Université Grenoble Alpes

ANNALES DE
LINSTITUT FOURIER

Vicente CorTEs, Markus ROSER & Daniel THUNG

Complete quaternionic Kihler manifolds with finite
volume ends

Tome 75, n° 2 (2025), p. 475-521.

Article mis a disposition par ses auteurs selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 3.0 FRANCE

[@)evno |

.4 Les Annales de [Institut Fourier sont membres du
» Centre Mersenne pour I'édition scientifique ouverte
e-ISSN : 1777-5310

>

MERSENNE


https://doi.org/10.5802/aif.3664
http://creativecommons.org/licenses/by-nd/3.0/fr/
https://www.centre-mersenne.org/

Ann. Inst. Fourier, Grenoble
75, 2 (2025) 475-521

COMPLETE QUATERNIONIC KAHLER MANIFOLDS
WITH FINITE VOLUME ENDS

by Vicente CORTES, Markus ROSER & Daniel THUNG (*)

ABSTRACT. — We construct examples of complete quaternionic Kéhler mani-
folds with an end of finite volume, which are not locally homogeneous. The man-
ifolds are aspherical with fundamental group which is up to an infinite cyclic ex-
tension a semi-direct product of a lattice in a semi-simple group with a lattice in
a Heisenberg group. Their universal covering is a cohomogeneity one deformation
of a symmetric space of non-compact type.

REsuME. — Nous construisons des exemples de variétés quaternion-kihlériennes
complétes avec un bout de volume fini, qui ne sont pas localement homogenes.
Les variétés sont asphériques avec groupe fondamental qui est, & une extension
cyclique infinie prés, un produit semi-direct d’un réseau dans un groupe semi-simple
avec un réseau dans un groupe de Heisenberg. Leur revétement universel est une
déformation de cohomogénéité 1 d’un espace symétrique de type non compact.

1. Introduction

One of the milestones of twentieth century differential geometry is Ber-
ger’s classification of irreducible holonomy groups of non-locally symmetric
Riemannian manifolds [7]. The problem to construct non-locally symmet-
ric Riemannian manifolds (or to show their non-existence) for each of the
groups in Berger’s list has been a major driving force for research in the
theory of Einstein manifolds, involving a combination of Lie theory [1, 2],
differential geometry [9, 10, 24, 25], geometric analysis [20, 21, 22, 36] and
algebraic geometry [6]. As a result, we have compact non-locally symmetric
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examples of Riemannian manifolds for all of the groups in Berger’s list with
exception of the group Sp(n)Sp(1).

Riemannian manifolds with holonomy group a subgroup of Sp(n)Sp(1)
for n > 2 are known as quaternionic Kéhler manifolds. These manifolds
are Einstein and, in fact, generalize half-conformally flat Einstein four-
manifolds, which are by definition the quaternionic K&hler manifolds of
dimension four.

All the known compact examples of non-zero scalar curvature are locally
symmetric. They fall into two classes: symmetric quaternionic Kahler man-
ifolds of compact type, known as Wolf spaces [35], and locally symmetric
spaces obtained as smooth quotients of the non-compact duals of the Wolf
spaces by lattices of the isometry group [8]. The manifolds in both classes
are rigid [19, 26] which shows that further examples cannot be obtained
from deformation theory. Moreover, in the case of positive scalar curvature
it is even conjectured that the Wolf spaces exhaust all complete (and hence
compact, by Bonnet-Myers) examples [26].

In this article we show that complete quaternionic Kéhler manifolds of
negative scalar curvature can have ends of finite volume without being lo-
cally homogeneous. Our constructions are based on the recently proven fact
that the known homogeneous quaternionic Kéhler manifolds of negative
scalar curvature and higher rank can be deformed into complete quater-
nionic Kéhler manifolds with an isometric cohomogeneity one action [14,
Corollary 3.19].

In this paper we focus on the above deformation (N, ¢¢), ¢ > 0, for the
symmetric spaces

— B SU(2,n)
(Ny, g°) = <S(U(2)XU(n)>7gcan> .

The one-parameter family (N,,,¢¢), ¢ > 0, is obtained from an indefinite
hyper-Kéhler manifold by the HK/QK correspondence. This implies that
the metrics g¢ are quaternionic Kéhler [4, Corollary 1]. The completeness of
(N, g¢) for ¢ = 0 was shown in [12, Corollary 15]. The manifolds (N, )
are locally inhomogeneous for ¢ > 0 [14, Theorem 4.8].

We show in dimensions 4 and 8 (i.e. for n = 1 and 2) that the isometry
group of (N,,g¢), ¢ = 0, contains discrete subgroups which give rise to
smooth quotient manifolds X = Xr = N/I' with exactly two ends, see
Theorem 4.2. The metric g¢ on N,, induces a complete quaternionic Kéhler
metric on X, which we denote by the same symbol. With respect to this
metric one of the two ends is of finite volume and the other is of infinite
volume, see Theorem 4.5.
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The fundamental groups I' of the eight-dimensional complete quater-
nionic Kéhler manifolds (Xr, ¢¢), ¢ > 0, have the structure of a cyclic quo-
tient (I'y xT'y) /Z of a semi-direct product I'y xT'y, where Ty C éﬁ(l, 1) is the
preimage of an arithmetic subgroup T'y € SU(1, 1) in the universal covering
and I's is a lattice in the five-dimensional Heisenberg group. The subgroup
7 C I'y xI's is diagonal for ¢ > 0, in the sense that it has trivial intersection
with each of the factors. We consider also I' = I'; x I's, which is a lattice
in SU(1, 1) x Heiss. In the undeformed case ¢ = 0, we have Z C I'y and the
above construction reduces to a semi-direct product I' = T’ = I'; x 'y, of
an arithmetic group 'y € SU(1,1) with a lattice I'y C Heiss. In four di-
mensions, I' reduces to a lattice in the three-dimensional Heisenberg group
and X is diffeomorphic to (Heiss /T') x R.

Our results are developed in such a way that they immediately extend
to higher dimensions given lattices I' C SU(1,n — 1) x Heisg, 1, which do
always exist. In particular, the isometric action of SU(1,n — 1) x Heisg, 41
on a cyclic quotient of N, is proven in all dimensions, see Theorem 3.16.
The arithmetic part of the construction consists in finding lattices I'; in
SU(1,n — 1) which normalize a lattice in Heisa,,+1. For n = 2 we were able
to construct co-compact lattices of this type using quaternion algebras. The
lattices which we obtained can be described as follows.

Let a,b € Z~o be such that b is prime and a is a quadratic non-residue
mod b, i.e. a does not have a square root in the field Z;. Denote by O, C
gl(2,C) the Z-span of the four matrices

]1:(3 ?) I:ﬁi(ol é) J:\/E((l) é) K:\/%i((l) 01>.

Then Ty 45 = Oup NSU(1,1) = {A € Oy : det A = 1} is a co-compact
Fuchsian group, which preserves the lattice I'y in Heiss = C? x R generated
by Oup-(§) € C2. Up to passing to a suitable finite index normal subgroup,
T = f‘17a7b X I’y gives a lattice of the desired type, as long as the one-loop
parameter ¢ is chosen to be a rational multiple of v/ab.

The following theorem summarizes the main results about quaternionic

Ka&hler manifolds of dimension < 8 obtained in this paper, compare Theo-
rem 4.2 and Theorem 4.5.

THEOREM 1.1. — There exist complete locally inhomogeneous quater-
nionic Kdhler manifolds of dimension 4 and 8 which are diffeomorphic to a
product X = R x K, where K is a compact aspherical manifold described
more in detail below and the volume of one of the two ends of X is finite,
the other infinite.

TOME 75 (2025), FASCICULE 2



478 Vicente CORTES, Markus ROSER & Daniel THUNG

e For dim X = 4 the fiber K is a nilmanifold.

e For dim X = 8 it is a manifold with fundamental group of the
form (T'y x I's)/Z, where 'y is a lattice in gIVJ(l, 1) covering a finite
index normal subgroup of any of the above Fuchsian groups f17a7b C
SU(1,1), I's is a lattice in Heis; and Z is a diagonally embedded
central subgroup.

While co-compact lattices in SU(1,n — 1) are known from complex hy-
perbolic geometry, see for instance [16], there is no such lattice normalizing
a lattice in C™ forn > 3 Compatible(l) with the Hermitian structure (and
a fortiori no such lattice normalizing a compatible log-lattice in Heisg,11).
Indeed, such a lattice in SU(1,n—1), n > 3, would give rise to an anisotropic
Hermitian sesquilinear form over an imaginary number field. The real part
thereof would be an anisotropic non-degenerate rational symmetric bilin-
ear form in more than 4 variables that is indefinite over R, contradicting
Meyer’s theorem (see [32, Corollary 2 on p. 43]).

However, lattices of finite co-volume in SU(1,n — 1) x Heiss,41 can be
easily obtained by considering normalizers of certain lattices in Heisgy, 1.
Using suitable lattices

(1.1) [ c SU(1,n — 1) x Heisgy 11

we construct quaternionic Kéahler manifolds of dimension 4n fibering over
R with locally homogeneous fibers of finite volume. The results can be
summarized as follows, see Theorem 4.4 and Theorem 4.5.

THEOREM 1.2. — In all dimensions 4n > 4, there exist complete locally
inhomogeneous quaternionic Kahler manifolds diffeomorphic to X = Rx K,
where the fibers {t} x K are aspherical of finite volume with fundamental
group an infinite cyclic extension of a group T of the form (1.1). Infinitely
many examples of such groups T' do occur in every dimension. The domains
{t > to} C X are of finite volume for all ty; € R while the domains {t < to}
are of infinite volume.

After this summary of the main results, we would like to briefly describe
the structure of our paper. Our constructions are based on an explicit
construction of quaternionic Kéhler metrics of negative scalar curvature
known as the one-loop deformed c-map. This is reviewed in Section 2.

) Compatibility is defined on page 514.
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In Section 3 we specialize the construction to the complete quaternionic
Kihler 4n-manifolds N = (N, g¢), ¢ > 0, considered above. We prove that
the simply connected group SNU( 1,n—1) x Heisa, 11 acts on N by isometries
and characterize its image in the isometry group.

In Section 4 we study lattices in that semi-direct product, which act
with co-finite volume on the leaves of a certain codimension one foliation
of N. When the action on the leaves is co-compact, we prove that the
corresponding quotients of N have an end of finite volume, while the other
end has infinite volume.
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2. Preliminaries
2.1. The (one-loop deformed) c-map

The one-loop deformed c-map is a string theory construction [31] which,
to a given projective special Kihler manifold M, associates a one-parameter
family of quaternionic Kéhler manifolds. A geometric proof of the quater-
nionic Kéhler property was given in [4, Theorem 5] based on an exten-
sion [5] of Haydys’ HK/QK correspondence [18]. These constructions were
elegantly recovered in [27] based on Swann’s twist approach [33], as we
will now describe. For more information see [4, 14, 27] and references
therein.

We begin by recalling [3, 17] the notion of a projective special Kéhler
manifold, which is defined in terms of a corresponding conical affine special
Kéhler manifold.

DEFINITION 2.1. — A pseudo-Kéhler manifold (M, g, J, w)endowed with
a flat, torsion-free connection V which satisfies Vw = 0 and dVJ = 0,

where J is viewed as a T M-valued one-form, is called an affine special
Kéhler (ASK) manifold.

TOME 75 (2025), FASCICULE 2



480 Vicente CORTES, Markus ROSER & Daniel THUNG

An ASK manifold (M, g,J,V) endowed with a vector field § is called
conical, or a CASK manifold, if
(1) {&, JE} generate a principal (that is, free and proper) C*-action,
(2) 9lie, ¢y s negative-definite while g| ¢, jey1 is positive-definite, and
(3) V& = V¢ =idgy, where VYC is the Levi-Civita connection of g.
The vector field £ is called the Euler field.

The C*-action on a CASK manifold casts it as the total space of a C*-
principal bundle. The base of this bundle is what we call a projective special
Ka&hler manifold.

DEFINITION 2.2. — Let (M, g,J,V,§) be a CASK manifold. Then M :=
M/C* is called a projective special Kahler (PSK) manifold.

That every PSK manifold is indeed Kéhler follows from the fact that we
can construct M as a Kihler quotient. If (M, g, J, V, £) is a CASK manifold,
—J¢ generates an Sl-action which preserves the (pseudo-)Kihler structure.
Its Hamiltonian function is p = —%9(5,5)7 whose level sets intersect the
orbits of the R -action generated by the Euler field exactly once. Choosing
the level &, we then find M/S* = p=*(3)/S* = M/C* = M. Since g| ¢ yey-
is positive-definite, so is the induced Kéahler metric on M.

By definition, M arises from a CASK manifold (M, gar, Jar, war, V, €).
The ASK structure on M gives rise to a pseudo-hyper-Kéhler structure on
its cotangent bundle.

THEOREM 2.3 ([3, 11, 17]). — Let (M, gar, Jar, war, V) be an ASK man-
ifold. Then N := T*M carries a pseudo-hyper-Kéahler structure. With re-
spect to the splitting TN = n*TM & 7*T*M induced by V, the hyper-
Kahler metric g and complex structures I, k = 1,2,3, are given by the
expressions

gy 0 Ju 0 0 —wy
g ( 0 ng> , 11 ( 0 J]*VI) , 12 (wM 0 , 13 142,

where g;j and Jj; denote the natural induced structures on T* M, wys is
regarded as an isomorphism TM — T*M, and we have omitted pullbacks
throughout to simplify notation.

This pseudo-hyper-Kéhler structure, which is known as the rigid c-map
structure, is a natural generalization of the standard pseudo-hyper-Kéhler
structure on H™! = C™! @ (C™1)*.

In the conical case, we additionally have a natural circle action, generated
by the vector field —Jp/&.
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DEFINITION 2.4. — We call a vector field Z € X(N) on a (pseudo-
)hyper-Kéhler manifold (N, g,wy), k = 1,2,3, a rotating Killing field if it
satisfies Lyg =0, Lzwi =0, Lyws = w3 and Lzws = —ws.

Using coordinates adapted to the CASK structure [3], a straightforward
computation shows:

PROPOSITION 2.5 ([5]). — Let (M, ga, I, V., €) be a CASK manifold,
and endow N = T*M with the rigid c-map structure. Then Z = —Jy€ €
X(N), where the tilde denotes the V-horizontal lift, is a rotating Killing

field. Moreover, it is wi-Hamiltonian, with Hamiltonian function f; =
7%9(23 Z)

In summary, the CASK structure on M induces a pseudo-hyper-Kéhler
structure equipped with a free circle action, generated by an w;-Hamilto-
nian rotating Killing field, on its cotangent bundle. This is precisely the
input required for the so-called HK/QK correspondence [4, 5, 18], which
produces a one-parameter family of quaternionic Kéhler manifolds (N, g¢),
¢ 2 0, endowed with a nowhere-vanishing Killing field, out of it. The fact
that, for the data described in Proposition 2.5, the resulting metric is pre-
cisely the one-loop deformed c-map metric of [31] was proven in [4].

The twist construction [33] provides a duality between manifolds en-
dowed with a distinguished, closed two-form and a vector field which is
Hamiltonian with respect to it. In the case at hand, the relevant two-form
is wy = w1 +ditzg, and the vector field is the rotating Killing field Z intro-
duced above. For any ¢ € R, the function fg = fz+9(Z,2) = %g(Z, Z)f%c
is a Hamiltonian for Z with respect to wy, i.e. satisfies d fgy = —tzwy. The
triple (Z,wn, fu) makes up the so-called twist data for the HK/QK corre-
spondence. In the following, we will assume that wy is an integral two-form,
i.e. has integer periods.

Exploiting the integrality, we pass to a principal S'-bundle 7y : P — N
endowed with a principal S!'-connection 7 with curvature wy. The next
step is to lift Z € X(IN) to a vector field on P which preserves 7; such a
lift is provided by Zp = Z+ mn faXp, where Ze X(P) is the n-horizontal
lift of Z and Xp € X(P) is generator of the principal circle action on P.
It is known that, after imposing an integrality condition on the additive
constant ¢ € R which appears in the definition of fy, one may assume that
Zp generates a circle action [33]. If the circle action on N is free, as in the
case at hand, we may moreover assume that the lifted action is free as well.
The quotient of P by this lifted circle action is then a smooth manifold; this
quotient realizes P as the total space of a second circle bundle 75 : P — N.

TOME 75 (2025), FASCICULE 2
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Since the two principal circle actions on P commute, N inherits a twisted
circle action, generated by (75)+«Xp.

The power of the twist construction lies in the fact that it enables one to
use geometric structures on N to induce twisted structures on N, assuming
that they are invariant under the initial circle action. This is done by ex-
ploiting the double fibration structure (see (2.1)), which induces pointwise
identifications of the tangent spaces to both N and N with the n-horizontal
subspaces of the tangent spaces to P.

P

TN ™

=
=

In particular, the quaternionic structure bundle of the hyper-Kéhler man-
ifold N, which is preserved by the rotating Killing field Z, endows N with
an almost quaternionic structure. However, the hyper-Kéhler metric g does
not twist to a quaternionic Kéahler metric on N. In order to obtain a quater-
nionic Kéhler structure, we must first perform a so-called elementary de-
formation [27].

A (pseudo-)Riemannian metric h on N is called an elementary deforma-
tion if it takes the following form:

3
h:ag+bZau®au
n=0

where, after setting, wg = g, we use the notation o, = tzw,, and a,b €
C*°(N) are nowhere-vanishing functions. Assuming that Z is nowhere-
vanishing, the second term is proportional to the restriction of g to the
quaternionic span HZ = (Z, 1 Z,I,Z,13Z) of Z. Thus, we can think of
an elementary deformation as arising from the composition of a conformal
scaling with an independent conformal scaling along HZ.

Building on earlier work of several authors, Macia and Swann showed
that there is an essentially unique combination of elementary deformation
and twist data which yield a (pseudo-)quaternionic Kéhler metric:

THEOREM 2.6 ([4, 5, 18, 27]). — Consider a (pseudo-)hyper-Kéhler man-
ifold (N, g,wy) endowed with an wi-Hamiltonian, rotating Killing field Z.
Assume that its Hamiltonian function f; is nowhere-vanishing and let

ANNALES DE L’INSTITUT FOURIER
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k1,ko € R\ {0}. Then, with respect to the twist data (Z,wy, fu), where
wy = k1(wi + dizg) fu=ki(fz+9(Z 2))

the elementary deformation
1 1
gn = k2(9+ w2 D ®%)
fZ fz L

twists to a (pseudo-)quaternionic Kéhler metric on N. These are the only
choices of elementary deformation and twist data which lead to a
(pseudo-)quaternionic Kéhler structure. Moreover, when the initial
(pseudo-)hyper-Kéhler manifold arises from a CASK manifold in the man-
ner described above, the resulting quaternionic Kahler metrics are positive-
definite, and of negative scalar curvature.

The constants k1, k2 do not influence the local geometry of the resulting
quaternionic Kahler manifold, and will be set to 1 in the following. However,
the additive constant ¢ parametrizing the freedom in the choice of the
Hamiltonian function fz does play an important role as can be seen from
the explicit appearance of fz in the formula for gy.

In our setup, where N is the cotangent bundle of a CASK manifold, we
have fz = —%(g(Z, Z)+c). Denoting the resulting metrics by g¢, we have in
summary obtained a one-parameter family (N, g¢), ¢ > 0, of quaternionic
Kéhler manifolds out of a PSK manifold M. The metric ¢° is known as the
undeformed c-map metric (or Ferrara—Sabharwal metric); the metrics ¢¢,
¢ > 0, are called (one-loop) deformed c-map metrics.

We will rely on the following completeness results:

THEOREM 2.7 ([12, 13]). — Let (N, g°), ¢ > 0, be the image of the PSK
manifold M under the deformed c-map. Then (N, g°) is complete if and
only if M is complete. If, additionally, M arises from the (supergravity)

r-map, or has regular boundary behavior, then (N, g°) is complete for all
c>0.

Another fact to keep in mind is:

PROPOSITION 2.8 ([12]). — Let (N, g°), ¢ > 0, be the image of the PSK
manifold M under the deformed c-map. Then, for arbitrary ci,co > 0,
(N, ge,) is locally isometric to (N, g, )-

The undeformed c-map metric, however, is generally distinct, as we will
soon demonstrate in explicit examples.

TOME 75 (2025), FASCICULE 2
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2.2. Symmetries and the c-map

In this section we review what is known about the symmetries of the
quaternionic Kéhler metrics constructed via the c-map and its one-loop
deformation. In particular, we outline how one may obtain Killing vector
fields from infinitesimal automorphisms of the initial PSK manifold.

It is well-known that the 4n-dimensional quaternionic Ké&hler manifold
(N, g°) that arises from the c-map applied to a PSK manifold M of com-
plex dimension n — 1 admits an isometric action of a 2n + 1-dimensional
Heisenberg group. In the examples considered in this paper, where M is a
so-called PSK domain, we can think of (N, g¢) as a bundle over M such
that the Heisenberg group preserves fibers and acts on them freely. In par-
ticular, the orbits are submanifolds of the fibers of codimension one. For
¢ = 0, this can be improved: A one-dimensional solvable extension of the
Heisenberg group acts isometrically, freely and transitively on the fibers,
casting (N, g°) as a bundle of Lie groups. A detailed description, including
an explicit formula for the action with respect to a standard coordinate
system on the fibers, is given in [14, Lemma 2.20].

Given this large group of fiber-preserving isometries, it is natural to ask
whether (deformed) c-map metrics admit additional isometries that cover
non-trivial diffeomorphisms of the initial PSK manifold M. In particular,
if the PSK structure of M admits non-trivial automorphisms, we may ask
if these can be lifted to symmetries of its image under the c-map.

In order to provide a precise answer, we must formalize what an auto-
morphism of a PSK manifold is. Keeping in mind the extrinsic definition
of this class of manifolds, the following is natural:

DEFINITION 2.9. — Let (M, g, J,V, &) be a CASK manifold, and M the
corresponding PSK manifold. An automorphism of the CASK structure on
M is a diffeomorphism of M which preserves the pseudo-Kéhler structure
and the flat connection V, and commutes with the C*-action induced by
{¢,J€}. An automorphism of the PSK manifold M is a diffeomorphism of
M which is induced by a CASK automorphism of the corresponding CASK
manifold M.

The matter of lifting PSK automorphisms to the image (N, g¢®) under
the c-map was taken up in [14]. By definition, every one-parameter group
of PSK automorphisms lifts to a one-parameter group of CASK automor-
phisms of the corresponding CASK manifold M. These CASK automor-
phisms can in turn be lifted canonically to N = T* M, using the pullback
on one-forms. It turns out that the canonical lift of a CASK automorphism
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to N preserves all data on N that we have discussed, i.e. the pseudo-hyper-
Kéhler structure and twist data (Z, wy, fu). Moreover, every one-parameter
family of canonically lifted CASK automorphisms is wy-Hamiltonian, and
there is a canonical choice of Hamiltonian function. In fact, there exists an
equivariant moment map for the lifted action of Aut M:

PROPOSITION 2.10. — Let (M, g,w,V,&) be an CASK manifold. Then
an equivariant moment map for the (canonically lifted) action of Aut M
on N, with respect to wy, is given by p: N — g* where (u, X) = pux =
1(9(Z,X) + vx). Here, vx(a) = (w1 )r(a) (a0 VV¥, ), a € T*M, with
VX the fundamental vector field corresponding to X.

Proof. — The expression given here for the Hamiltonian function corre-
sponding to X € autM agrees (though the notation differs) with the results
of [14], so we will not verify (again) that it indeed provides a Hamiltonian.
One then checks the equivariance, i.e. that px(g-a) = paa,_, x(a) for
all g € Aut M and o € T*M, by working through the definitions of px
and vx. O

THEOREM 2.11 ([14]). — Let aut(M) denote the algebra of infinitesimal
automorphisms of the PSK manifold M, and isom(N, g¢) the algebra of
Killing fields of its image (N, g¢) under the (deformed) c-map. Then there

exists an injective, linear map aut(M) — isom (N, g¢) for every ¢ > 0.

Sketch of Proof. — After lifting an infinitesimal PSK automorphism to
the corresponding CASK manifold, and then to its cotangent bundle N,
let us denote the generator of the lifted one-parameter family by X, and
its wg-Hamiltonian by fyx. Then we certainly have Lxgy = 0, where gy
is the elementary deformation from Theorem 2.6. However, since the twist
of a Killing field is generally not a Killing field with respect to the twisted
metric, we must modify X to obtain a Killing field of the quaternionic
Kahler metric g¢. This aim is achieved by X — ’;—;(Z , whose twist Y indeed
satisfies Ly ¢g¢ = 0. Note that Y implicitly depends on the deformation
parameter ¢ through the appearance of fg. O

Remarks 2.12.

(1) The proof shows that the entire procedure can be applied just as
well to an infinitesimal CASK automorphism of M that does not
arise as a lift of an infinitesimal PSK automorphism of M. Such
infinitesimal automorphisms can only exist in case the CASK man-
ifold is flat (cf. [14]), in which case the generator of the distinguished
circle action is an infinitesimal automorphism. The series of exam-
ples discussed in this paper is of this type.
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(2) The principal circle action on P pushes down to a distinguished,

isometric circle action on (IV, g¢) which commutes with the Killing
fields constructed by means of Theorem 2.11.

The map aut(M) — isom(N, g¢) of Theorem 2.11 is in general not a Lie
algebra homomorphism. Upon twisting, the commutator of vector fields
(generically) picks up an additional term which is proportional to the vec-
tor field generating the distinguished circle action on N, yielding a one-
dimensional central extension:

THEOREM 2.13 ([14]). — The Lie algebra aut(M) induces a Lie algebra
of Killing fields on (N, g¢) which is isomorphic to a one-dimensional central

extension of aut(M).

Remark 2.14. — If the central extension is trivial, then we may arrange

matters such that we do obtain a subalgebra of isom(NV, g¢) isomorphic to

aut(M). This is the case in the series of examples on which we focus in this
work.

The Killing fields constructed via Theorem 2.11 are linearly indepen-
dent of the generators of the action of the 2n + 1-dimensional Heisenberg
group. Putting them together and taking into account Remark 2.12, we
have constructed an algebra of Killing fields of (N, g¢) whose dimension is
dim aut(M) + 2n + 1, where dim¢ M = n. For ¢ = 0, this is improved to
dim aut(M)+2n+2. Under the assumptions of Theorem 2.7, we know that
(N, g¢) is complete for all ¢ > 0 and can integrate these Killing fields to
obtain a group of isometries of the (deformed) c-map metric.

3. The c-map applied to complex hyperbolic spaces
3.1. The infinitesimal action

We will now focus on an important series of examples. Consider C",
equipped with the flat pseudo-Kéhler structure induced by the indefinite
Hermitian form h = —d2° ® dz° + 22;11 dz* ® dz?. Since the Levi-Civita
connection is flat, we may regard it as endowing C™ with the structure of
an ASK manifold. The standard C*-action by scalar multiplication endows
the C*-invariant domain M,, = {z € C" | —[2°]2+3."_|2%? < 0} with the
structure of a CASK manifold. The Kéhler quotient by U(1) C C* is noth-
ing but complex hyperbolic space CH"~! equipped with the (symmetric)
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Bergman metric

n—1 n—1 2
1 1 —
(31)  gomn1 = o | D IAXP 4 | ST Xeaxe
o m e | & T— X7 | 2

The indefinite unitary group U(1l,n — 1) acts on M,, by automorphisms

of the CASK structure and projects down to yield a transitive action on
CH™!, which is therefore a homogeneous PSK manifold.

It follows directly from the general theory developed in Section 2.2 that
the image (N,,¢") of CH"™! under the undeformed c-map is a homoge-
neous quaternionic Kéahler manifold (of negative scalar curvature), and that
the deformed metrics (N, g¢), ¢ > 0, are complete and of cohomogeneity
at most one. An explicit expression for the metrics g¢, with respect to a
global coordinate system (X9, ’“,QE, p) € C" ! x C" x R x Ryq, where
a=1,....,n—land | X|?=>,|X**<1,and k=0,...,n—1, was given
n [12]:

(3.2)

ptc 1 p+2c, ,
¢= " d
g ’ gcH 1+42p—|—c

n—1 2
i ot ) pm(S X
+-— dp—4Im|w’dw’ =) w*dw®)+————=Im X*dX
4p? p+2c azzl 1-[.Xx? Z

2

n—1

dw’+> " Xdw*
a=1

n—1

2 p+c 4
— 2 (dw’d@® dw*dw )
p( Z 1-Xx[?

Note that the case n = 1, where we apply the c-map to a single point,
is exceptional. With the convention 22:1 = 0, the expression (3.2) re-
mains valid and greatly simplifies. The resulting quaternionic Kéhler four-
manifold is known as the universal hypermultiplet in the physics literature.
Despite the qualitative difference with the case n > 2, our results in this
paper remain valid if n = 1, unless explicitly indicated.

As a smooth manifold, N,, is just a copy of R*". However, its Riemannian
structure is interesting. In fact, it is known that the undeformed c-map met-
ric casts N,, as the non-compact symmetric space #’;?@))
it was proven in [14] that (N, g¢) is of cohomogeneity one. In summary,
the family (N,,, ¢%), ¢ > 0 is a one-parameter deformation of a symmetric
space through cohomogeneity one complete quaternionic Kahler metrics.

Moreover,

To develop a more concrete understanding of these manifolds, we will
now show in detail how the general theory works out in these examples.
Our main goal is to derive explicit formulas for the Killing fields obtained
by means of Theorem 2.11. The starting point is the (standard) action of
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U(1,n — 1) on M,, by CASK automorphisms, or rather the infinitesimal
action of its Lie algebra u(l,n — 1). Passing to N,, = T*M,, = M, X
C™ C C™ x C", the canonically lifted vector field X4 corresponding to
A €u(l,n—1) is given by

Xa(z,w) = (Az+ Az, —ATw — ATw),

where we identify the tangent spaces with the underlying vector space.
The twisting two-form wy is

1

wWH B

n—1
(dzo ANdZ" — dw® Ad® — ) (dz* AdE* — dw® A dw“)) :

a=1

so that the Hamiltonian corresponding to X4 is given by
1
fas(z,w) = 5 Im ((Az, z) + (Aw,w)),

where
n—1
00 a=a
(21,22) = —2125 + E 21Z5.
a=1

The rotating Killing field Z, which is the horizontal lift of the (nega-
tive) generator of the standard U(1)-action on the first factor, is given
by Z(z,w) = (—iz,0). Its Hamiltonian is

fit=f2 4+ 9(2,2) = §(9(2,2) ~ ) = 5 ({2,2) — ).

(Recall that fz = —1(g(Z,Z) + c) denoted the wi-Hamiltonian for the
particular vector field Z. That is why we are using the notation fy for the
wy Hamiltonian.) Following the proof of Theorem 2.11, we now know that
the twist of X1 == X4 — f;—HAZ will be a Killing field on (N,,, ¢°).

In order to derive explicit expressions for these twisted vector fields,
we first construct a circle bundle P, equipped with a connection 1 with
curvature wy. Since wy is exact, P is trivial and we may choose nn = ds +
%LEWH, where s is the periodic coordinate parametrizing S' = R/27Z and
= is the position vector field
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Explicitly,
n=ds+ i (zodzo —7°d42° — wd@® + @ dw®

=) ("dz" - dz" — widn® + w“dw“)).

We lift Z to the vector field Zp, which generates the circle action defining
the principal circle bundle P — N,,. Recall that Zp = 7+ fH%7 where
the tilde denotes the n-horizontal lift and we regard fy as a function on
P = N,, x S'. Regarding Z as a vector field on P, a short computation
shows that

L ed &S0 0 ¢
ZP_Z_zas__IZ<Z 9F azk>_26s'

k=0
Similarly, for A € u(1,n— 1), one may check that n(X}) = —f;—HA%, so that
(@:ﬁ+&ﬁ3—xfﬁwp

fu 205 " fu

We now want to push this vector field down to N,,. To this end, we realize
N,, as a submanifold of P, using a global slice for the action obtained by
integrating Zp, which is given by (z,w, s) = (e z,w, s — 5t), t € R. The
flow is not periodic for arbitrary ¢ > 0, but for ¢ € 2Z we have a circle
action covering the circle action on N,, (this is the previously mentioned
quantization condition). Since the local geometry of the metrics g¢, ¢ > 0,
is independent of ¢ (cf. Proposition 2.8) we will only consider the values
¢ =0 and ¢ = 2. The submanifold N,, = N,, s1 = {(z,w,s) € N,, x S* |
arg 2z’ = 0} then provides a global slice for the action, and can therefore
be identified as the twist manifold. More precisely, instead of working with
the principal S'-bundle P = Pg1 = N,, x S' we can instead consider the
principal R-bundle P = Pg = N,, X R and its submanifold N, = ZVMR =
{(z,w,s) € N, x R | argz® = 0}. We will do this implicitly without
changing the notation. This amounts simply to considering s with values
in R rather than in S' = R/27Z. The final results concern the simply
connected manifolds N,, = N, g and quotients thereof.

The final ingredient required is an identification of the horizontal tangent
spaces to P with the tangent spaces of N, given by an S'-principal con-
nection with respect to the circle action generated by Zp, namely 6 = J%Hn.
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Now we have to write )?E in the form )?E =Ya — 0(Ya)Zp, where Yy
is tangent to N,, C P (at every point in N,). Y, is then be the twist
of X1, whose §-horizontal lift indeed agrees with 7. Since §(Zp) = 1 and
9()?2) = 0 by construction, we already have

XN = x4 —0(Xa)Zp,

but X4 will not be tangent to N, in general. To remedy this, we have to
consider a vector field of the form X4 + ¢Zp, where ¢ is a function. This
vector field restricts to N, if and only if it satisfies d(arg 29)(Xa + ¢ Zp) =
d(arg 2Y)(X4) — ¢ = 0, where we used that d(arg2")(Zp) = —1, showing
that we must have ¢ = d(arg 2°)(X4). The twisted vector field Y4 on N,
is therefore given by

(3.3) Y4 = Xa +d(arg 2°)(Xa) Zp.

Now we turn to the algebra u(l,n — 1) of infinitesimal CASK auto-
morphisms of M,,, which we consider as a real form of gl(n,C). Writing
A € gl(n,C) in block form with respect to the splitting C* = Ceg @ ep-
(where {ex }x=0,....n—1 is an orthonormal basis with respect to the indefinite
Hermitian form), i.e.

(3.4) A= (2} "g) ,

with A € C,v,w € C" ! and B € gl(n — 1,C), we will think of u(1,n — 1)
as the fixed-point set of the anti-linear involutive automorphism

o :gl(n,C) — gl(n,C), A% =0(A)=—-IA"1I,

where [ = (_01 LLOA ). We may now write any A € gl(n, C) uniquely in the
form

A =Rey;(A) +ilm,(A),
where

Re, (A) = %(AJrA"), Im, (A) = %(A — A%)

are both elements of u(1,n — 1). Note that A” = Re,(4) — iIm,(4).
The Lie algebra sl(n, C) is generated by the matrices

.
(3.5)Ua:<8 68), ngzo(Ua)=<0 8) a=1,...,n—1

€a
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‘We observe that

o 770 o 0a 0
(36) [Ua7Ub] 207 [Ua’Ub] :07 [Uaan] = ( Ob T) .
—€p€,

Thus,
{Us, U, [Ua, U]t a,b=1,...,n—1}

is a basis of sl(n, C). From this, together with the central element C' = i1,,,
they form a basis for gl(n,C), which is therefore generated (as a complex
Lie algebra) by {C,U,,U%:a=1,...,n—1}.

The infinitesimal action of u(l,n — 1) on M,, C C™ by CASK auto-
morphisms extends complex-linearly to an infinitesimal action gl(n,C) —
X®(M,,) by complex vector fields. Since both canonically lifting and the
twisting procedure extend to complex vector fields without problems, we
can complexify the above discussion of u(1,n — 1) to obtain a linear map
a®:gl(n,C) — X5(N,).

PROPOSITION 3.1. — The linear map a® : gl(n,C) — isom(N,, g°)%,
A+ Y, defines an infinitesimal action of gl(n, C) by complex Killing fields

on (N,,¢%). It maps u(1l,n — 1) into isom(N,, g¢) and is given on genera-
tors by

owk owk
k=0
B [t
C _ _ a b
pr  Yem ol =g - X0 Xk
B )
o 0 _sa . a
gus 7 g0 X o

Y, =a(U7),

where (X% = g—f;,wk,% = 4ds,p = 2f7 = |2°?% — 22;11|z“|2 —¢), a =
1,...,n =1,k =0,...,n — 1, are global coordinates on N, = B"~! x
R2"+1 x R.g. Here B"~t C C"~! denotes the unit ball.

COROLLARY 3.2. — The real vector fields Yo, Re(Y,),Im(Y,) € X(N,,)

generate a subalgebra of isom(N,,, g°) isomorphic to u(l,n — 1).

Proof of Proposition 3.1. — First observe that it follows immediately

from the fact that a® satisfies a©(A%) = aC(A) for every A € gl(n,C) that
a®u(1,n — 1)) C isom(N,, g°).
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Our next aim is to prove (3.7), for which we use (3.3). Denoting the
canonical lift of the fundamental vector field (on M,,) corresponding to U,
by X,, we obtain

. P
2020 T 0z T Y hue Y a0

Since d(arg 2Y) = %(di di), d(arg 2%)(X,) = —%j—g and the twist of

ZO
X, is
Yo=X,— 2 2p
z
Za7+708 _ 06 _—(/La

920 "7 9ze U huwe Y a0

129 A e 0 . 0 icz® 0
e ( R w) 12005
Expressing this vector field in terms of the conventional (global) coordinate
functions (X* = 207 wk ¢ = 4s,p = 2f5 = |2°2 — ZZ;%‘Z’IP —¢) on
N,, we obtain Y, as in (3.7). Applying the same procedure to the central
element C' = il,,, we obtain Y as in (3.7). Finally, the third line of (3.7)
follows from a©(U?) = aC(U,).

Next, we explicitly compute the commutators of the complex Killing
fields Yo, Y, Y, and compare them with the structure constants of gl(n, C)
with respect to the basis {C,U,, U7, [U,, UZ]: a,b=1,....,n—1}.

Since C' = i1, lies in the center of gl(n,C), we start by verifying that
Yc lies in the center of Im a® C X¢(N,,). Since C € u(1,n — 1), Y is real
and

n—1
0 0 0 0 0 0
— kO ok 9N, 5.0 O a a
Yo, Ya]= 1LZ_O< — am)”cagg’axa Z]:X X< HieX (%1
z‘: 0\ Lo a )
P 8wk wk gwr Y b

n—1
o P B P
i k _7k 0 —a
—1l2(w ot~ " Bw k) Vg T awO]

It follows that Yo commutes with Y, and thus also with the commutators
[Y,, Y] for all a,b. This means that Yo commutes with every vector field
in the image of a®, as desired.
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Next, since [U,, Up] = 0 we have to check that [Y,,Y;] = 0 for all a, b:

Yo, Vo=
Yo Vo= 5% dX 09 0Xb

J

i-ZX@Xj 4 +1ch8 g ZX’)X’“HCX‘?(%]
k

Z X“Xﬂ

e bk 0 b 0
[ - +ieX " — 53 Zk:x X +icX a&]
Z[ XX X] Xbx* af(k} —ic (ZX@XJ& b—z XbX’f(ska> o
Jk
0.

This relation immediately implies [Y,, Y] = 0.

Finally, we show that a®([U,,U¢]) = —[Ya,Ys]; note the sign, which
arises due to the fact that the map sending a Lie algebra element to its
fundamental vector field is a Lie algebra anti-homomorphism in our setting.
We start by computing the commutator [Y,, Yy]:

_ 0 0 0
— _ ayj_~ a Y b
[Klayb] a)—(a ;X X 8Xj +i cX ~; 8Xb Z J —icX a$‘|
0 _a 8 s 0 p O
+ a . Tw 90’ ﬁ tw Owd

. —. O 0 0
— _ J b a . v
- §:<(5abX 00 X°) 5o~ (B X 0, X) 5 ) 2166‘”’88

J

P P P
os Y b _ 707

MR i e dar® 5

) 0 P
_ ] o_v 707_ .

ab<z;< axi an) R T >

a 9 b 9 7a7 b 9
X N ok T e Y e

On the other hand, the canonical lift of the fundamental vector field cor-
responding to [U,, UY] is

Xy g1 =8 <za_za_wa+w5)
Ua,U7] ab 082'0 0820 oaw0 oaw0
0 0 0 0
Fag,, Tigr T Wa, ~ Wagg
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Upon twisting, we indeed obtain

0 —. 0 0 0 0]
C I — J _ J 0 _70 —Zic—=
a%([Ua, UgT)) =0 (Z(X oxi an>+“’ dur " e 2“”35)

. 0 -, O 0 p O
- X aXb—|—X G w 8wb+w TR

This completes the proof. O

—Q

The Proposition 3.1 provides an (infinitesimal) action of the unitary Lie
algebra u(1,n—1) on N,,. As explained in Section 2.2, there is an additional
action of a (2n+1)-dimensional Heisenberg group. As we will now show, this
action also has a natural interpretation in terms of the twist construction
of N,,.

On the hyper-Kéhler side of the twist correspondence, translations of
the w-coordinates define an action of R?™ on N,. The action preserves
the pseudo-hyper-Kéhler structure and twist data (Z,wy, fu), and is wy-
Hamiltonian. Thus, we may apply the procedure outlined in the proof of
Theorem 2.11 to turn its infinitesimal generators into Killing fields on N,,.

We will once again work with the complexified generators %, k =
0,1...,n — 1, and their conjugates. A natural choice of wy-Hamiltonian
function for % iS fur = i%w’“, where the sign is positive for £k = 0 and
negative otherwise. Carrying out the exact same procedure as outlined for
the vector fields arising from the underlying CASK manifold, we now obtain
Killing fields on IV, by twisting the modified vector fields U}, = % — %Z .

Horizontally lifting, we find

~ 0 1 k 0
Uk :le - T](Uk)& :Z/{k - §(E(fw"") - Ctu;I E(fH))%
_ fwk 0 - i fwk 2 - fw’“

—Uk“‘ﬂ(fH‘f'c)%_awk 2 s fu Zp

where we used that Z(f,x) = for and Z(fu) = 2fu + ¢ in passing to the
second line. We note that the first two terms determine a vector field V},
on P which is tangent to N, (at every point in N,) and satisfies U, =
Vi — 0(Vi) Zp, which means that Vj, restricts to the sought-after Killing
field on N,,. After substituting 5 = 4s, we have:

0 0 0
(38) Va = = — i@aﬁ, VO = 70 + MFO—N
ow® ) ow ¢
where @ = 1,...,n — 1. The complex conjugate vector fields V, k =
0,...,n — 1, naturally arise in the same way from %. We remark that

the explicit formula (3.2) for the metric g¢ is obtained by an application
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of Theorem 2.6 to the above twist data (Z,wy, fr) with k1 = 1,ke = %
followed by a coordinate transformation (X, w", ¢, p) — (X, v2w", ¢, p).
Under this coordinate transformation, the vector fields Y,, Yo from (3.7)

. . . _ 1 2] ssa 0
are invariant, while the vector fields Vj become V, = 7 (W — 21w“6—d~)),
Vo = % ( 830 + 21@08%)). In all computations below that use the explicit

form (3.2) of the metric, we will work therefore with the vector fields V
expressed in these new coordinates.

Now let eg, fo,€q, fa, @ =1,...,n — 1, be the standard basis of R?”. We
define the one-dimensional central extension beis,,, | of R2" by setting

n—1
3.9)  lex,el =0, [fi, il =0, [ex, il = (5k05zo - 5ka5la>T

a=1
for every k,1 = 0,1,...,n—1, where T denotes the generator of the center.
Complexifying and extending the Lie bracket complex-bilinearly, we obtain
..C
beisg, 4

PROPOSITION 3.3. — The vector fields Vj; and Vi, k=0,...,n—1, to-
gether with (%, generate an infinitesimal action of a complexified Heisen-

berg algebra beiss,, 41 by complex Killing fields on (N,,g¢) which sends
heis,,, 1 into isom(N,, g°).

Proof. — We define a (complex) infinitesimal action, i.e. a Lie algebra
anti-homomorphism B¢ : heisgnH — XC(N), by setting B%(Ey) = Vi and
BE(Ey) = Vi, where k = 0,1,...,n — 1 and Ejy := e} — ify, as well as
B(T) = (%. The fact that 3C defines an infinitesimal action follows from

n—1
_ 0
Vi, Vi) = —2i <5ko5zo - E 5ka5za) 78;5

a=1
and the vanishing of all other Lie brackets, which is easily deduced
from (3.8). The vector fields Vj, V are complex Killing fields by con-
struction. Their real and imaginary parts, which generate R*" C beisy,, | 1,
are real Killing fields on N,,. The general theory of the twist construction

also dictates that é%, which is the restriction of the generator of the princi-
pal circle action of the bundle P — N,,, is Killing. Indeed, the quaternionic
Kahler metric ¢g¢ arises by pushing down the pullback of the elementary
deformation gy, which is certainly invariant under the principal circle ac-
tion. g

The next logical step is to study how the generators of the infinitesi-
mal (complex) gl(n, C)- and heiss, , ;-actions interact with one another. To
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determine this interaction we recall that, on the hyper-Kahler side of the
HK/QK correspondence, the vector spaces spanned by the w-coordinates
are the fibers of N,, = T*M,,. Therefore, u(1,n — 1) naturally acts on them
via the dual of the defining representation.

Passing to the quaternionic Kéhler side, these same w-coordinates span
R?"™ C heisy,,, ;. We therefore expect that u(1,n — 1) acts on this subspace
via the dual representation. We extend this to an action on all of heisy,, , |
by stipulating that u(l,n — 1) acts trivially on the center. This defines
a representation of u(1,n — 1) by derivations of heis,, ,; and therefore
yields a semi-direct product structure u(1,n—1) x beis,,, ;. Complexifying
and extending the Lie bracket complex-bilinearly, we obtain a complex Lie
algebra gl(n, C) x heiss,, , ;.

Recall that {U,,UZ,[Us, UJ]: a,b = 1,...,n — 1}, together with C,
form a basis of gl(n,C). We complete to a basis of gl(n,C) x heiﬁgﬂ_l
by adding the basis elements T, By, By, k=0,1,...,n—1 of f)eisgn+1 (as
in the proof of Proposition 3.3). We now extend the infinitesimal action
a® : gl(n,C) — isom(N,,¢°)® to an infinitesimal action a® : gl(n,C) x
f)eisgm_l — isom(N,,, ¢°)€ in the manner prescribed in the proof of Propo-
sition 3.3, i.e. by setting

(3.10) o (Ey) =Vi, oS(Ep) =V, oNT)= 0

where Ek = €L — ifk.
PROPOSITION 3.4. — The linear map
a®: gl(n,C) x heisg,, , — isom(N,, g%)°,

as defined by Proposition 3.1 and equation (3.10) is an infinitesimal action
on (N, ¢°) by complex Killing fields which sends u(1,n — 1)  beis,,, ,; into
isom(N,,, g°).

Proof. — It is clear from the preceding discussion that o® indeed maps
into isom(N,,, g¢)¢, and that the image of u(1,n — 1) x heisy, ,; consists of
real Killing fields of (N, g¢). All that remains is to verify that a© defines
a Lie algebra anti-homomorphism.

By Propositions 3.1 and 3.3, we need only check those Lie brackets that
involve one element of gl(n,C) and one element of heiss,, 41 In gl(n, C) x
heisS,, 41, the following brackets can be calculated from (3.5) and the fact
that, by definition of the semi-direct product structure, the bracket of
gl(n,C) x beisgnﬂ evaluated on A € u(l,n — 1) and v € R?* is just
[A,v] = —ATv (where AT is identified with a real 2n x 2n-matrix). This

ANNALES DE L’INSTITUT FOURIER



COMPLETE QK MANIFOLDS WITH FINITE VOLUME ENDS 497

prescription yields

(C,Ey] = —iEy, (C, Ey] = By,
[Uaa Ek] = _5kOE(La [Ugv Ek] = _6kaE07
[Ua, Ex] = —6raEo, U, Ey] = —0koEa

The remaining Lie brackets involving one element of gl(n,C) and one of
heisgn 11 can be deduced from these via the Jacobi identity. We now com-
pare to the brackets of the corresponding vector fields on the quaternionic
Kéhler manifold, using the formulas (3.7) and (3.8). They yield the ex-
pected results, namely

Yo, Vi] = Vi, [Yo,Vi] = =iV,
[Ya, Vi] = ko Va, [Ya, Vi] = 6raVo,
[Ya, Vi] = 0kaVo, Yo, Vi] = 6r0Va
This confirms that a® defines an infinitesimal action. O

This shows that, despite the c-dependence of the Killing fields con-
structed via the HK/QK correspondence, the isomorphism type of the Lie
algebra of Killing fields is independent of ¢. The c-dependence arises only
once we consider the (c-dependent) infinitesimal action « : u(l,n — 1) x
beis,,, .1 — isom(IN,,, g°) obtained by restricting a®.

3.2. u(l,n — 1) x heis,, . ; as an algebra of Killing fields

The goal of this section is to provide a characterization of g := Im « as

a subalgebra of the Killing algebra of isom(N,,, g¢), see Proposition 3.10.
We start by determining the stabilizer of a distinguished point:

LEMMA 3.5. — Consider, for fixed py > 0, the point ng = (0, 0,0, pg) in
N,,. Then the stabilizer of ny in g is given by

Yo +26i,
o
Ino = Span Re([Yaa?b])7 a,b=1,...,n—1

— 0
Im([Ya, Yb]) + 205(11787(5

In particular, g,, is isomorphic to u(1) x u(n — 1).
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Proof. — Recall from the proof of Proposition 3.1 the formula

(3.11) [V, Y]

— 0 0 8
d _ 3d 0 770 .
= ab(E <X Ixd X 3 d)+w 90 W —— 1c =

P 9 P a
X*— - X" 0 — b
T T o T g Y Gue

From this we read off

[Ya,Y](no) = —2165ab:~

Similarly, Yo (ng) = _205%; the inclusion of the right-hand side in the left-

hand side now follows. The other inclusion can be seen directly from (3.7),
(3.8) and (3.10).

To see that this subalgebra is isomorphic to u(1) x u(n — 1), consider its
preimage under the (injective!) infinitesimal action «, which is

C + 2T,
(312) g/:Span Re([UaaUg])a a,b:1,...,nfl

Im([U,, UZ]) + 2¢006T
Since beisy, . C u(l,n — 1) x heis,, | is an ideal, the natural projection
map 7 : u(l,n — 1) X beisy, . ; — u(l,n — 1) is a homomorphism of Lie
algebras. Its restriction to g’ is injective since a(beisy,, 1) Ngn, = {0}, and
from (3.12) one reads off that

m1(g") = span {C,Re([Uq, Uy ]),Im([Uq, U{]): a,b=1,...,n — 1},
which is nothing but the standard embedding
u(l) xu(n —1) Cu(l,n—1). O

Using this, we can determine the subalgebra consisting of Killing fields
tangent to the submanifold H := {X = 0,p = po} C N,,, which is acted on
simply transitively and isometrically by Heisg, 4+1. Since the isometry group
of the symmetric space (N, ¢%) is well-understood, we focus on (N, g°),
c>0.

LEMMA 3.6. — Let ¢ > 0 and let K be a Killing field on (N.,,, g¢) which
is tangent to H at every point contained in H. Then there exists an element
of the Lie subalgebra a((u(1) x u(n — 1)) x beisy, ;) C g which coincides
with K along H.
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Proof. — Clearly, K|p is a Killing field on (H, ¢g$;) where we wrote g%
for the metric on H induced by ¢¢. From (3.2), we find

1 n—1 ) 0 + c > o
c . _~ dw® dw
i [de”] +( " 200 | ‘

n—1 2
1
+— 7 [f; gy (d(b 21( Odw® — wld@® — g (w*dw® — wadwa))> ,
0

a=1

which is a left-invariant metric on the Heisenberg group Heisz,11 = H

by construction. A result of Wilson [34] asserts that the Killing algebra of

(H, g%;) can be constructed as a semi-direct product s x heis,,, , |, where s

is the Lie algebra of skew-symmetric derivations of beis,, 1 = T{0,0,0)H -
Note that

po+c 1 1 po+c
0,0,0) dw®|? + — )|dw’ | + — d
9 ( Z‘ "+ < 2po>| o 4p5 po + 2¢ ¢*

is diagonal, and recall, see (3.9), that the bracket on heis,,, | is given by
[v1, V2] = w(vy, ’UQ)%, where w = 3 (dw® A d@® — 22;11 dw® A d@?).

Now let A € End(beis,,, ;) be a skew-symmetric derivation, so that in
particular

0 0

(3.13) CU(’Ul,’Ug)A<~) = ([Avl,vg] + [vl,Ang—N, Yoy, vy € R,
oo 9¢

For v € R2" we write Av = Av + la(v ) < and A( ) = /\Aa@g (every

derivation preserves the center) with 4 E (RQ") Aa € R. Since g% is
diagonal at (0,0,0), skew-symmetry implies that Ay = 0, l4 = 0. Then
equation (3.13) simplifies to

0= w(ﬁvl,vg) + w(vy, AV’U2>,

that is A € sp(2n,R).
IntrodBcing real coordinates {Ck, Ck} by Writing w® = %(CO +i¢%) and
= 1(C —i¢%), we have w = £ 3770 d¢* A d, and

n—1

c 1 a\2 Ta\2 1 P0+C_L 0\2 7042

gH—8p0(aZ_;(d<) +<d<>)+4( e 2p0><<d“ +(d%)?)
1 po+c
Tpgpo—FQc
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Write A in block form with respect to the splitting R?” = R? ¢ R2" 2,
~ A A
A =
<A3 A4>

The Gram matrices of g4 (restricted to R*" = span{Cy, ¢¥}) and w are

“+c
L[ 0 l(h o0
4 0 ﬁﬂgn_g ’ 2 0 J2n72 ’

where Jy = ((1) _01 ) and Ja,_o consists of (n—1) copies of J; on its diagonal.
Skew-symmetry of A implies ATG+GA=0and 4 € sp(2n,R) implies
that ATQ + QA = 0. This means that

“+c 1
(A£ A%) (G —m)l2 0
Ay Ay 0 ﬁ]bn—Q

+ (p(f)’i—gc_i)]l2 0 (Al AQ):O
0 ﬁ]lznfz AS A4 ’

AT AN () 0 o 0\ (A A
T AT + =0.
Ay Ay 0 Jop—2 0 Jon—2) \As A4

This implies

and

A+ Al =0,
AlTJQ + Jo A1 = 0,
Ay + A =0,

AIJQ + Jo Ay =0,
po+c 1 ) T 1
—— Ay + —A3=0,
( 1% 200) % " 2p "0
Ay Jo + Jan_2A3 = 0.

The last two lines imply Ay = 0 and Az = 0, since the parameter ¢ > 0.
Thus, A is of the form
~ A0
A =
( 0 A4)

with A; and A4 skew-symmetric and complex linear. Put differently, we
have shown that A € u(1) x u(n — 1), and thereby that s =2 u(1) x u(n —1).

The stabilizer (in g = Ima) of the point (0,0,0,pp), determined in
Lemma 3.5, consists of Killing fields that are tangent to H and span a
subalgebra isomorphic to u(1) x u(n —1). Combining this with a(heisy,, ),
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we see that o((u(1) xu(n—1)) x beisy, , ;) = sx heis,,, , 1, so the full algebra
of Killing fields of H arises from « as claimed. O

The image of a®, which we denote by g€, contains the subalgebra
h = span {Y Ve, Vi 9 a=1 n 1}
= ay Vas Vo, —= =1,..., —
C 99

This is a 2-step nilpotent Lie algebra of complex dimension 2n, whose
center is
3(b) :spanC{Va,a~:a:1,...,n—1}.
oo
The only non-trivial brackets are [Y,,Vy] = V,, fora =1,...,n—1. Analo-
gous statements hold for . Note that hnh = (Ca%:, and that h+b generates

the Lie algebra g€. Note that the elements of g€ preserve the coordinate
function p and are therefore tangent to its level sets, which we shall denote
by N Py

LEMMA 3.7. — There is a natural isomorphism T(CJV,) =N, X

(b +b).
Proof. — We show that the 4n—1 vector fields Yy, Vi, Vo, Y4, Va, Vo, ‘%

give a global frame for TN »- Comparing dimensions, it is enough to check
that these complex vector fields are pointwise linearly independent. We
have the decomposition

TN, = (prTB" M @ (pr;, TC")C @ c%,

where B"~! ¢ C"~! denotes the open unit ball, and we used the natural
projections pry : N, = B 1 x C" xR — B" ! pr, : N, = B" ! xC" x
R — C™. Now consider a linear combination

n—1 n—1
_ — 0
0= § /\aYa + /’LaYa + E 5ka + 6k:VYk + ’787;5;
a=1 k=0

with coefficients g, pta, 0k, €x,7 € C. Projecting onto the (TB" 1€ =
THOBn=1 @ T91B"~1 component and considering (1,0) and (0,1) parts
separately yields the relations

n—1 n—1
pa=X"D XN, A=X") Xy
j=1 j=1
Using vector notation A = (A1,...,A\,—1) € C""! and similarly for u and

X, we can use the standard Hermitian inner product on C"~' to rewrite
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these relations as g = (A, X)X and A\ = (u, X)X. The Cauchy-Schwarz
inequality now yields

IME< HlllX02, fell < I,

which implies (1 — || X||*)||\|] = 0 since || X|| < 1 (cf. the discussion pre-
ceding (3.2)). Since || X|| < 1, this means that A = 0, hence also u = 0.
Projecting onto the TC"~!-factor and considering (1,0) and (0,1) parts,
we see immediately from (3.8) that § = 0 =¢, forall k =0,...,n — 1,
which in turn implies v = 0, completing the proof. g

Consider once again the submanifold H = {X = 0} C N,, and note
that, at p = (0, w, ¢, po) € H, we have

(0 e (0 0
V“(p)_\/i(awa 21w 85)7 Vo(p)_\/i(aw0+21w 85)

The metric (given in (3.2)) also simplifies on T, N ,:

n—1
po+c¢ 2
= — E dxe
g Po a_1| |

n—1
(3.14) +2;Z|dwa|2+(p°jc ! )|dw0|2
0 a=1

Po - %
4L pote <d$2i (wodwowodwonz_:l(w“dw“wadwa)»Q
4pg po+2c pot '
LEMMA 3.8. — The vector fields %, %, a=1,...,n—1 form a

parallel frame for the complexified normal bundle of the submanifold H C
N po With respect to the connection induced by the Levi-Civita connection
of (N pg,9°).

Proof. — By looking at the form of the metric g¢ at p € H given in (3.14)
we see that the vector fields %, %, a=1,...,n—1 are orthogonal to
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TI(,CH . Moreover, the complex bilinear extension of the metric satisfies

(i)
I\oxaaxv )~
C(a 3>_0
I \oxa oxv) ~

c( 0 0 )_,Oo—i—c(s
T\oxaaxr) = p0 0"

Now it follows from the Koszul formula that for any vector field W € XC(H)

the covariant derivatives VW% and Vy 8%7 must be tangent to H. 0O

Given a vector field K on N, we shall denote the normal component
of the restriction of K to the submanifold H by K.

LEMMA 3.9. — Denote by ¢ = {K € XE(N,,) : V*(Kg) = 0}, the
space of complex vector fields on N po Whose normal component along the
submanifold H is a parallel section of the normal bundle of H. Then g C ¢.

Proof. — We can write any complex vector field in the form
0 0

K= o a h—
Zf 3Xa+g +Z¢ka k+wk3 — 0

with fa, ga, Ga, i, h € C°(N,,). By Lemma 3.8, we see that K € € if and
only if the functions f,, g, are constant when restricted to the submani-
fold H. Clearly, this is satisfied by the vector fields Yo, Y,, Y, Vi, Vi, (r%

Moreover, at p = (0, w, q~5, po) we have

o >_5ab(w 8_woa_zic;$) P

owo ow? ow® owe’

which is also tangent to H and thus is an element of ¢. This means that
we have verified our claim for the basis {Y¢, Ya, Ya, [Ya, Y, Vi, Vi, %}

of g®. O

PRrROPOSITION 3.10. — For every ¢ > 0, the elements of the algebra g
can be characterized, modulo Killing fields that are zero at each point of
H, as those Killing fields on (N ,,, %) whose normal component along H
is parallel.

Proof. — Let K be such a Killing field. Expand it in the frame TCZVPO =
N,, x (h+b) constructed in Lemma 3.7. Then the coefficient functions in
front of Y,,Y, are constant along H. By subtracting a linear combination
of Y,,Y, with constant coefficients, we can thus obtain a Killing field that
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is tangent to H. By Lemma 3.6, this must then coincide with an element
of a((u(1) x u(n—1)) x heis,,, ;) along H. This shows that, up to addition
of a Killing field vanishing along H, the vector field K lies in g. a

3.3. The action of U(1,n — 1) x Heispn 1

In the previous section we have constructed an injective (c-dependent)
infinitesimal action a : u(1,n — 1) X beisy, 1 — g C isom(N,, ¢%). Since
(N, g°) is a complete Riemannian manifold, any Killing field on it is nec-
essarily complete. We can therefore integrate the infinitesimal action « :
u(l,n — 1) x heisy,, ., — isom(N,, g°) to an isometric action of the corre-
sponding simply connected group INJ(l,n — 1) x Heisgp41. In this way we
obtain a group homomorphism 3 : U(1,n — 1) x Heisg, 1 — Isom(N,, g%).
Let us collect some useful pieces of notation, which we will repeatedly make

use of in the following.

Notation. — We will abbreviate 5 = 6(1, n — 1) x Heisg, 1 and denote
its image 3(G) by G. The subgroups B(U(1,n—1)) and B(Heisg,41) will be
called U and H, respectively. We will write F for the intersection U N H.
We will also consider G/ = ﬁj(l,n — 1) x Heisgp41; the restriction of g
to G’ will be denoted by 3. Its image is G’ = ﬂ’(g’), and we abbreviate
B’(éﬁ(l,n —1)) to U’ (note that §'(Heisgpt1) = H). Finally, we set F' :=
UnH.

We are interested in G, which acts effectively on Isom(N,, ¢¢). In order
to understand G, we have to determine the kernel of 3.

Since the infinitesimal action o : u(1,n — 1) x beisy,, ., — isom(N,,, ¢°) is
injective, ker § is discrete and normal, hence central. The elements in ker 3
stabilize every point of N, and in particular the point ng = (0,0,0, po),
for any fixed pg > 0. Thus, ker 5 must be a discrete central subgroup of the
stabilizer g]o. We computed its Lie algebra g,,, in Lemma 3.5, and it turns
out that we can integrate the vector fields in the center of g,, explicitly.
This allows us to determine ker 3, as we will now show.

LEMMA 3.11. — For every n > 2, the kernel of 8 is the subgroup of
Z(U(l,n — 1) x Heisgpt1) = R x 20Z x R generated by the elements
(27,0, 47c) and ( — 27”, 727r,47r"T_20). In particular, ker § = Z2.

Proof. — As shown in Lemma 3.5, the Lie algebra g,, of the stabilizer
of ng is isomorphic to u(1) x u(n —1). Its two-dimensional center is spanned
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by the vector fields

Ci =Yc+ QCi,
o

(3.15) ne1 5
Coi=Y Im([Ye,Ya])+2(n — 1)c87; —Cy,

a=1

as can be easily checked using (3.6). Let us reproduce the explicit coordinate
expressions, obtained from (3.7) and (3.11), for convenience:

n—1
0 0
s k _ =k
Cr =i (w uwk Y 8wk>’
1

. . 0 =, O 0 O o 0
CQITLZ(X aXan 8)?a+w 8w07w 8w0>'

Integrating these vector fields, we see that the corresponding one-parameter
groups of diffeomorphisms act as follows:

<I>§1 (Xapwovwa7$7 p) = (Xa’e—it wO,e—it waﬂg’ p)
(I)tCQ(Xa,wovwavaa p) = (e—int Xa7e—int wo’wa’g’ p)

It is clear that the flows are periodic with periods 27 and 27”, respectively.
Thus, the Z2-subgroup generated by exp(2rC;) and exp(%’ng) acts trivially
on all of N,, and is therefore contained in ker 3. In fact, it is equal to ker j3,
since we know that ker 8 is certainly contained in the preimage of the
stabilizer.

The center of I~J(1, n — 1) x Heisgpqq is

Z(U(1,n — 1) x Heisgp 1) = exp(R - C) x exp(27Z - C') x exp(R - T)
2R Xx271Z X R,

where €’ := L diag(1 —n,1,...,1) € su(l,n — 1).

Using (3.15) and combining the fact that ) Im,[U,, UJ] = nC’ and
that « is an anti-homomorphism, we can directly read off that the kernel
of /3 is the subgroup generated by (27, 0,47c) and (— 2r o, 4#"7720). O

n

Remark 3.12. — We observe that, for all ¢ > 0, the subgroup ker 5 C

Z(G) has a non-trivial projection onto the subgroup Z(Heisa,11).

We will now consider the subgroups & and H of G.
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LEMMA 3.13. — For every n > 2, the following hold:

(1) The restricted map ( : Heisap, 41 — H is an isomorphism.

(2) The kernel ker 3 is contained in the subgroup U(1,n — 1) if ¢ = 0.
If ¢ > 0, then the kernel of the restricted map 5 : INJ(l, n—1)—-U
is equal to the infinite cyclic group 27Z - (n — 1,n) C R x Z =
Z(U(1,n— 1)) if n is odd and 7Z - (n — 1,n) if n is even.

(3) The intersection F = U NH is given by (8(0,0, X)) if n is even
and (5(0,0, %» if n is odd. In particular, it is trivial if ¢ = 0 and
infinite cyclic if ¢ > 0.

Proof.

(1). — By Lemma 3.11, the kernel of /5 is the subgroup of Z(G) = R x
277 x R generated by (27,0, 47c) and (— 27”7 —2m, 47T"T_20). But this group
has trivial intersection with Heiss, 11 for any value of ¢, so the restriction
of B is injective, hence an isomorphism.

(2). — We compute ker ,BHZ(fJ(L n—1)), using the generators provided
by Lemma 3.11. For ¢ = 0, our claim is obvious. Now assume that ¢ > 0 and
let z,y € Z. The third component of z(2, 0, 47wc) + y( - %’r, -2, 477”7720)
is 4mc(z + “=2y), which vanishes if and only if nz + (n — 2)y = 0, which in
turn holds if and only if (z,y) is an integral multiple of (2—n,n) if n is odd
and %(2 —mn,n) if n is even. Thus, if n is odd, then ker 3 is generated by the
element (n —2) - (27,0,47¢c) —n - (— 2%, —27‘[‘,47‘(”772 ) =27-(n—1,n,0).
If n is even we obtain 7 - (n — 1,n,0) as a generator instead.

(3). — Since dimG = dimiU + dimH, F is discrete and normal in Y.
Thus U C Z(U). Moreover, since left-translation by U fixes the origin in
R?" x {0} C H, we must have F C Z(H). It follows that F = Z(U)NZ(H).
The preimage S~1(F) = B~1(Z(U)) N B~1(Z(H)) is therefore a discrete
subgroup of the center R x 27Z x R of G.

By part (1) , S restricts to an isomorphism Heiso,11 — H. Conse-
quently, we have 371 (Z(H)) = ({(0,0)} x R) + ker 8. On the other hand
B~HZ(U)) = (R x 27Z x {0}) +ker . Now, a point 27 - (0,0, \) with A € R
lies in B~1(F) if and only if we can find some k € ker 3, a € R and b € Z
such that 27 - (0,0, A) + k = 27 - (a,b,0). For any z,y € Z we have

2 —2
(0,0,27\) + (27,0, 47¢) — y (”,%7 4 c)
n n
Y n—2
=2 |lx—=, -y, A\ +2c|{ 2+ —9 ) | .
n n
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To make the third entry zero, we must have A = 72(3(:10 + ”T_2y) € 2c-
spany {1, "T_z}, which equals %Z if n is even and %Z if n is odd. Thus,
B~YF) =7Z-(0,0, 22¢)+ker B if nis even and S~ (F) = Z-(0,0, %) +ker 3
if n is odd, which means that 7 = (3(0,0, 22¢)) in the former case and
F = (B(0,0,4%¢)) in the latter, just as claimed. O

Next, we study G’, which is obtained by restricting the homomorphism
B to G =SU(1,n— 1) x Heisgpt1.

LEMMA 3.14. — For every n > 2, the following hold:
(1) If ¢ = 0, then the kernel of 8 : SU(1,n — 1) — U’ is equal to
2mnZ C 2xZ = Z(SU(1,n — 1)). Thus, U’ = SU(1,n — 1).
(2) If ¢ > 0 then 3 : éﬁ(l,n —1) = U’ is an isomorphism.
(3) The subgroup F' =U' NH is given by (5'(0,0,4mwc(n — 1))), hence
trivial if ¢ = 0 and infinite cyclic if ¢ > 0.

Proof.

(1). — Since ¢ = 0, Lemma 3.11 implies that the kernel of § intersects
Z(glvj(l,n — 1)) = 27Z in the cyclic subgroup generated by 2mn. The
assertion follows.

(2). — We have U(l,n — 1) 2 R x SU(1,n — 1) and U’ = B({0} x
SU(1,n — 1)). By part (2) of Lemma 3.13, the intersection of ker 8 and
{0} x SU(1,n — 1) is trivial.

(3). — By the same arguments as in the proof of part (3) of Lemma 3.13,
F'' = Z(U') N Z(H). The center of G’ = ({0} x SU(1,n — 1)) x Heisgn 1
is {0} x 27Z x R, which intersects the kernel of 3 in the cyclic sub-
group Z - (0, —27mn,4mwe(n — 1)). This observation together with a calcu-
lation analogous to the proof of part (3) of Lemma 3.13 shows that F’' =
(8'(0,0,4me(n — 1))). O

The following Proposition is now an immediate application of the results
proven in Lemmata 3.11, 3.13 and 3.14.

PROPOSITION 3.15. — Let n > 2 and consider G’ C Isom(N ,, g°).
(1) If ¢ =0, then G’ 2 SU(1,n — 1) x Heisop41.

(2) If ¢ > 0, then G’ = (SU(1,n — 1) x Heisgp41)/F’, where F' is the
infinite cyclic subgroup (5'(0,0,4mc(n — 1))).

For ¢ > 0 and n > 2 we now consider the cyclic quotient Nﬁ =N, /F,
endowed with the induced quaternionic Kéhler metric which we continue to
denote by g°¢. This amounts to considering the coordinate (}5 periodic with
period 47c(n — 1). We extend this family to ¢ = 0 by setting N0 = N,,.
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Since F' C §7 is central, the action of QN on N,, descends to JVfL We ex-
tend our notation to the resulting action in the obvious way:

Notation. — In the following, we will denote by 3 : G — Isom(N¢, g¢)
and B : Q’ — Isom(N ¢ g°) the corresponding group homomorphisms with
images G and Q’ respectlvely We also define H := 5(H6182n+1) and U =
B(U(1,n—1)), as well as U’ = B'(SU(1,n — 1)).

We can now state the main result of this section.

THEOREM 3.16. — Forn > 2 and any value of ¢ > 0, G’ C Isom(NE, g°)
is isomorphic to SU(1,n — 1) x (Heisgny1 /F'). In particular, the group
SU(1,n—1) x (Heisgn+1 /F') acts effectively and isometrically on (N£, g°).

Proof. — By construction, and the proof of part (3) of Lemma 3.14, the
kernel of B' is generated by (0, 27n,0) and (0, 0, 4wc(n—1)). This means that
im ' 2 (SU(1,n — 1) x Heisgpi1)/ker B’ = SU(1,n — 1) x (Heisgny1 /F),
as claimed. g

With the notation introduced above, we may rephrase this result as fol-
lows. Firstly, U’ = SU(l n—1) and H = Heisgp 41 /F'. Secondly U’ NH =
{id} so that G’ = U’ x H.

The above results have been formulated for the case n > 2 only. The
arguments in the case n = 1 are very similar and the differences are mostly
notational. We state them separately in the next Proposition.

PROPOSITION 3.17. — Let n =1 and ¢ > 0 arbitrary. Then

(1) kerg =Z- (2m,4mc) CR xR = Z(U( ) x Heiss).

(2) The restricted map 3 : Heiss — H is an isomorphism.

(3) The kernel of the restricted map f3 : [/le/) —Uis2tZ CR = I/J\(_l/)
if ¢ =0 and trivial if ¢ > 0.

(4) The intersection F = U NH is given by (B(0,4wc)). In particular,
it is trivial if ¢ = 0 and infinite cyclic if ¢ > 0.

(5) G = (U(1) x Heiss) /F.

(6) G’ = Heiss.

In the following, it will be convenient to set N¢ := N, JF for ¢ > 0 and
]V{) := N so that we can speak of ]V,CL for all ¢ > 0 and n € N.

Our next aim is to prove that G and G are closed as subgroups of

Isom(N,, ¢¢) and Isom(N <. g°), respectively. In the first step, we consider
the subgroup I = ﬁ( (I,n—1)) Cg.

LEMMA 3.18. — For alln € N and any ¢ > 0, U C Isom(N¢, g¢) has
compact center.
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Proof. — The u(1)-factor of Lie(i{) = u(1) & su(1,n — 1) is generated
by the vector field Yo. If ¢ = 0, it is clear that Yo generates a U(1)-
subgroup. In the case ¢ > 0, the periodicity of the coordinate 5 ensures
that this assertion remains valid, so U = U(1) -U', where U’ is the group of
isometries generated by the subalgebra su(l,n — 1). Since the U(1)-factor
is central, we have Z(U{) = U(1 ) - Z(U'), and it therefore suffices to prove
that Z(U') is compact. In the case n = 1, I’ is trivial so there is nothing to
prove. For n > 2, Theorem 3.16 shows that I/ = SU(1,n — 1), so its center
is cyclic of order n and in particular finite. O

For all ¢ > 0, the periodicity of the coordinate (Z implies that the center
of H =B (Heisgp 1) is compact as well. By [28, Proposition 4.2] the com-
pactness of the centers of U and H implies that they are closed subgroups
of Ibom(Nﬁb,g ).

ProposiTION 3.19. — Foralln € N and ¢ > 0, G is a closed subgroup
ofIsom(Ng, g°) and G is a closed subgroup of Isom(N,,, g%).

Proof. — We start by proving the result in the case ¢ > 0. The idea is
to exploit the closedness of the subgroups U and H of G to prove the first
claim, and then apply a lifting argument to establish the second claim.

Note that 7—[ C Q is normal, i.e. g is contained in the normalizer N (’;fl),
which is a closed subgroup, since it coincides with the normalizer of the
Lie algebra of H. Thus, it suffices to prove that Q\ is closed as a subgroup
of N (ﬁ) Let us therefore consider a sequence {z;} in G which converges
in N(#). Under the projection N(#) — N(#)/H, which is a submersion
because # is closed, this projects to a sequence in U /(U NH) C N(H)/H.

It follows from the description of UNH given in Lemma 3.13 and Proposi-
tion 3.17, and the definition of Nﬁ, that NH is a finite cyclic subgroup, so
the map U — U/(UNH) is a finite cyclic covering. The center of U /(U NH)
is compact (because the center of u is) and we may appeal once again
to [28, Proposition 4.2] to deduce that it is a closed subgroup of N(#)/H.
The projected sequence therefore converges in i / (LA{ N ﬁ), and lifts to the
covering space, producing a convergent sequence {g;} in U. We may now
write z; = g;h;, and it follows from convergence of {x]} and {g;} that
{h } converges in N(#). In fact, since H is closed in N (7—[) it converges in
H, and we conclude that {z;} converges in G = U - H. This proves that
GC Isom(NfL, ) is closed.

By definition, G=g /F' where F' = Z is a discrete subgroup of the center
Z of H = B(Heisz,y1). Let C(Z) C Isom(N,,g°) denote its centralizer.
Then the covering map N, — N¢ induces a covering C(Z) — C(Z/F).
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Under this covering map, G is the preimage of the closed subgroup G C
C(Z/F"), and therefore G is itself closed in C(Z), hence in Isom(N,, g¢)
as well.

In the case ¢ = 0 we proceed analogously, by passing to the quotient
(N,/7Z,g°) obtained by making (E periodic with period 27, showing that
G/Z is a closed subgroup of Isom(N,,/Z, g°) and then performing the same
lifting argument. O

We note the following consequence, which we will use later.

COROLLARY 3.20. — Letn € N and ¢ > 0 and consider arbitrary points
p€ Nyandpe Nt. Then Gy ={9€G|g-p=p}and Gy ={g € |
gD =D} are compact.

4. Quotients and ends of finite volume
4.1. Quotients from arithmetic lattices

We will now use the group actions discussed in the previous section
to construct interesting quotients of (N,,, g¢) by dividing out appropriate
discrete subgroups of isometries. The resulting manifolds will be complete
and quaternionic Kéhler (since the isometries automatically preserve the
quaternionic structure), with non-trivial fundamental group.

For ¢ = 0, the metric is symmetric and much is known about its quo-
tients by discrete subgroups. In particular, it is known that (N,,g°) =
% admits a compact quotient [8]. Since any isometry of (N, g¢),
¢ > 0, preserves® the level sets of the global coordinate function p, we
cannot expect to obtain compact quotients in this case. The best one can
hope for is to obtain manifolds that have the structure of a fiber bundle over
R<, which is parametrized by p, with locally homogeneous and compact
fibers.

If n < 2 we shall explicitly construct (infinitely many) discrete subgroups
of Isom(N,,, g¢), ¢ > 0, which yield complete quaternionic Kihler manifolds
of this type. We shall see that if one does not insist on compactness of
the fibers and only requires them to be of finite volume, suitable discrete
subgroups can be found for all values of n € N.

(2) This follows from the fact that p is a curvature invariant for ¢ > 0 [15]. For ¢ = 0,

this is of course not true, as witnessed by the fact that (N, g¢) is the symmetric space
SU(n,2)
S(U(n)xU(2)) "
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For the purpose of studying quotients of (N,,, g¢), we may (recalling the
notation of Section 3.3) restrict our attention to the subgroup G’ C G,
whose orbits are the same as those of the full group. This is most easily
seen by noting that g = Lie(G) = u(1l) @ Lie(G’), where the first factor
is generated by the vector field Y, which is tangent to the fibers of the
projection (N,,g¢) — CH™ and preserves the coordinate function p. But
the level sets of p in these fibers are already acted upon transitively by
H = Heisa, 1. As we will see shortly, restricting to G’ affords us certain
technical advantages.

Let us now turn to the construction of discrete subgroups. If ¢ = 0, then
G’ has the structure of a semi-direct product (cf. Proposition 3.15). This
no longer holds true for ¢ > 0, but can be remedied by passing to the cyclic
quotient N ¢: by Theorem 3.16, the induced group of isometries G’ is always
a semi-direct product of the form SU(1,n—1) ><7-[, where H = Heison 41 /F,
with 7/ & Z a central, cyclic subgroup of Heisoy,11.

Thinking of G’ as determined by an action of SU(1,n — 1) on H by
automorphisms suggests the following strategy. First, we construct a dis-
crete subgroup ['; of SU(1,n — 1). Next, we construct a discrete subgroup
FQ C H which is invariant under the action of T';. Then T = T x Fg will
be a discrete subgroup of the semi-direct product group.

Hence, the first step is to construct a suitable discrete subgroup of
SU(1,n—1). Recall that a lattice in a unimodular Lie group G is a discrete
subgroup I' C G such that vol(G/T") is finite. Here vol(G/T") = vol(F),
where F' C G is a fundamental domain and vol(F') is computed with re-
spect to the Haar measure on G. A lattice is called co-compact if G/T" is
compact. The study of lattices in semi-simple Lie groups is a well-developed
area of research (see e.g. [29]), and we will now show how to apply some of
the known constructions to the problem at hand.

In the case n = 1 the group SU(l n— 1) and thus the first step in our
constructlon is tr1v1a1 We can take I = I‘g where I‘g is a discrete subgroup
in H = Heisg /F'. If Tisa co-compact lattice in 7-[, the resulting quotient
ﬁl/f is topologically R+ ¢ X ﬁ/f and hence of the desired type.

The next case, n = 2, is much less simple. The first step is to construct co-
compact lattices in SU(1, 1). It is well-known that SU(1, 1) is isomorphic to
SL(2,R), so discrete subgroups of SU(1, 1) are the same thing as Fuchsian
groups. Therefore, we are looking for co-compact Fuchsian groups which
preserve a lattice in Heiss. One way to construct Fuchsian groups is via
quaternion algebras, and this is what we recall next. Let F' be a field, and
let a,b € F* = F \ {0}. Then the quaternion algebra over F associated
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to the pair (a,b) is the unital algebra over F' with generators I, J, K and
relations

I?=a, J?=b, IJ=K=-JI
Note that this implies K2 = —IJJI = —ab. We will denote this algebra by
(%2). The case relevant for us is F = Q. It is known that if a, b are positive
integers such that b is prime and a is a quadratic non-residue mod b, then
(a@b) is a division algebra (see, for instance, [23, Chapter 5])
Note that we may realize A = (“@b) as a Q-subalgebra of Mat,(C) via

=G0 ()

J:\/13<0 1>7 K:\/%i((l) O).

(4.1)

1 0 -1
The reduced norm of an element Q = qoll + ¢11 + qoJ + 3K € A C
Maty(C) is given by det(Q). Explicitly, we have

Q- ( qo + Vabigs  /aiq + \/BQ2>
- \—Vaig +vVbgy g0 — Vabigs )’
S0
det(Q) = g3 — agi — bgz + abas.
Note that if @ and b are positive and det(Q) = 1, then @ € SU(1,1).
The standard order in A is given by

O={Q=ql+ql+qJ+q¢K:qcl}

We can now define the Fuchsian group associated with the standard order
in A. It is given by the elements of O of unit reduced norm:

T'(A,0) ={Q € O :det(Q) =1} C SU(1,1).

It is known that I'(A, O) constructed as above is a Fuchsian group. More-
over, the fact that A is a division algebra guarantees that the quotient
space CH!/T'(A, O) is compact [23, Chapter 5. In particular, T'(4,0) is a
co-compact Fuchsian group.

We shall see next that I'(A4, O) preserves a lattice in Heiss, as desired.
In what follows, we shall use the following realization of Heiss, 1 for any
n € N. Consider C" with the Hermitian structure (h, *) of signature (1,n—1)
and associated symplectic form w = Im(h). Then Heiso,,41 is the set C*" xR
with multiplication law

(4.2) (v,t)- (v, ) = (v +o t 4+t + ;w(v,w)> ,

for any v,v’ € C",t,t' € R
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PROPOSITION 4.1. — Let b be a prime number and a € N a quadratic
non-residue modulo b. Equip A = (a@b) with the standard order O. Then

there exists a I'(A,O)-invariant and co-compact lattice I's in the five-
dimensional Heisenberg group. Thus, Ty, == I'(A, O) x T3 is a co-compact
lattice in SU(1,1) x Heiss.

Proof. — We write e; = () € C%. Looking at (4.1), we see that
O - e = spang{e1, ley, Jer, Ke; } = spang{e;, —aiea, \/562, \/%iel}

is a lattice in the real vector space C2 =2 R*. Now we consider the subgroup
of Heis; generated by the lattice O - e;. To see that the result is a lat-
tice in the Heisenberg group, we need only check that the possible entries
in the additional R-factor are discrete. These are determined by the sym-
plectic form corresponding to the Hermitian metric of signature (1,1) on
C2. By (4.2), the values that occur in the subgroup generated by a lattice
A C C? are half-integer multiples of the evaluation of this symplectic form
on its generators. Thus, it suffices to determine these:

w(ley,er) =w(Jer,e1) =0=w(le;, Ke;) =w(Jer, Keq)
w(er, Kep) = \/@:w(lel,Jel)

Clearly, we only obtain multiples of vab by evaluation. This shows that
the subgroup generated by this lattice in C2? is a co-compact lattice in
Heiss. O

We have now constructed infinitely many co-compact lattices f‘a,b C
SU(1,1) x Heiss, labeled by pairs (a,b) € N?, where b is prime and a a
quadratic non-residue modulo b.

THEOREM 4.2. — Let a,b € N be such that b is prime and a is a qua-
dratic non-residue modulo b. Choose ¢ > 0 such that %\/@ and 4mce are
linearly dependent over Q. Then 1:@7;, admits a co-compact sub-lattice fmb
such that (]\Aff,ﬁc)/fmb is a complete quaternionic Kéhler manifold dif-
feomorphic to R-g x K, where K is a compact and locally homogeneous
seven-dimensional manifold.

Proof. — By Proposition 3.15 and Theorem 3.16 and since %\/@ and
dme are linearly dependent over Q, we see that I'y, N Z(Heiss) + F' is
a discrete subgroup of Z(Heiss) = R. It follows that T, ; descends to a
lattice fa,b in SU(1,n — 1) x (Heiss /F') which acts effectively on ]\7_20 If
fa)b acts freely on (ZVQC, 9°), we may directly take the quotient and obtain a
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quaternionic Kéahler manifold with the required properties. We may think of
N = Rog x N,,/F', where N,, = {p = po > 0} C N3, as a fiber bundle
over Ry with homogeneous fibers. The p-coordinate is preserved by all
isometries, so ]VQ"’ / fa,b is a fiber bundle over R+ with locally homogeneous
fibers which are moreover compact since fa,b is co-compact.

However, the constructed lattices fa,b do not necessarily act freely on
J/\\TQC. Nevertheless their intersection with the stabilizer of a point, which is
compact by Corollary 3.20, is finite. Since a finite-index subgroup of a co-
compact lattice is once again a co-compact lattice, it now suffices to find a
finite-index subgroup of fa’b which only intersects this finite group in the
identity.

The existence of such a subgroup is guaranteed by Selberg’s lemma,
which asserts that every finitely generated subgroup of GL(n,C) admits
a finite-index normal subgroup which is torsion-free. To apply this result,
it remains to check that f‘a,b is finitely generated. Observe that f‘a,b =
T'(A, O) x T'g, where I'y C Heisy is generated by {e1, Ie1, Je1, Kej}, hence
finitely generated. It therefore suffices to check that for the Fuchsian group
I'(A, O) is finitely generated. But I'(4, O) is a lattice in a semi-simple Lie
group and all such lattices are even finitely presented [29, Chapter 4], so
Selberg’s lemma applies. Thus, we obtain a co-compact lattice fa,b which
acts freely and isometrically on (]VQC, g°) so that the corresponding quotient
space possesses all the claimed properties. O

We now move on to describe a class of lattices I' C SU(1,n—1) x Heisgy 41
for arbitrary n > 2. These are of the form I' = Ty xT'y, where I's is a lattice
in Heisy,, 41 with the property that its normalizer I'; C SU(1,n—1) is again
a lattice. We consider lattices I'y C Heisay, 1 that are generated by lattices
A C C" satisfying a compatibility condition with the Hermitian structure
(h,?) on C™ of signature (1,n — 1).

To state this condition, let F' be a totally imaginary quadratic number
field, i.e. F = Q[iv/d], where d € N is a square-free integer. If we denote by
Op the ring of integers of F, then we have O = Z[iV/d], if d = 1,2 mod 4
and O = Z[%\/a} if d=3 mod 4.

We call a lattice A C C™ that admits an action of the ring O of integers
in F' compatible with (h,7) if A C A, i.e. A is invariant under complex
conjugation, and h|pxa induces a sesquilinear form over Op.

We remark that in the co-compact lattices Ty, = I'(4,0) x I'y con-
structed above for n = 2, the lattice I's C Heiss is generated by a lattice
A C C? satisfying this compatibility condition with d = ab, provided d is
square-free and d = 1,2 mod 4.
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PropoSITION 4.3. — Let n € N be arbitrary and denote the generator
of Z(Heisant+1) = R by T. Then, for any square-free d € N with d = 1,2
mod 4 there exists a lattice 'y C Heisg, 11 generated by a lattice A C
C" compatible with (h,~) such that 'y N Z(Heiso,41) = $VdZT and the
stabilizer T'y in SU(1,n — 1) is also a lattice. In particular, T =T x I'y C
SU(1,n — 1) x Heiso,11 is a lattice.

If n > 3 then a lattice ' € SU(1,n — 1) x Heisg, 1 constructed in this
way is never co-compact.

Proof. — The assertion is clear for n = 1, so assume that n > 2. Let
d € N be square-free with d = 1,2 mod 4, so that F' = Q[iv/d] is a totally
imaginary quadratic number field with ring of integers Op = Z[i\/g].

We start by constructing a suitable lattice Ay C C™, which is compatible
with (h,7). Let {e; : j = 1,...,n} be the standard basis of C", which is
orthonormal with respect to the Hermitian metric h of signature (1,n—1) on
C™. Setting f; = ie;, we may consider the lattice Ay C R?*" 2 C" generated
by {ej,\/gfj :j = 1,...,n}. Since the symplectic form associated to h
takes values in Z - v/d when evaluated on this lattice in C”, the subgroup
L4 of Heisy, 41 that this lattice generates is in fact a co-compact lattice.
By construction, the above lattice Ay is preserved by the natural action
of Op. Moreover, A, is invariant under complex conjugation and h|axa
induces a sesquilinear form over O, so A is compatible with (h,~) in the
sense defined above.

In this fashion, any square-free d € N with d = 1,2 mod 4 gives rise
to a (co-compact) lattice Ly C Heiso,41 which is generated by a lattice
Agq C C™ compatible with (h,*).

Recall that we view Heisy, 1 as the set C™* x R with multiplication law
given by

1
(v,t)- (v, 1) = (v +u t+t + 2w(v,w)) ,

where w = Im(h). Note that the Lie algebra beis,, | is the (real) vector
space C™ @ R with Lie bracket

[(Uat)v (’U/,t/)] = w(vvv/)'

In this setting the exponential map exp : beisy,, ;1 — Heisa, 1 is just the
identity on C™ x R.

In general, we have the following description of the lattice I'y C Heisg, 41
generated by a lattice A C C™ compatible with (h,~). Let rT be a generator
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for the image w(A x A) C R. Then we have
1
Iy = {(v,t) eC'"xR:veAte 27“TZ}.

This follows from the observation that if v,v" € A satisfy w(v,v") = rT,
then we have in Heisg),41:

(0,0) - (v/,0) - (=(v+0), 0) = (0, ;rT> .

In particular, we find Ly N Z(Heisg,t1) = %\/ﬁZT for the lattice Ly con-
structed above.

The set logI'y C beis,,,  ; = C* @ R is closed under addition and equals
the lattice A & %TTZ. Thus, the lattice I's generated by a compatible lat-
tice A C C" is a log-lattice. The lattice logI's C beis,,,; induces the Q-
structure (heis,,, 7)o = spang(logl'y) and the compatibility of A ensures
that SU(1,n — 1) is defined over Q with respect to (heis,,, ;). It then fol-
lows from [30, Theorem 2.2] that the stabilizer I';y € SU(1,n—1) of Ty is a
lattice in SU(1,n—1). We now take I'y = L4 and the above discussion shows
that 'y = Stabgy(1,n—1)(I'2) is a lattice. We may then form the semi-direct
product to obtain a lattice I =T x T'y C SU(1,n — 1) x Heisopi1.

If n > 3, and A C C" is a lattice compatible with (h,~) generating a lat-
tice I'y C Heisg, 41, then the lattice T'y = Stabgu(1,n—1)(I'2) € SU(1,n —1)
contains a unipotent element and is therefore not co-compact by Gode-
ment’s compactness criterion [29, Proposition 5.3.1]. To find such a unipo-
tent element, we consider the indefinite rational quadratic form given by
the real part of h on the 2n-dimensional Q-vector space spang(A). Since
n > 3, i.e. 2n > 6, we can apply Meyer’s theorem [32, Corollary 2 on p. 43]
to find a vector v € A such that h(v,v) = 0. Furthermore, we can choose
w € A such that v and w are linearly independent and h(v,w) = 0. Then
A € End(C") given by A = h(-,v)w — h(-,w)v is not zero, skew-hermitian
with respect to h and nilpotent, in particular A € su(1,n — 1). Thus, the
unipotent element exp(A) € SU(1,n — 1) stabilizes A, and hence Ty, i.e.
exp(A) € I'y. For the lattices Ly constructed above, we can take v = e; +eq
and w = Vd(f1 + fo). This shows that in fact also for n = 2 the stabilizer
of Ly in SU(1,n — 1) is not co-compact. O

Proceeding as in the proof of Theorem 4.2, we now easily obtain:

THEOREM 4.4. — Let n € N be arbitrary and let d € N be square-free
such that d = 1,2 mod 4. Then there exists a lattice T C SU(1,n — 1) x
Heiso,, 11 such that T N Z(Heisg, 1) = 7Z - %\/&T, where T is the generator
of Z(Heiszn41) = R. Choose ¢ > 0 such that 4wc and $V/d are linearly
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dependent over Q. Then T contains a lattice I' such that (N¢, ¢¢)/T is a
complete quaternionic Kéahler manifold diffeomorphic to R x K, where the
fibers {t} x K are locally homogeneous and of finite volume.

4.2. The volume of fiberwise quotients by lattices

Given a lattice in SU(1,n — 1) x Heisa, 11, we have outlined above how
to obtain a quaternionic Kihler manifold N, /I" which can be viewed as
a fiber bundle with locally homogeneous fibers of finite volume. In the
previous section we have shown how to obtain infinitely many lattices for
any n € N, and constructed infinitely many co-compact examples in the
case n < 2. We are now interested in the dependence of the volume of the
fibers N,/T C N,,/T on p.

Recall the explicit expression for the one-loop deformed c-map metrics
on N, given in (3.1) and (3. 2)'

. ptec 1 p+2¢c
g = gcHn-1 4p bt
L L2t (43 41 wodwofni:lwadw“ 2 ni)?adxa ]
4p? p+2c et 1-[| x> a=1
9 4 n—1 2
+c
— 2 (duwd@® dw®d@ ) P dw®+ 3" Xodws
3 o) e w5
where
1 n—1 1 n—1 2
e X+ —— | S xeaxe| |.
e 1X||2<§ e )

Ordering our coordinates as (p, X,w, @), where X = (X',..., X"1) and
w= (w...,w"1), the Gram matrix G of g¢ takes on the following block
form:

9pp 0 0 0

0 9xx 9gxw 9x3

G¢ =
0 g)T(w Guww gwg
T T e
Ix5 ws 930

where we have coefficients
9or: 955 € C®(Nn,R), gxx € C°(N,,Mata,_22,-2(R)),
Guww € C°(N,, Matay, 2,(R)), gxw € C°(Ny, Mata,—2.2,(R)),
9x5 €CT(N N, R*2), 93 € C>®(N,,R?™).
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Since the level sets of p are locally homogeneous of finite volume, it
suffices to compute the Gram matrix and its determinant at a point (p, pg)
where X = 0 and w = 0. At such a point the metric g¢ evaluates to

n—1
c +c o 1 p+2c 1 p+c ~
9°(p, o) = pp <ZIdX |2> + P P g

— 4p2 p+c 4p% p+ 2c
n—1
2 2
+ = (”+C|dw0|2 + Z|dw“2>.
p p ot

In particular, the off-diagonal components gx.,, 9Ix5 9ud of G¢ all vanish
at (p,po) and we have

1 + 2¢ +c
=L gxx(p,po) = P

gpp(P»pO) = 12,2

S 4p? pc’
and

( )= 2 %EC]IQ 0 ( )= 1 p+ec

Guwwl\pP,Po) = p 0 ]1277,—2 gd’d’ PyPo) = 4p2p+2c

It follows that

22774,4 p +e 2n—2 ,0 + 26 2
det G°(p,po) = —— ( ) ( > .
( ) p2n+4 P P

0
ume density of the unique invariant volume form fi,,dX dw d% in the fiber
normalized by finy(po) = 2" 2. Here dX dw d¢ stands for the Lebesgue
measure associated with the coordinate system.

Note that we have for any ¢ > 0 and p > 0 the inequality

n—1
1 C 2c finv
(43) = (1 - p) (1 " ) fie > Covm

n—1
Thus, f = VdetGe = pn1+2 (”—“) (%) finv, Where fi,, is the vol-

On the other hand, if p > py > 0 then we have for any ¢ > 0,

1 c nl 2c finv
(44) f = W 1+ ; 1+ ; finv < C(pO)anrQa

n—1
where Clpo) = (14 £) (1+%) >0,
Fix pg > 0 and let D denote a fundamental domain for the action of T’
on the fiber N ,,. Then we deduce from (4.4) that there exists some C; > 0
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such that
VOlﬁp>p0/F = plggc VO]N[;)O,,J]/F = plgr;o S fdX dwdedp
S 01/ n-ip-2 = X 1
po P (n+1)pg

Similarly, we obtain from (4.3) the existence of a constant Cy > 0 such
that

VO]N[PLPQ]/F = ~/D><[p1$p0] de dw d¢ dp

oodp Gy 1 1
>0 [ = - (e - )
R R VAV R

for any 0 < p1 < po. We summarize this discussion as follows.

THEOREM 4.5. — Let ¢ > 0 and consider the quaternionic Kéhler man-
ifold (N,,/T, g¢). Then for each py € R we have

VOI(N p> 0 /T') < 00,

and
vOl(N [, o] /T) = 00, as p — 0.

. ; f 1 (pre\n—Llipt2cy\ 1
Remark 4.6. We may write Fow = otz (T) (T) = anP(%),
where P is a polynomial of degree n with positive coefficients and constant

term equal to 1. From this one may obtain the explicit formula

PO 1 c -
VOlﬁ[pro]/F = V(D) /pl WP (p) dp, V(D) = /D Sinvd X dw d¢.
Analyzing this expression gives the leading asymptotics
V(D)
n+1
when pg — oo, while the asymptotics of vols; /T for p; — 0 depends

[p1:p0]

volg _ r=kpg" 1+ 0(pg "7,

on c. For ¢ = 0 the volume is simply

~ kpl_n_la P, 07

—-n—1 _

_ n—1
VOlﬁ[Plvﬂo]/F - k(pl )

Po
whereas for ¢ > 0 it grows like kip; 2"~

2c"
2n+1 _ _ _
P VOlN[ﬂlyﬂo]/F7]’{:14»0(;)1)7 kli 2n+1

In the case n = 1 there are no X-coordinates and the above computations

simplify considerably. The Gram matrix G° takes values in Maty 4(R) and
%dw A dw A dg is a left-invariant volume form on Heiss. The determinant
det G€ is therefore a function of p alone, i.e. finy is constant.
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