that (p♭

1)k

(p♭)k Y1 ∈ Mat(h,C+(R)♭), i.e. Y = 1
(p♭)k Y1 ∈

Mat
(
h, 1

(p♭
1)k C+(R)♭

)
. Next, write Y = 1

(p♭
1)k Y2 with Y2 ∈ Mat(h,C+(R)♭).

Again, applying φ and arguing as above, one gets Y ∈Mat
(
h, 1

(p♭
2)k C+(R)♭

)
,

where p♭
2 = φ−2(p♭). Now, it easily follows by induction on n ∈ N that

Y ∈ Mat
(
h, 1

(p♭
n)k C+(R)♭

)
, where p♭

n = φ−n(p♭). Therefore, we get that

Y ∈ Mat
(

h,∩n∈N
1

(p♭
n)k

C+(R)♭

)
⊂ Mat(h,C(R)♭).

But since C+(R)♭ is the ring of power-bounded elements in C(R)♭, we
obtain that

∩n∈N
1

(p♭
n)k

C+(R)♭ = C+(R)♭.

Hence, we get Y ∈ Mat(h,C+(R)♭) as desired. □

Lemma 3.9. — Let h ∈ N and matrices Y ∈ Mat(h, A) and X, Z, W ∈
Mat(h, A+) such that φ(Y ) = XY Z + W , then Y ∈ Mat(h, A+).

Proof. — Reducing the equation modulo p we have φ(Y ) = X Y Z +
W , with Y ∈ Mat(h, E) and X, Z, W ∈ Mat(h, E+). Therefore, from
Lemma 3.8 we obtain that Y ∈ Mat(h, E+). As we have A+/pA+ =
E+ (see Remark 3.7(ii)), let V0 ∈ Mat(h, A+) such that Y = V 0 and
φ(V 0) = X V 0 Z +W . So we can write Y = V0 +pY1 with Y1 ∈ Mat(h, A),
and obtain that φ(V0 + pY1) = X(V0 + pY1)Z + W . Simplifying the lat-
ter expression, we have φ(V0) − (XV0Z + W ) = p(XY1Z − φ(Y1)). Since
φ(V0)− (XV0Z + W ) ∈ Mat(h, pA+), we conclude that

φ(Y1)−XY1Z ∈ Mat(h, A+).
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In other words, we have an equality φ(Y1) = XY1Z + W1 with Y1 ∈
Mat(h, A) and X, Z, W1 ∈ Mat(h, A+). Repeating the argument as above,
we get that Y 1 ∈ Mat(h, E+) and we can take a lift to write Y1 =
V1 + pY2 with V1 ∈ Mat(h, A+) and Y2 ∈ Mat(h, A). This gives us that
Y = V0 + pV1 + p2Y2. Now, it easily follows by induction on n ∈ N that
Y = V0+pV1+· · ·+pn−1Vn−1+pnYn with Vi ∈ Mat(h, A+) for 0 ⩽ i ⩽ n−1
and Yn ∈ Mat(h, A). Letting n → +∞ and noting that A+ is p-adically
complete, we obtain that Y ∈ Mat(h, A+) as desired. □

3.1.6. Étale (φ, ΓR)-modules

Definition 3.10. — A (φ, ΓR)-module D over AR is a finitely gener-
ated module equipped with

(i) A semilinear action of ΓR, continuous for the weak topology,
(ii) A ΓR-equivariant Frobenius-semilinear endomorphism φ.

We say that D is étale if the natural map 1⊗ φ : AR ⊗AR,φ D → D is an
isomorphism of AR-modules.

Denote by (φ, ΓR)-Modét
AR

the category of étale (φ, ΓR)-modules over AR

with morphisms between objects being continuous, (φ, ΓR)-equivariant
morphisms of AR-modules. Next, denote by RepZp

(GR) the category of
finitely generated Zp-modules equipped with a linear and continuous
action of GR, with morphisms between objects being continuous and
GR-equivariant morphisms of Zp-modules.

Let T be a Zp-representation of GR. The AR-module D(T ) :=
(A ⊗Zp T )HR is equipped with a semilinear operator φ and a continu-
ous (for the weak topology) and semilinear action of ΓR, commuting with
each other. Moreover, D(T ) is an étale (φ, ΓR)-module. Furthermore, if T

is free of finite rank, then D(T ) is a projective module of rank = rkZp
T

(see [3, Theorem 7.11]). The functor

(3.2) D : RepZp
(GR) −→ (φ, ΓR)-Modét

AR
,

induces an equivalence of categories (see [3, Theorem 7.11]), and the natural
map A⊗AR

D(T ) ∼→ A⊗Zp T is an isomorphism of A-modules compatible
with Frobenius and the action of GR on each side.

3.2. Crystalline coordinates

In this section we will introduce certain “coordinate” rings. As we shall
see in the next section, these rings are related to period rings appearing in
Section 2 and Section 3.1.
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Let r+
ϖ and rϖ denote the algebras OF JX0K and OF JX0K{X−1

0 }. Sending
X0 to ϖ induces a surjective homomorphism r+

ϖ ↠ OK . Let R+
ϖ,□ denote

the completion of OF [X0, X, X−1] for the (p, X0)-adic topology. Sending
X0 to ϖ induces a surjective homomorphism R+

ϖ,□ ↠ OK{X, X−1}, whose
kernel is generated by P = Pϖ(X0). This provides a closed embedding of
Spf OK{X, X−1} into a formal scheme Spf R+

ϖ,□, which is smooth over
OF . Recall that R is étale over OF {X, X−1} and we have multivariate
polynomials Qi(Z1, . . . , Zs) ∈ OF {X, X−1}[Z1, . . . , Zs] for 1 ⩽ i ⩽ s such
that det

(
∂Qi

∂Zj

)
is invertible in R. So we can set R+

ϖ to be the quotient by
(Q1, . . . , Qs) of the completion of R+

ϖ,□[Z1, . . . , Zs] for (p, X0)-adic topol-
ogy. Again, we have that det

(
∂Qi

∂Zj

)
is invertible in R+

ϖ (since R ↣ R+
ϖ).

Hence, R+
ϖ is étale over R+

ϖ,□ and smooth over OF . Sending X0 to ϖ

induces a surjective homomorphism R+
ϖ ↠ R[ϖ] whose kernel is gen-

erated by P = Pϖ(X0). This can be summarized by the commutative
diagram

Spf R[ϖ] Spf R+
ϖ

Spf R

Spf OF {X, X−1}

Spf OK{X, X−1} Spf R+
ϖ,□,

where the vertical arrows are étale extensions and the horizontal maps are
obtained by sending X0 7→ ϖ, and the rest are natural maps. Finally, we
set Rϖ = p-adic completion of R+

ϖ

[ 1
X0

]
.

Next, since P ≡ Xe
0 mod p, we have

R+
ϖ

[
P k

k!

]
k∈N

= R+
ϖ

[
Xk

0
[k/e]!

]
k∈N

.

So, we set RPD
ϖ := p-adic completion of R+

ϖ

[
P k

k!
]

k∈N. In summary, we have
a diagram of formal schemes where the horizontal arrows are closed embed-
dings into formal schemes smooth over OF , obtained by sending X0 7→ ϖ
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on the level of algebras,

Spf RPD
ϖ

Spf R[ϖ] Spf R+
ϖ

Spf OK{X, X−1} Spf R+
ϖ,□

Spf OK Spf r+
ϖ

Spf OF .

Recall that P generates the kernel of the surjective map R+
ϖ ↠ R[ϖ] and

divided powers of P generate the kernel of the surjective map RPD
ϖ ↠ R[ϖ].

Definition 3.11. — Endow the ring RPD
ϖ with a filtration by divided

power ideals as

FilkRPD
ϖ = (P [n], n ⩾ k) ⊂ RPD

ϖ for k ∈ N.

In other words, the filtration on RPD
ϖ is given by divided powers of the

kernel of RPD
ϖ ↠ R[ϖ]. Furthermore, the ring R+

ϖ is endowed with the
induced filtration

FilkR+
ϖ := R+

ϖ ∩ FilkRPD
ϖ = P kR+

ϖ for k ∈ N,

where the last equality follows since P generates the kernel of R+
ϖ ↠ R[ϖ].

3.3. Cyclotomic embedding

In this section, we will describe the relationship between R⋆
ϖ for ⋆ ∈

{ , +, PD} and the period rings discussed in Section 2 and Section 3.1. We
start by defining the (cyclotomic) Frobenius endomorphism on the former
rings. Over R+

ϖ,□ define a lift of the absolute Frobenius on R+
ϖ,□/p by

φ : R+
ϖ,□ −→ R+

ϖ,□

X0 7−→ (1 + X0)p − 1
Xi 7−→ Xp

i , for 1 ⩽ i ⩽ d,
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which we will call the (cyclotomic) Frobenius. Clearly, φ(x)− xp ∈ pR+
ϖ,□

for x ∈ R+
ϖ,□. Using the implicit function theorem for topological rings [17,

Proposition 2.1], we can extend the Frobenius homomorphism to φ : R+
ϖ →

R+
ϖ. By continuity, the Frobenius endomorphism φ admits unique exten-

sions φ : RPD
ϖ → RPD

ϖ and φ : Rϖ → Rϖ.

3.3.1. The rings A⋆
R,ϖ

We will describe the (cyclotomic) embeddings of R⋆
ϖ into various period

rings discussed in Section 2 and Section 3.1. Define an embedding

ιcycl : R+
ϖ,□ −→ Ainf(R)

X0 7−→ πm = φ−m(π),

Xi 7−→ [X♭
i ], for 1 ⩽ i ⩽ d.

Lemma 3.12. — The map ιcycl has a unique extension to an embedding
R+

ϖ → Ainf(R) such that θ ◦ ιcycl is the projection R+
ϖ → R[ϖ].

Proof. — We can use the implicit function theorem [17, Proposition 2.1]
to extend the embedding to ιcycl : R+

ϖ → Ainf(R). Next, from defintions
we already have that θ ◦ ιcycl : R+

ϖ,□ ↠ OK{X, X−1} coincides with the
canonical projection and R+

ϖ is étale over R+
ϖ,□, hence the second claim

follows. □

This embedding commutes with Frobenius on either side, i.e. ιcycl ◦ φ =
φ ◦ ιcycl. By continuity, the morphism ιcycl extends to embeddings ιcycl :
RPD

ϖ ↣ Acris(R) and ιcycl : Rϖ ↣ AR. Denote by A+
R,ϖ and AR,ϖ the

image in AR of R+
ϖ and Rϖ respectively, under the map ιcycl. Similarly, let

APD
R,ϖ := ιcycl

(
RPD

ϖ

)
⊂ Acris(R). These rings are stable under the action of

ΓR (see [17, Section 2.5.3]). Moreover, these embeddings induce a filtration
on A⋆

R,ϖ for ⋆ ∈ {+, PD} and r ∈ Z (use Definition 3.11).

Remark 3.13. — Note that we write A+
R,ϖ and so on instead of slightly

cumbersome notation A+
R[ϖ] or simpler notation A+

S for S = R[ϖ], in order
to emphasize the choice of root of unity in the definition.

We note a simple lemma that will be useful later.

Lemma 3.14. — t
π is a unit in APD

F,ϖ ⊂ APD
R,ϖ.

Proof. — We can write the fraction
t

π
= log(1 + π)

π
=
∑
k⩾0

(−1)k πk

k + 1 .
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Formally, we can write
π

t
= π

log(1 + π) = 1 + b1π + b2π2 + b3π3 + · · · ,

where υp(bk) ⩾ − k
p−1 for all k ⩾ 1. Since π = (1 + πm)pm − 1, we get

that π ∈ (p, πpm

m )A+
F,ϖ (as m ⩾ 1). By induction over k, we can easily

conclude that πk ∈
(
p, πpm

m

)kAPD
F,ϖ. Using this, we can re-express the series∑

k bkπk as a power series in πm, written as
∑

i ciπ
i
m. We need to check

that this re-expressed series converges in APD
F,ϖ. To do this, we collect the

terms with coefficients having the smallest p-adic valuation for each power
of πpm

m in the re-expressed series. For k ⩾ 1, bk has the smallest p-adic
valuation among the coefficients of πpmk

m , and therefore it has the least
p-adic valuation among coefficients of πi

m for pmk ⩽ i < pm(k + 1). We
write the collection of these terms as

(3.3)
∑
k⩾1

(−1)k+1bkπpmk
m =

∑
k⩾1

(−1)k+1bk

⌊
pmk

e

⌋
! πpmk

m

⌊pmk/e⌋! ,

and by the preceding discussion it is sufficient to show that these coefficients
go to 0 as k → +∞. Moreover, for (3.3) it would suffice to check the estimate
for k = (p−1)j as j → +∞ (this gets rid of the floor function above). With
the observation in Remark 3.15, we have

υp

(
bk

⌊
pmk

e

⌋
!
)

= υp(bk) + υp((pj)!)

⩾ − (p− 1)j
p− 1 + pj − sp(pj)

p− 1 = j − sp(j)
p− 1 = υp(j!),

which goes to +∞ as j → +∞. Hence, π
t converges in APD

F,ϖ and is an
inverse to t

π . □

The following elementary observation was used above,

Remark 3.15. — Let n ∈ N, so we can write n =
∑k

i=0 nip
i for some

k ∈ N, where 0 ⩽ ni ⩽ p − 1 for 0 ⩽ i ⩽ k. Let us set sp(n) =
∑k

i=0 ni.
Then we have

υp(n!) =
∑
j⩾1

⌊
n

pj

⌋
=
∑
j⩾0

⌊∑k
i=0 nip

i

pj

⌋
=

k∑
j=1

k∑
i=j

nip
i−j

=
k∑

i=1
ni

i∑
j=1

pj =
k∑

i=1
ni

pi − 1
p− 1 = n− sp(n)

p− 1 .

Also, note that we have sp(pn) = sp(n) for any n ∈ N.
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Lemma 3.16. — Let i ∈ {0, 1, . . . , d}. Then (γi − 1)A⋆
R,ϖ ⊂ πA⋆

R,ϖ for
⋆ ∈ {+, PD};

Proof. — First, let i = 0. Then we have

(γ0 − 1)πm = (1 + πm)
(
(1 + πm)χ(γ0)−1 − 1

)
= (1 + πm)

(
(1 + πm)pma − 1

)
= (1 + πm)((1 + π)a − 1)

= (1 + πm)
(

aπ + a(a− 1)
2! π2 + a(a− 1)(a− 2)

3! π3 + · · ·
)

= πx,

for some x ∈ A+
F,ϖ, i.e. (γ0 − 1)πm ∈ πA+

F,ϖ. Then it follows that

(γ0 − 1)A⋆
F,ϖ ⊂ πA⋆

F,ϖ for ⋆ ∈ {+, PD}.

Next, for i ∈ {1, . . . , d} we have (γi − 1)[X♭
i ] = π[X♭

i ] ∈ πA+
R,ϖ and

(γi − 1)
(
[X♭

i ]−1) = −π(1 + π)−1[X♭
i ]−1 ∈ πA+

R,ϖ. Therefore, we get the
claim. □

3.3.2. The ring A+
R

The preceding discussion works well for R[ϖ] where ϖ = ζpm − 1 for
m ∈ N⩾1 (m ∈ N⩾2 if p = 2). For R one can repeat the construction above
to obtain the period ring A+

R ⊂ A+
R,ϖ (the embedding R+

ϖ ↣ Ainf(R) for R

sends X0 7→ π). Moreover, restriction of the map θ gives us a surjective map
θ : A+

R ↠ R whose kernel is principal and generated by π (since θ◦ιcycl = id

on R). Next, over A+
R,ϖ the filtration is given as FilkA+

R,ϖ = ξkA+
R,ϖ,

where ξ = π
π1

. However, ξ ̸∈ A+
R. Therefore, we equip A+

R with the induced
filtration FilkA+

R = A+
R∩FilkA+

R,ϖ. Then describing the filtration as kernel
of the θ map, we obtain

Lemma 3.17. — FilkA+
R = πkA+

R.

Remark 3.18. — Let A+ be the ring from Definition 3.5 and A+
ϖ be the

ring defined in Remark 3.6. From the definitions it follows that
A+

R,ϖ ⊗A+
R

A+ ∼→ A+
ϖ compatible with Frobenius and GR-action. More-

over, we have A+
R = (A+)HR and A+

R,ϖ = (A+
ϖ)HR,ϖ where HR,ϖ = HR.

Now, if we equip A+ ⊂ A+
ϖ ⊂ Ainf(R) with the induced filtration, then we

see that the isomorphism A+
R,ϖ ⊗A+

R
A+ ∼→ A+

ϖ is compatible with filtra-
tions as well (where on the left we consider the tensor product filtration).
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3.4. Fat period rings

In this section we will introduce an alternative construction of fat pe-
riod rings. This will be helpful in constructing some auxiliary rings in
the proof of Proposition 4.28. Let S and Λ be p-adically complete filtered
OF -algebras. Let ι : S → Λ be a continuous injective morphism of filtered
OF -algebras and let f : S⊗Λ→ Λ be the morphism sending x⊗y 7→ ι(x)y.

Definition 3.19. — Define SΛ to be the p-adic completion of the di-
vided power envelope of S ⊗ Λ with respect to Ker f .

Now, let S = R, RPD
ϖ , where over R we consider the trivial filtration,

whereas over RPD
ϖ we consider the filtration described in Definition 3.11.

Then we have,

Remarks 3.20.
(i) The ring SΛ is the p-adic completion of S ⊗ Λ adjoined

(x ⊗ 1 − 1 ⊗ ι(x))[k], for x ∈ S and n ∈ N and (Vi − 1)[k] for
1 ⩽ i ⩽ d and k ∈ N, where Vi = Xi⊗1

1⊗ι(Xi) for 1 ⩽ i ⩽ d.
(ii) The morphism f : S ⊗ Λ → Λ extends uniquely to a continuous

morphism f : SΛ→ Λ.
(iii) There is a natural filtration over SΛ where we define FilrSΛ to

be the topological closure of the ideal generated by the products
of the form x1x2

∏
(Vi − 1)[ki], with x1 ∈ Filr1S, x2 ∈ Filr2Λ and

r1 + r2 +
∑

ki ⩾ r.
(iv) From [17, Lemma 2.36], we have that any element x ∈ SΛ can be

uniquely written as x =
∑

k∈Nd xk(1 − V1)[k1] · · · (1 − Vd)[kd] with
xk ∈ Λ for all k = (k1, . . . , kd) ∈ Nd and xk → 0 as |k| =

∑d
i=1 ki →

+∞. Moreover, an element x ∈ FilrSΛ if and only if xk ∈ Filr−|k|Λ
for all k ∈ Nd.

4. Finite height representations

In this section we will study Wach modules and their relationship with
crystalline modules for crystalline representations.

4.1. The arithmetic case

Recall that we have GF = Gal(F/F ) as the absolute Galois group of F ,
ΓF := Gal(F∞/F ) and HF := Gal(F/F∞), where F∞ =

⋃
n F (µpn). From
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the theory of (φ, ΓF )-modules, we have a two dimensional local ring AF

given as the p-adic completion of OF JπK
[ 1

π

]
and BF := AF

[ 1
p

]
is a complete

discrete valuation field with uniformizer p and residue field κ((π)), the field
of Laurent series with uniformizer π (the reduction of π modulo p).

Next, we have certain subrings A+
F := OF JπK ⊂ AF and B+

F = A+
F

[ 1
p

]
⊂

BF , stable under the action of φ and ΓF . Let V be a p-adic representation
of GF , then D+(V ) = (B+ ⊗Qp

V )HF is a free module over the princi-
pal domain B+

F of rank ⩽ dimQp V , equipped with a Frobenius-semilinear
endomorphism φ and a continuous and semilinear action of ΓF . Further,
let D(V ) = (B ⊗Qp V )HF be the associated (φ, ΓF )-module which is a
BF -vector space of dimension = dimQp

V , equipped with a Frobenius-
semilinear endomorphism φ and a continuous and semilinear action of ΓF .
We have a B+

F -linear inclusion D+(V ) ⊂ D(V ) compatible with the action
of φ and ΓF . We say that V is of finite height if D+(V ) is a B+

F -lattice
inside D(V ).

Similarly, if T ⊂ V is a free Zp-lattice, stable under the action of GF ,
then D+(T ) = (A+ ⊗Zp T )HF is a free A+

F -module of rank ⩽ dimQp V ,
stable under the action of φ and ΓF (see [21, Section B.1.2]). Moreover,
D(T ) = (A ⊗Zp

T )HF is a free AF -module of rank = dimQp
V equipped

with a Frobenius-semilinear operator φ and a continuous and semilinear
action of ΓF , and we have D+(T ) ⊂ D(T ).

Fontaine showed that V is of finite height if and only if there exists a
finite free B+

F -submodule of D(V ) of rank = dimQp
V , stable under the

operator φ (see [21, Section B.2.1] and [15, Section III.2]). Moreover, if
T ⊂ V is a free Zp-lattice as above and V of finite height, then D+(T ) is
a free A+

F -module of rank = dimQp
V such that AF ⊗A+

F
D+(T ) ∼→ D(T )

(see [21, Théorème B.1.4.2]).
For crystalline representations there exist submodules of D+(V ) admit-

ting a simpler action of ΓF . Finite height and crystalline representations of
GF are related by the following result:

Theorem 4.1 ([7, 15, 37]). — Let V be a p-adic representation of GF .
Then V is crystalline if and only if it is of finite height and there exists
r ∈ Z and a B+

F -submodule N ⊂ D+(V ) of rank = dimQp
V , stable under

the action of ΓF , such that ΓF acts trivially over (N/πN)(−r).

In the situation of Theorem 4.1, the module N is not unique. A functorial
construction was given by Berger:

Proposition 4.2 ([7, Proposition II.1.1]). — Let V be a positive crys-
talline representation of GF , i.e. all Hodge–Tate weights of V are ⩽ 0. Let
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T ⊂ V be a free Zp-lattice, stable under the action of GF . Then there ex-
ists a unique A+

F -module N(T ) ⊂ D(T ), which is free of rank = dimQp
V ,

stable under the action of φ and ΓF , and the action of ΓF is trivial over
N(T )/πN(T ). Moreover, there exists s ∈ N such that πsD+(T ) ⊂ N(T ).
Finally, set N(V ) := B+

F ⊗A+
F

N(T ), then N(V ) is a unique B+
F -submodule

of D+(V ) satisfying analogous properties.

Notation 4.3. — For an algebra S admitting an action of the Frobenius
and an S-module M admitting a Frobenius-semilinear endomorphism φ :
M → M , we denote by φ∗(M) ⊂ M the S-submodule generated by the
image of φ.

Remarks 4.4.
(i) In Proposition 4.2 for positive crystalline representations, Berger

applies Theorem 4.1 with r = 0 to define N(V ) := D+(V ) ∩
N
[ 1

φn−1(q)
]

n⩾1, where q = φ(π)
π . Using this one can take N(T ) :=

N(V )∩D(T ) and it can be shown to satisfy the desired properties.
(ii) Berger further showed that in the setup of Proposition 4.2, if we

take s to be the maximum among the absolute values of Hodge–
Tate weights of V , then N(T )/φ∗(N(T )) is killed by qs and we have
that πsA+⊗Zp

T ⊂ A+⊗A+
F

N(T ) (see [7, Théorème III.3.1]). The
former observation can be thought of as a finite q-height property of
Wach modules. We will impose it as one of the main conditions for
defining finite q-height representations in the relative case (see 4.9).

Definition 4.5. — Let a, b ∈ Z with b ⩾ a. A Wach module with
weights in the interval [a, b] is a finite free A+

F -module or a B+
F -module

N , equipped with a continuous and semilinear action of ΓF such that the
action of ΓF is trivial on N/πN and a Frobenius-semilinear operator φ :
N
[ 1

π

]
→ N

[ 1
φ(π)

]
commuting with the action of ΓF , φ(πbN) ⊂ πbN and

πbN/φ∗(πbN) is killed by qb−a.

Remark 4.6. — The definition of the functor N can be extended to crys-
talline representations of arbitrary Hodge–Tate weights quite easily. In-
deed, let V ∈ Repcris

Qp
(GF ) with Hodge–Tate weights in the interval [a, b]

and let T ⊂ V a free Zp-lattice, stable under the action of GF . Then
N(T ) = π−bN(T (−b))⊗Zp Zp(b) is a Wach module over A+

F with weights
in the interval [a, b].

As it turns out, one can recover the crystalline representation from a
given Wach module:
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Proposition 4.7 ([7, Proposition III.4.2]). — The functor

N : Repcris
Qp

(GF ) −→ Wach modules over B+
F

V 7−→ N(V ),

establishes an equivalence of categories with a quasi-inverse given by N 7→
(B⊗B+

F
N)φ=1. These functors are compatible with tensor products, duality

and preserve exact sequences. Moreover, for a crystalline representation V ,
the map T 7→ N(T ) induces a bijection between Zp-lattices inside V and
Wach modules over A+

F contained in N(V ).

We have a natural filtration on Wach modules given as

FilkN(V ) = {x ∈ N(V ) such that φ(x) ∈ qkN(V )} for k ∈ Z.

If V is positive crystalline, i.e. all its Hodge–Tate weights are ⩽ 0, then for
r ∈ N we have

FilkN(V (r)) = Filkπ−rN(V )(r) = π−rFilk+rN(V )(r).

Using this filtration on N(V ), one can also recover the other linear algebraic
object associated to V , i.e. the filtered φ-module Dcris(V ): Let B+

rig,F ⊂
F JπK denote the subring of convergent power series over the open unit
disc. Then we have Dcris(V ) ⊂ B+

rig,F ⊗B+
F

N(V ) and this gives Dcris(V ) =(
B+

rig,F ⊗B+
F

N(V )
)ΓF (see [7, Proposition II.2.1]). Moreover, the induced

map

Dcris(V )−→
(

B+
rig,F ⊗B+

F
N(V )

)
/π
(

B+
rig,F ⊗B+

F
N(V )

)
= N(V )/πN(V ),

is an isomorphism of filtered φ-modules (see [7, Proposition III.4.4]).

4.2. The relative case

In this section, we will introduce the notion of relative Wach modules
and study representations of finite height. Recall that we fixed m ∈ N⩾1
(fix m ∈ N⩾2 if p = 2) and we have K = Fm = F (ζpm). The element
ϖ = ζpm − 1 is a uniformizer of K. We have X = (X1, . . . , Xd) a set
of indeterminates and we defined R to be the p-adic completion of an
étale algebra over OF [X, X−1] having non-empty and geometrically integral
special fiber and R[ϖ] = OK ⊗OF

R. For R and R[ϖ], we can use the
(φ, Γ)-module theory discussed in Section 3.1, as well as the constructions
in Section 3.2 and Section 3.3.

Setting q = φ(π)
π and using the formulation in Definition 4.5, we define

relative Wach modules:
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Definition 4.8. — Let a, b ∈ Z with b ⩾ a. A Wach module over A+
R

(resp. B+
R) with weights in the interval [a, b] is a finite projective A+

R-module
(resp. B+

R-module) N , equipped with a continuous and semilinear action
of ΓR such that the action of ΓR is trivial on N/πN . Further, there is a
Frobenius-semilinear operator φ : N

[ 1
π

]
→ N

[ 1
φ(π)

]
commuting with the

action of ΓR such that φ(πbN) ⊂ πbN and πbN/φ∗(πbN) is killed by qb−a.

Let V be a p-adic representation of the Galois group GR admitting a
Zp-lattice T ⊂ V stable under the action of GR. Then we have the finitely
generated A+

R-module D+(T ) := (A+⊗Qp T )HR . We introduce the following
definition:

Definition 4.9. — A positive finite q-height representation is a p-adic
representation V of GR admitting a Zp-lattice T ⊂ V such that there
exists a finite projective A+

R-submodule N(T ) ⊂ D+(T ) of rank = dimQp
V

satisfying the following conditions:
(i) N(T ) is stable under the action of φ and ΓR, and AR⊗A+

R
N(T ) ∼→

D(T );
(ii) The A+

R-module N(T )/φ∗(N(T )) is killed by qs for some s ∈ N;
(iii) The action of ΓR is trivial on N(T )/πN(T );
(iv) There exists a R′ ⊂ R finite étale over R such that the A+

R′ -module
A+

R′ ⊗A+
R

N(T ) is free.
The module N(T ) is a Wach module associated to T with weights in the
interval [−s, 0] and we set N(V ) := N(T )

[ 1
p

]
satisfying properties analo-

gous to (i)-(iv) above. The height of V is defined to be the smallest s ∈ N
satisfying (ii) above.

For r ∈ Z, we set V (r) := V ⊗Qp
Qp(r) and T (r) := T ⊗Zp

Zp(r). We will
call these twists as representations of finite q-height and define

N(T (r)) := 1
πr

N(T )(r) and N(V (r)) := 1
πr

N(V )(r).

Since N(V ) and N(T ) are Wach modules with weights in the interval
[−s, 0], twisting by r gives us Wach modules in the sense of Definition 4.8
with weights in the interval [r − s, r]. We will say that height of V (r) =
(height of V )− r.

Remarks 4.10.
(i) In the arithmetic case, i.e. R = OF , the notion of finite height

representations in Theorem 4.1 and finite q-height representations
in Definition 4.9 are related. In fact, in the arithmetic case using
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Definition 4.9 one obtains the functorial object of Berger mentioned
above (see [7, Proposition II.1.1]).

(ii) In Definition 4.9 conditions (i), (ii) and (iii) are motivated from the
definition of finite height representations of GF admitting a Wach
module structure. The last condition, i.e. (iv) is inspired by Brinon’s
definition of weak admissibility in the relative case (see [14, p. 136]).

(iii) In Definition 4.9 following Remark 4.4(i), one can first define Wach
module for the representation V and then consider the module
N(T ) = N(V ) ∩ D(T ) associated to T . However, it is not clear
whether the latter module, defined in this fashion, is a projective
A+

R-module. Therefore, we impose the condition on N(T ) to be
projective, which is required in establishing several results in this
section.

4.2.1. Some properties of Wach modules

Let us note some important properties of Wach modules associated to
finite q-height representations

Proposition 4.11. — Let V be a positive finite q-height representation
and T ⊂ V a GR-stable Zp-lattice. Then we have πsA+ ⊗Zp

T ⊂ A+ ⊗A+
R

N(T ), where s ∈ N is the height of the representation V .

Proof. — To show the claim, we can assume that N(T ) is free by base
changing to the period ring corresponding to the finite étale extension R′

of R. Then A+ ⊗A+
R′

(
A+

R′ ⊗A+
R

N(T )
)

= A+ ⊗A+
R

N(T ) is free. Since the
discussion of previous chapters hold for the p-adic completion of a finite
étale extension of R (see [14, Chapitre 2] and [4, Section 2] for more on
this), base changing to R′ is harmless. So with a slight abuse of notation,
below we will replace R′ obtained in this manner by R and assume N(T )
to be free of rank h = dimQp

V over A+
R.

Note that by definition we have N(T ) ⊂ D+(T ) = (A+ ⊗Zp T )HR ⊂
A+ ⊗Zp

T . So let A ∈ Mat(h, A+) be the matrix obtained by expressing
a basis of N(T ) in a chosen basis of T . Also, let P ∈ Mat(h, A+

R) be
the matrix of φ in the basis of N(T ). Then we have φ(A) = AP and
therefore φ(πsA−1) = (qsP −1)(πsA−1). The fact that N(T )/φ∗(N(T )) is
killed by qs implies that qsP −1 ∈ Mat(h, A+

R), therefore from Lemma 3.9 we
obtain that πsA−1 ∈ Mat(h, A+). Hence, we conclude that πsA+ ⊗Zp T ⊂
A+ ⊗A+

R
N(T ). □

Corollary 4.12. — By taking HR-invariants in Proposition 4.11 it
follows that πsD+(T ) ⊂ N(T ).
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Proposition 4.13. — Let V be a finite q-height representation GR.
The Wach module N(V ) over B+

R is unique. Same holds true for the
A+

R-module N(T ).

Proof. — The argument carries over from the classical case [7, p. 13].
First note that we can assume that V is positive, since by definition the
uniquess of Wach module for such a representation is equivalent to unique-
ness for all its Tate twists. In this case, let N1 and N2 be two A+

R-modules
satisfying the conditions of Definition 4.9 (the proof stays the same for
N(V )). By symmetry, it is enough to show that N1 ⊂ N2. Since we have
πsN1 ⊂ πsD+(T ) ⊂ N2 (see Corollary 4.12) and N2 is π-torsion free, there-
fore for any x ∈ N1 there exists k ⩽ s such that πkx ∈ N2 but πkx ̸∈ πN2.
Varying over all x ∈ N1 \πN1, we can take k ⩽ s to be the minimal integer
such that πkN1 ⊂ N2. Since πkx ∈ N2 and ΓR acts trivially on N2/πN2,
we have that (γ0 − 1)(πkx) ∈ πN2. So we can write

(γ0 − 1)(πkx) = γ0(πk)(γ0(x)− x) + (γ0(πk)− πk)x.

Since ΓR also acts trivially on N1/πN1 and πkN1 ⊂ N2, we see that
γ0(πk)(γ0(x) − x) ∈ πN2, therefore (γ0(πk) − πk)x ∈ πN2, which means
that (χ(γ0)k− 1)πkx ∈ πN2. But π ∤ (χ(γ0)k− 1) if k ⩾ 1, and πkx ̸∈ πN2.
Hence, we must have k = 0, i.e. N1 ⊂ N2. □

The uniqueness of Wach modules helps us in establishing compatibility
with usual operations:

Proposition 4.14. — Let V and V ′ be two finite q-height represen-
tations of GR. Then we have that N(V ⊕ V ′) = N(V ) ⊕ N(V ′) and
N(V ⊗V ′) = N(V )⊗N(V ′). Similar statements hold for N(T ) and N(T ′).

Proof. — We note similar to previous lemma that it is enough to show
the statement for V and V ′ such that both representations are positive.
By uniqueness of Wach modules proved in Proposition 4.13, it is enough to
show that direct sum and tensor product of finite q-height representations
are again of finite q-height.

First, it is straightforward to see that N(T ) ⊕N(T ′) ⊂ D+(T ⊕ T ′) is
a projective A+

R-module of rank rkZp
(T ⊕ T ′) such that AR ⊗A+

R
(N(T )⊕

N(T ′)) ∼→ D(T )⊕D(T ′). Similarly, we have that N(T )⊗N(T ′) ⊂ D+(T ⊗
T ′) is a projective A+

R-module of rank rkZp
(T ⊗ T ′) such that

AR ⊗A+
R

(N(T )⊗N(T ′)) ∼−→ D(T )⊗D(T ′).

Next, let s and s′ denote the height of representations V and V ′ respec-
tively and let i := max(s, s′). Then we see that (N(T )⊕N(T ′))/φ∗(N(T )⊕
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N(T ′)) is killed by qi and (N(T )⊗N(T ′))/φ∗(N(T )⊗N(T ′)) is killed by
qs+s′ . Further, ΓR acts trivially modulo π on N(T ) ⊕N(T ′) and N(T ) ⊗
N(T ′). This verifies conditions (i), (ii) and (iii) for these modules. For con-
dition (iv), note that given any two finite étale extensions R′ and R′′ of R,
there exists a finite étale extension S over R such that S is finite étale over
R′ as well as R′′. Hence, we get the claim. □

Corollary 4.15. — Let V be a finite q-height representation of GR.
Then, for k ∈ N the representations Symk(V ) and ∧kV are of finite q-height.

Proof. — Note that the compatibility with tensor products in Proposi-
tion 4.14 is enough to establish the compatibility with symmetric powers
and exterior powers because then we can set

N
(
Symk(T )

)
:= Symk(N(T )), and N

(
∧kT

)
:= ∧kN(T ).

We have N
(
Symk(T )

)
⊂ Symk(D+(T )) ⊂ D+(Symk(T )

)
, since

A+ ⊗A+
R

Symk(D+(T )) ⊂ A+ ⊗A+
R

D+(Symk(T )
)
.

Similarly, N
(
∧k T

)
⊂ D+(∧k T

)
. Rest of the assumptions of Definition 4.9

follows in a same manner as in the proof of Proposition 4.14. This establshes
that Symk(V ) and ∧kV are finite q-height representations and gives us the
corresponding Wach modules. □

4.2.2. Filtration on Wach modules

There is a natural filtration on Wach modules associated to finite q-height
representations. We will introduce this filtration next and prove a lemma
concerning this filtration.

Definition 4.16. — Let V be a positive finite q-height represenation
of GR and r ∈ N. Then there is a natural filtration on the associated Wach
modules given as

FilkN(V (r)) := {x ∈ N(V (r)), such that φ(x) ∈ qkN(V (r))} for k ∈ Z,

and we set FilkN(T (r)) := FilkN(V (r)) ∩N(T (r)), where the intersection
is taken inside N(V (r)).

Lemma 4.17. — With notations as above, we have
(i) FilkN(T (r)) = {x ∈ N(T (r)), such that φ(x) ∈ qkN(T (r))}.
(ii) FilkN(V (r)) = Filkπ−rN(V )(r) = π−rFilk+rN(V )(r) and simi-

larly for FilkN(T (r)).
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Proof. — To show (i), note that for k ⩽ 0, the claim is obvious, so we
assume that k > 0. Then we are reduced to showing that qkN(V (r)) ∩
N(T (r)) = qkN(T (r)). To prove this claim, note that it is enough to
work under the assumption that N(T (r)) is free. Indeed, for any finite
q-height representation V (r), there exists a finite étale R-algebra R′ such
that A+

R′⊗A+
R

N(T (r)) is free. Since A+
R′ is faithfully flat over A+

R, the claim
is equivalent to showing that A+

R′⊗A+
R

(qkN(V )∩N(T )) = qkA+
R′⊗A+

R
N(T ).

But one can easily obtain that

A+
R′ ⊗A+

R
(qkN(V ) ∩N(T )) =

(
qkA+

R′ ⊗A+
R

N(V )
)
∩
(

A+
R′ ⊗A+

R
N(T )

)

(or see [30, Theorem 7.4(i)]) as submodules of A+
R′ ⊗A+

R
N(V ). So below

we will assume that N(T (r)) is free over A+
R with a basis {f1, . . . , fh},

where h = dimQp V (r). Let x =
∑h

i=1 xifi ∈ qkN(V (r)) ∩N(T (r)) with
xi ∈ A+

R. Since {f1, . . . , fh} is also a B+
R-basis of N(V (r)), we can write

x = qk
∑h

i=1 yifi with yi ∈ B+
R. Comparing the two expressions for x we

obtain that qkyi = xi ∈ A+
R, i.e. yi ∈ AR for 1 ⩽ i ⩽ h. But this just means

that yi ∈ B+
R∩AR = A+

R, therefore xi = qkyi ∈ qkA+
R for 1 ⩽ i ⩽ h. Hence,

x ∈ qkN(T (r)) as desired. The other inclusion is obvious.
To show (ii), note that the inclusion π−rFilk+rN(V )(r)⊂Filkπ−rN(V )(r)

is obvious. To show the converse let π−rx ⊗ ϵ⊗r ∈ Filkπ−rN(V )(r), with
x ∈ N(V ) and ϵ⊗r being a basis of Qp(r). Then we have that φ(π−rx ⊗
ϵ⊗r) = q−rπ−rφ(x) ⊗ ϵ⊗r ∈ qkπ−rN(V )(r). Therefore, we obtain that
φ(x) ∈ qk+rN(V ), i.e. x ∈ Filk+rN(V ). □

Remark 4.18. — For V = Qp the filtration in Definition 4.16 coincides
with the filtration in Lemma 3.17

Proof. — We have T = Zp and N(T ) = A+
R and let ϖ = ζp − 1 (let

ϖ = ζp2 − 1 if p = 2) in this proof. Since πkA+
R ⊂ FilkN(T ) (where the

term on right is the filtration in Definiton 4.16), we only need to show that
FilkN(T ) ⊂ πkA+

R = A+
R ∩ ξkA+

R,ϖ. Let x ∈ A+
R such that φ(x) = qky for

some y ∈ A+
R. As we have A+

R ⊂ AR,ϖ, we can also write φ(x) = φ(ξk)y ∈
φ(AR,ϖ) ⊂ AR, i.e. y ∈ φ(AR,ϖ)∩A+

R = φ(A+
R,ϖ) (where the intersection

is taken inside AR). Therefore, we obtain that y = φ(z) for some z ∈ A+
R,ϖ.

Since φ : A+
R,ϖ → A+

R,ϖ is injective, we must have x = ξkz ∈ A+
R∩ξkA+

R,ϖ,
as desired. □
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4.3. Statement of the main result

In this section, we will relate the notion of crystalline and finite q-height
representations. As we will see, we can recover the R

[ 1
p

]
-module ODcris(V )

from the A+
R-module N(T ) after passing to a larger period ring and invert-

ing p. We begin by introducing this ring below.
Recall from Section 1.4 that we have F as a finite unramified extenion of

Qp with ring of integers OF and we take K = F (ζpm) for a fixed m ∈ N⩾1
(fix m ∈ N⩾2 if p = 2). Note that the formulation of the results and proofs
depend on m and it is necessary to have m ⩾ 1 (m ⩾ 2 if p = 2) for the
discussion below to make sense.

4.3.1. The ring OAPD
R,ϖ

In this section, we will work with the ring A+
R,ϖ defined in Section 3.3,

equipped with an action of the Frobenius φ and a continuous action of
ΓR. Since we have a natural injection A+

R,ϖ ↣ Ainf(R), we obtain a
GR-equivariant commutative diagram

A+
R,ϖ R[ϖ]

Ainf(R) C+(R).

θ

θ

By R-linearity, extending scalars for the map θ above, we obtain a ring
homomorphism

θR : R⊗Z A+
R,ϖ −→ R[ϖ],

sending Xi ⊗ 1 7→ Xi, 1⊗ [X♭
i ] 7→ Xi for 1 ⩽ i ⩽ d and 1⊗ πm 7→ ζpm − 1.

Note that we have inclusion of ideals
(
ξ, Xi⊗1−1⊗ [X♭

i ], for 1 ⩽ i ⩽ d
)
⊂

Ker θR ⊂ R ⊗Z A+
R,ϖ, where ξ = π

π1
. We have A+

R,ϖ ⊂ Ainf(R) and θR

above is the restriction of θR : R⊗Z Ainf(R) ↠ C+(R) (see Section 2.2.1).
So similar to OAinf(R) in Section 2.1.3 and OAcris(R) in Section 2.2.2 we
define the following rings:

Definition 4.19.
(i) Define OA+

R,ϖ to be θ−1
R (pR[ϖ])-adic completion of R⊗Z A+

R,ϖ.
(ii) Let x[n] := xn/n! for x ∈ Ker θR. Define OAPD

R,ϖ to be the p-adic
completion of the divided power envelope of R⊗ZA+

R,ϖ with respect
to Ker θR.

Note that we have OA+
R,ϖ = OAinf(R) ∩OAPD

R,ϖ ⊂ OAcris(R).
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Taking the divided power envelope of θR/pn, note that OAPD
R,ϖ/pn ↣

OAcris(R)/pn. Since we have OAPD
R,ϖ = limn OAPD

R,ϖ/pn and OAcris(R) =
limn OAcris(R)/pn, and (projective) limit is left exact, it follows that for
the p-adic completion of divided power envelope of θR, we have OAPD

R,ϖ ⊂
OAcris(R). Now, over the ring OAPD

R,ϖ we can consider the induced action
of ΓR under which it is stable, and it admits a Frobenius endomorphism
arising from the Frobenius on each component of the tensor product. In
particular, from the diagram above we obtain a GR-equivariant commuta-
tive diagram

OAPD
R,ϖ R[ϖ]

OAcris(R) C+(R).

θR

θR

Note that the left vertical arrow is Frobenius-equivariant.
Next, we will give an alternative description of the ring OAPD

R,ϖ. Let T =
(T1, . . . , Td) denote a set of indeterminates and let Acris(R)⟨T ⟩∧ denote the
p-adic completion of the divided power polynomial algebra Acris(R)⟨T ⟩ =
Acris(R)[T [n]

i , n ∈ N, 1 ⩽ i ⩽ d]. Recall from Section 2.2.2 that we have
an isomorphism of rings

fcris : Acris(R)⟨T ⟩∧ ∼−→ OAcris(R)

Ti 7−→ Xi ⊗ 1− 1⊗ [X♭
i ], for 1 ⩽ i ⩽ d.

Now recall that APD
R,ϖ is the p-adic completion of the divided power enve-

lope of the surjective map θ : A+
R,ϖ ↠ R[ϖ] with respect to its kernel (see

Section 3.2). Next, let APD
R,ϖ⟨T ⟩∧ denote the p-adic completion of the di-

vided power polynomial algebra APD
R,ϖ⟨T ⟩ = APD

R,ϖ[T [n]
i , n ∈ N, 1 ⩽ i ⩽ d].

Then via the isomorphism fPD (see Lemma 4.20 below), we will show that
the preimage of OAPD

R,ϖ, under fcris is exactly APD
R,ϖ⟨T ⟩∧. In other words,

Lemma 4.20. — The morphism of rings

fPD : APD
R,ϖ⟨T ⟩∧ −→ OAPD

R,ϖ

Ti 7−→ Xi ⊗ 1− 1⊗ [X♭
i ], for 1 ⩽ i ⩽ d,

is an isomorphism.

Proof. — The proof follows [14, Proposition 6.1.5] closely.
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Recall that we have a surjective ring homomorphism θ : APD
R,ϖ ↠ R[ϖ],

which is the restriction of the map θ : Acris(R) ↠ C+(R) defined in Sec-
tion 2.2. This can be extended in a unique manner into the homomor-
phism θ : Acris(R)⟨T ⟩∧ ↠ C+(R). Restriction of the latter map gives us
θ : APD

R,ϖ⟨T ⟩∧ ↠ R[ϖ] such that θ(T [n]
i ) = 0 for 1 ⩽ i ⩽ d and n ⩾ 1.

First, we will show that the OF {X±1}-algebra structure on APD
R,ϖ⟨T ⟩∧

given by Xi 7→ [X♭
i ] + Ti, extends uniquely to an R-algebra structure.

Let A := (E+
R,ϖ/πp−1E+

R,ϖ)[T1, . . . , Td]/(T p
1 , . . . , T p

d ). We have a surjec-
tive map θ : A+

R,ϖ ↠ R[ϖ] and its reduction modulo p is given as θ :
E+

R,ϖ ↠ R[ϖ]/pR[ϖ]. Since ξp ≡ πp−1 mod p, where ξ = π
π1

is a genera-
tor of Ker θ ⊂ A+

R,ϖ, we obtain that θ factors as θ : E+
R,ϖ/πp−1E+

R,ϖ ↠

R[ϖ]/pR[ϖ]. This can be extended to a map θ : A ↠ R[ϖ]/pR[ϖ] by
setting θ(Ti) = 0 for 1 ⩽ i ⩽ d. The kernel I = Ker θ ⊂ A is gener-
ated by ξ ≡ πp−1

1 mod p and {Ti}1⩽i⩽d. Now from the natural inclusion
R/pR ↣ R[ϖ]/pR[ϖ] and the isomorphism A/I ∼→ R[ϖ]/pR[ϖ] via θ, we
obtain a map g : R/pR → A/I such that g(Xi) = Xi, which is the image
of X♭

i ∈ A under the map θ. So we obtain a commutative diagram

κ[X±1] A

R/pR A/I

g

where the top horizontal arrow is the map Xi 7→ X♭
i + Ti. Note that

I(d+1)p = 0. Since R/pR is étale over κ[X±1], there exists a unique lift
of g : R/pR → A/I to a homomorphism g : R/pR → A (which we again
denote by g by slight abuse of notations).

Further, by the description of divided power envelope in [14, Proposi-
tion 6.1.1] we have that

A+
R,ϖ[Y0, Y1, . . .]/(pY0 − ξp, pYn+1 − Y p

n )n⩾1
∼−→ APD

R,ϖ

Yn 7−→
ξpn+1

pn+1 .

Therefore,

(E+
R,ϖ/πp−1E+

R,ϖ)[Y0, Y1, . . .]/(Y p
n )n⩾1

∼−→ APD
R,ϖ/pAPD

R,ϖ.

Similarly, we have that APD
R,ϖ⟨T ⟩ is isomorphic to

(APD
R,ϖ[T1, . . . , Td])[Ti,0, Ti,1, . . .]/(pTi,0 − T p

i , pTi,n+1 − T p
i,n)1⩽i⩽d, n∈N
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Therefore, APD
R,ϖ⟨T ⟩/pAPD

R,ϖ⟨T ⟩ is isomorphic to

(APD
R,ϖ/pAPD

R,ϖ)[T1, . . . , Td][Ti,0, Ti,1, . . .]/(T p
i , T p

i,n)1⩽i⩽d, n∈N.

In conclusion, we have

A[Y0, Y1, . . . , Ti,0, Ti,1, . . .]/(Y p
n , T p

i,n)1⩽i⩽d, n∈N
∼−→ APD

R,ϖ⟨T ⟩/pAPD
R,ϖ⟨T ⟩.

From the discussion above we obtain a natural map of κ[X±1]-algebras by
composition g1 : R/pR→ A→ APD

R,ϖ⟨T ⟩/pAPD
R,ϖ⟨T ⟩.

Now let n ∈ N, then modulo pn we have a natural map

OF {X±1}/pnOF {X±1} −→ APD
R,ϖ⟨T ⟩/pnAPD

R,ϖ⟨T ⟩.

Again, since R/pnR is étale over OF {X±1}/pnOF {X±1}, we have a unique
lift of gn : R/pnR→ APD

R,ϖ⟨T ⟩/pnAPD
R,ϖ⟨T ⟩ in the commutative diagram

OF {X±1}/pnOF {X±1} APD
R,ϖ⟨T ⟩/pnAPD

R,ϖ⟨T ⟩

R/pnR APD
R,ϖ⟨T ⟩/pAPD

R,ϖ⟨T ⟩.

gn

Via this lifting, the following diagram commutes

R/pn+1R APD
R,ϖ⟨T ⟩/pn+1APD

R,ϖ⟨T ⟩

R/pnR APD
R,ϖ⟨T ⟩/pnAPD

R,ϖ⟨T ⟩,

where the vertical arrows are natural projection maps. From the universal
property of inverse limit of the right side of the diagram, we obtain a natural
map of OF {X±1}-algebras

g : R −→ lim
n

APD
R,ϖ⟨T ⟩/pnAPD

R,ϖ⟨T ⟩ = APD
R,ϖ⟨T ⟩∧.

Now, let θ : APD
R,ϖ⟨T ⟩/pAPD

R,ϖ⟨T ⟩ → R[ϖ]/pR[ϖ] denote the reduction
of θ modulo p. Recall that by construction, θ ◦ g is the inclusion of R/pR

in R[ϖ]/pR[ϖ]. Therefore, the reduction modulo p of θ ◦ g and the natural
inclusion R ↣ R[ϖ] coincide. As R is p-torsion free, arguing as above we
get that for each n ∈ N, the natural inclusion and θ ◦g coincide modulo pn.

Next, by A+
R,ϖ-linearity, g can be extended to a map g : R⊗OF

A+
R,ϖ →

APD
R,ϖ⟨T ⟩∧. From the discussion above and the definition of θR, we have

that θR coincides with the homomorphism θ ◦ g : R⊗OF
A+

R,ϖ → R[ϖ]. In
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particular, g(Ker θR) ⊂ Ker θ ⊂ APD
R,ϖ⟨T ⟩∧. Since Ker θ contains divided

powers, the map g extends to a map

g : (R⊗OF
AR,ϖ) [x[n], x ∈ Ker θR, n ∈ N] −→ APD

R,ϖ⟨T ⟩∧.

Finally, since APD
R,ϖ⟨T ⟩∧ is p-adically complete, g extends to a map g :

OAPD
R,ϖ → APD

R,ϖ⟨T ⟩∧.
Now by uniqueness of g : R→ APD

R,ϖ⟨T ⟩∧, the composition

OAPD
R,ϖ

g−−→ APD
R,ϖ⟨T ⟩∧

fPD

−−−−→ OAPD
R,ϖ,

coincides with the identity over R ⊂ OAPD
R,ϖ. Since it also coincides with

identity on the image of A+
R,ϖ (by A+

R,ϖ-linearity), we obtain that fPD◦g =
id over OAPD

R,ϖ. Similarly, the homomorphism g ◦ fPD coincides with iden-
tity over A+

R,ϖ as well as over OF {X±1} (since g lifts the map OF {X±1} →
APD

R,ϖ⟨T ⟩∧), therefore it is identity over APD
R,ϖ⟨T ⟩∧. This establishes that

fPD is an isomorphism of rings. □

Remark 4.21. — We can give an alternative construction of the ring
OAPD

R,ϖ. Note that we have a ring homomorphism ι : R → APD
R,ϖ, where

Xi 7→ [X♭
i ] for 1 ⩽ i ⩽ d. As in Definition 3.19, we define a map g :

R ⊗Z APD
R,ϖ → APD

R,ϖ, where x ⊗ y 7→ ι(x)y. We obtain that Ker g =(
Xi⊗1−1⊗ [X♭

i ], for 1 ⩽ i ⩽ d
)
⊂ Ker θR ⊂ OAcris(R). Since R⊗Z APD

R,ϖ

already contains divided powers of ξ, from Definition 4.19 we obtain that
the p-adic completion of the divided power envelope of R ⊗Z APD

R,ϖ with
respect to Ker g is the same as OAPD

R,ϖ.

There is a natural filtration over OAPD
R,ϖ by ΓR-stable submodules:

Definition 4.22. — Let Ui := 1⊗[X♭
i ]

Xi⊗1 for 1 ⩽ i ⩽ d and r ∈ Z, define
the filtration over OAPD

R,ϖ as

FilrOAPD
R,ϖ :=

〈
(a⊗ b)

d∏
i=1

(Ui − 1)[ki] ∈ OAPD
R,ϖ, such that

a ∈ R, b ∈ FiljAPD
R,ϖ, and j +

∑
i

ki ⩾ r

〉
.

Remark 4.23. — The filtration over APD
R,ϖ (via its identification with

RPD
ϖ , see Section 3.3 and Definition 3.11) coincides with the filtration

induced from its embedding in Acris(R). Indeed, in both cases we have
FilrAPD

R,ϖ =
(
ξ[k], k ⩽ r

)
⊂ APD

R,ϖ for r ⩾ 0, whereas FilrAPD
R,ϖ = APD

R,ϖ
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for r < 0. Next, the filtration on OAcris(R) is defined as the induced filtra-
tion from its embedding inside OB+

dR(R) and the filtration on the latter
ring is given by powers of Ker θR (see Section 2.1 & 2.2 for definition and
notation). The induced filtration over OAcris(R) is therefore given by di-
vided powers of the ideal Ker θR ⊂ OAcris(R). Since the filtration over
OAPD

R,ϖ in Definition 4.22 is again given by divided powers of the ideal
Ker θR ⊂ OAPD

R,ϖ, we infer that this filtration coincides with the one in-
duced by its embedding into OAcris(R).

Lemma 4.24.
(i) The action of ΓR,ϖ is trivial on OAPD

R,ϖ/π, whereas ΓR/ΓR,ϖ acts
trivially over OAPD

R,ϖ/πm.
(ii) We have (OAPD

R,ϖ)ΓR = R and (Fil1OAPD
R )ΓR = 0.

Proof.
(i). — The first part follows from the definition of OAPD

R,ϖ and the
action of ΓR,ϖ on APD

R,ϖ (see Lemma 3.16). The second part follows from
observing that ΓR/ΓR,ϖ = ΓF /ΓK is a finite cyclic group of order [K :
F ] = pm−1(p − 1), and a lift g ∈ ΓR of a generator of ΓR/ΓR,ϖ acts as
g(πm) = (1 + πm)χ(g) − 1.

(ii). — This is straightforward, since

R ⊂
(
OAPD

R,ϖ

)ΓR ⊂
(
OAcris(R)

)GR = R

and

(Fil1OAPD
R )ΓR ⊂ (Fil1OBcris(R))GR ⊂ (Fil1OBdR(R))GR = 0

(for last equality see the proof of [14, Proposition 5.2.12]). □

Next we consider a connection over OAPD
R,ϖ induced by the connection

on OAcris(R),
∂ : OAPD

R,ϖ −→ OAPD
R,ϖ ⊗ Ω1

R,

where we have ∂
(
Xi ⊗ 1 − 1 ⊗ [X♭

i ]
)[n] =

(
Xi ⊗ 1 − 1 ⊗ [X♭

i ]
)[n−1]

dXi.
This connection over OAPD

R,ϖ satisfies Griffiths transversality with respect
to the filtration since it does so over OAcris(R).

4.3.2. Main result

Theorem 4.25. — Let V be a positive finite q-height representation of
GR, then

(i) V is a positive crystalline representation.
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(ii) Let M :=
(
OAPD

R,ϖ ⊗A+
R

N(T )
)ΓR , then after extending scalars to

OAPD
R,ϖ and inverting p, we obtain a natural isomorphism

OAPD
R,ϖ ⊗R M

[
1
p

]
∼−→ OAPD

R,ϖ ⊗A+
R

N(V ),

compatible with Frobenius, filtration, connection and the action of
ΓR on each side.

(iii) We have an isomorphism of R
[ 1

p

]
-modules

ODcris(V ) ∼←−
(
OAPD

R,ϖ ⊗A+
R

N(T )
)ΓR

[
1
p

]
,

compatible with Frobenius, filtration, and connection on each side.
Therefore, we obtain a comparison isomorphism

OAPD
R,ϖ ⊗R ODcris(V ) ∼−→ OAPD

R,ϖ ⊗A+
R

N(V ),

compatible with Frobenius, filtration, connection and the action of
ΓR on each side.

Remark 4.26. — The statement of Theorem 4.25 can be seen an ana-
logue of the result of Berger [7, Proposition II.2.1] (see the discussion after
Proposition 4.7).

Recall that from Definition 4.9 any finite q-height representation is a twist
of a positive finite q-height representation by Qp(r), for r ∈ N. Since twist
by Qp(r) of crystalline representations are again crystalline, we obtain:

Corollary 4.27. — All finite q-height representations of GR are crys-
talline.

The proof of Theorem 4.25 will proceed in two steps: First, we will de-
scribe a process by which we can recover a submodule of ODcris(V ) starting
from the Wach module (see Proposition 4.28), here we establish the com-
parison displayed in (ii). Next, the remaining claims made in the theorem
are shown by exploiting some properties of Wach modules and the compar-
ison obtained in the first step.

In Section 4.6, we will explicitly state the structure of Wach module
attached to a one-dimensional finite q-height representation and we will
also show that all one-dimensional crystalline representations are of finite
q-height and one can recover ODcris(V ) starting with the Wach module
N(V ). Combining this with the theorem above, we will obtain that the
notion of crystalline representations and finite q-height representations co-
incide in dimension 1.
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4.4. From (φ, Γ)-modules to (φ, ∂)-modules

The objective of this section is to prove the following:

Proposition 4.28. — Let V be an h-dimensional positive finite q-height
representation of GR, T ⊂ V a Zp-lattice of rank h stable under the action
of GR and N(T ) the associated Wach module. Then

(i) M :=
(
OAPD

R,ϖ⊗A+
R

N(T )
)ΓR is a finitely generated R-module con-

tained in ODcris(V ).
(ii) M

[ 1
p

]
is a finitely generated projective R

[ 1
p

]
-module of rank h and

the natural inclusion

OAPD
R,ϖ ⊗R M

[
1
p

]
−→ OAPD

R,ϖ ⊗A+
R

N(V ),

is an isomorphism compatible with Frobenius, filtration, connection
and the action of ΓR.

(iii) If N(T ) is free over A+
R then there exists a free R-module M0 ⊂M

such that M0
[ 1

p

]
= M

[ 1
p

]
are free modules of rank h over R

[ 1
p

]
.

Proof. — We will use the notation of Definition 4.9 without repeating
them. The first claim is easy to establish. Since HR = Gal

(
R
[ 1

p

]
/R∞

[ 1
p

])
,

therefore M =
(
OAPD

R,ϖ ⊗A+
R

N(T )
)ΓR is contained in(

OAPD
R,ϖ ⊗A+

R
D+(T )

)ΓR

⊂
(
OAcris(R)HR ⊗A+

R
D+(T )

)ΓR

⊂
(
OAcris(R)HR ⊗A+

R

(
A+ ⊗Zp T

)HR
)ΓR

⊂
(
OAcris(R)⊗Zp

T
)GR ⊂ ODcris(V ).

(4.1)

The module
(
OAcris(R)⊗Zp T

)GR is finitely generated over R. Since R is
Noetherian, M is finitely generated.

Independently, we have that R
[ 1

p

]
is Noetherian and ODcris(V ) is a

finitely generated R
[ 1

p

]
-module, therefore M

[ 1
p

]
⊂ ODcris(V ) is finitely

generated over R
[ 1

p

]
. Moreover, the module OAPD

R,ϖ⊗A+
R

N(T ) is equipped
with an APD

R,ϖ-linear and integrable connection ∂N = ∂ ⊗ 1, where ∂ is
the connection on OAPD

R,ϖ described after Lemma 4.24. Therefore, we can
consider the induced connection on M

[ 1
p

]
, which is integrable since it is

integrable over OAPD
R,ϖ ⊗A+

R
N(T ). This connection is compatible with the

one on ODcris(V ) since the connection over OAPD
R,ϖ is induced from the

connection over OAcris(R). So by [14, Proposition 7.1.2] we obtain that
M
[ 1

p

]
must be projective of rank ⩽ h. Furthermore, the inclusion M

[ 1
p

]
⊂
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ODcris(V ) is compatible with natural Frobenius on each module since all
the inclusions in (4.1) are compatible with Frobenius.

Next, we will show that the rank of M
[ 1

p

]
as a projective R

[ 1
p

]
-module is

exactly h. But first let us prove that it is enough to show that the rank is h

after a finite étale extension of R. Let us consider R′ to be a finite étale ex-
tension of R such that the corresponding scalar extension A+

R′⊗A+
R

N(T ) is
a free module of rank h (see Definition 4.9) and R′[ 1

p

]
/R
[ 1

p

]
is Galois. The

discussion of previous chapters hold for R′ (see [14, Chapitre 2] and [4, Sec-
tion 2] for more on this). In particular, for R′[ϖ] we have rings A+

R′ , A+
R′,ϖ,

APD
R′,ϖ and OAPD

R′,ϖ. Let R′
∞
[ 1

p

]
denote the cyclotomic tower over R′[ 1

p

]
ΓR′ = Gal

(
R′

∞

[
1
p

]
/R′

[
1
p

])
and HR′ = Ker (GR′ −→ ΓR′).

Similarly, we have Galois groups ΓR′ and HR′ . Let us define

G′ = Gal
(

R′
∞

[
1
p

]
/R∞

[
1
p

])
= Gal

(
R′[ϖ]

[
1
p

]
/R[ϖ]

[
1
p

])
= Gal

(
R′
[

1
p

]
/R

[
1
p

])
,

then we have that HR,ϖ/HR′,ϖ = HR/HR′ = G′. So we obtain that

A+
R = (A+)HR =

(
(A+)HR′

)HR/HR′ =
(
A+

R′

)G′

.

Moreover, for the base ring R[ϖ] (instead of R) one can consider the ring
A+

ϖ as in Remark 3.6. Then we have

A+
R,ϖ = (A+

ϖ)HR,ϖ =
(
(A+

ϖ)HR′,ϖ
)HR,ϖ/HR′,ϖ =

(
A+

R′,ϖ

)G′

.

From these equalities and the description of the action of ΓR on ξ = π
π1

, it
is clear that

APD
R,ϖ =

(
APD

R′,ϖ

)G′

, and therefore OAPD
R,ϖ =

(
OAPD

R′,ϖ

)G′

.

Now, since N(T ) is projective and G′ acts trivially on it, we obtain that(
OAPD

R′,ϖ ⊗A+
R′

(
A+

R′ ⊗A+
R

N(T )
))G′

= OAPD
R,ϖ ⊗A+

R
N(T )(

OAPD
R′,ϖ ⊗R′

(
R′ ⊗R M

[
1
p

]))G′

= OAPD
R,ϖ ⊗R M

[
1
p

]
.

In particular, base changing to A+
R′ to obtain N(T ) as a free module is

harmless. For the convenience in notation, below we will replace R′ ob-
tained in this manner by R and assume N(T ) to be free over A+

R.
In order to show that the rank of M

[ 1
p

]
is at least h, we will find ΓR-fixed

elements of OAPD
R,ϖ⊗A+

R
N(T ) corresponding to a basis of N(T ), which are
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linearly independent elements of M
[ 1

p

]
. To carry this out, first we will define

several new rings following [37, Section B.1] and examine their relation with
OAPD

R,ϖ. After extending scalars of N(T ), we will define differential oper-
ators on the obtained module, corresponding to the topological generators
of ΓR. Next, for any element of N(T ), we will write down a corresponding
element killed by the differential operators, i.e. an element fixed by ΓR.

Remark 4.29. — Note that the ΓR-fixed elements of OAPD
R,ϖ ⊗A+

R
N(T )

can be obtained by successive approximation as well. This computation
was carried out in [1, Section 3.2.3].

4.4.1. Auxiliary rings and modules

For n ∈ N, let us define a p-adically complete ring

SPD
n := A+

R

{
π

pn
,

π2

2!p2n
, . . . ,

πk

k!pkn
, . . .

}
.

Let I
[i]
n denote the ideal of SPD

n generated by πk

k!pkn for k ⩾ i and we set

(4.2) ŜPD
n := lim

i
SPD

n

/
I [i]

n .

Note that ŜPD
n is p-adically complete as well. Further, note that we can

write φ(π) = (1 + π)p − 1 = πp + pπx for some x ∈ A+
F , therefore

φ(πk)
k!pkn

= (πp + pπx)k

k!pkn
=
∑k

i=0
(

k
i

)
πpi(pπx)k−i

k!pkn

=
k∑

i=0

(k +(p−1)i)!pi(n(p−1)−p)

i!(k − i)!
πk+(p−1)ixk−i

(k +(p−1)i)!p(k+(p−1)i)(n−1) ∈ ŜPD
n−1

Using this, the Frobenius operator on S can be extended to a map φ :
ŜPD

n → ŜPD
n−1, which we will again call Frobenius. The ring ŜPD

n readily
admits a continuous action of ΓR which commutes with the Frobenius.

Lemma 4.30. — The ring ŜPD
0 is a subring of APD

R,ϖ, and therefore
φn
(
ŜPD

n

)
⊂ APD

R,ϖ.

Proof. — The first claim is true because we have

πp
1 ≡ π mod pA+

F,ϖ, which gives πpi

1 ≡ πpi−1
mod piA+

F,ϖ.

ANNALES DE L’INSTITUT FOURIER



CRYSTALLINE REPRESENTATIONS AND WACH MODULES 429

So for k ⩾ pi we can write

πk

k! = ξkπk
1

k! = ξk

k! πk−pi

1
(
πpi−1

+ pia
)

= piaπk−pi

1
ξk

k! + pi−1πpi−1

1
(k + pi−1)!

k!pi−1
ξk+pi−1

(k + pi−1)! ∈ pi−1APD
F,ϖ,

for some a ∈ A+
F,ϖ. Therefore, we get that I

[pi]
0 ⊂ pi−1APD

R,ϖ and hence
ŜPD

0 ⊂ APD
R,ϖ. The second claim is obvious. □

In the relative setting, we need slightly larger rings. Let us consider the
OF -linear homomorphism of rings

ι : R −→ ŜPD
n

Xj 7−→ [X♭
j ] for 1 ⩽ j ⩽ d.

Using ι we can define an OF -linear morphism of rings

f : R⊗OF
ŜPD

n −→ ŜPD
n

a⊗ b 7−→ ι(a)b.

Let OŜPD
n denote the p-adic completion of the divided power envelope

of R ⊗OF
ŜPD

n with respect to Ker f . Further, the morphism f extends
uniquely to a continuous morphism f : OŜPD

n → ŜPD
n . Now, it easily fol-

lows from the discussion in Section 3.4 that the kernel of the morphism f is
generated by divided powers of the ideal generated by (1− V1, . . . , 1− Vd),
where Vj = Xj⊗1

1⊗[X♭
j

] for 1 ⩽ j ⩽ d. The Frobenius operator extends to

OŜPD
n as well as the continuous action of ΓR. From the discussion above

we have φn(ŜPD
n ) ⊂ ŜPD

0 ⊂ APD
R,ϖ, and following the description of OŜPD

0
in Section 3.4 and of OAPD

R,ϖ from Remark 4.21, we obtain that

OŜPD
0 ⊂ OAPD

R,ϖ and φn
(
OŜPD

n

)
⊂ OAPD

R,ϖ.

Moreover, we have a canonical inclusion of ŜPD
n ⊂ OŜPD

n compatible with
all the structures.

Now let us take n ∈ N⩾1 and consider the ring OŜPD
n below. Set

J :=
(

π

pn
, 1− V1, . . . , 1− Vd

)
⊂ OŜPD

n ,

and its divided power inside OŜPD
n as

J [i] :=
〈

π[k0]

pnk0

d∏
j=1

(1−Vj)[kj ], k = (k0, k1, . . . , kd)∈Nd+1 with
d∑

j=0
kj ⩾ i

〉
.
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By construction of OŜPD
n , it is clear that a summation

∑
i∈N xiai with ai ∈

J [i] and xi ∈ ŜPD
n goes to 0 as i→ +∞, converges in OŜPD

n . Moreover, ev-
ery x ∈ OŜPD

n has a presentation as x =
∑

k∈Nd+1 xk
π[k0]

pnk0

∏d
j=1(1−Vj)[kj ],

where xk ∈ A+
R goes to 0 as |k| =

∑
j kj → +∞.

Next, we set
ONPD

n := OŜPD
n ⊗A+

R
N(T ).

Again, ONPD
n is p-adically complete and it is equipped with a Frobenius-

semilinear operator φ : OŜPD
n ⊗A+

R
N(T ) → OŜPD

n−1 ⊗A+
R

N(T ) and a
continuous and semilinear action of ΓR. Now recall that we fixed m ∈ N⩾1
(fix m ∈ N⩾2 if p = 2) such that K = F (ζpm). So we take

M ′ :=
(
ONPD

m

)Γ′
R and M ′′ := (M ′)ΓF =

(
ONPD

m

)ΓR
.

Since we assumed N(T ) to be free, therefore ONPD
m is a free OŜPD

m -module
of rank h. As we have φm

(
OŜPD

m

)
⊂ OAPD

R,ϖ so we get that φm(M ′′) ⊂(
OAPD

R,ϖ ⊗A+
R

N(T )
)ΓR = M . Therefore, to show that the R

[ 1
p

]
-rank of

M
[ 1

p

]
is at least h, it is enough to show that for each x ∈ N(T ) there

exists unique x′′ ∈M ′′ ⊂ ONPD
m fixed by ΓR and x ≡ x′′ mod J [1]ONPD

m

(see Lemma 4.43).

4.4.2. Infinitesimal action of ΓR

From Section 3.1 recall that we have {γ, γ1, . . . , γd} as a set of topological
generators of ΓR such that {γ1, . . . , γd} generate Γ′

R topologically, and γ is
a lift of a topological generator of ΓF where γe = γ0 is a lift of a topological
generator of ΓK , e = [K : F ] and χ(γ0) = exp(pm) where we fixed m ∈ N⩾1

(fix m ∈ N⩾2 if p = 2). Further, we have the identity γ0γi = γ
χ(γ0)
i γ0 for

1 ⩽ i ⩽ d. In this section we will study the infinitesimal action of ΓR on
the rings and modules constructed in previous section.

Lemma 4.31. — Let k ∈ N, n ⩾ m and i ∈ {0, 1, . . . , d}. Then (γi −
1)(pm, π)kŜPD

n ⊂ (pm, π)k+1ŜPD
n .

Proof. — First, let i = 0. Recall that we have χ(γ0) = exp(pm) =
1 + pma ∈ 1 + pmZp. So we can write

(γ0 − 1)π = (1 + π)χ(γ0) − (1 + π)

=
(

χ(γ0)π + χ(γ0)(χ(γ0)− 1)
2! π2 + · · ·

)
− π = (χ(γ0)u− 1)π,
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for some u = 1 + πx ∈ 1 + πA+
R. Therefore, χ(γ0)u − 1 = pma + πx +

pmaπx ∈ (pm, π)A+
R which gives us that (γ0 − 1)π ∈ (pm, π)πA+

R. Now
we have (γ0 − 1)A+

R ⊂ πA+
R ⊂ (pm, π)A+

R, so proceeding by induction
on k ⩾ 1 and using the fact that γ0 − 1 acts as a twisted derivation (i.e.
(γ0− 1)xy = (γ0− 1)x · y + γ0(x)(γ0− 1)y for x, y ∈ A+

R), we conclude that

(γ0 − 1)(pm, π)kA+
R ⊂ (pm, π)k+1A+

R.

Next, any f ∈ ŜPD
n can be written as f =

∑
s∈N fs

πs

s!pns such that
fs ∈ A+

R goes to 0 as s→ +∞. Clearly we have

(γ0 − 1) πs

s!pns
= (χ(γ0)sus − 1)πs

s!pns
∈ (pm, π) πs

s!pns
ŜPD

n .

Combining the discussion for A+
R and πs

s!pns , using induction on k ⩾ 1 and
using the fact that γ0 − 1 acts as a twisted derivation, we conclude that

(γ0 − 1)(pm, π)kŜPD
n ⊂ (pm, π)k+1ŜPD

n .

Finally, for i ∈ {1, . . . , d} we have (γi−1)[X♭
i ] = π[X♭

i ] ∈ (pm, π)A+
R and

(γi−1)
(
[X♭

i ]−1) = −π(1+π)−1[X♭
i ]−1 ∈ (pm, π)A+

R. Again by induction on
k ⩾ 1 and using the fact that γi−1 acts as a twisted derivation, we get that

(γi − 1)(pm, π)kA+
R ⊂ (pm, π)k+1A+

R.

Now any f ∈ ŜPD
n can be written as f =

∑
s∈N fs

πs

s!pns such that fs ∈ A+
R

goes to 0 as s → +∞, and γi acts trivially on π for 1 ⩽ i ⩽ d, so we
conclude that

(γi − 1)(pm, π)kŜPD
n ⊂ (pm, π)k+1ŜPD

n . □

Lemma 4.32. — For n ⩾ m and i ∈ {0, 1, . . . , d} the operators

∇i := log γi =
∑
k∈N

(−1)k (γi − 1)k+1

k + 1 ,

converge as series of operators on ŜPD
n .

Proof. — From Lemma 4.31, we have that for k ∈ N

(γi − 1)(pm, π)kŜPD
n ⊂ (pm, π)k+1ŜPD

n .

Therefore, using the fact that γi − 1 acts as a twisted derivation (i.e.
(γi − 1)xy = (γi − 1)x · y + γi(x)(γi − 1)y for x, y ∈ ŜPD

n ), we obtain
that for x ∈ ŜPD

n

(4.3) (γi − 1)k+1(x) ⊂ (pm, π)k+1ŜPD
n .
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Therefore, the following series converges in ŜPD
n

∇i(x) =
∑
k∈N

(−1)k (γi − 1)k+1(x)
k + 1 .

This allows us to conlcude. □

Remark 4.33. — Note that ΓR acts trivially modulo π on A+
R. Therefore,

we also get that it acts trivially modulo π over ŜPD
n . Hence, for 0 ⩽ i ⩽ d

we have ∇i(ŜPD
n ) ⊂ πŜPD

n = tŜPD
n , where the last equality follow from the

fact that t
π is a unit in ŜPD

n (see Lemma 4.35 below).

Remark 4.34. — The operators ∇i for 0 ⩽ i ⩽ d, defined in Lemma 4.32,
describe the action of the Lie algebra Lie ΓR on ŜPD

n , i.e. ∇i acts as a dif-
ferential operator on ŜPD

n .

Lemma 4.35. — t
π is a unit in ŜPD

n for n ⩾ m.

Proof. — We can write the fraction
t

π
= log(1 + π)

π
=
∑
k⩾0

(−1)k πk

k + 1 .

Formally, we can write
π

t
= π

log(1 + π) = b0 + b1π + b2π2 + b3π3 + · · · ,

where b0 = 1 and υp(bk) ⩾ − k
p−1 for all k ⩾ 1. But rewriting the series as

a power series in πk

k!pnk , we get that

π

t
=
∑
k∈N

bkk!pnk πk

k!pnk
.

The p-adic valuation of coefficients in the series above is given as

υp(bkk!pnk) ⩾ −k

p− 1 + nk + υp(k!) = p− 2
p− 1nk + υp(k!),

which clearly goes to +∞ as k → +∞. Hence, π
t converges in ŜPD

n and is
an inverse to t

π . □

Now let us consider the ring OŜPD
n and divided power ideals

J [i] :=
〈

π[k0]

pnk0

d∏
j=1

(1−Vj)[kj ], k = (k0, k1, . . . , kd)∈Nd+1 with
d∑

j=0
kj ⩾ i

〉
.

Arguments similar to Lemmas 4.31 and 4.32 show that for 0 ⩽ i ⩽
d the series of operators ∇i = log γi =

∑
k∈N(−1)k πk+1

k+1 converge over
OŜPD

n . Moreover, from Remark 4.33 we obtain that for 0 ⩽ i ⩽ d, we have
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∇i(OŜPD
n ) ⊂ tOŜPD

n . Also, it is easy to observe that we have ∇0(t) =
log(χ(γ0))t = pmt and ∇i(Vi) = tVi for 1 ⩽ i ⩽ d. Finally, recall that
γiγj = γjγi for 1 ⩽ i, j ⩽ d and γ0γi = γ

χ(γ0)
i γ0, therefore we conclude that

[∇i,∇j ] = 0,

[∇i,∇0] = log(χ(γ0))∇i = pm∇i.

Now we will adapt the discussion above to scalar extension of Wach
module N(T ) to OŜPD

n , i.e. for ONPD
n := OŜPD

n ⊗A+
R

N(T ).

Lemma 4.36. — For n ⩾ m and i ∈ {0, 1, . . . , d} the operators

∇i = log γi =
∑
k∈N

(−1)k+1 (γi − 1)k+1

k + 1

converge as series of operators on ONPD
n .

Proof. — For 0 ⩽ i ⩽ d, observe that γi− 1 acts as a twisted derivation,
i.e. for a ∈ OŜPD

n and x ∈ N(T ), we have

(γi − 1)(ax) = (γi − 1)a · x + γi(a)(γi − 1)x.

The action of ΓR is trivial on N(T )/πN(T ), so we can write (γi−1)x = πy,
for some y ∈ N(T ), i.e. (γi − 1)ONPD

n ⊂ (pm, π)ONPD
n . From the proof of

Lemma 4.32 and (4.3) and induction over k ⩾ 1, it follows that

(γi − 1)(pm, π)kONPD
n ⊂ (pm, π)k+1ONPD

n .

Next, using the fact that γi−1 acts as a twisted derivation, we obtain that

(γi − 1)k+1(ax) ⊂ (pm, π)k+1ONPD
n .

Therefore, the following series converges in ONPD
n

∇i(ax) =
∑
k∈N

(−1)k (γi − 1)k+1(ax)
k + 1 .

This allows us to conlcude. □

Remark 4.37. — Note that ΓR acts trivially modulo π on OŜPD
n and

N(T ). Therefore, we also get that it acts trivially modulo π over ONPD
n .

Hence, for 0 ⩽ i ⩽ d we have ∇i(ONPD
n ) ⊂ πONPD

n = tONPD
n , where

the last equality follows from the fact that t
π is a unit in OŜPD

n (see
Lemma 4.35).

Again, over ONPD
n we have

[∇i,∇j ] = 0,

[∇i,∇0] = log(χ(γ0))∇i = pm∇i,
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which enables us to define differential operators ∂i over ONPD
n using the

formula
∂i =

{
−t−1∇0 for i = 0,

t−1V −1
i ∇i for 1 ⩽ i ⩽ d,

where Vi = Xi⊗1
1⊗[X♭

i
] for 1 ⩽ i ⩽ d. Note that ∂i is well defined since

∇i(ONPD
n ) ⊂ tONPD

n (see Remark 4.37).

Lemma 4.38. — For n ⩾ m, the differential operators defined on ONPD
n

commute, i.e. ∂i ◦ ∂j = ∂j ◦ ∂i for 0 ⩽ i, j ⩽ d.

Proof. — From above we have [∇i,∇j ] = 0 for 1 ⩽ i, j ⩽ d, whereas
[∇0,∇i] = pm∇i, for 1 ⩽ i ⩽ d. So it follows that over ONPD

n we have the
composition of operators

t2ViVj(∂i ◦ ∂j − ∂j ◦ ∂i) = tVi∂i ◦ tVj∂j − tVj∂j ◦ tVi∂i

= ∇i ◦ ∇j −∇j ◦ ∇i = 0, for 1 ⩽ i, j ⩽ d.

Next, for 1 ⩽ i ⩽ d, we have

∇0 ◦ ∇i −∇i ◦ ∇0 = −t∂0 ◦ (tVi∂i) + tVi∂i ◦ (t∂0)

= −pmtVi∂i − t2Vi∂0 ◦ ∂i + t2Vi∂i ◦ ∂0

= pm∇i − t2Vi(∂0 ◦ ∂i − ∂i ◦ ∂0).

In particular, ∂i ◦ ∂j − ∂j ◦ ∂i = 0 for 0 ⩽ i, j ⩽ d since ONPD
n is t-torsion

free. □

For the rest of the section, let us now assume n = m.

Lemma 4.39. — Let 1 ⩽ i ⩽ d and x ∈ N(T ), then we have that
∂k

i (x)→ 0 in ONPD
m as k → +∞.

Proof. — First, let us note that since ∂i(Vi) = 1, ∂i(Vj) = 0 for j ̸= i

and ∂i(π) = 0, so we have that ∂p
i (OŜPD

m ) ⊂ pOŜPD
m . Moreover, an easy

computation shows that for x ∈ N(T ) we have

∂i(φ(x)) = ∇i(φ(x))
tVi

= φ(∇i(x))
tVi

= pV p−1
i φ(∂i(x)) ∈ OŜPD

m ⊗φ(A+
R

) φ(N(T )),

where note that we have

φ(∂i(x)) ∈ φ
(
OŜPD

m+1 ⊗A+
R

N(T )
)
⊂ OŜPD

m ⊗φ(A+
R

) φ(N(T ))

since ∂i(x) converges over OŜPD
m+1 ⊗A+

R
N(T ) by Lemma 4.36.

Next, from Definiton 4.9 recall that we have qsN(T ) ⊂ φ∗(N(T )). Let
us write qsx =

∑h
j=1 ajφ(ej) for aj ∈ A+

R and {e1, . . . , eh} an A+
R-basis of

ANNALES DE L’INSTITUT FOURIER



CRYSTALLINE REPRESENTATIONS AND WACH MODULES 435

N(T ). Then it follows that ∂p
i (qsx) ∈ pqs

(
OŜPD

m ⊗φ(A+
R

) φ(N(T ))
)
, there-

fore ∂p
i (x) ∈ p

(
OŜPD

m ⊗φ(A+
R

) φ(N(T ))
)
. By induction on k we see that

∂pk
i (x) ∈ pk

(
OŜPD

m ⊗φ(A+
R

)φ(N(T ))
)
⊂ pkONPD

m and the claim follows. □

Remark 4.40. — Note that one can recover the action of γi using the dif-
ferential operator ∂i. For i ∈ {1, . . . , d} we have γi = exp(tVi∂i), whereas
for i = 0 we have γ0 = exp(−t∂0).

From the remark above it is clear that for 0 ⩽ i ⩽ d and x ∈ ONPD
m we

have γi(x) = x if and only if ∂i(x) = 0.

Lemma 4.41. — For any x ∈ N(T ) there exists a unique x′′ ∈ ONPD
m

such that

x′′ ≡ x mod J [1]ONPD
m ,

γi(x′′) = x′′ for 0 ⩽ i ⩽ d.

In particular, x′′ ∈M ′′ =
(
ONPD

m

)ΓR .

Proof. — For x ∈ N(T ), we set

x′ =
∑

k∈Nd

∂k1
1 ◦ · · · ◦ ∂kd

d (x)(1− V1)[k1] · · · (1− Vd)[kd] ∈ ONPD
m

The summation converges since for 1 ⩽ i ⩽ d we have that ∂k0
0 ◦ ∂k1

1 ◦ · · · ◦
∂kd

d (x)→ 0 as |k| =
∑d

i=1 ki → +∞ from Lemma 4.39. Note that we have
an isomorphism of rings ŜPD

m
∼→ (OŜPD

m )ΓR′ compatible with ΓR/ΓR′ =
ΓF -action. Therefore, by the description of ŜPD

m in (4.2) and since x′ ∈
(ONPD

m )Γ′
R we see that the following sum converges

x′′ =
∑

k0∈N
∂k0

0 (x′) t[k0]

pmk0
∈ ONPD

m .

Since the differential operators on ONPD
m commute by Lemma 4.38, we get

that

(4.4) x′′ =
∑

k∈Nd+1

∂k0
0 ◦ ∂k1

1 ◦ · · · ◦ ∂kd

d (x)

t[k0]

pmk0
(1− V1)[k1] · · · (1− Vd)[kd] ∈ ONPD

m

By the definition of x′′ it is clear that x′′ ≡ x mod J [1]ONPD
m . Next, using

the fact that ∂i ◦ ∂j = ∂j ◦ ∂i for 0 ⩽ i, j ⩽ d (see Lemma 4.38) as well as
∂0(t) = −pm and ∂i(Vi) = 1 for 1 ⩽ i ⩽ d, it is easy to deduce that ∂i(x′′) =
0 for 0 ⩽ i ⩽ d. So by Remark 4.40, we get that γi(x′′) = x′′ for 0 ⩽ i ⩽ d.
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Uniqueness of x′′ follows from Lemma 4.43. Finally, let g ∈ ΓF be a
lift of a generator of the cyclic group ΓF /ΓK . Then we have that g(x′′) ∈
ONPD

m satisfies the conditions of the claim (since (g − 1)x ∈ πN(T ) ⊂
J [1]ONPD

m ). But by uniqueness, we obtain that g(x′′) = x′′, i.e. x′′ ∈(
ONPD

m

)ΓR = M ′′. □

Remark 4.42. — Note that the lemma above can also be obtained by a
“successive approximation” argument (see [1, Lemmas 3.33 & 3.37]).

Following claim was used above:

Lemma 4.43. — For any x ∈ N(T ) suppose there exists x′′ ∈ ONPD
m

such that
x′′ ≡ x mod J [1]ONPD

m ,

γi(x′′) = x′′ for 0 ⩽ i ⩽ d.

Then x′′ is unique.

Proof. — Let {f1, . . . , fh} denote an A+
R-basis of N(T). Then {f1, . . . , fh}

is also an OŜPD
m -basis of ONPD

m . Now using the formula in (4.4), for all
1 ⩽ i ⩽ h let

f ′′
i =

∑
k∈Nd+1

∂k0
0 ◦∂k1

1 ◦ · · ·◦∂kd

d (fi)
t[k0]

pmk0
(1−V1)[k1] · · · (1−Vd)[kd] ∈ ONPD

m .

We want to show that {f ′′
1 , . . . , f ′′

h } also form an OŜPD
m -basis of ONPD

m

Let us write f ′′
i = fi +

∑h
j=1 aijfj with aij ∈ J [1]OŜPD

m and let A =
idh + (aij) ∈ Mat(h,OŜPD

m ) denote the h × h matrix thus obtained. We
have that det A = 1 + x with x ∈ J [1]OŜPD

m and 1 − x + x2 − x3 + · · · =∑
n∈N(−1)nn!x[n] converges in OŜPD

m as an inverse of 1 + x, i.e. det A is
invertible in OŜPD

m . Therefore, {f ′′
1 , . . . , f ′′

h } form a basis of ONPD
m .

Now for any x ∈ N(T ), writing x =
∑h

i=1 xif
′′
i and plugging into the

formula (4.4) we obtain x′′ ∈ ONPD
m such that x′′ ≡ x mod J [1]ONPD

m

and γj(x′′) = x′′ for all 0 ⩽ j ⩽ d. By linear independence of {f ′′
1 , . . . , f ′′

h }
over OŜPD

m we obtain that x′′ is unique. □

Remark 4.44. — The uniquess claim can also be established by a “suc-
cessive approximation” argument (see [1, p. 63- 65]).

Lemma 4.45. — We have OŜPD
m ⊗R M ′′ ∼→ OŜPD

m ⊗A+
R

N(T ).

Proof. — Let {f1, . . . , fh} denote an A+
R-basis of N(T). Then {f1, . . . , fh}

is also an OŜPD
m -basis of ONPD

m . From the proof of Lemmas 4.41 & 4.43
we have f ′′

i ∈ M ′′ for all 1 ⩽ i ⩽ h, such that {f ′′
1 , . . . , f ′′

d } also form an
OŜPD

m -basis of ONPD
m . Therefore, OŜPD

m ⊗R M ′′ ∼→ ONPD
m . □
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4.4.3. Finishing the proof of Proposition 4.28

Recall that at the beginning of the proof we assumed N(T ) to be free
of rank h (after extension of scalars to A+

R′ which we again wrote as A+
R

by abusing notations), therefore ONPD
m is free of rank h. Further, we have

M =
(
OAPD

R,ϖ ⊗A+
R

N(T )
)ΓR and since M

[ 1
p

]
is equipped with an inte-

grable connection, it is projective of rank ⩽ h (see the beginning of the
proof). So applying Lemma 4.41 to a basis of N(T ), we obtain that the
rank of M

[ 1
p

]
as an R

[ 1
p

]
-module is exactly h.

Next, we want to show that the natural inclusion OAPD
R,ϖ ⊗R M

[ 1
p

]
↣

OAPD
R,ϖ⊗A+

R
N(V ) is bijective. To show this claim, we require the following

lemma:

Lemma 4.46. — We have a natural isomorphism

φ∗
(
OAPD

R,ϖ ⊗A+
R

N(V )
)

∼−→
(
OAPD

R,ϖ ⊗A+
R

N(V )
)

.

Proof. — Recall that we are working under the assumption that N(V )
is free and by definition of a positive finite q-height representation we have
that the cokernel of the inclusion φ∗(N(V ))→ N(V ) is killed by qs where
s ∈ N is the height of the representation V . Extending scalars to OAPD

R,ϖ,
we obtain that the cokernel of the inclusion φ∗(OAPD

R,ϖ ⊗A+
R

N(V )
)
→(

OAPD
R,ϖ ⊗A+

R
N(V )

)
is killed by qs. Now note that we have q = φ(π)

π =
pφ
(

π
t

)
t
π where t

π is a unit in APD
R,ϖ (see Lemma 3.14), i.e. p and q are

associates in APD
R,ϖ. Therefore, the cokernel of the inclusion in the claim

is killed by ps. But, p is invertible in OAPD
R,ϖ

[ 1
p

]
. Hence, we obtain that

φ∗(OAPD
R,ϖ ⊗A+

R
N(V )

) ∼→
(
OAPD

R,ϖ ⊗A+
R

N(V )
)
. □

Since we assumed N(T ) to be a free module, let {f1, . . . , fh} be its
A+

R-basis. Let P ∈ Mat(h, A+
R) denote the matrix for the action of Frobe-

nius on N(T ) in the chosen basis. In Lemma 4.46 we obtained that det P

is invertible in OAPD
R,ϖ

[ 1
p

]
.

Now, recall that ONPD
m = OŜPD

m ⊗A+
R

N(T ) and M ′′ =
(
ONPD

m

)ΓR . So
we consider the following commutative diagram

OŜPD
m ⊗R M ′′ ONPD

m

OAPD
R,ϖ ⊗R M OAPD

R,ϖ ⊗A+
R

N(T ),

∼

φm⊗φm φm
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where the top horizontal arrow is bijective (see Lemma 4.45) and all other
arrows are injective. We also have that {f1, . . . , fh} is an OAPD

R,ϖ-basis of
OAPD

R,ϖ⊗A+
R

N(T ) as well as an OŜPD
m -basis of ONPD

m . From Lemmas 4.41
& 4.45 and the discussion above, for 1 ⩽ i ⩽ h we have f ′′

i ∈ M ′′ such
that f ′′

i = fi +
∑h

i=1 aijfj for aij ∈ J [1]OŜPD
m and let A := idh + (aij) ∈

Mat(h,OŜPD
m ) denote the h× h matrix obtained in this manner. From the

proof of Lemma 4.43 we have that det A is invertible in OŜPD
m .

Now let vi = (φm ⊗ φm)f ′′
i = φm(fi) +

∑h
j=1 φm(aij)φm(fj) ∈ M and

let M0 be the free R-submodule of M generated by {v1, . . . , vh}. From the
expression of {v1, . . . , vh} in the basis of OAPD

R,ϖ⊗A+
R

N(T ), we get that the
determinant of the inclusion OAPD

R,ϖ⊗R M0 ↣ OAPD
R,ϖ⊗A+

R
N(T ) is given

by φm(det A)φm−1(det P )φm−2(det P ) · · ·φ(det P )(det P ). Since det A is
invertible in OŜPD

m , we have that φm(det A) is invertible in OAPD
R,ϖ and

from above we already have that det P is invertible in OAPD
R,ϖ

[ 1
p

]
. There-

fore, the natural inclusions

(4.5) OAPD
R,ϖ⊗R M0

[
1
p

]
−→ OAPD

R,ϖ⊗R M

[
1
p

]
−→ OAPD

R,ϖ⊗A+
R

N(V ),

are bijective. The maps above are compatible with Frobenius, connection
and the action of ΓR on each side and compability of the second map
with filtrations follows from Corollary 4.54. This shows the second claim
of Proposition 4.28.

Finally, note that above we assumed N(T ) to be free of rank h, therefore
we obtain a free R-submodule M0 ⊂M such that

M0

[
1
p

]
=
(
OAPD

R,ϖ ⊗R M0

[
1
p

])ΓR

∼−→
(
OAPD

R,ϖ ⊗R M

[
1
p

])ΓR

= M

[
1
p

]
,

which are free of rank h over R
[ 1

p

]
. This shows the last claim of Propos-

tion 4.28. In general, when N(T ) is projective of rank h, we obtain that
M
[ 1

p

]
is projective of rank h. This sums up our proof. □

4.5. Proof of Theorem 4.25

Let M =
(
OAPD

R,ϖ⊗A+
R

N(T )
)ΓR . From Proposition 4.28 we already have

the isomorphism of OAPD
R,ϖ

[ 1
p

]
-modules

OAPD
R,ϖ ⊗R M

[
1
p

]
∼−→ OAPD

R,ϖ ⊗A+
R

N(V ),
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compatible with Frobenius, filtration (see Corollary 4.54), connection and
the action of ΓR on each side. This proves the second claim and we are left
to show that V is crystalline and M

[ 1
p

] ∼→ ODcris(V ) compatible with
supplementary structures. Also note from Proposition 4.28 that we al-
ready have the inclusion of projective R

[ 1
p

]
-modules of rank h = dimQp V ,

M
[ 1

p

]
⊂ ODcris(V ). So we are left to show that this inclusion is bijective

and compatible with supplementary structures.
First, we will show that V is crystalline and the inclusion described above

is in fact bijective. Extending scalars along OAPD
R,ϖ

[ 1
p

]
↣ OBcris(R) for

the isomorphism OAPD
R,ϖ ⊗R M

[ 1
p

] ∼→ OAPD
R,ϖ ⊗A+

R
N(V ), we obtain an

isomorphism of OBcris(R)-modules

OBcris(R)⊗R[ 1
p ] M

[
1
p

]
∼−→ OBcris(R)⊗B+

R
N(V ),

compatible with Frobenius, connection and GR-action. Now, recall that
from the definitions we have a natural inclusion of free A+-modules
A+ ⊗A+

R
N(V ) ↣ A+ ⊗A+

R
V compatible with supplementary structures

and the cokernel of this inclusion is killed by πs (see Proposition 4.11). Since
π is invertible in OBcris(R), extending scalars along A+ ↣ OBcris(R), we
obtain an isomorphism of OBcris(R)-modules

OBcris(R)⊗B+
R

N(V ) ∼−→ OBcris(R)⊗Qp
V,

compatible with Frobenius, connection and GR-action. Finally, since
R
[ 1

p

]
→ OBcris(R) is faithfully flat (see [14, Théorème 6.3.8]), we obtain

an inclusion of OBcris(R)-modules

OBcris(R)⊗R[ 1
p ] M

[
1
p

]
⊂ OBcris(R)⊗R[ 1

p ] ODcris(V ),

compatible with Frobenius, connection and the action of GR. In particular,
we have a commutative diagram

OBcris(R)⊗R[ 1
p ] M

[ 1
p

]
OBcris(R)⊗B+

R
N(V )

OBcris(R)⊗R[ 1
p ] ODcris(V ) OBcris(R)⊗Qp

V,

≃

≃
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compatible with Frobenius, connection and GR-action. As the top horizon-
tal arrow and right vertical arrow are bijections, it is immediately clear from
the diagram that the left vertical arrow and bottom horizontal arrow must
be bijective as well. The bijection of bottom horizontal arrow implies that
V is a crystalline representation of GR. Moreover, since R

[ 1
p

]
→ OBcris(R)

is faithfully flat (see [14, Théorème 6.3.8]), we obtain an isomorphism of
R
[ 1

p

]
-modules M

[ 1
p

] ∼→ ODcris(V ).
Finally, we note that the isomorphism M

[ 1
p

] ∼→ ODcris(V ) is compati-
ble with supplementary structures. From Proposition 4.28 it is clear that
this isomorphism is compatible with Frobenius and connection. Combining
Proposition 4.49 with observations made before, we obtain that the isomor-
phism of R

[ 1
p

]
-modules M

[ 1
p

] ∼→ ODcris(V ) is compatible with Frobenius,
filtration and connection on each side.

Finally, we can compose these natural maps as

OAPD
R,ϖ ⊗R ODcris(V ) ∼←− OAPD

R,ϖ ⊗R

(
OAPD

R,ϖ ⊗A+
R

N(V )
)ΓR

∼−→ OAPD
R,ϖ ⊗A+

R
N(V ),

where the second map is compatible with the Frobenius, filtration (see
Corollary 4.54), connection and the action of ΓR on each side (see Propo-
sition 4.28). This proves the theorem.

Remark 4.47. — In the case when N(T ) is a free A+
R- module of rank h,

from Proposition 4.28 we obtain that M
[ 1

p

] ∼→ ODcris(V ) is a free
R
[ 1

p

]
-module of rank h. In particular, for finite q-height representations

there exists a finite étale extension R′ over R such that

R′
[

1
p

]
⊗R[ 1

p ] ODcris(V )

is free of rank h.

Remark 4.48. — For 0 ⩽ i ⩽ d, one can define [ε]-derivatives by the for-
mula γi−1

π : N(T )→ N(T ). Considering the reduction modulo π of Frobe-
nius, filtration and [ε]-connection on N(T ) defined above, we conjecture
that we have (N(T )/πN(T ))

[ 1
p

] ∼→ ODcris(V ) as filtered (φ, ∂)-modules
over R

[ 1
p

]
. Details on this line of thought and its connection with [11]

and [26] will appear elsewhere.
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4.5.1. Compatibility between filtrations

Note that using Definition 4.16 and Remark 4.21, the filtration on M
[ 1

p

]
is given as

FilkM

[
1
p

]
=
(∑

i∈N
FiliOAPD

R,ϖ ⊗A+
R

Filk−iN(V )
)ΓR

.

Proposition 4.49. — We have FilkM
[ 1

p

]
= FilkODcris(V ) for k ∈ Z.

Proof. — We only need to show the claim for k ⩾ 1. Note that from (4.1),
Remark 4.23 and Lemma 4.53 we have

FilkM

[
1
p

]
=
(

Filk
(
OAPD

R,ϖ ⊗A+
R

N(V )
))ΓR

⊂
(

Filk
(
OBcris(R)⊗Qp

V
))GR

= FilkODcris(V ).

Conversely, let {e1, . . . , eh} denote a Qp-basis of V and we take x ∈
FilkODcris(V ) \ Filk+1ODcris(V ). Since x ̸= 0, we can write

x =
h∑

i=1
biei

where either bi = 0 or bi ∈ FilkOBcris(R) \ Filk+1OBcris(R) for each 1 ⩽
i ⩽ h and at least one bi ̸= 0. Moreover, we have M

[ 1
p

] ∼→ ODcris(V )
as R

[ 1
p

]
-modules, so we take r ⩽ k to be the largest integer such that

x ∈ FilrM
[ 1

p

]
, in particular x ̸∈ Filr+1M

[ 1
p

]
. Let us write x =

∑
j∈N cj ⊗

fr−j with cj ∈ FiljOAPD
R,ϖ and fr−j ∈ Filr−jN(V ) for all j ∈ N. By

assumption on x there exists ∅ ≠ I ⊂ N such that for each j ∈ I we have
cj ∈ FiljOAPD

R,ϖ \ Filj+1OAPD
R,ϖ, fr−j ∈ Filr−jN(V ) \ Filr−j+1N(V ) with∑

j∈I

cj⊗fr−j ∈Filr
(
OAPD

R,ϖ ⊗A+
R

N(V )
)
\Filr+1

(
OAPD

R,ϖ ⊗A+
R

N(V )
)

,

∑
j∈N\I

cj ⊗ fr−j ∈ Filr+1
(
OAPD

R,ϖ ⊗A+
R

N(V )
)

.

Equip B+ with the induced filtration

FilnB+ := B+ ∩ FilnBcris(R) = B+ ∩ Filn
(

Ainf(R)
[

1
p

])
for n ∈ N.
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Using the definition of filtration on N(V ) (see Definition 4.16) and
Lemma 4.53, we have that Filr−jN(V ) = (Filr−jB+⊗Qp

V )∩N(V ) for all
j ∈ N. Therefore, in the expression

∑
j∈I cj ⊗ fr−j we must have

fr−j ∈
(
Filr−jB+ ⊗Qp

V
)
\
(
Filr−j+1B+ ⊗Qp

V
)

for all j ∈ I.

This implies that in the basis of V we can write

fr−j =
h∑

i=1
f

(i)
r−jei

with f
(i)
r−j ∈ Filr−jB+ \ Filr−j+1B+ for all j ∈ I and all 1 ⩽ i ⩽ h. In

conclusion, we obtain

x−
∑

j∈N\I

cj ⊗ fr−j =
∑
j∈I

cj ⊗

(
h∑

i=1
f

(i)
r−jei

)

=
h∑

i=1

∑
j∈I

cj ⊗ f
(i)
r−j

 ei,

(4.6)

with cj ∈ FiljOAPD
R,ϖ \ Filj+1OAPD

R,ϖ and f
(i)
r−j ∈ Filr−jB+ \ Filr−j+1B+

for all 1 ⩽ i ⩽ h and j ∈ I.
Let us set gi =

∑
j∈I cj ⊗ f

(i)
r−j for 1 ⩽ i ⩽ h. Then by the discussion

above we have that gi ∈ Filr(OAPD
R,ϖ ⊗A+

R
B+) for 1 ⩽ i ⩽ h, where

OAPD
R,ϖ ⊗A+

R
B+ is equipped with the tensor product filtration. Note that

x ∈ FilrM

[
1
p

]
\ Filr+1M

[
1
p

]
and ∑

j∈N\I

cj ⊗ fr−j ∈ Filr+1
(
OAPD

R,ϖ ⊗A+
R

N(V )
)

.

Moreover, from Lemma 4.50 and Remark 4.51 we deduce that for n ∈ N
and inside OBcris(R)⊗Qp V we have

Filn
(
OAPD

R,ϖ ⊗A+
R

N(V )
)

=
(

Filn
(
OAPD

R,ϖ ⊗A+
R

B+
)
⊗Qp V

)
∩
(
OAPD

R,ϖ ⊗A+
R

N(V )
)

.
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Therefore, we conclude that we must have at least one i = i0 such that

gi0 ∈ Filr(OAPD
R,ϖ ⊗A+

R
B+) \ Filr+1(OAPD

R,ϖ ⊗A+
R

B+).

Now using Lemma 4.52 and Remark 4.51 we further note that for n ∈ N
and inside OBcris(R) we have

Filn
(
OAPD

R,ϖ ⊗A+
R

B+
)

=
(
OAPD

R,ϖ ⊗A+
R

B+
)
∩ FilnOBcris(R).

Therefore, we get that gi ∈ FilrOBcris(R) for all 1 ⩽ i ⩽ h and gi0 ∈
FilrOBcris(R) \ Filr+1OBcris(R). For convenience, let us write

∑
j∈N\I

cj ⊗ fr−j =
h∑

i=1
diei

with di ∈ Filr+1OBcris(R) for all 1 ⩽ i ⩽ h. In particular, comparing (4.6)
with the expression x =

∑h
i=1 biei at the start of the proof, we get bi0 =

gi0 + di0 .
Finally, since r ⩽ k, consider the following commutative diagram with

exact rows

0 Filk+1OBcris(R) FilkOBcris(R) grkOBcris(R) 0

0 Filr+1OBcris(R) FilrOBcris(R) grrOBcris(R) 0,

where the left and middle vertical arrows are injective and the right ver-
tical arrow is non-trivial if and only if r = k. From the fact that gi0 ∈
FilrOBcris(R) \ Filr+1OBcris(R), we see that the image of bi0 is non-zero
in grrOBcris(R). But we already have that image of bi0 is non-zero in
grkOBcris(R). Therefore, the right vertical arrow must be non trivial, i.e.
r = k. Hence x ∈ FilkM

[ 1
p

]
. This proves the claim. □

Lemma 4.50. — For k ∈ N, inside OAcris(R)⊗Zp
T we have

Filk
(
OAPD

R,ϖ ⊗A+
R

N(T )
)

=
(

Filk
(
OAPD

R,ϖ ⊗A+
R

A+
)
⊗Zp

T
)
∩
(
OAPD

R,ϖ ⊗A+
R

N(T )
)

.

Proof. — From Section 3.1 we have rings A+ ⊂ A+
ϖ ⊂ Ainf(R) equipped

with an induced filtration from Acris(R) and from Remark 3.18 we have an
isomorphism A+

R,ϖ ⊗A+
R

A+ ∼→ A+
ϖ compatible with Frobenius, filtration
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and GR-action. Since A+
R → A+

R,ϖ is flat and FiliA+
R,ϖ = ξiA+

R,ϖ, using
Lemma 4.53 we note that

(4.7) Filk
(

A+
R,ϖ ⊗A+

R
N(T )

)
=
∑

i+j=k

FiliA+
R,ϖ ⊗A+

R

((
FiljA+ ⊗Zp

T
)
∩N(T )

)

=

 ∑
i+j=k

FiliA+
R,ϖ ⊗A+

R
FiljA+ ⊗Zp

T

 ∩ (A+
R,ϖ ⊗A+

R
N(T )

)
=
(

FilkA+
ϖ ⊗Zp

T
)
∩
(

A+
R,ϖ ⊗A+

R
N(T )

)
.

From Definition 4.19 recall that we have the ring OA+
R,ϖ and we claim

that it is flat over A+
R,ϖ. Indeed, let T1, . . . , Td denote a set of indeter-

minates and define a map A+
R,ϖ[T1, . . . , Td] → OA+

R,ϖ via Ti 7→ Xi −
[X♭

i ], then the target may be identified with (p, ξ, T1, . . . , Td)-adic com-
pletion of the source which is noetherian, in particular, OA+

R,ϖ is flat
over A+

R,ϖ. Let us set OA+
ϖ := OA+

R,ϖ ⊗A+
R

A+ ∼→ OA+
R,ϖ ⊗A+

R,ϖ
A+

ϖ

equipped with tensor product filtration, Frobenius and GR-action. Let
J = (X1 − [X♭

1], . . . , Xd − [X♭
d])OA+

R,ϖ then the filtration on OA+
ϖ can

also be given as FilkOA+
ϖ =

∑
i+j=k J iOA+

R,ϖ ⊗A+
R,ϖ

ξjA+
ϖ. Let us set

N+
R,ϖ = A+

R,ϖ ⊗A+
R

N(T ) equipped with tensor product filtration. Then
since J is flat as an A+

R,ϖ-module an argument similar to (4.7) gives us
that

(4.8) Filk
(
OA+

R,ϖ ⊗A+
R

N(T )
)

= Filk
(
OA+

R,ϖ ⊗A+
R,ϖ

N+
R,ϖ

)
=
∑

i+j=k

J iOA+
R,ϖ ⊗A+

R,ϖ

((
FiljA+

ϖ ⊗Zp T
)
∩N+

R,ϖ

)

=

 ∑
i+j=k

J iOA+
R,ϖ ⊗A+

R,ϖ
ξjA+

ϖ ⊗Zp T

 ∩ (OA+
R,ϖ ⊗A+

R,ϖ
N+

R,ϖ

)
=
(
FilkOA+

ϖ ⊗Zp
T
)
∩
(
OA+

R,ϖ ⊗A+
R

N(T )
)
.

Let us set OAPD
ϖ := OAPD

R,ϖ ⊗A+
R,ϖ

A+
ϖ

∼→ OAPD
R,ϖ ⊗A+

R
A+ where

the isomorphism is compatible with Frobenius, filtration, connection and
GR-action. We will show our claim that

Filk
(
OAPD

R,ϖ ⊗A+
R

N(T )
)

=
(

FilkOAPD
ϖ ⊗Zp

T
)
∩
(
OAPD

R,ϖ ⊗A+
R

N(T )
)

.
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Let f ∈ {ξ, X1 − [X♭
1], . . . , Xd − [X♭

d]} be one of the generators of the
ideal (ξ, X1 − [X♭

1], . . . , Xd − [X♭
d])OAPD

ϖ and x ∈ OAPD
ϖ ⊗Zp

T . Then to
obtain our claim, it is enough to show that if f [k]x ∈

(
f [k]OAPD

ϖ ⊗Zp T
)
\(

f [k+1]OAPD
ϖ ⊗Zp T

)
such that

f [k]x ∈
(
OAPD

R,ϖ ⊗A+
R

N(T )
)

then f [k]x ∈ Filk
(
OAPD

R,ϖ ⊗A+
R

N(T )
)
. Note that the claim is true for

k = 0. So let k ⩾ 1 and f as above. Let f [k]x ∈
(
f [k]OAPD

ϖ ⊗Zp
T
)
\(

f [k+1]OAPD
ϖ ⊗Zp

T
)

such that f [k]x ∈
(
OAPD

R,ϖ ⊗A+
R

N(T )
)
. Since x ̸= 0,

by induction on k we may assume that x =
∑h

i=1 xiei ∈ OA+
ϖ ⊗Zp

T with
either xi = 0 or xi ∈ fkOA+

ϖ \ fk+1OA+
ϖ for each 1 ⩽ i ⩽ h and at least

one xi ̸= 0. Recall that we have πsA+ ⊗Zp
T ⊂ A+ ⊗A+

R
N(T ), therefore

πsx ∈ OA+
ϖ ⊗A+

R
N(T ). But then inside OBcris(R) ⊗A+

R
N(T ) we must

have

fkx = k!f [k]x ∈
(
OAPD

R,ϖ ⊗A+
R

N(T )
)
∩ 1

πs

(
OA+

ϖ ⊗A+
R

N(T )
)

= OA+
R,ϖ ⊗A+

R
N(T ).

Therefore,

fkx∈
(
FilkOA+

ϖ ⊗Zp
T
)
∩
(
OA+

R,ϖ ⊗A+
R

N(T )
)

= Filk
(
OA+

R,ϖ ⊗A+
R

N(T )
)

where the last equality follows from (4.8). Hence, inside
OBcris(R)⊗A+

R
N(T ) we have

f [k]x ∈ 1
k!Filk

(
OA+

R,ϖ ⊗A+
R

N(T )
)
∩
(
OAPD

R,ϖ ⊗A+
R

N(T )
)

⊂ Filk
(
OAPD

R,ϖ ⊗A+
R

N(T )
)

as desired. □

Remark 4.51. — From Lemma 4.52 below, it easily follows that inside
OBcris(R) we have

Filk
(
OAPD

R,ϖ ⊗A+
R

B+
)

=
(
OAPD

R,ϖ ⊗A+
R

B+
)
∩ FilkOBcris(R).

So from Lemma 4.50 we get that the corresponding rational version of the
statement is also true, i.e. inside OBcris(R)⊗Qp

V we have

Filk
(
OAPD

R,ϖ ⊗A+
R

N(V )
)

=
(

Filk
(
OAPD

R,ϖ ⊗A+
R

B+
)
⊗Qp

V
)
∩
(
OAPD

R,ϖ ⊗A+
R

N(V )
)

.
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Lemma 4.52. — For k ∈ N, inside OAcris(R) we have

Filk
(
OAPD

R,ϖ ⊗A+
R

A+
)

=
(
OAPD

R,ϖ ⊗A+
R

A+
)
∩ FilkOAcris(R).

Proof. — Recall that filtrations on OAPD
R,ϖ and OAcris(R) are com-

patible (see Remark 4.23). Moreover, from Section 3.1 the inclusion of
rings A+ ⊂ A+

ϖ ⊂ Ainf(R) is compatible with induced filtration from
Acris(R). From the proof of Lemma 4.50 we have an isomorphism of rings
OAPD

ϖ = OAPD
R,ϖ ⊗A+

R
A+ ∼→ OAPD

R,ϖ ⊗A+
R,ϖ

A+
ϖ compatible with tensor

product filtrations. Now by the description of filtration on the rightmost
term we get that OAPD

ϖ is equipped with filtration by divided powers of
the ideal (ξ, X1− [X♭

1], . . . , Xd− [X♭
d])OAPD

ϖ . Finally, the natural multipli-
cation map OAPD

R,ϖ ⊗A+
R,ϖ

A+
ϖ → OAcris(R) is injective. Hence, it follows

that for k ∈ N, inside OAcris(R) we have

Filk
(
OAPD

R,ϖ ⊗A+
R

A+
)

=
(
OAPD

R,ϖ ⊗A+
R

A+
)
∩ FilkOAcris(R). □

Lemma 4.53. — For k ∈ N we have (FilkA+⊗Zp T )∩N(T ) = FilkN(T )
and (FilkB+ ⊗Qp

V ) ∩N(V ) = FilkN(V ).

Proof. — It is enough to show that (FilkB+⊗Qp V )∩N(V ) = FilkN(V ).
Indeed, from Definition 4.16 we have FilkN(T ) = FilkN(V ) ∩ N(T ) =
(FilkB+ ⊗Qp V )∩N(V )∩N(T ) = (FilkA+ ⊗Qp T )∩N(T ) since FilkB+ ∩
A+ = FilkA+. Next, the inclusion FilkN(V ) ⊂ (FilkB+⊗Qp

V ) is obvious.
For the converse, we claim that it is enough to show that (qkB+ ⊗Qp V ) ∩
N(V ) = qkN(V ). Indeed, if we have x ∈ (FilkB+ ⊗Qp

V ) ∩ N(V ) then
φ(x) ∈ (qkB+ ⊗Qp V ) ∩N(V ) = qkN(V ), i.e. x ∈ FilkN(V ).

The inclusion qkN(V ) ⊂ (qkB+ ⊗Qp
V ) ∩ N(V ) is obvious. To show

the converse, first let us assume that N(V ) is free with {f1, f2, . . . , fh}
as a B+

R-basis, and let {e1, . . . , eh} be a Qp-basis of V . Now let qkx ∈
(qkB+ ⊗Qp

V ) ∩N(V ) for x =
∑h

i=1 xiei ∈ B+ ⊗Qp
V . We can also write

qkx =
∑h

i=1 yifi ∈ N(V ) with yi ∈ B+
R. Next, from Proposition 4.11 we

have πsB+ ⊗Qp
V ⊂ B+ ⊗B+

R
N(V ), so we can write

qkx = π−sqk
h∑

i=1
xiπ

sei = π−sqk
h∑

i=1
xi

h∑
j=1

zijfj = π−sqk
h∑

i=1

 h∑
j=1

xjzji

 fi,

with zij ∈ B+. But then we must have π−sqk
∑h

j=1 xjzji = yi for all 1 ⩽

i ⩽ h. Since HR acts trivially on π, q and yi, we get that wi :=
∑h

j=1 xjzji ∈
B+

R. But yi ∈ B+
R and π and q are coprime in B+

R (since q ≡ p mod πB+
R),
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therefore we obtain that wi ∈ πsB+
R. In particular, yi ∈ qkB+

R, therefore
qkx =

∑h
i=1 yifi ∈ qkN(V ). Hence, (qkB+ ⊗Qp

V ) ∩N(V ) = qkN(V ).
Next, if N(V ) is projective (and not free) over B+

R, let R′ be the p-adic
completion of a finite étale algebra over R such that the scalar exten-
sion B+

R′ ⊗B+
R

N(V ) is a free module over B+
R′ and R′[ 1

p

]
/R
[ 1

p

]
is Galois

(see Definition 4.9). Then we can argue as above and conclude by taking
Gal
(
R′[ 1

p

]
/R
[ 1

p

])
-invariants of qkB+

R′ ⊗B+
R

N(V ). □

Corollary 4.54. — For k ∈ N we have Filk
(
OAPD

R,ϖ ⊗R M
[ 1

p

]
) ∼→

Filk(OAPD
R,ϖ ⊗A+

R
N(V )) under the isomorphism (4.5).

Proof. — From the definition of filtration on the left term we know that
the map in claim is injective. To check the surjectivity, using Proposi-
tion 4.49, it is enough to show that under the isomorphisms

OAPD
R,ϖ ⊗R ODcris(V ) ∼←− OAPD

R,ϖ ⊗R M

[
1
p

]
∼−→ OAPD

R,ϖ ⊗A+
R

N(V )

we have

FilkN(V ) ⊂ Filk
(
OAPD

R,ϖ ⊗R ODcris(V )
)

for all k ∈ N.

Using Lemma 4.53, note that inside OBcris(R)⊗Qp
V , we have

FilkN(V ) ⊂ Filk
(
OBcris(R)⊗Qp

V
)
∩OAPD

R,ϖ ⊗R ODcris(V ).

We claim that the last term equals Filk(OAPD
R,ϖ ⊗R ODcris(V )), i.e. the

induced filtration on OAPD
R,ϖ ⊗R ODcris(V ) is the tensor product filtration

(or equivalently, on OAPD
R,ϖ

[ 1
p

]
⊗R[ 1

p ] ODcris(V ) since Filk(OAPD
R,ϖ)

[ 1
p

]
=

Filk
(
OAPD

R,ϖ

[ 1
p

])
). Indeed, from Section 2.3 recall that ODcris(V ),

FilkODcris(V ) and grkODcris(V ) are projective R
[ 1

p

]
-modules for all k ∈

N. Then it easily follows that for i, j ∈ N such that i + j = k, inside
Filk

(
OAPD

R,ϖ

[ 1
p

]
⊗R[ 1

p ] ODcris(V )
)

we have(
FiliOAPD

R,ϖ

[
1
p

]
⊗R[ 1

p ] FiljODcris(V )
)

∩ Filk+1
(
OAPD

R,ϖ

[
1
p

]
⊗R[ 1

p ] ODcris(V )
)

= FiliOAPD
R,ϖ

[
1
p

]
⊗R[ 1

p ] Filj+1ODcris(V )

+ Fili+1OAPD
R,ϖ

[
1
p

]
⊗R[ 1

p ] FiljODcris(V ).
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Therefore, we get that

grk

OAPD
R,ϖ

[
1
p

]⊗
R[ 1

p ]

ODcris(V )


=
⊕

i+j=k

griOAPD
R,ϖ

[
1
p

]⊗
R[ 1

p ]

grjODcris(V ).

Similarly, one can also show that

grk

OBcris(R)
⊗
R[ 1

p ]

ODcris(V )


=
⊕

i+j=k

griOBcris(R)
⊗
R[ 1

p ]

grjODcris(V ).

Since the filtration on OAPD
R,ϖ

[1
p

]
is induced from the filtration on OBcris(R)

(see Remark 4.23), the natural map grkOAPD
R,ϖ

[ 1
p

]
→ grkOBcris(R) is

injective. Therefore, the natural map grk
(
OAPD

R,ϖ

[ 1
p

]
⊗R ODcris(V )

)
→

grk(OBcris(R) ⊗R[ 1
p ] ODcris(V )) = grk(OBcris(R) ⊗QQp

V ) is injective as
well. Hence, we have Filk(OBcris(R) ⊗Qp

V ) ∩ OAPD
R,ϖ ⊗R ODcris(V ) =

Filk(OAPD
R,ϖ ⊗R ODcris(V )) for all k ∈ N. □

4.6. One-dimensional representations

In this section we will show that all one-dimensional crystalline repre-
sentations are of finite q-height by writing down the corresponding Wach
modules precisely.

Proposition 4.55. — All one-dimensional crystalline representations
of GR are of finite q-height. Furthermore, for a one-dimensional crystalline
representation V we have an isomorphism of R

[ 1
p

]
-modules(

OAPD
R,ϖ ⊗A+

R
N(V )

)ΓR ∼−→ ODcris(V ).

Therefore, there exists natural isomorphisms

OAPD
R,ϖ ⊗R ODcris(V ) ∼←− OAPD

R,ϖ ⊗R

(
OAPD

R,ϖ ⊗A+
R

N(V )
)ΓR

∼−→ OAPD
R,ϖ ⊗A+

R
N(V ),

compatible with Frobenius, filtration and the action of ΓR.
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Proof. — The structure of one-dimensional crystalline representations of
GR is well-known (see [14, Section 8.6]). From Proposition 2.3 we have that
for η : GR → Z×

p , a continuous character, V = Qp(η) is crystalline if and
only if we can write η = ηfηurχ

n with n ∈ Z, and where ηf is a finite un-
ramified character, ηur is an unramified character taking values in 1 + pZp

and trivialized by an element α ∈ 1 + pR̂ur, and χ is the p-adic cyclotomic
character. Recall that a p-adic representation of GR is unramified if the ac-
tion of GR factorizes through the quotient Gur

R (see Section 2.3). Moreover,
if ηf is trivial then ODcris(V ) is a free R

[ 1
p

]
-module of rank 1.

In Lemma 4.56 below, we show that crystalline representations V1 :=
Qp(ηfηur) and V2 := Qp(χn) are of finite q-height. For a one-dimensional
crystalline representation V := Qp(η) = Qp(ηfηur) ⊗Qp

Qp(χn) = V1 ⊗Qp
V2

as above, by compatibility of tensor products in Propositions 4.14 we get
that V is a finite q-height representation as well with

N(V ) = N(V1)⊗B+
R

N(V2).

From the isomorphisms of OAPD
R,ϖ-modules in Lemma 4.56, compatibil-

ity of Wach modules with tensor product in Proposition 4.14 and com-
patibility of the functor ODcris with tensor products in Section 2.3 (see
also [14, Théorème 8.4.2]), we get a string of isomorphisms of OBPD

R,ϖ :=
OAPD

R,ϖ

[ 1
p

]
-modules compatible with Frobenius, filtration and the action

of ΓR,

OAPD
R,ϖ ⊗R ODcris(V )

∼−→
(
OAPD

R,ϖ ⊗R ODcris(V1)
)
⊗OBPD

R,ϖ

(
OAPD

R,ϖ ⊗R ODcris(V2)
)

∼←−
(
OAPD

R,ϖ ⊗A+
R

N(V1)
)
⊗OBPD

R,ϖ

(
OAPD

R,ϖ ⊗A+
R

N(V2)
)

∼−→ OAPD
R,ϖ ⊗A+

R
N(V1)⊗B+

R
N(V2)

∼−→ OAPD
R,ϖ ⊗A+

R
N
(
V1 ⊗Qp V2

) ∼−→ OAPD
R,ϖ ⊗A+

R
N(V ).

Taking ΓR-invariants of the first and the last term gives us that
ODcris(V ) ∼→

(
OAPD

R,ϖ ⊗A+
R

N(V )
)ΓR , compatible with Frobenius and fil-

tration. □

Following claim was used above:

Lemma 4.56.
(i) Let η : GR → Z×

p be a continuous unramified character. Then the
p-adic representation Qp(η) is a finite q-height representation.

(ii) Let χ be the p-adic cyclotomic character then for n ∈ Z, the p-adic
representation Qp(n) is a finite q-height representation.
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Further, for V = Qp(η),Qp(n) we have an isomorphism of R
[ 1

p

]
-modules(

OAPD
R,ϖ ⊗A+

R
N(V )

)ΓR ∼−→ ODcris(V ).

Therefore, there exists natural isomorphisms

OAPD
R,ϖ ⊗R ODcris(V ) ∼←− OAPD

R,ϖ ⊗R

(
OAPD

R,ϖ ⊗A+
R

N(V )
)ΓR

∼−→ OAPD
R,ϖ ⊗A+

R
N(V ),

compatible with Frobenius, filtration and the action of ΓR.

Proof. — Let η = ηfηur, where ηf is an unramified character of finite
order and ηur is an unramified character taking values in 1 + pZp and
trivialised by an element α ∈ 1 + pR̂ur (see Proposition 2.3).

First, let us consider the finite unramified character ηf. Set T = Zp(ηf) =
Zpe, such that g(e) = ηf(g)e. We have

D+(Zp(ηf)
)

=
(
A+ ⊗Zp Zp(ηf)

)HR

∼−→
{

a⊗ e, with a ∈ A+ such that g(a) = η−1
f (g)a, for g ∈ HR

}
.

Since ηf is a finite unramified character, it trivializes over a finite Ga-
lois extension S over R (see [14, Proposition 8.6.1]), and we have that
Gal
(
S
[ 1

p

]
/R
[ 1

p

])
= GR/GS = HR/HS = ΓR/ΓS . As S is finite étale

over R the construction of previous chapters apply and we obtain that
the A+

S -module D+
S

(
Zp(ηf)

)
=
(
A+⊗Zp

Zp(ηf)
)HS = A+

S (ηf) = A+
S e is free

of rank 1. Further, we know that D+(Zp(ηf)
)

= D+
S

(
Zp(ηf)

)HR/HS , which
implies that the natural inclusion

A+
S ⊗A+

R
D+(Zp(ηf)

)
−→ D+

S

(
Zp(ηf)

)
,

is bijective. Since A+
R → A+

S is faithfully flat, we obtain that D+(Zp(ηf)
)

is
projective of rank 1. Moreover, D+(Zp(ηf)

)
admits a Frobenius-semilinear

endomorphism φ such that D+(Zp(ηf)
) ∼→ φ∗(D+(Zp(ηf)

))
(one can ob-

tain this after faithfully flat scalar extension A+
R → A+

S and applying
descent as above, since φ commutes with GR-action). The action of ΓR is
trivial on D+(Zp(ηf)

)
. Now, we can take N

(
Zp(ηf)

)
= D+(Zp(ηf)

)
. From

the discussion above, N
(
Zp(ηf)

)
clearly satisfies the conditions of Defini-

tion 4.9. Also, we have that N(Qp(ηf)) = D+(Qp(ηf)). On the other hand,
we have

ODcris
(
Qp(ηf)

)
=
(
OBcris(R)⊗Qp

Qp(ηf)
)GR

=
{

b⊗ e, with b ∈ OBcris(R) such that g(b) = ηf(g)b
}

.
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Since ηf trivializes over the finite Galois extension S over R, we have(
OAPD

S,ϖ ⊗A+
R

N
(
Qp(ηf)

))ΓS

= S0

[
1
p

]
e =

(
OBcris(S)⊗Qp

Qp(ηf)
)GS

,

where the rings OAPD
S,ϖ and OBcris(S) are defined for S over which all the

construction of previous sections apply (since S is finite étale over R). Now
taking invariants under the finite Galois group Gal

(
S
[ 1

p

]
/R
[ 1

p

])
= GR/GS ,

gives us (
OAPD

R,ϖ ⊗A+
R

N
(
Qp

(
ηf
)))ΓR

= ODcris
(
Qp(ηf)

)
.

Clearly, the natural maps

OAPD
R,ϖ ⊗R ODcris

(
Qp(ηf)

) ∼←− OAPD
R,ϖ ⊗R

(
OAPD

R,ϖ ⊗A+
R

N
(
Qp(ηf)

))ΓR

∼−→ OAPD
R,ϖ ⊗A+

R
N
(
Qp(ηf)

)
,

are isomorphisms compatible with Frobenius, filtration and the action of ΓR.
Next, let us consider the unramified character ηur which takes values in

1 + pZp and trivialised by an element α ∈ 1 + pR̂ur (see Proposition 2.3).
Set T = Zp(ηur) = Zpe, such that g(e) = ηur(g)e. We have

D+(Zp(ηur)
)

=
(
A+ ⊗Zp

Zp(ηur)
)HR = A+

Rαe.

So we take N
(
Zp(ηur)

)
= D+(Zp(ηur)

)
= A+

Rαe. This clearly satisfies the
conditions of Definition 4.9. Also, we have that N(Qp(ηur)) = D+(Qp(ηur)).
On the other hand, we have

ODcris
(
Qp(ηur)

)
=
(
OBcris(R)⊗Qp

Qp(ηur)
)GR

=
{

b⊗ e, with b ∈ OBcris(R) such that g(b) = ηur(g)b
}

= R

[
1
p

]
αe.

Therefore, we obtain(
OAPD

R,ϖ ⊗A+
R

N
(
Qp(ηur)

))ΓR

= R

[
1
p

]
αe =

(
OBcris(R)⊗Qp

Qp(ηur)
)GR

.

Clearly, the natural maps

OAPD
R,ϖ⊗RODcris

(
Qp(ηur)

) ∼←−OAPD
R,ϖ ⊗R

(
OAPD

R,ϖ ⊗A+
R

N
(
Qp(ηur)

))ΓR

∼−→OAPD
R,ϖ ⊗A+

R
N
(
Qp(ηur)

)
,

are isomorphisms compatible with Frobenius, filtration and the action of ΓR.
Finally, let T = Zp(n) = Zpen such that g(en) = χ(g)nen, then V =

Qp ⊗Zp
T is a crystalline representation and we can take N

(
Zp(n)

)
=

A+
Rπ−nen. Note that for n ⩽ 0, we have that N

(
Zp(n)

)
/φ∗(N(Zp(n)

))
is
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killed by q−n, where q = φ(π)
π . It can easily be verified that ΓR acts trivially

modulo π on N(T ). So, we set N
(
Qp(n)

)
= B+

Rπ−nen. Similarly,

ODcris
(
Qp(n)

)
=
(
OBcris(R)⊗Qp Qp(n)

)GR = R

[
1
p

]
t−nen,

and
(
OAPD

R,ϖ ⊗A+
R

N
(
Qp(n)

))ΓR = R
[ 1

p

]
t−nen = ODcris

(
Qp(n)

)
compat-

ible with Frobenius, filtration and connection on each side. Finally, the
map

OAPD
R,ϖ ⊗R ODcris

(
Qp(n)

)
−→ OAPD

R,ϖ ⊗A+
R

N
(
Qp(n)

)
t−nen 7−→

πn

tn
π−nen.

is trivially an isomorphism compatible with Frobenius, filtration and the
action of ΓR, since πn

tn ∈ OAPD
R,ϖ are units for n ∈ Z (see Lemma 3.14).

This proves the lemma. □

Remark 4.57. — Note that for T = Zp

(
ηfηur

)
or Zp(n), we even have an

isomorphism on the integral level

OAPD
R,ϖ ⊗R

(
OAPD

R,ϖ ⊗A+
R

N(T )
))ΓR ∼−→ OAPD

R,ϖ ⊗A+
R

N(T ).

5. Relative Fontaine–Laffaille modules

In this section we will consider relative Fontaine–Laffaille data and con-
struct Wach modules given such data. Carrying out such a process would
involve starting with a module over R and constructing modules over the
ring APD

R,ϖ and A+
R,ϖ, and finally descending over to the ring A+

R.
Explicitly, we will work with objects of the category MF[0,p−2], free(R,Φ,∂),

defined by [36, Section 4] as a full subcategory of the abelian category
MF∇

[0,p−2](R) introduced by Faltings in [19, Section II]. In particular,

Definition 5.1. — Define the category of free relative Fontaine–Laffaille
modules of level [0, p− 2], denoted by MF[0,p−2], free(R, Φ, ∂), as follows:
An object with weights in the interval [0,p−2] is a quadruple (M,Fil•M,∂,Φ)
such that,

(i) M is a free R-module of finite rank.
(ii) M is equipped with a decreasing filtration {FilkM}k∈Z by finite

R-submodules with Fil0M = M and Fils+1M = 0 such that grk
FilM

is a finite free R-module for every k ∈ Z.
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(iii) The connection ∂ : M → M ⊗R Ω1
R is p-adically quasi-nilpotent

and integrable, and satisfies Griffiths transversality with respect to
the filtration, i.e. ∂(FilkM) ⊂ Filk−1M ⊗R Ω1

R for k ∈ Z.
(iv) Let (φ∗(M), φ∗(∂)) denote the pullback of (M, ∂) by φ : R → R,

and equip it with a decreasing filtration defined as Filkp(φ∗(M)) =∑
i∈N p[i]φ∗(Filk−iM) for k∈Z. We suppose that there is an R-linear

morphism Φ : φ∗(M) → M such that Φ is compatible with con-
nections, Φ

(
Filkp(φ∗(M))

)
⊂ pkM for 0 ⩽ k ⩽ s, and we have∑s

k=0 p−kΦ
(
Filkp(φ∗(M))

)
= M . We denote the composition M →

φ∗(M) Φ−→M by φ.
A morphism between two objects of the category MF[0,p−2], free(R, Φ, ∂)
is a continuous R-linear map compatible with the homomorphism Φ, the
connection ∂ and filtration on each side.

Notation 5.2. — Abusing notations, we will denote (M, FilkM, ∂, Φ) ∈
MF[0,p−2], free(R, Φ, ∂) by M and say that it is of level [0, p− 2].

To an object M ∈ MF[0,p−2], free(R, Φ, ∂), we associate a Zp-module as

(5.1) T ∗
cris(M) := HomR,Fil,φ,∂(M,OAcris(R)),

i.e. R-linear maps from M to OAcris(R) compatible with Frobenius, filtra-
tion and connection, where we have φ : M → φ∗(M) Φ−→M .

Proposition 5.3.
(i) For a free Fontaine–Laffaille module M of level [0, p − 2], the

Zp-module T ∗
cris(M) is a free module of rank = rkRM equipped

with a continuous action of GR. Further, the p-adic representation
V ∗

cris(M) := Qp ⊗Zp
T ∗

cris(M) is a crystalline representation of GR

with Hodge–Tate weights in the interval [0, p− 2].
(ii) The contravariant Zp-linear functor

T ∗
cris : MF[0,p−2], free(R, Φ, ∂) −→ RepZp, free(GR),

is fully faithful. Here RepZp, free(GR) denotes the category of finite
free Zp-modules equipped with a continuous action of GR.

Proof. — The claim in (i) follows from [19, Theorem 2.4] and [36, Propo-
sition 66]. Further, the claim in (ii) follows from [19, Theorem 2.4] and [36,
Theorem 77]. □

Definition 5.4. — Let M be a free relative Fontaine–Laffaille module
of level [0, p− 2], and set

Tcris(M) := HomZp(T ∗
cris(M),Zp),
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which is a free Zp-module of rank = rkRM , admitting a continuous action
of GR.

The main result of this section is as follows:

Theorem 5.5. — For a free relative Fontaine–Laffaille module M over R

of level [0, p−2], the associated representation Vcris(M) := Qp⊗Zp
Tcris(M)

is a positive finite q-height representation (in the sense of Definition 4.9).

The proof crucially exploits the computation of Fontaine [22], Wach [38]
and Tsuji [36]. It follows in three steps: First, starting with a Fontaine–
Laffaille module, we obtain an APD

R,ϖ-module using formal consequences of
crystalline site for maps θ : APD

R,ϖ ↠ R[ϖ], and θR : OAPD
R,ϖ ↠ R[ϖ] (see

Proposition 5.25, we also give an alternate proof of the proposition). Next,
we exploit equivalence of categories obtained in Theorem 5.21 by extending
scalars along APD

R,ϖ ↠ APD
R,ϖ/I(p−1)APD

R,ϖ
∼← A+

R,ϖ/I(p−1)A+
R,ϖ ↞ A+

R,ϖ.
This gives us an A+

R,ϖ-module with precise description of the Frobenius
and the action of ΓR (see Proposition 5.30). Finally, we descend over to
the ring A+

R by exploiting the Frobenius and ΓR-action, thus obtaining a
Wach module over A+

R and proving the theorem (see Section 5.3.2).
For clarity of exposition and notational convenience in explaining the

result of the first step, we start with preliminaries on some ideals of A+
R,ϖ

and APD
R,ϖ (appearing in the second step in the paragraph above) which will

help us in proving categorical equivalence between certain modules over the
concerned rings.

5.1. Some ideals of A+
R,ϖ and APD

R,ϖ

In this section, we will collect some technical results about the rings
A+

R,ϖ and APD
R,ϖ and some of their ideals. The results are motivated by

the corresponding results over Ainf(R) and Acris(R) and their respective
ideals, studied in [22, Section 5].

Lemma 5.6. — Let a ∈ A+
R,ϖ such that A+

R,ϖ/pA+
R,ϖ is a-torsion free

and a-adically complete. Then,
(i) A+

R,ϖ is (p, a)-adically complete.
(ii) For n ∈ N, the rings A+

R,ϖ/anA+
R,ϖ are p-torsion free and p-adically

complete.
(iii) For n∈N, A+

R,ϖ and A+
R,ϖ/pnA+

R,ϖ are a-torsion free and a-adically
complete.

(iv) The (p, a)-adic topology coincides with (p, πm)-adic topology.

ANNALES DE L’INSTITUT FOURIER



CRYSTALLINE REPRESENTATIONS AND WACH MODULES 455

Proof. — As A+
R,ϖ is a flat Zp-algebra, claims (i), (ii) and (iii) follow

from [36, Lemma 2]. The last claim follows from [36, Lemma 1] and the
fact that A+

R,ϖ ⊂ Ainf(R), where the former ring is equipped with the
induced topology. □

For n ∈ N, let us write n = (p− 1)f(n) + r(n), with r(n), f(n) ∈ N and
0 ⩽ r(n) < p− 1. Let t{n} := tn

pf(n)f(n)! .

Lemma 5.7. — We have tp−1 ∈ pAPD
R,ϖ, therefore t{n} ∈ APD

R,ϖ.

Proof. — Note that we have q = φ(π)
π = pφ

(
π
t

)
t
π . Since t

π is a unit in
APD

R,ϖ (see Lemma 3.14), we get that q and p are associates in APD
R,ϖ. But

also, q = φ(π)
π = πp−1 + p(πp−2 + · · ·+ 1), i.e. πp−1 ∈ pAPD

R,ϖ. Again, using
Lemma 3.14, we get that tp−1 ∈ pAPD

R,ϖ. □

Note that we also have π = exp(t)−1 =
∑

n⩾1
tn

n! =
∑

n⩾1 cnt{n}, where
cn = pf(n)f(n)!

n! such that cn → 0 as n→ +∞ (see [22, Section 5.2.4]). Let

Λ :=
{∑

n∈N
ant{n} with an ∈ OF such that an −→ 0 as n −→ +∞

}

be a ring and let z =
∑

a∈Fp
[ε][a] and π0 = z − p. then we have π0 =

(p − 1)
∑

n⩾1, (p−1)|n
tn

n! ∈ Λ. Further, we have that π0 ∈ pΛ and there
exists υ ∈ Λ× such that π0

p = v tp−1

p , see [22, Section 5.2.5].
Next, recall that the filtration on Acris(R) is given as FilkAcris(R) =

⟨ξ[n], n ⩾ k⟩ ⊂ Acris(R), for k ∈ N (see Section 2.2). The filtration on
Ainf(R) is defined as the induced filtration, i.e. FilkAinf(R) = FilkAcris(R)∩
Ainf(R) = ξkAinf(R). Similarly, the filtration on APD

R,ϖ is again given by
divided powers of ξ, i.e. FilkAPD

R,ϖ = ⟨ξ[n], n ⩾ k⟩ ⊂ APD
R,ϖ, for k ∈ N (see

Definition 3.11). The filtration on A+
R,ϖ is defined as the induced filtration,

i.e. FilkA+
R,ϖ = FilkAPD

R,ϖ ∩A+
R,ϖ = ξkAinf(R).

Now, for k ∈ N let us define an ideal of Ainf(R) as

I(k)Ainf(R) = {x ∈ Ainf(R) such that φn(x) ∈ FilkAinf(R) for n ∈ N}.

Similarly, we define respective ideals I(k)Acris(R) ⊂ Acris(R), I(k)A+
R,ϖ ⊂

A+
R,ϖ and I(k)APD

R,ϖ ⊂ APD
R,ϖ. We have

A+
R,ϖ = Ainf(R) ∩AR,ϖ ⊂W (C(R)♭),

so we obtain that
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Lemma 5.8.
(i) The ideal I(k)A+

R,ϖ is generated by πk.
(ii) The element π0 is a generator of I(p−1)A+

R,ϖ.
(iii) Let S0 = W Jπ0K then there exists a unit u ∈ S0 such that φ(π0) =

uπ0zp−1.

Proof. — From the definitions it is clear that I(k)Ainf(R) ∩ A+
R,ϖ =

I(k)A+
R,ϖ, where we take the intersection inside Ainf(R). Now, from [22,

Section 5.1.3, Proposition] we have that I(k)Ainf(R) = πkAinf(R). Take
x ∈ I(k)A+

R,ϖ ⊂ I(k)Ainf(R) and write x = πky for some y ∈ Ainf(R).
But then we have x = πky ∈ AR,ϖ, i.e. y ∈ Ainf(R) ∩ AR,ϖ = A+

R,ϖ.
So we obtain that I(k)A+

R,ϖ = πkA+
R,ϖ. This shows (i). For (ii), note that

π0 ∈ A+
R,ϖ, and A+

R,ϖ = Ainf(R) ∩ AR,ϖ. So arguing as above we get
π0Ainf(R)∩A+

R,ϖ = π0A+
R,ϖ. Now, from [22, Section 5.2.6, Proposition (i)]

we have that I(p−1)Ainf(R) = π0Ainf(R). So we obtain that I(p−1)A+
R,ϖ =

I(p−1)Ainf(R)∩A+
R,ϖ = π0Ainf(R)∩A+

R,ϖ = π0A+
R,ϖ. Claim in (iii) follows

from [22, Section 5.2.6, Proposition (ii)]. □

Proposition 5.9. — The continuous morphism of A+
R,ϖ-algebras

α : A+
R,ϖ ⊗̂S0Λ −→ APD

R,ϖ∑
n∈N

an ⊗
(

π0

p

)[n]
7−→

∑
n∈N

an

(
π0

p

)[n]
,

is an isomorphism.

Proof. — The proof follows in a manner similar to the proof of [22, Sec-
tion 5.2.7, Théorème]. The homomorphism α in the claim is well defined and
continuous since π0

p ∈ Fil1APD
R,ϖ. So we are left to show that α is an isomor-

phism. Since the source and targets are p-adically complete p-torsion-free
rings, it is enough to show that α is an isomorphism modulo p.

Let z1 = φ−1(z) ∈ A+
R,ϖ. Note that APD

R,ϖ modulo p is the divided
power envelope of E+

R,ϖ with respect to the ideal generated by z1 ≡ ξ

mod p. Therefore, it is a free module over E+
R,ϖ/z1

p with basis the im-
ages of z

[pn]
1 , or equivalently

( zp
1
p

)[n]. From Lemma 5.8(iii), we have that
φ(π0) = uπ0zp−1, with u ∈ S×

0 . Therefore, π0 = φ−1(u)φ−1(π0)zp−1
1 =

φ−1(u)(z1 − p)zp−1
1 , which implies that E+

R,ϖ/z1
p = E+

R,ϖ/π0 and APD
R,ϖ

modulo p is a free module over E+
R,ϖ/π0 with basis the images of

(
π0
p

)[n].
Since it is immediate that the same is true for A+

R,ϖ ⊗S0 Λ modulo p, we
get the claim. □
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Lemma 5.10. — For k ∈ N the ideal I(k)APD
R,ϖ is a divided power ideal

which is the associated A+
R,ϖ-submodule of APD

R,ϖ generated by t{n} for
n ⩾ k.

Proof. — The proof follows in a manner similar to the proof of [22, Sec-
tion 5.3.5, Proposition]. Let J (k) be the A+

R,ϖ-submodule of APD
R,ϖ gener-

ated by t{n} for n ⩾ k. It is straightforward to check that J (k) ⊂ I(k), and
J (k) is a divided power ideal. Thus it remains to show that I(k) ⊂ J (k). We
will show this by induction on k. The case k = 0 is trivial.

Now suppose k ⩾ 1 and x ∈ I(k). The induction hypothesis allows us
to write x =

∑
n⩾k−1 ant{n} where an ∈ A+

R,ϖ goes to 0 as n → +∞. If
b = an−1, we have a = bt{n−1} + a′ where a′ ∈ J (k) ⊂ I(k), thus bt{k−1} ∈
I(k). But φs(bt{k−1}) = p(k−1)sφs(b)t{k−1} = ck,sφs(b)t{k−1}, where ck,s is
a nonzero rational number. Since tk−1 ∈ Filk−1APD

R,ϖ \ FilkAPD
R,ϖ, one has

b ∈ I(1)APD
R,ϖ ∩ A+

R,ϖ, which is the principal ideal generated by π. Thus
bt{k−1} belongs to an ideal of APD

R,ϖ generated by πt{k−1}. But t
π ∈ APD

R,ϖ

is a unit (see Lemma 3.14). Hence, bt{k−1} belongs to an ideal generated
by t · t{k−1}, which is contained in J (k). □

Following is an immediate consequence of Lemma 5.10:

Corollary 5.11. — For k ∈ N, consider the homomorphism A+
R,ϖ →

I(k)APD
R,ϖ sending x 7→ x · t{k}. Then, the induced map A+

R,ϖ/I(1)A+
R,ϖ →

I(k)APD
R,ϖ/I(k+1)APD

R,ϖ is bijective.

Now, from [22, Section 5.3.5, Proposition], we have a natural isomor-
phism Ainf(R)/I(k)Ainf(R) ∼→ Acris(R)/I(k)Acris(R), for 0 ⩽ k ⩽ p− 1. A
similar statement is true in our setting:

Proposition 5.12. — For k ∈ N, A+
R,ϖ/I(k)A+

R,ϖ and APD
R,ϖ/I(k)APD

R,ϖ

are p-torsion free. Moreover, if 0 ⩽ k ⩽ p − 1, then the natural map
A+

R,ϖ/I(k)A+
R,ϖ → APD

R,ϖ/I(k)APD
R,ϖ is an isomorphism.

Proof. — The proof follows from arguments similar to the proof of [22,
Section 5.3.5, Proposition]. First, note that for every k∈N, APD

R,ϖ/FilkAPD
R,ϖ

is torsion free. Further, the kernel of the map

APD
R,ϖ −→ (APD

R,ϖ/FilkAPD
R,ϖ)N

x 7−→ (φn(x) mod FilkAPD
R,ϖ)k∈N,

is I(k)APD
R,ϖ. Therefore, we get A+

R,ϖ/I(k)A+
R,ϖ ↣ APD

R,ϖ/I(k)APD
R,ϖ ↣

(APD
R,ϖ/FilkAPD

R,ϖ)N, which implies that the former two rings are torsion
free.
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From Proposition 5.9 and Lemma 5.10, it follows that as A+
R,ϖ-module,

APD
R,ϖ/I(k)APD

R,ϖ is generated by the images of
(

π0
p

)[n] for 0 ⩽ (p−1)n < k.
For 0 ⩽ k ⩽ p−1, we have that

(
π0
p

)[n] ∈ A+
R,ϖ, hence we get the claim. □

Next, we mention a lemma useful for the proof of Proposition 5.20.

Lemma 5.13.
(i) For 0 ⩽ k < j, we have that I(k)APD

R,ϖ/I(j)APD
R,ϖ is p-torsion free.

(ii) For k ∈ N, we have that I(k)APD
R,ϖ is p-adically complete.

Proof. — The proof (i) is similar to the proof of [35, Lemma A3.19(1)].
Let x ∈ I(k)APD

R,ϖ and assume that px ∈ I(j)APD
R,ϖ. Then pφi(x) ∈ FiljAPD

R,ϖ

for all i ∈ N. Since APD
R,ϖ/FiljAPD

R,ϖ ⊂ Acris(R)/FiljAcris(R) is p-torsion
free (see [35, Lemma A2.11(2)]), we get that φi(x) ∈ FiljAPD

R,ϖ for all i ∈ N,
i.e. x ∈ I(j)APD

R,ϖ.
The proof of (ii) is similar to the proof of [35, Lemma A3.27]. We will

prove the statement by induction on k. For k = 0, the statement is trivial by
the definition of APD

R,ϖ. Next, from part (i) and Corollary 5.11, we have that
I(k)APD

R,ϖ/I(k+1)APD
R,ϖ is p-torsion free and p-adically complete. Therefore,

we obtain exact sequences

0 −→ lim
n

(
I(k+1)APD

R,ϖ ⊗ Z/pnZ
)
−→ lim

n

(
I(k)APD

R,ϖ ⊗ Z/pnZ
)

−→ I(k)APD
R,ϖ/I(k+1)APD

R,ϖ −→ 0.

The statement now follows by induction on k. □

5.2. Equivalence of categories

In [36], Tsuji has established a relationship between free relative Fontaine–
Laffaille modules (see Definition 5.1) and Ainf(R)-representations as well
as Acris(R)-representations of GR (in a precise functorial manner). Tsuji’s
computations are motivated by computations of Wach in [38] for the arith-
metic case.

Recall from Section 5.1 that for k ∈ N we have the ideal

I(k)Ainf(R) = {x ∈ Ainf(R) such that φn(x) ∈ FilkAinf(R) for n ∈ N}.

Similarly, we define respective ideals I(k)Acris(R) ⊂ Acris(R), I(k)A+
R,ϖ ⊂

A+
R,ϖ and I(k)APD

R,ϖ ⊂ APD
R,ϖ. Given a free Fontaine–Laffaille module,

in [36, Section 5] Tsuji functorially obtains an Acris(R)-module (in a manner

ANNALES DE L’INSTITUT FOURIER



CRYSTALLINE REPRESENTATIONS AND WACH MODULES 459

similar to Proposition 5.25). Furthermore, he exploits the natural isomor-
phism Ainf(R)/I(p−1)Ainf(R) ∼→ Acris(R)/I(p−1)Acris(R), to construct an
Ainf(R)-representation of GR. The last step is carried out by establishing
certain equivalence of categories. Tsuji’s computations are general and fol-
lows from certain assumptions on the structure of the rings and modules,
one is studying. In this section, we will recall and verify those assumptions
in our case, which would help us in establishing equivalence between several
categories (see Theorem 5.21).

Let A = A+
R,ϖ, A+

R,ϖ/I(p−1)A+
R,ϖ, APD

R,ϖ, or APD
R,ϖ/I(p−1)APD

R,ϖ.

Lemma 5.14. — Let q = φ(π)
π ∈ A, then q is a non-zero-divisor in A.

Proof. — For A = A+
R,ϖ and APD

R,ϖ, the claim follows from the def-
initions. Next, note that we have q = φ(π)

π = πp−1 + pu ∈ A+
R,ϖ for

some unit u ∈ A+
R,ϖ, in particular, q ≡ pu mod πp−1. As I(p−1)A+

R,ϖ =
πp−1A+

R,ϖ by Lemma 5.8(ii), we obtain that q and p are associates in
A+

R,ϖ/I(p−1)A+
R,ϖ

∼→ APD
R,ϖ/I(p−1)APD

R,ϖ. Since A+
R,ϖ/I(p−1)A+

R,ϖ and
APD

R,ϖ/I(p−1)APD
R,ϖ are p-torsion free, we conclude by Proposition 5.12. □

Next, note that we have Fil0A = A and FiliA · FiljA ⊂ Fili+jA for
i, j ∈ Z, and φ(FilkA) ⊂ qkA for k ∈ N. In particular, we see that our
choice of A and q satisfies [36, Condition 39].

Definition 5.15. — Define the category MFq
[0,p−2], free(A, φ, ΓR) as fol-

lows: An object is a triplet (N, FilkN, φ) such that,
(i) N is a free A-module of rank h.
(ii) The filtration FilkN is decreasing and there exists an A-basis of N

as {e1, . . . , eh} and integers k1, . . . , kh ∈ N⩽p−2 such that we have
FilkN =

∑h
i=1 Filk−kiAei for 0 ⩽ k ⩽ p− 2.

(iii) A Frobenius-semilinear endomorphism φ : N → N such that we
have φ(FilkN) ⊂ qkN for 0 ⩽ k ⩽ p− 2 and

p−2∑
k=0

A · q−kφ(FilkN) = N.

(iv) N is equipped with a continuous action of ΓR such that FilkN is
stable under this action, and the endomorphism φ commutes with
the action of ΓR.

A morphism between two objects of the category MFq
[0,p−2], free(A, φ, ΓR)

is a continuous A-linear morphism commuting with the endomorphism φ

and the action of ΓR on each side.
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Notation 5.16. — Abusing notations, we will denote (N, FilkN, ∂, Φ) ∈
MFq

[0,p−2], free(A, φ, ΓR) by N and say that it has filtration of level [0, p−2].

Remark 5.17. — In APD
R,ϖ, note that we can write q = p t

π φ
(

π
t

)
, and since

t
π is a unit in APD

R,ϖ (see Lemma 3.14), we obtain that q and p are asso-
ciates in APD

R,ϖ. Therefore, for A = APD
R,ϖ in Definition 5.15, we can replace

q by p. Further, since q = πp−1 + pu for u ∈ (A+
R,ϖ)× and πp−1 generates

I(p−1)A+
R,ϖ (see Lemma 5.8(ii)), we obtain that q ≡ pu mod I(p−1)A+

R,ϖ,
i.e. q and p are associates in A+

R,ϖ/I(p−1)A+
R,ϖ

∼→ APD
R,ϖ/I(p−1)APD

R,ϖ.
Therefore, for A = A+

R,ϖ/I(p−1)A+
R,ϖ in Definition 5.15, we can replace

q by p, and similarly for APD
R,ϖ/I(p−1)APD

R,ϖ.

Lemma 5.18 ([36, Lemma 41]). — K Let (N, Filk N ) be as in Defini-
tion 5.15(i), (ii). Then a Frobenius-semilinear endomorphism φ : N → N

satisfies the conditions in Definition 5.15(iii) if and only if φ(ei) ∈ qkiN for
1 ⩽ i ⩽ h and {q−k1φ(e1), . . . , q−khφ(eh)} is an A-basis of N .

Proof. — Let us assume that (N, FilkN) satisfies the condition in Defini-
tion 5.15(iii). Then, since ei ∈ FilkiN , we have φ(ei) ∈ qkiN for 1 ⩽ i ⩽ h.
Now for 0 ⩽ k ⩽ p− 2, we have

φ(Filk−kiAei) = φ(Filk−kiA)φ(ei) ⊂ qkA · q−kiφ(ei) ⊂ qkN.

Therefore, from the identity
∑p−2

k=0 A · q−kφ(FilkN) = N , we obtain that
{q−k1φ(e1), . . . , q−khφ(eh)} generate N as an A-module. Since N is free of
rank h over A, we get that {q−k1φ(e1), . . . , q−khφ(eh)} is indeed a basis.

Conversely, assume φ(ei) ∈ qkiN for 1 ⩽ i ⩽ h such that the ele-
ments {q−k1φ(e1), . . . , q−khφ(eh)} form an A-basis of N . Then, from Defi-
nition 5.15(ii), we have

φ(FilkN) = φ

(
h∑

i=1
Filk−kiAei

)
⊂

h∑
i=1

qk−kiAφ(ei)

= qk
h∑

i=1
A · q−kiφ(ei) = qkN.

Further, since {q−k1φ(e1), . . . , q−khφ(eh)} ∈
∑p−2

k=0 A · q−kφ(FilkN), we
obtain the last equality in Definition 5.15(iii). □

Remark 5.19. — We introduce some necessary conditions in order to
adapt Tsuji’s results from [36, Section 4-Section 8]. Let A = A+

R,ϖ, APD
R,ϖ

and q = φ(π)
π ∈ A. Consider the projection map A ↠ A/J for some ideal

J ⊂ A and assume that
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(i) The ideal J is contained in the Jacobson radical of A, and J ⊂
Filp−2A. Moreover, φ(J) ⊂ J and φ(J) ⊂ qp−1A. Further, the ideal
J is preserved under the action of ΓR.

(ii) The ideal J is closed as a submodule of A.
(iii) There exists a decreasing sequence of ideals · · · ⊂ Hn+1 ⊂ Hn ⊂

· · · ⊂ H0 ⊂ A for n ∈ N, such that Hn form a fundamental system
of neighborhoods of 0 in A, the homomorphism A→ limn A/Hn is
an isomorphism, and q−(p−1)φ(Hn ∩ J) ⊂ Hn ∩ J for every n ∈ N.

(iv) The image of q in A/J is a non-zero-divisor. Moreover, the sequence∏n
k=0 φk(q) ∈ A converges to 0 as n→ +∞.

(v) The homomorphism φ : A→ A is continuous and multiplication by
q induces a homeomorphism A→ qA, where the latter is equipped
with the induced topology.

Proposition 5.20.
(i) Let

A = A+
R,ϖ

with J = I(p−1)A+
R,ϖ, and Hn = pnA+

R,ϖ + πn+p−1A+
R,ϖ. Then

A+
R,ϖ satisfies conditions in Remark 5.19.

(ii) Let A = APD
R,ϖ with J = I(p−1)APD

R,ϖ, and Hn = pnAPD
R,ϖ. Then

APD
R,ϖ satisfies conditions in Remark 5.19.

Proof. — The proof follows in a manner similar to the proof of [36,
Proposition 59]. For (i), note that the ring A+

R,ϖ is π-adically complete,
and since I(p−1)A+

R,ϖ = πp−1A+
R,ϖ ⊂ πA+

R,ϖ, we see that I(p−1)A+
R,ϖ is

contained in the Jacobson radical of A+
R,ϖ. Moreover, note that we have

inclusions φ(πp−1A+
R,ϖ) ⊂ qp−1πp−1A+

R,ϖ ⊂ πp−1A+
R,ϖ, therefore we get

I(p−1)A+
R,ϖ ⊂ Filp−2A+

R,ϖ. It is clear that I(p−1)A+
R,ϖ is stable under the

action of ΓR. Therefore, the condition in Remark 5.19(i) is satisfied.
Now we have Hn = pnA+

R,ϖ + πn+p−1A+
R,ϖ for n ∈ N, which is a funda-

mental system of neighborhoods of 0 ∈ A+
R,ϖ and A+

R,ϖ = limn A+
R,ϖ/Hn

(see Lemma 5.6). Further, since A+
R,ϖ/I(p−1)A+

R,ϖ is p-torsion free, we ob-
tain that Hn ∩ I(p−1)A+

R,ϖ = (pnA+
R,ϖ + πn+p−1A+

R,ϖ) ∩ I(p−1)A+
R,ϖ =

pnI(p−1)A+
R,ϖ + πnI(p−1)A+

R,ϖ. The condition in Remark 5.19(iii) now
follows from this. Moreover, I(p−1)A+

R,ϖ is a free A+
R,ϖ-module of rank

1, so it follows that J is a closed submodule of A+
R,ϖ by Lemma 5.6(i)

& (iv), verifying the condition in Remark 5.19(ii). Next, from Lemma 5.14
we have that q ∈ A+

R,ϖ/I(p−1)A+
R,ϖ is a non-zero-divisor. Moreover, we

have φk(q) = φk+1(ξ) ∈ φk+1(Fil1A+
R,ϖ) ⊂ φk+1(pA+

R,ϖ + π1A+
R,ϖ) ⊂
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pA+
R,ϖ + πA+

R,ϖ, for k ∈ N. Therefore,
∏n

k=0 φk(q) converges to 0 as
n → +∞, and the condition in Remark 5.19(iv) has been verified. By
the definition of φ in Section 3.3, we see that it is continuous. Further,
from Lemma 5.6(iii), it follows that A+

R,ϖ/qA+
R,ϖ is p-torsion free. There-

fore, we have (pnA+
R,ϖ + qn+1A+

R,ϖ) ∩ qA+
R,ϖ = pn(qA+

R,ϖ) + qn(qA+
R,ϖ).

By Lemma 5.6(i), it follows that A+
R,ϖ

×q−−→ qA+
R,ϖ is a homeomorphism,

verifying the condition in Remark 5.19(v). This shows the claim in (i).
For the claim in (ii), note that we have q = pφ

(
π
t

)
t
π , which implies that

q and p are associates in APD
R,ϖ (see Lemma 3.14). Therefore, it is enough

to verfiy the conditions in Remark 5.19, with q replaced by p everywhere.
We have I(p−1)APD

R,ϖ ⊂ Fil1APD
R,ϖ + pAPD

R,ϖ, APD
R,ϖ is p-adically com-

plete and Fil1APD
R,ϖ/pFil1APD

R,ϖ is a nil ideal of APD
R,ϖ/pAPD

R,ϖ. Therefore,
I(p−1)APD

R,ϖ is contained in the Jacobson radical of APD
R,ϖ. Moreover, we

have I(p−1)APD
R,ϖ ⊂ Filp−2APD

R,ϖ and φ
(
I(p−1)APD

R,ϖ

)
⊂ I(p−1)APD

R,ϖ. Also,
φ
(
I(p−1)APD

R,ϖ

)
⊂ qp−1APD

R,ϖ = pp−1APD
R,ϖ. It is clear that I(p−1)APD

R,ϖ is
stable under the action of ΓR. Therefore, the condition in Remark 5.19(i)
is satisfied. Next, we know that APD

R,ϖ is p-adically complete and the ring
APD

R,ϖ/I(p−1)APD
R,ϖ is p-torsion free by Proposition 5.12, therefore pnAPD

R,ϖ∩
I(p−1)APD

R,ϖ = pnI(p−1)APD
R,ϖ. This gives us the condition in Remark 5.19(iii).

Further, I(p−1)APD
R,ϖ is p-adically complete by Lemma 5.13(ii), so we get the

condition in Remark 5.19(ii). Conditions in Remark 5.19(iv) & (v) follow
trivially from the fact that APD

R,ϖ = limn APD
R,ϖ/pnAPD

R,ϖ. □

Finally, we come to the main result of this section. Note that categories
MFp below are defined by combining Definition 5.15 and Remark 5.17.

Theorem 5.21. — The natural maps A+
R,ϖ ↠ A+

R,ϖ/I(p−1)A+
R,ϖ

∼→
APD

R,ϖ/I(p−1)APD
R,ϖ ↞ APD

R,ϖ, induce equivalence of categories:

MFp
[0,p−2], free(APD

R,ϖ, φ, ΓR) (1)−−−→
≃

MFp
[0,p−2], free(APD

R,ϖ/I(p−1)APD
R,ϖ, φ, ΓR)

(2)←−−−
≃

MFp
[0,p−2], free(A+

R,ϖ/I(p−1)A+
R,ϖ, φ, ΓR)

(3)←−−−
≃

MFq
[0,p−2], free(A+

R,ϖ, φ, ΓR).

Proof. — The natural projection map A+
R,ϖ ↠ A+

R,ϖ/I(p−1)A+
R,ϖ is

compatible with Frobenius and the action of ΓR and we have q ≡ pu

mod I(p−1)A+
R,ϖ for u ∈ (A+

R,ϖ)× (see also Remark 5.17), i.e. q and p

are associates in A+
R,ϖ/I(p−1)A+

R,ϖ. Further, A+
R,ϖ satisfies the conditions

in Remark 5.19. Therefore, from [36, Proposition 56], we obtain that the
functor in (3) is an equivalence of categories.

ANNALES DE L’INSTITUT FOURIER



CRYSTALLINE REPRESENTATIONS AND WACH MODULES 463

From Proposition 5.12, we have an isomorphism A+
R,ϖ/I(p−1)A+

R,ϖ
∼→

APD
R,ϖ/I(p−1)APD

R,ϖ, compatible with Frobenius and the action of ΓR. There-
fore, we obtain that the functor in (2) is an equivalence of catgeories.

Finally, the natural projection map APD
R,ϖ ↠ APD

R,ϖ/I(p−1)APD
R,ϖ is com-

patible with Frobenius and the action of ΓR and q ≡ pu mod I(p−1)A+
R,ϖ

for some u ∈ (A+
R,ϖ)× (see also Remark 5.17), i.e. q and p are associates in

A+
R,ϖ/I(p−1)A+

R,ϖ
∼→ APD

R,ϖ/I(p−1)APD
R,ϖ. Further, APD

R,ϖ satisfies the con-
ditions in Remark 5.19. Therefore, from [36, Proposition 56], we obtain
that the functor in (1) is an equivalence of categories. □

5.3. Wach modules from Fontaine–Laffaille data

In this section, we will work with objects of MF[0,p−2], free(R, Φ, ∂) (see
Definition 5.1) and using these objects we will construct Wach modules
over A+

R (see Definition 4.8). In Section 5.3.1, starting with a Fontaine–
Laffaille module, we will first obtain a free module over A+

R,ϖ with desired
properties and in Section 5.3.2 we will descend over to A+

R. Note that
in Section 5.3.1, we will first establish a mod pn statement (see (5.2))
and as a consequence deduce a p-adic statement (see Proposition 5.25).
However, it is possible to prove the p-adic statement directly (see proof
of Proposition 5.25). Readers interested only in the p-adic statement may
directly skip to Proposition 5.25.

5.3.1. From Fontaine–Laffaille modules to A+
R,ϖ-modules

Following [36, Section 4], set Xn = Spec (R/pn) and Σn = Spec (OF /pn)
for n ∈ N>0 and consider big crystalline sites CRIS(Xn, Σn) and
CRIS(X1, Σn) and respective toposes (Xn/Σn)CRIS and (X1/Σn)CRIS, with
the PD-ideal (p(OF /pn), [ ]). Let FΣn

: Σn → Σn denote a lifting of the
absolute Frobenius of Σ1, such that it is a PD-morphism with repsect to
the PD-structure. The absolute Frobenius FX1 of X1 and FΣn define a mor-
phism of PD-ringed topos FX1/Σn,CRIS : (X1/Σn)CRIS → (X1/Σn)CRIS.

Let (M, Fil•M, ∂, Φ) ∈ MF[0,p−2], free(R, Φ, ∂) be a free relative Fontaine–
Laffaille module (see Definition 5.1), and let (Mn, Fil•Mn, ∂, Φ) denote
its modulo pn reduction. Then, by [36, Definition 26, Theorems 17 & 29]
this data corresponds to a quasi-coherent filtered crystal (Fn, Fil•Fn) on
CRIS(Xn/Σn). Similarly, by [36, Definition 26, Theorems 22 & 29] this
data also corresponds to a quasi-coherent crystal Gn on CRIS(X1/Σn).
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The reduction modulo pn of Φ : φ∗M → M equip Gn with a morphism
ΦGn

: F ∗
X1/Σn,CRIS(Gn) → Gn. Further, for the morphism of ringed topos

in,CRIS : (X1/Σn)CRIS → (Xn/Σn)CRIS induced by the closed immersion
in : X1 → Xn over idΣn

, we have i∗
n,CRIS(Fn) = Gn (see [36, Proposi-

tions 25 & 32]). Moreover, we have similar statements for the morphism of
ringed topos induced by Xn → Xn+1 and Σn → Σn+1.

Now, for n ∈ N>0 let X ′
n := Spec (R[ϖ]/pn), Dn := Spec (APD

R,ϖ/pn) and
FDn

: Dn → Dn be the lifting of the absolute Frobenius on D1 defined by
φ of APD

R,ϖ/pn. We have the surjective map θ : A+
R,ϖ ↠ R[ϖ]. So taking

mod pn reduction, we obtain an embedding X ′
n ↣ Spec (A+

R,ϖ/pn) and
taking divided power envelope, we obtain a closed immersion X ′

n ↣ Dn

(resp. X ′
1 ↣ Dn) which can naturally be regarded as an object of the site

CRIS(Xn/Σn) (resp. CRIS(X1/Σn)), endowed with a right action of ΓR.

Definition 5.22. — Define an APD
R,ϖ/pn-module by setting NPD

n :=
Γ(X ′

n ↣ Dn,Fn) ∼→ Γ(X ′
1 ↣ Dn,Gn).

The right action of ΓR on Dn induces a left action on NPD
n . The filtration

on Fn induces a filtration by APD
R,ϖ/pn-submodules on NPD

n , which is stable
under the ΓR-action. Then NPD

n is a finite free filtered APD
R,ϖ/pn-module of

level [0, p−2] (see [36, Lemma 20]). The Frobenius ΦGn
of Gn and the lifting

of Frobenius FDn
on Dn define a semilinear ΓR-equivariant endomorphism

of Γ(X ′
1 ↣ Dn,Gn) and hence that of NPD

n as Γ(X ′
1 ↣ Dn,Gn)→ Γ(X ′

1 ↣

Dn, F ∗
X1,CRISGn)

ΦGn−−→ Γ(X ′
1 ↣ Dn,Gn), where the first homomorphism is

induced by FX′
1

and FDn .
Let [ ] denote the PD-structure on the ideal p(APD

R,ϖ/pn) + Fil1APD
R,ϖ/pn

of APD
R,ϖ/pn. Then we have the big crystalline sites CRIS(X ′

n/Dn) and
CRIS(X ′

1/Dn), and the respective topos (X ′
n/Dn)CRIS and (X ′

1/Dn)CRIS
with the PD-ideal (p(APD

R,ϖ/pn) + Fil1APD
R,ϖ/pn, [ ]) of APD

R,ϖ/pn. By taking
the pullback of (Fn, Fil•Fn) (resp. Gn) under the morphism of ringed topos
(X ′

n/Dn)CRIS → (Xn/Σn)CRIS (resp. (X ′
1/Dn)CRIS → (X1/Σn)CRIS), we

obtain a quasi-coherent filtered crystal (F ′
n, Fil•F ′

n) (resp. a quasi-coherent
crystal G ′

n with a morphism ΦG′
n

: F ∗
X′

1/Dn,CRIS(G ′
n)→ G ′

n), endowed with
compatible ΓR-action. Since X ′

n ↣ Dn (resp. X ′
1 ↣ Dn) is a final object of

CRIS(X ′
n/Dn) (resp. CRIS(X ′

1/Dn)), we have canonical APD
R,ϖ/pn-linear is-

morphisms NPD
n

∼→ Γ((X ′
n/Dn)CRIS,F ′

n) ∼→ Γ((X ′
1/Dn)CRIS,G ′

n) compat-
ible with supplementary structures (see [36, p. 188-189]).

Next, for n ∈ N>0, similar to above let En := Spec (OAPD
R,ϖ/pn) and

FEn
: En → En be the lifting of the absolute Frobenius on E1 defined by

φ of OAPD
R,ϖ/pn. We have the surjective map θR : R⊗Z A+

R,ϖ ↠ R[ϖ]. So
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taking mod pn reduction, we have an embedding

X ′
n ↣ Spec

(
R⊗Z A+

R,ϖ/pn
)

and taking divided power envelope, we obtain a closed immersion X ′
n ↣ En

(resp. X ′
1 ↣ En) which can naturally be regarded as an object of the site

CRIS(X ′
n/Dn) (resp. CRIS(X ′

1/Dn)), endowed with a right action of ΓR.

Definition 5.23. — Define an OAPD
R,ϖ/pn-module by setting ONPD

n :=
Γ(X ′

n ↣ En,F ′
n) ∼→ Γ(X ′

1 ↣ En,G ′
n).

The right action of ΓR on En induces a left action on ONPD
n . The fil-

tration on F ′
n induces a filtration by OAPD

R,ϖ/pn-submodules on ONPD
n ,

which is stable under the ΓR-action. Then ONPD
n is a finite free filtered

OAPD
R,ϖ/pn-module of level [0, p− 2] (see [36, Lemma 20]). Further, by [36,

Theorem 29, Proposition 32] ONPD
n is equipped with a ΓR-equivariant

integrable connection compatible with the connection on OAPD
R,ϖ/pn and

satisfying Griffiths transversality with the respect to the filtration. More-
over, this the ΓR-action and connection are compatible with the respec-
tive structures on Γ(X ′

1 ↣ En,G ′
n) (see [36, Propositions 25 & 32]). The

Frobenius ΦG′
n

of G ′
n and the lifting of Frobenius FEn on En define a semi-

linear ΓR-equivariant endomorphism φ of Γ(X ′
1 ↣ En,G ′

n) and hence that
of ONPD

n . Further, the Frobenius-semilinear endomorphism φ commutes
with the connection on ONPD

n .
From [9, Proposition 4.1.4] and [10, Theorem 7.1], we have a descrip-

tion of the global sections of a crystal in terms of horizontal sections
of the corresponding module with an integrable connection on the PD-
envelope of an embedding into a smooth scheme. In other words, we have
an APD

R,ϖ/pn-linear isomorphism NPD
n

∼→
(
ONPD

n

)∂=0, compatible with fil-
tration, Frobenius and the action of ΓR on each side (see [36, p. 190]).
Since X ′

n ↣ Dn (resp. X ′
1 ↣ Dn) is a final object of CRIS(X ′

n/Dn) (resp.
CRIS(X ′

1/Dn)), we obtain a canonical OAPD
R,ϖ/pn-linear ismorphism

OAPD
R,ϖ/pn ⊗APD

R,ϖ
/pn NPD

n
∼−→ ONPD

n ,

compatible with Frobenius, filtration, connection and the action of ΓR on
each side. Here the connection on the tensor product on the left is given as
∂OAPD

R,ϖ
⊗ 1. Moreover, from [36, Propositions 24, 25 & 32], we obtain an

OAPD
R,ϖ/pn-linear ismorphism

OAPD
R,ϖ/pn ⊗R/pn M/pn ∼−→ ONPD

n ,

compatible with Frobenius, filtration, connection and the action of ΓR on
each side (see [36, p. 191]). Here the connection on the tensor product on
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the left is given as ∂OAPD
R,ϖ
⊗ 1 + 1⊗ ∂M . Combining the two isomorphisms

above, we obtain an OAPD
R,ϖ/pn-linear isomorphism

(5.2) OAPD
R,ϖ/pn ⊗APD

R,ϖ
/pn NPD

n
∼−→ OAPD

R,ϖ/pn ⊗R/pn M/pn,

compatible with Frobenius, filtration, connection and the action of ΓR on
each side. Therefore, we also have an APD

R,ϖ/pn-linear ismorphism

NPD
n

∼−→
(
OAPD

R,ϖ/pn ⊗R/pn M/pn
)∂=0

compatible with Frobenius, filtration and the action of ΓR on each side.

Definition 5.24. — Define an APD
R,ϖ-module as NPD(M) := limn NPD

n ,
equipped with a semilinear and continuous action of ΓR, a filtration given
as FilkNPD(M) := limn FilkNPD

n , which is stable under the action of ΓR,
and a Frobenius-semilinear ΓR-equivariant endomorphism φ.

Passing to the limit in (5.2) we obtain an OAPD
R,ϖ-linear isomorphism

OAPD
R,ϖ ⊗APD

R,ϖ
NPD(M) ∼−→ OAPD

R,ϖ ⊗R M,

compatible with Frobenius, filtration, connection and the action of ΓR on
each side. Therefore, we have the following conclusion:

Proposition 5.25. — Let M be a free relative Fontaine–Laffaille mod-
ule. Then

NPD(M) :=
(
OAPD

R,ϖ ⊗R M
)∂=0

,

is a finite free APD
R,ϖ-module equipped with a decreasing filtration of level

[0, p− 2], a Frobenius-semilinear endomorphism φ : NPD(M) → NPD(M)
and a continuous action of ΓR on each side. In particular, NPD(M) ∈
MFp

[0,p−2], free(APD
R,ϖ, φ, ΓR). Further, we have a natural isomorphism

(5.3) OAPD
R,ϖ ⊗APD

R,ϖ
NPD(M) ∼−→ OAPD

R,ϖ ⊗R M,

compatible with the Frobenius, filtration, connection and the action of ΓR

on each side.

Another proof of Proposition 5.25. — Let us consider a Frobenius-
equivaraint injective map OF {X±1

1 , . . . , X±1
d } → APD

R,ϖ by sending Xi →
[X♭

i ] and we extend it uniquely, by étaleness of OF {X±1
1 , . . . , X±1

d } → R

to obtain a Frobenius-equivariant injective map R→ APD
R,ϖ.

Lemma 5.26. — We have an APD
R,ϖ-linear isomorphism APD

R,ϖ ⊗R M
∼→(

OAPD
R,ϖ ⊗R M

)∂=0.
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Proof. — Let J = ([X♭
1]−X1, . . . , [X♭

d]−Xd)OAPD
R,ϖ and let J [n] denote

its n-th divided power for n ⩾ 1. We have the projection map,

OAPD
R,ϖ ⊗R M −→ APD

R,ϖ ⊗R M,

via the map Xi 7→ [X♭
i ] and the kernel is given as J [1]⊗R M . Moreover, we

have an APD
R,ϖ-linear section of the projection above given as

APD
R,ϖ ⊗R M −→ OAPD

R,ϖ ⊗R M

1⊗ d 7−→
∑

k∈Nd

d∏
i=1

∂ki
i (d)

d∏
i=1

([X♭
i ]−Xi)[ki].

(5.4)

Note that the image of the section lies in (OAPD
R,ϖ ⊗R M)∂=0. Now let

Q = J [1] ⊗R M and Q′ = (OAPD
R,ϖ ⊗R M)/(OAPD

R,ϖ ⊗R M)∂=0 and we
consider the following diagram with exact rows (the top row is split exact)

0 APD
R,ϖ ⊗R M OAPD

R,ϖ ⊗R M Q 0

0 (OAPD
R,ϖ ⊗R M)∂=0 OAPD

R,ϖ ⊗R M Q′ 0.

Note that the left vertical arrow is an injection and the right vertical arrow
is a surjection. To get that the left vertical arrow is a bijection we need to
show that the right vertical arrow is an injection. We have

(J [1] ⊗R M)∂=0 ⊂
(

JOBcris(R)⊗R[ 1
p ] ODcris(V )

)∂=0

=
(
JOBcris(R)⊗Qp V

)∂=0
,

where V = Vcris(M) is crystalline (see Proposition 5.3(i)) and the ideal
JOBcris(R) ⊂ OBcris(R) is generated by ([X♭

1]−X1, . . . , [X♭
d]−Xd). Then

it easily follows that (JOBcris(R) ⊗Qp
V
)∂=0 = 0 and we conclude that

APD
R,ϖ ⊗R M

∼→
(
OAPD

R,ϖ ⊗R M
)∂=0. □

From the identification NPD(M) =
(
OAPD

R,ϖ ⊗R M
)∂=0 ∼→ APD

R,ϖ ⊗R M

(where the rightmost term is equipped with a ΓR-action as in Remark 5.27),
it easily follows that NPD(M) ∈ MFp

[0,p−2], free(APD
R,ϖ, φ, ΓR). Next, we can

OAPD
R,ϖ-linearly extend the map in (5.4) to obtain

OAPD
R,ϖ ⊗APD

R,ϖ

(
APD

R,ϖ ⊗R M
)
−→ OAPD

R,ϖ ⊗R M

1⊗ d 7−→
∑

k∈Nd

d∏
i=1

∂ki
i (d)

d∏
i=1

([X♭
i ]−Xi)[ki].

(5.5)
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We equip the left term with a ΓR-action as in Remark 5.27. Choosing a basis
of M it is easy to see that the determinant of the map in (5.5) is invertible
in OAPD

R,ϖ, i.e. the map (5.5) is bijective. Moreover, it is compatible with
Frobenius, filtration, connection and the action of ΓR. Now we have a
natural injective map

OAPD
R,ϖ ⊗APD

R,ϖ
NPD(M) −→ OAPD

R,ϖ ⊗R M,

compatible with the Frobenius, filtration, connection and the action of ΓR

on each side. The map above is bijective because of the following commu-
tative diagram

OAPD
R,ϖ ⊗APD

R,ϖ
NPD(M) OAPD

R,ϖ ⊗R M

OAPD
R,ϖ ⊗APD

R,ϖ
(APD

R,ϖ ⊗R M) OAPD
R,ϖ ⊗R M,

≀

∼

where the bottom horizontal arrow is the isomorphism in (5.5). This con-
cludes the proof. □

Remark 5.27. — Using (5.5) and the APD
R,ϖ-linear isomorphism in

Lemma 5.26, APD
R,ϖ ⊗R M

∼→
(
OAPD

R,ϖ ⊗R M
)∂=0, we can describe the ac-

tion of ΓR on the left term explitcitly. The action is given by the formula
g(a⊗ d) = g(a)⊗

∑
k∈Nd

∏d
i=1 ∂ki

i (d)
∏d

i=1(g([X♭
i ])− [X♭

i ])[ki], for g ∈ ΓR.

Lemma 5.28. — Let NPD(M) as in Proposition 5.25. Then, the action
of ΓR,ϖ is trivial on NPD(M)/πNPD(M), whereas ΓR/ΓR,ϖ acts trivially
over NPD(M)/πmNPD(M).

Proof. — This follows from the ΓR-equivariant isomorphism in (5.3) (or
from Lemma 5.26 and Remark 5.27) and the action of ΓR on OAPD

R,ϖ (see
Lemma 4.24(i)). □

Proposition 5.29. — The following functor is fully faithful

NPD : MF[0,p−2], free(R, Φ, ∂) −→ MFp
[0,p−2], free(APD

R,ϖ, φ, ΓR)

M 7−→ NPD(M) =
(
OAPD

R,ϖ ⊗R M
)∂=0

.

Proof. — By taking ΓR-invariants in (5.3), we obtain an R-linear iso-
morphism

(
OAPD

R,ϖ ⊗APD
R,ϖ

NPD(M)
)ΓR ∼→ M compatible with Frobenius,

filtration, connection on each side, and functorial in M . □
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Having obtained a finite free module with desired structures over the ring
APD

R,ϖ, we will now pass to the ring A+
R,ϖ. Let M ∈ MF[0,p−2], free(R, Φ, ∂)

and NPD(M) ∈ MFp
[0,p−2], free(APD

R,ϖ, φ, ΓR) the APD
R,ϖ-module obtained un-

der the functor of Proposition 5.29.
Next, from Theorem 5.21 we have that MFp

[0,p−2], free(APD
R,ϖ, φ, ΓR) ∼→

MFq
[0,p−2], free(A+

R,ϖ, φ, ΓR) sending NPD(M) 7→ N+(M) for M as above.
Combining this with Propositions 5.25 & 5.29, we obtain:

Proposition 5.30. — The following functor is fully faithful

N+ : MF[0,p−2], free(R, Φ, ∂) −→ MFq
[0,p−2], free(A+

R,ϖ, φ, ΓR)

M 7−→ N+(M).

For M and N+(M) as above, we have a natural isomorphism

(5.6) OAPD
R,ϖ ⊗A+

R,ϖ
N+(M) ∼−→ OAPD

R,ϖ ⊗R M,

compatible with the Frobenius, filtration, connection and the action of ΓR

on each side.

Lemma 5.31. — Let N+(M) as in Proposition 5.30. Then, the action of
ΓR,ϖ is trivial on N+(M)/πN+(M), whereas ΓR/ΓR,ϖ acts trivially over
N+(M)/πmN+(M).

Proof. — This follows from the ΓR-equivariant isomorphism in (5.6) and
the action of ΓR on OAPD

R,ϖ (see Lemma 4.24(i)). □

5.3.2. Obtaining Wach modules

For the rest of this section we will fix m = 1 (fix m = 2 if p = 2), i.e.
we take K = F (ζp) (take K = F (ζp2) if p = 2). Consider the localization
S = A+

R,ϖ

[ 1
π1

]
. Let M and M ′ be free relative Fontaine–Laffaille modules

and N+(M) and N+(M ′) the respective A+
R,ϖ-modules obtained by the

functor in Proposition 5.30.

Lemma 5.32. — We have a natural bijection

(5.7) HomA+
R,ϖ

,ΓR
(N+(M), N+(M ′))

∼−→ HomS,ΓR

(
N+(M)

[
1
π1

]
, N+(M ′)

[
1
π1

])
.

Proof. — As we are working with free modules and the morphism of
rings A+

R,ϖ → A+
R,ϖ

[ 1
π1

]
= S is flat, we obtain that (5.7) is injective. To

check surjectivity, let f : N+(M)
[ 1

π1

]
→ N+(M ′)

[ 1
π1

]
be an S-linear and

TOME 75 (2025), FASCICULE 1



470 ABHINANDAN

ΓR-equivariant morphism. We need to show that f(N+(M)) ⊂ N+(M ′).
Assume f(N+(M)) ⊂ π−k

1 N+(M ′) for k ∈ N, and consider the reduction
of f modulo π, which is again ΓR-equivariant. Now from Lemma 5.31, we
have that ΓR acts trivially over N+(M)/π1N+(M), whereas the action of
ΓR is non-trivial over π−k

1 N+(M ′)/π−k+1
1 N+(M ′) for k ̸= 0 (the action

of γ0 ∈ ΓK is non-trivial for k ̸= 0). Hence, we must have k = 0, i.e.
f(N+(M)) ⊂ N+(M ′), which shows the claim. □

Note that we have a morphism φ : S = A+
R,ϖ

[ 1
π1

]
→ A+

R,ϖ

[ 1
π

]
. The re-

spective Frobenius-semilinear endomorphisms φ on N+(M) and N+(M ′)
induce semilinear morphisms φ : N+(M)

[ 1
π1

]
→ N+(M)

[ 1
π

]
and φ :

N+(M ′)
[ 1

π1

]
→N+(M ′)

[ 1
π

]
. Let f ∈HomS,ΓR

(
N+(M)

[ 1
π1

]
, N+(M ′)

[ 1
π1

])
be a morphism, such that the following diagram commutes

N+(M)
[ 1

π1

]
N+(M ′)

[ 1
π1

]
N+(M)

[ 1
π

]
N+(M ′)

[ 1
π

]
,

f

φ φ

f

where the bottom horizontal arrow is well-defined due to Lemma 5.32. We
will call such a morphism f to be (φ, ΓR)-equivariant.

Lemma 5.33. — We have a natural bijection

HomA+
R,ϖ

,φ,ΓR
(N+(M), N+(M ′))

∼−→ HomS,φ,ΓR

(
N+(M)

[
1
π1

]
, N+(M ′)

[
1
π1

])
.

Proof of Theorem 5.5. — Let M ∈MF[0,p−2], free(R, Φ, ∂) and let N+(M)
denote the A+

R,ϖ-module obtained from M from the functor of Proposi-
tion 5.30. We will show that a basis of N+(M) descends over to A+

R.
In the notation of Definition 5.15, let {e1, . . . , eh} denote an A+

R,ϖ-basis
of N+(M). Then from Lemma 5.18, we get that {q−k1φ(e1), . . . , q−khφ(eh)}
is also an A+

R,ϖ-basis of N+(M). Without loss of generality, we may fur-
ther assume that kh ⩽ kh−1 ⩽ · · · ⩽ k1. Let us set s := k1, so we get that
N+(M)/φ∗(N+(M)) is killed by qs and s ∈ N is the smallest such number.

Let D(M) := N+(M)
[ 1

π1

]∧, where ∧ denotes the p-adic completion.
Then D(M) is an étale (φ, ΓR,ϖ)-module over AR,ϖ = A+

R,ϖ

[ 1
π1

]∧, free of
rank h. Since N+(M) is free, it follows that N+(M)

[ 1
π1

]
/pn ∼→ D(M)/pn.

Similar to the proof of Lemma 5.32 and using dévissage we obtain that the
functor N+(M) 7→ D(M) is fully faithful. Therefore, using Proposition 5.30
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we conclude that the functor

MF[0,p−2], free(R, Φ, ∂) −→ (φ, ΓR)-Modét
AR,ϖ

M 7−→ N+(M)
[

1
π1

]∧

,

is fully faithful.
Now, from Proposition 5.3 and Definition 5.4 we have that T := Tcris(M)

is a free Zp-representation of GR. Considering T as a representation of
GR,ϖ, we have the associated (φ, ΓR,ϖ)-module DR,ϖ(T ) over AR,ϖ. By
the full faithfullness of the functor above and equivalence of categories
in (3.2), we conclude that D(M) ∼→ DR,ϖ(T ) as étale (φ, ΓR,ϖ)-module
over AR,ϖ. Also, we have φ(DR,ϖ(T )) ⊂ D(T ), where the latter module
is an étale (φ, ΓR)-module over AR, free of rank h.

Next, let N := N+(M) ∩ D(T ) where we take the intersection inside
DR,ϖ(T ). Note that N is equipped with a Frobenius-semilinear endomor-
phism φ and it is stable under the action of ΓR. We claim that

Lemma 5.34. — The elements {q−k1φ(e1), . . . , q−khφ(eh)} form a basis
of N .

Proof. — Let us set N ′ :=
∑h

i=1 A+
Rq−kiφ(ei). Since we have q−kiφ(ei) ∈

N+(M) ∩ D(T ) = N , therefore N ′ ⊂ N . This also implies that φ(ei) ∈
qkiN . Extending scalars along the faithfully flat morphism of rings A+

R →
A+

R,ϖ, we get that N+(M) = A+
R,ϖ ⊗A+

R
N ′ ⊂ A+

R,ϖ ⊗A+
R

N ⊂ N+(M).
Therefore, A+

R,ϖ ⊗A+
R

N ′ ∼→A+
R,ϖ ⊗A+

R
N . But since the map A+

R→A+
R,ϖ

is faithfully flat, we obtain that N ′ ∼→ N . □

We will now verify the conditions of Definition 4.9 for V = Qp⊗Zp
T . Since

V arises from a Fontaine–Laffaille module of level [0, p−2], we have that V is
crystalline with non-positive Hodge–Tate weights. We have that N is a free
A+

R-module of rank h stable under φ and ΓR, and such that N ⊂ D+(T ) as
well as AR ⊗A+

R
N

∼→ D(T ). Next, we want to show that qsN ⊂ φ∗(N) as
A+

R-modules, where s = k1. Since A+
R → A+

R,ϖ is faithfully flat, it is equiv-
alent to showing that qsA+

R,ϖ⊗A+
R

N ⊂ A+
R,ϖ⊗A+

R
φ∗(N). But the latter in-

clusion can be re-expressed as qsN+(M) ⊂ φ∗(N+(M)) as A+
R,ϖ-modules,

which was established above by showing that
N+(M)/φ∗(N+(M)) is killed by qs. Therefore, we conclude that N/φ∗(N)
is killed by qs and s ∈ N is the smallest such number.

Next, we look at the action of ΓR over N . Recall from Section 3.1 that
we have {γ0, γ1, . . . , γd} as topological generators of ΓR,ϖ, where γ0 is a lift

TOME 75 (2025), FASCICULE 1



472 ABHINANDAN

of a topological generator of ΓK . The action of γj on the basis elements of
N+(M) can be given as

γj(ei) = ei + πxi,j for 1 ⩽ i ⩽ h, 0 ⩽ j ⩽ d and xi,j ∈ A+
R,ϖ.

Since φ is ΓR-equivariant, we get that γj(φ(ei)) = φ(ei)+qπφ(xi,j), where
φ(xi,j) ∈ φ(N+(M)) ⊂ N+(M) ∩ D(T ) = N . Now φ(ei) ∈ qkiN , so we
must have that qπφ(xi,j) ∈ qkiN ∩ qπN = qkiπN ⊂ N , for 1 ⩽ i ⩽ h and
0 ⩽ j ⩽ d. Therefore, we get that

γj(q−kiφ(ei)) ≡ q−kiφ(ei) mod πN for 1 ⩽ j ⩽ d.

For j = 0, recall that γ0(π) = χ(γ0)πu for some unit u ∈ 1 + πA+
R.

Therefore, we have γ0(q) = qφ(u)u−1 and γ0(q−1) = q−1φ(u−1)u. So we
obtain

γ0(q−kiφ(ei)) = γ0(q−ki)γ0(φ(ei)) = q−kiφ(u−ki)uki(φ(ei) + qπφ(xi,j))

≡ q−kiφ(ei) mod πN.

Finally, let g ∈ ΓR be a lift of a generator g ∈ ΓR/ΓR,ϖ, a finite group of
order p−1. Then we have g(ei) = ei +π1yi for 1 ⩽ i ⩽ h and yi ∈ N+(M).
Since φ is ΓR-equivariant, we get that g(φ(ei)) = φ(ei) + πφ(yi), where
φ(yi) ∈ φ(N+(M)) ⊂ N+(M)∩D(T ) = N . Now φ(ei) ∈ qkiN , so we must
have that πφ(yi) ∈ qkiN ∩ πN = qkiπN ⊂ N , for 1 ⩽ i ⩽ h. Further,
we know that g(π) = χ(g)πv for some unit v ∈ 1 + πA+

R, which gives us
that g(q) = qφ(v)v−1. Therefore, g(q−kiφ(ei)) = q−kiφ(u−ki)uki(φ(ei) +
πφ(yi)) ≡ q−kiφ(ei) mod πN , for 1 ⩽ i ⩽ h. Hence, ΓR acts trivially over
N/πN .

Setting N(T ) := N , we see that conditions of Definition 4.9 have been
satisfied. In particular, V is a positive finite q-height representation. □
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