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GOOD SEQUENCES WITH UNCOUNTABLE
SPECTRUM AND SINGULAR ASYMPTOTIC
DISTRIBUTION

by Christophe CUNY & Francois PARREAU

ABSTRACT. — We construct a good sequence with uncountable spectrum. The
construction also allows us to exhibit a continuous and singular probability measure
representable by a good sequence in the sense of the recent work of Lesigne, Quas,
Rosenblatt and Wierdl.

RESUME. — Nous construisons une bonne suite a spectre non dénombrable. La
construction nous permet également d’exhiber une probabilité continue singuliére
représentable par une bonne suite au sens du travail récent de Lesigne, Quas,
Rosenblatt et Wierdl.

1. Good sequences with uncountable spectrum

Let S = (Sn)n>1 be an increasing sequence of positive integers. We say
that S is a good sequence if the following limit exists for every A € S!
(St={z€eC: |z|=1})

N
3 1 Sn
(1.1) c(\) = es(\) = NETOON;A .

Equivalently, S is good if, for every A € S!, the following limit exists

(1.2) lim — >k

N—+oc0 7T5<(N) 1<k<N, keS

where m5(N) = # (SN [1,N]).
Good sequences have been studied by many authors. See for instance
Rosenblatt and Wierdl [13] who introduced that notion, Rosenblatt [12],
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968 Christophe CUNY & Frangois PARREAU

Boshernitzan, Kolesnik, Quas and Wierdl [3], Lemariczyk, Lesigne, Parreau,
Volny and Wierdl [9] or Cuny, Eisner and Farkas [4].
Given a good sequence S, we define its spectrum as the set

(1.3) Ag={NeS': ¢()) #0}.

By [13, Theorem 2.22] (due to Weyl), for any good sequence S, Ag has
Lebesgue measure 0. If moreover S has positive upper density, i.e. satis-
fies limsupy_, , oo (7s(N)/N) > 0, then Ag is countable. See [4, Proposi-
tion 2.12 and Corollary 2.13] for a proof based on a result of Boshernitzan
published in [12]. See also [8] for more general results of that type.

On another hand, up to our knowledge, no good sequence with uncount-
able spectrum is known.

In [4], good sequences have been studied in connection with Wiener’s
lemma. In particular, the authors of [4] obtained the following results for
good sequences, see their Proposition 2.6 and Theorem 2.10. Recall that if
7 is a finite measure on S', then 7(n) = [, A" d7(}), for every n € Z.

PROPOSITION 1.1. — Let S = (s, )n>1 be a good sequence. Then, for

every probability measure p on S*, we have

1 XN

~ 2 3N

N LGP 22 ], ) A diha).

In particular, if S has countable spectrum and p is continuous
N

1.4 — ) ii(sn)]? .
(1.4) 7 2 AP 0

Remark. — (1.4) implies that fi(s,) converges in density to 0, by the
Koopman-von Neumann Lemma (see e.g. [4, Lemma 2.1]).

The above considerations yield and put into perspective the following
question: does there exist a good sequence with uncountable spectrum?

We answer positively to that question below. To state the result, we need
some more notation.

Let (mj)j>1 be an increasing sequence of positive integers such that
mjt1/m; > 3 for every j > 1.

We associate with (m;);>1 the sequence S = (s,),>1 made out of the
integers (an empty sum is assumed to be 0)

(15) Sme+ Y. wimy k=1 (Wi, weer) € {10,131

1<y<k—1
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in increasing order. Notice that our assumption on (m;),>1 implies that all
the integers in (1.5) are positive and distinct.

Denote by || - || the distance to the nearest integer: ||¢|| :== min{|m — ¢| :
m € Z} for every t € R.

THEOREM 1.2. — Let (m;);>1 be an increasing sequence of positive
integers such that mjy1/m; > 3 for every j > 1, and define S as above.
Then S is a good sequence and

(1.6) A=< 0e(0,1)\Q, Z [m;0]*> < 0o p C Ag.

jz1

Proof. — For every k > 1, consider the following set of integers

Mp=q D> wimg: (icean € {~1,0,1}*
1<G<h—1

For every k > 1 and every 6 € [0, 1), set

1
(1.7) Ly(0) = H =(14 2cos(2mm;0))
1<ysk—1
1 - T
_ o1 H (1 +67217rm19 +6217rm10)
1<j<k—1
1 P
(1.8) = D el
e M,

Let € [0,1). As —1/3 < (1 4 2cos(2m0m;))/3 < 1 for all j, if 1 +
2 cos(2mfm;) is infinitely often non positive, then (L (6))x>1 converges to 0.

Assume now that 1 + 2cos(2m8m;) > 0 for j > J, for some integer
J. Then, the convergence of (Lg(6))r>1 follows from the convergence of
(HfZJ(l + 2cos(2m0m;))/3)k>s which is clear since we have an infinite
product of positive terms less than or equal to 1. Moreover this infinite
product converges, i.e. the limit is non-zero, if and only if

- 1 — 2
,;J [1 - g(l + 2cos(27rmk0))} = ,;, 5(1 — cos(2mmy)) < +oo,
which is equivalent to > o ; [[mi8]|* < +oo.

If e*79 is in the set A defined by (1.6) the above condition is satisfied and
moreover, as # is then irrational, the product Hj;ll (14 2cos(2mm;))/3
does not vanish.

Hence in any case (Ly(6))k>1 converges, say to L(6), and L does not
vanish on A.
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We wish to prove that (4 ZnN=1 eimsnd) 1 converges to L(6) for every
6€0,1).

Let N > 1. Since (Sp)n>1 is the increasing sequence made out of the
numbers given by (1.5), we can write sy11 = Mgy +D 1 jcpy—1 Wi (N)m;.

The integers s1,...,sy may be split into consecutive blocks

mi + Ml, ey MEy—1 + MkN—h WN,

where Wy = {f € my,, + My, : £ < sn}.
As each block M, consists in 3¥~1 integers, we have
kvl kv —1

1. — <N

We may furthermore split Wiy into translates of blocks M. Namely,
if wpy—1(N) # —1, then Wy begins with mg,, — mgy—1 + Mgy—1, if
wiy—1(N) = 1 another block my, + 0 X my,y—1 + Mg, —1 follows, and
so on. More precisely, Wy is the disjoint union

kn—1
Wy = U U My + Z we(N)my + wmj + M;
1<i<kn—1 w<w;(N) t=j+1
Hence, by (1.8),
N
(1.10) > e¥men?
n=1
ky—1 kn—1

— Z 3i—1 e?iﬂ-m]ﬂ LJ(Q) + Z Z 3j—162i7ru_7(w)0 Lj(e)7
j=1

J=1 w<wj (N)

where u;(w) = mpy, + 2122;31 we(N)myg + wm;.
Let us first assume that L(#) = 0, that is L;(#) — 0 as j — +o00. Then
we have

1|& 1R 1R ;
2ims, 0| o + i—17 . Sl =4
= Elze <y 2 1 3L O+ Z; Z(N)ga 1L (O)] =2 0
n= 1= I=1 w<w;

where the convergence follows from (1.9).
Assume now that L(#) # 0. Then e?™mnf — 1.

n—-+oo

Fix € > 0. Let » > 1 be such that e™” < ¢, and let d > 1 be such that
|1 — e | <e/(r+1) and |L(0) — L;(8)| < ¢ for every j > d.
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For every N such that ky > d+r, we have on one hand, since (L,,(6)),>1

is bounded by 1,

kN7T71
(L11) o 3™l Li(0) — L(9)]
j=1

k)Nf’l"fl

YYD @ L) - L(o)|

J=1 w<wj(N)

< ) T2 2x2 <3 <3k,

And on the other hand, as ky — r
|1 —e¥™mif| < g/(r+ 1) and

WV

d, when ky —r < j < ky we have

kN
|1 _ e217ru_7'(w)0 ‘ < Z |1 _ e2i7rmg€ | < c

ZZkN—T
for every choice of w. So,
kn—1 )
(112) > 3 eH il Li(0) — L(0))|
j:k‘N—T‘

kn—1

N PN 1(0) — 1(9)]

j=knN—Tw<w;(N)

kn—1
< Z 397126 + 2 x 2¢] < 3Mve,

j:kN—r

Gathering (1.11) and (1.12), it follows from (1.10) that

< 2. 3kNg,

N
Z e2i7rsn0 —NL(G)
n=1

Finally, in view of (1.9),

lim sup
N—+oco

< 12¢,

1 N
N Z eQmsne 7L(9)
n=1

and the announced result follows since ¢ may be chosen arbitrarily
small. g

TOME 75 (2025), FASCICULE 3
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It follows from Theorem 1.2 that, in order to produce a good sequence
with uncountable spectrum, it is sufficient to exhibit an increasing sequence
of integers (m;);>1 with m;1/m; > 3 for every j > 1 and such that the
subgroup of S

(113) H2 = Hg((Tﬂj)j}l) = eZiﬂe : 0 S [0, 1), Z Hm]0||2 < o0

j=1

be uncountable.

It turns out that those type of subgroups have been studied in [7] (see
also [11] and [1]).

A similar subgroup, defined by Hy = {e*™ : 6 € [0,1), >z myoll <
oo}, studied in [7] in connection with Hs, has also been considered by Erdés
and Taylor [5] and, in connection with IP-rigidity, by Bergelson & al. [2]
and Aaronson & al. [1].

In the above papers, sufficient conditions have been obtained for Hy or
H; to be uncountable.

To state the results concerning Hy subgroups, we shall need a strength-
ening of the lacunarity condition. We say that (m;);>1 satisfies assump-
tion (A) if one of the conditions (A;) or (As) below is satisfied:

(Ay) Z("?j >2<oo

j>1 N
(A2) Viz1l mjlmjpn and mjyi/m; — oo.
Jj—+oo
PROPOSITION 1.3. — Let (m;);>1 be a sequence of integers satistying

assumption (A). Then, Hy((m;);>1) is uncountable.

The proposition was proved by the second author [11] (see also [7, Sec-
tion 4.2]) under (A;) (notice that the condition inf;>1 m;1/m; > 3 used
in [11] and [7] is not restrictive for the uncountability of Hs). Actually, it is
proved in [11] and [7] that Hy supports a continuous (singular) probability
measure given by a symmetric Riesz product. A proof of the uncountabil-
ity of Hy under (A;) can also be derived from the proof of [5, Theorem 5],
which states that H; is uncountable when .-, m;/mj1 < oo.

Under condition (As), the proposition follows from [5, Theorem 3] which
states that H; C Hs is uncountable. We use their argument below in the
proofs of Proposition 1.5 and Theorem 2.1.

See also [1, Propositions 3 and 4] for more precise versions of Proposi-
tion 1.3.

ANNALES DE L’INSTITUT FOURIER
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We are now able to state our main result, which follows in a straightfor-
ward way from Proposition 1.3 and Theorem 1.2.

THEOREM 1.4. — Let (m;);j>1 be an increasing sequence of positive
integers such that m;1/m; > 3 for every j > 1, and define S as above. If
assumption (A) is satisfied then S is a good sequence and it has uncountable
spectrum.

We also derive the following proposition which complements Proposi-
tion 1.1. It can be shown as an abstract consequence of the existence of
a good sequence with uncountable spectrum, but we shall give explicit
examples.

PROPOSITION 1.5. — There exist a good sequence (S, )n>1 and a contin-
uous measure ;1 on S' such that (& Zﬁle |7i(50)|?) N>1 converges to some
positive number.

Proof. — We construct such a measure for each sequence S associated
with a sequence (m;);>1 satisfying (As) and inf;>q mj41/m; > 3.

Under this assumption, choose a subsequence (mj, )r>1 such that j; > 1
and mz/mj,l > 2842 for all j > ji. For every sequence n = (j)k>1 €
{0,137 let

o0
Nk
0n) =) —.
Given j > 1, let k be the smallest integer such that j, > j. Since m;/m;,
is an integer when ¢ < k, we have

1 m;
(1.14) lmsbl < my 3 —— <22
! ’ @Zk mj, My,
and in particular ||m;8(n)| < 1/4, which yields that all the terms in the
products (1.7) are positive.
We also have 3, . m3 < 2m3 _y, so if we sum up the [|m;6(n)[* by
blocks from jx—1 to jr — 1 (or from 1 to j; — 1 for the first one), we get
that each partial sum is less than 8(m;,_1/m;,)?,

D llmi0)|* <8
j=1 k=1

and L(6(n)) > 0 follows.

Now, let & = (&)j>1 be a sequence of i.i.d. random variables with
P(& = 0) = P(& = 1) = $ and let p be the probability distribution of
e2im0(&) Then, as the mapping n — e2im0(n) g one-to-one, p is a continuous

m?2 > 1
Jr—1 2 :
Jk k=1

TOME 75 (2025), FASCICULE 3
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probability measure concentrated on Ag. Moreover fi(s) = [o, A®du(X) =
E(e?759() for every integer s, and thus

N N
% S fi(sn) = E (;f 3 e2i“n9<€>> L E(LE) >0 as N — +oc.
n=1

n=1

Finally, Proposition 1.1 ensures the convergence of 4 25:1 |7i(sn)|?* and
the positivity of the limit follows the inequality

1 & 1 &
S )P > | S )
n=1 n=1
Remark. — Under assumption (A;) and inf;>1 mjiq1/m; > 3, the re-

sult holds for the measure p constructed in [11] or [7]. Indeed then p
is a generalized Riesz product, weak®-limit of products of trigonometric

2
0

polynomials P; with coefficients in blocks {km;; —k; < k < k;} and
Pj(mj) = Pj(—m;) = cos(r/(mj + 2)). Then for every s =3, ,, wjm;
where |w;| < k; for all j, we have [i(s) = IIi¢j<n Pj(wjm;) (see [7]). From
there, the convergence of ZnN:1 |7i(s,)|? and the positivity of the limit
can be proven as in Theorem 1.2 (we skip the details).

2. Singular asymptotic distribution

We now turn to a matter adressed by Lesigne, Quas, Rosenblatt and
Wierdl in the preprint [10].

Let S = (sn)n>1 be a good sequence. Let A € S!. Since S is good,
the sequence (% 25:1 Sxem (m))NeN = (% 25:1 )\’”S")NeN converges to-
wards ¢(A™) for any integer m, that is for any character on S', so that
(% 25:1 dxsn )Nen converges weakly to some probability measure vg .

Given a probability measure v on S, if there exist a good sequence S
and A € S! such that vg \ = v, we say according to [10] that S represents
the measure v at the point .

Lesigne & al. proved several interesting results concerning the measures
that can be represented by a good sequence at some point A € S!'. For
instance, they proved that if A is not a root of unity then vg ) is continu-
ous (see their Theorem 1.5). They also proved that if a given probability
measure v on S! is not Rajchman (i.e. its Fourier coefficients do not van-
ish at infinity) then, for almost every A with respect to the Haar measure,
there does not exist any good sequence representing v at A (see their The-
orem 1.6). On the opposite, if v is absolutely continuous with respect to

ANNALES DE L’INSTITUT FOURIER
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the Haar measure, then for every A\ € S! which is not a root of unity there
exists a good sequence S representing v at A (see their Theorem 1.8).
The above results raise the following questions. Does there exist a con-
tinuous but singular probability measure v on S!' that can be represented
by a good sequence? If so, can one take v to be non Rajchman?
It turns out that Theorem 1.2 allows us to exhibit a good sequence S
and a point A such that vg ) is a non Rajchman probability measure.

THEOREM 2.1. — Let (m;);>1 be an increasing sequence of integers sat-
isfying (Ag) and inf;>1 mj11/m; > 3, and let S be the sequence associated
with it. There are uncountably many A\ € Ag such that the weak*-limit
Vs X Of(% ZnNzl (5)\57,,)]\[21 satisfies limsupj_>+oo ‘f/\S’)\(mj)‘ =1.

Proof. — We proceed as in the proof of Proposition 1.5, except that we
require a stronger condition on the subsequence (mj,)r>1, nhamely
mj/mj—1 > 282m;, | for all j > ji if k> 1.

For n € {0,1}V", we still define 0(n) = > k>17k/Myy, . By the proof of
Proposition 1.5, this yields an uncountable family of A = e270(") in Ag.

For each such 6 = 0(n) we have Ug(m) = c(e?™™¥) = L(m#) for all
m € Z. So, it will be sufficient to show that L(m; 0) — 1 as n — +oc.
Clearly, from the expression of L(6) as an infinite product, it is equivalent
to prove that 3273, [[m;, m;0]* converges to 0 as n — +o0.

Fix n > 1. We may apply the inequality (1.14) either to ||m;6| or to
lmy;, 0. For j < j, we get [|m;, m;0| < mj||m;, 0| <2m;,m;/m;, ., and
in the opposite case ||m;, m;0| < m;, |m;0| < 2m;, m;/m;, where k is
the smallest integer such that j, > j. So,

dn1 dn1 m2 )
2 ]n 2 _In 2

Z [lm;,m;6]° <4 Z m; < ms g < "

=1 Jn+1 7j=1 .7'n+1

For j > j,, summing again by blocks from jx_1 to jr — 1 for k > n, we get

Je—1 2 Je—1 2 2
|| 9”2 ]n 2 < 2 < i m;, < i
m]nm] m] = 2 mjk:_l k 2 = gk
: 4% m2 4
Jk—1 ]k Jk—1 ]k- Jk—1
and finally
o0 (o] 1
2
Z [m;, m;0|* < Z YT 0 asn— +oo. O
Jj=1 k=n

Let S and A € S! be as in Theorem 2.1 and write v = vg ;.
The property limsup;_,, ., [(m;)] = 1 means precisely that v is a
Dirichlet measure, see [6] and [7] for properties of Dirichlet measures.

TOME 75 (2025), FASCICULE 3
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In particular there is then a subsequence (n;);>1 such that A converges
towards a constant of modulus 1 in the L!(v) topology, and it follows that
any measure absolutely continuous with respect to v is itself a Dirichlet
measure.

On the other hand, any probability measure absolutely continuous with
respect to some Rajchman measure is itself a Rajchman measure.

Hence, we infer that v is singular with respect to any Rajchman proba-
bility measure on S'.

This result sheds light on the problem posed by Lesigne, Lesigne, Quas,
Rosenblatt and Wierdl in [10], Question 1.7: can all singular continuous
Borel probability measures on S' be represented by a good sequence at
some A € S'? Failing to solve it in all generality, the following questions
arise now.

QUESTIONS. — In view of Theorem 2.1, one may wonder if it is possible
to find a good sequence S and A € S' such that

0 < limsup [Uga(n)| < 1.
n——+4oo

Another question is whether one can have vg y Rajchman and singular with
respect to the Lebesgue measure.
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