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CHARACTERIZATIONS OF UNIFORMLY
DIFFERENTIABLE CO-HORIZONTAL INTRINSIC
GRAPHS IN CARNOT GROUPS

by Gioacchino ANTONELLI, Daniela DI DONATO,
Sebastiano DON & Enrico LE DONNE (*)

ABSTRACT. — In arbitrary Carnot groups we study intrinsic graphs of maps
with horizontal target. These graphs are C’Il{ regular exactly when the map is uni-
formly intrinsically differentiable. Our first main result characterizes the uniformly
intrinsic differentiability by means of Hélder properties along the projections of
left-invariant vector fields on the graph.

We strengthen the result in step-2 Carnot groups for intrinsic real-valued maps
by only requiring horizontal regularity. We remark that such a refinement is not
possible already in the easiest step-3 group.

As a by-product of independent interest, in every Carnot group we prove an
area-formula for uniformly intrinsically differentiable real-valued maps. We also
explicitly write the area element in terms of the intrinsic derivatives of the map.

RESUME. — Dans les groupes de Carnot, nous étudions les graphes intrinséques
des fonctions avec codomaine horizontal. Ces graphes sont Clli réguliers quand la
fonction est uniformément intrinsequement différentiable. Notre premier résultat
est une caractérisation de la différentiabilité intrinséque en termes de régularité
Holder des projections sur le graphe des champs de vecteurs invariants a gauche.

Nous améliorons le résultat dans les groupes de Carnot de rang 2 pour les fonc-
tions avec codomaine unidimensionnel: dans ce cas, la régularité horizontale suffit
pour obtenir le résultat. Nous remarquons que cette amélioration n’est pas vraie
dans le groupe de Carnot de rang 3 le plus simple. Enfin on montre une formule de
laire pour les fonctions uniformément intrinsequement différentiables avec codo-
maine unidimensionnel et on donne une expression explicite de ’élément de surface
en fonctions des dérivées intrinséques de la fonction.
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Notation

Carnot group and its Lie algebra, respectively.
[J is the representation of O in exponential co-
ordinates. See Definition 2.3.

Left-translation and right-translation by g € G.
Holonomic degree. See Section 2.
Homogeneous norm on G. See (2.3).
Horizontal bundle of G. See (2.1).

Projection on the horizontal bundle. See (2.2).
Complementary subgroups. See Definition 2.1.
Projection of ¢ € G onto the homogeneous
subgroup W, given the splitting G = W - L.
See (2.4).

RF-valued a-little Hélder functions defined on
U C R™. See Definition 2.6.

Intrinsic graph of ¢ : UCW — L, given the
splitting G = W - L. See Definition 2.8.
Intrinsic g-translation, with ¢ € G, of the func-
tion @ : UCW — L, given the splitting
G = W - L. See Definition 2.9.

Pansu differential of the Cf; function f. See Def-
inition 2.15.

Intrinsic differential of the function @ : U C
W — L, at a point ag € (7, given the splitting
G = W - L. See Definition 2.17.

Set of (uniformly) intrinsically differentiable
function @ : U € W — L, given a splitting
G =W - L. See Definition 2.17.

When L is horizontal, the map, identified
with a k& x (m — k)-matrix, in Lin(Lie(W) N
V1, Lie(L)), corresponding to the intrinsic dif-
ferential d¥p,,. See Definition 2.20 and Re-
mark 2.21.

The j-th component, either a number or a vec-
tor, of the intrinsic gradient V¥¢p. See (4.24).
Pansu differential of f € Cﬁ(f/;Rk) in coordi-
nates adapted to the splitting G = W - L. See
Definition 2.26.
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Dy, Intrinsic projected vector field on U C W, rela-
tive to the vector field W € Lie(W), and to the
function @ : U C W — L, given the splitting
G = W - LL. See Definition 3.1.

D}p Intrinsic projected vector field when W = Xj,
with X; € Lie(W). See Proposition 3.9.

D%y The vector field D¥ acting on the function .
See Proposition 4.10.

zLn n-dimensional Lebesgue measure. See (4.25).

S n-dimensional spherical Hausdorff measure.
See (4.34).

1. Introduction

1.1. A historical account of the notion of C}-surface in Carnot
groups

In these last twenty years there has been an increasing interest in a
fine study of parametrized intrinsically regular surfaces in sub-Riemannian
settings. The search for a good such notion was motivated by a negative re-
sult obtained in [2]. Indeed, in the reference the authors show that the sub-
Riemannian Heisenberg group H! is not k-rectifiable in Federer’s sense [19],
for k = 2,3,4. Hence in [34] Magnani proves the purely k-unrectifiability
of H' for all k£ > 2, and a more general unrectifiability result for arbitrary
Carnot groups.

A notion of intrinsic O regular surface was firstly introduced and studied
in [23], and then in [24] in arbitrary Carnot groups G. Initially, the authors
only took Cj-hypersurfaces into account. A first step toward a general
definition of Cjj-surfaces in arbitrary codimensions was done in [27, Def-
inition 3.1, Definition 3.2 in the setting of Heisenberg groups H"™. Then
a general notion of (G,M) regular surface, where G and M are Carnot
groups, was proposed by Magnani in [35, Definition 3.5]. According to the
latter definition, a (G, M) regular surface is locally the zero level set of an
M-valued Cjj-function defined on an open subset of G and whose intrinsic
Pansu differential dpf is surjective.

A first natural question one could try to answer is whether it is possible
to (locally) write a Cl-surface as an intrinsic graph of a function. An
intrinsic graph in a Carnot group G is the set of points of the form p- (p),
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2526 Antonelli, Di Donato, Don & Le Donne

given a function p: U C W — L, where W and L are homogeneous and
complementary subgroups, namely G = W-L, and WNL = {e}. The answer
to this question is affirmative for Cjj-hypersurfaces. Moreover the graphing
function is intrinsically Lipschitz according to the definition of [26, 22],
while it is in general neither Euclidean Lipschitz nor Lipschitz with respect
to any sub-Riemannian distance, see [26, Example 3.3 and Proposition 3.4].

A more general implicit function theorem was proved by Magnani in [36,
Theorem 1.4]. This theorem holds for arbitrary (G, M) regular surfaces with
the additional property that Ker(dpf(x)) has a complementary subgroup in
G, where z is the point around which we want to parametrize the surface.
From [36, Eq. (1.8)] it follows that this parametrization is intrinsically
Lipschitz. The validity of the implicit function theorem leads the way to
a very general definition of (G, M) regular sets for G, where M is just a
homogeneous group, given in [36, Definition 10.2]. We will not deal with
objects at this level of generality, but we refer the interested reader to [36,
Sections 10,11,12]. The class of intrinsically regular surfaces is also studied
in [30], where area and coarea formulae are proved. For an alternative proof
of the implicit function theorem, one can also see [30, Section 2.5].

We will mainly deal with co-horizontal Cfj-surfaces, that have been stud-
ied in [31, 18, 15], see Definition 2.27.

DEFINITION 1.1 (Co-horizontal C}-surface). — Let G be a Carnot
group, and let k € N. We say that ¥ C G is a co-horizontal Cfj-surface of
codimension k if, for any p € 3, there exist a neighborhood U of p and a
map f € CL(U;RF) such that

YNU={geU: f(g) =0},

and the Pansu-differential dpf(p): G — R* is surjective.

If, morevoer, the subgroup Ker(dpf)(p) admits a horizontal complement,
we say that ¥ is a co-horizontal Cjj-surface with complemented tangents.
We call Ker(dpf(p)) the homogeneous tangent space to ¥ at p. In this case,
the homogeneous subgroup at p is independent of the choice of f, see [36,
Theorem 1.7].

Uniform intrinsic differentiability of the parametrizing function

A fine study on the regularity of the parametrizing function of a Cj-
surface has been initiated in [3] in the setting of Heisenberg groups H",
for the class of Cf-hypersurfaces. For this study in arbitrary CC-spaces,
see also [13]. In [3], the authors introduced the notion of uniform intrinsic
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differentiability. In this paper we abbreviate “intrinsically differentiable”
and “uniformly intrinsically differentiable” with ID and UID, respectively.

From the analytic viewpoint, the notion of (U)ID is defined in a transla-
tion invariant way, mimicking the Euclidean notion of derivative. For the
sake of exposition, we recall ID at the identity. Then, building on this
definition, one can define the notion of (U)ID at any point by means of
translations, see Definition 2.9, and Definition 2.17. In the following, || ||
is a homogeneous norm on G.

DEFINITION 1.2 (Intrinsic differentiability). — Let G be a Carnot group,
with identity e, and a splitting G = W -1L. Let e € U C W be a relatively
open subset, and p: U CW — L, with p(e) = e.

We say that ¢ is intrinsically differentiable at e if there exists an intrin-
sically linear map d%p.: W — L such that

% -1,
lim <sup { [4% (0O ¢ 1.0 < o) < g}> =0,

=0 1]

where we say that a function is intrinsically linear if its intrinsic graph is
a homogeneous subgroup. The function d%p,. is called intrinsic differential
of ¢ at e.

Building upon an implicit function theorem, the authors in [3] prove that
in H" the graphing map ¢ for a Cjj-hypersurface is UID. The idea behind
this implication is the following: a function f € C}; not only has continuous
derivatives, but also its horizontal gradient Vi f uniformly approximates f
at first order, see [36, Theorem 1.2], and [30, Proposition 2.4]. This notion
is often referred to as strict differentiability. This fact has a strong analogy
with the Euclidean setting. Indeed, in this framework, a function f with
continuous partial derivatives is Fréchet-differentiable, and the proof relies
on a use of a mean value inequality, that is exactly what one finds in [36,
Theorem 1.2], and [3, Lemma 4.2]. We stress that [3, Lemma 4.2] is an
instance of the stratified mean value theorem that can be found in [20].
The uniform differentiability of f translates into the uniform intrinsic dif-
ferentiability of .

The fact that the graphing function is UID was proved in the case of
co-horizontal Cf-surfaces in H” [5], and more in general for co-horizontal
Cfi-surfaces with complemented tangents in any Carnot groups, in [18].
The inverse implication, i.e., the fact that the graph of a UID function is
a Cj-surface, was firstly shown to be true in [3, 5] in the setting of H",
and lately generalized in [18] for arbitrary Carnot groups G to functions
with horizontal target, see our Proposition 2.28 for a precise statement.
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Notice that the lack of generality in the statement, namely, the fact that
one restricts the target to be horizontal, is due to the fact that a generalized
version of Whitney’s extension theorem is not known to be true.

1.2. Main theorems
Definitions and statements

For the notation we refer to Section 2. Given an arbitrary Carnot group
G of step s, with layers V;, with 1 < i < s, we fix a splitting G = W - L,
where L is horizontal. We denote by || - || a (fixed) homogeneous norm on G.

We first aim at characterizing the uniform intrinsic differentiability of
amap ¢: U C W — L defined on a relatively open subset U C W. This
is done by means of a correct Lipschitz/Holder property of ¢ along the
integral curves of projected vector fields on U C W, that we define here.
See also Definition 3.1.

DEFINITION 1.3 (Projected vector fields). — Let U be a relatively open
subset of W. Given a continuous function ¢: U CW — L, for every W €
Lie(W), we take DY, as the continuous vector field on U defined by

(1.1) D‘fv(p) = (dﬂw)pvtp(p) Wp,ip(p). Vpel,

where mw is the projection on W. Notice that if ¢ is C', then D¥ is a
Cl-vector field.

We define the notion of broad* regularity, mimicking the definition in [3,
10], and we then introduce the notion of vertically broad* holder regularity,
see Definition 3.24, and Definition 4.3, respectively.

DEFINITION 1.4 (Broad* regularity). — Let G be a Carnot group, with
splitting G = W - L, and L horizontal. Let U be a relatively open subset
inW, ¢o: U C W — L be a continuous function, and let w: U C W —
Lin(Lie(W) N V4; L) be a continuous function with values in the space of
linear maps.

We say that D¥¢ = w in the broad* sense on U if the following holds:
for every ag € U, there exists a neighborhood U,, € U of ay and T > 0
such that, for every a € U,, and every W € Lie(W) N Vy with [|[W]| < 1,
there exists an integral curve ~: [=T,T] — U of Dy, such that v(0) = a
and

p(1(s) 7 - (r(1)) =/ w(y(r)(W)dr, — Vi,se[-T,T]
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Since L is a horizontal subgroup, we stress that
P(1(8)) 7" - (1) = exp(exp ™ (p(7(t))) — exp™ (p(7(9))))-

DEFINITION 1.5 (Vertically broad* holder regularity). — Let G be a
Carnot group, with splitting G = W - 1L, and L. horizontal. Let U be a
relatively open subset in W, and let ¢: U C W — L be a continuous
function.

We say that ¢ is vertically broad* holder on U if the following holds:
for every ag € U there exists a neighborhood U,, € U of ap and T > 0
such that for every a € U,, and every W € Lie(W) NV, with d > 1 and
W]l < 1, there exists an integral curve ~y: [—T,T] — U of Dy;, such that
~(0) = a and
: le(v(s)~" - (v
lim <sup{ it — 51/
and the limit is uniform on a € U,, and on W € Lie(W) N Vg, with d > 1,
and ||W| < 1.

itse [_T7T]7|t_3| < Q}) =0,

0—0

We next state our first main result in a free-coordinate fashion. We refer
the reader to Theorem 4.16 for a coordinate-dependent, though equivalent,
statement. We remark that the equivalence (a) < (b) of the forthcoming
Theorem 1.6 is not in the statement of Theorem 4.16, but it is an outcome
of Proposition 2.28, and the implicit function theorem [36, Theorem 1.4].

THEOREM 1.6. — Let G be a Carnot group with splitting G = W-L, and
LL horizontal. Let U be a relatively open subset in W, and let ¢o: U CW — L
be a continuous function. The following facts are equivalent.

(a) graph(yp) is a co-horizontal Cfj-surface with homogeneous tangent
spaces complemented by IL (see Definition 1.1).

(b) ¢ is uniformly intrinsically differentiable on U (see Definition 1.2).

(¢) ¢ is vertically broad* holder on U (see Definition 1.5), and there
exists a continuous function w: U — Lin(Lie(W)NVy;1L), such that,
for every a € U, there exist § > 0 and a family of functions {¢. €
C1(B(a,6);L) : € € (0,1)} such that, for every W € Lie(W) N V3,
one has

(12)  lime.(p) = @(p) and lim(DFe.)(p) = w(p)(W)

uniformly for p € B(a,§).

(d) ¢ is vertically broad* holder on U (see Definition 1.5) and there
exists a continuous function w: U — Lin(Lie(W) N Vi;1L) such that
D¥p = w in the broad* sense on U (see Definition 1.4).
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Our second main result is an improvement of Theorem 1.6 for step-
2 Carnot groups, in the case L is one-dimensional. Again, we here give
a coordinate-free statement. We refer the reader to Theorem 6.17 for a
coordinate-dependent, though equivalent, statement. We stress that in the
forthcoming theorem we are removing the vertically broad* hélder con-
dition of Theorem 1.6, and we work with L that is one-dimensional. We
also stress that in general in the statement of Theorem 1.6 one cannot
remove the vertically broad* holder condition, see Remark 4.17, and [31,
Example 4.5.1] for a counterexample in the easiest step-3 group, namely
the Engel group.

THEOREM 1.7. — Let G be a Carnot group of step 2 with a splitting G =
W -L, and L one-dimensional horizontal. Let U be a relatively open subset
in W, and let p: U CW — L be a continuous function. The following facts
are equivalent.

(a) graph(yp) is a Cf-hypersurface with homogeneous tangent spaces
complemented by L (see Definition 1.1).

(b) ¢ is uniformly intrinsically differentiable in U (see Definition 1.2).

(¢) There exists a continuous map w: U — Lin(Lie(W) N Vy; L), such
that, for every a € U, there exist 6 > 0 and a family of functions
{p. € CY(B(a,d);L) : € € (0,1)} such that, for every W € Lie(W)N
V1, one has

. _ : Pe _

lim g(p) = ¢(p) and  lim(Dyze:)(p) = w(p)(W)
uniformly for p € B(a, ).

(d) There exists a continuous function w: U — Lin(Lie(W)NVy; L) such
that D¥p = w in the broad™* sense on U (see Definition 1.4).

The last main result that we state is an area formula for uniformly dif-
ferentiable intrinsic real-valued maps, which we believe has its independent
interest. We here give its statement. We refer the reader to Proposition 4.10,
and Remark 4.11 for the full result and some observations on the result.

PROPOSITION 1.8. — Let W and I be two complementary subgroups
of a Carnot group G with I horizontal and one-dimensional, and let
(X1,...,Xn) be an adapted basis of the Lie algebra g such that L =
exp(span{X1}) and W = exp(span{Xs,...,X,}). Let U C W be open
and consider ¢ € UID(U, W;L).

ANNALES DE L’INSTITUT FOURIER
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Then, the subgraph of ¢ defined by E, = {w-exp(tXi) : w € U,t <
@(w)} has locally finite G-perimeter") in U-exp(RX) and its G-perimeter
measure |0E,|g is given by

(1.3) 0B, |a(V) = / L+ Vool den
>-1(V)

for every Borel set V. C U - exp (RX1), where ®: U — R"™ is the graph
function of ¢ composed with the exponential coordinates, #"~' denotes
the Lebesgue measure on W and with a little abuse of notation we identified
U - exp(RX1) with a subset of R™ by means of exponential coordinates.

Comments on the statements

We point out that in Definition 1.4, and Definition 1.5 we give coordinate-
free definitions of the broad* conditions, while in Definition 3.24, and Defi-
nition 4.3, we will give apparently weaker definitions, choosing an adapted
basis. Nevertheless the broad* condition and the vertically broad* holder
condition, when coupled together, are independent on the choice of the
basis, see Remark 3.26, and Remark 4.4.

We comment on the statement of Theorem 1.6, and we refer the reader
to the introduction of Section 4 for a more detailed discussion. We notice
that (a) < (d) is [31, Theorem 4.3.1]. In the reference the proof of this
latter fact is heavily based on the characterization of co-horizontal C}-
surfaces in terms of uniform convergence to Hausdorff tangents, see [31,
Theorem 3.1.12]. We give a self-contained different proof of this equivalence,
with analytic flavor. Namely, we first show (b) < (d), whose proof is based
on ideas coming from [3], and [18], and thus, as a corollary, we eventually
recover [31, Theorem 4.3.1] by using this and (a) < (b).

The approximating condition in (1.2) of item (c) could be interpreted as a
weak formulation of the equality D¥yp = w on U, and it is the one that was
first proposed and studied in [3], see Remark 4.13 for a detailed discussion
about this condition. Indeed, in that reference, in the case G = H" and
L one-dimensional, the equivalence (b) < (c) has been proved, even in
the stronger version obtained by removing the vertically broad* holder
regularity, see [3, Theorem 5.1]. The fact that D®p = w holds in the sense
of distributions on U, that is part of [3, Theorem 5.1], follows in general
from the argument of item (c) of our Proposition 4.10.

(1) Here we take the usual definition of the horizontal perimeter with respect to the
orthonormal basis (X1,...,Xm), see [24, Definition 2.18].
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2532 Antonelli, Di Donato, Don & Le Donne

We comment on the statement of Theorem 1.7, and we refer the reader
to the introduction of Section 6 for a more detailed discussion on the idea
behind the proof. First, we notice that the main difference between this
statement and the one in Theorem 1.6 is in the fact that, in all the equiva-
lences, we are able to drop the vertically broad* holder regularity on . The
equivalence (b) < (c) results in being a generalization of [3, Theorem 5.1]
to all step-2 Carnot groups. In [3, Theorem 5.1], the authors also proved
that D¥¢p = d%p holds in the distributional sense. We recover also this
conclusion in arbitrary Carnot groups, see item (c) of Proposition 4.10.

The equivalence (b) < (d) generalizes the result in [10, Theorem 1.2,
if one also takes item (d) of Proposition 4.10 into account, in order to
explicitly write the intrinsic normal of graph(y) in terms of the intrinsic
derivatives of .

The area formula presented in Proposition 1.8 together with a result of
representation of the perimeter with respect to spherical Hausdorff measure
due to Magnani ([37]) allows in certain situations to express the spherical
Hausdorff measure restricted to the graph of a uniformly intrinsically dif-
ferentiable map ¢: U C W — L. with respect to the spherical Hausdorff
measure restricted on W, see (4.34). A formula of this kind has been recently
obtained in [16] for parametrized co-horizontal Cfj-surfaces with comple-
mented tangents of arbitrary codimensions in H" (see [16, Theorem 4.2]),
building on an upper blow-up theorem, see [16, Theorem 1.1]. Very recently,
in [30, Theorem 1.1], an area formula for Cfj-surfaces has been proved in
great generality. In that reference the area element is left implicit, depend-
ing only on the tangent to the surface and on the homogeneous distance on
the group. We stress that, with the formula (4.34), we explicitly write the
area element in terms of the intrinsic derivatives of ¢, in the case the target
is one-dimensional. For an area formula for intrinsically Lipschitz function
in H", one can also see [14].

We also mention that in orthonormal coordinates we can explicitly com-
pute the intrinsic normal to the graph, see item (d) of Proposition 4.10,
thus generalizing the formulas already proved in Heisenberg groups and in
Carnot groups of step 2 in [3, 18]. We refer the reader to Remark 4.11 for
a more detailed discussion on Proposition 1.8.

Geometric characterizations of intrinsic differentiability

The notion of (U)ID has a geometric meaning. Indeed, a function p: U C
W — L is ID at wg € U if and only if the Hausdorff tangent to graph(y)

ANNALES DE L’INSTITUT FOURIER
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at wo - p(wp) is a homogeneous subgroup that is complementary to L, see
Remark 2.24.

Moreover, at least in the case L is horizontal, the Hausdorff-convergence
is uniform if and only if ¢ is UID, see [31, Theorem 3.1.1], and [31, The-
orem 3.1.12]. The proof of these statements are rather involved and based
on the so-called four cones theorem, see [8]. We remark that we will not
use this particular uniformity result throughout the paper.

We point out that the mere existence of Hausdorff tangents for Cf; reg-
ular surfaces - without any information on the uniformity of convergence -
has been proved in great generality also in [36, Theorem 1.7], and in [30,
Lemma 2.14].

Now a natural question can be raised. Is it true that an ID function  with
continuous intrinsic gradient d%p is UID? Taking the geometric interpreta-
tion into account, the question can be reformulated, at least in the category
of co-horizontal Cfj-surfaces: is it true that, if a co-horizontal graph(¢) has
continuously varying Hausdorff tangents, then it is a co-horizontal Cf-
surface? If true, this would be the counterpart of an already known result
in the Euclidean setting that goes back to the beginning of twentieth cen-
tury. We refer the reader to [7, Proposition 2.1] and references therein for
an historical account of the problem.

The answer to the previous question is affirmative in Heisenberg groups
H", see [41, Theorem 4.95], and [15, Theorem 1.4]. In this paper we obtain a
new result in this direction. We prove that the answer is affirmative also for
hypersurfaces in every step-2 Carnot group, see (b) = (a) in Theorem 6.17,
thus generalizing [41, Theorem 4.95].

We give also a partial affirmative answer for arbitrary Carnot groups,
by requiring the additional hypothesis of the vertically broad* holder con-
dition on ¢, see Corollary 4.7. This weaker implication might not be so
satisfactory. Indeed, the intrinsic differentiability (even if it is not uniform)
by itself already implies a 1/d-little Holder continuity on integral curves
of the vector fields Dy, with W € Lie(W) N V4. Nevertheless, this little
Holder continuity, a priori, might not be uniform, see Proposition 3.19,
Remark 4.8, and Example 2.7.

1.3. Structure of the paper

In Section 2 we introduce the common terminology and notation we use
throughout the paper. We introduce Carnot groups, little Holder functions,
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intrinsic submanifolds, intrinsically Lipschitz functions, (uniformly) intrin-
sically differentiable functions and we describe their basic properties and
relations.

In Section 3 we introduce the projected vector fields and we study their
basic properties: in particular, we show some invariance properties that
will be crucial in the proof of the main theorems. We also show how the
(uniformly) intrinsic differentiability affects metric properties along integral
curves of the projected vector fields.

In Section 4 we prove the main results Theorem 1.6 and Proposition 1.8
we discussed above.

In Section 5 we construct examples and apply our results also to obtain
different proofs of particular cases of theorems already contained in the
literature.

In Section 6 we give a proof of Theorem 1.7.
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2. Preliminaries
2.1. Carnot groups

A Carnot group G is a connected and simply connected Lie group, whose
Lie algebra g is stratified. Namely, there exist subspaces Vi,...,V; of the
Lie algebra g such that

g:‘/l@@VSa [%7‘/}]:%4*1 Vj:17"'78_17 [Vh‘/s]:{o}

The integer s is called step of the group G, while m := dim(V}) is called
rank of G. We call n := dim G the topological dimension of G. We denote
by e the identity element of G.
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It is well known that the exponential map exp: g — G is a diffeomor-
phism. We call

(2.1) V1 = exp(V1),
the horizontal bundle of G. We write
(2.2) Ty, = exp oy, oexp ',

to denote the projection on the horizontal bundle Vi, where 7y, is the
linear projection in g onto V.

Every Carnot group has a one-parameter family of dilations that we
denote by {05 : A > 0}. These dilations act on g as

(On)y, = A'(id);,,,  YA>0, V1<i<s,

and are extended linearly. We will indicate with §) both the dilations on g
and the group automorphisms corresponding to them via the exponential
map.

We fix a scalar product (-, -) in Vi, that can be extended left-invariantly

on the horizontal bundle V; = exp(V1), and a homogeneous norm || - || on
G. We recall that || - || is a homogeneous norm on G if

llgl =0 if and only if g = 0,
(2.3) Ioxgll = Allgll,  YA>0, VgeG,

lgll =g~ "I, VgeG.

Sometimes we will also call the homogeneous norm || - ||g. We also fix on
G a left-invariant dy-homogeneous distance d and we denote by B(g,r)
(respectively B(g,r)) the open (respectively closed) balls of center g € G
and radius r > 0 according to this distance. We next give the definition of

complementary subgroups.

DEFINITION 2.1 (Complementary subgroups). — Given a Carnot group
G, we say that two subgroups W and IL are complementary subgroups in G
if they are homogeneous, i.e., closed under the action of 6y for every A > 0,
G=W-L and WNL = {e}.

We say that the subgroup L is horizontal and k-dimensional, if there exist
linearly independent X1, ..., X} € V; such that L=exp(span{ Xy, ..., Xx}).
Given W and L two complementary subgroups, we denote the projection
maps from G onto W and onto L. by mw and m,, respectively. Defining
gw = mwg and gy, == m g for any g € G, one has

(2.4) g = (mwg) - (TL9) = gw - gL,
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and, whenever W is normal (for example this is true when L is horizontal),
we have

(g-h)L=gL-h, (9~h)w:9w-(gm~hw-(gm)_l>, Vg,heG.

Remark 2.2. — If W and LL are complementary subgroups of G and L is
one-dimensional, then it is easy to see that L is horizontal. For the sake
of clarity, we will always write IL horizontal and one-dimensional even if
one-dimensional is technically sufficient.

Let us set mg := 0 and m; = dimVj for any j = 1,...,s. We recall
that m = my. Let us define ng := 0, and n; :== > 7_, my. The ordered set
(X1,...,X,) is an adapted basis for g if the following facts hold.

(i) The vector fields X, 11,...,X,,,, are chosen among the iterated
commutators of order j of the vector fields X,...,X,,, for every
j=0,...,5—1.

(ii) The set {X,,41,...,Xn,,,} is a basis for Vj; for every j =0,...,
s —1.

If we fix an adapted basis (X1,...,X,), and £ € {1,...,n}, we define the

holonomic degree of ¢ to be the unique j* € {1,..., s} such that nj«_1+1 <

£ < nj-. We denote degf = j* and we also say that j* is the holonomic

degree of Xy, i.e., deg(Xy) = j*.

DEFINITION 2.3 (Exponential coordinates). — Let G be a Carnot group
of dimension n and let (X1, ..., X,) be an adapted basis of its Lie algebra.
We define the exponential coordinates of the first kind associated with
(X1,...,Xn) by the map F: R" — G defined by

F(zy,...,xq) =exp(x1 X1+ ... + 2, Xp).

It is well known that F is a diffeomorphism from R" to G. We will often
need to consider maps in exponential coordinates. To avoid inconvenient
notation we will use the following conventions.
o IfU CG, then U := F~(U).
o IfU CR", then U := F(U).
o IfW and IL are complementary subgroups of G and L is horizontal and
k-dimensional, we may assume that L. = exp(span{Xy,..., Xx}) and
W = exp(span{Xyi1,...,X,}) for an adapted basis (X1,...,Xp).
Therefore F is one-to-one from R¥ x {Og.—+} onto L and also from
{Ogr} x R"* onto W.
e IfU C W and 3: U — L is a function, then ¢: U C Rk — Rk
denotes the composition of ¢ with F, namely o = F~'opoF.
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o Ifp: U C R** — R* is a function, then we denote by @: UCW—L
the map defined by @ == Fopo F~1,

e IfpcGandj=1,...,s, thenp’ € R™i is the vector of the coordinates
of p in the j* layer, namely p’ = (F’l(p)nj_lﬂ, ce F*I(p)nj).

o IfpecGandj=1,...,s, then Hpj||mj denotes the Euclidean norm of
) in R™,

It is well known that all the homogeneous norms on G are bi-Lipschitz
equivalent. Thus, when it will be convenient in the proofs, we work with
the anisotropic norm that in exponential coordinates reads as

n
(@1, zn)lle = Y w485
=1
We remark that a slight variation of the previous homogeneous norm gives
rise to a homogeneous norm that induces a left-invariant homogeneous
distance, see [24, Theorem 5.1].

We recall that the homogeneous degree of the monomial z{* - - - - - % in
exponential coordinates, is > ,_; a, - deg (.

For the expression of the operation on the group G in exponential coor-
dinates we refer to [24, Proposition 2.1]. In the following result we point
out a useful estimate for the norm of the conjugate.

PROPOSITION 2.4 (22, Lemma 3.12]). — There exist P = (P',...,P*):
G x G — R™ x --- x R™= such that, for every p,q € G, one has
(2.5) F=(p~lap) = F~ () + P(p, a),

where P! = 0 and, for eachi = 2,...s, P’ is a vector valued §-homogeneous
polynomial of degree i. Moreover, for any bounded set B C G, there exists
C = C(B,G) > 0 such that

P (0, @)l < C(lla" lmy + -+ 1" s )
for every p,q € B and every i =2,...,s.
Remark 2.5. — With a little abuse of notation, (2.5) will be always writ-
ten as
(2.6) p~lap=q+P(,q),

where the identification of G with R™ has to be understood via exponential
coordinates. Notice, however, that if one chooses a different diffeomorphism
between R™ and G, such as exponential coordinates of the second kind or
of mixed type, the polynomial P, the constant C' and the components p’
have to be changed accordingly.
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2.2. Little Holder continuous functions

We introduce and discuss the notion of a-little Holder continuous func-
tion.

DEFINITION 2.6 (little Holder functions, [33]). — Let U C R™ be an
open set. We denote by h®(U;RR¥) the set of all a-little Holder continuous
functions of order 0 < a < 1, i.e., the set of maps ¢ € C(U;RF) satisfying

. [p(b) = »(b)]
(27) ll—r}(l)(Sup{“)/—bP‘b’bl€U70<|bl_b|<r = 0.

We also define h{ (U;RF) the set of all functions ¢ € C(U;R¥) such that

¢ € h®(U';R¥) for any open set U’ € U.

The following example is, in some sense, “pathological”. As it will be clear
during the paper, it gives a flavor of the difference between intrinsically
differentiable functions and uniformly intrinsically differentiable functions,
see Remark 4.8. We thank R. Serapioni for having shared this example
with us.

Example 2.7. — We are going to construct a real-valued function ¢p: R —
R such that ¢ € hllo/f (R\{0}), ¢ ¢ hllo/f (R), but still it holds

(2.8) lim |90('/I") — L»0(0)|

z—0 |x‘1/2 =0.

Let us first notice that, for n > 2, the intervals I, :== [1/n — 1/n3,1/n +
1/n3] are mutually disjoint. Let us define, for n > 2, the functions ¢, : R —
R as

59 n‘3|x—%| ifx el,,
. n(T) =
(29) on(2) 1 otherwise.

Notice that for each n > 2, the function ¢, is globally Lipschitz. Define
v:R—Ras

+oo
p(x) = [a| - [] enl@).
n=2

Being I, pairwise disjoint for n > 2, the infinite product is well-defined,

since, if x ¢ I,,, then ¢, () = 1. Moreover, being each ,, globally Lipschitz,

we get that ¢ € Lip,,.(R\ {0}) and thus ¢ € hllo/c2 (R\ {0}). We now prove
1/2

that ¢ ¢ h; /.

compact neighborhood U of the origin, ¢ ¢ h'/2(U).

(R). In particular this will follow from the fact that, for every
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Indeed, by definition of ¢, we get the following equalities
1 1 1 1 1
(2.10) leGra)—v@)| _ ata _ni+l Vo

)" F

Thus, if U is an arbitrary compact neighborhood of 0, we get that, for
every n large enough, one has [1/n,1/n + 1/n®] C U, and thus (2.10)
implies that (2.7) cannot hold, because 1/n* = (1/n+1/n®) —1/n — 0
but (n? +1)/(n%/?) — 400 as n — +oo. Thus ¢ ¢ h/2(U).

Finally, by definition of ¢, we get that, for x # 0,

—+o00

and thus (2.8) holds, because []>5 ¢, is bounded.
We remark that, by a little modification of this example, one can replace
1/2 with any 0 < o < 1.

2.3. Intrinsic surfaces, Intrinsically Lipschitz and Intrinsically
differentiable functions

In this section we recall the notion of intrinsic graph of a function, and
see what happens to the defining map if we translate the graph. Then we
recall the definitions of intrinsically Lipschitz and intrinsically differentiable
maps. Finally we discuss the notion of co-horizontal Cfj-surface.

DEFINITION 2.8 (Intrinsic graph of a function). — Given W and L two
complementary subgroups in G, and ¢ : U C W — 1L a function, we denote

O (U) = graph(@) = {®(w) :== w- G(w) : w € U}.
DEFINITION 2.9 (Intrinsic translation of a function). — Given W and

L two complementary subgroups of a Carnot group G and a map ¢: U C
W — L, we define, for every q € G,

ﬁq ={aeW:nw(g ' -a) €U},
and @g: [7(1 CW — LL by setting
~ _ -1 ~ _
(2.11) Pqla) = (WL(q L ~a)) v (ﬂw(q L -a)) .

PrOPOSITION 2.10. — Let W and L be two complementary subgroups
of a Carnot group G and let : U C W — L be a function. Then, for every
q € G, the following facts hold.

(a) graph(@,) = ¢ - graph(®);
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(b) (@q)g—1 =
(c) If W is normal, then U, = qvy - (q]L -U - qﬂfl) and

Pala) = aqu-Pla ' aw' -a-au),
for any a € ﬁq;
(d) If g= @(a)~t-a~! for some a € U, then
Pqe) =e.
Proof. — The proof of (a), directly follows from (2.11), which yields
(2.12) a-pgla)=q mw(g " a) @ (mw(g " a)), VaelU,
To prove (b), it is enough to apply twice (2.11).
For the proof of (c), decompose g = qw - qr. Then, for every a € U,,
g a=(qt ' ca-q)qt
and whenever W is normal one gets
(2.13) mlg ™t a)=art mw(eTta) =gt gt a-qu

As a consequence we get ﬁq = qw - (q]L U - qﬂjl) and, using again (2.11),
we obtain (c).
To prove (d), it is enough to evaluate (2.12) in a = e and ¢ = @(a)~! -
o=l 0
We introduce the notion of intrinsically Lipschitz function and state some
properties. See [22, Section 3].

DEFINITION 2.11 (Intrinsic Cone). — Let W and L. be two complemen-
tary subgroups of a Carnot group G. The intrinsic cone Cyw 1.(g, o) of basis
W and axis 1L, centered at q and of opening « > 0, is defined by

Cwi(g,a) =q-{p € G: [lpwl < allp[l}.

DEFINITION 2.12 (Intrinsically Lipschitz function). — Let W and L be
complementary subgroups of a Carnot group G. We say that a function
@: U CW — L is intrinsically L-Lipschitz in U, with L > 0, if

Cw.i(p, L7") Ngraph(g) = {p},  Vp € graph(y).

PROPOSITION 2.13 ([22, Theorem 3.2 and Proposition 3.3]). — Let W
and I be two complementary subgroups in a Carnot group G and let
¢: U CW — L be a function. Then the following facts are equivalent.

(a) @ is intrinsically L-Lipschitz in U:;
(b) |7 (p_1 . q) | < L||jrw (p_l . q) || for every p,q € graph(p);
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(c) for any a € U, setting q = @(a ) L. a1, one has ||@,(b)| < L|jb||

for every b € Uq, where @, and U are defined in Definition 2.9.

Moreover, for every a € U, setting q == @(a)~! - a~!, one has that ¢ is

intrinsically L-Lipschitz in U if and only if ¢, is intrinsically L-Lipschitz
in Uq.

We now define the notion of intrinsically linear function, intrinsically
differentiable function and uniformly intrinsically differentiable function.
General properties are studied in [21], see for example [21, Proposition 3.1.3
and Proposition 3.1.6]. For the forthcoming definitions and properties of
intrinsically differentiable functions we follow also [18].

The notion of intrinsic differentiability was first given in [26, Defini-
tion 4.4] and then first studied in [3], see [3, Definition 1.1]. In this last
reference the notion of intrinsic differentiability is given in terms of the
graph distance. We here give a slightly different definition of intrinsic dif-
ferentiability that is indeed equivalent to ours, by [41, Proposition 4.76],
when W is a normal subgroup, that will always be in our case.

DEFINITION 2.14 (Intrinsically linear function). — Let W and L be
complementary subgroups in G. Then ¢ : W — L is intrinsically linear
if graph(¢) is a homogeneous subgroup of G.

DEFINITION 2.15 (Pansu differentiability). — Let G and G’ be two
Carnot groups endowed with left-invariant homogeneous distances dg and
dg and let @ C G be an open set. A function f: G — G’ is said to be
Pansu differentiable at a point p € Q) if there exists a Carnot homomor-
phism L: G — G/, i.e., a group homomorphism that commutes with the
dilations 0y, such that

o B 0) (@), L(p~'2)

=0.
T=p dG(-T,p)

The map L is uniquely determined, whenever it exists, and it is called the
Pansu differential of f at p and it is denoted by dpf(p).

DEFINITION 2.16 (Cg-function). — Let Q@ C G be an open subset of a
Carnot group G. A map f: Q — R is said to be of class Cj}; if it is Pansu
differentiable and the Pansu differential dpf: G — R¥ is continuous. We
denote by CL(€;RF) the set of RF-valued functions of class Cf; in Q.

DEFINITION 2.17 (Uniformly intrinsic differentiability). — Let W and L
be complementary subgroups of a Carnot group G and let @: UCW-oL
be a function with U open in W. For ay € U let po == P(ag)~t - aa and

denote by @y, : U C W — L the shifted function defined in Definition 2.9.
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We say that @ is intrinsically differentiable at ag if the shifted function
©p, is intrinsically differentiable at e, i.e., if there is an intrinsically linear
map d%p,,: W — L such that

@ -1.5 ~
(2.14) lii% (sup { I wa‘)(b)”bn ZA0l tb e Uy, 0 <o) < r}) =0.

The function d%p,,, sometimes denoted also by d%p(ag), is called intrinsic
differential of ¢ at ag, and we say that ¢ is intrinsically differentiable if
it is intrinsically differentiable at any point ag € U. We also denote by
ID(U, W; L) the set of intrinsically differentiable functions $: U C W — L.

We say that ¢ is uniformly intrinsically differentiable at aq if, setting
Pa = @(a)"t-a"! for any a € U, we have

(2.15) }@%<$H){hﬁ@w(?Wh.$M(m”})::Q

where the supremum is taken among all a € Un B(ag,r),b € ﬁpa N
Blag,r),a # b. We say that ¢ is uniformly intrinsically differentiable on U
if it is uniformly intrinsically differentiable at any ag € U. We finally denote
by UID([} ,W;L) the set of uniformly intrinsically differentiable functions
P:UCW—L.

Remark 2.18 (Intrinsic difference quotients). — In the papers [26, 40],
the authors introduce and study the following two notions, giving charac-
terizations for intrinsically Lipschitz continuity, see [40, Proposition 3.11
and Theorem 3.21]. For a continuous function @: U C W — L, defined on
U open, the intrinsic difference quotients of ¢ at the point w € U in the
direction Y € Lie(W) at time ¢ > 0, are defined as

Vyo(w,t) = b1/16p(8 expY),

1

for every t > 0, where p := ¢(w)~! - w™!, and whenever §;expY is in

Up. The intrinsic directional derivative of ¢ at w € U in the direction
Y € Lie(W) is defined by

Dy 3(w) = lim Vy 3w, 1),

whenever the limit exists. In analogy with Euclidean Calculus, we notice
that, if ¢ € ID((?,W; L), then it admits intrinsic directional derivatives at
any w € U along any Y € Lie(W), and, moreover, one has Dy @(w) =
d%o(w)(expY), for any w € U and every Y € Lie(W). Indeed, this is a
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consequence of the following identity

ld%p(w) (exp Y) ™01 Zp (B exp Y) |

1(d%p(w) (Gt expY)) ™" p(dr exp Y|
t )

that simply comes from the fact both the norm ||-|| and d%#p are dy-
homogeneous. Then from the previous equality and (2.14) with ag = w,
and b = §;exp Y, we get the sought claim taking ¢ — O.

PROPOSITION 2.19 ([18, Proposition 3.4]). — Let W and L be two
complementary subgroups of a Carnot group G with I horizontal and k-
dimensional and let £: W — 1L be an intrinsically linear function. Then /¢
only depends on the horizontal components of the elements in W, namely
on Wy .= W NVy, where V; = exp(V}). In particular, if my, denotes the
projection from G to V1, see (2.2), one has

L(a) = L(my,a), YaecW.

As a consequence, exp~tolo T Lie(W) NV, — Lie(LL) is linear,
and there exists a constant C' := C'(¢) > 0 such that

(2.16) 14(a)|| < C||my,all, VacW.

DEFINITION 2.20 (Intrinsic gradient). — Let W and L be two comple-
mentary subgroups of a Carnot group G with L horizontal and k-dimens-
ional, let U CW be open, and let ©: U — L be intrinsically differentiable
at ag € U. By Proposition 2.19, the map exp~!o(d%p,,) o XD vy is
linear and thus there exists a linear map V¥, € Lin(Lie(W)NV;; Lie(L))
such that

d%q, (exp W) = exp (VP¢q,(W)), VW € Lie(W) N V;.

Remark 2.21 (Intrinsic gradient in exponential coordinates). — Assume
(X1,...,X,) is an adapted basis of the Lie algebra g such that L =
span{Xi,..., Xx} and W = span{Xy1,...,X,} and identify W and L
with R?~% and R*, respectively, through exponential coordinates as ex-
plained in Definition 2.3. Then, by Definition 2.20, with a little abuse of
notation, we get a k x (m — k) matrix V¥¢,, such that, in coordinates, one
has

d%pq, (a) = (V“"gpao (Aktty - am)T, 0,... 7O) .

for every a = (ag+1,-..,a,) € W =R"F,
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The following proposition gives us a more explicit way to write the def-
inition of functions in ID(U,W;L) and in UID(U,W;L), whenever L is
horizontal.

PROPOSITION 2.22 ([18, Proposition 3.5]). — Let W and L. be com-
p]erilentary subgroups~ in a Carnot group G, with L horizontal, and let
@: U CW — L with U open in W. Then the following facts hold.

(a) @ is intrinsically differentiable at a € U if and only if

(i d 2B =0(a0) =V P pag (ag b ~1 }) _
(2.17) }%(sup{ 1 Tao)-Ta Tboao] beU,0<]lag " -bl|<r) =0.

(b) @ is uniformly intrinsically differentiable at aq if and only if

—0o(a)—=V¥pa,(a"t
(2.18) }ig%(sup{|¢(b)|‘$fi)ilzliﬁ((a)l‘ 2l :a,bEB(ao,r)ﬂU,a;éb}) = 0.

Remark 2.23. — We notice that in (2.17) and (2.18) there is a little abuse
of notation, for the sake of simplicity. First we are identifying L. with R¥

in order to write the differences in the numerators, and moreover we write
V¢0a,(ag "’ - b) but we mean V¥, (my, exp~!(dy ' - expb)).

Remark 2.24 (Intrinsic differentiability and tangent subgroups). — Let
us collect the following observations about Definition 2.17.

(i) If ¢ is intrinsically differentiable at ag € U , there is a unique in-
trinsically linear function d%p,, satisfying (2.14). Moreover ¢ is
continuous at ag, see [21, Theorem 3.2.8 and Proposition 3.2.3].

(ii) The notion of intrinsic differentiability is invariant under group
translations. More precisely, let a, b be in U and let p=p(a)"ta!
and ¢ :== @(b)~! - b~1. Then ¢ is intrinsically differentiable at a if
and only if @4-1, = ($p),-1 is intrinsically differentiable at b, see
([21, Remark 3.2.2)).

(iii) The analytic definition of intrinsic differentiability has an equivalent
geometric formulation. Indeed, the intrinsic differentiability at one
point is equivalent to the existence of a tangent subgroup to the
graph, see [28, Theorem 4.15] for the proof in the case of Heisenberg
groups H". If we have ¢ : UCW— L, and wqg € ﬁ, we say that a
homogeneous subgroup T of G is a tangent subgroup to graph(®)
at wg - @(wy) if the following facts hold.

(1) T is a complementary subgroup of L;
(2) In any compact subset of G, the limit

Jim oy ((wo - $(wo)) ™" - graph(p)) =T

holds in the sense of Hausdorff convergence.
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In the introduction of [21] the authors say that @ is intrinsically
differentiable at wy if and only if graph(p) has a tangent subgroup
T in wg - $(wp) and in this case T = graph(d#p,,,). The complete
proof can be given building on [21, Theorem 3.2.8], that shows one
part of the statement, and generalizing [28, Theorem 4.15], that
holds verbatim in the context of arbitrary Carnot groups. We thank
Sebastiano Nicolussi Golo for having shared with us some notes
containing a detailed proof of the previously discussed statement.

PROPOSITION 2.25 ([18, Proposition 3.7]). — Let W and L. be comple-
mentary subgroups of a Carnot group G with L horizontal and k-dimens-
ional, Iet U C W be open and let ¢ € UID(CNT,W; L). Then the following
facts hold.

(a) @ is intrinsically Lipschitz continuous on every relatively compact
subset of U.

(b) the function a — V¥, is continuous from U to the space of ma-
trices RF*(m=F)  Here V¥ is the intrinsic gradient, see Defini-
tion 2.20.

DEFINITION 2.26 (Vw,VL). — Let W and L be two complementary
subgroups of a Carnot group G, with I horizontal and k-dimensional and let
fe C’I&I(ﬁ; R¥). Consider an adapted basis (X1, ..., X,) of the Lie algebra g
such that L. = exp(span{ X7, ..., X;}) and W = exp(span{Xy11,..., X, }).
Then, we define Vi, f and Vw f by setting

X fM L X f® XeprfM o X fO
VLf = , Vwf = :

Xif® o X f® X f® o X, f®)
In particular, one has that, in exponential coordinates, Vy f=(VLf | Vwf).

We recall the notion of co-horizontal Cfj-surface of arbitrary codimen-
sion, see [31, Definition 3.3.4]. We stress that we changed the terminology
with respect to [31, Definition 3.3.4]. What he calls co-Abelian surface, for
us is a co-horizontal surface. For a very general definition of Cfj-surface,
we refer the reader to [35, Definition 3.1], [36, Definition 10.2] and to [30,
Section 2.5].

DEFINITION 2.27 (co-horizontal Cf-surface). — Let G be a Carnot
group of rank m and let 1 < k < m. We say that ¥ C G is a co-horizontal
Cji-surface of codimension k if, for any p € ¥, there exist a neighborhood
U of p and a map fe C’%I((?;Rk) such that

(2.19) SNU={geU: f(g) =0},
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and the Pansu-differential dpf(p): G — R¥ of f is surjective.

We say that ¥ is a codimension k co-horizontal C-surface with comple-
mented tangents if, in addition, given a representation around p as in (2.19),
the homogeneous subgroup Ker(dpf(p)) admits a horizontal complement
(of dimension k). In this case, we call Ker(dpf(p)) the homogeneous tan-
gent space to X at p. This homogeneous subgroup at p is independent of
the choice of f, see [36, Theorem 1.7].

We remark that, if ¥ C G is a co-horizontal Cj-surface with comple-
mented tangents, then one can use the implicit function Theorem, see [25,
Theorem 2.1] for the one-codimensional case, and see [36, Theorem 1.4] for
the more general statement, to locally represent the surface as a graph of
a function @: UCW:= Ker(dpf(p)) — L, with W and L complementary
subgroups.

The following proposition follows from [18, Theorems 4.1 and 4.6] and
relates level sets of R¥-valued Cfj-functions, and ultimately co-horizontal
Cji-surfaces with complemented tangents, with uniformly intrinsically dif-
ferentiable functions.

PROPOSITION 2.28 ([18, Theorem 4.1 and Theorem 4.6]). — Let W and
L be two complementary subgroups of a Carnot group G, with L. horizontal
and k-dimensional, take U C W open and [ UID(U, W;L). Then, for
every a € U there exist a neighborhood V ofa- ¢(a) in G, and f €
CH(V,Rk), such that

SU)NV ={geV:f(g) =0},

and, for every g € XN/, the Pansu differential dpf(g), : L — RF is bijec-
tive. As a consequence graph(@) is a co-horizontal Cj;-surface of codimen-
sion k, with tangents complemented by L. Moreover, if (X1,...,X,) is an
adapted basis of the Lie algebra g such that L = exp(span{Xy,..., X})
and W = exp(span{Xg41,...,Xn}), then det VL f # 0 and, in exponential
coordinates, one has

(2.20) Vo) = - (Vuf(@()  Vuf@), Vael.

For the definition of V¥p, Vyw and Vi, we refer to Definition 2.20 and
Definition 2.26.

On the other hand, if 1 < k < m and X is a codimension k co-horizontal
Cj;-surface with complemented tangents, then, for every p € 3, there exist
two complementary subgroups W and L of G with I horizontal and k-
dimensional, a neighborhood V C G of p and p € UID(U W: L), with
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U = mw(V), such that
YNV = graph({).

Remark 2.29. — Notice that, in the setting~of Proposition 2.28, in the
case k = 1, one may assume X;f # 0 on V, and, in coordinates, for-
mula (2.20) reads as

(% Xur, ;
(2.21) V?p(a) = <X1f"“7X1f> D(a), Vael.

Remark 2.30 (Tangent subgroups to Cj-surfaces). — From the previ-
ous Proposition 2.28 and Remark 2.24 it directly follows that every co-
horizontal Cf-surface with complemented tangents has Hausdorff tangent
everywhere. For a proof of this property in a more general context one can
see [36, Theorem 1.7], or [30, Lemma 2.14, point (iii)]. This convergence is
moreover locally uniform: we will not use this information, but this comes
from [31, Theorem 3.1.1].

3. Intrinsic projected vector fields on subgroups

In this section we mainly deal with complementary subgroups W and L
of a Carnot group G along with a continuous map @: UCW— L, where
Uis open in W.

In Section 3.1 we shall define, for some W € Lie(W), the projected vec-
tor field Dy, on W by taking the projection on W of W restricted the
graph EI;((?) of ¢ (see Definition 3.1), and we discuss some basic proper-
ties of these vector fields. We give explicit formulas for these vector fields
in Heisenberg groups H", in Carnot groups of step 2, and in the Engel
group E (see Example 3.4, Example 3.6, and Example 3.8, respectively). In
Proposition 3.9 we show an explicit expression of such vector fields in expo-
nential coordinates. The definition of the projected vector fields appeared
first in [31], see Remark 3.2. In [31] the author gives equivalent conditions
for &)(Tj’ ) to be an intrinsically Lipschitz graph (respectively a co-horizontal
Cji-surfaces with complemented tangents) in terms of Holder properties of
the integral curves of the vector fields DY, see [31, Theorem 4.2.16] (re-
spectively [31, Theorem 4.3.1]). Within our context we recover these results
by using invariance properties of such vector fields, see the introduction to
Section 4.

In Section 3.2 we prove some invariance properties of the projected vector
fields with respect to the intrinsic translations (see Definition 2.9) of ¢. In
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particular we write how the vector field D¥< changes with respect to D¥ and
how the integral curves of D¥¢ change with respect to the integral curves
of D¥, see Lemmas 3.12 and 3.13 when L is horizontal, and Remark 3.14
for the general case in which W is normal. These invariance properties will
be crucial for the proof of the results in Section 4.

In Section 3.3 we recall that if ¢ is intrinsically Lipschitz, then @ o7 is
1/j-Holder whenever 7 is an integral curve of Dfj, with degW = j, see
Proposition 3.17. We stress that this property was already known from [31,
Theorem 4.2.16]. We improve this result when @ is more regular. Namely
if ¢ is intrinsically differentiable, then ¢ o7 is Euclidean differentiable
whenever 7 is an integral curve of Dyj, with deg W = 1, while if degW > 1
we obtain a pointwise little Holder continuity of go7, see Proposition 3.19.
This pointwise little Holder continuity improves to a uniform little Hélder
continuity if ¢ is uniformly intrinsically differentiable, see Proposition 3.21,
and Proposition 3.22 for a more refined conclusion.

In Section 3.4 we recall the notion of broad* solution to the system
D%y = w, with a continuous datum w. The study of the relation between
being a broad* solution to the system D¥p = w with a continuous w and
the intrinsic regularity of graph(¢) was first initiated, in H" for L one-
dimensional in [3, Section 5], and then continued in [9, 10, 6]. For the
case G = H" and L horizontal and k-dimensional see also [15] and for the
general case of Carnot groups of step 2 and L one-dimensional, see [18, 17].
In Proposition 3.27 we give a sufficient condition for the map ¢ to be a
broad* solution to the system D?p = w, with w continuous. This condition
is the intrinsic differentiability plus the continuity of the intrinsic gradient.

3.1. Definition of D¥ and main properties

In this subsection we define the projected vector fields Dy, and state
some of their properties.

DEFINITION 3.1 (Projected vector fields). — Given two complementary
subgroups W and L in a Carnot group G, and a continuous function ¢: U C
W — L defined on an open set U of W, we define, for every W € Lie(W),
the continuous projected vector field DY, by setting
(3.1) (DEL D) = Wi (fom),

p(w)

for allw € U and all f € C°°(W). When W is an element X, of an adapted
basis (X1,...,Xy) we also denote DY := D% .

ANNALES DE L’INSTITUT FOURIER



UNIFORMLY DIFFERENTIABLE CO-HORIZONTAL INTRINSIC GRAPHS 2549

Remark 3.2. — The Definition 3.1 is well posed since the projection 7wy
is polynomial and hence C'*° for every arbitrary splitting. Notice that if ¢
is C* then Dy}, is a vector field with C*° coefficients.

Definition 3.1 has been given in [31, Definition 4.2.12] and it has been
studied in the case W is a homogeneous normal subgroup and, more specif-
ically, when L is horizontal and k-dimensional. We refer to the discussion
in the introduction of Section 3. From now on W denotes a homogeneous
normal subgroup of G.

Remark 3.3. — Notice that (3.1) is equivalent to

g — ~
(3.2 (Df)1. = gy (Wi ),
that is, va is the push forward of the vector field W towards the map
(WW)‘~~ : ®(U) — U. Thus, as already observed in [31, Equation 4.4], one
®(U)
has
¥ d &
(Df ), = 35 T (®B(w) - exp(iT0))
[t=0
d -1
=4, W ew) - exp(tW) - gw)

[t=0

(3.3) d

== LuoLg, oR5, (exp(tW))

© d(R;(w),l )E(VV\E)

0
d(Lw)e © AL 5w

(
(Lw e © Ad;“(w)(W|€).

For the previous computation, we used the definition of the differential and,
in the second equality, the fact that

7 (B (w) - exp(tW)) = mw (w - F(w) - exp(tW) - Gw) ™" - G(w))
=w - G(w) - exp(tW) - G(w) ™,

for every w € W and W € Lie(W), where the last equality holds since W
is normal.

Example 3.4 (Projected vector fields on Heisenberg groups). — Consider
the Heisenberg group H", with an adapted basis (X1, ..., Xo,41) of its Lie
algebra such that the only nonvanishing relations are [X;, X, 1] = Xon 1,
for every 1 < 1 < n. Fix 1 < k < n, identify H" with R?**! by means of
exponential coordinates associated with (X1, ..., Xap4+1) and define W :=
{r1 =+ =2, =0}, and L := {xg41 = -+ = 22,41 = 0}. Then, for a
continuous @: U CW — L, with U open, one can compute in exponential
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coordinates
(D;_)‘w:(Xj)‘w, k+1<j<nVk+n+1<j<2n,
(3.4) : i |
(D}Qn“)\w = (awn+i)‘w + 90( )<w)(a’v2n+1)|w7 i=1,...,k
(35) (D§2n+1)\w = <812n+1)\w'

for every w € U, where ¢ denotes the composition of ¢ with the exponential
coordinates and ¢ is its i-th component of ¢. Notice that we do not have
the first condition in case k = n.

Remark 3.5. — For the computations of Example 3.4, we refer to [31, Sec-
tion 4.4.2], where the constant is slightly different from ours because of the
fact that the author considers the model of H" with relations [X;, X,,+;] =
—4Xo,41, for every 1 < @ < n. The expression of the projected vector fields
in case L is k-dimensional is also in [15, Definition 3.6].

It is by now well known, from the papers [3, 9, 10, 6], that in every
Heisenberg group H", in case L is one-dimensional, the intrinsic regularity
of graph(p) depends on the regularity of the vector field D¥ applied to ¢,
ie., D?p = (D%, ¢,...,D%, ), which has to be considered in the sense of
distributions. For the full results we refer to [41, Theorems 4.90 and 4.92].
In particular graph(®) is an intrinsically Lipschitz graph (respectively a
Cfi-hypersurface) if and only if D¥p = w, in the distributional sense, for
some w € L>®(U) (respectively w € C(U)).

A step towards obtaining analogous results in H™, in case IL has higher
dimension and w is continuous, has been recently done by Corni in [15]. In
particular, the author proves that, if IL is horizontal k-dimensional, the set
graph(@) is a co-horizontal Cjj-surface if and only if ¢ is a broad* solution
to D¥p = w for some w € C(U). We shall recall the definition of broad* in
Definition 3.24.

Example 3.6 (Projected vector fields on Carnot groups of step 2). —
Consider a Carnot group G of rank m and step 2 with an adapted basis
(X1,...,Xn). For1l < s, < mand m+1 < i < n, let us define the structure
constants ¢;, by means of the relation [X,, X,] = Y1 . ¢) X;. Identify
G with R™ by means of exponential coordinates and take W := {z; = 0},
and L := {x9 = -+ = x,, = 0}. Then, if ¢: U C W — L is continuous, with
U open, by explicit computations one has in exponential coordinates

(36) (D%, = (X + X cew)(@s),,  forj=2,....m;
1=m-+1
(3.7) (D}’}j)‘w = (X)) = 02;)w> forj=m+1,...,n,
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for every w € U, where ¢ denotes the composition of ¢ with the exponential
coordinates.

Remark 3.7. — For the expression of the projected vector fields in Ex-
ample 3.6 we refer also to [18, Definition 5.2]. In the papers [17] and [18]
the author started to generalize the results already proved in the Heisen-
berg groups H™ (see Remark 3.5) to Carnot groups of step 2, in case L is
one-dimensional.

In particular, in [18], in the setting of Carnot groups of step 2, the au-
thor deals with the characterization of maps @ such that graph(®) is a
Cfi-hypersurface. In [18, Theorem 5.8], the author recovers partially the
result in [3, Theorem 5.1], thus making the first step through the complete
characterization in step 2 Carnot groups analogous to the one discussed in
Remark 3.5 for the Heisenberg group. We stress that in this paper of ours
we generalize [3, Theorem 5.1] to all step-2 Carnot groups, thus improving
also [18, Theorem 5.8], see Theorem 6.17.

In [17, Theorem 7.1 and 7.2], in the setting of Carnot groups of step 2,
with L one-dimensional, the author recovers [6, Theorem 1.1] with an addi-
tional assumption: graph(¢) is intrinsically Lipschitz if and only if D = w
in the sense of distribution for some w € L*(U) and ¢ is locally 1/2-Hélder
along the vertical coordinates. We expect that the techniques of Section 6
can be used to drop the previous additional assumption on the locally 1/2-
Holder continuity along the vertical coordinates. This will be subject of
further investigations.

Example 3.8 (Projected vector fields on Engel group). — Consider the
Engel group E, which is the Carnot group of topological dimension 4 whose
Lie algebra ¢ admits an adapted basis (X7, Xo, X3, X4) such that

¢ == span{ X1, X} @ span{ X} @ span{ X4},

where the only nonvanishing relations are [X7, Xo] = X3, [X1, X3] = X4.
We identify E with R* by means of exponential coordinates, and we de-
fine W = {z; = 0}, and L = {29 = 23 = 24 = 0}. Then, by explicit
computations that can be found in [31, Section 4.4.1], we get that, given
a continuous function ¢ : U CW — L, with U open, the projected vector
fields on W are
2

(3.8)  D§, = Oy + 00, + 00, D§y = Ouy+ 00 D§, = s

In [31, Setion 4.4.1], one can find the computations of the projected vector
fields also for the pair ({z2 = 0},{z1 = 23 = 4 = 0}) of complementary
subgroups. It is worth mentioning that in [31, Section 4.5] there are some
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counterexamples, for the Engel group E with the splitting discussed here, to
some of the statements discussed in Remark 3.5, and Remark 3.7, that hold
for Carnot groups of step 2. For one of these examples, see also Remark 4.17.

We now prove a proposition about the general form of the projected
vector fields, in an arbitrary Carnot group G, in exponential coordinates.
The proposition below can be found in [31, Proposition 4.1.15], but we
however write the proof for the sake of completeness.

PROPOSITION 3.9 (Projected vector fields in coordinates). — Let W and
L be complementary subgroups of a Carnot group G such that 1L is horizon-
tal and k-dimensional, and let @: U C W — L be a continuous function on
an open set U. Fix an adapted basis (X1, ...,X,) of the Lie algebra g such
that W = exp (span{Xx41,...,Xn}) and L = exp (span{Xy,..., Xx}). If
we identify G with R™ by means of exponential coordinates associated with
(X1,...,Xn), then the vector fields DY := D% defined in (3.1) have the
following expression:
(3.9) D7F

310,02 g g vvmn)
n

=0q; + Z Pl.j(ga(l),...,w(k),xk_,_l,...,$ndegi71)8wi,

i=Ndeg j+1

for every j = k +1,...,n, where ¢ is the composition of ¢ with the ex-
ponential map, ¢V = o (x)41,...,2,) denotes the i-th component of
@, and Pij is a polynomial of homogeneous degree degi — deg j, with the
convention that the degree of the ¢*) components in the polynomial is 1.

For the notation ng and deg, see the discussion before Definition 2.3.

Proof. — Since L is horizontal, then W is normal and (3.3) holds. Now
the result follows from (3.3) and the following general fact that holds for ar-
bitrary Carnot groups. Let us fix, in exponential coordinates, x € G = R".
The differential of the left (respectively right) translation evaluated at a
point ' € G = R", that we denote by d(L,), (respectively d(R,),), is
a matrix with identity (my x myg)-blocks on the diagonal, with 1 < £ < s,
and moreover the element of position ij is a polynomial in the coordi-
nates of x,z’ of homogeneous degree degi — deg j, if degi > deg j. Instead
if degi < degj the element of position ij is zero. This last statement
about the structure of the differential of left and right translations follows
by the explicit expression of the product in coordinates, see [24, Proposi-
tion 2.1]. O
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Remark 3.10. — Notice that, for notational purposes, Proposition 3.9 is
stated just for L. horizontal but an expression similar to (3.9) holds also in
the more general case in which W is normal, see also [31, Proposition 4.1.15].
The difference is that the zeros should be put in the components of L,
which are not necessarily all in the first layer, and the ¢(*) components in
the polynomial are not necessarily of degree 1.

LEMMA 3.11 (Locally connectible with projected vector fields). — Let
W and I be complementary subgroups of G with W normal, and let ¢ @: UC
W — L be a continuous function on an open set U. Then, for every U el
and every @ € U’, there exists a neighborhood V'€ U’ of W such that, for
every v,0 € 1% there exists a path, entirely contained in U’ , connecting v
to v', made of a finite concatenation of integral curves for the vector fields
Dy, for W € Lie(W).

Proof. — We give the proof in the case LL is horizontal and k-dimensional.
The same proof can be given in the general case in which W is normal
taking Remark 3.10 into account. We fix an adapted basis (Xi,...,X,)
of the Lie algebra g, such that W = exp(span{Xg41,...,Xp}) and L =
exp(span{ Xy, ..., X3}). We denote by ¢: U C R""¥ — R¥ the composition
of ¢ with the exponential coordinates and we set D;f’ = D)’}j for every j =
k+1,...,n. Using the particular form of D¥, see (3.9), we shall prove that
U is locally connectible by means of integral curves of the vector fields D}f’,
with j = k+1,...,n.Indeed, if we fix w € U, and j € {k+1,...,n}, Peano’s
Theorem [29, Theorem 1.1] and the estimate for the existing time [29,
Corollary 1.1] imply that, for every open neighborhood U’ € U of w, there
exist 0 < a = a(U’,p) and an open neighborhood V" := V"(U’, ) of
w with V" € U’, such that, for every v € V", there exists at least one
integral curve v of DY starting from v, defined in [~a, o], and such that
V(=) CU.

We can iterate the argument for each j, eventually considering a smaller
neighborhood V" and a smaller time at each stage of the iteration. Thus
we obtain a neighborhood V' @ U’ of w and a time § > 0 such that,
starting from an arbitrary point in V', there exists a concatenation of n—k
integral curves of D}p, with 7 = k + 1,...,n, with interval of definition
containing [—4, ], and this concatenation is supported in U’. Eventually,
up to reducing V', we deduce that for every U’ € U containing w there
exists a neighborhood V' &€ V' € U’ of w such that, for every v,v’ € V,
there exists at least one path from v to v, made of integral curves of the
vector fields D}p, with j = k+1,...,n, entirely contained in U’. We remark
that this can be done taking into account that any integral curve of Df
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is a line along the j-th coordinate, and adjusting one coordinate at time.
When we adjust one coordinate, we do not have the check the previous
ones because of the triangular form of the vector fields DY, see (3.9). O

3.2. Invariance properties of D¥

Now we prove some invariance properties of the vector fields D¥ un-
der the operation of translating graphs that we have introduced in Defini-
tion 2.9.

LEMMA 3.12. — Let W and I be two complementary subgroups of a
Carnot group G, with I k-dimensional and horizontal and let @: U C
W — L be a continuous function defined on U open. Take W & Lie(W), let
f: U C W — L be a C* function and let us denote D¥ := Dy;,. Fixq e G
and denote by ¢, and fq the translated functions defined as in (2.11) with
domain ﬁq. Denote by f,¢: U C R** — R* and fqs0q: Uqg C R*F — RF
the composition of ﬁ@,f;,@q with the exponential coordinates, respec-
tively. Then, for every w € U,, the following equality holds in exponential
coordinates
(3.10) Df(f,) = Df

‘w “n’w(qil*w)

(),

where D¥(f) stands for the vector (D¥(f(M)),..., D?(f®)), when f is
vector-valued.

Proof. — We will make use of some abuse of notation throughout the
proof, by exploiting the identifications in Definition 2.3 without explicitly
writing the exponential map F or F~!.

By (3.1) and (2.12), if we fix w € U, and set g == mw(q~ ' w) - @(mrw(gt-
w)), we get
(3.11) Diiq (fq) = Wlw.: () (.fq o) = qu.y(fq o) = VV\g (fq OWWOLq)v
where in the last equality we used the fact that W is left-invariant, namely
W... = d(Lg)g(W),). By definition of g and the definition of D¥, see (3.1),
one has
(3.12) D (f) =W, (fomw).

|7rW(q_1-w)

Thus, taking (3.11) and (3.12) into account, we are left to show that
(3.13) W), (fgomwo Ly) =W (f o7w).
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Indeed, if a € G, we have

(3.14)  fq o mw o Ly(a)

= foomw(g-a) = foomw ((gw-qu-aw-q.') - qL - aL)

= folgw - qu-aw-q.') = qu- flaw) = qu - [ o 7w (a),
where in the third equality we used that W is a normal subgroup, and in
the fourth equality we used (c) of Proposition 2.10. Then, the functions
fq omw o Ly and fo 7w differ only by a left translation of the element g, .
Thus, in exponential coordinates, they are RF-valued functions that differ
by the fixed Euclidean translation of the R¥-vector corresponding to qr..
This last observation comes from the fact that, in exponential coordinates,
the operation of the group restricted to L is the Euclidean sum, being L
horizontal, see [24, Proposition 2.1]. Finally, (3.13) holds true by the fact
that, component by component, we are differentiating along a vector field
two functions that differ by a fixed constant. 0

LeEMMA 3.13. — Consider the setting of the Lemma 3.12 above, let T' >
0 and let ¥: [0,T] — U be a C* regular solution of the Cauchy problem

7' (t) = D? o 5(1),

7(0) = w.

Then for every q € G there exists a unique C' map 7,: [0,T] — (j'q such
that

(3.16) mwlg - 7,(1) =7(t),  Vtel0,T).
In addition, 7, is a solution of the Cauchy problem

Vo (t) = D%a07,(t),
F4(0) = qw - qu - w - g .

(3.15)

(3.17)

Moreover, if there exists a continuous function w: U C R"~* — R* such
that

t
P0(0) =210 = [ wods Vie DT
then, there exists a continuous function wy: U, C R"~* — R¥ such that

pa(1(1)) — Pa(r4(0)) = / By(ra(s)ds,  Vte[0T].

Proof. — We stress a little abuse of notation throughout the proof, for
the sake of simplicity. We exploit the identifications as in Definition 2.3
without explicitly writing the exponential map F or F~1.
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For every q € G, we define
Yot) = aw-qu-3(t) ', Ve[0T

Then 7, takes values in ﬁq, see item (c) of Proposition 2.10, and 7,4(0) =
qw - qL - W - qﬂjl. Moreover, one also has

mw(a™ Ag(0) = mwla” ' -aw-qu -3 qr ) =), Vte0,T].
Moreover, if we impose (3.16), the uniqueness of 7, is guaranteed by the
second equation of (2.13), and the equivalence

(318) qr ' Aq()-q =F(t) & F(t) = qwaA(t)-a.'.  Vte[0,T].
Now we want to check that 7, is a solution to the Cauchy problem (3.17).
We work in exponential coordinates. For every vector-valued function

f: U, € R"* — R¥ of class C°°, we have that, for every ¢ € [0,T], it
holds, in exponential coordinates, the following chain of equalities:

Dt () =DF (fys)g) = DF, ()
=7/ (1)(fy) = %(fq—l 0)
(3.19) ; (fg-1 omw 0 Lg-1(74(t)))

= % ((q—l)L - fo WW(’yq(t))) = i ((q_l)]L - fo ’Yq(t)))

:%gomm:%WU%

where in the first equality we used item (b) of Proposition 2.10, and in the
second one we used (3.10) and the fact that myw(g~' - 7,(t)) = (t). In the
fifth equality we used the coordinate version of myw(q~" - 7,(t)) = F(t) with
a little abuse of notation, and in the sixth equality we used the coordinate
version of (3.14) with ¢~! in place of ¢. Finally, in the eighth equality we
used the fact that, being L horizontal, the product with a fixed element
of L, in exponential coordinates, is a Euclidean translation and hence it
does not affect the time derivative. This comes from the explicit expression
of the product in coordinates, see [24, Proposition 2.1]. Thus the proof
of (3.17) is finished by (3.19).

By a further inspection, following the equalities starting from the right
hand side of the second line to the right hand side of the fourth line
of (3. 19) we have proved, only by explo1t1ng the fact that W is normal,
that if U is open then for every function G:UCW— L, for every q € G,
and every ¢ € [0,T7, it holds

(3.20) Go () = (q_l)lL : éq 0 Yy(t).
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Since L is horizontal, in exponential coordinates this equality reads as
(3.21) Gony(t) = Gyoyy(t) + (¢ L.

Assume there exists a continuous map w: U C R** — R* as in the
statement. Then, by composing with exponential coordinates we get a
continuous &: U € W — L. We then define Wq as in (2.11) and we set
we: Ug C R"~* — R* to be the composition of wg with the exponential
coordinates. We are then in a position to define &, by setting

(3.22) @y(2) = wy(z) + (¢, Vazel,

Then, we have, for every ¢ € [0, 7],

(3:23)  pq(74(t) — @q(74(0)) = w(7(t)) — (+(0)) =/O w(y(s))ds

= [ o) + @) as = [ sy,
0 0

where in the first and in the third equality we used (3.21). This completes
the proof. O

Remark 3.14. — The curve 7, defined in (3.18) solves (3.17) also in the
general case when W is normal, but one should run more involved com-
putations, because the invariance property (3.10) might not be true. We
presented the invariance in (3.10) in the specific case L is horizontal and
k-dimensional because it will be frequently used in the last theorems of this
section and in Section 4.

We give a sketch of the proof in the general case. For a reference, one
can also read the first item of [31, Proposition 4.2.15]. Given ¢ € G, define
the map o, on W by oy(w) = qw - qL - w - (qL)~'. By (2.13), we get
that o,-1(w) = mw(¢~" - w). Then, in case L is horizontal, the invariance
property proved in (3.10) reads as D‘“‘;q = D¥ o0 0,-1(w). In case L is not
horizontal, using the properties stated in Proposition 2.10, one can prove
that

Dt = d(@g)o, () (D 0041 (w))
for every w € U and q € G. One can hence use the previous equality and
the definition of 7, as in (3.18) to show that, if a curve ¥ satisfies (3.15),
then 7, satisfies (3.17).

TOME 74 (2024), FASCICULE 6



2558 Antonelli, Di Donato, Don & Le Donne
3.3. Metric properties of integral curves of D%

In this subsection we study how the intrinsically Lipschitz regularity of
@ affects the metric regularity of the integral curves of the vector fields
D¥ (see Proposition 3.17). We also see how the conclusions obtained can
be improved when we assume @ to be intrinsically differentiable (Propo-
sition 3.19) or uniformly intrinsically differentiable (see Propositions 3.21
and 3.22).

The following lemma is essentially the implication (1) = (3) of [31,
Theorem 4.2.16]. For the reader convenience, and for some benefit toward
Remark 3.18, we give the proof here, without going through all the precise
estimates, and claiming no originality.

LeEmMMA 3.15. — Let W and L be two complementary subgroups of a
Carnot group G, with W normal, let U C W be an open neighborhood of
the identity e and let $: U — L be a function such that (e) = e. Assume
there exists a constant C' > 0 with

(3.24) IZ(w)le < Cllwle,  VweU.

Then for every integer d > 1, every W € Lie(W) NV, and every integral
curve ¥: [0,T] — U of Dy, starting from e, there exists C' depending only
on C' and W, such that

(325  |F@®)lle <CtVY lleGF@)lle < CtY, Ve [0,T).

Proof. — We give the proof in case L is k-dimensional and horizontal,
just for notational purposes. Then, taking Remark 3.10 into account, the
proof can be given in the general case. We recall that, from the fact that
all the homogeneous norms are equivalent, we may fix ||(z1,...,z,)|c :=
S0 @]t/ 9°8%. Then, in case L is horizontal, ||@ o || = | 0 7].

We fix an adapted basis (Xi,...,X,) of the Lie algebra g such that
W = X; for some j € {k+1,...,n}. Then degj = d and, according to
Proposition 3.9, we have, in exponential coordinates adapted to this basis,
that DY = D;’}j = Dy, writes as
(3'26) D;‘o|(0’~~-70,1k+1w~,$n)

=0y, + Z Pij(gp(l), v @ g s Trgegio1 )0z,
i=ng+1

for some polynomials Pij of homogeneous degree degi — d. By the use of

triangle inequality and Young’s inequality, we get that for every i = ng +
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1,...,n there exists a constant ' ; > 0 depending only on the polynomial
PZ? , and a constant Cy; > 0 that depends only on C} ; and on n, such that

(3:27) 1P/ (oW, o™ i, )
g C’MH(O, PN ,0, QO(I), ey @(k),xk—&-la ce axndegi—1)||g;egi7d
< CQ,l(H(Ov s >07 90(1)7 ERR) (p(k)v()? ce 70)”€}egi7d

degi—d
+H(O""7Oaxk+17~..7$n)HGegl )

Fix t € [0,T] and define

my (1) = max [F(s)le, — my(t) = nax, lo(v(s))]-

Then, by the fact that 7 is an integral curve of Df and the particular form
of DY in (3.26), we get that v;(t) = ¢ for every t € [0,T], and 7,(t) = 0
for every t € [0,T] and every ¢ # j with 1 < ¢ < ng. The estimate (3.27)
implies that, for every i > ng + 1 and any s € [0, ], one has

(3:29) ils)
< [P (060D, ) A0 A0

< 105 (o (1)) (m (1)) < s, (my (1) 75,

where in the last inequality we used m,(t) < Cm.,(t) for every t € [0,T],
that comes from the hypothesis (3.24), and where C5; depends only on
Cs; and C. Thus, from (3.28) and the fact that the only other nonzero
component of 7 is v;(t) = ¢, we get

7 (s)lle < Ci (tl/d+ > tl/deg"(mw(t))”/deg’)

i=mg+1

< nCy max {151/d7 tl/degi(m’y(t))l—d/ degi} ’
i€{na+1,....,n}

for every s € [0,¢], where Cy depends only on all the constants Cs ;, with
i > mq + 1. Maximizing the previous inequality with respect to s € [0, ],
gives
ma(t) < nC. max {tl/d7t1/dcgi me(t 1—d/dcgi}7

+(t) 1 (m (1))
for every t € [0,7]. As a consequence we get m.(t) < Cst/? for all t €
[0,T], for a constant C5 depending only on Cy and on G. We have thus
proved

1F()|lc < Cstt/?,  Vitelo,T)].
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To conclude the proof, it is enough to choose C’ := max{Cs,CC5} and
to use (3.24). Finally, taking into account all the dependencies of the con-
stants, the constant C’ only depends on C and on the coefficients of D;p in
coordinates, and thus ultimately on the vector field W € Lie(W). O

Remark 3.16. — Condition (3.24) in Lemma 3.15 can be deduced as
soon as @: UCW — L is intrinsically Lipschitz at e, see the item (c)
of Proposition 2.13. We will give a general statement in this direction in
the forthcoming Proposition 3.17, that is a restatement of the implication
(1) = ((2) and (3)) of [31, Theorem 4.2.16].

Notice that in Lemma 3.15 we only exploited the particular triangular
form of DY, see (3.9). The same result as in Lemma 3.15 holds if we take
the integral curves, starting from e, of any vector field of the same form as
the right hand side of (3.26), satisfying the homogeneity conditions on the
polynomials Pij given in Proposition 3.9. On the contrary, for the forth-
coming Proposition 3.17, we need that we are dealing precisely with the
vector fields Df in order to use the invariance properties in Lemma 3.12,
and Lemma 3.13.

PROPOSITION 3.17. — Let W and I be two complementary subgroups
of a Carnot group G, with W normal, let U be an open subset of W, and let
@: U — L be an intrinsically L-Lipschitz function with Lipschitz constant
L>0.

Then for every integer d > 1, every W € Lie(W) NV, and every integral
curve : [0,T] = U of DY, there exists a constant C' > 0 depending only
on L and W such that

(3.29) [|3(F(s)) "7 (5)-F(t)- (F(s))lle < C'Jt—s["?, 0< s <t< Ty
(3.30) 1BEE) ™ EEM) e < CJt -5V, 0<s<t<T.

Proof. — Fix s € [0,T] and define ¢ := 3(5(s))~!-7(s)~!. By exploiting
item (d) of Proposition 2.10, item (c) of Proposition 2.13, and the fact that
@ is intrinsically L-Lipschitz, we get that ¢,(e) = e and ||g,(w)|lc < Lljwl|g
for every w € ﬁq. We now apply Lemma 3.13 to get that the curve 7,
defined by 7,(t) = ¢(¥(s)) "1 -7 1(s) - 7(t) - 2(F(s)) is an integral curve of
the vector field Dy}f. Notice that this curve takes values in (7,1 as noticed
in Lemma 3.13. We stress that Lemma 3.13 is stated only for IL horizontal,
but it also holds in case W is normal, see Remark 3.14.

Define 31 () == 7,4(- +s). Since 7,7 (0) = e, we are in a position to apply
Lemma 3.15 to the function ¢, and to the curve ﬁ;‘ Evaluating the first
inequality of (3.25) at time ¢ — s we get (3.29). Finally, by (3.20) - that
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holds in the general case in which W is normal - and by evaluating the
second inequality of (3.25) at time ¢ — s, we get (3.30). O

Remark 3.18 (An improvement of [4, Proposition 6.6]). — A simple mod-
ification of the proof of Proposition 3.17 provides a general argument for
the second part of [4, Proposition 6.6], that was proved only in the setting
of Carnot groups of step 2 and in case L is 1-dimensional. The general-
ization reads as follows. Fix two complementary subgroups W and L of a
Carnot group G, with W normal, and an intrinsically Llpschltz function
©: UCW — L, where U is open. Consider a solution v : I — U of

(3.31) F = Y a0
jeht1 y(t)
for some controls a;(t) of class L>(I), where {Xy41,...,X,,} is a basis of

Lie(W) N V4. Then the curve @ o7 is Lipschitz.

To prove this last statement one first proves the analogous of Lemma 3.15
for curves satisfying (3.31). The estimates are done in the same way but
the constant C’ also depends on a uniform bound of the controls a;(-) in
L*°(I). In order to conclude, one can run the same argument of Propo-
sition 3.17, taking into account that the invariance property shown in
Lemma 3.13 also holds for curves satisfying (3.31) with exactly the same
proof. For the sketch of the proof of Lemma 3.13 in the general case when
W is normal we refer the reader to Remark 3.14.

The forthcoming Proposition 3.19 is, to our knowledge, new. It tells us
what are the metric properties of the integral curves 7 of D¥ whenever
RS ID(&,W; L). The counterpart of Proposition 3.19 in the setting of the
Heisenberg group H" is already known: for the case in which L is one-
dimensional, the proof follows from the argument of [41, Theorem 4.95,
(3) = (2)], while for the case in which L is k-dimensional, the proof is
in [15, Proposition 4.6]. A weaker version of this proposition, which also
requires goy to be C'*, has appeared in [3, Proposition 3.7] in the Heisenberg
group, for L one-dimensional, and in [18, Proposition 5.6] in Carnot groups
of step 2, for IL one-dimensional.

ProprosITION 3.19. — Let W and L be two complementary subgroups
in a Carnot group G, with I horizontal and k-dimensional, let U be an
open set in W and let ¢: U — L be an intrinsically differentiable function
at wg € U. Then the following facts hold.

(i) For every W € Lie(W) N V4 and every integral curve 3: [0,T] — U
of DY, starting from wg, the composition @ o7 is differentiable

TOME 74 (2024), FASCICULE 6



2562 Antonelli, Di Donato, Don & Le Donne

at 0 and
d
dt |,
(ii) For every d > 1, W € Lie(W) N V; and every integral curve 7 :
[0,T] — U of DY, starting from wy, the following holds:

(3.33) lim ‘|‘p(w0)_tl'/<5(7(t))||¢;

(3.32) (¢ 07)(t) = d%(wo)(exp W).

=0.

Proof. — Notice that, since L is horizontal, the homogeneous norm || - ||
restricted to L is equivalent to the Euclidean norm of the exponential co-
ordinates. First of all, by item (i) of Remark 2.24, ¢ is continuous at wy.
If we define q == p(wg) ™! - wal we get, from item (d) of Proposition 2.10,
that @4(e) = e and, from item (ii) of Remark 2.24, that @, is intrinsically
differentiable at e with d¥u«p,(e) = d%p(wo). By (2.17), (2.16) and the tri-
angle inequality, for every Ve l~]q containing e, there exists a constant C
such that |pq(w)| < C|lw||g for every w € V.

(i). — Fix W € Lie(W) NV} and 7 as in the assumption. By the first
part of Lemma 3.13, there exists 7,: [0,7] — U, C W such that 7, is
an integral curve of DY starting from e. Then, since |p,(w)| < Cllwl|g
for every w € ‘7, and since for sufficiently small times ¢ > 0 it holds
7,([0,¢]) C V, we are in the setting of Lemma 3.15. Thus, from the first
inequality in (3.25), we can write

P @l
t

lim sup < +o00.

t—0
Fix an adapted basis (Xi,...,X,) of the Lie algebra g such that L =
exp(span{Xi,..., Xx}) and W = exp(span{Xy11,...,X,}). We use the
notation of Definitions 2.3 and 2.20. By using the previous inequality we get
that there is a constant C' > 0 such that, for every small enough ¢ € [0, T],

|24 (Y4 () = 0q(14(0)) = V#7404 (e) (W)
t

< g19a(1a(®) = ¢4(74(0)) — tV P20, (e)(W)|

h Pa®llc
Notice that ¢q(74(0)) = ¢4(0) = 0. Moreover, using the particular form
of the projected vector fields in (3.9) and the fact that W € V4, it is easy
to see that my, (4(t)) = exp(tW) for all ¢ € [0,T]. By exploiting the fact
that the intrinsic differential is linear on the horizontal components (see
Proposition 2.19), we get that for all ¢t € [0, T

tV 2104 (e) (W) = V904 () (tW) = exp™" (A% (e) (exp(tW))) -

(3.34)
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Let us conclude the proof. The intrinsic differentiability of ¢, at e pro-
vides (2.17). Thus, by exploiting v, (Y4(t)) = exp(tW) for all t € [0,T],
the previous equality, and the fact that the intrinsic differential depends
only on the projection on V; (see Proposition 2.19), the right hand side
of (3.34) goes to zero as t — 0. Thus, also the left hand side goes to zero
as t — 0 and this means that

%h:o (g 0 7g)(t) = V¥ip,(e)(W).

By using (3.21), and since V¥1p4(e) = VPp(wy), we get (3.32). This con-
cludes the proof of (i).

(if). — Assume W € Lie(W)NV; with d > 1, and 7 as in the assumption.
We proceed with the same argument as in (i). Then, following the lines of
the proof in item (i) and by the first inequality in (3.25), we obtain that
there exists C' > 0 such that for sufficiently small ¢ € [0, T

(3.35) l¢q(14(t)) — ©q(74(0))] < 5|90q(7q(t)~) - Spq(’Yq(O)”’

t1/d 17a(®)lle
Since W € V4 with d > 1 and ¢4(0) = 0, the projection of every integral
curve of Dﬁ}‘, starting from 0, on the horizontal bundle is zero. This follows
by exploiting the particular form of D¥s in coordinates, see (3.9). Then
the intrinsic differentiability of @, at e jointly with (3.35), the fact that the
projection of 7, on V; is zero, and that the intrinsic gradient is linear on

V1 (see Proposition 2.19) yields, with the same reasoning as before,

lim |‘Pq(’Yq(t)) - @q(%(o)ﬂ

t—0 tl/d =0.
Then, by using (3.21) we conclude (3.33) and thus the proof. O
Remark 3.20. — For the ease of notation, we considered in Proposi-

tion 3.19 only intervals [0,T], and thus we got conclusions only on the
right limits and the right derivatives. The same proof provides the same
conclusion on the full limit, or the full derivative, whenever the interval is
centered at the origin.

Now we want to deduce metric properties of @ when we know that it
is UID. The following proposition shows that any uniformly intrinsically
differentiable function ¢ is %—little Holder continuous on any Carnot group
of step s, when read in exponential coordinates. It is a generalization of [3,
Proposition 4.4].

PrRoOPOSITION 3.21. — Let W and I be two complementary subgroups
of a Carnot group G with L horizontal and k-dimensional, and let U C W be
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an open set. If p € UID(I}, W; L), then such a function read in exponential
coordinates is in hllo/:(U;Rk), that is ¢ € C(U;R*) and for all U' € U
one has

(3.36) l%(sup{W:a,bEU’,O<|b—a|<r}>:O.

Proof. — We fix an adapted basis (X7,...,X,) of the Lie algebra such
that I = exp(span{Xy,..., Xx}) and W = exp(span{Xy41,...,X,}). We
use the convention in Definition 2.3 and Proposition 2.22, taking into ac-
count the little abuse of notation as in Remark 2.23. In these coordinates,
up to bi-Lipschitz equivalence, we can suppose to work with the anisotropic
norm. If a € U, we denote by a',...,a® the vector of components of a in
each layer, so a’ € R™i for every j = 1,...,s and a = (a',...,a*). For any
agp € U and r > 0 we set

o [l - @) = Ve
pulr) = sup | P B S B < b€ Blanr) 1 £

Assuming @ € UID(U, W; L), we have by (2.18)

(3.37) }% Pao (1) =0,

for every ag € U. Fix U’ € U with ag € U’. From Proposition 2.19, since
the intrinsically linear function d¥p,, depends only on the variables on the

first layer of W, and it is homogeneous, we can find a constant C' > 0
depending on aq for which

|V?pa,(a™1D)| < Cb —a'|, YVa,beR",
and, consequently, we have

[V#%ay (a”1D)]

3.38
( ) |b—a|1/5

< Crlfl/s’

for all a,b € R™ with 0 < |a — b] < r < 1. By a consequence of Proposi-
tion 2.4, see [22, Corollary 3.13], we have with a little abuse of notation
pla)"la”'bp(a) =b—a+ P(B(a),a™'b),
for every a,b € R", where
P(@(a),a™'b) = (P'((a),a™"b),..., P*(@(a),a” b)),

with PY(@(a),a=1b) = 0. Moreover, for each i = 2,...,s, there is C; > 0
depending only U’ and @ such that

P (@(a),a”'b)| < C; (|b' —a' |+ + [ F —a'7"|),
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for all a,b € U’. Hence there exists C/ > 0 depending only on C; and on
the group G such that

1$(a)Ta 020l _

/ .
b= ali/s Va,be U with0<|a—10b| < 1.

Finally, by the last inequality together with (3.38), we get
le(0) = (@)l _ le(b) = ela) = VFpa,(a”'b)] [|B(a)"ta" b G(a)]]
b—alt/s [e(a)~ta= b (a)l b—alt/s
[V#0aq (a”'D)|
|b— all/s
< C/pao (’I") + C«Tlfl/s’

(3.39) N

for all ag € U and all a,b € U’ N B(ag,r) with 0 < |[a —b] < r < 1. We
stress that, ultimately, C’ depends only U’ and @, while C' depends only
on ap.

We conclude the proof by contradiction. Assume we can find U’ € U,
two sequences (ap) and (by) in U’, and an infinitesimal sequence (rp) of
positive numbers such that 0 < |ap, — by| < r, and

lo(br) — p(an)|

> M,
|bh _ ah|1/s

for some M > 0. Since U’ is compact, we can assume that, up to passing
to subsequences, both (ay,) and (by) converge to some ag € U’. By (3.39)
we would find some M’ > 0 such that that

pag (Th) > Ml?

for arbitrarily large h € N, a contradiction to (3.37). O

The previous proposition tells us what is the regularity of ¢ in all the
exponential coordinates, in case it is UID. Actually, we can refine Proposi-
tion 3.21 by improving the property (3.33). We stress that the forthcoming
proposition would also follow from the implication (1) = (2) of [31, The-
orem 4.3.1] but, up to our knowledge, the proof presented here is new.
Indeed, in (1) = (2) of [31, Theorem 4.3.1] it is proved that if the intrin-
sic graph of ¢ is a co-horizontal Cjj-surface with complemented tangents,
then (3.40) holds. Then the following Proposition 3.22 would be a con-
sequence of that implication and Proposition 2.28. Instead, we here give
a direct proof within our context. In conclusion we obtain, in a different
way, the implication (1) = (2) of [31, Theorem 4.3.1] by making use of
Propositions 3.22 and 2.28.
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ProposiTION 3.22. — Let W and L be two complementary subgroups
of a Carnot group G, with L horizontal and k-dimensional. Let U cCwW
be open and § € UID([},W; L). Fix an adapted basis (X1,...,X,) In
which W = exp(span{Xg41,...,Xn}), L = exp(span{Xy,..., Xx}) and let
V € U. Then

(3.40) lim (Sup { P(r(t) = (7(5))] }) o,

0—0 |t — s|1/degi

where the supremum is taken over j = m+1,...,n, v = Dg}j ov,y CV
and 0 < |t —s| <o

Proof. — We use the convention in Definition 2.3 and Proposition 2.22,
taking into account the little abuse of notation as in Remark 2.23. By item
(a) of Proposition 2.25 we have that & is intrinsically Lipschitz on V € U.
We denote by C' the constant for which ¢ is intrinsically C-Lipschitz in V.

Fix wy € V. Let us take m + 1 < j < n, and an integral curve v: I —
V C W of D" Without loss of generality we may assume that the curve
is defined on I = [0,7T], with T" > 0 possibly depending on the curve.
By the particular form of Df in coordinates, see (3.9), and the fact that
j = m+1, we have that the projection of 4 on V; is constant. Then, since
by Proposition 2.19 V¥¢,,, depends only on the projection on V; and it is
linear, we have, for all ¢, s € [0, T,

lp(v(1) — ((5)) = VFpu, (v(s) " - 7(1))]
(¥ (s))=-7(s)=L-A(t) - ()
_ lp(v(t)) — p(v(s))l
[P((s)) =1 -A(s)=1 (1) - V()|

Since ¢ is intrinsically C-Lipschitz in ‘7, by (3.29) there exists a constant
C; > 0 depending only on j,C' and the adapted basis such that

(3.41)

(342) [3G(s) ™" -A(s)™ A1) - BEs)] < Cylt — 8]/ 45,
VOo<s<t<T.

In particular, we can find a constant C’ > 0 depending only on C and
the adapted basis such that for every j = m + 1,...,n, for every integral
curve 7: [0,T] = V of D}'}j and every 0 < s <t < T we have

lp(r(£) — e(v(s))] S lp(r(#) = p((s))]
186G~ A(s) ™ A1) - e(F(s)Il — CJt — 5|1/ desd

(3.43)
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Combining (3.43) and (3.41) we get

lp(v(t)) — p(v(s))l
(3.44) s/ dess

< [P0 0) = 0(3(5)) = VPu, (v(5) " - 7 (1))
h 1e(Y(s))=1-7(s) = - 3(8) - (Y ()

for every j = m + 1,...,n, every integral curve ¥: [0,7] — V of D}’}j,

every 0 <t < s < 7T and every wy € V. If |t — s| < o, by the estimate in
Proposition 2.4 and (3.42), we get

(3.45) 7)™ AWM < Clo),

for every j = m+1,...,n and every integral curve 5: [0,7] — V of D}'}j,
where C(p) is a continuous increasing function such that lim,_,o C(g) = 0,
depending on ¢ and independent on the choices of j and 7.

Assume by contradiction that (3.40) is false. Then there exist 9 > 0, a
sequence of integral curves J,: [0,7y] — V of D}'}iz, for some i, € {m +

1,...,n}, and sequences of times 0 < t; < sy < Ty such that |t; — s¢| — 0
as ¢ — oo and

t —
(3.46) lo(ve(te)) — (ye(se))l > eo.

|t€ — Se|1/ deg(il)

By compactness, up to passing to subsequences, there exists v € V such
that 4¢(t;) — ©. Then, by the uniform control (3.45) and the fact that
[te — se] — 0, we get also Jp(s¢) — ¥. Since @ is uniformly intrinsically
differentiable at v, we get, by Proposition 2.22 (see (2.18)) that the right
hand side of (3.44) evaluated at ¥ = 7y, t = ty, s = s¢, and wy = U goes
to 0 as £ — +o00. Passing (3.44) to the limit (with j = i) gives the sought
contradiction with (3.46). O

Remark 3.23. — In case G is a Carnot group of step 2 and rank m, and
we choose an adapted basis of g such that L = exp(span{X;,..., Xy}) and
W = exp(span{Xxi1,-.., X, Xint1,---,Xn}), we have that Dg}j = O,
for m +1 < j < n, see Example 3.6. If ¢ € UID(ﬁ,W; L) then Propo-
sition 3.22 tells us that on every compact subset of U, the function ¢ is
uniformly 1/2-little Holder continuous in the vertical coordinates. More-
over, (3.32) and the fact the d¥p is continuous, see Proposition 2.25, tell
us that along the integral curves of Dg}j, with k+1 < j < m, pis CL.
Then, by exploiting the triangular form of the vector fields D?¥ in (3.9),
one could use the previous informations to prove that ¢ is locally 1/2-little
Holder continuous in all the variables, and thus give an alternative proof of
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Proposition 3.21 in the step-2 case. This is essentially the idea of the proof
in [3, Proposition 4.4].

3.4. Definition of broad*

In this subsection we give the notion of broad* solution to the system
D¥p = w, with w continuous. Eventually we show that an intrinsically
differentiable function ¢ with continuous intrinsic gradient V¥ (see Defi-
nition 2.20) is a broad* solution to D¥yp = V¥ .

Let W and L be complementary subgroups of a Carnot group G, with L
horizontal and k-dimensional. Let U be an open subset of W and let ¢ : U -
W — L be a continuous function. We fix an adapted basis (X1,...,X,)
of the Lie algebra g, such that W = exp(span{Xg41,...,Xp}) and L =
exp(span{ Xy, ..., Xx}). We give the notion of broad* solution of the system

D§k+1@(l) D)“}m@(l) Wiktl --- Wim

D% .%o D% oW WrEit e Wk

where w = (wy;) : U — RF¥"=F) "with ¢ € {1,...,k}, j € {k+1,...,m},
is a continuous matrix valued function, and where we refer to the notation
introduced in Definition 2.3.

DEFINITION 3.24 (Broad*® and broad solutions). — Let W and L be
complementary subgroups of a Carnot group G, with IL horizontal and
k-dimensional. Let U C W be open and let ¢: U — L be a continuous
function. Consider an adapted basis (X1, ...,X,) of the Lie algebra g such
that L = exp(span{ Xy, ..., X;}) and W = exp(span{Xj41,...,Xn}). Let
w = (wej) : U — REXm=K) be a continuous matrix valued function with
te{l,....,k} and j € {k+1,...,m}. We say that ¢ = (o1, ... p*)) €
C(U;R¥) is a broad* solution of D¥p = w in U if for every ag € U there
exist 0 < Jo < 61 and m — k maps Ef: B(ag, 62) X [—82,82] — Bl(ag, 1) for
j=k+1,...,m, where the balls are considered restricted to U, satisfying
the following two properties.

(a) For every a € B(ag,d2) and every j = k + 1,...,m, the map
E¥(a) = Ef(a,-) is C" regular and it is a solution of the Cauchy

problem
{7 = D7 oy
7(0) =a,
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in the interval [~dz, d2], where the vector field DY := D}'}j is defined

in (3.1).
(b) For every a € B(ag,d2), for every t € [—62,d2], every j = k +
1,...,m and every £ = 1,...,k one has

PO (B (a,)) — O (a) = / wis(ES(a,5)) ds.
0

We say that D¥ ¢ = w in the broad sense on U if for every W € Lie(W)N
Vi and every integral curve v: I — U of DY, it holds that

d

B, PN =eW)0),  Viel,

where by w(W') we mean the matrix w applied to the (m — k)-vector W.

Remark 3.25. — We stress that, in the setting of Definition 3.24, if
% € CY(U) then D?p = V¥ both pointwise and in the broad sense on U.
First $ € UID(U, W;L) by [18, Theorem 4.9], because @ € C!(U). Then
we can consider the intrinsic gradient V¥ as in Definition 2.20, which is
continuous, see Proposition 2.25. Thus the claim is an outcome of point (i)
of Proposition 3.19 and point (c) of Proposition 4.10, that becomes a point-

wise equality if ¢ is C*(U), see the proof of Proposition 4.10.

Remark 3.26. — Let us notice that the definition given in Definition 3.24
is a priori susceptible to the choice of an adapted basis. Nevertheless, when
it is coupled with the vertically broad* holder condition in the same basis,
see Definition 4.3, it is independent of this choice. This is an outcome of
Theorem 4.16. Indeed, from (d) = (a) of Theorem 4.16, it follows that
the broad* condition and the vertically broad* holder condition on a fixed
basis imply that @ is UID. Thus, from item (i) of Proposition 3.19, we get
that the broad™ condition is satisfied for every other basis. Finally, from
Proposition 3.22, we get that also the vertically broad* holder condition
holds in every other basis.

With the above reasoning, we remark that we can conclude something
stronger: if the broad* condition and the vertically broad* holder condition
hold on a fixed basis, then they hold uniformly on the choice of W € Lie(W)
with bounded norm, see Definition 1.4, and Definition 1.5.

The following result is already known in the Heisenberg groups H": in
case L is one-dimensional, it is proved in [41, (3)=(2) and Theorem 4.95],
while in case L is k-dimensional it is proved in [15, Theorem 1.4, (iii) = (ii)].
We here generalize it to arbitrary Carnot groups, in the case L is horizontal
and k-dimensional.
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ProposiTIiON 3.27. — Let W and L. be complementary subgroups of
a Carnot group G, with L horizontal and k-dimensional, and consider an
adapted basis of the Lie algebra g such that W = exp(span{Xg41,...,Xn})
and L = exp(span{Xi,...,X}). Let U be an open subset of W, and
Y E ID((},W; L) be such that d%p is continuous on U. Denote by V¥ the
k x (m — k) matrix that represents d¥p in coordinates, see Definition 2.20.
Then, we have that

d
(3.48) & (" 0)(t) = VEp(v(t)),
t=tq
for every j = k+1,...,m, every integral curve v: I — U of Df = D}’}j,
every { =1,...,k, and every ty € I. In particular the function ¢ is a broad

solution, and thus also a broad* solution, of the system D¥p = V¥ .

Proof. — Equation (3.48) directly follows from (3.32) seen in coordi-
nates. Then, from (3.48) and the fact that V¥¢ is continuous by hypothesis,
the second part of the thesis follows. O

4. Main Theorems in arbitrary Carnot groups

In this section we prove Theorem 4.16, that is Theorem 1.6 in the intro-
duction. We deal with an arbitrary Carnot group G along with a continuous
function @: U C W — L, where W and L are complementary subgroups of
G, with L horizontal and k-dimensional, and U is an open subset of W.

In Section 4.1, we study how Hélder properties of ¢ along integral curves
of the vector fields D¥ as defined in (3.1) affect the intrinsic regularity of
the function @. The main result of this section is a converse of Proposi-
tion 3.22: if D%y = w holds in the broad* sense (see Definition 3.24) and
there is, locally around every point, a family of curves satisfying the lit-
tle Holder regularity condition (3.40) (we shall call this property vertically
broad* hoélder regularity, see Definition 4.3), then & is uniformly intrinsi-
cally differentiable. For the full statement, see Proposition 4.5. We notice
that, taking Remark 3.23 into account, the latter proposition generalizes [3,
Theorem 5.7], which deals with the case G = H" and L one-dimensional,
[18, Theorem 5.8, (4) = (2)], which is proved in case G has step 2 and L is
one-dimensional, and [15, Theorem 5.3] that solves the problem for G = H"”
with L horizontal and k-dimensional. We remark that, also in these cases,
we obtain slightly stronger results, requiring just a locally 1/2-little Holder
regularity in the vertical components.
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Proposition 4.5 could also be obtained by a combination of (2)=-(1)
of [31, Theorem 4.3.1] and Proposition 2.28, which is proved in [18]. The
idea of (2) = (1) in [31, Theorem 4.3.1] is to show that the Hoélder con-
ditions on ¢ along a family of integral curves, that is the assumptions of
Proposition 4.5, imply that the intrinsic graph of @ is a co-horizontal C}-
surface with complemented tangents. To prove this latter fact the author
uses a characterization of co-horizontal Cjj-surfaces by means of uniform
Hausdorff convergence to tangents (see [31, Theorem 3.1.12]) that is in turn
based on the so-called four cones Theorem, see [8, Theorem 1.2]. With the
independent proof we give in Proposition 4.5, with more analytic flavor, we
stress we can indirectly obtain (2) = (1) of [31, Theorem 4.3.1] by mak-
ing use of Propositions 4.5 and 2.28. We also obtained (1) = (2) of [31,
Theorem 4.3.1], see the discussion before Proposition 3.22.

Our proof of Proposition 4.5 requires Proposition 4.1, that is stated only
for I horizontal and k-dimensional. The Proposition 4.1 is a converse of
Lemma 3.15, i.e., it can be roughly read in the following way: the uniform
Holder regularity of the curves ¢ o7, where ¥ is an integral curve of the
vector field D¥, implies the intrinsically Lipschitz regularity of @. We give
a proof of Proposition 4.1 as we crucially need it for the proof of Propo-
sition 4.5, but we remark that a more general statement can be given, in
case W is normal, with a proof that is very similar to the one of Proposi-
tion 4.1. Notice that the general statement with W normal can be found in
(3) = (1) of [31, Theorem 4.2.16]. For more details, see Remark 4.2.

As a by-product, we obtain some analytical results, that can have their
own independent interests. The first one is given by Corollary 4.9 and
it states that broad* regularity implies broad regularity. Roughly speak-
ing, having a function that is Holder regular on a precise family of inte-
gral curves implies the Holder regularity on every integral curve. Then, in
Corollary 4.7, we prove that every intrinsically differentiable function that
is vertically broad* holder (see Definition 4.3), and that has a continuous
intrinsic gradient, is uniformly intrinsically differentiable. We do not know
at present whether the assumption on the vertically broad* holder regular-
ity can be dropped in Corollary 4.7, see also Remark 4.8. We expect that
the hypothesis on the vertically broad* holder regularity in Corollary 4.7
can be dropped in general, see also the paragraph Geometric characteri-
zations of intrinsic differentiability in the introduction. From the results
proved in [10] and [15], we know that the assumption on the vertically
broad* holder regularity in Corollary 4.7 is not necessary in the case of
the Heisenberg groups H™, with IL horizontal k-dimensional, see also the
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introduction to Section 5. We stress we obtain that we can remove the as-
sumption on the vertically broad™ holder regularity in Corollary 4.7 also in
the case of step-2 Carnot groups with L one-dimensional, see Section 6.

In Section 4.2 we focus on the case in which L is one-dimensional and
we prove Proposition 4.10. We present an area formula that represents the
perimeter of the subgraph of a uniformly intrinsically differentiable function
¢ in terms of the density /1 + |V¥p|2. For more details about the area
formula and a representation involving the Hausdorfl measures, we refer the
reader to Remark 4.11. In Proposition 4.10 we also prove that, whenever
the target L is one-dimensional, every uniformly intrinsically differentiable
function ¢ is a distributional solution of the system D¥yp = V¥¢ and, in
Corollary 4.12, we deduce that if D¥yp = w holds in the broad* sense with
a continuous datum w and ¢ is vertically broad* holder, then D?p = w in
the sense of distributions. We do not know, in general, if in Corollary 4.12
we can remove the assumption on the vertically broad* holder regularity.
In fact, one can remove the hypothesis on the vertically broad* holder
regularity in Corollary 4.12 in Heisenberg groups, and it is a consequence
of the results in [10]. We stress that thanks to the results obtained in
Section 6, we drop the assumption on the vertically broad* holder regularity
in Corollary 4.12 also in the case of step-2 Carnot groups.

It is interesting to investigate the converse implication: if one has D¥p =
w in the sense of distributions with a continuous function w, is it true that
D¥p = w in the broad* sense? This is actually the case in the Heisenberg
groups, see [9], and the techniques used in Section 6 seem a good tool to
address this implication in arbitrary step-2 Carnot groups. We will not
address this issue in this paper and it will be the target of further investi-
gations. It is however interesting to notice that, in some examples besides
the step-2 case and for particular ¢, one can obtain that if D¥¢ = w holds
in the sense of distributions with a continuous function w, then D¥¢p = w
in the broad* sense. We will not discuss this issue in the paper, but we
refer the reader to [1].

In Section 4.3 we come back to the general case in which the target L
is horizontal and not necessarily one-dimensional. We prove that if ¢ is
locally approximable with a sequence of smooth functions whose intrinsic
derivatives converge to a continuous function w, then D¥p = w in the
broad*, see Proposition 4.14. This notion of local approximability has been
first introduced and studied in [3], see also Remark 4.13. We exploit this
result to prove that every uniformly intrinsically differentiable function ¢
always solves D?p = V¥ in the broad* sense.
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In Section 4.4, we combine some of the previous results together to prove
our main theorem Theorem 4.16, which is Theorem 1.6 in the introduction.
Notice that our result provides the generalization to all Carnot groups, and
to any possible horizontal and k-dimensional target L, of [18, Theorem 5.8].
We stress that Theorem 4.16 will be strengthened in Section 6 dropping
the hypothesis on the vertical broad* holder regularity in the setting of
Carnot groups of step 2. We stress that, in general, the assumption on the
vertical broad* holder regularity cannot be dropped in Theorem 4.16, see
Remark 4.17 for a counterexample in the easiest step-3 group, namely the
Engel group.

4.1. From regularity of ¢ along integral curves of D¥ to
regularity of ¢

In this subsection we show how the Holder regularity of ¢ along integral
curves of D¥ affects the intrinsic regularity of ¢.

ProproSITION 4.1. — Let W and L be complementary subgroups of a
Carnot group G, with I horizontal and k-dimensional, let U be open, and
let 3: U € W — L be a continuous function with e € U and @(e) = e.

Let (X4,...,X,) be an adapted basis of the Lie algebra g such that
L = exp(span{Xy,..., X;}) and W = exp(span{Xy41,...,Xn}). Denote
by DY = Dg}j, forevery j=k+1,...,n. Let L > 0.

Fix v € U and consider a concatenation of curves Yiyi,...,Vn in U
connecting 0 to v such that ~;: I; — U is an integral curve of Df for
j=k+1,...,n. Assume that the function po-; is ﬁgj-Hélder continuous
onl;, for j = k+1,...,n, with Hélder constant L. Then, there exists C' > 0
only depending on L, W, L and the adapted basis (X1, ..., X,) such that

(4.1) lpov;(t)] < Cllvllg, Vtel;, Vji=k+1,...,n,
(4.2) WOOI< CIollEE’,  Ytel, Yij=k+1,...,n
where 'y](i) denotes the i-th component of y; in exponential coordinates.

Proof. — Up to bi-Lipschitz equivalence, we can prove the result choos-
ing the anisotropic norm ||z||g = >_,_; |z¢|!/ 4°&*. For the sake of readabil-
ity, we fix k = 1 and assume that all the layers V; of the algebra g, with
i > 2, are 1-dimensional, so that degi = ¢ — 1 for every ¢ = 2,...,n. The
proof in the general case only requires a typographical effort to deal with
multiple components in each layer and the fact that we have more zeros in
the components of the first layer.
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We work in exponential coordinates so that v = (0,vs,...,v,), and de-
note the extremal points of the concatenation of s, ..., 7, by the following
chain

e = (0,0,,0) — 72(0,02,7"3’2,...,7"%2) g
(43) L. W(O,vg, RN TR S ES I PR arn,j) A TR RED
= 4,0 =(0,vg,...,0p).

In the previous chain, we used the triangular form of Df given in (3.9),
so that the flow along Df does not affect the coordinates with index less
than j. Notice also that, without loss of generality we can assume I; C
[—|vj — 7jj-1],|v; — rj —1|], with the convention ry; := 0. Indeed, again
by using (3.9), in order to correct the error r;;_; in the j-th component,
we have to flow for a time v; —7; ;1 along D7.

We prove (4.1) and (4.2) by induction on j. When we say that a constant
depends on W and I we mean that also depends on the chosen adapted
basis (X1,...,X,).

By assumption, the curve ¢ o 75 is L-Lipschitz on Iy and ¢ o 42(0) = 0.
Consequently, we have that

(4.4) |poya(t)] = |poya(t) —por2(0)] < L|t| < L|vz| < Lvllg, Vi€ Ia.

Therefore (4.1) is proved for j = 2.

Next we shall prove (4.2) for j = 2 by means of induction on i. For i = 2,

we have 'yéz) (t) =t and then

2 ()] = 1]

Assume now that for some 7

(4.5) 187 (1)] < Coig [0l|&B" = Co0llE™, Ve, Vi=2,....i

lva| < ||v]lGs Vitel.

A\VARV/AN

2, there is a constant C5 ;, > 0 such that

We want to prove that there exists C ;,4+1 > 0 such that

s @) < &= = Cograllollg, Ve b,

Coigtalv

where C5 ;,+1 only depends on ig, L, C5 ;,, W and L. By using the particular
triangular form of D¥ in exponential coordinates, see (3.9), we get that

(4.6) [yt (1)) = ‘/ 2 1(poa(s), VP (s), ... A (s))ds|, Vte I,

for some polynomial P 41 of homogeneous degree deg(ip + 1) — deg2 =
io— 1. Then, from (4.4) and (4.5), we deduce there exists Cs ;,+1 depending
on iy, L, C;,,W and LL such that

2 1 10—
P2 1 (007 (t),757 (1), 8O 1)]| < Coigrallvlle™,  Vie b,
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and thus, by using this inequality in (4.6), and since |t| < |va| < ||v||e,
we get

NS (0)] < Coigra 0271 < Coigrallollie, Vi€ L.

To conclude the proof of (4.1) and (4.2) in the case j = 2, it is enough to
set Cy := max;—s ., Ca,;, where Cy o = max{L,1}.
Assume now that for some 2 < jo < n and some constant Cj, > 0 one

has

(4.7) Iwovg(t)\ Cillvle, Vtel;, Vji=2,...,J,

48) OIS ClvlEE, Viel, Yiz2, Yji=2...j.
We want to find C}j, 41 > 0 only depending on L, jo, Cj,, W and L such that
(4.9) | ov+1(D)] < Cjptallvlle, Vi€ Tjg,

(4.10) ()] < CoraIWlIE®',  Yte L, Yi=2,...,n

To prove (4.9), we develop the following inequalities:
(4.11) | 0 7jp41(t)]
< e o Yjo+1(t) = @ 0 Vjo41(0)| + [0 0 jo+1(0)]
< L[t]M/ 9800 ] 0 5,11 (0))
< Llvjo+1 = Tjo+1,50) 77 + Cj l0lle
< L‘UjoJrl'l/jo + L|Tj0+1’j0 ‘l/jo + Cjo HU”G

1 ~
Lijvlig + LC5 [[vlle + Cjollvlle = Cjotallvlle,  t € L,

N

where in the second inequality we used the fact that ¢ o v;,41 is Holder
of constant L; in the third inequality we used the definition of I;,4; for
the first term, while the estimate on the second term comes from (4.7)
and the fact that 7,,4+1(0) is the endpoint of +;,; the fifth inequality is
a consequence of (4.8), inequality |vj,11|'/7° < |Jv||g, and the fact that
Tjo+1,j, is the endpoint of 7(J°+1).

We are left to prove (4. 10) First we notice that, by (3.9), for 2 < i < jo
we have vj(O)Jrl(t) = v; < |[0]| & for all t € I;,41. Using again (3.9), for
i = jo + 1 we have that ’y(j°+1)(t)

Tjo+1,50 |, for every t € I 1, arguing similarly to (4.11), one can obtain

= Tjo+1,jo + t- Then, since |t| < |vjo+1 —

jo+1 ;
WD ()] < 2010 + 1050411 < (2C5, + D)fv]e.
Setting Cjj+1,j,+1 = max{2C,, + 1,1}, we get

. 4 : ,
|73(‘z)+1(t)| < ChortjontllOIE®,  tE€lyp, i=2....5o+1

TOME 74 (2024), FASCICULE 6



2576 Antonelli, Di Donato, Don & Le Donne

Let us now proceed by induction on ¢ and assume there exists ig €
{jo+1,...,n} and a constant C},41,, > 0 such that

d
(4'12) |’YJU+1( )| < CJ0+1 10||U|| el = C]0+1 ZOHUH )
tGI]’O+1, 1=2,...,10.

We want to find Cj 41,i,+1 > 0 only depending on L, C},, Cj,+1,i0, W and
LL such that
io-+1 deg(io+1 ,
PP O] < Ciornio DI EE Y = CorniorlolE, Yt € Lippa.

By using again (3.9), we get that, for every t € I 41, one has
io+1
(4.13) i)

2 7,
. / PN (0 070 11(),:1 20 (), 24, (5)) dis

t
< Tig+1.5ol +/
0

for a polynomial P] 1 ' of homogeneous degree deg(io + 1) — deg(jo + 1) =
i0— jo. From (4.11) and (4.12), we deduce that there exists a constant M >
0 depending only on jg, ig, L, W and LL (it indeed depends on the coefficients

1 2 i
P (@001 (8). 9k (5), - 7yt ()| ds,

of the polynomial, the constant C'j, 11, and the induction constant Cj, 114, )
such that

2 10—7
PP (@ 0 vior1 (8,701 (), A (@) S MR, Ve L,

and thus from (4.13) we get

10+1 7
(4.14) D@ < rigr,go] + MIE o]l ™

< ‘rio+17jo| + M|vj0+1 Tjo+1, ]0|||,U||zo j07

(Z‘H_ ) , as well

for every t € I;,4+1. Notice that r; 41 ;, is the endpoint of v
as Tj,+1,j, is the endpoint of 'ngOH). Thus, by (4.8), we get that

d “+1 i
&8t = ¢, |lo]lie,

|Tio+1»jo| Jo HU
and
d +1 i
[vio+1 = Tiorol < (L4 Ci) [l FY = (14 Cj)llo]-
Replacing these last two equalities in (4.14), we get
+1 ;
DO < Ciorrira ol VEE Ly,

for the constant Cj, 41,4941 = Cj, + M(1 + Cj,), which only depends on
Jos %0, L, W, and L. Inequalities (4.9) and (4.10) are completed by choosing
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Cjp+1 = max{max;=jo+1,...n Cjo+1,i, Cjo+1}. To conclude the proof, it is
enough to set C':= max;—s . »Cj. O

Remark 4.2 (An improvement of Proposition 4.1). — The careful reader
could have noticed that the scheme of the proof Proposition 4.1 above can
be adapted to prove the very same statement, in the more general case in
which W is normal. We will not use the conclusions of this remark in what
follows, but we nonetheless give a sketch of the proof of this fact.

Indeed, also in the case in which W is normal taking Remark 3.10 into
account, the vector fields D“° for k+1 < j < n, in exponential coordinates,
have a triangular form analogous to Proposmon 3.9. Then, if we adopt the
same notation and setting as the statement of Proposition 4.1 and if we
assume that the curves ¢ o7; are d——Holder with respect to the norm
I - llg, the same double- 1nduct10n argument of the proof of Proposition 4.1
implies that, for any k+1 < j < n, and any ¢ € I}, one has ||p o7, (t)|c <
Cllvllg, and ||7;(t)]lc SCHUHG, lnbtead of (4.1), and (4.2),respectively.

Thus, by evaluating the general form of (4.1) at j = n and time ¢ corre-
sponding to the endpoint of I,,, we get [|@(v)|lc < C||v|lg, with a constant
C only depending on L, W, IL and the basis adapted to the splitting. Then,
if we assume that the bound L on the Hélder constant of ¢ o7; is uniform
with respect to the choice of the integral curve «y; of D}”, with k4+1 < j < n,
we get, by exploiting the fact that W is locally D¥-connectible according
to Lemma 3.11, that

(4.15) [e()lle < Cllvlls,

for every v € U el , where the constant C' only depends on L, W, L and
the chosen basis adapted to the splitting.

Finally, if we do not necessarily assume @(e¢) = e as in the statement
of Proposition 4.1, but we still assume that the 1/deg j-Holder constant
of ¢ o7; is uniformly bounded with respect to the choice of the integral
curves 7;, the same translation argument as in the beginning of the proof
of Proposition 3.17, joined with the conclusion (4.15) and the third point of
Proposition 2.13, implies that ¢ is intrinsically Lipschitz on U’ € U. This
last statement is the local converse of Proposition 3.17.

We finally remark that the improved result we described here is the
implication (3) = (1) of [31, Theorem 4.2.16].

We now exploit Proposition 4.1 to show a criterion to prove that a func-
tion is uniformly intrinsically differentiable in an arbitrary Carnot group.
To do so we introduce the definition of the vertically broad* holder property
in a fixed adapted basis.
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DEFINITION 4.3 (Vertically broad* holder and vertically broad holder
condition). — Let W and L be two complementary subgroups of a Carnot
group G with L horizontal and k-dimensional, and fix an adapted basis
(X1,...,X,) of the Lie algebra g such that W = exp(span{Xg41,...,Xn})
and L = exp(span{Xy,...,Xx}). Let us fix UCW an open subset and
let us denote Df = Dg}j as defined in (3.1). We say that a continuous

function @: U—Lis vertically broad* holder if for every ag in U there
exist 04, > 0 and neighborhoods U}, € U,, € U of ag such that for every

a € U[lo and every j = m +1,...,n one can find a C' regular solution
E¥(a): [=0aqs0a,] = Ua, of the Cauchy problem
4 =Dfoxy
7(0) =a
such that
: (B (a,t)) — o(EY (a,5))]
(4.16) £l}l_r)I}) (sup { [t o1/ =0,
where the supremum is over j = m+1,...,n,a € U, and 0 < [t — 5| < .
We moreover say that @ is vertically broad holder if for every V' @ U one
has
. le(v(®) —(v()I ) _
limy (SUP{ | — 5|1/de] =0
where the supremum is over j = m+1,...,n, ¥ = Df ov,v €V, and

0<|t—s|<o.

Remark 4.4. — Notice that Definition 4.3 is a priori susceptible to the
choice of a basis adapted to the splitting. However, when it is coupled with
the broad* condition in the same basis, see Definition 3.24, it is independent
on this choice. See Remark 3.26 for details.

PROPOSITION 4.5. — Let W and L be complementary subgroups of a
Carnot group G, with I horizontal and k-dimensional, and fix an adapted
basis (Xi,...,X,) of g such that W = exp(span{Xg41,...,Xn}) and
L = exp(span{Xy,...,Xy}). Let UC W be open, let @: U — L bea
vertically broad* holder map and assume w: U C Rn—F — RFx(m=Fk) jg 4
continuous function such that D¥¢ = w in the broad* sense on U. Then
@ € UID(U, W;L). Moreover V¥ = w, where V¥ is the intrinsic gradient
defined in Definition 2.20.

ANNALES DE L’INSTITUT FOURIER



UNIFORMLY DIFFERENTIABLE CO-HORIZONTAL INTRINSIC GRAPHS 2579

Proof. — Up to bi-Lipschitz equivalence, we can prove the result choos-
ing the anisotropic norm ||z(lg = Y.y, |z¢|'/ 98¢, For the sake of read-
ability, we give the proof in the case k = 1. The proof for a larger k& only
requires a typographical effort due to the fact that ¢ has more than one
component.

Fix ag € U. According to the definition of vertically broad* hélder,
we find 6,, > 0, neighborhoods UC’L0 € U,, € U of ap and C' maps
E¥(a): [~0aq,0a,] — Us, satisfying the conditions of Definition 4.3. De-
fine for every o > 0 sufficiently small the quantity

[p(E7 (a,t) — ¢(E (a,s))|
(4.17) f(o) = sup { | — 5[1/dezs ’
where the supremum is taken over j = m +1,...,n,a € U} and 0 <

[t — s] < o. By assumption, f converges to 0 as ¢ — 0. Throughout the
proof, we will often write Ef instead of Ef (a), where the dependence on
the starting point has to be understood for a suitable a € Uy .

We claim that ¢ is UID at ag and V¢, (b) = w(ag) - b, for every
b € R ! where b' € R™ ! denotes the projection of b onto the first
(m — 1) components, and where w(ag) - b :== Y"1, w;(ag) - b; denotes the
usual scalar product on R™ 1.

By (2.18), we just need to prove that

| (o) — pla) —wlan) - (¢ — VI | _
g (s (RSB R ) <o

where the supremum is taken over a € B(ag, 0) and ||a=1b|| < o.

Since D?p = w in the broad* sense, by Definition 3.24, we can find
neighborhoods U"” € U" € U, € U of ag and § > 0 such that, for every j =
2,...,m, one has Ef(U” x [=6,0]) C U’. We can improve this observation
using the triangular form of D;’, see (3.9), and arguing as in Lemma 3.11.
Indeed, the sets U"” and U’ can be chosen small enough such that, for every
a,b € U”, there exists a path connecting a to b, entirely contained in U’,
made first by a concatenation of the maps EY . ..., E? (defined accordingly

n
curves of D 41s-- -, Df provided by the vertically broad* hélder condition.

Let use improve this conclusion. We know from Lemma 3.13 that if 5

l'is an integral curve of

to Definition 3.24) and then by a concatenation EY . ,..., E¥ of integral

is an integral curve of DY, then 7, = ¢ -7 - (q)~
D;-Pq, see (3.17). Then, by possibly taking a smaller U”, we can suppose
without loss of generality that there exist neighborhoods V" &€ V' of 0,
such that, for every a € U” and every b’ € V", there exists a path connect-
ing 0 to b, entirely contained in V' made of ¢-translations of exponential

TOME 74 (2024), FASCICULE 6



2580 Antonelli, Di Donato, Don & Le Donne

maps. Indeed, if a,b € U", it is enough to set ¢ := @(a) 'a~! and build
the concatenation of g-translated of the maps (E3 ), ..., (E%),, that are
integral curves of D;D 9. ...,D5 respectively, by Lemma 3.13, and then
chain it with the ¢-translated curves (E;, ,1)q,-- -, (Ef)q, that are integral
curves of D,ffﬂ, ..., D} respectively. By construction, this concatenation
connects 0 to b’ = $(a)"ta=1b@(a). It suffices then to take a small enough

V" | J{@(a)ra b @(a) 1 a,b € UMY

Moreover, by (d) of Proposition 2.10, we get ¢4(0) = 0 and by (c) of
Proposition 2.10, one also has ¢q(b') = ¢4(V/) — ¢q(0) = ¢(b) — ¢(a).
Notice also that ((pf(a)_la_lb(ﬁ(a))l = b — al, so that we have

() — o) —wlag) - (B — )] olt) — q(0) —w(an) - (V)]
(4.19) B T ba@] 171 ’

for any a,b e U".

For any a,b € U”, we hence consider the concatenation (EY),, ..., (E¥),
of integral curves of D3?, ..., D;;? entirely lying in V’, constructed as above,
that connects 0 to b'. Similarly to (4.3), we denote the concatenation by
the following chain

(4.20) by = (0,0,...,0)
— (EQ“’)QBIQ = (0,[);,7‘32,. . .,T‘nﬁg) — (BE)y
*)(E;’)qli); = (O;b;a~'~7b;arj+1,ja-~',rn,j)*>(E‘*° Vg ©

J+1
N (E,f)qgiz =0 = (O,bIQ, ce 7b/n)7
where each (EY), is defined on I; C [—[b} — 71|, |} —7j j—1[], with the

convention rg 1 = 0. Since D¥¢ = w in the broad* sense, by Lemma 3.13
and in particular (3.22) and (3.23), we get that

(421)  (pqo (Ef(a))g)'(t) = (@;)q((E] (a))q(t)) = w; (EY ((a,1))),

for all j = 2,...,m, all t € I; and all a € U"; where the first equality
follows from (3.23) and the second one by the definition of (@), see (3.21)
and (3.18). For every a,b € U”, we can now perform the following estimates,
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which we subsequently explain:

(4.22)  [q(t') = ©4(0) — w(ao) - (V)]

= Z (%(5}) - (Pq(B;'—l) - wj(ao)b;') + Z (qu(i);') - S"q(%‘—l))

j=m+1

n

wi(a0) U5+ D (2a(B)) — a0 1))

j=m+1

I
<. <.
R
T
<

< sup |w]-(b;) - wj(ao)”'b/H
Jj=2,....m
n
+f< sup ] —Tj7j—1|> D by =gl
j=m+1,....n j=m+1

In the second equality we used (4.21) and, for every j = 2,...,m, the point
bj is on EY(I;) and satisfies the conditions of Lagrange’s Theorem. In the
third inequality we estimated the first term with the supremum norm and
the second term by exploiting the definition of f in (4.17), but replacing
in (4.17) p o EY with ¢q o (EY),. Indeed, by (3.21), the map ¢, o (EY ), is
a Euclidean translation (in the horizontal coordinates) of ¢ o Ef

Notice that, by continuity and with simple estimates coming from Propo-
sition 2.4, by definition of b’ and b} one has

hm (sup{[|t/[| : a,b € U",|la""b|| < 0}) =0, and

I " —1 .
élg(l)(sup{nao bill :a,be U, la™'b]| < 0}) =0, Vji=2,...,n

where we implicitly mean that b} is also a function of the concatenation
and the limit is uniform also with respect to that choice. Moreover, the con-
catenation in (4.20) uniformly collapses to 0 as ¢ — 0, since by continuity
one has

2)11}%) (Sup{|b; - Tj,j—l‘ : a’ab € UN? ||a71b” < Q}) = 07 V.] = 27 sy T

where again, the uniformity has to be understood also in the choice of
the concatenation. We can then find two continuous functions oy, s :
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(0,400) = (0, +00) such that lim, g a1(0) = lim,_0 a2(p) = 0 and, com-
bining (4.22) and (4.19), one has

o) — p(a) — w(an) - (B! — a)
(4.23) 13 ta b (a)]

< sup lw; —wj(ao)ll L (B(assai(0)))
j=2,....m

m -y i_q|1/ dead
+ f(OZQ(Q)) Z s jHJb/” 9

j=m+1

for every sufficiently small ¢ > 0 and every a € B(ag, 0) and b € U” such
that |Ja=!b|| < 0. We claim that we are in a position to apply Proposition 4.1
to the function ¢, and to the curves Ef" that connect 0 to b'. Indeed, for
j = 2,...,m, the uniform bound on the Lipschitz constant of the map
¢q 0 (Ef)q follows from (4.21) and the fact that w is continuous, while
for j > m + 1 we use the fact that, since f(9) — 0 as p — 0, the maps
pq0(EY), are in h'/degi([;) with a uniform bound on the Hélder constant.
In particular, by (4.2), we get that for every g sufficiently small, there exists
C’ > 0 depending on the uniform bound of w on U’ such that for every
i=2,...,n
s 1] 48 < Y|,

and thus from (4.23) we get

|o(b) — p(a) — wlag) - (b' —a')|

L < sup  [lwj —wj(ao)|l e (Blag,a
[3(a)Ta "0 3(a)] =2 (oo
+ flaz(0)(n —m)(1 + ).
By the continuity of each wj, the proof follows by letting o0 — 0. O

For the forthcoming corollaries we recall for the reader’s benefit that we
are going to use the notation in Definition 2.3.

COROLLARY 4.6. — Let W and L be two complementary subgroups of a
Carnot group G, with L horizontal and k-dimensional and let (X1, ..., X,)
be an adapted basis of g such that W = exp(span{Xj41,...,Xn}) and
L = exp(span{Xy,..., Xx}). Let UCW be open and let @: U — L and
w: U CR** — RF*(m=F) be two continuous functions. Assume that & is
vertically broad® hélder and assume D¥p = w holds in the broad* sense
on U. Then the graph of ¢ is a co-horizontal Cjj-surface with tangents
complemented by L.

Proof. — It is enough to combine Propositions 4.5 and 2.28. O

ANNALES DE L’INSTITUT FOURIER



UNIFORMLY DIFFERENTIABLE CO-HORIZONTAL INTRINSIC GRAPHS 2583

COROLLARY 4.7. — Let W and L be two complementary subgroups of a
Carnot group G, with L horizontal and k-dimensional and let (X1, ..., X,)
be an adapted basis of g such that W = exp(span{Xy41,...,X,}) and
L = exp(span{Xi, ..., Xy}). Let U C W be open and let $ € ID(U, W; L)
be a vertically broad* hélder map and assume d%p is continuous on U.
Then & € UID(U, W; L).

Proof. — It is enough to combine Propositions 3.27 and 4.5. g

Remark 4.8. — We do not know whether, in arbitrary Carnot groups,
one can drop the condition of vertically broad* holder regularity in Corol-
lary 4.7. This is the case for step-2 Carnot groups, with IL horizontal and
one-dimensional, see Corollary 6.13.

COROLLARY 4.9. — Let W and L be two complementary subgroups of a
Carnot group G, with L. horizontal and k-dimensional and let (X1, ..., X,)
be an adapted basis of g such that W = exp(span{Xj41,...,Xn}) and
L = exp(span{Xy,..., Xx}). Let UCW be open and let @: U — L and
w: U C R*F — RFX(m=K) be two continuous functions. Assume p is
vertically broad* hélder and assume D¥p = w holds in the broad* sense
on U. Then ¢ is vertically broad hélder and D¥¢p = w holds in the broad
sense on U.

Proof. — It is enough to combine Propositions 4.5, 3.22 and 3.27. O

4.2. Area formula for codimension-one graph in terms of
intrinsic derivatives

We prove here that, if L is horizontal and one-dimensional, and ¢ €
UID((},W; L), with U open, then D¥p = V¥ holds in the sense of dis-
tributions. For a precise definition of the distribution D¥¢ the interested
reader may soon read the first lines of the proof of Proposition 4.10. We
also provide an area formula for graph(¢) in this case. For the case G = H",
this formula was already obtained in [3, Proposition 2.22 and Remark 2.23].
Recall that we are going to use the notation given in Definition 2.3.

PROPOSITION 4.10. — Let W and I be two complementary subgroups
of a Carnot group G with L horizontal and one-dimensional, and choose
an adapted basis (Xi,...,X,) of g such that L. = exp(span{X;}) and
W = exp(span{Xa,..., X,}). Let U C W be open and consider p €
UID(U, W;L). Then the following facts hold.
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a) For every j = 2,...,m, the distribution D¥p = (p is well-
F j = 2 he distrib D% D}'}jap 11
defined on U. '
(b) For every a € U, there exist § > 0 and a family of functions {p. €
CY(B(a,6)) : ¢ € (0,1)} such that

. - e L
limpe = and  lim DFp. = V7(X;) in L=(B(a,d)),

for every j=2,...,m.
(¢) The equation

(4.24) Dfo =V?p(X;) = Vi,

holds in the distributional sense on U, for every j = 2, ..., m. Here
V¥ is the intrinsic gradient of ¢, see Definition 2.20.

(d) The subgraph of ¢ defined by E, = {w - exp(tX;) : w € U,t <
@(w)} has locally finite G-perimeter® in U - exp(RX,) and its G-
perimeter measure |0E,|g is given by

(4.25) OB q|(V / vl g,

for every Borel set V. C U - exp (RX1), where ®: U — R" is the
graph function of ¢ composed with the exponential coordinates, and
with a little abuse of notation we wrote U - exp(RX) meaning the
set U - exp(RX7) embedded in R™ through exponential coordinates.

Moreover, the set graph(p) has a unit normal given, up to a sign,

by

1 A4 A4
VE, = | — 2¥ m ¥ eR™.

VIVl J1HIVeely 14990,

Proof. — Notice that the fact that Df(p is a well-defined distribution on
U is a consequence of Proposition 3.9 and the fact that IL is one-dimensional.

Indeed, in coordinates, we get that the vector field Df is the sum of terms
g(2)¢"0,,, for some polynomial function g of the coordinates of W, some
integer h > 0, and some ¢ = 2,...,n. Thus in order to define the distri-
bution D¥ ¢, we only need to define g(2)p" 0., 0 = g(x )h+1a " *1. Since

9(x) 53702, 0" T is well-defined in the sense of distributions, because ¢ is
continuous, (a) is proved.

(2) Here we take the usual definition of the horizontal perimeter with respect to the
orthonormal basis (X1,...,Xm), see [24, Definition 2.18].
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We now show that equality (4. 24) holds pointwise if @: UCW —Lis
of class C' in U. In case $ € C*(U), then, by [18, Theorem 4.9], one has
Q€ UID(U,W, L).

We can assume without loss of generality that e € U and 3(e) = e. In-
deed, if we want to prove identity (4.24) in a € U, we may consider @, with
p = @(a)~!-a~!, and use the invariance properties given by Lemma 3.12
and Remark 2.24, and then notice that @,(e) = e. By Proposition 2.28,
since @ is UID, the set graph( ) is a Cf-hypersurface and therefore there

exist a neighborhood V of € in G and a function f € C} ( ) such that

(4.27) graph()NV ={peG: f(p)=0}NV and Vgf#OonV.

Then, for every sufficiently small € > 0 and for every j = 2,...,n, one has
f(exp(z—:X )@ (exp(eX; ))) =0.

Therefore, with a little abuse of notation, one can differentiate with respect
to € to get

dg‘g I ((exp(eX))Blexp(X))))
dE\E Of( exp(eX;) ) %le:of(exp(sz))
(4.28) X1y, <; ) + X5 1.

—xi, dgezowomxsxj)) FX

= (X1/)1. DY ele + (X5 ).,

where we used the fact that G = W - L and exploited the fact that ¢
takes values in I = exp(span{X;}). The last equality follows by using the
definition of DY acting on ¢, see (3.1). The claim is then obtained by (4.28)
and (2.21).

To prove (b), we use some ideas of [25, Theorem 2.1] to show that, for any
a € U, there exist § > 0 and a family of functions {¢. € C*(U): 0 < e < 1},
such that

p- ¢, and Dfp. = V9p(X;), Vj=2,....m,

uniformly in the Euclidean ball Be(a,d) € U, as € — 0.

By Proposition 2.28, we can find a neighborhood V of a - ¢(a) and f €
C}{(V) satisfying (4 27). Let 6 > 0 be such that, setting B := B o(a,d),
one has B - o(B ) C V. Then, up to reducing § and V and a regularization
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argument analogous to [25, Step 1 of Theorem 2.1], we can construct a

family {f. € C*(V):0 < e < 1} such that

(4.29) lim <supXjf8—Xjf|> =0, Vi=1,...,m.
e—0 v

Since @ takes values in exp(span{ X7 }), by Proposition 2.28, we can assume
without loss of generality that X;f > 0 on 17, since X3 f # 0 and we are
free to possibly exchange f with —f. By (4.29), we can find ¢y > 0 such
that X;f. > 0 on V, for every € € (0,e9). For any such € > 0, by the
Euclidean implicit function theorem, we can find @., defined on E, such
that

graph($.) N B - ¢.(B) = {p € G: f-(p) =0} N B - 3-(B).

Moreover, since f. is smooth, then also @, is smooth. In particular, for
every b € B, one has

fe(b- (b)) =0, Ve e (0,ep).

From [25, Step 3 of Theorem 1.2] we deduce that

(4.30) lim <sup lpe — <p|> = 0.
e—0 B

Denote by ®.: B — R"™ the graph function of ¢, composed with the expo-
nential coordinates. Since @, is of class C!, by using the pointwise version
of (4.24) for C! functions and (2.21), we deduce that

X; € .
(4.31) Dy pe(x) = — i) o (), Vji=2,...,m, Vzé€B.
le&
Then, by (4.31), (4.29), (2.21) and (4.30), we conclude that, for any j =
2,...,m, the family Dfﬂpe converges uniformly on B to —))gi]fc od =

V?p(X;), as e = 0.

The proof of (c) follows directly from (b) and the particular form of the
distribution Df@ we discussed at the beginning of this proof. In fact from
the convergence proved in (b), we know that, for any a € U, there exists
§ > Osuch that DY = V#p(X;) on B(a, d) in the sense of distributions, for
every j = 2,...,m. It is then enough to consider a locally finite countable
open sub-covering {B(ap,dr) : h € N} of U and build a partition of unity
subordinate to it. The fact that DYy = V¥p(X;) holds in the sense of
distributions on U is a consequence of the local identity, the linearity of
distributions, and a standard argument using the partition of unity.
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To prove (d), we first notice that, by [25, Theorem 2.1] and Proposi-
tion 2.28, we know that, for every pE graph(®) there exists a neighbor-
hood V' of p and a function f € CH(V’) with X1 f > 0 on V’, representing
graph(®) as non critical level set and such that

Ve f] 1
oF V)= / o ddL"
| SO|G( ) @71(V) le

holds for every Borel set V' C V’. Now by (2.21), we can write

(4.32) 0E|6(V / S Vel dent,
V)

for every Borel set V' C V. Since the right hand side of (4.32) does not
depend on the choice of f, by a covering argument we can extend it to
every Borel subset V of U - exp(RX7).

The explicit expression of the unit normal in (4.26) comes from the fact
that the graph of ¢ is locally the zero-level set of f. Thus, the unit normal
of graph(¢) is in the direction of Vi f, and taking (2.21) into account, one

has Vfgo = —i((i; o ® for every j = 2,...,m, and then we conclude by
normalization. g

Remark 4.11. — For what concerns the area formula in arbitrary Carnot
groups, in [37, Theorem 1.2], the author proves that

(4.33) Pe(E) = B(d,vg)? L FE,

for any set E of finite perimeter with Cjj-rectifiable reduced boundary FE.
The density f is explicitly computed in [37, Theorem 3.2] and depends on
the metric d and on the normal vg of E that is defined in the sense of
Geometric Measure Theory. Moreover, in case the distance d is vertically
symmetric, § is a constant that only depends on the group G and on the
metric d, see [37, Theorem 6.3]. We finally notice that every Carnot group
admits a metric d that is vertically symmetric, see [24, Theorem 5.1]. For
a survey on the area formula in Carnot groups, we refer the reader to [41,
Section 4].

Notice that if @ is in UID((?, W; L), the set graph() is a Cf-hypersurface
by Proposition 2.28. Then, by definition of Cfj-rectifiability and by [25,
Theorem 2.1], the subgraph E,, of  has a Cfj-rectifiable reduced boundary
FE, = graph(¢). Thus we are in a position to apply Proposition 4.10
and [37, Theorem 1.2], and in particular to compare (4.25) with (4.33) in
order to obtain the explicit representation

@s [ g )azet= [\ levee aen
VNgraph(p) -1(V)
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for every Borel set V C U - exp(RX,).

A general area formula for a Cfj-surface X, valid in an arbitrary Carnot
groups, has been very recently obtained in [30, Theorem 1.1]. If we call «
the Hausdorfl dimension of ¥, and we suppose ¥ = graph(p), this formula
allows for a representation of #“L % as an integral on U of a properly
defined area element with respect to LW, see [30, Lemma 3.2]. Ac-
cording to the previous equation (4.34), we thus get that for an arbitrary
Carnot group G, and in case L is one-dimensional, the area element of [30,
Theorem 1.1] is, up to the function 3, explicitly written in terms of the
intrinsic gradient of ¢.

Eventually, by the recent work [16], in particular [16, Eq. (43) after Theo-
rem 4.2], we get that on H" equipped with a vertically symmetric distance,
in case LL is horizontal and k-dimensional, one can explicitly write the area
element of [30, Theorem 1.1] in terms of the intrinsic gradient V¥ .

COROLLARY 4.12. — Let W and L be two complementary subgroups
of a Carnot group G, with L horizontal and one-dimensional, and let
(X1,...,Xn) be an adapted basis of the Lie algebra g such that W =
exp(span{Xs,..., X, }) and L = exp(span{X;}). Let U C W be open, and
let ¢: U—Landw: UCR"™! — R™ ! be two continuous functions. As-
sume @ is vertically broad* hélder and assume that D¥ ¢ = w in the broad*
sense on U. Then D¥y = w in the sense of distributions and w = V¥ .

Proof. — Tt is enough to combine Proposition 4.5 and item (c) of Propo-
sition 4.10. O

4.3. Relations between intrinsic differentiability and local
approximability

Remark 4.13. — The statement (i) = (ii) of [3, Theorem 5.1] claims that,
in the Heisenberg groups H", if L is one-dimensional and ¢ € UID(U, W; L),
then, there exists w € C(U;R?*"71) such that V¢ = w in the sense of
distributions and a family {¢. € C1(U) : € € (0,1)} such that ¢. — ¢ and
V¥ep. — w uniformly on any compact subset K C U.

However, the implication (5.17) = (5.19) in its proof is imprecise. In sight
of this, one could replace point (ii) with a local version of it in which the
approximating functions {¢.} depend on the point a and the convergence
is uniform in a neighborhood B(a, d), see [3, Proposition 4.6]. This does not
affect the validity of the proofs, that only refer to [3, Lemma 5.6], which
holds true with the weakened approximation assumptions, since it has a
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local statement. In the same way, the proof of (ii) = (i) of [3, Theorem 5.1]
just needs the local approximation. To the best of our knowledge, all the
references to [3, Theorem 5.1] just require the local approximation: see point
(3) [18, Theorem 5.8], point (3) of [17, Theorem 8.2], [15, Theorem 1.3],
[15, Proposition 4.4], [10, Theorem 2.7], [9, Theorem 1.1 and Corollary 1.4],
[6, Theorem 2.7].

The original formulation of (i) = (ii) of [3, Theorem 5.1] can be fixed with
the approximation argument exploited in the proof of [38, Theorem 1.2] and
we expect the statement to hold true in all Carnot groups of step 2. We
warmly thank Francesco Serra Cassano and Davide Vittone for precious
suggestions.

PRrROPOSITION 4.14. — Let W and L be two complementary subgroups
in a Carnot group G, with L k-dimensional and horizontal. Let (X1,...,X,,)
be an adapted basis of g such that L. = exp(span{Xi,...,Xy}) and W =
exp(span{Xyi1,..., X,}). Let U C W be an open set and let $: U — L
be a continuous function.

Assume there exists w € C(U;RF*(™=k)) such that, for every a € U,
there exist r > 0, and a family of functions {p. € C'(B(a,r);RF) : 0 <
e < 1} satisfying

lim . = ¢ in L*°(B(a,r)) and

e—0

lim D¥p. =w in L®(B(a,r); RF*(M=k)),
e—0

Then ¢ is a broad* solution in U of the system D¥p = w.

Proof. — The proof closely follows the argument used in [3, Lemma 5.6].
For simplicity, we consider the case k = 1. The case k > 2 can be reached
with the same proof and some typographical effort.

Let a € U and fix j € {2,...,m} and € > 0. Since p. € C*(B(a,7)), we
can find 0 < da(e) < 01 < r and a map EY*: B(a,d2(¢)) x [~02(e), 02(¢)] —
B(a, 61) such that Efg (b, -) is the unique solution of the Cauchy problem

{v’ = DY* oy,
7(0) = b,

in the interval [—d2(€), d2(¢)], for every b € B(a, d2(¢)). By Peano’s estimate
on the existence time for solutions of ordinary differential equations (see
e.g. [39, Theorem 1]) we can choose d2(e) = C/|| P;(z, LPE)HLOO(W)’ with
C only depending on 6; and with P; a polynomial function of the coordi-
nates z of W and the components of ¢.. This polynomial function depends

only on the structure of Df, see (3.9). In particular, since @ is converging
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uniformly on B(a,d1), then d(e) has a positive lower bound M indepen-
dent on € and we are going to verify the conditions of Definition 3.24 with
52 < M.

Since . are bounded on B(a,d;) uniformly in ¢ > 0 and D¥* are vec-
tor fields with polynomial coefficients in . and, possibly, in some of the
coordinates, the functions Efa are equi-Lipschitz with respect to € on the
compact set B(a,d3) X [—d2,d2]. By Arzeld—Ascoli Theorem, we can there-
fore find an infinitesimal sequence (g3) in (0,1) such that E;-oah converges

to some continuous function EY uniformly on B(a,d2) x [~d2, d2]. By defi-
nition of Efs’“‘, one has

t
E;,"Eh (bt)=b +/0 D}Oah (Ej%h (b, s)) ds and

t
por (74 0.0)) = o (B 00)) = [ D7, (B 09) s,
for every b € B(a,d2) and every t € [—da, 0a].
By letting h — oo and using that all the involved convergences are
uniform, we get

E7(b,t) = b+ /t DY (E7 (b, s)) ds, and
0
S(E2(b,1)) — p(EE(b,0)) = / w; (B2 (b, 5))ds,

for every b € B(a,d2) and every t € [—d2, 2], which are the conditions we
were looking for to make D¥¢ = w hold in the broad* sense. g

COROLLARY 4.15. — Let W and L be two complementary subgroups in
a Carnot group G, with L horizontal and k-dimensional. Let (X1, ..., X,)
be an adapted basis of the Lie algebra such that L = exp(span{ X1, ..., X })
and W = exp(span{Xy41,...,Xn}). Let U C W be open and let & €
UID(U, W;L). Then, there exists w € C(U; R¥*(m=k)) such that ¢ is a
broad* solution in U of the system D¥p = w. Moreover, w = V¥ .

Proof. — It is enough to choose w = V¥y, which is continuous taking
Proposition 2.25 into account, since ¢ € UID(ﬁ,W; LL). The proof follows
by combining item (b) of Proposition 4.10, which also holds in case L is
k-dimensional, see the beginning of the proof of Theorem 4.16, together
with Proposition 4.14. (I
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4.4. Main theorem

Now we are in a position to give the following theorem, which is a gen-
eralization of [18, Theorem 5.8] to all Carnot groups.

THEOREM 4.16. — Let W and I be two complementary subgroups in
a Carnot group G, with L horizontal and k-dimensional. Let UCW be
open and let ©: U C W — L be a continuous function. Fix a graded basis
(X1,...,Xpn) of the Lie algebra g such that L. = exp(span{ X3, ..., X;}) and
W = exp(span{Xg41,...,Xn}). Then, the following facts are equivalent.

(a) ¢ € UID(U,W;L);

(b) ¢ is vertically broad* holder and there exists w € C(U; RF*(m=Fk))
such that, for every a € U, there exist § > 0 and a family of
functions {¢. € C'(B(a,§);R¥) : e € (0,1)} such that

limp. =¢ and lim Df*p. =w; in L%(B(a,0);RY),
forevery j=k+1,...,m;
(c) ¢ is vertically broad hélder and there exists w € C(U;RF*(m=k))
such that DYy = w in the broad sense.
(d) ¢ is vertically broad* holder and there exists w € C(U; RF*(m=F))
such that D¥¢ = w in the broad* sense.

Moreover, if any of the previous holds, then w = V¥ .

Proof. — Before giving the detailed proof of the theorem, let us show
that point (b) of Proposition 4.10 can be generalized to the case L is hori-
zontal and k-dimensional. The computations for the k-dimensional case is
similar to the ones in Proposition 4.10, but one should pay attention to the
fact that if f = (fM,..., f®) ¢ CIEI(‘N/;R’“) is a vector valued map, its
horizontal gradient is a (k x m)-dimensional matrix (see Definition 2.26).
Using componentwise the regularization argument of [25, Step 1 of Theo-
rem 2.1], as done in the proof of Proposition 4.10 in the case k = 1, we
find a family of functions {f. € C1(V;R*) : 0 < ¢ < 1}, such that each
component X fa(i) converges uniformly to Xjf(i) foreveryi=1,...,k and
j=1,...,mas e — 0, and such that, for every ¢ € (0,1), the associated
matrix Vi f. defined in Definition 2.26 has detVy, f. # 0 on V.

Then in order to prove point (b) of Proposition 4.10 in this general case,
we exploit the obvious multidimensional version of (4.28) and the Implicit
Function Theorem in Proposition 2.28, to obtain that there exist {p. €
CY(B(a,6);R*) : 0 < & < 1} such that the following multidimensional
version of (4.31) holds

(4.35) D¥°p.(z) = = (Vife(®e(a)) ' Vi fe(®e(a),  Va € B(a,d),
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where ®. is the graph map of ¢.. Then taking into account the uniform
convergence of Xjféi) to X; £, (2.20), and taking ¢ — 0 in (4.35), we
obtain the uniform convergence of D¥=¢p. to V¥¢ on B(a,d) as e — 0, and
thus the proof of point (b) of Proposition 4.10 is concluded in the case in
which L is horizontal and k-dimensional.

Let us move to the proof of the Theorem. The implication (a) = (b)
follows by combining Proposition 3.22, and item (b) of Proposition 4.10 in
the k-dimensional case as adapted above. Notice that w = V¥, which is
continuous since ¢ is UID, see Proposition 2.25. The implication (b) = (d)
follows from Proposition 4.14. The implication (d) = (a) follows from
Proposition 4.5. The implication (a) = (c) follows from Proposition 3.22,
Proposition 3.27 and the continuity of w follows from Proposition 2.25. The
implication (c) = (d) is trivial. O

Remark 4.17. — Notice that in [31, Example 4.5.1], in the setting of
Example 3.8, the author constructs a function @: U C W — L such that
D¥?p = —1 in the broad* sense but ¢ is not vertically broad* holder, see
Definition 4.3. Taking Theorem 4.16 into account, this means that ¢ cannot
be UID. This also means that, in general, in Theorem 4.16, one cannot
drop the assumption on the vertically broad* holder regularity in arbitrary
Carnot groups. We will show that this is possible for step 2 Carnot groups,
in Section 6. For more examples related to this topic, we refer the reader
to [31, Section 4.5].

5. Some applications

Let us begin with an observation that will motivate the first part of
this section. Consider the first Heisenberg group H' with Lie algebra g =
span{X,Y} & span{Z}, and the only nontrivial relation [X,Y] = Z. By
a direct application of the Baker—Campbell-Hausdorff formula one gets
exp X expYexp(—X)exp(—Y) = expZ. By exploiting this formula, in
Proposition 5.1 below, we give an alternative proof, in the case of H"™ with
n > 2, of [10, Theorem 3.2]. The argument we use is different because
we prove that being a broad* solution with a continuous datum implies
being 1/2-little Holder continuous along vertical coordinates (see also Re-
mark 3.23) that is actually simpler than proving 1/2-little Holder continuity
in all the coordinates as in [10, Theorem 3.2]. Nevertheless, this is sufficient
for applying Proposition 4.5. Similarly, in Proposition 5.2, we obtain the
same result of [10, Theorem 1.2], by making use of Proposition 5.1 and 4.5.
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We remark that our argument is different by the one used in [10] but, on
the contrary, it does not work for n = 1.

Recently, in [15, Proposition 4.10], the author has proved a generalization
of [10, Theorem 3.2] that holds for arbitrary complemented subgroups in
H", and this statement is one of the key step in order to get the main
theorem [15, Theorem 1.4]. By using our reasoning, we are also able to
recover [15, Proposition 4.10], and thus [15, Theorem 1.4], in the case H" =
W - L with I horizontal and k-dimensional, with k& < mn. However, our
argument does not apply to the remaining case k = n, while the argument
in the reference does.

Even if these results already appeared in the literature, we think it is
worth writing them down with these different proofs. Indeed, the proof of
Proposition 5.1 provides a useful “toolkit” for the forthcoming theorems:
in fact, a similar idea to the one exploited in Proposition 5.1 will be used in
Theorem 6.6 to prove the analogous version of Proposition 5.1 in the setting
of free Carnot groups of step 2, when L is one-dimensional. This will be
the key step to obtain the analogous Proposition 5.2 for Carnot groups of
step 2 with I one-dimensional. We refer the reader to the introduction of
Section 6.

In Example 5.3 below we give a class of nontrivial examples of UID func-
tions in the Engel group. We build them by making use of Theorem 4.16.
This class of examples is inspired by [11, Eq. (3.1)]. Moreover, a slight mod-
ification of [11, Eq. (3.1)], gives rise to functions whose intrinsic graphs are
both of class Cj; and of class C!, but they possess a characteristic point,
see Remark 5.4. We thank R. Serapioni for having discussed this example
with us.

5.1. A different proof of the propagation of broad* regularity in
H", with n > 2

PROPOSITION 5.1. — Let W and I be two complementary subgroups
of H", with n > 2(see Example 3.4) such that L is horizontal and k-
dimensional with k < n, and let @: U C W — L be a continuous function,
with U open.

Then there exists (X1,...,Xant+1) an adapted basis of the Lie algebra
such that L = exp(span{Xy,..., X¢}), W = exp(span{Xyt1,-.., Xont1}),
and such that the only nonvanishing bracket relations are [X;, X,,1,] =
Xopy1 for every 1 < i < n.
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Moreover, if there exists a continuous function w: U C R2nH1—-k
RF¥*(2n=F) guch that D¥¢ = w in the broad* sense, then & is vertically
broad* holder. Namely, since we are in H" (see Remark 3.23), for every
ag € U there exists a neighborhood U,, € U of ag such that

(5.1) lim (Sup { [p(€,21) — (&, 22)| }) _o,

0—0 |z1 —22|1/2

where the supremum is taken over (§,z1) € Uy, (§,22) € U, and 0 <
|21 — 22| < 0 and we mean that £ € U,, N {z =0} CR?"* and 21,2, € R
are the (2n + 1)*" coordinates of (¢, z1) and (£, zy) when seen as elements
of H™.

Proof. — The existence of the basis as in the first part of the state-
ment comes from [27, Lemma 3.26]. Fix a9 € U and find § > 0 and suf-
ficiently small neighborhoods V, & Vo, € U of ag such that, for every
a € Va’o, and every j = k + 1,...,2n, we have the existence of integral
curves Ef(a): [~0,0] — Vq, satisfying the conditions of Definition 3.24.
Denote by 3: [0,400) — [0,+00) a modulus of uniform continuity for w
on Vg,.

We fix a neighborhood Uy, € V, of ag, ¢ > 0 and points (¢, 21), (§, 22) €
Uy, such that |z3 — 22| < g. The set U,, has to be chosen small enough:
this will be clear during the proof. We are going to prove that, for every
sufficiently small o, we have

‘So(f, Zl) _ 90(5, 22)|
2= 82 < awlato)

(5.2)

for a continuous function « with a(0) = 0 that only depends on the norms
of ¢ and w on V. From this fact (5.1) would follow, concluding the proof.

Recall that, by (3.4) and since k < n, one has Df , = Xy and
D¥ tht1 = Xn+k+1. Assume without loss of generality that zo > 21, and
set to i= (2o — 21)/2. We exploit the relation (D 1Dy yiq] = Xony1 and
the Baker—Campbell-Hausdorff formula to conclude that we can join (&, z1)
and (&, z2) by means of a concatenation of integral curves of D, | = Xp 1
and DY, = Xnqpy1. In particular

a=(§z)— Ef, (a) @1 = Ef,1(a,to)

— B ag = E’rerkJrl(al’ to)

f+k+1(a1)
P
= EBf, (a2) 03 = EY. (ag, —to)

az) @4 = (€, 22) = E:f+k+1(a3, —to),

(5.3)
— E

M (
n+k+1
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and if g is sufficiently small with respect to & (for example o < §2) we know
that the integral lines in (5.3) are defined in [—tg,%o] and all the points
ai,as,a3 € Va’o. Notice that it is precisely here that we have to take U,
small enough to guarantee that the points defined in (5.3) are in V. This
can be done since we are taking the concatenation of integral curves living
up to a time whose norm is bounded above by ty < o'/2.

We set ¢ =: (oM. .., ©®) in coordinates. From Definition 3.24 we get
that, forevery a €V, , j=k+1,....2n4+1,£=1,...,k and t € [-0,0],
we have
d

4
(5.4) &5

P (EY (a,9)) = wej (B (a,1)).

Thus, by using the points defined in (5.3), Lagrange’s theorem and the
triangle inequality, we get

|<P(£7 Zl) - (P(E, Z2)|

|Z1 _ 22|1/2

_ 1(p(a) = p(ar)) + (p(a1) — p(az)) + (w(/az) — p(a3)) + (p(as) —p(as))|
|Zl _ Z2|1 2

Xk: P Z2|1/2 : ' (<p<e>(a) - <p<f>(a1)) n <<p<e> (1) — <p“>(a2))
=1

+ (#9(a2) = ¢(ag)) + (01 (a3) = ¢V (an)) |

|—tows k+1(b1,¢) — towe,ntk+1(D2,0) +towe, k+1(b3¢) +towe ntk+1(bae)]
to

(5.5)

M- 1M

N

(lwe,k+1(b3,0) — we ke+1(01,0)| + |wentk+1(ba,6) — W ntk+1(b2.e)])

&~

E|
-

< Q) (B(Ibs,e = buel) + B(|bae = bal))

=1

&~

where, for every £ = 1,...,k, the points by ¢, b2, b3 ¢, bs ¢ are respectively
chosen according to Lagrange’s Theorem, that can be applied in view
of (5.4), on the images of the integral curves Ef (a), EY . . (a1),
Ef \(a2), EY ., 1(a3) used in (5.3). By simple estimates relying on the
triangle inequality, we get a constant Cy > 0 only depending on V,,
such that for every ¢ = 1,...,k, the estimates |bs, — b1 ¢| < Coto, and
s —ba.¢| < Coto hold. Since tg = |21 — 22|'/2, and |21 — 22| < g, from (5.5)
we thus get (5.2) with a(o) == Cpo'/?. O
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PROPOSITION 5.2. — In the setting of Proposition 5.1, it holds
D¥p=w in the broad* sense = @ € UID(U, W;L).

Proof. — It is a direct consequence of Propositions 5.1 and 4.5. Indeed,
taking into account (3.5) of Example 3.4, the integral curves of D§ ., are
vertical lines and, therefore, condition (5.1) of Proposition 5.1 implies that
@ is vertically broad* holder. O

5.2. Examples of uniformly intrinsically differentiable functions

We show a class of nontrivial examples of UID functions in the Engel
group, see Example 3.8.

Example 5.3. — Consider the Engel group E, with the splitting E = WL
described in Example 3.8. We show that the function

(5.6) ©a(0, 72,73, 24) = TG X (2,20 (0, T2, T3, 24),
produces @, € UID(W;L) for any o > 1/3. We first claim that D52 ¢a =

%xio‘flx{mgo} in the broad* sense. Indeed, for any € € (0, 1), the functions

(@Q)E = 81/3X{x4<0} + (:Eia + 5)1/3X{I4>0}
are globally C' and
;g%(@a)e =@, In Lfgc(Rg)v and

Dgéa)e (9004)5 = %xia71X{x4>0}v Vee (07 1)7
where the last equality comes from the particular form of D§2 in (3.8). By
applying Proposition 4.14, we get the claim.

We claim now that ¢ is vertically broad* holder, see Definition 4.3. In-
deed, since the integral curves of D}'}‘Z are the vertical lines along direc-
tion x4, see (3.8), and since a > 1/3, we get that ¢, is locally uniformly
1/3-little Holder continuous along these curves. We are left to prove that,
locally around any a = (0, z2, 23, 24), condition (4.16) is satisfied for the
integral curves of D%, whose expression is in (3.8).

According to the sign of x4 we identify three families of integral curves
of the vector field D§3 starting from a. If x4 < 0, the only integral curve
of D% starting from a is y(t) = (0,2, 23 +1,x4), and it is well-defined for
every time t. If 24 = 0, we have that an integral curve of D;’g, existing for
all times ¢, starting from a is given by

V(t) = (Oa T2, T3 + t7 (1 - a)l/(lia)tl/(lia)x{t20} (t)) )
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while, if x4 > 0, we have that an integral curve of D}'}Z starting from a is

given by
1—a\ /(1—-a)
’Y(t) = (O,I‘Q,l’g + ta (1 - O[)l/(lia) <t + (I14)> ) )
-«
defined for ¢ € (—%, +oo). By exploiting this explicit choice of integral

curves, we notice that v(¢), in the three cases, is constant or it is of order
t1/00=2) on the last component. Thus, we get that ¢, is 1/2-little Holder
continuous along these integral curves, because a/(1 — «) > 1/2 for any
a > 1/3, and this happens locally uniformly. From this, we conclude that
©q s vertically broad* holder. Now we conclude by applying (d) = (a) of
Theorem 4.16.

Notice that, if & = 1/3, the function ¢, is not UID in every neighborhood
of the origin. Indeed, by Theorem 4.16, if ¢, is UID, then it is vertically
broad* holder and so 1/3-little Holder continuous along the integral curves
of the vector field D%?. This means that ¢, should be 1/3-little Holder
continuous in the last coordinate, but this is not true when o = 1/3.

We remark here that, in the case of the Heisenberg group H!, a slight
modification of this types of examples gives rise to a Cl-hypersurface, that
is also C! Euclidean, but it has 0 as a characteristic point, see Remark 5.4.

Remark 5.4. — Consider the first Heisenberg group H! identified with R?
by means of exponential coordinates, and consider the splitting H! = W - L
described in Example 3.4, with L one-dimensional. Define ¢: W = R? —
L = R by setting (0, z2, z3) = sgn(x3)|zs|>/.

Since ¢?(0, x5, x3) = |x3]*% € C', by [3, Corollary 5.11], then @ €
UID(W; L) and, consequently, its graph is a Cj;-hypersurface. Moreover, in
coordinates, one has

(5.7) (0,z2,23) - (¢(0,z2,23),0,0)

1
= (sgn(x3)|:c3|2/3, T2, w3 = 5 sgn(xg)x2|x3|2/3> )

The surface ¥ parametrized by (5.7) is the union of two surfaces 31, 3o
given by

1
5y = {(ml,xz,m) ER® 1y > 0,03 — 2y + 5T1T2 = 0} ;

5.8
58) . 3 32, 1
Yo =4 (z1,29,23) €ER” 1wy < 0,234+ (—21) +§$1$2=0 ;
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that are glued along the wa-axis {(z1,72,23) € R® : 2y = 23 = 0}. We
thus get that, for any « € int(X;), one has 7,3 = (%xg — %x}m, %xh 1)L
with respect to the standard Euclidean scalar product, while for any « €
int(X5), one has 7,5 = (325 — %(7561)1/2’ 114, I)J‘ with respect to the
standard Euclidean scalar product. From these explicit expressions, ¥, and
¥y glue together in C! regular way along the xo-axis, and thus ¥ is also
C'-Euclidean surface. Moreover, from the previous expressions, we get that
ToX = (0,0,1)1 = {23 = 0} = V5 and hence 0 is a characteristic point
for 3.

We remark here that a similar example appeared in [27, Example 3.8].

In that case the intrinsic graph is Cj regular but not C! regular.

6. Carnot groups of step 2

As already underlined in Remark 4.17, a co-horizontal Cjj-surface cannot
be always characterized only by its horizontal geometry. This is however
possible inside Carnot groups of step 2. Indeed, in this section, we show that
the assumption on the vertical broad* holder regularity of Theorem 4.16
can be dropped when G is a Carnot group of step 2 and L is a horizontal
one-dimensional subgroup of G. In particular, as main result of this section,
we get Theorem 6.17, which is Theorem 1.7 in the introduction.

We describe the strategy of the proof of Theorem 6.17. The key idea is
to first show that the implication

(6.1) D¥¢p = w broad* = ¢ vertically broad* holder

holds in free Carnot groups of step 2, for a continuous w. This is done in
two main steps. First, we explicitly write the intrinsic vector fields D¥ and
we notice that the nonlinearity given by ¢ only shows up in one vertical
coordinate for each vector field, see (6.5). Second, by using the structure
of the vector fields D?, one can propagate the broad* regularity from the
horizontal components of ¢ to the little Holder regularity along vertical
components by using a geometric trick: if [X,Y] = Z, and ¢ is C* on the
integral curves of X and Y, we expect ¢ to be 1/2-little Holder continuous
on the integral curves of Z.

More precisely, the first step allows us to obtain the 1/2-little Hélder
regularity on the vertical coordinates affected by the nonlinearity by means
of an adaptation of [3, Theorem 5.8]. The second step allows us to obtain
the 1/2-little Holder regularity on all the remaining vertical coordinates.
Notice that the efforts made to prove (d) = (a) in Theorem 4.16, asking
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for just the regularity along the integral curves of D¥ (i.e., the vertically
broad* regularity), are here payed back from a crucial simplification of this
proof. Indeed, to conclude the proof of Theorem 6.17 in the case of free
Carnot groups of step 2, namely Theorem 6.6, we just use (6.1) and apply
(d) = (a) of Theorem 4.16. This can be done after having noticed that
on Carnot groups of step 2 the vertically broad* holder regularity reads as
the locally 1/2-little Holder continuity along vertical coordinates, see also
Remark 3.23.

Finally, to conclude the proof of the difficult implication (e) = (a) of
Theorem 6.17, we use (6.1) together with the fact that, on a Carnot group G
of step 2, the broad* condition lifts to the free Carnot group F of step 2 and
of the same rank of G, see Proposition 6.10, while having a vertically broad*
holder property is naturally transferred from F to G, see Proposition 6.11.
The resulting strategy presents some similarity to [32].

We point out that (a) < (c) of Theorem 6.17 is a generalization to all
step 2 Carnot groups of [3, Theorem 5.1] and (a) < (e) is a generalization
of [10, Theorem 1.2]. We refer the reader to the introduction for a more
detailed discussion on the literature.

In the current section, without loss of generality, we will always work
in coordinates and there will be no distinction between [ and Ol. See Re-
mark 6.4 for details on the identifications.

6.1. Regularity results for broad* solutions in free Carnot
groups of step 2

Free-nilpotent Lie algebras can be defined as follows (see Definition 14.1.1
in [12]).

DEFINITION 6.1 (Free-nilpotent Lie algebras of step 2). — Let m > 2
be integer. We say that f,, » is the free-nilpotent Lie algebra of step 2 with
m generators X1, ..., X, if the following facts hold.

(i) fm.2 is a Lie algebra generated by the elements Xi,...,X,, (ie.,
fm.2 Is the smallest Lie algebra containing {X1,...,Xm});
(ii) fm,2 is nilpotent of step 2 (i.e., nested Lie brackets of length 3 are

always 0);
(iii) for every nilpotent Lie algebra g of step 2 and every function
U: {Xy,...,X,n} — g, there exists a unique homomorphism of Lie

algebras VU : §,, o — g that extends V.
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DEFINITION 6.2 (Free Carnot groups of step 2). — A free Carnot group
of step 2 is a Carnot group whose Lie algebra is isomorphic to a free-
nilpotent Lie algebra fp, 2 for some m > 2. In this case, the horizontal layer
of the free Carnot group is isomorphic to the linear span of the generators
of the Lie algebra fy, 2.

Remark 6.3 (Free Carnot groups of step 2 in exponential coordinates).
We give an explicit representation of free Carnot groups of step 2. Fix an
integer m > 2 and denote by n = m—l—w
by z;, for 1 < j < m, and by ys, for 1 < s < £ < m. Let 9; and ;s denote

the standard ba51s vectors in this coordinate system. We define n linearly

. In R™ denote the coordinates

independent vector fields on R™ by setting:
1 1
X;=0;+= Z ze0ej — 5 Z re0je, 1< j<m,
2 2 )
(6.2) j<t<m 1<e<y
Yo, = 8€sa fl<s< <

m(z 1)

Let F := (R™*
Carnot group with m generators whose Lie algebra is generated by the
vector fields in (6.2). Then F is free and its Carnot structure is given by

Vi=span{X; : 1<j<m} and Vi:=span{¥p : 1 <s<{<m}.

,+) be the coordinate representation of the step 2

Moreover, for any p and g € F, the product p - ¢ is given by the Baker—
Campbell-Hausdorff formula, and yields

(p-q); =pj+ 4, if 1 <j<m,
(P @es = pes + qes + %(pZQS —qps), fl1<s<<m.
It is easily verified that for 1 < s < ¢ <m and 1 < j < m, one has
(6.3) X, X = Ve and [X;, 5] = 0.

Remark 6.4. — Let F be a free Carnot groups of step 2 and rank m. To
keep the notation simpler, throughout this section, we identify without loss
of generality F with R” with n == m+ M by means of the coordinates
described in Remark 6.3. Moreover, given two complementary subgroups
W and L with L horizontal and one-dimensional, we identify them in the
following way:

L={(z1,...,2n) ER" : 29 =--- =z, =0},

(64) W = {(.7;1’ . ,xn) ceR":xqy = O}

Therefore, there are natural identifications between R*~! and W and be-
tween R and L. We stress that, given an arbitrary free Carnot group of
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step 2 and complementary subgroups W and L, with L horizontal and one-
dimensional, we can always choose coordinates satisfying (6.4) and such
that the identifications of Remark 6.3 are satisfied.

Remark 6.5 (Projected vector fields on free Carnot groups of step 2). —
Let F be a free Carnot group of step 2 represented in coordinates as in
Remark 6.3 and let W and L be complementary subgroups of F as in (6.4).
Given V' C W an open set, and given a continuous map ¢¥: V C W — L,
according to Example 3.6, the projected vector fields are given by

1 1
D;b = 8]‘ - ’(ﬁ@jl + 5 Z xzc‘?zj — 5 Z xsc‘?js

Jj<t<m 1<s<j
(65) = Xjjy =Y, j=2,...,m,
D}ﬁ;:azszyesm, 1<s<l<m.
Then, for each j = 2,...,m, every integral curve v;: I — R"™! of Df

. m(m— . .
has vertical components y = (Yrs)igs<tgm: I — R™ 2 = satisfying the
following equations

yjl(t) = *¢($2, vy Lj—1,T5 + ta Tjt1y--- 7ITn7y(t))a

1
Ges (1) = e, if j <£<m,
1
yj8<t) = _5%’ ifl<s< 7
Yes(t) =0, otherwise,
where the horizontal components of «;(0) are (z1,...,Zm).

We now prove that, given an open set V' C W and a continuous function
Y: V — L, a broad* solution of D¥1) = w for some continuous w is also
vertically broad* holder (see Definition 4.3). In particular, since the vector
field D}f’s satisfies DZ = Oy for every 1 < s < £ < m (see (6.5)), then (4.16)
is equivalent to the following condition: for every ag in V, there exists a
neighborhood V' of ag with V/ € V such that for every £ and s with
1 <s << m,one has

(66) lim sup W(& 77) — 7#(5, y)' — 0’
0—0 |77Zs - yls‘l/2
where the supremum is taken on all the couples (£,7), (£,y) € V' such that

Ner = Ykr for any (ka7-> 7& (£7S) and 0 < |77€s - yls| < 0.
In the first part of the proof of Theorem 6.6 below, we use techniques

that are similar to the ones exploited in [3, Theorems 5.8 and 5.9] in the
context of Heisenberg groups. The third step of the proof is new.
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THEOREM 6.6. — Let W and L be two complementary subgroups of the
free Carnot group F of step 2 with L horizontal and one-dimensional. Let
V C W beopen and: V — L be a continuous function and assume that 1
is a broad* solution of the system D¥) = w in V, for somew € C(V;R™~1),
with respect to the basis chosen in Remarks 6.3 and 6.4. Then v is vertically
broad* hélder.

Proof. — Working in the coordinates described in Remarks 6.3 and 6.4,
we can assume without loss of generality that W and L are defined as
in (6.4). If m = 2, then F = H*, and therefore the statement would follow
from [10, Theorem 1.2]. We therefore assume that m > 2.

We prove the following stronger fact, from which (6.6) follows. For each
ap € V there are sufficiently small neighborhoods I € I’ € V of ag such
that, for every 1 < s < £ < m, one can find a continuous and increas-
ing function ay,: (0,+00) — [0,+0c) only depending on I, |[¢)[| Lo (17,
||| Lo (1) and on the modulus of continuity of w on I" with the property
that
(67) lim a@s(g) = 0,

0—0

and

6.8
( ) |77Zs - y€s|1/2

g aes(@))

for every (&,7),(&,y) € I such that ng, = yi, for every (k,7) # (¢,s) and

0 < [yes — nes| < 0.
Fix ag € V. Since v is a broad* solution of D¥1) = w in V, there exist

0 < d2 < 61 and a family of maps
E;p B(ao,(sz) X [752,52] — B(a0751),

for j = 2,...,m, such that the conditions of Definition 3.24 are satisfied.

Define I' := B(ag, 1) and I = B(ag,d2), and set My = |[|¢| (). Let
also 8 be an increasing modulus of uniform continuity of w on I’. We are
going to prove (6.8) with «ay, defined by

{35(9), if (¢,s)=(j,1) and j =2,...,m,

6.9 Qs =
(6.9) e(0) Gys(0), otherwise,

where Gy, will be determined later in (6.23) and

(6.10) 5(0) = max {91/4, 5(091/4)} ,
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for some constant C := C(j) > 0 such that
(6.11) i1 =yl + 201€0 + M) nj — |V < Clia — y|

for any (£,7), (&,y) € I’ with ngr = yk, for every couple (k,7) # (j,1).
First step. — If a = (x,y) € I, by using (6.5), we have that for any
2 < j < mand any t € [—ds, 02], it holds

E;'p(avt) = (x21 sy Lj—1,Tj + tvxj+1a s 7xmvy(t))v where
t . .
Yji1 — f() 1/1(E;b(av7")) dT? if (67 S) = (]a 1)7
(6.12) yes(1) %t(L’z + Yej, ifs=7, and j <{ < m,
é =
° —%tms—i—yjs, if{=j, and 1 < s < j,
Yess otherwise,

and consequently, since E;Z’ are the maps provided by Definition 3.24, ¢
y;j1(t) is a solution of the Cauchy problem

i () = %[— Y(EY (a,1) | = —w;(EY (a,1)), t € [~02,02)],
Yi1(0) = w1,

951(0) = =¢(a).
As a consequence of (6.12) one gets

6.13 max (r
(613)  mas [i(r)]

<

1
Te| + = Ts|+ max EY a,r ‘
2wty 2 ey 7 (7))

Fj<eL<m 1<s<j
< Ci(|z] + M),

N =

for every t € [—da,02], where the constant C; > 0 only depends on the
topological dimension of F.

Second step. — Fix j = 2,...,m and assume a = (£,n),a = ({,y) € I
with 7, = yg, for all couples (k,7) # (4,1). We will need to possibly
shrink I in a way that will be clear throughout the proof. We aim to show
that
[¢(a) — (@)

< aj1(|m51 — yil),
|77j1_yj1|1/2 ) (| J J D

where, according to (6.9), a;i1(0) = 3d(p). This would imply (6.8) for
(4,8) = (j,1).

(6.14)

TOME 74 (2024), FASCICULE 6



2604 Antonelli, Di Donato, Don & Le Donne

Set § = d(|nj1 — y;1|) and suppose (6.14) is not true, namely

[¢(a) — ¢(a)]

> 30.
|77j1 - Z/j1|1/2

(6.15)

Let E;/’ (a,-) and E;p (@, -) be the integral curves of D;Z’ given by the broad*
condition. By the first step they satisfy

E;p(aqt) = (627' .. aé-j—lvgj +t7£j+17 oo 7§m777(t))7
and
E‘;b(a\?t) = (627' .. 7€j—1a€j +t7§j+1a cee 7§may(t))

We claim we can find t* € [—d2,d2] such that n;1(t*) = y;1(¢*), with
w(E]w (a,t*)) # w(ij (a,t*)). This will lead to a contradiction, by the fact
that the equality n;1(t*) = y;1(t*) would also imply n(t*) = y(t*).

Without loss of generality, assume that the initial data satisfy n;1 > y;1.
By the first step of this proof, for every ¢ € [—d2, d2], one has

ni1(t) — yj(t) — (i1 — yj1)

-/ [fm(m 30+ [ Ginlr) - yﬂ(r»dr] a
0 0

= —t(¥(a) —¥(a)) — /Ot /Or, (wj(E;-p(a,T)) - wj(E;p(a,r))) drdr’.

Using (6.13) and the fundamental theorem of Calculus, one gets a constant
C5 > 0 only depending on C such that

(6.16) |EY(a,r) — E(@,r)|

<|n—y|+|r|( max ()| + max |y<r>|)

re[—|t],|tl] re[—|t],|t]

<h—yl+1 ( max |(r)+ max |y(r>|)
re[—[t],]t]] re[—t],[t]]
< Oy (Imj1 — yyu| + 2[t]([€] + My)),

for every r € [—|t|, |t|]] and ¢t € [—d2, J2]. Hence, we obtain that

(6.17)  m1(t) — yjn(t) — (mjn — yj1)

< —UY(0) —v@) + ¢ max B(E] (ar) = B} @1)])

< —t(y(a) = ¥ (@) + B (Callnys — yjl + 21t(1€] + M) ,
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for every t € [—d3,02]. Up to redefining 8, we can replace without loss of
generality 8(C20) with 3(0). Now, by (6.15) we know that

(6.18) —[(a) = (@) < =38l — ">,
Without loss of generality, up to restricting I, we can assume that
(6.19) 82 = lyj —npl"* = lyj —njpl"?/6,

where the second inequality directly follows from (6.10). If ¥(a) = ¢ (a),
then (6.14) would be trivial. We study two cases: ¥ (a) — ¥(a) < 0 or
Y(a) — (@) > 0. If Y(a) — (@) < 0, set tg = —M (otherwise
we can choose tg = M) and evaluate (6.17) in ¢ = t5. Combining
it with (6.11), (6.18), (6.19), the definition of ¢, and the fact that S is

increasing, we obtain (in both cases)

(6.20)  mj1(to) — yj1(to)

172 ~1¥(a) = ¥(@)]

5 +

<nj1 — Y+ i1 — Yl

1 p— 1/2
+ gl = vl (1o = vl + 20+ by =8

B (Clnj —yj [/
<1 — Y1 — 3|n1 — Yyl + mi1 — Yl ( J(SZ )

<M1 —yi1 — 3 — yinl + min — yinl < —=[njn =yl <0.
If ¥(a) — ¢¥(a) > 0 we can define
t* = sup{r €[0,d2] : nj1(s) —y,1(s) >0,V se0,r]},

since the set {r € [0,6d2] : n;1(s) —yj1(s) > 0,V s € [0,7]} is not empty;
indeed, recall that we assumed without loss of generality that n;; > y;1
and therefore 7;1(0) — y;1(0) = n;1 — y;1 > 0. Moreover 0 < t* < ty < dg,
and recalling that 7, = yg, except for (k,7) = (4,1), one has, by (6.12)
that

N (t") =y (t*),
X » 1., .
Mo (") = ye;(t )=§t &+ mey,  for j <f<m,

(6.21) .
fit*gs +1njs, forl<s <y,

3
v
—
~
*
N
|
&
»
—
~
*
N
Il

Nes () = yes () = Nes, otherwise.
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Hence, by definition of E;p(a, -) and E;/’ (@,-)in (6.12), one gets Ej’ (a,t*) =
E;p (@,t*) and therefore
(6.22) Y(E] (a,17)) = $(E] (@, 1))

In the case 9(a) —1(a) < 0, we consider ¢ty = —M and define t* :=
inf{r € [—02,0] : 9j1(s) —y;1(s) >0,V s € [r,0]}. Then —d2 < tp < t* <0
and, also in this case, (6.21) and (6.22) are satisfied.

We now show that this leads to a contradiction. In case ¥ (a) — ¢ (a) > 0,
by using the properties of E;p, (6.16), (6.18), (6.11), the definition of 5 and
the fact that t* < tg, we deduce

= (B} (a,t) = U(E} @1"))
-
= —(¥(a) — ¥(@)) f/ (wi(BY (a,7)) = wi (B @.7)) ar
0
=By~ )25 187 e 6 (1 (a,r) — B} @7)])
< =3(m1 — y;0) 20+ 1718 (Imjn — yn| + 207 (|€] + M)
oy |1/2
=801 = 002816715l =+ 20+ oy 2221
C(riq — y.q)1/4
—3(nj1 — yj1) 20 + (nj1 — yj1) /20 B ( (77]152 yi)'"")
< (=34 D —y;n)/20 <0,
Similarly, if ¢(a) — (@) < 0, then

V(Y (0,1) — (B @)
= 0@ = 0@ + [ (B () - (B @) dr

S w254 IE] 618 (@) - B @) <0

Hence, in both cases we have w(Ef(a,t*)) + w(E;#(ﬁ, t*)) that is in con-
tradiction with (6.22), so (6.14) follows.

Third step. — Fix £, s with 1 < s < £ < m, denote by My = ||w|| (1)
and define
(6.23)  Grs(0) = 27/ Moo (4Ms0) + 21/ Maare1 (4Ms0) + 2B8(Coo*/?),

where a1 and « are defined as in (6.9) for j = £ and j = s, respectively,
B is an increasing modulus of uniform continuity of w on I’ and Cy > 0 is a
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suitable constant, only depending on the supremum norm of w on I’, that
will be determined later.
We want to show that

|¢(a) — ¢(a)‘ < GZS(Q)

6.24 <
( ) |77£s - y25|1/2

for every sufficiently small o > 0, every a = (§,n),a = (£,y) € I, such
that ng, = yg, for every (k,7) # (¢,s) and 0 < |ngs — yes| < 0. Denote by
Tys = |nes — yes|"/?. We will need to possibly shrink I in a way that will
be clear from the proof.

Rough idea of the proof. — We build a concatenation of integral curves
of the vector fields Dg’ and DY that joins @ and a suitable point a, that
can be connected to a with two vertical lines on which we can use the
result of the second step of this proof. We start from @ and follow the
integral curve of Dg’ for a time Tps; and we follow the integral curve of fo
for the same time Tyg; finally, we repeat the same procedure but for time
—Tys. At the end of this process, we obtain a point with three different
vertical components with respect to a: two increments are given by the non
linear terms —dp; and —0s; coming respectively from D? and from ng
and one increment is given by the commutator [X,, X;] (which is Yy,). In
particular, whenever 7y — ygs > 0, the (¢, s)-component becomes equal to
the (¢, s)-component of a, that is 7. Vice versa, if 75 — yos < 0, one has
to replace the times £7p; with F7s. In the end, we complete the proof by
using the estimate of the second step of this proof applied to a4 and a. The
desired estimates come by using Lagrange’s Theorem.

Assume nys — ygs > 0. Then we construct the following chain of points.

(6.25) @ gy @ = B @ Tis) = pp () 02 = B (a1, Tis)
— Ezb(az) as ‘= E;/}(GQ, 7T£S) — E;b(as) ay ‘= E;[}(QB, 7Tls),

where we recall that E}’ and EY are the integral curves of the vector fields
D}f and DY, respectively, given by the fact that D¥+ = w in the broad*
sense. In particular, EEZ’ and EY satisfy (6.12).

In case nys — yos < 0 we repeat the same construction by replacing

+Ty, with FTy,. In both cases, we have that ay = (f,y(‘“)) is such that
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yé?) = nes. Indeed, if nes — yos > 0, then y,g a4) equals

Nes, if (k,7)=(¢,s),
Tgs TZs

nn— [ GEL@O)dE+ [ BB (az,1)dt, if (B, 7) = (£4,1),
0 0

Tes Tis

Ns1 — 1/1( (ala ))dt + w( (G/Sa ))dt7 if (k77—) = (87 1)7
0 0

Ykr) otherwise.

We can assume that aq,as,as,aq4 € I. Indeed, this can be done because
for a sufficiently small g only depending on the supremum norms of ¢ and w
on I’, we can possibly reduce I to some Iy so that all the curves as in (6.25)
starting in Iy, and living for times bounded above by g, lie inside I.

Let a5 = (&, y(5)) be a point that has the same components of a, except
for position (¢, 1) for which yé‘f s) — y i ). As remarked above, we can assume
without loss of generality that also as € I. Moreover, we can estimate

[¥(a) —(a)| as follows:

(6.26) [¢(a) — (@) < [¢(a) —P(as)| + [P(as) — ¢ (aq)| +[¢(as) — P(@)].

We start by considering |1)(a) — 1(as)|. Evaluating (6.14) for j = ¢, we get
that

() — P(as)| < [ne — y5 |V 2an (Ine — yi)),

and we also notice that

Tes

Tés
s — 4| = ‘ / WEL @) — [ (B (az )]
0

0

Recalling that My = ||w|| (1), we aim to show that

Tys Tys

(6.27) (EY (@,t))dt — (B (az,1))dt| < AMTE,
0

0

that would imply

(6.28)  |¥(a) — v(as)| < 2v/MaTysaer (fner — v )
< 2y MoTysoup (AMoTY).

ANNALES DE L’INSTITUT FOURIER



UNIFORMLY DIFFERENTIABLE CO-HORIZONTAL INTRINSIC GRAPHS 2609

We first observe that

Tes Tes
‘ (EY @ 1)dt — | (B (a,1))dt
0

/Ons (502 @ 1) - @) dt/ons (V(B (a2,1)) ~ (az) ) at

+ Ts (¥ (@) —w(a2>)>'

Tes
v(Ef @) - v@|ar+ |
T (@) — las)].

Tys
g/
0

Recalling that for every ¢ in the interval of definition of the curve Ez,b,
one has (f—sls:tt/)(Ez’(A, s)) = wg(E}’ (A,t)) for A =@, as, by exploiting the
fundamental theorem of Calculus the previous estimate then yields

U(E{ (az,1)) — w<a2>| dt

Ts Tes

Y(E] (@t))dt — W(E] (as, 1))dt

0 0

< 2Mo Ty + Tus|¥(@) — ¥(az)|.

By Lagrange’s Theorem one also gets

l(@) —p(az)| < (@) —P(ar)| + |P(ar) — P(az)]
= Toslwe(b5)| + Tos|ws (b7)| < 2M2Tys,

where b, and b] are two points on E;b (@, [0, Tys)) and EY (ay, [0, Tys)), respec-
tively. Hence, combining together the last two estimates, one obtains (6.27)
and, consequently, also (6.28) holds.

Now we consider [¢(as) — ¥(a4)|. Since |as — aq| = |y£‘115) - yi‘l“) |, analo-
gously to the previous case, one obtains

(6.29)  |v(as) — <2V My Tysaa (Jy5) — y5Y)
< 2\/M2Tfsasl(4M2T£25)v

where «; is defined as in (6.9) and

T[g T[e

Y(EY (ay,t))dt — Y(EY (as,t))dt|.

0

(as)

|y _ysl |_

TOME 74 (2024), FASCICULE 6



2610 Antonelli, Di Donato, Don & Le Donne

Eventually, we estimate ¥ (a4) — ¥ (a) in the following way:

[1h(as) — (@)l

< [(Y(as) —(as)) + (Y(as) —(az)) + (¥(az) — ¥(a1)) + (Y(a1) — (@)

= [—Tysws(az) — Toswe(as) + Tosws(ay) + Teswe(ag)|

< Tis(Jws(a1) — ws(az)| + lwe(ag) — welag)l)

< Tus (B(la1 — az]) + B(laz — agl))
where af € Ew( [0,T0s]),a% € EY(ay,[0,Tys]),as € E;’b(az, [—Tes, 0]) and
a; € E¥(as,[~Tys,0]) are chosen to fulfill the conditions of Lagrange’s
Theorem. By simple estimates relying on the triangle inequality, we get a
constant Cy > 0, only depending on the supremum norm of w on I’, such
that |a] — aj| < CoTys, and |as — af| < CoTys. Hence
(6.30) [¥(as) — ¥(@)| < Tis (B(la1 — a3]) + B(la5 — agl)) < 2TesB(CoTis).

By combining (6.26) with (6.28), (6.29) and (6.30) and recalling that

= |nes — yes|"/? and |ngs — yes| < 0, we thus get (6.24). Indeed, one has
Y(a) —(a)
‘nfs - y€s|1/2
2\/ TgSOégl(llMQTZS) + 2\/ T43a51(4M2T45) + 2TZ$B(COT23)
|7]ls - y€5|1/2

= 2v/Ms (s (4Manes = yes ) + ver (4AManes = yes ) ) + 2BColmes — yes|?
< Gys(o).

Finally, since Gy, is defined as sum of continuous maps that are 0 at 0, it
follows that, if ¢ — 0, then Gys(0) — 0 for which we get (6.8) also for all
(¢, s) with s # 1 and the proof is complete. O

\

2. Regularity result for broad* solutions in Carnot groups of
step 2

In this section we see how to generalize Theorem 6.6, valid for free Carnot
groups of step 2, to any Carnot group of step 2. We adapt some techniques
already exploited in [32]. More precisely, in Proposition 6.10 we prove that
the broad* condition lifts from G to the free group F with same step and
rank of G. In Proposition 6.11 we show that the vertically broad* holder
regularity on F implies the vertically broad* holder regularity on G. These
two facts will put us in a position to prove Theorem 6.17 by exploiting
Theorems 4.16 and 6.6.
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We here introduce Carnot groups of step 2 and we refer the reader to [12,
Chapter 3]. We denote with m the rank of G and we identify G with
(RmM+1 ) If ¢ € G, we write ¢ = (x,%y) meaning that 2 € R™ and y € R".
The group operation - between two elements ¢ = (z,y) and ¢’ = (2/,y') is
given by

1
(631) qq/ = (.’I,‘+J,‘/,y+y/— 2<Bx,x'>) 5

where (Bz,2') = ((BWx,2), ..., (BMz ') and BY are linearly inde-
pendent and skew-symmetric matrices in R™*™, for i =1,..., h.

For any i =1,...,h and any j,¢ = 1,...,m, denote by (B®);, = (bﬁ-?),
and define m + h linearly independent left-invariant vector fields by setting

h m

1 i .
X_;(p) = axj 752 b;g)xeayia fOI“jZl,...,m,
i=1£=1

Y/ (p) = 0y, fori=1,..., h.

7

The ordered set (X{,...,X,,.Y/,...,Y/) is an adapted basis of the Lie
algebra g of G. Using the skew-symmetry of B, it easy to see that

h
(6.32) (X5, x7) =Y "60Y/, and [X},Y/] =0,
=1

for every j,£=1,....m,andi=1,...,h.

Remark 6.7. — When G is a free Carnot group of step 2 with coordinate
representation defined as in Remark 6.3, we denote the matrices of the
beginning of Section 6.2 with B = B®s) with 1 < s < £ < m. The
composition law (6.31) also tells us that B(*) has entry 1 in position (¢, s),
—1 in position (s,¢) and 0 elsewhere.

Since the space of skew-symmetric m-dimensional matrices has dimen-
m(m—1)
2
horizontal layer and h of the vertical layer are related by the inequality

sion , in any Carnot group G of step 2, the dimensions m of the
m(m — 1)
2 )

m(m—1)
—a

h <

and G is free if and only if h =

From now on G is a Carnot group of rank m and step 2, with the coor-
dinate representation previously discussed, and F is the free Carnot group
of step 2 and rank m with the coordinate representation as in Remarks 6.3
and 6.4.
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We denote by (Xi,...,X,,) a basis of the first layer of the Lie algebra
of F. By definition of free Lie algebra, there exists a Lie group surjective
homomorphism 7: F — G such that 7, (X,) = X forany £ =1,...,m (see

g., [32, Section 6]).

If we consider on F and G the Carnot—Carathéodory metrics dp and dg
respectively, the map 7 preserves the length of horizontal curves, so it is
Lipschitz with Lip(7w) = 1. The following lemma is well-known. We refer
the reader to [32, Lemma 6.1] for a proof.

LEMMA 6.8. — For any p € F and any ¢’ € G, there exists p’ € 7~ 1(¢’)
such that

de(p,p") = de(7(p), q').

Recall that the dimension of F is n = m + M From the definition
of 7, we notice that it preserves the horizontal coordinates, namely, for any

(z,) € R™, there exists y* € R" such that

(6.33) m(z,y) = (z,y").

We denote by Wg and Lg two complementary subgroups of G with
Lg horizontal and one-dimensional. Similarly to Remark 6.4, by means of
exponential coordinates we identify them with R™+"*~1 and R by setting

Lg = {(5{,’1,0...,0) A ER},

We ::{(0’”"“’xm’yl’“"yh): fori=2,...,m k=1 h}

Remark 6.9. — Let G be a Carnot group of step 2 and Wg, Lg be the
complementary subgroups of G defined as in (6.34). Then, according to
Example 3.6 the projected vector fields relative to a continuous ¢: U C
Wg — Lg, with U open, are given by

Df@lch(b() +5 Zxkb )

=1

(6.35) n
(%) :
*XJ/‘U szgoY"U, j=2,...,m,
1=1
£ =8, =Y, i=1,...h

Now let Wr and Ly be the complementary subgroups of F defined as
n (6.4). Then My, Lr — Lg is an isomorphism and more precisely, with
our identification, we can assume it is the identity, see (6.33). Moreover,
by (6.33), it follows that m),, : Wg — W is onto.
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Since 7 is a Lie group homomorphism, its differential is a Lie algebra
homomorphism. Hence, for any 1 < s < £ < m, one also has

h
e (Yes) = ma([Xe, X)) = [ (Xo)oma (X)) = [X), X szﬁxf/

where we used (6.3), (6.32) and 7.(X;) = X}. We can therefore write the
following formula

(636) 71—(1'13"'7xmvy217-"7ym(m—1)):(xlw"vzmayfa"'ay;;)v
where y! = Z bé?yzs, Vi=1,...,h.

1<s<l<m

PROPOSITION 6.10. — Let G be a Carnot group of step 2 and let W
and Lg be two complementary subgroups of G, with Lg horizontal and
one-dimensional and choose coordinates such that (6.34) is satisfied. Let
F be the free Carnot group of step 2, rank m and let Wy and Ly be the
complementary subgroups of F satisfying the identification (6.4). Let U C
Wg be an open set and denote by V. C Wy the open set defined by V =
7 Y(U). Let ¢: U — Lg be a continuous map and let 1): V — Ly be the
map defined as

¢ i=n1 opom),.

Assume there exists w € C(U;R™™1) such that D¥¢ = w in the broad*
sense. Then 1) is a broad* solution in V of the system D% = w o .

Proof. — Fix j =2,...,m. By (6.5), we have

1 1

j<i<m 1<s<j
and by (6.35), it follows
h

(6.38) D, =0, Z(b“ += Zxkb§,3>

i=1
Let a = (0,2, ..., Zm,N21,- -, Nm(m—-1)) € V, and denote with b := 7(a)
the point in Wg with coordinates b = (0,22, ..., Tm, Y5, ..., ¥;5). Let § >0
and let v;: [—4,0] — U be an arbitrary integral curve of D%, starting from
b such that ’

(6.39) @(Vj(t))—w(b):/o wj(7;(s))ds, Vit e[=6,9]

Recall that by (6.36), there is an explicit relation between the coordinates
of a and the coordinates of b. We are going to prove that we can lift v;
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to an integral curve ¢; of D}b(j starting from a, defined on [—§, §] and with
values in V, that satisfies

VG = v = [ @omG s Vie-hL
Indeed, let (;: [—0,0] — Wy be defined as

(640) Cj(t):(oax% ey L1, Ty + ta Ljtly---sTm, 7’21(t)7 s 7777n(m—1) (t)),

nn — / (s (m)dr, for (£,5) = (j, 1),

1 . .
where e, (1) = § 27 F fors=j and j<tsm
1
—§txs+njs, for {=j and 1 <s <7,
Ness otherwise,

for t € [=6,0]. By definition, one immediately gets ;(0) = a. We are left
to prove the following facts.

(ii) ¢j:[—0,6] = V is an integral curve of D;"(j;
(iii) For every t € [—4d,d] one has

UG ) = (o) = [ (w0 M)
(i). — By (6.38), and the fact that v;(0) =b=(0,z2, ..., Zm, ¥}, .., Ys),

we can explicitly write v;, exploiting the fact that it is an integral curve of
D;’}Jf’ and get

(641) ’Yj(t):(Oax27"'7xj—17xj+taxj+17"'7$m7yr(t)7"'7y;kz(t))’
L o) 0 [
where yf(t):y;k—§t kabjk —bjl/o (v (r))dr,
k=2

for every i = 1,...,h and t € [—4,0]. Using the explicit formula of 7 given
in (6.36), we obtain that

(6.42) w(¢;(t)) = (0,22, ..., xj_1, % +t, Tjx1, s T, Mi(E), - -, 11 (T)),
where 7 (t) = Z bé?ngs(t), Vi=1,...,h, and Vte[-6,0]

1<s<l<m
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In particular, by (6.40), we have that

* 7 ¢ [ 1
) =0 (m1 = [ etsonar) + o) (Gartns )

j<tl<m
. 1 .
+ 3 ) (—ths +njs> + Y 0P,
1<s<yj 1<s<t<m
s#JLF]

for every ¢ = 1,...,h and ¢ € [-§,6]. Using again (6.36), we also notice
that y; = Z1gs<egm bg?ms, and, by the skew-symmetry of B, we deduce

that
\ el o) o [
w0 =i =5t L al) ) o) [ et rar
k=2

for every i =1,...,h and t € [-4, d]. Comparing (6.41), (6.42) and the last
equality, we get 7 o (; = 5, as desired.

(ii). — We now check that ¢; is an integral curve of D;/’(j. Recall-
ing (6.37), and by the definition of the components of ¢; in (6.40), it suffices
to check its (7, 1)-coordinate, since for all the others is trivial. Observe that,

from (i), (¢ 07;)(t) = (pomo()(t) = (Yo ()(t), for every ¢ € [-6,0],
and so

n1(t) = i */O @(v;(r))dr = nj */0 Y(G(r))dr,  Vite[-6,46],

as desired. Notice that we have used that |,  identifies Ly with Lg.

(iii). — We first notice that, since U D v;([—0,]) = (mo(;)([—9,]) and
V =n~1(U), then also (;([—9,d]) C V. Using mo (; = ; and the fact that
~y; satisfies (6.39), we finally obtain

¢
(6.43) ¥(G(1) = ¥(a) :/ (wj om)(Gi(s))ds, Ve [=4,d].
0
We thus showed that every integral curve of D%, satisfying (6.39) can be

lifted to an integral curve of D}b(j satisfying (6.43), with a procedure that is
patently local. Thus, by using Definition 3.24, it follows that, if D¥yp = w
holds in the broad* sense on U, then D¥1) = w o 7 holds in the broad*
sense on V. g

PROPOSITION 6.11. — Let G be a Carnot group of step 2 and let Wg
and Lg be two complementary subgroups of G, with Lg horizontal and
one-dimensional and choose coordinates such that (6.34) is satisfied. Let
F be the free Carnot group of step 2, rank m and let Wgr and LLr be the
complementary subgroups of F satisfying the identification (6.4). Let U C
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Wg be an open set and denote by V. C Wy the open set defined by V =
7 YU). Let ¢: U — Lg be a continuous map and let 1»: V — Ly be the
map defined as

=t opom),.

Then, if v is vertically broad* hélder, also ¢ is vertically broad* hélder.

Proof. — We observe that in the case we are dealing with, the vertically
broad* hoélder condition is equivalent to the locally 1/2-little Holder con-
tinuity along vertical coordinates, see the discussion before the statement
of Theorem 6.6, that holds verbatim for arbitrary Carnot groups of step
2. Fix by € U and let ag € 7~ 1(bg). Since 9 is vertically broad* hélder,
there exist two neighborhoods V’ and V" of ag with V/ € V" € V and an
increasing map a: (0,4+00) — [0,+00) only depending on V", such that
lim, 0 a(p) = 0 and

M5 — yes| /2
for every (¢,s) such that 1 < s < £ < m, every sufficiently small ¢ > 0
and every (£,7),(&,y) € V' with ng, = yg, for every (k,7) # (£, s) and
0 < |nes — yes| < 0

Set U" := w(V"’) so that by € U’ and clearly U’ € U. We aim to prove that
there exists an increasing function g: (0,+00) — [0, +00) only depending
on U” = w(V") such that lim,_,o 5(¢) = 0 and

lp(€,m) — w(& y)l
PRIV < B(o),

forevery i = 1,..., h, every sufficiently small o > 0 and every (§,7), (§,y) €
U’ with y,, = yg, for every k #i and 0 < |n; — y;] < 0. Fixi=1,...,h and
0 > 0 sufficiently small and consider b = (&, 7) b= (£,y) in U’ such that
e = yi for all k # ¢ and 0 < |y; — ;| < 0.

Applying Lemma 6.8 to the points by and b we find a = (&,7*) € 7=1(b)
such that dg(bg,b) = dr(ag,a) and, since 7 is continuous, we can also
assume, up to possibly reducing U’, that a € V'. Applying again Lemma 6.8
to the points b and b, we find @ = (¢, y*) € 7~1(b) NV’ such that dg(b,b) =
dg(a,a). Since the horizontal components of the points b and b are equal
and the norm induced by the distance dg is equivalent to the anisotropic
norm on G, we have that dg(b,b) is equivalent to |n; — y;|'/2. Similarly,
notice that a,a have the same horizontal components and by the fact that

(6.44)

< a(p)

(6.45)

the norm induced by dp is equivalent to the anisotropic norm on F, it
follows that |n* —y*|*/? is equivalent to dg(a,a). In particular, we can find
a geometric constant C; > 0 such that |n* — y*|'/2 < Cy|n; — ys|V/2.
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We can then make the following estimates:

(&) — (&)l _ 19(En") =&y In" =y |2
i — yi|1/2 In* — y*|1/2 i — yi| /2
<C |"/}(€777 ) - ¢(€: 921771315/'2‘ : 777m(m71))|
751 — Y311
" Wj<£7y§1a cee ay:n(m_z)777:1(m_1)) - 7/’(f»y*)>

|1/2

+...

|77:<n(m71) = Yr(m—1)
< G (allm = wiaD) + -+ sy = B

where we used (6.44) and assumed without loss of generality that all the
considered points in the chain belong to V’. Observe that, for any (¢, s) such
that 1 <'s <1< m, one has |nj, — yj,| < [n* —y*| < Cflmi —yi| < Co,
and then we can define
—1
mim 1)

Blo) =Ci—
The previous computations have shown that

5; - Ea
lo(&5m) y:|01(/2 y)| < o),

(C}o).

i —
and hence (6.45) holds, completing the proof. a
THEOREM 6.12. — Let W and I be complementary subgroups of a

Carnot group G of step 2 with IL horizontal and one-dimensional and choose
coordinates such that (6.34) is satisfied. Let U C W be an open set and
let p: U — L and w: U — R™~1 be two continuous functions such that
D¥yp = w in the broad* sense. Then ¢ is vertically broad* hélder.

Proof. — Let F be the free Carnot group of step 2, rank m and let Wy and
Ly be the complementary subgroups of F satisfying the identification (6.4).
By Proposition 6.10, we know that 1) := 7~ ! o p o 7 is a broad* solution of
DV =womin V =771 (U). Then, by Theorem 6.6, 1 is vertically broad*
holder and finally, by using Proposition 6.11, we obtain the thesis. O

We state here some corollaries of the previous results.

COROLLARY 6.13. — Let W and L be complementary subgroups of a
Carnot group G of step 2 with IL horizontal and one-dimensional and choose
coordinates on G such that (6.34) is satisfied. Let U C W be an open set
and let ¢: U — L and w: U — R™~! be two continuous functions such
that D¥¢ = w in the broad* sense on U. Then ¢ € UID(U, W;L).
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Proof. — It is enough to combine Proposition 4.5 and Theorem 6.12. I

COROLLARY 6.14. — Let W and L be complementary subgroups of a
Carnot group G of step 2 with IL. horizontal and one-dimensional and choose
coordinates on G such that (6.34) is satisfied. Let U C W be an open set
and let ¢: U — L and w: U — R™! be two continuous functions such
that D¥p = w in the broad* sense on U. Then, the intrinsic graph of ¢ is
a surface of class C.

Proof. — It is enough to combine Corollary 4.6 and Theorem 6.12. [

COROLLARY 6.15. — Let W and L be complementary subgroups of a
Carnot group G of step 2 with IL. horizontal and one-dimensional and choose
coordinates on G such that (6.34) is satisfied. Let U C W be an open set,
and let p: U CW — L and w: U — R™~1 be two continuous functions.
Assume that D¥p = w in the broad* sense on U. Then D¥p = w in the
sense of distributions on U.

Proof. — It is enough to combine Theorem 6.12 and Corollary 4.12. [

Remark 6.16. — The converse implication of Corollary 6.15 is, up to
now, only known for Heisenberg groups, see [9]. This implication in the
general step-2 case will be a subject of further investigations by means of
the techniques exploited in this section.

6.3. Main theorem in Carnot groups of step 2

Now we are in a position to give the following theorem (stated in Theo-
rem 1.7), which shows that the assumption on the vertically broad* holder
regularity in Theorem 4.16 can be dropped if we are inside a Carnot group
of step 2 and L is one-dimensional. We use the same conventions as in
Theorem 4.16, following the notation of Definition 2.3.

THEOREM 6.17. — Let W and I be complementary subgroups of a
Carnot group G of step 2 with IL horizontal and one-dimensional. Let
U CW be an open set and let @: U — L be a continuous function. Then
the following conditions are equivalent:

(a) @EUID(UW]L)

(b) & € ID(U, W;L) and d%p is continuous on U’

(c) there exists w € C(U;R™~1) such that, for every a € U, there exist
§ > 0 and a family of functions {p. € C*(B(a,d)) : ¢ € (0,1)} such
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that
;1_1% e =¢ and gl_rf(l) D;‘DESDE =w; in L>(B(a,?)),
for every j =2,...,m;
(d) there exists w € C(U;R™~1) such that D¥¢ = w in the broad sense
onU;
(e) there exists w € C(U;R™™1) such that D¥¢ = w in the broad*
sense on U with the choice of coordinates of (6.34).

Proof. — (a) = (b) is trivial, by item (b) of Proposition 2.25 and (b) =

()

follows from Proposition 3.27, Theorem 6.12 and Corollary 4.7.

(a) = (c) follows from (a) = (b) of Theorem 4.16 and (c¢) = (a) follows
by combining Proposition 4.14 and Corollary 6.13.
(d) = (e) is trivial, by Definition 3.24. (e¢) = (a) follows from Corol-

lary 6.13. (a) = (d) follows from (a) = (c) of Theorem 4.16. O
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