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POLYA-TYPE INEQUALITIES ON SPHERES AND
HEMISPHERES

by Pedro FREITAS, Jing MAO & Isabel SALAVESSA (*)

ABSTRACT. — Given an eigenvalue A of the Laplace-Beltrami operator defined
on n-spheres or -hemispheres, with multiplicity m such that A = A\ = --- =
Ak4+m—1, we characterize the lowest and highest orders in the set {k, ...,k +m — 1}

for which Pélya’s conjecture holds and fails. In particular, we show that Pélya’s
conjecture holds for hemispheres in the Neumann case, but not in the Dirichlet case
when n is greater than two. We further derive Pélya-type inequalities by adding a
correction term providing sharp lower and upper bounds for all eigenvalues. This
allows us to measure the deviation from the leading term in the Weyl asymptotics
for eigenvalues on spheres and hemispheres. As a direct consequence, we obtain
similar results for domains which tile hemispheres. We also obtain direct and re-
versed Li~Yau inequalities for S and S*, respectively.

RESUME. — Soit A une valeur propre de 'opérateur de Laplace Beltrami sur
des m-spheéres ou -hemispheres, de multiplicité m telle que A\ = A\ = =
Ak+4+m—1- On caractérise les ordres les plus bas et les plus élevés dans l’ensemble
{k,...,k+ m — 1} pour lesquels la conjecture de Pdlya est vraie ou échoue. En par-
ticulier7 nous montrons que la conjecture de Pdlya est vraie pour les hemispheres
dans le cas de Neumann, mais pas dans le cas de Dirichlet lorsque n est supérieur
a deux. Nous dérivons des inégalités de type Pdlya avec un terme de correction
fournissant des bornes inférieure et supérieure optimales pour toutes les valeurs
propres. Cela nous permet de mesurer ’écart par rapport au terme principal de
l’asymptotique de Weyl pour les valeurs propres des spheéres et hemispheres. Nous
obtenons des résultats similaires pour des domaines qui pavent des hémispheéres,
et des inégalités de Li-Yau directes et inverses pour S? et S%, respectivement.

1. Introduction

Let M be a smooth compact n-dimensional Riemannian manifold with
metric ¢ and consider the Laplace—Beltrami operator in M. In the case
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980 Pedro FREITAS, Jing MAO & Isabel SALAVESSA

where M has no boundary we consider the closed eigenvalue problem
Au+ Au =0,

and denote the corresponding sequence of eigenvalues by 0 = A\g < A1 <
A2 < -+ +. When the boundary 0M is non-empty, we impose either Dirichlet
or Neumann boundary conditions, and consider the problems

{Au+)\u—0, in M, {Au—i—,uu—o, in M,
and

u =0, on OM, %:O, on OM,

where v denotes the outer unit normal to M. For Dirichlet and Neumann
boundary conditions the spectrum is now given by 0 < A\; < Ay < --- and
0=po < p1 < po < ---, respectively. In all three cases the sequence of

eigenvalues converges to infinity and satisfies the Weyl asymptotics for the
manifold M [20, 21]

(1.1) Mo = O (M)EY™ + 0 (/WTL) , as k —s oo,
where the Weyl constant Cyy,, is given by
47
Cwpn=Cwn(M)=—"——.
o (wa|M]*"

Here w,, and | M| denote the volume of the unit ball in R” and the volume of
M, respectively — although defined in this way Cyy,,, depends explicitly on
the volume of M, whenever it will be clear from the context which manifold
we are referring to, to simplify notation we will omit the dependence on M.
In the case of the Dirichlet problem, and under certain further conditions
on M, it can be shown that the remainder term in (1.1) is of the form [20]

212w, 1 |OM |k 1n
TFim 1O (k ) ’
7 (wn M])
where now |0M| denotes the (n — 1)-measure of the boundary of M. One

(1.2)

consequence of this result is that for such a manifold and a sufficiently large
order k of the eigenvalue, A\ must be larger than the first term in the Weyl
asymptotics (1.1), that is

(1.3) AR(M) > Cyy (M)EY™.

In the Neumann case, the coefficient in k'/™ in (1.2) is negative, and the
corresponding inequality is now

(M) < Oy (M)E?™.

In fact, in 1954 Pélya conjectured these inequalities to hold for all Dirichlet
and Neumann eigenvalues of the Laplace operator on bounded Euclidean
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POLYA-TYPE INEQUALITIES 981

domains [19]. A few years later, in 1961, he went on to prove this conjecture
for the Dirichlet problem in the special case of Euclidean domains which
tile the plane [18], and provide a partial result for the Neumann problem,
completed in 1966 by Kellner [14]. Although some progress has been made
since then, and it is now known that (1.3) is satisfied for some non-tiling
domains such as certain Cartesian products [15] or sufficiently thin sec-
tors of some classes of spherically symmetric domains [9], for instance, the
general case, which has become known as Pdélya’s conjecture or inequality,
remains open to this day.

By exploring the examples of spheres and hemispheres, we aim a better
understanding of the relations between Pdlya-type inequalities and Weyl
asymptotics, in particular in situations where the latter do not possess a
second term of the form (1.2). Our results provide us with an idea of what
we can possible expect to hold for more general situations, such as in the
case of manifolds for which all geodesics are closed [5], which would be a
natural next step to consider in light of the present results.

In another direction, inequalities for the average of the first k eigenvalues
which are the best possible compatible with (1.3) were obtained by Li
and Yau for a general bounded domain €2 in R™ with Dirichlet boundary
conditions [16]. These read as

k
Z g Cwn () /7,

and we will also consider such inequalities below in the case of spheres —
for other recent estimates of this type and Riesz means on spheres and
hemispheres, see [6].

A first motivation for the present paper was thus to consider examples of
manifolds where Pélya’s conjecture does not hold, and to see how (1.3) can
be modified to yield a set of valid sharp inequalities for the corresponding
Laplacian eigenvalues. More precisely, we shall consider the n-dimensional
sphere

(1.4)

?T'M—l

= {33 e R |jz|| = 1},
with the canonical round metric, and the corresponding hemisphere
St ={z e R"" 1 ||z = 1 Azpy1 >0},

with either Dirichlet or Neumann boundary conditions on the equator. In
the former case there is no boundary, and in the latter case the remainder
term in the Weyl asymptotics is not of the form given in (1.2). The be-
haviour of the remainder for such manifolds has been the object of much
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982 Pedro FREITAS, Jing MAO & Isabel SALAVESSA

study in the literature — see [7] and the references therein, for instance,
for recent progress on this topic. This is another reason why we believe
it is of interest to provide sharp inequalities of the type given here as, in-
deed, Pélya’s inequality (1.3) will not hold for such manifolds in general, the
only known exception until now being Si [3, 10]. Furthermore, some known
Weyl remainder estimates are sharp for the round sphere, see [7, 11, 20] for
some examples and references. In fact, although these are very specific do-
mains, because of their high degree of symmetry (and hence high eigenvalue
multiplicities), they are known to be useful benchmarks against which to
compare general results.

Furthermore, most of the results related to this have, until now and to
the best of our knowledge, concentrated on asymptotics, such as those given
in [11, 20], for instance. Another purpose of the paper is thus to go beyond
these asymptotics and complement them with upper and lower bounds
which are both valid for all eigenvalues and sharp in the first two terms.
These results fall into two categories. On the one hand, we characterise
instances of the eigenvalues of hemispheres for which Pélya’s inequality is
and is not satisfied. On the other hand, we determine and prove modified
(sharp) versions of Pdlya’s inequality for both spheres and hemispheres by
adding correction terms, providing both lower and upper bounds allow-
ing us to measure the deviation from the first term in (1.1) in a precise
way. These bounds give us what we believe to be relevant insights into the
possible behaviour of eigenvalues and the relation between the Weyl asymp-
totics and Pdélya-type inequalities in general. We observe, for instance, that
although the geometric non-periodicity condition necessary to derive the
second term in the asymptotics given by (1.2) fails in the case of S, as
all geodesics are periodic, it is still possible to show that the remainder
term, which is of order O (kl/ ”), oscillates between an upper bound of this
order and a constant lower bound, thus making the difference in behaviour
at the upper and lower levels explicit — see Theorems B and C below for
the details. Furthermore, and perhaps more surprisingly, we obtain that
hemispheres satisfy POlya’s conjecture in the case of Neumann boundary
conditions not only for the two-dimensional hemisphere, but in fact for all
n (Theorem D) — as in the Dirichlet case, this had already been proven
in [3] in two dimensions.

In the case of spheres our bounds show that the remainder term oscil-
lates between positive and negative values, but now these are both of order
0] (kl/ ") (see Theorem F below). However, and in spite of these upper and

ANNALES DE L’INSTITUT FOURIER



POLYA-TYPE INEQUALITIES 983

lower bounds for the remainder term, we still have that the 2-sphere satisi-
fies a Li—Yau inequality for the average of eigenvalues, while this inequality
is reversed in the case of S* — see Theorem G below.

In order to state our main results, we need the concept of a chain of
eigenvalues corresponding to a multiple eigenvalue. Let A\x be the K"
distinct eigenvalue of S} or 8", with corresponding multiplicity m = m(K),
such that A\ = Ag+j—1 for some g € Nand j = 1,...,m. We shall call these
eigenvalues the K-chain associated with Ag (or just a chain, if there is no
danger of confusion), and say that A\, and A,q.,—1 are the eigenvalues with
the lowest and highest order of the chain, respectively — a more detailed
definition is given in Section 2.

1.1. Hemispheres

We begin by giving a characterisation of which of the lowest and highest
order eigenvalues in each chain satisfy Pélya’s inequalities and which do
not. In particular, we obtain that for every n greater than 2 there exist
infinite sequences of eigenvalues of S} which do not satisfy (1.3). Although
in this case the boundary is not empty and the known conditions for (1.2)
to hold are not satisfied [20], as all geodesics are periodic, this by itself is
not enough to imply the failure of (1.3) for any eigenvalue, as the case of
Si shows.

THEOREM A. — For the Dirichlet eigenvalues of the Laplace—Beltrami
operator on the n-dimensional hemisphere S"! we have the following:
(1) if n = 2 all eigenvalues satisfy Pélya’s inequality.
(2) ifn > 3 the eigenvalue with the highest order of any chain does not
satisfy Pélya’s inequality; in particular,

A (ST) < Cwin (ST)= (nl)?/™.

(3) for all n there exists K,, > 2 such that for all K > K, the low-
est order eigenvalue of the corresponding K-chain satisfies Polya’s
inequality; in particular K, =2 for n < 8, and Kg = 3.

Remark 1.1. — As mentioned above, item (1) in Theorem A was first
proved in [3]. Our proof is not very dissimilar, but our general approach
allows us to obtain the other results in this theorem and further combina-
tion with Pélya’s method yields the results for wedges given in Section 1.2
below.

TOME 75 (2025), FASCICULE 3



984 Pedro FREITAS, Jing MAO & Isabel SALAVESSA

Remark 1.2. — As a consequence of Theorem A, there exists a function
j4(K) such that any eigenvalue Ag+j—1 in a given K-chain satisfies Pélya’s
inequality if and only if j < j*(K). For large K we can approximate j*(K)
by an element of Q,,_;[K] (see Proposition 4.6).

Remark 1.3. — With the type of analysis developed here it is also pos-
sible to obtain estimates for eigenvalue averages, and we present these in
Sections 4 and 10.5.

We shall now provide estimates that measure how far from the first term
in the Weyl asymptotics the eigenvalues actually are. Our first result in this
direction shows that by introducing a constant correction term to (1.3) it
is possible to obtain a sharp lower bound satisfied by all eigenvalues of S™!

for all n.
THEOREM B. — The Dirichlet eigenvalues on the hemisphere S'} satisfy
—1(n-—2
M(S1) = Cwn(87) K2/ — %

This is asymptotically sharp for the eigenvalue with the highest order on
each chain, in the sense that over this subsequence of eigenvalues
(n—1)(n—2)

6
as k goes to infinity, with the sequence being identically zero for n = 2.

(S} ) = Cwn(S7) K/ =

The second result of this type consists in bounding the same difference
from above. However, the situation is not symmetric and the divergence
from the main term is no longer bounded and is, in fact, of order O(k/™).

THEOREM C. — For all n > 2 the eigenvalues A\, on S satisfy the
inequality

M (S7) < Cwin (ST) (B — 1)%/™ + 24/ Cwn (ST) (k — 1)/ 4 m,

with equality at k = 1. Furthermore, we have
e (81) = Cow (S1) (k = 12/

2,/Cwn (S7) (k — 1)1/7

along the subsequence of lowest order eigenvalues of each chain.

Remark 1.4. — The constant term in the upper bound is not optimal,
and in Section 7 we carry out a more careful study of the low dimensional
cases, providing a bound for Si that is attained for all eigenvalues of lowest
order in each chain, and showing that the constant n may be replaced by
a term that decreases from n to 3/2 and 0, for Si and Si, respectively.
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The case of Neumann eigenvalues may be treated using similar tech-
niques. Here we single out one such result, as it is slightly unexpected,
particularly in view of the above results. More precisely, we show that in
the Neumann case S} satisfies Pélya’s conjecture, not only when n is two,
which again had already been shown to be the case in [3], but that, in fact,
now it holds in any dimension.

THEOREM D. — The Neumann eigenvalues on the hemisphere S’} sat-
isfy the inequalities

i () > O (S1) (k41" ~2[Cuv (83 (4 1)1 - 2= 222D

and

v (51) < Cun (S1) K21
with equality in the lower bound when k = 0 and for all k of the form
Jj(j 4+ 1)/2 when n = 2. Furthermore, along the lowest order subsequence

of each chain we have
o (82) K7 — i (52) — =D =2)

as k — oco. The upper bound is asymptotically sharp, in the sense that

Cw,n(S1)(k +1)*/™ — i (ST)

21/Cw,y (ST)(k + 1)1/

along the subsequence of highest order of each chain.

— 1

1.2. Wedges

In [3], Bérard and Besson also considered Pélya’s conjecture on wedges
defined by
Ty = Tp41tane,
(15) Z/p: "N R"_lx ($n7$n+1)ERXR+ : T T s
€l-—x,=—
2p 2p
for p a positive integer. They then proved that eigenvalues of both Wfr /2
and W?T /4 satisfy Pélya’s conjecture. By noting that p copies of W2 /p tile
Sto= Wr
+

T

and using an argument similar to that of Pdlya’s for planar
tiling domains, it is possible to obtain that domains which tile S also
satisfy similar inequalities. As a direct consequence of Theorem A (1) we
extend, for instance, Bérard and Besson’s result to W?T /v in the Dirichlet
case.

TOME 75 (2025), FASCICULE 3



986 Pedro FREITAS, Jing MAO & Isabel SALAVESSA

THEOREM E. — The Dirichlet eigenvalues of Wfr /p satisfy Pdlya’s con-
jecture for all p in N.

Remark 1.5. — Although more precise, this result is in the same spirit
of a recent result by the first and third authors, showing that sufficiently
thin domains whose isometric copies tile a larger domain, do satisfy Pélya’s
conjecture, see [9] for the details.

For other applications of the results in Section 1.1 to wedges, see Sec-
tion 9.

1.3. Spheres

Since the spectrum of S™ consists of the union of the Dirichlet and Neu-
mann spectra on S, and taking the results for hemispheres given in The-
orem C into consideration, it is to be expected that now both upper and
lower bounds measuring the deviation of the spectrum of S™ from the first
term in its Weyl asymptotics should include a second term of order k'/.
This is indeed the case, as is shown in the next result, where we obtain
sharp estimates for this deviation.

THEOREM F. — For alln > 2 and k = 0,1,..., the eigenvalues of S™
satisfy the following inequalities

M (S™) < Cywn(S™) K2/ 4+ 1/ Crprn (SP)EM ™,

holding for all k > 0 where Cy,,,(S") = (%!)Q/n, and

A(8") = Cown(S") (k+ 1" =/ Cwn(S™) (k+1)"

TL2

C(nt1\
( 2 ) VCwn(S™) (k+1)V/n —n’

holding for k > 2n™/n! — 1. Both inequalities are asymptotically sharp in

the sense that, regarding the former, we have
M — Cwn k2™

/Cw,nkl/n -

along the subsequence consisting of the lowest order eigenvalues of each
chain, while for the latter

Cwon(k+1)2" =\

V/Cwon(k+ 1)1/

along the subsequence of the highest order eigenvalues of each chain.

ANNALES DE L’INSTITUT FOURIER
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Remark 1.6. — In the case of S? we have obtained sharper lower bounds,
which are attained by eigenvalues with the highest order on each chain, see
Proposition 10.2. Other lower bounds for S™ may be found in Proposi-
tion 10.10.

Finally, we show that a Li—Yau inequality holds for the average of the
first k+1 eigenvalues in the case of S?, but that this inequality is reversed in
the case of S*. In fact, in both cases we prove stronger results, particularly
for S? where a second oscillatory term gives equality whenever k + 1 is a
perfect square and is positive otherwise.

THEOREM G. — For all k € N, the averages of the first k+1 eigenvalues
of S? and S* satisfy the inequalities

1 ) k . 1 &,
§CW,2 (S*) k+ 20 +1) sin (w\/k;—&— 1)‘ < P jzo/\J (S?)
1 1
< §CW,2 (82) k + 5
and .
oS <2 4y 12 2
k+1j:0)‘J(S)<3CWx4<S)k \/ﬂ(k+1)27
respectively.

Remark 1.7. — In the case of S?, a lower bound without the (non-
negative) oscillating term may already be found in [12].

Remark 1.8. — It is not difficult to see that S? cannot satisfy an inequal-
ity with respect to a term of the form

gcw,g (S?) k*7®

similar to either the lower bound for S? or the upper bound for S*, as for
k = 1,2 we obtain that the left-hand side is larger than this term, while the
situation is reversed for kK = 3. We conjecture that S™ satisfies an inequality
of the same type as that for the 4-sphere for all n > 5, but haven’t been
able to prove this as our approach to the proof of these inequalities is based
on the analysis of certain polynomials in two variables that already gets to
be quite involved in the case of S?.

1.4. A note about the proofs and the structure of the paper

The main difficulty in dealing with the eigenvalues of S" and S is related
to translating the actual eigenvalues and their corresponding multiplicities

TOME 75 (2025), FASCICULE 3
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(two numbers) into the order of each eigenvalue (one number), singling
out individual eigenvalues among each K-chain. Thus, and although both
eigenvalues and multiplicities are known explicitly, the proofs require a
careful and precise handling of the expressions involved, which quickly runs
into both combinatorial and algebraic difficulties. The setting we use to deal
with these indexes is, in a way, analogous to a two-coordinate system, where
the first coordinate is K, and the second varies within the multiplicity of
each chain.

Apart from induction, which appears naturally in several of the proofs,
one other key ingredient is the usage of elementary symmetric functions
which we use to rewrite some of the polynomial inequalities appearing when
dealing with Pdlya-type inequalities. One intermediate result which plays
a key role in many of the proofs throughout the paper is Lemma A.1, which
provides sharp lower and upper bounds for the rising factorial
KK +1)---(K +n—1) in terms of quadratic polynomials related to
the relevant eigenvalue expressions. Finally, note that the intermediate in-
equalities used in the proofs are normally quite sharp, in that the difference
between both sides converges to zero as one of the parameters involved be-
comes large. Because of this, in some cases we found that the shortest way
of deriving a proof was to prove it analytically from a certain value onwards,
and then handle the remaining (finite) number of cases individually, some-
times using Mathematica — some of these, and other computations, are
collected at the end in Appendix C.

For ease of reference of the reader, we gather all the necessary notation
and background in the next section. Sections 3 to 7 contain the proofs of the
Theorems A, B and C for hemispheres with Dirichlet boundary conditions,
together with some other related results. The case of Neumann boundary
conditions and the proof of Theorem D are addressed in Section 8. Section 9
then uses the Dirichlet hemisphere results, together with an adapted tiling
argument, to derive similar inequalities for wedges tiling hemispheres, in-
cluding the proof of Theorem E. Finally, Section 10 is dedicated to spheres
and the proof of Theorems F and G. The three appendices at the end of
the paper collect some auxiliary results that are used throughout.

2. Notation and background
The manifolds under study in the present paper, namely S", S" and

wn I all have high, unbounded, eigenvalue multiplicities. For our pur-
poses it will thus be convenient to consider not only the corresponding

ANNALES DE L’INSTITUT FOURIER



POLYA-TYPE INEQUALITIES 989

eigenvalues A in increasing order and repeated according to multiplicity,
as defined in the Introduction, but also the corresponding sequence of dis-
tinct eigenvalues, also considered in increasing order, and which we will
denote by A\g (with an upper-case K). Whenever necessary, an explicit
notation for the manifold under consideration will be used, as in Ag(S™)
or Mg (S™), for instance, and similarly to the corresponding Weyl constant
Cw,n(S™). However, if this is clear from the context we will omit such an
explicit reference.

For the sphere S, and given K € Ny, we define the quantity o(K) to
be the sum of multiplicities from the zero-th eigenvalue up to the K-th
distinct eigenvalue

K
o(K) = Zm(z) =m(0) + m(1l) + - -- + m(K).
i=0
Note that, since the sphere is connected, m(0) = ¢(0) = 1, and for K > 1,
o(K)=0(K —1)+m(K). We make the convention that o(—1) = 0.

Each of these distinct eigenvalues A\ic defines the K-chain of length m(K)

of non-distinct eigenvalues Ag

Ao(K—1) = Ao(K—1)41 = *** = Ao(K—1)+m(K)-1 (= Ak ),

and we denote by k_ = k_(K) and k4 = k4 (K) the lowest and the high-
est orders of the eigenvalues of the K-chain, respectively, that is, k_ =
o(K—1),and ky =0(K)—1=k_+mK)—-1LUK=0k_ =k =0.

In the case of manifolds with boundary such as S or W2 I and with
Dirichlet boundary conditions, we proceed in a similar way as above, except
that now K € N. We thus have that now the sum of multiplicities up to K
(which we also denote by o) is given by

K
o(K) = m(i) =m(1) + - +m(K),
i=1

Ao(K—1)+1 = Aa(K—1)42 = *** = Ao(K—1)tm(K) (= Ak ),
with the convention that o(0) = 0. The corresponding lowest and highest
orders in each K-chain are now given by k- = o(K — 1) + 1 and k4 =
o(K)=k_+m(K)-1.

Two straightforward observations are as follows. In both eigenvalue prob-
lems, if one eigenvalue in a K-chain satisfies Pdlya’s inequality, then the
corresponding eigenvalue of the lowest order in that K-chain must also
satisfy Pélya’s inequality, that is

(2.1) Xk = Cym 2™

TOME 75 (2025), FASCICULE 3



990 Pedro FREITAS, Jing MAO & Isabel SALAVESSA

All eigenvalues of the K-chain satisfy Pélya’s inequality if and only if it is
satisfied for the highest order k., that is

(2.2) Ak = Cywn k2

2.1. Eigenvalues of S™

The Weyl constant of S™ is given by

nl 2/n
Gunie) = ()

It is well known (see e.g [4]) that the distinct closed eigenvalues are given by
Ak =K(K+n-1), K=0,1,2,...,

where the multiplicity of Ax equals the dimension of the space of homoge-
neous harmonic polynomials of degree K, that is,

m(K) = (n—l—K) 3 <n+K—2) ,
n n
where (7,?) is considered to be zero if m < k. We shall now compute the

sum of the multiplicities of the first K eigenvalues. We recall the notion of
K to the n rising factorial

(2.3) K'=K(K+1)---(K+n—1).

Note that K1 = K and, by convention K% = 1. We use the following
equivalent notations I'(n+1) = n! = 17, where I'(z) is the Gamma function.

LEMMA 2.1. — Let n € N, n > 2, and K € Ny. Then

. _ B+ 2K 4n—1) _ K"l (2K 4n—1
(2.4) (K) (n—1)! ( K+n-1 ) (n—1)! ( K )
_ I(n+K) (K +1)!
U(K)—m(n—FQK)—T(n—&-ZK).

Proof. — 1t is straightforward to check that the identities with the bino-
mial terms and those with the rising factorial are equivalent. It thus remains
only to prove the first identity for o(K), which we do by induction. From

e a=3[(7)- ().

£=0
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we see that when K = 0 (2.4) holds. Assume now that (2.4) holds for some
K. We have

B I'n+K) n+K+1 n+ K -1
U(KH)F(K+1)F(n+1)(”+2K)+( n )( n )

_T(n+K+1)

_m[n—l—Q(K—i—l)]. O

We extend o as a smooth function defined over all reals, given by the
same formula, namely,

o@) = L@+ 1) +2)- (@ +n - 1](n+22)

The eigenvalues on each K-chain, A\, are ordered by the integers k_ < k <
ky where we now write

b= ol —1) = X2 - 1),
k+a(K)1W(n+2K)1,

and so,

2.2. Eigenvalues of S}

We now consider the Dirichlet eigenvalues of the unit hemisphere S7
of R""!, n > 2. Note that [S7| = 2w, 1. Moreover, from the well-
known recursion formula w,, = %’Twn_g, and wy = T, wp = 2, we can prove
by induction on n that (n+ 1)wnw,y1/2 = 2"7"/n!, and so w,|ST| =
27" /n!, yielding

(2.6) Cwn(ST) = (n))?/™.
The distinct eigenvalues of S} are given by (cf. [2, 3])
(2.7) Ak =K(K+n-1), K=12...,

with multiplicity

ey = (TR () - A

TOME 75 (2025), FASCICULE 3
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Recall the parallel summation Z (T‘:S) = (Zt]f), valid for all r € Ny
(cf. [1, 2]). Letting r = n — 1 we get

£ 01 E )
_ _Th+K) KT
T D(K)(n+1) na!’

The K-chain of eigenvalues A\ defined by K (K + n — 1) corresponds to
the integers k such that k_ < k < k4, where
K—-1)" ! K"
k_:U(Kf1)+1:¢ _ 0
n!
Therefore,
Cown kK™ = (K =17 +a)*" Cuuk?™ = (K72,

We proceed in a similar way in the Neumann case, denoting the eigen-
values of S, repeated according to multiplicities, by

0=po <pr < p2 <
while the distinct eigenvalue are, as in the Dirichlet case, given by A\x =
K(K 4+ n — 1), but now for K € Ng. The corresponding multiplicities are
now o
n+K1) (K41t

m/(K) = ( (n—1)!

n—1
Then

0 =m0 i) - =35 ()

<>

)

the corresponding K-chain is given by the eigenvalues uj; where
D

kZUI(K—l)—i—T:W—&—T, r=0,...mK) -1,

and so the lowest and highest orders are given respectively by

K= K(K) = o (K — 1) = 2

n:

K+1)"
k;:k;(K):a’(K)flz%fl,
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where we use the convention o’(—1) = 0. As a consequence,

Crvrn K (K)?/m = [K7]"

Oy K (K)2™ = [(K +1)7 — 1] "

Oy [K(K)+ 1] = [(K + 17"

We now introduce the following two functionals on distinct eigenvalues
A K of Si,

T(n 2/n
_ _ Cwpo(K)Ym ( (F(-il_(};()) (K7)2/n
D(K) = 0, (K) = Cwn(a(K))*" — A
n 2/n
(M) K-,

where we shall omit the index n whenever this is clear. With this notation
we may reformulate inequality (2.2) as R(K) < 1 (or ®(K) < 0), respec-
tively. By Weyl’s asymptotic formula taking the subsequence defined by
k=o(K), K=1,2,..., we have R(K) — 1 when K — +o0c.

2.3. Elementary symmetric functions

Pélya’s inequalities for spheres and hemispheres are equivalent to certain
polynomial inequalities which may be stated in terms of elementary sym-
metric functions. Following [17], for instance, for any natural number n we
define the elementary symmetric functions o; : R* — R by

(2.9) oo(x1,....xn) =1, oj(z1,...,2,) = Z Tiy T,
i1<i2<"'<ij

and the related constants s;(n), 7 =0,1,...,n,

(2.10) sj(n) =0;(1,2,...,n).

These functions appear in the factorization of monic polynomials such as

(K+az) (K +ax2) - (K +a,) = Z oi(w1, . ) K",

0<j<n

which, in the particular case of x; =i — 1, yields

(2.11) K'= Y sjn—1)K"7.

0<j<n—1
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3. Proof of Theorem A

Our first results consist in looking for which K > 1 and n > 2, Pélya’s
inequality holds for the lowest order eigenvalue of a K-chain, that is, the
weakest inequality holds

(3.1) K(K+n—1)=Xg > Cwnk_ "= ((K—-1)"+n)¥",

and when it holds for the highest order eigenvalue, that is, the strongest
inequality holds

— n a\2/n
(3.2) K(K+n—1)=xg > Cwn k2" = (K7".

The first eigenvalue (k = K = 1) satisfies Pélya’s inequality if and only if
n™'? > n!, which holds for n = 1,2, while from Stirling’s lower bound (A1)
we see it cannot hold for n > 3. This proves the last claim in item (2).

If K > 2, all eigenvalues of the K-chain satisfy Pdlya’s inequality if and
only if (3.2) is satisfied. This inequality holds for n = 2, and statement (1)
is proved. From the left hand-side inequality of Lemma A.1 we conclude
that (3.2) never holds for any n > 3. This completes the proof of item (2).
Furthermore, some eigenvalue of the K-chain satisfies Pélya’s inequality
if (3.1) holds, or equivalently

(83)  Qu(K) = (K(K +n—-1)"— ((K -1 +nl)?>0.

For n =2,...,8 inequality (3.3) holds for any K > 2. This may be verified
by determining the polynomials @, (K) and computing their derivatives
with respect to K, since for all K > 2 these are positive polynomials and
Q. (2) > 0 for all n < 8. However, this will no longer be the case for n = 9.

Next we complete the proof of item (3) for any n > 3 by proving the
following lemma.

LEMMA 3.1. — Ifn > 3, the polynomial Q,,(K) is of degree 2n — 1 with
principal coefficient given by 2n. In particular, we can find K,, > 2 such
that for all K > K, the lowest order eigenvalue \i_ of the K-chain satisfies
Pélya’s inequality.

Proof. — We have
[K(K +n-1)]" :[(n—l)K }

+ K
K3 (7) o vme
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Set oy = 0y(—1,1,2,...,n—2), for [ =0,1...,n— 1, (see (2.9)). We have
the following identity,

(K- D)EK(E +1) (K+n-2)=K[(K-1)(K+1)- (K +n—2)]

n—1
- K (Z o,lKn—l—l> ,
=0

and so

(K —1)K- (K +n—2)+n!?
=[(K-1)K - (K+n-2)*+ (n!)?
+ 20/ (K — 1)K (K +1)--- (K +n—2)

n—1

n—1 2
= K> (Z olK"_l_l> + () + 20K Y o K
=0

=0
=K? (UoKn_l +0 K" 24 40, oK+ Un,1)2

n—1

+ 2nlK Z o K" (n)2,
1=0
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Note that if 0 <7 <7 <n—1, then 1 <i+ j < 2n — 3. Hence,

(K —1)K- (K +n—2)+n!?

= K2 | o2K? 1) L 222 4L 462 K2 402

n—15—1

+2 Z Z O'iKn_i_IO'an_j_l

j=0 i=0
n—1

+ 2nlK Z o K" 4 (n))?
=0
— K2n +O’%K2n_2 +J§K2n—4 . +O'72172K4

n—15—1
+02 (K?+2 Z Z JinKzn_(iH)
§=0 i=0

+ 20 (K" + o K" 4o 4 0, o K? 4+ 0, 1K) + (n!)?

2n—3
K2n + ZO_QKQW, 2s + Z Z QO—io—j K2n7l
I=1 | 0<i<j<n—1
i+j=l
+20(K" + o K"+ - 40, 1K) + (n)2

Therefore, (3.3) holds if and only if

Qn(K): n (7)( K2n 1 Z 2K2n 2s
=1

— Z Z 201‘O'j K2nil

=1 | 0<i<j<n—1
i+ =l

—2(K"+ o K" ' 4 40, oK+ 0, 1K) — (n!)?
> 0.

Using that 01(1,2,...,n—2) = s1(n—2) (see (2.9), (2.10)) and Appendix B
we have

o1 (-1,1,2,....n—2) = —1+01(1,2,...,n—2)
71+(n—1)(n—2) 7n(n—3)'

2 2
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Hence, the polynomial @, (K) is of degree 2n — 1 with principal coefficient
given by

(?) (n—1) = 20001 =n(n—1) = n(n —3) = 2n,

and the lemma follows. O

The next result is a consequence of Theorem A (3), but we shall now
give a direct proof.

COROLLARY 3.2. — The lowest order eigenvalue of the 2-chain satisfies
Pélya’s inequality if and only if n < 8.

Proof. — For any n > 2 if we make K = 2 inequality (3.3) becomes
equivalent to
é(n) = (2n!)? — (n +1)"2" < 0.
For n < 8 we have ¢(n) < 0, but ¢(9) > 0. We will prove by induction
that ¢(n) > 0 holds for all n greater than 9. By the induction hypothesis
we have

(n+1)NH2 =) (n+1)2? > (n+1)"2" 2(n+1)* = (n +1)"22" 2,

If we show that &(n) > 2, where £(n) = (n+ 1)"2/(n + 2)""1, we finish
the proof, and we see this holds since £'(n) > 0 and £(9) > 3. O

4. Pélya’s inequality for eigenvalue averages on S}

In the Euclidean case the point of departure for the Li and Yau estimates
for single eigenvalues are their results for the sum of the first n eigenvalues
given by (1.4). Here we may also derive estimates of a similar type, and
we shall do so for both the first n eigenvalues and also within each chain
of eigenvalues. If n = 2, by Theorem A (1) all eigenvalues satisfy Pdlya.
Hence we will assume n > 3, except where specific values are indicated.

THEOREM 4.1. — For the Dirichlet eigenvalues of the Laplace—Beltrami
operator on the n-dimensional hemisphere S"! we have the following:
(1) for all n there exists K, > 2 such that for all K > K, the eigenvalue
of the corresponding K-chain satisfies

CW qg+m—1 /
A — K2/
K > m kzzq

In particular K|, = 2, for n = 3,4,5, K = 3 and K}, = 10.
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(2) for all n the total average sequence satisfies

. 1
lim —
k——+oo

(\j = Cownf?/™) = +ox.

M=

j=1

Remark 4.2. — For n = 2 item (1) reduces to K(K +1) >m(K)+1 =
K + 1, which holds for all K > 2, while for K = 1 we have equality.
Moerover, choosing the largest order of the K-chain, k = k4 (K) = o(K) =
K(K +1)/2, K > 1, we can compute the full sum explicitly to obtain

V8k+1
—s

el

k
2 /n 2
S0y = Cwnd®™) = S =1, SN =Kk
j=1 Jj=1
For a generic order k in the (K + 1)-chain, this sum equals a more involved
expression of a similar form, namely, 25:1 A\; = k? + kQ(k), where Q(k)
is greater than or equal to one.

Remark 4.3. — From item (2) it follows that there exists a positive value
L such that

k
n 2
Aj > nkw 4+ Lk
PRy 3O -
holds for k sufficiently large — compare with the Li and Yau inequality
2?21 Aj = RLHC’WWIC%“ (cf. [16]) for Dirichlet eigenvalues on bounded
domains in R™.

Let k € [k_, k1] be an integer of a K-chain, thatis, k = k; = o(K—1)+j
where j =1,2,...,m(K). For each positive integer (or positive real, when
appropriate) j we define

(4.1) T;(K) = (K —1)" + jnl,

and consider the following quantities defined by the elementary symmetric
functions (2.10)

(4.2) si=s(n—1), fo<Ii<n—1, Sp =ml,

where the value for 3, is defined to be n! for the sake of simplicity. Let
51 52 Sn—1 JSn

K1 k-1 TE-optEoom

(4.3) y;(K)=
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The following identities hold (see (2.11))

= (K = 1)"(1 +y;(K)).

Then, for K > 2
(44)  Cwak?™ = (0;(K)*™ = (K —1)% (1 +y;(K)¥".

We will consider a mean-value function defined on each K-chain by

1 ky(K) 2
Ph(K)=—— A — Cwn k'™
(K) m(K) k_g_:(K) ( § w, )

1 (K) )
Jj=1

and the following polynomial function
n—3 2
Qx) = Z <n§l+2 + §l+1) a4 2(n — 1)lz" 2,

=1

where in case n = 3 the summation term is assumed to be zero.

PROPOSITION 4.4. — There exists K/, > 2 such that
ky(K)
A\ — Cwnk?™) >0
k=k_(K)

for all K > K],. Moreover, for all K > 2, P,,(K) > (K — 1) + T/, where
T = (n—25,—51) — Q(1). We may take K|, > 2 satisfying K|, > —T) +1.

Proof. — We must have K/, > 2, since Pélya’s inequality is not satisfied
for K = 1. Let

Pol;(K) = K(K +n— 1) - Cw, k2"
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Using (4.4) and the upper bound in Lemma A.3, (1 +¢)%/" <1+ %y, we
get for K > 2

Polj(K) > (K -1+ (n+1)(K —1)+n

RGN R jz_;l(f(g—lw*(f(jf'l) D
:{n+1—§1} (K—1)+[n—7213}

=3
n—1 ~
2 . 2 S
=2(K -1 - — - =
( )—l—[n " 2} n(; (K—l)l—2>
2 jn!
n (K —1)n=2’

where if n = 3 the summation term is zero. Since K"~ 1 = (K—1)"/(K —1),
from (2.11) we have m(K) = i 1), S 01 5;(K —1)»= (41 Therefore,
m(K) n—1
—|— 1 1 1 .
= — e Si(K -1 n—(i+1)
ZJ =3t o K ’

and using that 5,—1 = (n — 1)! we thus obtain the following estimate for
the average

1 m(K)
n-3 24

2+s 1 2(n —1)!
(K—1>+ |:n—82—81:| Z n l+ l+ — (K(l)”)2

Then, for K >2, P(K) > K — 1+ [n— 235, — 51] QUK —1)71). Let
2o € (0,1] such that for all 0 < 2 < o, Q(z) < 7'+ n — 25, — 51. Then
T) =n—235 -3 —Q(1), and for (K —1) > z5", P, (K) > 0. The lower

bound for K/, is obtained by taking K/ > 1—T. O

For small n we can improve the choice of K/ by direct inspection, in-
stead of using the rough upper bound for (1 + y)g/ ™ as was done above.
This allows us to obtain K/, = 2 for n = 3,4,5, K§ = 3, and Kj, = 10.
These considerations together with the above proposition prove item (1) of
Theorem 4.1.
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If K =1, P,(K)=n—(n)*" <0. Given K > 2, let j*(K) € [1,m(K)]
such that Poljs g (K) 0. Then Pol;(K) < 0 for all j*#(K) < j < m(K)
and Pol;(K) > 0, Vj < j#(K). This j#(K) exists by Lemmas A.1 and 3.1,
and it is smooth for K € (1,+00) by the implicit function theorem. In
Proposition 4.6 we will approximate j*(K) by a polynomial function j'(K)
with rational coefficients. For each n > 2 we define

5K = o1 (K) = Hpa (K = 1) = Y bj(n = 1)(K = 1) = m(K),

where b (n—1) = 2=}, 1 = 0,..n— 1, and take j(K) == /7 bi(K —1)!

to be any polynomial of degree at most n — 1 (not necessarily integer-
valued), such that 1 < j(K) < j*_;(K) for K large. Therefore, either

bpo1 <bi_i(n—1)= (n_ll),, orb,—1 =0b}_1(n—1),and b,_o < b}_,(n—

1) = (nill)! = m7 and so on.
LEMMA 4.5. — We have

Pol(r)(K) = K(K +n—1) — ((K - 1)" 4+ nlj(K))

F_ 1
_Fl(K—1)+F0+(K_1)+0(K_1>,

2/n

where

Fr=Mmn+1) - %(?1 +nlb,_1)

Fo=n—2(E +nlby_o) + 22 (3 +nlb,_y)?
F_, = —%(:9\3 +n! bnfg) nn222(81 +nlb,_ 1)(82 +nlb,_ 2)

— 2D (3 4 nlb, ),

and s3 = 0 if n = 3. The following holds.
(1) Fy = 0 if and only if b,_1 = ﬁ, that is, j*(K) — j(K) is of
degree at most n — 2. Moreover, either F; = 0 or F} > 0 and so
Pol;(xy (K) > 0 for K sufficiently large.

(2) If Fy =0, then Fy = 0 if and only if by_o = 72242 Moreover, if

12(n—2)!"
Fy > 0, we have b,_o < m < b},_5(n —1), and Poljg) (K) >
0 for K sufficiently large; if Fy < 0, we have 222 < b,_5 <

12(n—2)!
b, _o(n — 1) and Pol;(x) (K) < 0 for K suﬂicientl; Iar;;e; if Fp =0,
we have b,_» < by _o(n —1) and the sign of Pol;x)(K) will be
given by the sign of F_; if not zero, proceeding as above taking a
higher order Taylor expansion.
(3) Given j € N, Polj(K) > 0 and Pol,,(x)—;(K) < 0 hold for all K
sufficiently large.
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Proof. — Using the third order Taylor expansion of (1 + y)z/ ™ for small
y we obtain

Pol;x)(K) = (K —=1)>+ (n+1)(K —1)+n

2/n
5+ n'bn l nlbg
— (K (1 + Z TR 1)n>

= (K —1)?2 (n+1)(K71)

— —i—n'bn nlb
(z_: )
n'bn l nlb ’

— (K —1)n

3
2n—1)(n—-2) [~ S+ n'bn L nlbg
+ 3n3 <Z e 1)n>

+o<@>}”"

F 1
:F(K—1)+Fo+ﬁ+ (K1>

+n—(

MLHH

The statements now follow trivially. Note that in (1) F; < 0 cannot hold
since j(K) < j*(K). In (2) the inequality % < b%_5(n—1) holds for
all n > 3. Given j, the constant polynomial j(K) = j satisfies j(K) <
m(K) for K sufficiently large, and b,—; = 0 implying F; = 2 and so
Pol;(K) > 0 proving the first inequality of (3). The second inequality is a
trivial application of (1). O

PROPOSITION 4.6. — Let G = ”1—32 € Q and consider the element of
Q[K] of degree (n — 1) given by j7(K) = j*_(K) — Gji_,(K). For any
J(K) € RIK] satistying 1 < j(K) < j*(K) for K large, the following holds.

(1) If j(K) > j1(K) for all K sufficiently large, then j(K) > j*(K) for
all K sufficiently large.
(2) If j(K) < jT(K) for all K sufficiently large, then j(K) < j*(K) for
all K sufficiently large.
In particular, given € > 0, there exist K. such that

sup [ (K) — jT(K)| <e.
K>K.
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Remark 4.7. — If j(K) = j{(K), in order to determine the sign of
Pol(x)(K) we need to use a Taylor expansion of higher order in Lemma 4.5.

Proof. — Denote the coefficients of j_,(K), jr_o(K), and j(K) by b},
b} and by, respectively.

(1). — By the conditions on j(K), we must have b,_1 = b’_; and so,
Fy =0 from (1) of the previous Lemma. Moreover, since §1/(n —1) — G =
(5n + 2)/12, then

~

~ 51 G 5 + 2

*

bz >bj, 5 —Gb;, 5 = -1 (m—21 12(n—2)

This means Fy < 0 and so (1) follows from Lemma 4.5(2).

(2). — From the conditions on j(K), b,—1 < b%_; and so F; > 0, and
the result follows from Lemma 4.5(1). Taking j(K) = jf(K) + ¢ (note that
1 < j(K) < j*(K) for K large) we obtain j(K) — e < j*(K) < jT(K) +¢,
for all K > K, proving the last statement. O

Using Proposition 4.4, given L > 0 we can take K, ;, > K, +1 such that
P, (K) > L for all K > K,, 1. Then for K > K,, 1 we have

1 n
PM(K) = 2 (M = Cuk?®'™)
K' -1 K, -1
(K Po(K') S m(KY) P (K)
= 2 TSR Sy
(4.5) K'=1 K'=K

where T, = Z?}:_ll m(K')Pp(K')/o(K). The expression in (4.5) converges
to L when K — +o00. Therefore, since L is arbitrary, PM (K) may be made
as large as we want, proving the following lemma.

LEMMA 4.8. — limg 4 oo PM(K) = +00.
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Proof of item (2) of Theorem 4.1. — Let k > 2 belong to a K-chain,
k=0(K —1)+4j(K), where 1 < j(K) < m(K). Then

o(K —1)
(K = 1)+ j(K)

k
D (A = Cwins™™) = PM(K —1)
g
s=1

=

) i(K)
SR D T E) ; Pol;(K).

Moreover, since j(K) < m(K),

J(K) < m(K) m(K) n

cdK-1)+j(K) SoK-1)+mE) oK) K+n—1

— 0,

when K — +4o00. Therefore, ngfi)fj)(m — 1, and the first term of the

above equality converges to +0o as a consequence of previous lemma. If
j(K) < j4(K), the second term is positive, and we are done. If j(K) >
jH(K), we note that,

1 J(K) 1 m(K)
- Pol;(K) > - Pol;(K) > 0,
0(K—1)+](K)j§1 i(K) o(K—-1)+j(K) ]; i(K)

where the last inequality follows from item (1). This completes the
proof. O

5. Proof of Theorem B

The proof of Theorem B is based on the fact that the function ® defined
in Section 2.2 converges to (n — 1)(n — 2)/6 as K goes to infinity, and
never goes above this value. While the first part is essentially based on
an expansion of this function at infinity, the second part is more involved,
relying on the sharp upper bound provided by Lemma A.1.

LEMMA 5.1. — The expansion
T(n+K)17™ (n—1)(n—2)
=/ =K —-D)K 4 — 21— = 1
[ (K } +(n—-1)K + 6 +0o(1)

holds as K — oo.
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Proof. — We have

Bl

= [K(K+1)-(K+n—1)]*"

e () (o) ()]

2/n
1 1 1
= K? |:1+§1+§2 +O():|

K ' TK? K2
~1) (n=1Dn-2n0Bn-1) 1\1%"
_ g2l —

[ T T 24K? Ve ’
where §; and Sy are as in (4.2). The lemma now follows from the binomial
expansion. O

LEMMA 5.2.
. _ (=D =-2)
Klgnoo O(K) = 5 =: ¢(n).

Proof. — From Lemma 5.1,

B(K) = <K2+(n1)K+(n1)6(n?)+o(l)> —K(K+n-1)
%ﬁ(n_z) +0(1),
as K — +oo, and the limit follows. O

Proof of Theorem B. If n = 2 then ®(K) = 0. We may thus assume
n > 3. By Lemma A.1, ®(K) remains below ¢(n) for all K and so

n 2/n
(5.1) g > (W) —¢(n).

Hence, if A is in the K-chain, then k < &k and using (5.1) we obtain
Me = Ax > Cyg, U(K)Q/” —c(n) = Cwp ki/n —c(n) = Cw,nk’Z/" —¢(n).

Equality is only possible if n = 2, when Cy2 = 1 and ¢(2) = ®(K) = 0. By
Lemma 5.2 above, ®(K') converges to ¢(n) as K goes to infinity, proving the
sharpness of the statement with respect to the sequence of highest order
on each chain. O
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6. Proof of Theorem C

We now describe the K-chains of a hemisphere in a precise way. By
writing explicitly the lower and higher orders k4 (K) in terms of K", and
using a simple but fundamental inequality between K (K +n — 1) and a
fractional power of the rising factorial, it is possible to obtain a proof of
Theorem C.

Proof of Theorem C. The inequality in the theorem holds for k = 1. Now
we take k > 2 in a (K + 1)-chain, where K > 1. The corresponding lowest
order eigenvalue is given by k_ = ¢(K) + 1= K"/n! + 1. By Lemma A.1
the following inequality holds

KK +n—1) < (K7™ = (k_ — 1)2/" ()",
In particular we obtain
K < (k- —1)Y"(n)t/m,
Therefore,

A = Akr1 = (K +1)(K +n)
=K(K+n—-1)+2K +n
(k— — D))" 4 2(k_ — )Y ()™ 4 n
(k — D))" 4 2(k — )Y ()Y 4 n
= Cwn(k — )" +2¢/Cwpn(k — 1)Y™ 4 n,

<
<

and we are done. Next we prove the claimed limit at infinity. Consider the
function defined for all K > 2, O(K) == (Ax — T(K)*/™ —n)/(2T(K)Y/™),
where Y(K) = o(K — 1) = k_ — 1 is given in (4.1) for j = 0, and k_
is the lower order index the K-chain. From the inequality this function is
bounded from above by one. Consider the quantities s; defined by (4.2) and
Z(K) = yo(K) given in (4.3) for j = 0. Using Lemma A.3 when Z(K) — 0,
we have (K —1)")Y/" = (K — 1) + O (1) when K — +oc and

(6 = 720 = 0 = 12 |1+ 23() - =2 o )

n

2 2. (n—2) 1
—(K_1)24+ 2 _ 25 2 -
=(K-1) +nsl(K 1)+ 52 3 51}+O< >
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Moreover, K(K +n —1) = (K —1)2+ (n+ 1)(K — 1) + n, and we get

(n—2)8}

1. [

) . (n+1-n+1)K - 25+
K1—1>I—Ii-loo@(K) - K1—1>1’—I&-100 2K

7. Sharp two- and three-term }llpper bounds for Si,Si and
St

Recall from Section 2.2 that o(K) = % Hence, o : [1,400) — [1, +00)
is the smooth increasing function

0(x)z%x(x+1)~~(x+nfl),

that can be extended to z € [0, 1] by the same formula, giving o(0) = 0.
We can define its inverse, o1 : [0, +00) — [0, +00), with 0=1(0) = 0, that
is increasing for £ > 1. Since k_ — 1 = o(K — 1) and k4 = o(K), then
o~ Yky) =K =0"1(k_ — 1) + 1. In particular, for any )\ of the K-chain,
we have k_ < k < k4, and so

(71) M =Ax =K(K+n-1)
= (o7 ko — 1) +1) (67 (k= — 1) +n)
<M k—=1)+1) (e ' (k—1)+n) =U(k)

with equality if and only if &k = k_, while

M=KK+n-1)=ck)oc (k) +n—1)
> o () (o (k) +n - 1).

Ifk=K=1,M=n=U1).

Given z € [0,+0), 0~ !(z) is a non-negative root of a polynomial func-
tion of degree n, that provides formulas to describe each K in terms of the
lowest order index k_ or the largest order index k; of the chain. Rewrit-
ing the expression of (k) in the form Cyy,,k?/™ +c'k*/™ + ... a remainder
bounded term, R_(k), will appear allowing us to derive the sharp estimates
for the eigenvalues given in the next propositions. For simplicity, and due to
the nature of the polynomial equations involved, we will restrict ourselves
to dimensions two to four.
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2
7.1, S2

If n =2 we have Cy2 = 2 and, from the above formulas,

o Hx)=—= + \/Sx—i—
and
2% = Ak =K(K+1)=1+2(k_ —1)+/8(k_ —1)+1

Thus, the two- and three-term upper bounds in the next proposition follow
immediately. The lower bound is Pélya’s inequality from Theorem A, while
the last statement was proved in Theorem C.

ProrosiTION 7.1. — If n = 2, Cw,2 = 2 and the Dirichlet eigenvalues
of Sf_ satisfy the following inequalities for all k = 1,2, ...,
1
Cwik < A\ < Cwa(k—1)+2,/C E—1)+=+1

8
:CW’2k+2\/CW’2 k—g—l
< Cwak +2y/Cwa VE,

with equality in the first right-hand side inequality if and only if k =
k_. The last inequality is strict for any k > 1 but it is asymptotically
sharp for the lowest order eigenvalues of each chain in the sense that (A —

CW,QIC)/<2\/CW’2\/E) — 1 when k = k_ — oo.

7.2. 3

Now we consider the case n = 3. We have Cy 3 = 6%/3, \x = K(K +2),
and from o(K) = K(K + 1)(K + 2)/6 we obtain

oY) =373 L(x)Y/? +373L(x) 713 — 1,
with L(z) = 3%z + /3622 -3, Vax>1

Note that ¢(0) = 0 by the above expression, and this is the only non-
negative value of K for which o vanishes, so we set o=1(0) = 0.

PROPOSITION 7.2. — Ifn =3, Cyy3 = 62/3 and the Dirichlet eigenval-
ues of Si, Ak, k=1,2,... satisfy the following inequality

_1)2/3 _ 1\1/3
. X VW, ) )
(72) M < Cws(k—1)%3+2./Cw Y3 4 R_(3,k)
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where R_(3,k) is a function that at k = 1 takes on the value 3 = n = Ay,
and for k > 2 it is a decreasing function, with R_(3,2) ~ 1.06383 and
converging to 2/3 as k — +oo. Equality in (7.2) holds if and only if k = k_.
An equivalent upper bound for A\ is given by

(7.3) A < Cws K23 +23/Crs K3 + R_(3, k),

with equality at k = k_ of each chain, where R_ (3,k) at k = 1 evalutes

to —Cw,3z — 2,/Cw,3 + 3 = —3.936168, and it is bounded for k > 2, with

R_ (3,2) = —2.4870064, increasing up to 2/3 as k — oo. It is given by
R_(3,k) = R_(3,k) — Cws (k2/3 — (k- 1)2/3)

= 2y/Cus (K% = (k= 1)1/%).

Proof. — Applying the above formula for 0~! to x = k_ —1 and inserting
it into (7.1) we obtain the following expression for U(k),

2
Uk) = (3*2/3L(k 1)V 437U Lk — 1)*1/3)

42 (3_1/3L(k C )3 43Nk —1)"3 4 2)

o ; 2/3
R ),

1/3
1 3 2
+2¢/Cwa(k —11/3<2+2\/1—(27(k_1))2> +3
2
31/3 (27(k )+ 2T D)) 3)1/3
1
32/3 (27(k )+ /RTE D) - 3)

+

+

2/3"

From this, we obtain that the remainder term R_(3,k) as defined in the
introduction to this section satisfies R_(3,1) = 3 and, for k larger than
one, it may be written as

R_(3,k) = A(k) + B(k) + % + C(k) + D(k),
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where

A(k) = —Cywz(k —1)%/3 {1 _ (%

_|_
1/3 1,1 3 1/
B(k) = =2,/Cws(k —1)/° <1~ (5 +34/1 - (27(k—1))2>

D(k) = L
( 32/3(27(k—1)+/@7(h—1))2—3) "*

C(k) = 2o/D(k).

It follows that R_(3,k) is a positive function decreasing to 2/3 when
k — oo, see proof in Section C.1.1 of Appendix C. We note first that
R_(3,k) converges at infinity to the same limit as ]/%v_(3,k), since 0 <
ke/3 — (k—1)2/% < S(k— 1)~G=9)/3 for ¢ = 1,2. On the other hand after
some straightforward simplifications we may rewrite R_ (3,k) as

~

. , 2
(7.4) R_(3,k) = —Cwnk?*® — 2\/Cw. k> + 3

+ (D(k;) + D(;)_l) +2 | V/D(k)+ (D;k)>

From this expression we obtain a negative value at k = 2, implying R_ (3,k)
changes sign. In Section C.1.1 of Appendix C we prove that R_(3, k) is an
increasing function for k sufficiently large. a

7.3. %

Now we consider the case n = 4. We have Cyq = (242 N\ =
K(K +3). From 0(K) = K(K 4 1)(K + 2)(K + 3)/24 we obtain

ot (z) = % (—3 + (5 +4v24z + 1)1/2) .

PROPOSITION 7.3. — For n = 4, Cw4 = v24 and the Dirichlet eigen-
values of Sfl‘_, k=1,2,..., satisfy the following inequality

A < Cwalk—1D)Y242/Cwalk — )2+ R_(4,k),

where R_(4,k) is a decreasing function with R_(4,1) = 4 and converging
to zero as k — oo. Equality holds in the above inequality if and only if
k = k_, that is, at eigenvalues of lowest order of each chain. Equivalently,
we have

A < Cwa k2 +20/Coa kV* + R_(4, k),

ANNALES DE L’INSTITUT FOURIER



POLYA-TYPE INEQUALITIES 1011

where
(4 k)= (4 k) — Cwa (k1/2_(k._1)1/2>
—2/Cwa (k1/4 - 1)1/4) ’

and equality holds if and only if k = k_ as well. The remainder R_ (4,k)
is not monotonic and changes sign. It evaluates to —Cy 4 —2,/Cwa +4 =~
—5.326 at k = 1, then vanishes somewhere on the interval [400, 500], it has
a local positive maximum of approximately 0.0322267 around k = 6452,
and converges to zero at infinity.

Proof. — From (7.1) and the expression of 0~ we obtain U(k) and de-
velop it as follows.

Uk) = T+ 2400k — 1) +1/5+4y/T+ 240k — 1)
1\ /2 1\ /2 5 1/2
(A

1
24(k — 1)

= Cwalk— 1Y% 1+

1 5
+2¢/Cwalk — 1)V | 1+ +
24(k— 1) 4,/24(k — 1)

= Cwa(k —1)Y2 +2/Ca(k — )Y* + R_(4,k),

where R_(4,1) =4 =n =\, and, for k > 2

R_(4,k) = Cya(k —1)'/2 ( 1+ m - 1)

1 5
+2y/Cwa(k —1)Y/4 1+ + —
24(k—1) © 4,/24(k — 1)

Clearly R_(4,k) > 0, and a straightforward calculation yields
limy_,o0 R_ (4, k) = 0. The proof that R_(4,k) is a decreasing function of
k is given in Section C.1.2 of Appendix C. The expression using R_ (4,k)
follows by a direct computation, or by rewriting U(k) as

U(k) = Cyak'? +20/Cwak* + R_(4,k),
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with

R_(4,k) = \/5 + 4v24k — 23 + v/24k — 23 — 24k — 2(24k)V/4.

From this expression we see that the limit at infinity is zero, and derive the
remaining properties of R_(4,k). O

7.4. Single term lower bound

The main purpose of this section is to prove the following one-term lower
bound without an additive constant and valid for all £ > 1.

PROPOSITION 7.4. — On S}, n > 2, the following inequality is valid for
all eigenvalues A,
(7.5) Me > (s ) - O™ = k™ = Mk
(n!)2/n k

with equality holding for the first eigenvalue. For n = 2 this is Pdya’s
inequality (1.3).

This one-term inequality should be compared with the main inequality
in [16] for Euclidean domains, where a lighter correction constant n/(n+2)
is multiplied. Furthermore, our result on the hemisphere implies Ag11 >
A1k2/™ an opposite inequality compared with Euclidean domains [8]. In [8,
Corollary 1.1] it is shown that spherical domains satisfy an inequality with
two correction constants. The multiplicative constant, n/+/(n + 2)(n + 4),
converges to one when n — oo, while our correction constant n/(n!)%/"
converges to zero when n — oo. Their additive correction constant, n?/4,
is comparable to our ¢(n) = (n — 1)(n — 2)/6 in Theorem B, but with no
need of an extra multiplicative correction constant. These multiplicative
constants turn out to be a compromise in order to make the inequality hold
for lower eigenvalues also. The proof of Proposition 7.4 relies on properties
of R(K). This function may be extended to all real K > 0 and is smaller
than one, by Lemma A.1.

LEMMA 7.5. — Let v(t) be the digamma function [1, p. 253]. For all
real K >0

R(K) = RO (2 0+ ) = 0(80) - 2 ).

Kn+K-1)
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Proof. — Denoting the derivative with respect to K by ’, for any real
K > 1 we have

n 2/n /
R(K) = ((W) X (K(n+K—1))1>

:<H”+Kvwni(wg?)Km+K—D—@K+”—U

T ()
x (K(n+K—1))72
T+ KN (2(n(D(n+K))-n(D(K))) (2K +n—1)
_( I'(K) > ( nK(n+ K —1) _(K(n+K—1))2)
_ (T + K) 2(W(n+K) —y(K))  (2K+n-1)
( ) < nKn+K—1) 7(K(n+[(_1))2
T'(n+K)\*"

N n+K—1 ( T(K )

x(wn+K>¢mo;§fj;_%)

and the expression for the derivative follows. 0
LEMMA 7.6. — Ifn > 3 we have R'(K) < 0 for any real K > 0.

Proof. — From the above expression of R/(K), we need to show that for
any real K > 0, the following inequality
1 1 n(2K +n—1)
Y+ B) =0l = gt e T Sk K1)
holds for all integer n > 3. We fix K and prove by induction on n. It
holds for n = 3 since the above inequality is equivalent to the polinomial
inequality K (K +2) < (K +1)2. Assume now that the inequality holds for
n. We have
(1 1 ) n(2K +n—1) 1
— et <
K K+n 2K(K+n—-1) K+n
n(2K +n—1)(K +n)+2K(n+ K —1)
2K(n+ K —1)(K +n)
The induction is proved if we show that
n2K+n—-1)(K+n)+2K(n+ K —1) - (n+1)(2K +n)
2K(n+ K —1)(K +n) 2K (K +n)
or, equivalently, (2K +n—1)(K 4+ n) < (K +n—1)(2K 4+ n + 1), that is,
—1+4+n>0. O
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Proof of Proposition 7.4. — If n > 3, By Lemma 7.6 we have R'(K) < 0.
In particular R(L) < R(K) for L > K > 1. Therefore,

Y T(K)T(n+ L)%™ A o(K)1*"
w > foresml 0 3> o[
Finally, A\; = n, and if A is in the K-chain, from the last inequality we
have
Ak = Ak = n(n) Y Cn (0(K)2™ > n(n)) =2 "Cyw., B2/,
and Proposition 7.4 is proved. O

8. The Neumann case: proof of Theorem D

The proof proceeds in a way similar to those of Theorems B and C.
If k is in the K-chain, i.e. u, = K(K +n—1) and k¥ (K) < k < K/, (K),
we have
Cwnk®™ — g = Cynk’ (K)?/™ — iy,
_ (Kﬁ)2/n
= ¢(K)
where the function ®(K) (defined in Section 2.2) was shown in Section 5
to converge to ¢(n) and, by Lemma A.1, is always below this value. Also
by that lemma, ®(K) > 0, and we conclude that C’W’nkQ/” > u. When
n =2, ®(K) = 0, and thus Cy,,k%/™ — uy, vanishes for all k = k' (K), that
isk=K2?/2=K(K+1)/2.
To prove the lower bound we start from

- K(K+n-1)

K+1< K+ DK +m) < (K + 17" = /O [, (K) +1]""
to obtain
Cwnk®™ — e < Ok (K)?™ — K(K +n—1)

W (K (K) +1)%" — K(K +n—1)
=(K+1)™"?" —K(K +n-1)

—®(K+1)+ (K+1)(K+n)— K(K+n-1)
=®(K+1)+2K +n
=0(K+1)+2(K+1)+(n-2)

<e(n) + (n — 2) + 2¢/Cwn [K(K) +1]"7".
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Hence Cyw.p, [K (K) + 117" = e < [e(n) +n—2]+2\/Cown (K (K) +1)1/7,
and
pi+ (e(n) +n—2) > \/Cryn (k DY (VCn (K (K) + 1)1 = 2)

\/Cwm k+1)l/n («/Cw,n(k 1) 2) .

Now, proceeding as in the proof of Theorem C, using the identity K (K +
n—1)= (K +1)?2+ (n—3)K — 1, recalling that 8; and 5, are as defined
in (4.2) and using the explicit expressions in Appendix B with m =n — 1,
we have

Cwon (ks (K) + 1) — gy,
2\/Cwn(ky(K)+1)/n

(K417

)2/m — K(K +n—1)
2[(K — 1)7]"/"
(K +1) + 281 (K +1) + |25, - 55288 + 0 (4)
2[(K — 17"
(K+1)?*+(n—-3)K+1
2K -

2K +n+ {%@ - (”,;Q)gﬂ +0 (%)

2K+1)+0(2) 1

when K — 400, concluding the proof of Theorem D.

9. The case of wedges Wﬁ/p

We recall the concept of a tiling domain of a manifold M in Euclidean
space. If a domain M’ C M C RY contains p non-overlapping subdomains
congruent with a model domain M" C M, we write M’ D pM"; if these
p subdomains cover M’ without gaps, we write M’ = pM". Pélya [18,
Lemma 1] proved the following result in the case of domains in the plane,
but a similar proof holds in this more general situation.

LEMMA 9.1. — If M" D pM", then X, < A} for k € N, where A ,, A}/
are the (kp)-th and k-th Dirichlet eigenvalues of the Laplacians on M’ and
M" | respectively.
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An example of tiling domains on the n-dimensional sphere S™ is given
by the wedges defined by (1.5), for which we have that p copies of W Ip
cover a hemisphere S7 = W} = pW" I

Theorem E on Wi /p follows immediately by applying Lemma 9.1 and
part 1. of Theorem A for the Dirichlet eigenvalues of the Laplacian on the
2-dimensional hemisphere Sa_. Applying Theorem B and Lemma 9.1, we
obtain the following.

THEOREM 9.2. — Let M’ and M" be two domains in S . If M" tiles
M’ with M' = pM", and n > 2, then for any k > 1 we have
(n—=1(n-2)

6
where X}/ is the k-th Dirichlet eigenvalue of the Laplacian on M". Further-
more, in case M' =S}, then
(n—1)(n-2)

6

An immediate consequence of the above result is the following.

"+ > (pkn!)*™,

"+ > Cwn (MK

COROLLARY 9.3. — The eigenvalues \} of the wedge W;L/p with p € N,
satisfy the inequality

(n—=1(n-2)
6

(9-1) i+ > Cy (Wi, k2™ = (phint)*/™

Moreover, when n = 2, equality holds in (9.1) if and only if k = W,
m € N.

Proof of Theorem 9.2. Let A/, A}, and A, be the Dirichlet eigenvalues
of M", M" and S, respectively. Let ¢(n) = (n — 1)(n — 2)/6. By (2.6),
(Wn[ST])?/™ = 472 /(n!)?/™. In fact, if M" tiles M’ with M’ = pM" for
some p € N, then |M'| = p|M"| and by Theorem B and Lemma 9.1, we
have
. 47T2(p/€)22//" _

(«wnlSZ)

for all positive integer k. If M' =S, then S| = p|M| and so

N = Npk = Api

c(n) = (PkT(n+ 1))>/" — c(n)

A > 47T2(pk)2/n _
k= 2/n
(wnp|M])

Theorem 9.2 (and Corollary 9.3) now follows by taking M" = ap U

c(n), Vk € N.
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Combining Lemma 9.1 with Proposition 7.4 yields the following result
for wedges tiling M’ = S’} with p tiles.

COROLLARY 9.4. — The Dirichlet eigenvalues X} of W;L/p satisfy
" _n no\.2/n . 2/n1.2/n
Ap = ((n!)Z/”) CwnOWVy),) K77 = np™ " k27 VE > 1.
10. Spheres

We recall the notation given in Section 2.1. for the closed eigenvalues of
S™, namely Cyw.,, = (n!/2)%/" A\ = K(K+n—1) for K =0,1,...,0(K) =
(K 4+1)"(n+2K)/n!, and the lowest and highest orders k_ = (K —1),
ky = o(K) — 1 of a K-chain, and we define ¢(0) = 1, corresponding to
letting k_ = k, = 0 if K = 0. We may further extend o~! continuously
down to 0 by 0=(0) = —1, to obtain o~ ! : [0,00) — [~1,00) (possibly
complex valued).

The next lemma follows immediately from the expressions of k+ and \x.

LEMMA 10.1. — For each K € NU {0}, the eigenvalues of S™ in the
K-chain, and its orders given by the integers k_ < k < k,., satisfy the
inequalities

o k4+1)
L(k)

otk +)=K=0Yk)+1<0o k) +1,
< L(ky) =Ag =Uk_) < U(k),
where
Uk) = [o (k) +1] [~ (k) + n]
Lk)=0Yk+1)[c7 (k+1)+n—1].
Equality holds in both right hand-sides if and only if k = k_, and in both
left hand-sides if and only if k = k.

10.1. S?

When n = 2, the eigenvalues are given by \g = K(K + 1), K =
0,1,2,..., with sum of multiplicities 0(K) = (K + 1)2. The eigenvalues
of the K-chain are given by

)\Kz == )\K2+1 == )‘K2+2K71 = )\(K+1)2_1 == K(K+ ].)
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The next proposition now follows directly from Lemma 10.1 and the fact
that for S? we have o~ !(z) = & — 1.

PROPOSITION 10.2. — We have Cy2(S?) = 1 and the eigenvalues A of
the 2-sphere, satisfy

E+1-vVEk+1 < N\ <k+Vk

for any k > 0. Moreover, for each K = 0,1, ..., upper bounds are attained
at k = K?, that is, at the lowest order eigenvalue of a distinct eigen-
value K (K + 1), while lower bounds are attained at the largest order k =
(K +1)% — 1 of the same chain.

10.2. S3

When n = 3 the sum of multiplicities of the eigenvalues A\ = K (K +2),
K =0,1,2,..., equals 0(K) = (K +1)(K +2)(2K +3)/6. If K = 0~ (x),
then K is the only real root of

o(K) = %(K—&- 1)(K +2) (K—l— 2) =z

Solving this third order polynomial equation allows us to determine o~ (x)
as described in the next lemma.

LEMMA 10.3. — Ifn =3 then
372/3

oM z) = ~5—G(@)"* +

371/3
2

_ 3
G(.’E) 18 57

where G is defined by

G(x) =108z + /(108x)2 — 3, Vz > 0.

This function is univocally defined, smooth, positive and increasing for x >

%, and complex valued for x € (0, 1—‘6‘2), where we choose the branch with
G(0) = iv/3. From 0~1(0) = —1 we must have (0) = 0 and 3_22/3 G(0)1/3+
G013 =1

From this and Lemma 10.1, we may now derive the formulas of ¢/ (k) and

L(k).
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LEMMA 10.4. — We have U(0) = L£(0) =0 and for k > 1

WD

+\/7k1/3<

7
12

U(k) = Cwz k*/* <

1+

)
”FTB

4 9—10/33-8/3.~2/3

+ 2= 5/33—4/3k 1/3

1+

]2/3
>2/3

~1/3

and

_ 2/3
L(k) = 1 +Cwys (k+1) (2

3
Lt \/1 ~ (108(1 + k))?

>1/3

3
I+ \/1 ~ (108(1 4 k))?

3
2710/3 . 78/3 k 1 72/3 1 1 — -
+ 3R+ 1) + (108(1 + k)2

The inequalities obtained in the next proposition are an immediate con-
sequence of Lemma 10.1, using the expression for G(x).

e )

3
T+ \/1 ~ (108(1 + k))?

2—5/3 A 3_4/3(k + 1)—1/3

—-2/3

ProposITION 10.5. — Ifn = 3, we have Cy 3 = 32/3 and the eigenval-
ues for the 3-sphere, \;., k =0,1,.. ., satisfy the following inequalities

Cws (k+1)%% —\/Cws (k+1)3 + Ry (3,k)
< g
< Cwsk?® + \/Cws kY® + R_(3,k),

where both functions Ry (3, k) are negative and bounded with values on a
small interval. They are given by R_(3,0) =0, R+(3,0) = —Cw,3++/Cw3,
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and for k > 1,

2/3
R_(3,k)=—Cws {k2/3 —272/3 (k +Vk2 — 2—43—5) }

— /Cws {k1/3 — 27 (k4 VR = 2—43—5)1/3}

- 1—72 +2710/3378/3 (g 4 /|2 — 2-43-5)7%/3

+275/33 743 (k4 /K2 — 2-43-5)71/3,

Ry (3,k) = cm{(kﬂ)?/i" =272 (k1) + /(b + 1) 2435)2/3}

+\/Tvm{(k+1)1/3_2—1/3<(k+1)+\/<k+1)2_2_43_5)1/3}

7 —2/3
— o5 + 270/ (+1)+ R+ 17 —277377)

) ~1/3
=273 (1) + /(R DT —27735)

Moreover, R_(3,k) is a decreasing negative function for k > 1, and con-
verges to —7/12 when k — oo. Function R (3,k) is a negative increasing
function for all k > 0, values —Cyw,z + /Cw,3 at k = 0, and converges
to —7/12 when k — oo. Furthermore, in the inequality, lower bounds
can be achieved at the largest order eigenvalue of each K-chain, that is
k =k, = 07 }(K) — 1, and upper bounds can be achieved at the lowest
order eigenvalue of the same chain, k = k_ = o~ 1(K — 1).

More details on the remainder functions Ry (3,k) are given in next
Lemma 10.6.

LEMMA 10.6. — The following functions R4 (3,k) are negative and
bounded with values on a small interval. They are given by R_(3,0) = 0,

R.(3,0) = —Cws++/Cwgs, and for k > 1

R_(3,k) = As(k) + A1 (k) — 1—72 + By (k) + Bay(k),

R (3,k) = Da(k) + Da(k) — - + By(k) + Balk),
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where

; 2/3
Ay(k) = —Cyws {k2/3 —272/3 (k +Vk? - 274375) } :
/

1/3
A1(k) = —/Cws {k1/3 —971/3 (k +VEk2 - 2—43—5) } ,
~1/
By (k) = 275/3374/3 (k +VEk2 = 2*4375)

By(k) = 2710/8378/3 (k: +Vk? - 2—43—5) -
and
Dy(k) = Aa(k + 1), Dy(k)=—-A1(k+1),
Ey(k) = =-Bi(k+1), Es(k) = Ba(k +1).

All functions converge to zero when k — +00, A; + B; are positive decreas-
ing functions, E1 + E5 and D1 + D5 are both negative and increasing.

Proof of Proposition 10.5 and Lemma 10.6. — The construction of the
remainder function Ry (3, k) follows from Lemma 10.4, and similarly for
the initial values at k = 0. We see that each of these four terms converges
to zero. In Section C.2.1 of Appendix C, we prove A4;(k) + B;(K) are pos-
itive functions decreasing to zero. Consequently, R_(3,k) is a decreasing
negative function for k > 1/3/108, decreasing to —7/12 when k — oco. It
follows immediately that R (3, k) also converges to —7/12 when k — oo.
It is clear that Fy + Fo < 0. In the Appendix we compute the derivative of
D5 + D; and using some Taylor estimations we conclude that it must be
positive for all £ > 1. Since Dy 4+ D is negative at k = 1 and increasing
to zero, we obtain that it must be negative for all k¥ > 1. Then R, (3, k) is
also negative. In a similar way, it is possible to prove that E; + Fs is an
increasing function and conclude that R, (3, k) is also increasing. O

10.3. $*

Now we consider the eigenvalues of S*, A\x = K(K +3), K =0,1,...,
with o(K) = (K+1)(K+2)*(K+3)/12, k- = o(K—1) and k; = o(K)—1.

LEMMA 10.7. — When n equals 4 the inverse map of o is given by

U_l(x):;(—ﬁl—i-\/é 1+¢1+W).
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ProrosiTioN 10.8. — If n = 4, we have Cw,4 = V12 and the eigen-

values A\, k = 0,1,. .., of the 4-dimensional sphere S* satisfy the following
inequalities

Cwalk +1)Y2 — /Cwalk +1)Y* + R, (4,k)
< g
< Cwa kY 4+ \/Cwak'* + R_(4,k),

where both Ry (4, k) are negative bounded functions given by R_(4,0) = 0,
R,(4,0) = —Cwa+ /Cw,a and for k > 1

48
+ v Cwa \/kJriJrL—kl/4
’ 48 QCWA ’

Ry(4,k) = 3 +CW,4{ (k+1)+ 1o (k + 1)1/2}

1
R_(4,k) = —g +CW74{ k+— —kl/Q}

2 48
—V/Cwa \/(k+1)+i+#—(k+1)1/4
’ 48 20W,4

These functions satisfy R_(4,0) = 0, R4(4,0) = —Cwa + +/Cw,4, and
limy_s 400 R4 (4, k) = —3. Moreover, we have Ry (4,k) < R_(4,k+1), with
R_(4,-) and R (4,-) being decreasing and increasing functions, respec-
tively. Furthermore, lower bounds in the inequality can be achieved at the
largest order eigenvalue of each K -chain and upper bounds can be achieved
at the lowest order eigenvalue of the same chain.

Proof. — From Lemma 10.1 and previous lemma,

3 1
(10.1)  U(k) = —§+§\/1+48k+\/§ 1+ 1+ 48E,

(10.2) ﬁ(lc)::—g+%\/1+48(k+1)—%\/1+ 1+48(k +1).
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Then U(0) = L(0) = 0 and, for k > 1, we may write i and L as

_ 3 1/2 L
Z/{(k) =75 + CW74/€ 1+ 13k

1 I
Ok L i L
Tviwa 20wk TN Ik

= CW,4/<11/2 +vVCwa V4 4+ R 4, k),

__3 1/2 1
L(k) = 2+CW,4(k+1) 1+48(k+1)

1 1
SOk DA i
Cwa(k +1) \J 2Cw.4(k + 1)1/2 + + 48(k+1)

= Owa(k +1)"% — \/Cwalk + )4 + Ry (4,k),
where Ry (4,k) are given by

3 [ 1
R7(4,]€) - —2+CW’4]€1/2{ 1+48k_1}
+/Cw,ak'* \/1+i+¥—1
W 48k ' 20y 4K/

and

3 1

1 1
— v/ Uw. k+1 1/4 1+
C 74( ) J 8(

k+1) * 2W0wa(k+1)172

From (10.1) #4(0) =0, and we must have R_(4,0) =0. Similarly, from (10.2)
L(0) =0, and so Ry(4,0) = —Cw4 + \/Cw,4. Computing the correspond-
ing limits we obtain limg 4o R4 (4,k) = —%. The sign and monotonic
properties of Ry (4, k) are described in Appendix C, Section C.1.2. g

10.4. S™: proof of Theorem F

In this section we will prove Theorem F valid for n > 2. We start with
the upper bound.
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LEMMA 10.9. — For alln > 2 and K > 0 we have
K(K+n-1)<Cwno(K—1)%"4+/Cy,o(K —1)Y"
with equality only for K = 0. Furthermore if we set for K > 1,

n XK — CW,n O’(K — 1)2/n
B Cwno(K —1)Yn

QK):

K(K+n—1)— (Kﬁ(%jLKil))Z/n

)

(Kﬁ (2 + K- 1))1/n
then limg 4 oo Q(K) = 1.

Proof. — Recall that o(—1) = 0, and so equality holds for K = 0. Now
assume K > 1. We want to show that

K(K+n-1)< (K”l (K+@22))>2/n+<ml <K+ (”22)>>l/n.

Using Lemma A.1

(K"—l <K+ (”;2))>1/n -

>

k)" (x4 02 2)”

/N N

2
= VE(K +n —2)(p(K))"/?",

where

2
(K + (ng2) )

- >1 =1ifn=2).
K(K+n72)> ( if n=2)

Pp(K) =
Hence

(K”‘1 (K+ (ngz)))””Jr (K"—l (K+ (ng2)>)1/”

K(K +n—=2)(@(K)"" + VE(K +n—2)(p(K))"/*"
KK+n—-2)+K=K(K+n-1).

2
>
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We have just proved that Q(K) < 1, that is, the inequality in the Lemma
holds. Now we prove it converges to one at infinity. Note that

§+K—1>'

KT (4K -1) =K (25—
2Jr K+n-1

From (2.11), K" = K" (1 +3r ) §Z-/Ki), where 3; is as in (4.2), and by
the following Taylor expansion, (14y)%/" = 1+%y+%% (f — 1) y?+o(y?),

a
n
we get for n > 3,

Kﬁ %+K_1 o/n
K+n-1
~ . n a/n
e P 1 ___ 2
(e e ()] (- )
~ n ~ na a/n
a S1 2 52 551 1
( +[K K+n—1}+[K2 K(K+n—1)}+° <K2>>

N S O 1
=K <1+n[K K—i—n—l]JrO(K?))'

Since §1 = n(n —1)/2 (see Appendix B)

3

RN
K24 (n— DK — K2 (1+% [?1 — Kf;,l} +O(%))
= lim 7
2 K[ - s 10 ()
=1. H

Proof of the upper bound of Theorem F. — 1If Ay is in the K-chain, then
k> o(K —1) =k_ and from the previous lemma

e = K(K+n—1) < Cyip K™ +/Coym K™ < Cowin K"+ /Crym K™

Equality holds for k = 0 but not for any other k¥ > 1 when n > 3, because
©(K) > 1 (see proof of previous lemma). The inequality is asymptotically
sharp as a consequence of limg_, 1 .o Q2(K) = 1. The case n = 2 is stated in
Proposition 10.2. g

In next proposition we derive three lower bound estimates for the eigen-
values of the n-sphere, where the last one is the lower bound stated in
Theorem F.
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ProposiTiON 10.10. — The eigenvalues A, of S™ satisfy the following
estimates:

(1) For any k > 0, we have

(n?+2n-7)

e 2 Cuw (k4 102" = 24/C (k + 1) = 25

(2) For any K > 1, if k is in the K-chain, then

Ae > Cwm(k+ 12 (1= 1) = n—1)°
k= VUWn K 9 .

(3) For k = 2n™/n! — 1 we have

2

n—+1 n

2
2 ) Gk

Ak>0m4k+nwn—c%ﬂk+nvn—(

Proof.

(1). — The inequality for k£ = 0 translates into
(n/2)%/™ —2(nl/2)Y/™ — (n? 4 2n —7)/4 <0,

that decreases on n and means —1,25 < 0 for n = 2, that is true. Now we
take k > 1 in a K-chain, where K > 1. The corresponding higher-order
eigenvalue is given by k, = o(K)—1, where 0(K) = (n+2K)(K+1)"~1/nl.
Applying Lemma A.1 we obtain the following inequality

n!

(ks + 15

:<K+g) (K+1)-(K+n—1)
<(K+n)(K+1)---(K+n—-1)=(K+1)"

(10.3) < l((KHH”;l)T

2 /2
- <(K+1)(K+n)+<n;1> > :

Therefore,

(K + 1)(K +1n) > (ky + 12/ @)2/” - ("; 1)2.
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From the first identity in (10.3) we have (K + 1)" < (k4 + 1)n!/2, and,
consequently,

n\ /"
K+1< (kp +1)Y7 (2) :

Since K(K +n—1)4+ 2K +n = (K + 1)(K + n) and applying the above
inequalities we obtain

)\k:XK:(K+1)(K+n)72K7n

2
—1
> Cywop(ky +1)2/m — <"2> ~20K+1)+2-n

2420 -7
> Cualles + 1)/ =23/ Gy + 1)/ - 20T

2
on —
> Ol + 12" = 2/Cr (k4 1 = 20T

where we used in the last inequality the fact that & < ky and ((x) =
Cwﬁngc2 —2,/Cw nx is an increasing function for x such that /Cw ,x > 2,
that is true for x =k +1> 2 and n > 2.

(2). — From (10.3) we derive an alternative estimate

k++1 ) (K+1)-- (K +n—1)

(10.4)

= (K
( ) (K+1)- (K +n—1)
()

27 /2
(10.5) <1+2[{)lK(K+n—1)+(n;1>] :

where we used in the last inequality Lemma A.1. Therefore, we have

2/n 9 nl\ 2" n—1\°
K(K+nfl)2<1+ﬁ) (k++1)/"(2) < 2)

Since (14 t/K)'/* is decreasing in ¢ (for positive t and K), (1 —1/K)(1 +
n/2K)*" < (1 —1/K?) < 1, we get for k in the K-chain,

5 2/n n—1\2
CWn(k-i‘l)/n(l—’-ﬁ) —( 5 )

1 n—1\2
>t (1 ) = (%57)

TOME 75 (2025), FASCICULE 3




1028 Pedro FREITAS, Jing MAO & Isabel SALAVESSA

(3). — Now inequality (10.5) yields

n! n n—1\"
— K R
(k;++1)2\(1+2 )<K+ 5 ) ,

leading to

n—1 n! 1/n 2K 1/n
K > (ke + DY (=
T (ks +1) (2> <2K+n) ’

and so

1/n
2 n—1

For k > ([(n—1)/2]"(n+2)/n!)—1 the right hand-side of previous inequality
is positive and we obtain

1
(10.6) Kt >—

" 1/n e :
e+ D/ (522) 7 = ngt

Moreover, from (10.4) we have
!
(h-+1)% = <K+%) (K+1)-(K+n—1) < (K +n)"

Then K +n > (k— + 1)1/71 (%1)1/71’ and

K > /Cwn(k_ +1)Y" —n.

The right hand-side is positive for k > 2n™/n! — 1 (which is larger than
([(n —1)/2]"(n + 2)/n!) — 1), and thus

1 1
(10.7) oy .
Cym(k+1)m —n

K
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In this case, from the second alternative estimate (2) we derive

1 —1)\?
Ak = Chyn (k4 1)/ — ?Cwm(k +1)%/n — (n 5 )

Cywn(k +1)2/7 n—1\>
CH2(k+1)n —n ( 2 )
Cwon(k+1)2" —n?
O (k+1)Un —n

> Own(k+ 1) —

2 CW,TL(k + 1)2/n -

3 n? 3 (n—1)2
Cil2 (k+ 1)V —n 2

)

—_1\?2
=OWAk+U””—(C%ﬁk+D”"+")‘(nz )

’I’L2

(k1) —n

n+1\°
= CW,n(k + 1)2/n - C%i(k + 1)1/” a (2)

n2

P+ —n

Next we prove the lower bound (3) is sharp, completing the proof of
Theorem F.

Proof of the limit with respect to the lower bound in Theorem F. —
Consider the function

(i) o Qi P
o Cwon o(K)L/m

(47T (34 K)) "~ KK 40 1)

(ke + 17T (3 + K))l/"

The equality of the two quotients comes from the value Cy,,, and (2.4) in
Section 2.1. From ky + 1 = o(K), by showing that limg_, P (K) = 1,
we prove the limit in Theorem F.
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We now use identiity (K + 1)1 = K"/K, Lemma A.1, and (5.1) to
obtain

((c+ )™ (% —|—K))2/n CK(K4+n—1)

- (Kﬁ <%+1))2/H—K(K+n—1)

> K(K +n—1) ((27;( +1)2/n - 1>

and

(k7 (% + 1))2/" ~ K(K +n—1)

<((r+t)™ 1) e en—n+ (g +1) et

where ¢(n) = (n — 1)(n — 2)/6. Setting

_ 2/n
(K+1)" T (3+K)| — K(K+n+1)
K) =
7(K) (K +n—1) ’
we get
I K)> tm K| (2 1) 1] =1
K%HEOOT( ) = K%HEOO <ﬁ + ) - o
and
. . n 2/n C(TL) n 2/n
< _ _ I SV
KLH«EWT(K) = KLHEOOK {(QK + 1) 1} * K+n+1 <2K + 1)
=1.
Hence limg 4+ 0o7(K) = 1. Now,
(K+n-1)

W(K) = r(K) - —
(K7 (g5 +1))"

and using the expression of K™ as in the proof of Lemma 10.9, we have

(K4+n—-1) (K+n-1)
i 1/n 1 s 1/n"
E G+ 1)) k(14205 &) (G +1))
Therefore, limg 40 U(K) = 1. d
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10.5. Converse Pélya’s inequality for averages on S™: proof of
Theorem G

We consider any element k € [k_, k] of the K-chain,
k=k; =o(K —1)+j

where j = 0,1,...,m(K) — 1. Let §; be given as in (4.2). From (2.11) we
have K = K™ (1 4 2(K)) with z(K) = .'—' 5;/ K. Furthermore,

1 . m(K) -1
m(K) ;0 1T
and
LA () )m(K) — 1)
m(K) = 6
We define

Pol;(K) = Ak — Cwuki".
Pélya’s inequality is given by the inequality Pol;(K) > 0. We have
Poly(0) = 0, but for X = 1 Pol;(1) > 0 is equivalent ton > (n!(1+7)/2)%/™,
j=0,1,...n, that only holds if n =2 and j = 0,1, or n = 3,4 and j = 0.
We have the following conclusion on the Pélya average on n-spheres.
ProrosiTioN 10.11.
(1) If n =2, then
ki (K)
> (M — Cwink™) =0 for all K > 0.
k=k_ (K)
(2) If n > 3, there exists K, > 1 such that for all K > K,

ky (K)

> (= Cwnk?™) <.
k=k_(K)

Proof. — If n = 2 then, Poly(K) = K(K + 1) and for K > 1 and
j=0,...,m(K)—1=2K we have

Pol;(K) = K(K +1) = (o(K —1) +j) = K(K +1) - K* - j = K —j,
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and the average is given by

m(K)—1 2K
1" 1 2K (2K + 1)
— Pol;(K) =K — ——— | =Kk - 22—
m(K) 2 Pol(K) 9K + 1 ;0‘7 (2K +1)2

Now assume n > 3. Let

ng 1\ n 2/n
oK)= 22— =(1-—2— .
K+n-1 K+n-1
‘We have
| 12/n
Cw.nk; {<K+n—1) +2J}
K)K?(1+w; (K))*",

where

= 2(K) + jG(K),

wj(K)zz(K)+(K+n—1> nlj

s+K -1/ 2K"
with
K+n-1 n!
G(K) = .
(K) (TQL+K1> 2K

Now we assume n > 3. Using Lemma A.3, we have (1+w;)*™ > 14 2w, —
(n—2)
n2

w2
w3. Hence,

Pol;(K) == K(K +n—1) - Cwn k"
= K2+ (n— 1)K — o(K)K? (1 + w;(K))*"

< (1= p(K)K? + (n— DK — o(K)K> <T2ij B (anQ)wf)
=(1—(K)K2+ (n— 1)K — o(K)K? (iz_ (nn—22)22>
+2jp(K)K* (—i + (nn; 2) z) G+ j2p(K)K? (”71—2 2) 2
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Now we estimate the average

+ o(K)K? (_i + (”n—Q?) )G(m(K) 1
+ @(K)KQ (’I"Ln—2 2) G2 (m(K) — l)éQm(K) _ 1)

K+n—-1\ n!
K)-1
. <K1+g) arcn (MUK = 1)

+<p(K)K2(nn;22)
() ] ()

Note that (1 — p(K))K — 1 when K — +o00. Hence
(1 (K)K* ~ K.

Moreover, K"G(K) — n/2 when K — +o0o. Then we rearrange the w.h.s.
to get an inequality as follows (we are assuming n > 3)

m

(K)-1
ﬁ Jgo Pol;(K) < A(K)K + B(K) + % +0 (;{) ,
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where A(K), B(K), and C(K) are bounded functions, namely,

A(K) = [(1 (KN (K + (n 1))

—o(K) (i§1+ 1 (I;J;n—1) (m(j})n—})m)y
B(K)w<K>[i§2+(n2)§%<”2)§1<K+n1)(<m<f<>1>n!)

2 n2 2Kn—1

(=}
=~
~
N
£}
2

2m(K)—1)(m(K)—1) (n!)? <(n22)> <;§{+n 1>217
n +

n
m—=2). (K+n—-1Y\ ((m(K)—1)n! 1
T P\ K2 ot ) TO\E)|
Now B(K) and C(K) are bounded, while

lim A(K)=2-n.
K—+oo

Hence, for n > 3 we have

m(K)—1

D

Jj=0

for K suficiently large. a

The above results for averages over chains of eigenvalues allow us to prove
Theorem G by writing the desired inequalities as the positivity of certain
polynomials in two variables.

Proof of Theorem G.— In the particular case of S?, and as shown in
the previous proposition, the following sum up to a higher order index

k=k (K)=0(K-1)+m(K)-1=0(K)—1

satisfies
k K m(i)—
Z()\j ) Z Z Pol,(
7=0 =0 j=0
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Therefore, the total average up to an arbitrary index of a K-chain, k =
o(K—1)4+r, K > 1, where r =0,...,m(K) — 1 = 2K, is given by

1 k 1 kJr(K*l) T
m;(Aj—J):m jz:% ()‘j—J)‘F;POIJ(K)

1 T
:7§ Pol: (K
I<+1j:0 ol; (K)

1 —~
=1 (r—i—l)K—j;]
(r+1)2K —r)

CO2(K24r+1)

Considering this as a function of the r variable, it is straightforward to see
that it has a global maximum equal to 1/2 for positive K and r (attained
when r = K — 1), and so

thus proving the upper bound in the first part of Theorem G.
For the lower bound, we need to prove that

(r+1)2K —r) - k
20K2+r+1) = 2(k+1)

)

sin <7r\/m>

for 1 < K, 0 < r < 2K and where k = K? 4+ r. Note that if r = 2K
then both sides vanish and we have equality. We also see that the two
denominators cancel out and we need to show that

K247
——|si v K2 1)‘§1.
(r+1)(2K —r) st (ﬂ- T

First note that
sin (7T\/K2 +7‘+1)‘ = |sin (T\/K2+7’+1 7TI'K)

and since 0 < r < 2K we have 0 < VK2 +7r+1— K < 1. We may thus
use the inequality

)

sin(rz) < m2(l —z) +4(4 — 7)2?(1 — 2)?
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valid for z in [0, 1] to obtain
K24 r \/7
e i (s )
r+r1)eK —n ™ (” Tt

K% +r
<————(VK? 1-K)(K+1-VK? 1
(r+1)(2K_T)( +r+ ) (K + +r+1)

x [7r+4(4—7r)(\/K2+r+ —K)(K+1—\/K2+r+1)]

(K24 [m+4d-m)(VEK2+r+1 - K)(K +1—-VE? + 7 +1)]
B (WVE2+7r+1+K)(K+1+VKZ+7r+1)

< K (K +2)

SWEPHI+K)(K+1+VE2+ 1)

where in the last step we replaced r by 2K and 0 in the numerator and
denominator, respectively. It is possible to see that the resulting function
is smaller than one for K larger than or equal to five, while the remaining
(finite) number of cases may be checked individually to see that, for integers
K and r such that 1 < K <4 and 0 < r < 2K the expression before the
last inequality takes on its maximum value for K = r = 4 which is given by

37 (987\5 - 4523) — 11808v/21 4 54112 ~ 0.967.

In case of S*, recall that

Cwn (S7) = iym(K) _ QK +3)(K+1)(K +2)

3 6

n
n+2

and

K+ 1)(K+2)*(K+3
iy = (D 4220 +3)
12
Given k = o(K — 1) + r of the K-chain, where K > 1,0 <r < m(K) — 1,
we have

k ki (K-1) r
D= D N Aekn
§=0 §=0 §=0
K— B L
= m(j)A; +Z)\K
=0 =0
1
=K(3+K) [18(1+K)(1+K)2(2+K) +(1+7)
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To show that a reversed Li—Yau inequality holds for all k£ > 1, is equivalent
to showing
2

jZk:OAj < {jg(k + 1)k1/2]2 _

Replacing the above expression for the sum of the eigenvalues we see that
this last inequality is, in turn, equivalent to the non-negativeness of the

%6[g(K71)+r+1]2[a(K—1)+7’].

following polynomial

Q(K,r) == 288K — 1488 K?% + 392K + 1139K* + 294K + 285 K°
+468K7 + 273K® + 7T0K® + 7K' 4+ 1728r + 1152Kr
— 2160K %7 + 540K 3 4+ 1800K*r + 504K °r
— 7T2K5r — 36 K1 + 345612 + 864 K12 — 756 K *r?
— 216 K372 + 108K *r? + 17283,

forall K > 1and 0 < r < m(K)—1 — for reference below, we note that @ is
the result of multiplication of the direct substitution by 324. We first note
that the polynomial 17287 + 345672 4 172872 = 17287(1 + r)? appearing
in the expression for () above is always positive for non-negative r, and it
is thus enough to prove that P(K,r) = Q(K,r) — 1728r(1 + r)? is always
positive in the region

A={(K,r)eR*: 1< KAN0<r<m(K)—1}.

This has the advantage that now P is a polynomial of the second degree
in r. Differentiating it with respect to r thus gives a linear equation in this
variable which may be solved to obtain
K5 +2K5 — 14K* — 50K3 — 15K2% + 60K — 32
- 6(K3 —2K2 — 7K +8) '
Differentiating P with respect to K, and replacing in this derivative the
expression for r found above yields
4K +1)3(K +2)
(K3 —2K2? — 7K +8)°

p(K),
where

p(K) = 10K 427K — 217K° — 750 K® 4+ 1146 K" + 6075K°
+971K° — 12924K* — 2678 K> + 10644K? — 2112K — 768.

Since p has no real zeros for K greater than or equal to two, we only
need to check the cases of K equal to 1 and 2, and what happens on
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the remaining part of the boundary of the set A defined above. We have
P(1,r) = 1728(1 + r) which is minimal when r is zero. For K = 2 we
obtain P(2,7) = —129612 4 336967 + 216432 which is greater than or equal
to P(2,0) = 216432 for r < m(2) — 1 =13.

We have P(K,0) = 7K' + 70K° + 273 K8 + 468 K" + 285K + 294K +
1139K* + 392K2 — 1488K?2 + 288K, which takes on its minimum on the
interval [1,4+00) at K = 1, where again it equals 1728. Finally, over the
line r = m(K) — 1 we have

P(K,m(K)-1)=K(1+K)?(2+K)?*(72+36 K +32 K>+ 59K 3+ 34 K* +7TK®),

which, on the interval [1, +00), is greater than or equal to P(1,m(1)—1) =

P(1,4) = 8640. We thus see that P has 1728 as its minimal value on the

set A, attained when K =1 and r = 0. Since Q(K,r) > P(K,r) in A and

Q(K,0) = P(K,0), we see that the minimal value of @ in A is also 1728.
We have thus shown that

Lo =

16
— 1) 1/2 >
i (k+ 1)k ] Z)\ x

&

from which the pretended result now follows from the inequality v/1 — z <
1—z/2. O

Appendix A. Auxiliary results

In order to derive the Pélya-type inequalities we have made extensive
usage of several results which we now collect here. Except for Lemma A.1
below, these are mostly known, but we include them here for ease of refer-
ence.

We will use the following Stirling bounds for n!. For any positive real
x > 0 there exists some 0 < ¢ < 1 such that [1, 6.1.38], I'(z + 1) =

rattie ot Hence, for any n > 1 we have

(A1) V2re 't < nl el Tt

The next two lemmas are also crucial tools for our eigenvalues estimates.
The first of these gives sharp upper and lower bounds for the quotients
of two I' functions, which we were not able to find in the literature —
see [13, Theorem 2] for similar results.
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LEMMA A.1. — For any positive real number K we have

(A2)  K(K+n—-1)< (KN < K(K+n-1)+ W

for all integer n greater than or equal to three, while when n is two we have
identity throughout.

Remark A.2. — Note that

2/n

(K" =K+ (n—-1)K +

as K goes to infinity, and so the two inequalities refer to the first two and
three terms in this expansion.

Proof. — We first prove the lower bound. For s € [0,n — 1] the function
0(s) = (K + s)(K +n — 1 — s) achieves its minimum at the end points of
the interval, namely 6(0) = 8(n — 1) = K(K + n — 1), and its maximum
at sy = (n—1)/2 with 0(s;) = (K + s1)% For odd n write n = 2m + 1.
Then sy =m € N and

K'=K(K+1)---(K+m) - (K+n-2)(K+n-1)
= [K(K +n—1D][(K+1)(K +n—2)]
o [(K+m=1)(K+m+1)]-[K+m]
> [K(K +n—1))™-[K +m]
> [K(K+n—-1)|"VK(K+n-1)
= [K(K +n—1)]"2

For n even write n = 2m. Then s = m — (1/2) and
K'=KK+1)---(K+m—-1)(K+m) - (K+n—-2)(K+n-1)
=[KEK+n-1][(K+1)(K+n—-2)]...[(K+m-—1)(K +m)

> [K(K +n—1)]™
 [K(K +n— 12,

In either case we have (Kﬁ)2 > [K(K 4+ n—1)]" as desired.
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To prove the upper bound. we again consider the cases of even and odd
n separately. For even n = 2m, we start from

,_.

m—

H (K+ ) (K +n—1-73)]

gm
Lo

= [K(K4+n—-1)+jn—1-j)]

-
Il
=)

m—1
1
< |K(K+n-1)+— -
(K +n m;jn 7)

m

— K(K+n—1)—é(m—l)(Qm—3n+2)}m

_ n/2
= K(K—Fn—l)—l-(n_lz(n_%}

)

where the inequality follows from the arithmetic-geometric inequality. For
n = 2m + 1 we have

T (K+)(K+n—-1-j)]x(K+m)
7=0

-1 [K(K+n—1)+jn—1-j)]x (K+m).
=0

We estimate K + m from above by

n—1 - K(K+4+n—1)+ (n=1)(n=2) | (n?-1)

K =K
tm + 2 (n—1)(n—2)
KK+n-1)+ —2—=

which follows from the identity

9 2
[K(K+n—1)+(n_12(n_2)+(n _1)}

- {K(K+nl)+(n1)(n2)} <K+”1>2 (n® — 1)
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Again using the arithmetic-geometric inequality, we now obtain

,_.

K7 = LUK + (K 40 -1 )] % (K +m)

[}

m—1
< |K(K+4+n-1)+ jln—1-—3)
J:O
m+1
1 mn—1n-2) n?-1
+m—|—1< 6 T
1
X
\/K(KMJHW
(n+1)/2
-1 -2
:{K(K+n—1)+(n)6(n)}
1
X
\/K(K—l—n—l)—i-(n_l)é”_z)
(n—1)(n—-2)7""
:{K(K+n—1)+6} . O

By a standard application of Taylor’s theorem we have the following
bounds for (1 + z)%/" for n > 2 and a = 1,2, which we use several times
throughout the paper.

LEMMA A.3. — Let a = 1,2. For any = € [0,400), and | > 2 even, we
have

T+ Mz + Mg+ + A <A +2)Y" <1+ Mz + -+ A2l
and for any x € [0,1), and any | > 1 we have
(1—2)" <1 — Ay + Aoz — Asa® 4+ -+ (=1) A,

where, for l > 0,

(A3)  Apt = Ap(a) = — _3(9_1)(3_2)...(3_1).
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Appendix B. Explicit expressions for s;(m), so(m) and

sg(m)
From o1(x1,...,Zm) =21 + -+ + 2, we immediately have
m(m + 1
si(m) =01(1,...,m) = %

The expressions for o, k = 2,3, may now be derived using Newton’s for-
mulas [17, identity (2.11")]

k
kog(z1,...,xm) = Z(—l)i_lpi(xl, s ) Ok—i (T1, -, T,

i=1
where the polynomials py are the k' power sums defined by

m

Pe(T1, . ) = fo
i=1

For so(m) we have

sa2(m) = 02(1,2,...,m)
12
252 1 02 112 am)pl(17277m)
1 1
=501 o1(1,2,. )(1—|—2+---+m)—§ao(1,2,...,m)p2(1,2,...,m)
_(m—1)m (m+1)(3m+2)
B 24 '

In a similar way we may obtain

Appendix C. Computations using Mathematica

Some of the computations needed in the paper are straightforward but
quite fastidious, involving many algebraic manipulations. They are thus
quite suited to be carried out using a computer package such as Mathe-
matica. Below we collect the main results used in the paper which were
carried out in this way.
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C.1. st
C.1.1. R_(3,k) and R_(3,k)

We prove that R_(3,k) is positive and decreasing to 2/3 by proving
that B(k) + C(k) is positive and decreasing to zero. Similar reasoning for
A(k) + D(k).

Both C(k) and B(k) converge to zero when k — +oo. Consider the
function z(t) = (1 + /1 —3-5t=2 )13 with t > 1, and H(t) = (3t)"/32(t).
Note that z(t) is an increasing function and converges to 2'/% when t — oo.
Hence, z(t) € [(1+ /1 —375)1/3,21/3). The condition B(k) + C(k) > 0,
with k > 2, t = k — 1, is equivalent to

_BK)+Ck) 1y 1
Y(t) = — = (6t)/°+ | H(t) + 73E1(t) >0,
or equivalently
3 x 313613 (T) (1 - 2—1/3z(t)) <
$2/3°

Note that t = (3°2(t)3(2 — 23)>—1/27 and so, the above inequality is equiv-
alent to
91/3 (1 - 2*1/%(7&)) < (2 2(t)})V3.

For z € [(14+V1—=375)1/321/3) we have (2!/3 — 2)? < (2 — 2%), with
equality holding for z = 21/3. Therefore, Y (t) > 0 for ¢t > 1.
The derivative is given by

_ 21/3 1
(t) = S 32/312/3 g x 31/3(t + /=375 + £2)1/3,/=375 1 ¢2
(t+ V=35 +12)1/3
32/3y/ =375 4 ¢2
21/3 1 1
= - + H(t)— —— ).
32/3¢2/3 3. /t2 —3-5 3H(t)
. . 1/3
Then, Y/(t) < 0 if and Only lf, m (3H(t)2 — 1) < izT?)H(t)

Using the expression of v/1 — 37°¢~2 and ¢ in terms of z and H (¢) in terms
of t we get the equivalent inequality

(3 w323 5 o(1)? — f?/?’) <3 (2(6)* — 1) x 2'/3 % 32/3 x 4(1).
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Taking again the expression of ¢ in terms of z we get

(3 x 323 5 2(1)2 — 35/32()(2 — z(t)3)1/3> < 23 % 353 (2(t)® — 1) x 2(1),

that may be simplified to yield z(¢) < [21/3(2(1?)3 -1) + (2- z(t)?’)l/ﬂ,
that is,

(2 — 2(0)>)Y? > 2(t) — 2Y3(2(t) — 1).

We can check this is true by considering the polynomial inequality (2—23) >
(z—2'3(2% —1))3, and to check to be true for z € [(14+/1 — 375)/3 21/3],
being an equality at z = 2%/3. Thus, Y’(t) < 0 is true for all > 1. We have
then proved Y (¢) is decreasing and so it is B(k) + C(k). The same holds
for A(k) + D(k).

It follows that RR_ (3, k) converges at infinity to the same limit as R_ (3,k),
since 0 < k%3 — (k —1)%/3 < 2(k — 1)=G=9/3 for a = 1,2.

Now using identity (7.4), we will prove that R_(3,k) is increasing by
showing the following functions are increasing

DD(k) == D(k) +372D(k)™* — (6k)%/3,
CC(k) == VD+3"(vVD)™* = (6k)/>.

DD'(k)
272 (k—1)
2 <27+ (27(k1))23>
== 5/3
3 x 32/3 (w/(Q?(k D)2 =3+ 27(k— 1))
27%(k—1)
2 <27+ <27<k1>)23> 25/3
1/3  21/31.1/3
9 x 31/3 («/(27(1@ “1))2 =34 27(k — 1)) 3k
_ 4/3
2<27+ V(2422/§?;£]i62111+81k2 ) [_3+31/3 (27(k ~ D+ V@TR=1)) - 3) ]

9 x 31/3 ( 27(k —1))2 —=3+27(k — 1))5/3

+

25/3
©31/3k1/3 ¢
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Thus, DD'(k) > 0 if and only if

4/3
720(k—1) B 1/3 _ BRI
2(27+(27(k_1))2_3> [ 3+3 (27(k 1)+ /@7(k—1)) 3) }

5/3
9 x 32/3 (w/(27(/< “1))Z—3+27(k — 1))
25/3
T 31/31/3 >

0.

Multiplying the above inequality by

9 x k1/3 « 31/3 ( (27(k — 1))2 34 27(k B 1))5/3 o \/_3 + (27(1{: — 1))2,

we get an equivalent inequality,

3 x k2 [(W+ 27(k — 1))4/3 - 32/3]
2/3

> 223, /(27(k —1))2 — 3 (\/(27(k —1))2 - 3+27(k - 1)) / ,

that is,
_ 3 x k/3
Wk = 7 (27(k—1))2 -3
x (\/(27(k —1))2 -3+ 27(k — 1))2/3
(C.1)

32/3

( @7k —1))2 =3+ 27(k — 1))2/3

> 1.

We prove this inequality is true by showing that W decreases and converges
to 1 at infinity. We have that W’ (k) < 0 is equivalent to

(729(k — 1)? — 3) [(¢—3 +720(k — 1)2 + 27(k — 1))4/3 - 32/3]
+ 54k+/729(k — 1)2 — 3 [32/3 + (\/—3 +729(k —1)2 + 27(k — 1))4/3]
— 2187k(k — 1) {(«/729@ “1)2— 3+ 27(k — 1))4/3 - 32/3} <0,
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[(\/WJF 27(k — 1))4/3 - 32/3] x (27%(k — 1)% = 3)
4 54k\/272(k = [(\/272 7B 27k )>4/3+32/3}

4/3
< 81 % 27 x k(k [(\/272 —TIP =34 27(k - 1)) —32/3}
Let X (k) = /27%(k —1)2 —3+27(k . Then the previous inequality is

equivalent to
(X ki 4/3 + 32/3

20912 _ 1. 2(k—-1)2 — )
(27 (2k* -k 1)+3)>2><27><k>< 27%(k —1) 3X(Xk4/3—32/‘3)

X(k)*/3 43273
Note that Z(k) = W

Z(2) = 1.02062107 .. ., so we are considering the equivalent inequality
F(k) = (27 x (2k* —k — 1) + 3)% — Z(k)?(2k)? x ((27)*(k — 1) = 3) > 0.

is decreasing, and so 1 < Z(k) <

The Taylor series for F(k) in powers of (k — 2) is given by
F(k) = 4.487x10°4+-1.1177x 107 (k—2) +8.77212 x 10%(k—2)? +O((k—2)?).

Hence, for k large enough W (k) is an increasing function, and so W (k) > 1
for k large. It converges to 1 at infinity (using Taylor expansions, for exam-
ple) Hence DD(k) is increasing for k large. Similar for CC, proving that
R_(3,k) is increasing for k large enough.

The values of R_(3,k) and of R_(3,k) given in the proposition may
be obtained from the corresponding expressions. In particular, }A%_(S, k)
vanishes for some k between 35 and 36.

C.1.2. R_(4,k), R_(4,k)
We may write R_(4, k) as

R_(4,k) = \/5 + 41T+ 24k — 1) + /1 +24(k — 1)
24(k — 1) — 2 x (24(k — 1))/4.

Since the functions S(t) := v/t + 1 — /1, and Q(t) := /5 + 4\/1 + t —2t1/4
are decreasing, it follows that R_ (4,k) is decreasmg.

The behaviour of R_ (4, k) can be checked using Mathematica. For exam-
ple, it is negative at k = 1, vanishes at some point on the interval [400, 500]
and attains a local maximum approx. 0.0322267 around k = 6452, converg-
ing to zero at infinity (as explained in the case n = 3).
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C.2. S

C.2.1. R=(3,k)

It is straightforward to prove that A; and B; converge to zero when
k — oo. We prove now that A; + B; are positive decreasing functions. Let

X (k) = 108 4+ /(108)2 — 3k~2. Then X (1) > 215 and X (k) / 63 when
k — +o00. We have

Ai (k) + Bi(k)
_ —18x 30 x X(k) x k*% 4356 x X (k)% 4+ 18 x 33 (v/3) "L X (k)3 (—64 X (k)/3)k?
- 3k8/3(X (k))4/3y/3 x 108 — k2 '

Note that (—6 + X (k)*/®)k?> — 0 when k — +oc. Moreover, (—6 +
X (k)'/3) < 0 and so

—18 x 31/6 x X (k) x k*/3 4+ 3%/6 x X (k)'/3
358/3(X (k))*/3/3 x 108 — k2
Similarly A5(k)+ B4 (k) < 0. Since A3 (1) + B1(1) = 0.0577504 and A2(1) +
Bs(1) = 0.00324951 and A; + B; decrease to zero, we conclude they are pos-
itive for all k£ > 1. Moreover, A;(1)+ B;1(1) 4+ A2(1) + B2(1) = 0.0609999 <

7/12. This proves R_(3, k) is negative decreasing to —7/12.

Ay (k) + By (k) < <0.

It follows immediately that D;(k) and E;(k) are functions converging to
zero. Clearly Fy(k) + Eq(k) < 0. Let V(t) = Da(t — 1) + Dy (t — 1), where
t=k+12>2. Then

V(t) = —/Cws {tl/?’ — 275 (¢4 \/W)l/g]
X {\/CTvs [t1/3 +o71/3 (t Ve - 2635)1/1 - 1}

from which it follows that V' (¢) < 0, that is, D (k) 4+ D2(k) is negative. We
also have

1++
1 2 —2-63-5
V() \/t2—2-63

T 32/3;2/3  31/341/3 21/332/3(¢ + /12 — 2-63-5)2/3

1/3 t
31/3(t+‘/t27276375)1/3'

Now we show that

21/3(3)2/3\/12 — 2635 x V'(t) > 0,
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that is,
1/3 1/3
(t+ vz —270375) 2 [121/3 (t+ vz —270375) " - 1]
> 213, /12 — 2-63-5[2 x 31/3¢1/3 1],

Let us define the constant 6 = 2737 and the following functions
J(t)+1\"?
J@zﬂ_wasw:(Q;) ,a(t) =2 x 31513,
Previous inequality is equivalent to the following one,

(C2) () + 1) (28514 7 (1)* 1)

> 23 7(1)(2 x 31/3¢1/3 — 1),
We will prove this inequality holds for all ¢ > 2, or equivalently,

(C.3) £(t) x (a(t)g(t) — 1) > (26*(t) — 1) x (a(t) — 1),
where we used in the w.h.s. the identity J(t) = 2£(#)® — 1. Now (C.2) is
equivalent to

(C.4) a(t) x (€3(t) —26(t)° + 1) > &(t) — 2£(t)° + 1.
Since 0 < ¢ < 1 we have £ +1 > €2 +1 > €3 + &3 = 2¢3. Hence (C.4) is
equivalent to

(C.5) a(t) xv(&(t)) > 1, wherev(§) = (
From the derivative of v(£), given by
22 1

/
YO = meyae e
we conclude that v(§) attains minimum value my = 0.792893 at £ = 2~
and a(t) is an increasing function with a(1) = 2 x 3/3. Hence, a(t)mo >
a(1)mg > 1 implying (C.5) holds.

We have then proved that D; (k)+ D2(k) is a negative function increasing
to zero.

Therefore, the sum F; + E5 + Dy + D5 is negative and converges to
zero. Now we prove that Fy + Fs is also increasing. The functions F; are
of the form E;(k) = —1/Y (k) where Y (k) increases and is positive with
Y (k) > 2, and Ey(k) = 1/(Y (k)?). Hence,

/
B} (k) + E}(k) = W >0,
Therefore, R, (3, k) is negative, increasing and converges to —7/12.

&2 —2¢3 41

o), Vel

1/2
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C.2.2. Ry (4,k)

We have R_(4,k) = Ry (k) + Ro(k) where

1 1
Ri(k) = V12k [ /14— — 1| = /12k + = — V12k,
48k 4
Ry(k) = (12k)/* L v L
2v/12k 48k

I 1 1/2
- 12k + = + = — (12k)Y/4,
(\/ t7t 2) (12k)

The derivative of Ry (k) is negative. The same holds for Ry since

1/2
8 < (g . 42 1/2+1
4 4 2
Note that R1(0) = 1/2, R2(0) = 1 and both R; are decreasing positive
everywhere. For k > 1 R_(4,k) < R_(4,1) = —1.32531. Hence R_(4,k)

is a negative function decreasing to —3/2. Since Ry (4, k) < R_(4,k+ 1)
then R4 (4, k) is also negative. Moreover,

R (4,k) = Ry(k +1) = Ry(k + 1)
2/2(k+ 131 k1 V14T a8+ 1)y/TT 480k 1 1)

Multiplying by vk + 1 the above expression and using the fact that
31/4
23/2(k + 1)1/

V2
+6(k+1)/2 2 —~ >3
VIHBEED 1 T B0 DT 8k D)

we conclude that R/, (4,k) > 0, that is R4 (4,k) increases to —2/3. It re-
mains to prove the above fact or, equivalently,

12(k + 1)1/2 - 1
V1+48(k+1) V14 TT BT )

1
> V3 <1 - 31/423/2(k + 1)1/4) :
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From 122(k + 1) > 3(1 + 48(k + 1)) we conclude that

12 1)1/2
ﬂ > \/57
1+48(k+1)

and from (1 + /1 +48(k + 1)) > 4 x 3'/2(k 4 1)'/2 we have

1 1
>
223k + x/i\/l +/1+48(k+1)

)

and the stated fact follows.

(1]

—
N

=
Y
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