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QUASI-CLASSICAL GROUND STATES. II. STANDARD
MODEL OF NON-RELATIVISTIC QED

by Sébastien BRETEAUX,
Jérémy FAUPIN & Jimmy PAYET (*)

ABSTRACT. We consider a non-relativistic electron bound by an external po-
tential and coupled to the quantized electromagnetic field in the standard model of
non-relativistic QED. We compute the energy functional of product states of the
form u ® ¥y, where u is a normalized state for the electron and ¥, is a coherent
state in Fock space for the photon field. The minimization of this functional yields
a Maxwell-Pauli system up to a trivial renormalization. We prove the existence
of a ground state under general conditions on the external potential and the cou-
pling. In particular, neither an ultraviolet cutoff nor an infrared cutoff needs to
be imposed. Our results provide the convergence in the ultraviolet limit and the
second-order asymptotic expansion in the coupling constant of the ground state
energy of Maxwell-Pauli systems.

RESUME. On considére un électron non relativiste placé dans un potentiel ex-
térieur et couplé au champ électromagnétique quantifié dans le modeéle standard
de D’électrodynamique quantique non relativiste. On s’intéresse & la fonctionnelle
obtenue en calculant 1’énergie du systeme total en des états produits de la forme
u ® Wy, ou u est un état normalisé pour I'électron et Wy est un état cohérent
dans ’espace de Fock pour le champ de photons. La minimisation de cette fonc-
tionnelle fait apparaitre, aprés une renormalisation triviale, I’énergie d’un systéme
de Maxwell-Pauli. On prouve l’existence d’un état fondamental sous des condi-
tions générales portant sur le potentiel extérieur et sur la fonction de couplage.
En particulier, il n’est pas nécessaire d’imposer une troncature ultraviolette ni une
troncature infrarouge. Nos résultats établissent la convergence dans la limite ul-
traviolette de ’énergie fondamentale des systemes de Maxwell-Pauli, ainsi que le
développement asymptotique au second ordre de cette énergie par rapport a la
constante de couplage.
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1. Introduction

We consider in this paper a non-relativistic spin—% particle (an electron)
minimally coupled to the quantized radiation field in the standard model
of non-relativistic quantum electrodynamics, with an external potential V.
This physical system is mathematically described by a Pauli-Fierz Hamil-
tonian H, introduced in [45], whose spectral and scattering theories have
been thoroughly studied since the end of the nineties (see, among others,
(2,5, 6,19, 22, 26, 27, 30, 48, 49] and references therein). To be well-defined,
the Pauli—Fierz Hamiltonian H requires an unphysical regularization: the
interaction term comes with an ultraviolet cutoff. Finding a renormaliza-
tion procedure leading to the definition of the model in the ultraviolet limit
remains an important open problem.

Restricting the energy functional associated to H to well-chosen classes
of states allows one to study the energy and its infimum more easily. In the
translation invariant case (V' = 0), considering the set of general product
states u ® ¥ where the state u of the electron is a unit vector in the Hilbert
space He = L?(R3;C?) and the state ¥ of the photon field is a unit vector
in Fock space, the ultraviolet divergence of the infimum of the energy func-
tional ((u® ¥),H(u ® ¥)) has been studied by Lieb and Loss in [36], and
by Bach and Hach in [7]. Denoting by A the ultraviolet parameter associ-
ated to the ultraviolet cutoff introduced into the interaction Hamiltonian,
it is shown in [7, 36] that the corresponding ground state energy diverges
as A'2/7 in the ultraviolet limit. Also in the translation invariant case, at a
fixed total momentum, the existence and uniqueness of a minimizer of the
energy functional over coherent or quasifree states has been studied in [3].

Product states of the form u®@ W I with ¥ Fa coherent state parametrized

by vectors f in the one-particle Hilbert space § for the field, have been
considered in [14, 15, 16, 17]. The energy functional

(1.1) (u, f) = (u@ V), Hu® V)

is then called the quasi-classical energy. Indeed, assuming that the field
degrees of freedom are “almost classical”, in the sense that the creation
and annihilation operators a*, a are rescaled as a* = \/ea*, a. = \/ea (see
also [1]), it is shown in [14, 15, 16, 17], under suitable assumptions, that the
ground state energy of the rescaled Pauli-Fierz Hamiltonian H. converges
to the infimum of the quasi-classical energy functional as ¢ — 0.

In this paper, we also consider the quasi-classical energy functional (1.1).
Up to a trivial renormalization, we will see that minimizing (1.1) boils down
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QUASI-CLASSICAL GROUND STATES 1179

to minimizing Ev(u,/_l' f)’ for some j?—dependent magnetic potential A P

where £y (u, A) is the Maxwell-Pauli energy in the Coulomb gauge, given by

(12) Ev(u, A) = 3 (~i¥ - g% D ullds + u, Ve + 1A,
Here & is the vector of Pauli matrices, g is a coupling constant and x a
coupling function. The coefficient (3273)~! comes from our choice of nor-
malization of the Fourier transform, see below. We use a similar notation
when V is replaced by other potentials.

For a general class of external potentials V' (including both binding and
confining potentials) and coupling functions x, we prove the existence of
a ground state for &y . In particular, neither an infrared nor an ultraviolet
cutoff is needed in the interaction term of the energy. Furthermore, if an
ultraviolet cutoff of parameter A is imposed, our results show that the
ground state energy converges in R, as A — oo.

To prove the existence of a quasi-classical ground state, we follow the
usual strategy of the calculus of variations. The main difficulty comes from
the possible absence of an ultraviolet cutoff. This induces singular terms
with a critical behavior in the energy functional that we handle using suit-
able estimates in Lorentz spaces. Note that Kramers’ symmetry of the
Maxwell-Pauli energy functional implies that the minimizer is not unique
(even up to a phase in u).

In [20], Frohlich, Lieb and Loss studied the minimization problem of
similar energy functionals. Compared to [20], our results provide the exis-
tence of a ground state for large classes of external potentials and coupling
terms, and allow us to pass to the ultraviolet limit. Moreover, we compute
the second order asymptotic expansion at small coupling of the ground
state energy.

In the companion paper [12], we study the same problem in the case of
a spinless, non-relativistic particle linearly coupled to a scalar, quantized
radiation field. Although the overall strategies in [12] and the present paper
are similar, the arguments used in the proofs are significantly different. In
particular, in the case of linear coupling, an easy argument shows that
the minimization of the quasi-classical ground state energy reduces to the
minimization of the Hartree energy (over the state u of the non-relativistic
particle). In the present context such a simplification does not occur: We
have to minimize (1.2) over (u, A) in suitable spaces, with the constraint
|lullz = 1 for the electron state and no constraint on the divergence-
free vector potential A in H'. Note however that some technical results
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1180 Sébastien BRETEAUX, Jérémy FAUPIN & Jimmy PAYET

concerning the electronic Hamiltonian are used both in [12] and in this
paper. They are stated here without proof.

We have focused in this work on the static problem, but the dynam-
ical version for a spinless particle, the Maxwell-Schrédinger equations,
has of course been also largely studied in the literature. In particular,
the Maxwell-Schrédinger equations have been derived in [42], where re-
sults on the existence of solutions have been proven. The dynamics of the
Maxwell-Schrédinger equations has been further studied in [8, 9, 13, 23,
28, 33, 39, 41, 43, 47, 50, 51]. In relation with many-body systems, the
Maxwell-Schrédinger equations have been obtained from many-body dy-
namics in [35], see also [17].

Notations. — We recall that for 1 < p < oo, the Lorentz spaces (or
weak LP spaces) LP*>°(R3) are defined as the set of (equivalence classes of)
measurable functions f : R? — C such that

(1.3 I7ln = sup M({1f] > 1})

is finite, where A\ denotes Lebesgue’s measure.

S =

vt

The Fourier transform acting on tempered distribution is denoted by F,
its inverse being given by (27) 2F. (We use the normalization F(f)(z) =
Jgs €7€ f(€)d€ for f in L*(R?), and hence F(f)(z) = [ps €7 f(£)dE.
This normalization is not the standard one but it will be convenient in our
context.) Throughout the paper, we use the following convention about
the convolution product. Let f and g be functions associated to tempered
distributions. Assume that F(g) identifies with a function such that fF(g)
can be associated to a tempered distribution. We write

(1.4) F(f) x g = (2m)°F(fF(9))-
This convention is convenient in our context. It extends the well-known
equality which holds e.g. if f and g are in L' or f is in L? and g in L.

In several places, we use localization functions 1 and 7 in C°°(R3) such
that n(z) = 11if |z| <1, n(z) =01if |z| > 2 and

=1

For all R > 0, we set
(1.5) nr(z) =n(x/R) and 7g(z)=n(z/R).

If Hy, Ho are two Hilbert spaces, £L(H1, Hz) stands for the set of bounded
linear operators from H; to Hs. Given a linear operator A on a Hilbert

space H, we denote by D(A) its domain and Q(A) its form domain. The
topological dual of a Banach space B is denoted by B*.

ANNALES DE L’INSTITUT FOURIER



QUASI-CLASSICAL GROUND STATES 1181

1.1. The electronic Hamiltonian

If the coupling between the electron and the photon field is turned out,
the free Hamiltonian for the electron is of the form

Hy = 0N o 00 = L2(R% C?) = [2(R%: C) @ L2(R3:;C),
0 Hy

where
(1.6) Hy = —-A+V(x)

is defined on a domain contained in L?(R?;C). Here V : R? — R is the
external potential. We display the dependence on V since one of our main
hypotheses (see Hypothesis 1.1) assumes the existence of a decomposition
V = V1 + V5 such that V3 > 0, V5 vanishes at oo and there is a gap between
the ground state energies of Hy and Hy,.

The main examples we have in mind are confining potentials, V(z) — oo
as |z| — oo, and Coulomb-type potentials, V(z) = —c|z|~! with ¢ > 0.
We introduce general hypotheses on V that are fulfilled by a large class
of potentials, including the two preceding examples. As we will see below,
some of our main results have interesting consequences in special cases,
especially when V' is confining.

We set

wy = info(Hy),
and likewise if V' is replaced by another potential. The positive and negative
parts of V' are denoted, respectively, by
Vi =max(V,0) and V_ :=max(-V,0),

so that V =V, - V_.
We make the following hypothesis.

HypoTHESIS 1.1 (Conditions on V). — The potential V satisfies V(x) =
V(—x) for all x in R3 and there exist a > 0 and b in R such that

Vo<avV—-A+b
in the sense of quadratic forms on H'/?(R3). Moreover, V' decomposes as
V =Vi + Vo with
(1) Vi € Lj, (R*RY),

loc

(2) Vo € LY2(R%;R) and lim Va(z) = 0.

loc
|z|—o00

TOME 75 (2025), FASCICULE 3
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Since Vi > 0, Hy, = —A+V, identifies with a non-negative self-adjoint
operator on L?(R3) with form domain

Q(Hy,) = Q(-A)NQ(V4) = {u € H'(R?), /R Vi (2)|u(z)?dz < +oo} .

Moreover, it follows from Hypothesis 1.1 that Hy identifies with a semi-
bounded self-adjoint operator with form domain Q(Hy) = Q(Hy,) =
Q(Hy,). In particular, py and py, are well-defined. See Section 2.1 for
justifications.

The state of the electron is represented by a unit vector in the space
L?(R3;C?). We set
(1.7) Qv = Q(Hy)® C?,
and note that Qy is a Hilbert space for the norm

2. 2 3 2
lullgy = lulzn + [[(Vi)2 @ Tz ul|p, .
We will most of the time consider an electron state u in
(1.8) U={ue Qv ||ulL=1}.

Finally, in order to obtain the asymptotic expansion of the infimum of
the Maxwell-Pauli energy functional with respect to the coupling constant,
we will require that Hy has a unique ground state. By Perron—Frobenius
arguments, it is well-known that, under suitable conditions on V, if uy
is an eigenvalue of Hy then it is simple and there exists a corresponding

strictly positive eigenstate (see e.g. [46, Theorems XII1.46 and XII1.48]).
We will make the following related hypothesis.

HyYPOTHESIS 1.2 (Ground state of Hy ). — The ground state energy py
of Hy = —A+V is a simple isolated eigenvalue associated to a unique pos-
itive ground state uy belonging to L?(R3; R, ) and such that |luy |2 = 1.

The orthogonal projection onto the vector space spanned by (“} ) and
(.),) in L*(R3;C?) is denoted by ITy. We also set IT{; := I;2(gsc2) — Hy.

1.2. Standard model of non-relativistic QED

In the standard model of non-relativistic QED, the quantized electro-
magnetic field is represented by a vector-valued bosonic field whose Hilbert
space is given by the symmetric Fock space

400 n
M= §.(L7 (R% C) = P/ L7 (R%; C?),

n=0
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where L2 (R3;C3) = {f € L2(R%C3) | Vk € R% k- f(k) = 0}. The free
field Hamiltonian in momentum representation is the second quantization
of the multiplication operator by the euclidean norm of k,

Hf = dF(|]€D .

The kinetic energy of the electron minimally coupled to the field is given
by the following expression, which is quadratic in the creation and annihi-
lation operators,

= = 2
(a. (—iV, @I @ T — A(mm))) :
where
A(my) = (a(my ;) + a* (M j))1<i<3

has three components, corresponding to the three components for 1 < j < 3
of the coupling functions

o X(k) _ikx —
My ;(k,7) = g|k‘1/2 o ik &ri(k),

and the Pauli matrices are

(01 (0 i (10
=\ 0/ o) T\ 1)

The coupling functions are defined using a family (&7 (k))re(1,2,33 of polar-
ization vectors, i.e. orthonormal bases of R? depending on k in R\ {0}
and such that &3(k) = k/|k|, a coupling constant ¢g in R and an ultraviolet
cutoff function y such that x/|k|'/? and x/|k| are both in L?(R?). Note,
though, that these conditions on y will be relaxed to some extent in our
study of the Maxwell-Pauli functional.

The Pauli-Fierz Hamiltonian of the standard model of non-relativistic
QED is given by

_, = 2
Hi= (6 (~iVe@Te @ - A()) +V @ le oL+ Lo o H

(L9 2V, @1 @ L — A(,))? — G - V2D(V, Atity)

+V@Icz @ If 4+ I ® Hy,
where the normalization of the field operator is given in the Appendix,
see (A.1). The operator H on He ® He = L?(R? C) ® C? ® H; identifies
with a self-adjoint operator with form domain
(110) Q(H) = Q(Hfree)a Hfree = HV & I(C2 ® If + Iel ® Hf,

see Appendix A, where Hy is defined in (1.6). Under suitable assumptions
on V and Y, one can actually check that D(H) := D(Hgee), see [29, 31].

TOME 75 (2025), FASCICULE 3



1184 Sébastien BRETEAUX, Jérémy FAUPIN & Jimmy PAYET

1.3. The Maxwell-Pauli energy functional

We take v in U and consider a coherent state
V=D e A

with parameter f in L2 (R3;C?) N Z. Here

(111) 2= fk)= > f-(R)&(k) |k~ [k|"? f(k) € LA(R®, dk)

1<7<2

A direct computation (see Section 3.1) yields the following formula for the
energy of the product state u @ W 7 assuming that x(—k) = x(k):

(1.12) ((u@¥p),H(u® ¥y)),,
= 20 2R 22 + (o K1) + v, A7),
where &y is defined by (1.2),

(1.13) = 2F (F (R)IK 7).

that

(1.14)  Ev(u, A) = ||[(=iV — gX * A) ul|2.

1
3273
with B = V A A. We thus obtain the stationary Maxwell-Pauli energy
functional in the Coulomb gauge introduced in [42], which we refer to as
the Maxwell-Pauli energy functional.

If V(z) = V(—z), this energy functional is invariant under Kramers’
symmetry,

(1.15) Ev(vu, A(—)) = Ev (u, A),

+ (u, (V = gx G- B)uy 2 + 14112,

where vu () = oou(—z), see [40]. Hence, in general, we can only hope for
uniqueness of the minimizer modulo this symmetry.
As we will see in Section 3, the Maxwell-Pauli energy functional is well-

-,

defined when (u, A) belongs to U x A, where

(1.16) A= {/T € H'(R3;R?)

ﬁ-A’:o}

and y satisfies the following assumption:

ANNALES DE L’INSTITUT FOURIER



QUASI-CLASSICAL GROUND STATES 1185

HypPoTHESIS 1.3 (Conditions on x). — The cutoff function x : R?* — R
satisfies x(—k) = x(k) for all k in R and
ﬁ € L2(R®) + L3(R) .

Remark 1.4. — At the expense of slightly more involved expressions in
some places, our main results below hold under the more general assump-

tion that y is complex-valued and satisfies x(—k) = x(k) for all k in R3.

The main quantity studied in this paper is
Ey = inf &y .
v UxA v
We use a similar notation when V is replaced by another potential.

1.4. Main results

We begin with the following proposition which relates minimizers of the
Maxwell-Pauli energy functional to minimizers of the energy of product
states u ®@ ¥ 7 in the standard model of non-relativistic QED.

PROPOSITION 1.5. — Suppose that V satisfies Hypothesis 1.1 and that
x satisfies Hypothesis 1.3. If (ugs, Ags) is a global minimizer of £y over UxA,
then there exists fgs in L2 (R3;C3) N Z such that ng = /Tf in the sense

s

of (1.13).

This result shows that, up to the trivial renormalization consisting in
removing the y-dependent constant obtained from normal-ordering the
Hamiltonian H, the minimizers of the energy of product states u ® W~
in the standard model of non-relativistic QED can be computed via the
Maxwell-Pauli energy functional. More precisely,

i x(k) |2

1.17 min u@V), Hu Wz ) —2 2H7‘

o <uvf>€ux<Limz><( PEEO ) =2 VLS
= min  Ev(u, A),

(u,A)eUx A

the minimizers in both sides of the equality (if they exist) being related as
in (1.13). Note that for any minimizer of the functional on the left hand
side, fl vanishes by (1.12), and the map fH fo is one to one from the
set of vectors fin Z such that f: f+ to the set of vectors A in A.

Our main result concerning the existence of a minimizer for &y is the
following.

TOME 75 (2025), FASCICULE 3



1186 Sébastien BRETEAUX, Jérémy FAUPIN & Jimmy PAYET

THEOREM 1.6 (Existence of a ground state for Maxwell-Pauli). — Sup-
pose that V satisfies Hypothesis 1.1 and that x = x1 + X2 satisfies Hypoth-
esis 1.3 with x1/|k| in L? and x2/|k| in L>°°. Suppose that the decomposi-
tion V = V14 V4 of Hypothesis 1.1 can be chosen such that Ey, > Ey. With
the constant a > 0 from Hypothesis 1.1 and some universal constant C' > 0
(see Lemma 2.4), if

X2 [|2

(1.18) 327r3a(1292Hm

L3,ac

—

then the Maxwell-Pauli energy functional £y admits a minimizer (ugs, Ags)

inlU x A.

Remark 1.7. — For |g| ||x2/|k||| 3.~ sufficiently small, the existence of a
ground state holds without assuming the presence of an ultraviolet cutoff.
The case x = 1 is indeed covered by the previous theorem, since 1/|k|
belongs to L3°.

Remark 1.8. — The smallness condition (1.18) only concerns the critical
part o such that ya/|k| belongs to L3°°. We do not require any restriction

on [x1/[k|l| 2

Remark 1.9. — The condition Ey, > FEy is verified in many cases of
interest:

e For potentials V' such that uy < 0 (e.g. if V is a negative Coulomb
potential), one has Fy < uy <0< Ey,.

e For confining potentials (i.e. such that V(z) — oo as |z| = o),
Lemma 2.2 and Proposition 3.6 imply that there always exists a
decomposition V' = Vj 4 V5 such that By < Ey,.

e Assuming the “binding” condition gy, > py and that the bound
\g|Hx/\k|HL2+Lm,3 < Cy holds with Cy small enough, Proposi-
tion 3.6 implies that Ey, > Ey .

Remark 1.10. — If one considers a spinless particle instead of an electron,
then the previous theorem becomes trivial. Indeed, using the diamagnetic
inequality, it is not difficult to verify that the Maxwell-Pauli energy of
a spinless particle reaches its minimum when A = 0. On the contrary,
Proposition 1.12 below shows that the minimizer of the Maxwell-Pauli
energy for a spin—% electron is not trivial in general.

-,

Remark 1.11. — If (u, A) is a minimizer of the Maxwell-Pauli energy
functional &y, then, by Kramers’ symmetry (1.15), (vu, A(—)) is another
minimizer of &y, different from the first one since vu | u. We conjecture
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QUASI-CLASSICAL GROUND STATES 1187

that, generically, for g > 0 sufficiently small, there are exactly two mini-
mizers for &, up to the phase symmetry with respect to u. Note that if
V' is radially symmetric, then £y is also rotation invariant and the system
has a U(1) x SU(2) local gauge symmetry, see, e.g., [21] and there will be
more minimizers.

To prove Theorem 1.6 we apply the usual strategy from the calculus of
variations [37, 38], considering a minimizing sequence (uj, A;) in U x A
and proving that it converges, along some subsequence, to a minimizer of
Ey. A difficulty here comes from the fact that the minimization problem is
subject to a constraint on the parameter u, but not on A. We first establish
a suitable coercivity property that allows us to localize possible minimizers
to a ball in U x A. This implies that (uj7gj) converges weakly to some
(Uoos Aso) in U x A. Then we can the relative compactness in L? of a ball
in H' to deduce that (uj) converges strongly in L? t0 us. This in turn
suffices to prove the existence of a minimizer.

The main difficulty to implement this approach comes from the presence
of singular terms in the interaction (i.e. terms involving xo with x2/|k|
in L3°°). In order to handle them, we use suitable estimates in Lorentz
spaces that we detail in the next section. This is one of the main novelties
of this paper, which allows us to remove the ultraviolet cutoff, and which
we believe is naturally suited to study the minimization problem in the
present context.

Our next proposition establishes the asymptotic expansion of the ground
state energy Ey up to third order in the coupling constant, assuming that
V and x are radial.

PROPOSITION 1.12 (Asymptotic expansion of the ground state energy at
small coupling). — Suppose that V satisfies Hypothesis 1.1 and 1.2, and
x satisfies Hypothesis 1.3. Suppose also that V' and x are radial, and that
the decomposition V = Vi 4+ V4, of Hypothesis 1.1 can be chosen such that
Evy, > Ey. There exist ey > 0 and Cy > 0 such that, if

L2418 ey )

X
S Y

then the minimum of the energy satisfies

32 .
(1.19) Eyv —pyv — §7r3 /(gx xu?)?| < Cy gi.
In particular, if x =1, then
4
’Ev % —92§(87T3)3/U‘\1/ <Cvegy.

TOME 75 (2025), FASCICULE 3
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Remark 1.13. — The asymptotic expansion at small coupling of the
ground state energy of the Hamiltonian H in the standard model of non-
relativistic QED has been computed in [4].

To prove Proposition 1.12, we derive Euler-Lagrange type equations for
minimizers (ugs, ffgs), which we subsequently project to the vector space
spanned by the electronic ground states and its orthogonal complement.
The asymptotic expansion in Proposition 1.12 then follows from estimating
these equations.

Our last concern is to prove the convergence of the ground state energies
in the ultraviolet limit. More precisely, suppose that the interaction between
the electron and the field is cut-off in the ultraviolet, i.e. that the Maxwell—
Pauli energy functional is given by
(120) v a(u, A) = & (19 — gRa s Dyl 2+ (s Vo 5[4
with xa = x1Ljx<a, for some ultraviolet parameter A > 0. Define the
ground state energies Ey z by

(1.21) Bya= inf  Eyalu,A).
(u,A)eUx A

The next proposition then shows that Ey a converges to Ey as A — oo.

PROPOSITION 1.14 (Ultraviolet limit of the ground state energies). —
Suppose that V satisfies Hypothesis 1.1 and that x satisfies Hypothesis 1.3
and 32m3aC?g?||x2/|k|||2s,« < 1. Then

EV,A — By
A—oo

Note that the conditions imposed in Proposition 1.14 are weaker than
those ensuring the existence of a ground state in Theorem 1.6.

1.5. Organisation of the paper

In the preliminary Section 2, we state estimates on the electronic Hamil-
tonian. Most of the proofs can be found in the companion paper [12]. We
also establish functional inequalities in Lorentz spaces used to handle the
ultraviolet limit in the Maxwell-Pauli energy functional. Our main results
are proved in Section 3: We first reduce the variational problem for (1.1)
to the minimization of the Maxwell-Pauli energy functional (1.2) in Sec-
tion 3.1. Existence of a minimizer for the Maxwell-Pauli energy as stated
in Theorem 1.6 is proved in Section 3.2. In Section 3.3, we establish use-
ful properties of the set of minimizers. We compute the expansion of the
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QUASI-CLASSICAL GROUND STATES 1189

ground state energy for small coupling constants and prove Proposition 1.12
in Section 3.4. Finally, the convergence of the ground state energies in the
ultraviolet limit (Proposition 1.14) is proved in Section 3.5. For the sake of
completeness, the self-adjointness of the Pauli-Fierz Hamiltonian and its
quadratic form domain are recalled in Appendix A.

Acknowledgements
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2. Preliminaries

In this preliminary section, we gather several technical estimates that
will be used in the next section to prove our main results. The first sub-
section mainly concerns the electronic Hamiltonian Hy . We refer to the
article [12] for a proof of some of the stated results. In a second subsection,
we give some functional estimates in Lorentz spaces that will be used in a
crucial way to control the interactions terms in the Maxwell-Pauli energy
functional.

2.1. Estimates on the electronic part

Recall that our assumptions on the external potential V' of the electronic
Hamiltonian Hy = —A 4V have been introduced in Section 1.1. We begin
with a few remarks showing that Hy is well-defined and that Q(Hy) =
Q(Hy, ) = Q(Hy,) with V; as in Hypothesis 1.1.

First, V_ is form bounded with respect to v/—A, by Hypothesis 1.1.
This implies by a well-known argument that V_ is also form bounded with
respect to Hy, with a relative bound less than 1, and hence the KLMN
Theorem (see [46, Theorem X.17]) yields that Hy identifies with a semi-
bounded self-adjoint operator with form domain Q(Hy) = Q(Hy, ).

Next, Hypothesis 1.1(2) implies that V5 is relatively form bounded with
respect to v—A with relative bound 0. Indeed, for R sufficiently large,
V1|4 r belongs to L>®(R?) since Va(x) — 0 as |x| — oo, while Vol |;<p
belongs to L3/2(Bg) with B = {z € R®||z| < R}, since Vj is in LY/?(R3).

ocC
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Therefore Va belongs to L?/?(R?) + L>°(R?) and hence we can apply [46,
Theorem X.19] to deduce that V5 is infinitesimally form-bounded with re-
spect to v/—A. In turn, since Vi — Vi = V5 4 V_ is form bounded with
respect to /—A, it is not difficult to verify that Q(Hv, ) = Q(Hy, ).

We recall a version of the IMS localization formula (see e.g. [18]), used to
split the contributions to the energy for large x and for small x. We state
it for a magnetic kinetic energy since this context is relevant in Section 3
to study the Maxwell-Pauli energy functional.

LEMMA 2.1 (Magnetic IMS localization formula). — Let A € L2 _(R3;R?)

loc

andn, 7 : R3 — R be differentiable with bounded first derivatives and such
that n* + 72 = 1. Let u € H' = { € L? | (=iV — A)ii € L?}. Then
(2.1) [(=iV = Al

= [(=iV = D) nul® + [(=1V = A) fjull* = (u, (V9> + [V7)u)

—

Proof. — Using the commutator [-iV — A, 5] = (=iVp) three times
yields

Summing (2.2) and the same equation with 7 replaced by 7 leads to
(=Y = A)ul* = [(=iV — A) nul|?
+ 1=V = )l = (u, (Vnf? + Vi)

+@<(ﬁﬁgﬁ>(ﬁEﬂ(iﬁlb(ﬁﬁ;ﬁjyé

which implies the result since n? + 72 is constant. (|

The following lemma shows that, for confining potentials V', the gap
iy, — py can be made as large as we want, provided that the potential V3
is suitably chosen. The proof can be found in the companion paper [12].

LEMMA 2.2. — Suppose that V =V, — V_ is such that
(1) V4 € LL.(RY),

loc

(2) V- € LY/2(R?),

loc

(3) V(x) = oo as |z| = oc.
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Then, for all C > 0, there exist a decomposition V = Vi ¢ + Vo ¢ as in
Hypothesis 1.1 such that, moreover,

e — v = C

To conclude this section, we give a lemma, proved again in the companion
paper [12], which is useful to prove the existence of minimizers for the
energy functional studied in Section 3.

LEMMA 2.3. — Suppose that V satisfies Hypothesis 1.1. Let (u;);jen be
a bounded sequence in H'(R?) which converges weakly to us, in H'(R?),
and strongly in L?(R?). Then

(0, (=2 +V)tioe) < lim inf(uj, (A +V)uy)
j—oo

2.2. Functional inequalities in Lorentz spaces

In the proof of our main results, we use in a crucial way some functional
inequalities in Lorentz spaces that we present in this section. For 1 <
p < o0, the Lorentz spaces LP'> = LP>*(R9) are defined as the set of
(equivalence classes of) measurable functions f : R — C such that (1.3)
holds.

More generally, for 1 < p < oo and 1 < ¢ < o0, the Lorentz spaces
LP7 = [P4(R%) are defined as the set of (equlvalence classes of) measurable
functions f : R? — C such that the quasi-norm

£ llzra = PN >t 8| La (0,00, ate)
is finite.

For 1 < p<ooand 1 < ¢g < g2 < o0, the continuous embedding
LP%r C LP%2 holds. Moreover LPP identifies with the Lebesgue space LP.
We use the following generalizations of Holder and Young’s inequality in
Lorentz spaces, see [11, 34, 44, 52] or [24, 1.4.19].

For 1 < p1,p2 < 00, 1 < q1,q2 < 00, Holder’s inequality states that

I fifallLea S 1 f1llea || foll Loz oo,
(2.3) 1 1 1 1 1 1

p PP 4 @1 @
whenever the right hand side is finite.
Young’s inequality states that, for 1 < p,p1,p2 < 00, 1 < q1,¢2 <
1f1% fallzea S | fillean (| f2ll Lrzion
(2.4) 1 1 1 1 1 1

1+-=—4+—, - =—4—.
p pP1 D2 q q1 q2

TOME 75 (2025), FASCICULE 3



1192 Sébastien BRETEAUX, Jérémy FAUPIN & Jimmy PAYET
2.2.1. Functional inequalities in the Maxwell-Pauli setting

We present estimates which will play an important role in the next sec-
tion. We work in the setting of the Maxwell-Pauli energy functional intro-
duced in (1.3), with u in Qy C L%(R3;C?) (see (1.7)) and A in H'(R3;R3).

LEMMA 2.4. — Under Hypothesis 1.3 on x = x1 + x2 with x1/|k| in L?
and xa/|k| in L>°°, there exists a universal constant C > 0 such that,

(2.5) V(u,A) e H' x H*,

R+ Aullze < O1A] (H

ulse + H

||uHm) ,
L300

||
and

(2.6) V(u,A) € Qy x H',

~ o 1/2 1/2
1% * Ayul| 2 < C A Nl 2 ull g2 -

[
W

L2+L3,oc

Proof. — In this proof X <Y means that there is a universal constant
c such that X < c¢Y. Holder and Young’s inequalities are sufficient to
estimate

(R * A)ullre < 11 FA) * Fullrz < llxa FA| g l|ul 2
< xa/lE Mz NEIFAl L2 lulle < lxa /122 1Al g Nl e

Similarly, using the Hoélder and Young inequalities in Lorentz spaces,
see (2.3)—(2.4),

1z Dyulle S ||0eFA) + (Fu)|
’S XQJ:A’ 1,6/5,2 fu’ 1,3/2,2
S| E A || g R P
~ [z BLCRRUS :
X2 7
S 2 VA el

One could also use the Brascamp-Lieb inequality in Lorentz spaces, see [10,
11]. This proves (2.5). Holder’s inequality then yields (2.6), since

lullgose S (|12 k]2 Fa /2|

S 172 (|rEae| S i el

This ends the proof. O
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LEMMA 2.5. — Under Hypothesis 1.3 on x, there exists a universal con-
stant C' > 0 such that, for all tempered distribution w such that Fw is in
Lo N L%2

L2413, H]:w”LOOnLe,z ,

(2.8) % 5wl < €l
and for all uy in L?, us in H', and 0 < A < o0

(2.9) 10k <A F (urug) || Loenrs> < Cllual|p2 [|us] e -

Proof. — With a decomposition y = y1+x2 where x1/|k| in L? and y2/|k|
in L3°°, Holder’s inequality gives

MFwlles .

Il 5 |l

Likewise, Holder’s inequality in Lorentz spaces, see (2.3), yields

I%2 = wlli 5 |05 7o, < 5 Fwllzee

This proves (2.8).

Now, by the continuity of the Fourier transform from L' to L* and
Holder’s inequality,

[Tk <aF (uruz)| Lo < fluruzlzr S [ludllzelfuz|lzz -
Then Young’s inequality in Lorentz spaces (2.4) yields
Lk caF (urun) | oo SIF () * Fuz)ll o2 SIF ()l g2z [F (2)ll poziee -

Using the fact that L?>? = L? and Hélder’s inequality in Lorentz spaces (2.3)
yields

IF ()l o [ F ()l oo S Nunllpe || 1R || oo | 1EIY Fuz)]| o -

Since L*»? = L? is continuously embedded in L?*°, and since |luz g1/2 <
|luz|| g this yields (2.9). O

Recall that Q3 stands for the topological dual of Qy (see (1.7)) and that
the space A has been defined in (1.16).
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LEMMA 2.6. — Suppose that V satisfies Hypothesis 1.1 and that x sat-
isfies Hypothesis 1.3. There exists a universal constant C > 0 such that,
for all A in A and v in H',

~ e X 1/2 1/2

I(=i90) - R+ Dlle; <€ |77 AN g el 17 el 2,
L2+L3,oo

~ o =3 e X 1/2 1/2

256 (VA Aoy <5 AN Nl 32l 32
L2413

2

~ ™ X e 1/2 1/2

(% * A)?ullg; < C o ANZ 17 22
L2+L3,oo

Proof. — By duality, using that V- A =0, we have

I(=iVu) - (R * Aoy, = sup

lvlley =1

/ 0@ |(~iVu(@) - (R + A)(@)] da

= sup

o | @A

< sup ([ Vol g2l (R * Aull 2

lvlley =

-,

< sup lloy [0+ Aullrz < [[(cx Aullzz -
lvlley =1

This last quantity is estimated thanks to Lemma 2.4:

~ -, X 1/2 1/2
1 * Ayallze < Hk| A s el 2 2.

L2+L3'°°

—.

The estimate of || & - (V A A)ul| gz, is analogous, using that

/@(f(*&“(ﬁ/\ Du)(z)dzr = —((V A G, (X * _‘)u>L2

~

Similarly, by duality, Holder’s inequality and Lemma 2.4,
I(X* A)?ullg; =  sup

/17(92 « A)2u
ol @y =1
<R * Aol 2 [|(% + Aul 2

2

L2+L3,oo

Y 1/2 1/2
ANl 32l

This concludes the proof of the lemma. O
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3. Proofs of the main results

In this section we prove our main results stated in Section 1.4. In Sec-
tion 3.1, we show that minimizing the Pauli-Fierz energy over coherent
states is equivalent to minimizing the Maxwell-Pauli energy functional over
its natural definition domain. The existence of a minimizer stated in Theo-
rem 1.6 is proved in Section 3.2, using coercivity and lower semicontinuity
arguments. In Section 3.3 we study the set of minimizers of the Maxwell—-
Pauli energy functional for small coupling constants. In particular, the
Euler-Lagrange equations leads to useful estimates for the minimizers,
which in turn allows us to obtain in Section 3.4 the second-order asymptotic
expansions of the ground state energy at small coupling stated in Propo-
sition 1.12. Finally, we prove the convergence of the quasi-classical ground
state energy in the ultraviolet limit (Proposition 1.14) in Section 3.5.

3.1. Reduction to the Maxwell-Pauli energy functional

We first justify the derivation of the Maxwell-Pauli energy functional
appearing in (1.12). To this end we compute the energy of product state
u@W 7 in the standard model of non-relativistic QED. Recall that u is in U
(see (1.8)) and fis in L2 (R3C3) N Z (see (1.11)).

We introduce a direct sum decomposition Z = ZT @ Z~ where

“
|
—
=y
m

NN
T
o
N~—
I
|
~~!
—~
=
<C
>
m
=
w
——

Note that any fin Z decomposes as f: ﬁr + f_; with

Futy - BT e gy F0-FCR
We suppose here that x/+/]k| and x/|k| belong to L?(R?) in order for the
Hamiltonian H to be well-defined (see Proposition A.1). These assumptions
will however subsequently be relaxed in our study of the Maxwell-Pauli en-
ergy functional. In this section we drop the index V for &y as the potential
remains fixed throughout this section.
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PROPOSITION 3.1. — Let x : R® — R be such that x(—k) = x(k) for
all k in R?® and both x/+/|k| and x/|k| belong to L*(R3). Let u in U and vy

in Hy¢ be a coherent state of parameter fin L2 (R?;C3?)N Z. The energy of
the state u ® \Ilf~ satisfies

(3.1) <(u ® V), H(u® \I/f)>7{

2

X(k)
Ik 2

where /TJy is given by (1.13) and E(U,/Tf') is given by (1.14). Moreover,

+ (PRI |+ €, Ap),

(3.2) inf <(u®\IJf~), H(u@\l/f)>
uel,feL? NZ
x(k)
V |kl
Proof. — Using the identities (A.2) recalled in Appendix A, we can com-
pute the Pauli-Fierz energy of the state u ® ¥ I which gives

2

+ inf E(u, /Tf«)
u€lU,feL? NZ+

L2

<u®\I/f~,H(u®\Iff~)>

= (u, Hyw)zz + 29 |17 — 49%e (u, <iVu(Fori(r,) )

" 2 k
+ 44> <u, (sm(f,m(x, ')>Li> u>
L2

— g, A2l (e, Yz ) + (KT
where m =Y _m, and
e (a, k) = x(k) [k 72 e7 %2 2 (k) .

First, we can use the properties of the Fourier transform to obtain
1/2 —iks 2
(i) = 3 [ F @t o7 e & (1)

—f( (k) [k~ x (k)) ()
= R * F(F(k) [k 77%) (),

which means that, with the notation A 7 introduced in (1.13), and using

x

that ¥ is real valued:

2Re(f,ni(x,.)),. = X+ Ap().
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Integrating by parts then gives

2iﬁe<u —1Vu<f m(z, ')>Li >L2

x

= <u, —iVu( f,m(z, ')>Li>Lg + < —iVu(f,m(z, ')>Lﬁ’u>L§

Now, we compute the scalar product

<.]Fa |k|f>L2 = <f+?|k|f+>L2 + <.F—’ |k|f—>L2 +2£)‘{e<f+,|k|f_>L2

Using a change of variables and the definitions of f; and f_ yields

(Fur k) F2) /f+ ) k] F( dk—/f+ ) |—K| F(~k) dk

Fi (k) k] - (k) dk

This shows that 29e(f7,|k| f~) = 0. Then, applying the inverse Fourier
transform to (1.13) yields

= _ 1 1/2 1,7
Folk) = 5 W2 (A7)
Finally, using Parseval’s equality yields

- - 1 - -
<f+a|k‘f+>L2 = 32?<]:_1( f)7|k|2f_1(Af)>L2

= 3973 <A'f7 7AAf>L2 = 39713 ||AfHH1

This allows us to obtain (3.1).
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Now, since the term (f_, |k| j?_> is non-negative, we can write

2
it {(wouy) Huowy)) - 26 M /2x08)|
wel,fel’ Nz

L2
R Tp N GRSV RS L O
- ueu,fllreliimz+5(u’ Afl),

which establishes (3.2). O

In the sequel we focus on the minimization of the energy functional £.
By (3.2), we can restrict the minimization to f € Z+.

In order for the coherent state ¥ F to be well-defined, we assumed in
the previous proof that f € L2 (R3?;C3). The further condition fezt
ensures that the term (f |k| f) is finite. We will see below (see Lemma 3.5)
that, in order for &(u, A f) to be well-defined, it suffices in fact to assume
that w € U and f € Z*. (By (1.13), the latter condition is equivalent
to ff}; € H', while f, € L? is equivalent to A'J; € H'?). We therefore
study € on the energy space U x A (where A is defined in (1.16)), the
norm on U x A being defined by

(s Dllzea = MullFrr + (u, Viuyre + | Al s

In the remainder of this section, we establish Proposition 1.5, namely,
that for any minimizer (ugs,ggs) in U x A of the Maxwell-Pauli energy
functional (1.14), there exists fés in L2 (R3;C?) N Z such that /Tgs = A};{;S
as in (1.13).

We begi_’n with a lemma introducing the EulerfLagrangS equation sat-

isfied by Ags and the Pauli operator at a minimizer (ugs, Ags), which will
often be useful in the sequel.

LEMMA 3.2 (Euler-Lagrange equation and Pauli operator associated to
a minimizer). — Suppose that the potential V satisfies Hypothesis 1.1 and

—

that x satisfies Hypothesis 1.3. If (ugs, Ags) is a minimizer of € over U x A,
then

(3.3) Ay =321 (—A) gy * %e((—iﬁ +VAG = gx * Age) e, Ugs ) o
the operator

O ¢ ~ LS 1 -
(3.4) HV,EgS = (—iV —gx*Ags)Q —gX*F - (V/\AgS) +V+ 32?||Ags||?'{1

defines a self-adjoint operator, and ugs is an eigenvector of H, A associated
to the eigenvalue Ey .
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-,

Proof. — At a minimizer, the Frechet derivative of £(u, A) with respect
to /T,

- A
8;(5(ugs, Ags) = _ﬁ

+ 2g% * [(gX * /_fgs) \ugs|é2] — 29X * 9%(6 A Gu,u)ce

/fgs — gx * 2%e<—i§ugs, Ugs) 2

vanishes, which yields (3.3).

Note that under our assumptions, V_ is infinitesimally form bounded
with respect to the operator (& - (—iV — g¥ * Ags))? (see (3.8) below) from
which, using the KLMN Theorem, it is not difficult to deduce that Hv, A

—

identifies with a self-adjoint operator. The minimizing property of (ugs, Ags)
means that

(35) (ugs, (HV’A*ES — Ev)ugs> = 0
As Hy 5z 2 Ev, (3.5) implies that (ijgs — BEy)Y? ug = 0 and thus
(36) (HKA‘gS — EV)ugs = 0,

which ends the proof of the lemma. O

Two important ingredients in the proof of Proposition 1.5 are the expo-
nential decay of the electronic part ugs and a virial argument. We begin
with proving these two properties in Lemmata 3.3 and 3.4, respectively.

LEMMA 3.3 (Exponential decay of the ground state). — Under the as-
sumptions of Proposition 1.5, there exists v > 0 such that

(3.7) H el ugSHL2 < 0.

Proof. — Recall from Lemma 3.2 that ugs is a ground state of the Pauli
operator (3.4). In particular, it is then known that ugs decays exponentially
in the sense that (3.7) holds for some v > 0 (see e.g. [25, Theorem 1]). O

LEMMA 3.4 (Virial argument). — Under the assumptions of Proposi-
tion 1.5,
(ugs, (—1V = gX * Ags)ugs) = 0.
Proof. — We use the Pauli operator defined in (3.4). A direct computa-

tion shows that, in the sense of quadratic forms on D(H,, ng-) ND(z), we
have

[Hv,ffgs’ x] = ,21( —iV — gx * Egs).
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Since HV,XgSugS = Eyugs and ugs belongs to D(x) by Lemma 3.3, we deduce
that

<ugs7 ( —iV — gx * ffgs)ugs>
i i
= §<(HV,AgS - EV)ug57x“gS> - §<xugsv (HV,AgS - EV)“gS> =0.

This proves the lemma. 0
Now we are ready to prove Proposition 1.5.
Proof of Proposition 1.5. — Recall that JE,:;s and A 7, are related as
in (1.13). Moreover, Ay satisfies the relation (3.3), which implies that

—

”JF:‘ESHLZ 5 ||Afgs

X —
i 1ol g P

L2’

where, to shorten notations, we have set ﬁgs = _)gs,l + ﬁgsg, with

Fos1 = f((—iVugS—g()A(*Afgs)ugs, ugs>cz), Fogo = f((V/\&’ugs, ugs>cz).
We can estimate

— X —
I Fele S [ ) P

1
L2 L3 H k|2 ’meLG»z '

Using the cutoff functions 7, 7, we separate the contributions from k in a
neighborhood of the origin and k in a neighborhood of oo, obtaining, since
Pk~ <

1 .. .
2
H 3 77 ng + HFgS o 6,2 ’
rzyrse \Il|K[2 LooNL6:2 Lol

Clearly, ||ﬁgs|‘Lw < 00 since Fyq 1, Fyg 2 are the Fourier transforms of prod-

g X
< || =
||fgs||L2 ~ H |k|

ucts of L2-functions. Moreover, HﬁgSHLe,z < 0o by Lemma 2.5. Thanks to
the cutoff function 7, we also have

1 - 1 .,
H 1772ng 5 H ;"72ng
k|2 pe2 IK[2 Lo
Hence it remains to show that the right-hand-side of the previous equation
is finite.
To this end, we estimate the contributions from Fgg 1 and Fgs 2 separately.

We begin with Fg 1. We observe that, by Lemma 3.4,

—

ng,l(O) = <ugs, ( — iﬁ — g)?* ggs)ugs>L2 =0.
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Moreover, using Lemma 3.3, Lemma 2.4 and the fact that ug belongs
to H', we have, for all multi-index o € N3,

Hagﬁgs,lan ,S ||<7iﬁugs - (g)/(\* Eﬁs)ugs; zaugs>C2 ||L1
< H - iﬁugs — (gX * gﬁs)ugs“L2‘|xaugs‘|L2 < 0.

Hence ﬁg&l belongs to the Sobolev space W>°(R3;R3). Applying the
mean-value theorem then yields

1 54
—1 N Fgs
R

suE) Hagﬁgsylﬂm < o0.

< sup [|[k[2705 Fge || oo S
s jal=1

Loo |
Now we consider Fjq 2. Since

Fys (k) = k A F((Gugs, ugs)c2) (k)

we can estimate

b
CEK

2F
gs,2 ‘LOO

< | lE P F (g, o))
Lo

< Hf(<5“gs’ “gS><C2)

This concludes the proof of the proposition. a

’ < 0.
LOO

3.2. Coercivity, energy gap and existence of a minimizer

In this section we prove Theorem 1.6, namely the existence of a global
minimizer for the Maxwell-Pauli energy functional. We use coercivity and
lower semicontinuity arguments.

Before we prove Theorem 1.6, we establish a coercivity result which will
allow us to show that any minimizing sequence is bounded in i x A (recall
that ¢ has been defined in (1.8) and A in (1.16)).

LEMMA 3.5 (Coercivity). — Suppose that V satisfies Hypothesis 1.1
and Y = X1 + X2 satisfies Hypothesis 1.3, with x1/|k| in L? and x2/|k|

in L3, If )
X2

||
with the constant a > 0 from Hypothesis 1.1 and the universal constant

-, -,

C > 0 from Lemma 2.4, then for all (u, A) inU x A such that ||(u, A)|luxa =
16(2 + a)? we have

Ev(u, A) = C1|(u, A)llyxa — Ca,

32%aC?g? <1,

L300
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with
e Oy =¢/ maX{4v3292C2||X/|k|”2L?+L3100}’
OCQZZb+G2(1+Cg 2)}
o 2= (327%)71 — C’2a92||x2/|k\”2Ls,w

Proof. — Thanks to Lemma 2.4, with the constant a from Hypothe-

sis 1.1, we can write

[l e < [IVullzz = 16 - V2

/

N

(s

<7 (—1V = g * Ayull 2 +

e

Hence,
- e ~ aC?
ol <207 (59 — 5> Aulas + “C ]
K[| 2
2
+ | = +C?¢? A%, .
(a wl >| 1
It follows from Hypothesis 1.1 that
(3.8) (u,V_u) < 2a||d - (—iV — g X * A)ul| 2
1 re L O x|
— A%, == b
+<327T3 s) [ All% + ‘ 7 L2+
and hence,
Ev (u, A) = (u, Viu) + (|7 - (=iV = g X * A)ull 2 — a)” + ]| Al
2 2 2
214+ C%9” I xa —b
€ Bl ] 2
= - 2 -
> e ((u, Vi) + (15 - (V= g X+ Az = a) + | A3 ) - Co.
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<6 (—1V = g X * Aullr2 + g[|5 - (X + A) w2
16+ (=1V = g % * A)ull 2 + Cg| Al 1

||u|H1/2)
LSoo

[kl

aC?g?
2e

L2

1
> 1403, + S lullFz -
L o0
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-,

Let us suppose that R = ||(u, A)|lux4 = 4. We consider three cases:
(1) If | A|| 2 = R/4, then E(u, A) > eR%/16 — Cy > eR/4 — Cs.
(2) If (u, Vou) > R2/16, then &(u, A) > eR2/16 — Cy > cR/4 — Cs.
(3) Otherwise ||u||g: > R/2 and
IVullze = llullfp —1> R*/4—1> (R/2 - 1)°.

We distinguish two subcases:
(a) Tf (|5 - (—iV — g% * A)ul|2 —a)® > R/4, then E(u, A) >

ER/4 — CQ,
(b) If (/|5 - (—iV — g X * A)u 1> — ) < R/4, then
R 1/2 . . N
7~ l-a- <Vullge = (|6 (=1V — g X * A)u|
< gll(X * Ayl 2
% . R1/2
< 490]| 7| Al .
g ‘k| L2+L3=°°H ||H 92
Therefore, for R > 16(2 + a)?,
R/? R'Y2 —(2+a) -
1/240[ 2 Sy CHLH < ||A||H1
9 HWHLMLSW IUN TR I L2 418,00
and hence
> - €
gv(u,A) 2 f-.‘”A”?{1 — 02 2 3 — Ua.
329202”%”];%1;-?@
This yields the result. O
We are now ready to prove Theorem 1.6.
Proof of Theorem 1.6. — Let (u;, A'j)jeN be a minimizing sequence for £

—

in U x A. In particular, (£(u;, A;)); is bounded and hence, by Lemma 3.5,
(uj,/fj)j is bounded in U x A. Hence the sequence (uj,/fj)j converges
weakly to some limit (uo, Aso) in U x A w.r.t. the topology of Qy x H*.

We first show that

Let ¢ > 0. By Hypothesis 1.1 there exists R > 0 such that |[Va(z)| <
e(BEy, — Ev)/2 for |z| > R and |Vng(z)* + |Vir(z)]* < e(Ev, — Ev)/2
for all x. Recall that the cutoff functions ng, g have been defined in (1.5).
We have

(3.10) luj — ool Ze = Inr(; — use) 172 + 7R (u; — o)l

< nr(uj = uso)lIZ2 + 2l[7Ru; 72 + 2liRuUc0 122 -
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For w in U, the magnetic IMS localization formula (2.1) yields

—

Ev(u, A) = (pru, (—iV — X * A2 +V = - (VAA)nru)
+ (Mru, (-iV =X+ A)2+ V1 =G - (VA A))Tru)

Y =~ 1 -
+ (u, (7 Vo = [Vnaf? = [Viia)u) + o5 1413
Rt 1 2 TR U .
=& (———— A |Inrulliz + v, (=———, A) |Nru
(||77Ru||L2 )HT] ||L2 I(HnRUHL2 )HT] HL2

+ (u, (7% Va — |[Vr[* — |Vig[*)u)
> Ev |lnrulli> + Ev, |1rull72 — e(Ev, — Ev).

—

As (uj, A;) is a minimizing sequence, (3.11) yields, for j large enough,

—

< gv(’LLj7Aj) — EV

3.11 R uil|72 < < 2.
( ) ||77RUJHL2 Evl _EV +e €
By the lower semi-continuity of the L? norm,

(3.12) 7R toc |72 < lim inf [|7p uyl|7 < 2e.
]—)OO

The sequence (u;); converges towards ., weakly in Qy and thus the se-
quence (ng u;) converges weakly in H' towards ng to. Using the compact-
ness of the set B(0,2R) and the Rellich-Kondrachov Theorem, we deduce
that (ngu;) converges strongly in L? to ng ue. This together with (3.10),
(3.11) and (3.12) prove (3.9).

To show that H}Eg}fé'(uj,gj) > E(Uso, Aso), we split £(u, A) into five

parts:
& () £2(A) Es(u,A)

W 1 = i
Ev(u, A) = (u, Hyu) +327r3 | All%: —29%Re ( —iVu, (X * A)u)

—.

+ (u, (X% A)u) =g (u,7 - (R * VA Au) -

E4(u,A) Es(u,A)

By Lemma 2.3, we have

(3.13) liminf & (u;) > &1 (uco) -
j—o0

By the lower semi-continuity of || - || ;1,

(3.14) liminf & (A4;) > E2(As) .
j—oo
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Now using V- /fj = 0, the Cauchy—Schwarz inequality, the boundedness of
(I1(u;, A;)|lex); and Lemma 2.4, we obtain

—

(3.15) | Es(uy, A;) — (—iVuy, (X * A;) o) + (X % Aj) 1, —iViine)
- 1
—&3(too, Aj)| S lluy — tooll72-
We claim that the weak convergence of A'j towards Ao then yields

(3.16) E3(too, Aj) —— E3(too, Aso) -
J—0o0

The limit (3.16) can be proven as follows. Let ¢ = —iVu,,. Then
(3.17) Ealunes ) = [ (R () 4

and it thus suffices to verify that ¥ * (usey) belongs to H~'. This is a
consequence of Lemma 2.5:

I T P

%% (o) -+ % |5
(3.18) 3 Hl‘
~ U7k

oyl < o0

The bound (3.15), and the limit (3.16) yield

(3.19) Es(uj, A;) —— E3(Uoo, Ano) .
j—o00
Similarly as in (3.15), we have

—x

(3.20)  [Ex(uj, A) — (toe, A20s) o + (oo, A205) 5 — Ea(tine, Aj)
S lluj — ueol 75 -

Let us now prove that

(3.21) lim inf E4 (oo, A;) = Ex(tine; Aso) -

J—00

Using the same arguments as those used to prove the lower semicontinuity
of norms, we can write

— —

(3.22) Ei(un, A; — Ax)
= Ealtoe, Aj) + Ex(ttne, Anc) = 2986 { (¥ 5 Aoo ttoo, (% A7 Jtioe ) > 0
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and arguing as in (3.17), with ¢ = () * ﬁm)um (which belongs to L? by
Lemma 2.4), we deduce that

(3:23) (%% Aot (X * Aj)uuce )

N / (X * (o)) Aj —— Euuce, Aso).

j‘)OO

Now (3.22)-(3.23) imply (3.21). A convenient expression of the last term,
Es(u, A) = (u, & - (X * VA A)u) = —20e(V A Gu, (Y * A)u),

shows that it can be handled as £5 and

(3.24) Es(uj; A7) ——— Esluoo, Asc)

Finally, (3.13), (3.14), (3.19), (3.20), (3.21) and (3.24) imply that
lim inf € (u;, A;) > & (oo, Aso)

J—00

—

and hence the infimum is indeed a minimum, since (Ueo, Ax) is a mini-
mizer. O

To conclude this subsection, we focus on the condition Ey, > Ey which
was a crucial assumption in our proof of the existence of a minimizer in
Theorem 1.6. As mentioned in Remark 1.9, the next proposition shows that
this condition is satisfied provided that |g| ||x2/|k||| 3.« is not too large and
that either V' is confining (recall from Lemma 2.2 that in this case uy, can
be chosen arbitrarily large) or uy, > py and |g|||x/|k||| L2413 is small
enough.

PROPOSITION 3.6 (Existence of a gap). — Suppose that V satisfies Hy-
pothesis 1.1 and that the cut-off function x = x1 + X2 satisfies Hypothe-
sis 1.3 with x1/|k| in L? and x2/|k| in L>°°. If uy > 0, then there exists a
positive constant Cy such that, for all 0 < 8 <1 — Cvg|lx2/lk||| 3.5

(3.25) Ey, — Ey > mln( ( -8- Cvg’ﬁj )le—ﬂv
L3oo
ol
— = —Cvg :
45 TRl TR

Proof. — Restricting the infimum of &y to U x {6} yields an upper bound
for Ey:

(3.26) By = inf & (u, A) < inf &y (u,0) = py .
(u,A)eUx A uel
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To control Ey, from below, recall that

Evi (u, A) = 1|6 (=iV = g% * A uF2 + (u, Viu) + 1413, -

32 3278
If | A)1%,/(327%) > pv + 1, then
Ev, (u, A) > py + 1.

Suppose now that ||/Y||§-{1/(327T3) < py +1. Then, with C' > 0 the universal
constant from Lemma 2.4, and Cy = 2C\/uy + 1,

Evi (u, A) = (u, (— Ay + Vi)u) — 2g|(G - Vu, G - (X * A)u)
> (u, (—Ay + V1)u)

— 29Cul g | Al (H

|u||H1/2)
L3 oo

2
||u|%p).
3,00

Iz

i

> (u, (—Ay + V1)u) —gCy ( X1

lleell o +
L2

Now, thanks to the conditions on 5,

5‘/1 (uag) = ( ﬁ gCV

) <U, (_Aw + V1)u>
L3 [e5]

Cvg
45 L2

|k‘ L3oo)/'l’v1
2

_ GV || xa
45

Ik\
X1

%

Ikl

L3,

( - B-9gCy

X2

L2

) vy
3,00

2

L3,

Therefore

(3.27) Ey, > min <,uv +1, ( —p—=Cyvg H

||

Ctg? H
- - C ,
48 e VTR e

which together with (3.26) yields the result. O

3.3. Properties of the set of minimizers

In this section we prove some estimates on minimizers (ugs, /Tgs) of the
Maxwell-Pauli energy functional, which in turn implies that A is fully
determined by ugs for small g.
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We use the following notations. The resolvent of the operator Hy ® I¢2
is denoted by Ry := (Hy — A)~! ® I¢z (a priori defined as an unbounded
operator on the set Ran(1yy}(Hy ® Ig2))t). Recall that ITy, IIy; are the
projections in L?(R?; C?) defined by Ily = |uy) (uy |@Ice, Iz = Iz —1IIy.
Moreover, for all u in Qy, we set ¢ = HJ‘;u.

In the next lemma, under hypotheses which implies the existence of a
ground state uy for Hy, we obtain an equation satisfied by ¢ at a mini-
mizer. Moreover, using the Euler-Lagrange equation for /Tgs, we obtain a
control over ugs and /_fgs.

LEMMA 3.7. — Suppose that V satisfies Hypotheses 1.1 and 1.2 and

—

that x satisfies Hypothesis 1.3. Let (ugs, Ags) in U x A be a global mini-
mizer of £. Then

(R A s — 5 A e
Moreover, there exist ey > 0 and Cy > 0 such that, if
(3.20) g =10l 5, o <5
then the following estimates hold
(3.30) Ieasllg, <Cver,
(3.31) | Ags|l ;1 < Crgy
332 A A g = ¥ A A= F A AP < Ol
with
(3.33) AE] = 1673 (—A) "LgX * V A ud @y

and where the vector &gs in C? is defined by the relation
(3.34) Uy Gy = (My g, 6 Ty tgs) o -
By (3.30), ||&es|?> — 1| < Cvey-

Remark 3.8. — Note that in (3.34) both sides are functions of x as the
scalar product on the right hand side is only on the C? space.

Proof of Lemma 3.7. — To prove (3.28), it suffices to observe that Ey <
pv = inf o(Hy) (see (3.26)), and hence that Rp, IIi; is well-defined and
identifies with an element of £(Q%,, Qy). Applying Rg, II{> to (3.6) then
yields (3.28).
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Now we prove (3.31). First observe that, by Lemma 3.5, the assump-
tion (3.29) and the fact that Ey < upy, we have, for ey sufficiently small,

H(ugsvggs)HuxA < CV,

for some constant Cy > 0, uniformly in g and x such that g, < ey.
Using (3.3) and Lemmata 2.4-2.5, we then estimate

HggsHHl < CH 95(\* %e(—iﬁugs + ﬁ A Eugs’ugS>C2HH*1

+C| g% * [(9% * Ags) lugs|za] || 1

[[etgs |l g1

L2+L3=°°

X
< A
(3.35) < Cldl H k]

2
X

—|—C'92
k|

L2+ L3 ||ggs||H1 ”ugSth

< QCRng .

Next using (3.28), the fact that Rp, I € L£(Q}, Qv), the continuous
embedding L? C 9}, (3.35) and Lemma 2.4, we obtain
Iesllo, < Cve?,

for some constant Cy > 0.

Let us now prove (3.32) starting from the formula given in (3.3) for /fgs.
Note that the constant Cy might change from one line to the other. Ap-
plying Lemma 2.5 first and then Lemma 2.4, the boundedness of ugs in Qv
and (3.31),

(3:36) [[(=A) 7" g% * Re( (g% * Ags)ugs, gs ) call 11
< COvgyll(gx * A‘gS)ugSHL2 [[wgs|| 1
< Cves || Agsl s sl
< Cvgi-

By Lemma 2.4, the boundedness of ugs in Qy and (3.30),

(3.37)  [[(—A) " Tgx * Re( — iﬁugs, ugS>C2 Il
< |lgx * %e<i§ﬂvugs, HVUgS>@2 ||H*1 +2||gx * <§Hvug5a SﬁgS>Cz HH*l
+ [lgx * <6§0gsa ‘Pg5>c2 |z
< 04 Cv gyl VTvugs| 22 [ pasll g + Cv gyl Vepusll 2 | oesll g < Crgl -
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Applying Lemma 2.5 first, then the boundedness of ug in Qv and (3.30),
we obtain

(3:38)  [[(—=A) g% * Re(V A G ugs, tgs) o
— (7A)7lgf(\ * %e{ﬁ A 5HVUgSa HVUgS>C2 ||H1

< 2|gx * <V NG pgs, HVugS>@2||H71 + [lgx * <V NG Pgs, SDgS>C2 -1
< C'Vgx”6 NG 0gs || 2 (v ugs|| 1 + [l @gsll 1) < Cvgi-

Then, from V A (u, du) = 2Re(u, V A Gu) the equality
(=A)"tgx * 29%e<6 A & Iy ugs, Hvugs>(c2 = (=A)"Tgx * Vud A WDgs
follows, which, along with (3.36), (3.37) and (3.38), yields (3.32).
Finally, since V- ffgs =V AEJ = 0, using the formula VAVAA =
—AA—V(V-A),
H6 A (jgs - XL;E)“L2 = H/Tgs - A:[;lb]HHl :
This concludes the proof of Lemma 3.7. g

Now we can prove that ffgs is fully determined by ugs for small g.

PROPOSITION 3.9. — Suppose that V satisfies Hypotheses 1.1 and 1.2
and that x satisfies Hypothesis 1.3. Suppose that the decomposition V =
Vi + Va of Hypothesis 1.1 can be chosen such that Ey, > Ey . There exists
ey > 0 such that, if

X
= ol 2 <o

L2+L3,oo

—

then if (ugs, Ags) and (ugs, Agg) are minimizers of £, necessarily Ags = Ag.

Proof. — In this proof we drop the indices gs to simplify the notations.
For sufficiently small g, if (u, A) and (u, A") are minimizers, (3.3) yields

A A = 3273 (—A) g+ (g% = (A — A1) Jul)].

It follows from Lemmata 2.5 and 2.4 that

|4 = A g = 327°|g% # [(9% (A = A))ule]|| -
< Cgy|| (9% (A = A))ul| 2 |ul| a0
< C?g||A— Ay llullzn
< CPgi[l A - A4
which implies that, for sufficiently small g,, 4 = A". O
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3.4. Expansion of the minimum at small coupling

In this section, we prove Proposition 1.12, by establishing the asymptotic
expansion (1.19).

Proof of Proposition 1.12. — Recall that
(@) (i)
5 —N— = R =
Ey = &y (ugs, Ags) = (Ugs, Hytgs) —2 i)‘ie< — iVugs, (g * Ags)ugs>

. R - 1 - 2
= (tgs, & - (9% % V A AgsJugs) + (ttgs, (9X * Ags) tgs) +35— || Ags [ -
T e~ —
(ii3) (iv) (v)
For (i), using that HyIlyugs = pvIlyugs, Hyugs L g and (3.30), we
obtain

I(’L) - /’LV| < | <(Pgs;HV90gs> ‘ < Cvgi

Next we decompose (i) into three terms:
(i) = g%e< - iﬁHV“gsv (X * ggS)HV“gS>
+ 29%Re( = IVITy ugs, (V5 Age)oe) + 9Re( = IVipge, (V5 Ags) )

The first term vanishes because, with Iy ugs = (§)uy for some coefhi-
cients a and b in C,

gRe( — iVITy ugs, (X* Ags) Iy ugs) = g(laf? + [b]?)Re( — iVuy, (X * Ags)ur)
:0,

since uy, X and ng are real-valued. The next term in (i4) is controlled
using Cauchy—Schwarz’s inequality followed by Lemmata 2.4 and 3.7,

|< — iVIyugs, (9X * AgS)‘PgS>’ < Ovgy || VIvugs|| L2 || Agsl g1 | gsl 1
< Cvgy -

The last term in (i¢) is bounded by Cvgi using similar arguments.
Similarly, (iv) is bounded by Cvgi.
As for (i), using the formula [ - V Aty = [y - V AW, we can
rewrite

(iii) = /(g)? s Age) - V A (s, Gllgs ) -

In this form, it can be shown using the same arguments as before that

[ / (9% + A) - ¥ A u2 | < Crgl,
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where we recall that wgs has been defined in (3.34). Now, thanks to (3.33)
and the formula V AV A ud@ge = —AudGge — V(V - 43Ggs), We have

639) [ AV nuta,

= 167" /(95(\ * VA ub@es) - (—A) 71X * V A uddye)

— 165" [ (g @

+ 1673 /((—A)_lg)?* Bgs - VU2 ) (X * Bgs - Vud).
To estimate (v), we use Lemma 3.7, which shows that
|(0) = 1AW N3] < Cvey -
A direct computation then gives
IR 1% = (167°) /(g? *V A ufgs) - ((—A)7'g% * V A up @),

namely we obtain the same term as in (3.39), with a different pre-factor.
Putting all together, we have shown that

‘EV _ iy + 8237 ( JCSARCN
+ [ (8 1Re u)(e T) )| < vl

We have |1 — |&ys]?| < Cy gy (see Lemma 3.7). Moreover, in the case of a
radial potential V', the ground state uy of Hy is radial. If in addition x is
radial, then the second term in the right-hand side of the previous equation
can be expressed independently of &gs. This directly leads to (1.19). O

3.5. Ultraviolet limit of the ground state energies

We suppose in this section that the interaction between the non-rel-
ativistic particle and the field is cut-off in the ultraviolet, i.e. that the
Maxwell-Pauli energy functional is given by (1.20) with xa = x1jx<a,
for some ultraviolet parameter A > 0. We then study the limit A — oo.
In this section we drop the index V for &y as the potential remains fixed
throughout the section.
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As in the previous sections, x will be fixed such that x/|k| lies in L? +
L>°°. In particular, we have ya/|k| in L? and ya/+/|k| in L?, which in
turn implies that the ultraviolet cut-off Pauli-Fierz Hamiltonian

Hy = (3 (= iVae @ Tg— Ay, 2))) + V @ T + Iy @ Hy,

identifies to a self-adjoint operator (see Appendix A).

We show that the ground state energies Ey s defined in (1.21) converge
to Ey in the ultraviolet limit A — oo. It should be noted that, in general,
|k|~txa does not converge to |k|~'x in L? + L*»*°. To circumvent this
difficulty, we will use the following relation

(3.40)

where we have set
<=1 _g1ca(A)
Recalling from (1.16) that A = {A € H*(R3;R?) | V- A = 0}, we introduce
the subspace
(3.41) Ay = {EeA‘A:ﬂ‘_ﬁKA( 0},
We then have the following identity.

LEMMA 3.10. — Suppose that V satisfies Hypothesis 1.1 and that y
satisfies Hypothesis 1.3. Then, for all A > 0,

Eya= _ inf E(u, A).
(u,A)EUX Agn

Proof. — Tt suffices to observe that, by (3.40), the following equality

-,

holds for all (u, A) in U x A:

-,

. 1 S
(3.42) Enlu, A) = E(u, Acy) + %Hn‘fm%m)uip.

The statement of the lemma directly follows. O

If A belongs to H', we have that ||A<y — A ;1 — 0 as A — 0o. Now we
can prove the convergence of the ground state energies in the ultraviolet
limit.
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Proof of Proposition 1.14. — For 0 < A < A/, we have Acy C Acpr C A
and hence, by Lemma 3.10,

Ey < Eya < Eya.
Therefore A — Ey 5 is non-increasing on (0, 0o0), bounded below by Ey, so
that we can define

By = lim Ey > Ey.
A—oo

To show that Fy . < Ey, let ¢ > 0 and let (ug,ffe) in 4 x A be such
that &€ (ue, /Ta) < Ey +e. Using (3.42), we have

- - 1 o2
Eva < EA(u67A€) = g(u€7A€7<A) + 3973 H]l|*i§|>AA5”H1

- 1 -2
< By + e+ E(u., 5<A) g(uf’A5)+%Hﬂ\—iﬁ\zAAEHHl'

A direct computation shows that

. . 1 .
(3.43) ‘5( Aeen) = €, A+ g5 |1 g padelin
<2 g‘ |< _iﬁua) g- X * (As <A — EE)UE>L2‘

07| r Aecnue | = 112 # Aeyue |7 .

Applying Lemma 2.4 gives

— —

’<52 : (7167!6)7 7 5(\ * (AE <A T AE)UE>L2| < C’x,uE

s

—

Aa <A 7EE||H1)

IS

for some constant C, ,, depending on x and u.. Likewise,

| ,\

X * HL2

||< < A))usHLAHx*As<AUsI|Lz+II>? Jue| 2)
<C A‘

X/Ufa, e

-<h usll

= Al

Since || Az <n — Acllpn — 0 as A — oo, inserting the previous estimates
into (3.43) and letting A — oo, we obtain

Evo < By +e&.

Since € > 0 is arbitrary, this concludes the proof of the proposition. O

ANNALES DE L’INSTITUT FOURIER



QUASI-CLASSICAL GROUND STATES 1215
Appendix A. Operators in Fock space, self-adjointness

In this appendix we set up some notations and give the proof of the
self-adjointness of the Pauli-Fierz operator H. We recall the definitions of
standard operators in Fock space. We only give here formal definitions,
referring the reader to e.g. [19, 46] for more details.

Let us consider a Hilbert space h and its associated symmetric Fock space
Ts(h) = D,_,V"b, with \/’h := C. Let h € b. For n € N, the creation
and annihilation operators are respectively defined as

)y =Vt 1) [h) \/I\/nh,
()\vnh=f<hl®1vm,,, a(h)jc = 0.
The field operator ®(h) is then defined as
(A1) ®(h) = (a(h) + a*(h))/V2.

Let w be a self-adjoint operator on h. The second quantization of w is
the operator on Fock space defined by

k=1

The coherent state of parameter f € b is defined as
N I ®n
\I/f:zelq)(if)Q:e Zf ’

n=0 m

where ) stands for the Fock vacuum. Coherent states are eigenvectors of
the annihilation operators in the sense that for all f, h € b,

a(h)Ws = (h, f)y ¥

This in turn leads to the following equalities:

(A2) (Wp, @(h)Uf)g oy =2Re(h, [y, (VpdD(W)¥r)s = (frwf)y-

We recall the following estimates, which holds for any non-negative op-

erator w on b, h in the domain of w™'/2 and ¥ in the domain of dI'(w)'/2:
—1 1
(A.3) la(h)®[| < [lw™ 2 R[FllAL (@)= 3, )
* _1 1
(A.4) la* (h) @] < [lw™ 2 RlIFIIAT (@) 2 €[5 ) + I IGIEIF, o) -

The next proposition establishes the self-adjointness of the Pauli-Fierz
Hamiltonian H of the standard model of non-relativistic QED (see (1.9))
under our assumptions. We recall a proof for the convenience of the reader.

TOME 75 (2025), FASCICULE 3



1216 Sébastien BRETEAUX, Jérémy FAUPIN & Jimmy PAYET

ProposITION A.1 (Self-adjointness of H). — Suppose that V =V, —V_
belongs to Li (R*;R*) and that V_ is infinitesimally small with respect

loc
to —A in the sense of quadratic forms on H'(R®). Suppose in addition

that x : R® — R is such that both |k|~*/?x and |k|~'x are in L?>(R®). Then
the Pauli-Fierz hamiltonian H is a self-adjoint operator with form domain

Q(H) = Q (Hy, ®Ic: @I + Iy ® Iz @ dT(JK])) -

Proof. — Let Q1 == Q (HV+ RIce L+ 1 @ I2 ® dl"(|k:|)) . We claim
that the following form is closed on Q4:

s (U1, W) = <5. (—iV @ Iz ® It — A (1)) 1,
G (—iV @I @1 — A’(mx))%>%
+ <(Vj/2 I @I)0, (V2 0 Ie @ If)\Ifz>H
+ <(Ie1 ®Icz ® H}/Q)\Ill, (Tag ® Iz ® H}/Q)‘If2>7_[

Let (¥},)nen in Qlj be such that ¥,, % U and (¢4 (P, ¥,))nen con-
verges. We show that ¥ is in Q4 and that ¢4 (¥, — ¥, ¥, —¥) — 0.

n—oo

Considering the closed form on Q. defined by
Qo (U, Uy) = <(—ﬁ @I @Iy, (—iV @ Iz © If)xp2>7{
+ <(V+1/2 ®Ic: @ If) Wy, (vj/2 Iz ® If)\I/2>H
Iy ©TIe @ HY?) 0, (I @ Ie @ HY )W
+<( 1© Icx @ HY )Wy, (I @ Ic2 @ HT) 2>H,

it is not difficult to verify, using (A.3)—(A.4), that there exists a positive
constant C' such that, for all € > 0, for all ¥ in O,

(A5) (1 - Ce)an(w, W)
172+ 1 ||? 2
<ae (0, 0)+ Ce (a0 T e )|+ 197, )

This implies that (go(¥,, ¥y))nen is a Cauchy sequence and hence, since
qo is closed on Q., we deduce that ¥ € Q.. Finally, since, similarly as
for (A.5), we have

Q+(\II7 \Ij) < (1 - OE)QO(\D7 ‘Il)a
we conclude that

0 (U, — 0,0, —T) — 0.

n—0o0
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We have shown that the quadratic form ¢ is positive and closed on
Q4. In particular (see e.g. [32, Chapter 6, Theorem 2.1]), this ensures
that there exists a positive self-adjoint operator H, such that, for all
Uy, Uy € Qu, gy (U, Us) = (H*Wy, HY?Wy)y. Since V_ is infinitesi-
mally form bounded with respect to —A, one easily deduces that it is also
infinitesimally form bounded with respect to H;. The KLMN theorem then
allows us to conclude that H identifies to a self-adjoint operator with form
domain

QH) = Q1 = Q(Hy, ® Iz @It + Iy ® Iz ® dT(JK])) -

This concludes the proof. 0
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