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THE SAITO MODULE AND THE MODULI OF A
GERM OF CURVE IN (C?0).

by Yohann GENZMER

ABSTRACT. — This article proposes to study the moduli space of a germ of curve
S in the complex plane, that is to say the equisingularity class of S up to analytical
equivalence relation. The first part is devoted to proving that this last quotient can
be endowed with a reasonable, yet not canonical, complex structure. The second
part deals with the computation of its generic dimension in terms of topological
invariants of S. It can be obtained from the study of the valuations of the Saito
module of S, Der(log S), i.e. the module of vector fields tangent to S.

REsuME. — Cet article est une étude des espaces de module d’'une courbe S
dans le plan complexe, c’est-a-dire, de la classe d’équisingularité de S modulo
la relation d’équivalence analytique. La premiére partie établit ’existence d’une
structure non canonique de variété complexe sur ce quotient. La seconde partie se
consacre au calcul de sa dimension générique a partir de la donnée d’invariants
primitifs topologiques de S. Ce calcul est le fruit de I’étude des valuations des
champs de vecteurs tangents & S.

Introduction

The number of moduli of a germ of curve S in (C?,0) is basically the
number of parameters on which depends a topologically miniversal family
for S. It is also the generic dimension of the quotient of the topological
class of S up to analytical equivalence relation, provided that this quotient
admits a structure from which a notion of dimension can be derived. Indeed,
this moduli space defined by the quotient of the topological class of S
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by the following action of Diff(C2, 0)
¢'S/:¢(S/)a ¢€D1H(C270)

a priori has no particular structure beyond being a set.

The first determination of such a number of moduli goes back to the
work of Sherwood Ebey in 1965 [6] who dealt with the irreducible curves,
those having only one irreducible component. Ebey proved that the moduli
space of S carries a complex structure compatible with a non separated
topology and computed the number of moduli for a particular topologi-
cal class of curve, namely, that given by the equation y° = z°. In 1973,
n [26], Oscar Zariski proposed various approaches to get the number of
moduli for irreducible curves beyond the case treated previously by Ebey.
He introduced most of the concepts on which future work will be based.
In 1978, Delorme [4] studied extensively the case of an irreducible curve
with one Puiseux pair. In 1979, Granger [13] and later, in 1988, Briangon,
Granger and Maisonobe [1] produced an algorithm to compute the num-
ber of the moduli of a non irreducible quasi-homogeneous curve. In 1988,
Laudal, Martin and Pfister in [19], improved the work of Delorme and gave
an explicit description of a miniversal family. From 2009, in a series of pa-
pers [14, 15, 16], Abramo Hefez and Marcelo Hernandes greatly improved
the previous studies and achieved the analytical classification of irreducible
curves. Their algorithmic approach provided in particular the number of
moduli.

In 2010 and 2011, in [10, 11], Emmanuel Paul and the author described
the moduli space of a topologically quasi-homogeneous curve S as the
spaces of leaves of an algebraic foliation defined on the moduli space of
a foliation whose analytic invariant curve is precisely S. This work initi-
ated an approach based on the theory of foliations. In 2019, in [7], the
author gave an explicit formula for the number of moduli for irreducible
curves S, generic in its topological class : this formula involves only very
elementary topological invariants of S, such as, the topological class of its
desingularization.

The aim of this article is to investigate the full general case, that is the
number of moduli of a germ of curve in the complex plane. We emphasize
that our objective is far from being as ambitious as a complete analytical
classification, which would require at least some deep algorithmic proce-
dures, but is rather to obtain a geometric interpretation of these moduli
and a procedure to calculate their number from primitive topological in-
variants.

ANNALES DE L’INSTITUT FOURIER
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This work follows the ideas introduced in [7] and illustrated in [9], which
focuses on the irreducible case.

Section 1 establishes an extension of the result of Ebey [6, Theorem 4]
to the non irreducible curves : it concerns the structure of the moduli
space. As noticed by Ebey himself at the end of its article, its machinery
derives from the theory of algebraic groups and depends on the groups
being solvable and connected. Therefore, it cannot be directly carried over
to several component curves. Here, we overcome this issue by considering
not only curves but curves enriched with a marking which allows us to
recover the necessary connexity. As Ebey, we use an adapted complete
topological invariant, the semi ring of values, introduced by R. Waldi [25]
and some of its properties identified by M. Hernandes and E. de Carvalho
in [17]. Finally, we obtain the following result

THEOREM. — The marked moduli space M*(S) of a germ of curve S in
C?, that is its marked topological class up to analytical marked equivalence
relation, can be identified with the quotient of a complex constructible set
by an action of a connected solvable algebraic group. In particular, it is
endowed with a non separated complex structure.

Notice that passing from the moduli space to the marking moduli space
has no effect on the generic dimension.

Section 1 can be read independently from the rest of the article.

Sections 2 and 3 aim to develop the study of the module Der(log.S)
of vector fields tangent to S, on which depends the computation of the
number of moduli of S. The starting point is a remark of K. Saito in [23],
that, highlighted the freeness of this module, which is specific to the curves
embedded in the complex plane. An immediate consequence of the work
of Saito is that, the smallest valuation of the vector fields in Der(log S)
cannot be too big compared to the valuation of S, namely, the following
upper bound holds

min v(X) < v(S) .
XeDer(log S) 2
Our purpose is to prove that, generically, this bound is essentially reached.
In Section 2, the existence of a flat basis of Der(log S) is shown in the generic
situation, that is, a basis admitting an analytic extension as a basis for the
modules Der (log C) where C are in a neighborhood of S in M*(S). As a
consequence, using the theory of infinitesimal deformations of foliations of
X. Gémez-Mont [12], we obtain the following theorem:

TOME 75 (2025), FASCICULE 3
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THEOREM. — For S generic in its moduli space M*(S), one has
. {@J if S is not of radial type,
min 14 =
XeDer(log S) ’V@—‘ —1 else.

The definition of S being of radial type will be given in the article. Note
that if S is not generic in its moduli space, the above lower bound is false, as
it will be illustrated by some examples in the article. Moreover, in Section 3,
we proceed with the precise description of the various possibilities for the
flat basis of Der(log S).

Finally, Section 4 illustrates our approach for the computation of the
generic dimension of M*®(S). As a consequence of Sections 2 and 3, we
recover the classical dimension of the moduli space of the singularity =™ +
y" =0 withn > 1.

COROLLARY 1 ([13]). — The generic dimension of M*(S) where
S={z"+y" =0}
is equal to

4

(n=2)? if n is even,
7("_1)4("_3) if n is odd.

In an upcoming article, we will build an algorithm based upon the results
presented here, that computes the generic dimension of the moduli space
for more general curves, namely, curves with many but smooth irreducible
components. We implemented, among other procedures, this algorithm on
Sage 9.*. See the routine Courbes.Planes following the link

https://perso.math.univ-toulouse.fr/genzmer/
Acknowledgment
The author gratefully acknowledges the many helpful suggestions and

criticisms of the referee on an early version of this article. The current
version owes much to their remarks.

1. Moduli space of marked curve

Throughout this article, S stands for a germ of singular curve in the
complex plane (C2,0). In particular, its algebraic valuation is at least 2.

ANNALES DE L’INSTITUT FOURIER
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From now on, we fix a decomposition of S in irreducible components
S=8'u---us”

where r is the number of irreducible components. Here and subsequently,
Comp(S) stands for the set of irreducible components of S.

Let C be a germ of curve topologically equivalent to S by a germ of
homeomorphism of the ambient space (C2,0) denoted by h and such that

h(S)=C.
The application h induces a bijective map
oy, : Comp(S) — Comp(C).
Two such homeomorphisms h and A’ are said to be equivalent if and only if
(1.1) Op = Opy.

DEFINITION 1.1. — A curve marked by S is a couple (C,h) where C
is curve topologically equivalent to S and h a class of homeomorphism
between C' and S for the equivalence relation defined above. We will denote
by Top®(S) the set of curves marked by S.

The group Diff(C?,0) of germs of automorphisms of the ambient space
(C2,0) acts on the set Top®(S) by

¢ (C,h) = (6(C),p0h).
In what follows, the quotient of Top®(S) by Diff(C2,0) will be denoted by
M*(S)
and will be refered to as the marked moduli space of S. Although M*(S)
cannot be endowed with a complex structure by some general statements

about group actions, the result below provides such a structure. Indeed,
generalizing a result of Ebey [6], we obtain the

THEOREM 1.2. — The quotient M*(S) can be identified with the quo-
tient of a complex constructible set by an action of a connected solvable
algebraic group.

This result still holds if we drop the assumption of S being a plane
curve, once we replace the topological equivalence by the equisingularity
which corresponds to the equality of the semirings of valuations as defined
n [17]. Since the general proof consists at most in increasing the complex-
ity of the notations, we state Theorem 1.2 and prove it only for a curve
embedded in the complex plane. We follow Theorem 5 in [6] observing that
a connected solvable algebraic action on a complex constructible set admits

TOME 75 (2025), FASCICULE 3
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a complete transversal, that is a constructible subset in correspondance one
to one with the orbits of the action. Thus, from Theorem 1.2, M*(S) in-
herits of the complex structure of this transversal. Its compatible topology
is just the quotient topology : in most case, it is not separated (see for
instance [14, 15]).

The goal of the current section is to prove Theorem 1.2.

1.1. The ring of functions of (C,h)

Let (C,h) be in Top®(S) and
Yo = {'76 1te ((C,O) — (CQaO)}

be any system of parametrizations of the irreducible components of C. We
denote by C; the component of C' defined by the marking h

Oz' = O’h(Si).
From the marking h of C, we derived a morphism of rings defined by
Clz,y] — (CIeD)"
U — ('yau)izl

which factorizes in an monomorphism

c€Comp(C)

seeeyT

A Cle, ,
(1.2) €t Oc = [Ef)yﬂ < (C[])

where f is any reduced equation of C' and @C is the completion of O¢ =
C{z,y}

o

The following result is classic, see [6] for the irreducible case.

LEMMA 1.3. — Let (C,h) and (C',h’) be two marked curves in
Top®(S). The following propertie are equivalent
(1) The curves (C,h) and (C’,h) are analytically equivalent by a con-
jugacy preserving the markings.
(2) The images of the monomorphisms (1.2) associated to both curves
are conjugated by a diagonal formal automorphism of (C[t])".

1.2. The tropical semiring of values of (C,h)

Following [17], we consider I'c the set defined by
e ={v(@)|GeOc} c(N)

ANNALES DE L’INSTITUT FOURIER
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where N = N U {oo}. The valuation v is defined by

v(G) = (v (VE‘iG))i:L...,r

where vg is the standard valuation C{t¢}. Notice that this set depends not
only on the curve C' but also on its marking.
The set I'¢ inherits of a semiring structure defined by

a®f = (min{ag, Bi})i=1..r @O B = (a;+ Bi)i=1...r

where we set k+ 0o = o0. I'¢ is also partially ordered by the product order
<. The quadruplet (T'c, @, ®, <) is called the tropical semiring of values of
(C,h).

DEFINITION 1.4. — An element o € I'¢ is said irreducible if and only if
(a=a+bwitha,beT¢) = a=aora=>.
It is said to be absolute if for any non empty proper subset J of the set
(1.3) o ={ie{l,...7} | a; # o0},
the following set

(14) Fy(a)={{aeTle¢|VieI,\Ja; >a; and Vi ¢ T, \ J,a; = o;}

is empty.

The following result gathers some known properties of the semiring of
values.

THEOREM 1.5 ([17, 20, 25]). — Two germs of plane curves are topolog-

ically equivalent if and only if they share the same semiring of values [25].
More precisely C; UCy U ---UC, and C{ UC, U ---UC! are two curves
with same semiring if and only if there exists an homeomorphism ¢ of the
ambient space (C%,0) such that for any i

¢ (C;) =C.
Moreover,

(1) T¢ has a conductor, i.e, there exists a minimal ¢ € I'c such that
o+ N c T [20].

(2) The set g of irreducible absolute points of I'¢ is finite and minimaly
generates I'c as semiring [17].

(3) Any family G of O¢ such that v (G) = g is a minimal standard
basis of O¢ as defined in [17].

TOME 75 (2025), FASCICULE 3
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As a consequence, for any element C' € Top®(S), one has
e =Tg.

For now on, we will denote the mutual semiring for curves in Top®(S)
simply by I

1.3. Trunctation and conductor
The following lemma allows us to truncate elements in the ring O¢
(resp. O¢).

LEMMA 1.6. — Suppose that G = (37—, aigt®)i=1,.. » is an element of
Oc¢ (resp. of its completion O¢ ). Then, for any p = (p1,...,pr) € N” with
pp =0, —1forl=1,...,r, one has

PL
(Z alktk> € O¢, (resp. O¢).
k=0 =1,...,r

Proof. — By definition of o, forany [ = 1,...,r and forany k > p;+1 >
oy, the r-uple

00,...,00, k ,00,...,00
~—~

[th

belongs to I'. Thus, an inductive argument on the rank k > p; + 1 shows
that there exists a formal series F; € C[z,y] such that

oo
vE = [0,...,0, > awt*0,...,0
k=p;+1

Now, following [22, Theorem 1, p. 493], if G is convergent, so is F ; and, in

o (5
=1

yields the lemma. O

any case, evaluating

1.4. I'-reduction

The notion of I'-reduction will allow us to construct normal forms for
systems of generators of @c.
i, 0 € P;.

. be a family of r finite subsets of N such that for any

i=1,...,

ANNALES DE L’INSTITUT FOURIER
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DEFINITION 1.7. — The family P is said to be I'-reduced if and only if

where oo = (00,0, ..., 00)

A T'-reduction of P is an elementary transformation of P of the following
form : suppose that there exists n = (ny,...,n,) such that

nern J[ 2| \{x}.
i=1,...,7

Consider an integer i such that n; # co. Then the family B(l) = (Pi(l))izl,...,r
defined by

{Pj(l) =P for j #1i

PV = P\ {ni)

is called a I'-reduction of P. To keep track of a I'-reduction, we denote it by
p=pO 2 p)

The following lemma is obvious

LEMMA 1.8. — For any P, there exists a finite sequence of I'-reductions

n,_1:tq—-1

BZB(O) %B(l) LN E(Q)
such that P9 is T-reduced.

Notice that this sequence is not unique.

1.5. Parametrization of the set Top®(S)

Let g = {g',..., 9%} be the set of irreducible absolute points of I" and
G ={G',...,G9} C O¢ such that for all 4,

v (Gl) =g
LEMMA 1.9. — Among the family G and in the identification

_ Clz.4]
(f)

there are two components G* whose linear parts are independent.

Oc

TOME 75 (2025), FASCICULE 3
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Proof. — Assume that C' contains an irreducible singular component, say
(4, and consider some coordinates (z,y) such that it is parametrized by

t— ("t 4+--), nitm.

Evaluating the valuation of the coordinate functions x and y, we obtain
that I' contains two elements of the form

(1.5) viz)=(n,...)eTl and v(y) = (m,...) €T

If the linear parts of the functions G* are dependent two by two, then the set
of valuations of the complete ring generated by the family G can contains
either (n,...) or (m,...) or none of them, but certainly not both. However,
according to Theorem 1.5, the complete ring generated by G is the whole
ring @C, which contradicts (1.5). If C' contains two smooth components,
transversal or not, a contradiction can be obtained much the same way by
considering coordinates in which these components are written

t— ((£,0),(0,8),...) or t — ((£,0),(t,t"),...), n>2. O

Changing the numbering of the elements in g, we may assume that the
two elements identified by the above lemma are G' and G? with ¢g' < ¢°
minimal for the lexicographic order among those satisfying the property of
Lemma 1.9. Let us denote G%, i = 1,2

o0
(1.6) G = aptt
k:g;’ 1=1,...,r
Notice that in the above expression, g/ may be equal to oo and the corre-
sponding component (G*); be equal to 0 . However, one has the following

LEMMA 1.10. — Assume that C is not the union of two smooth curves.
If gi # oo, then gi < o — 1.

Proof. — The proof is by contradiction. Suppose that for some [, g # oo
and g{ > o;. Applying Lemma 1.6 to G* with

(Pi)izy = (00,...,00,00,00,...,00)

yields an element g € I' such that g, = oo and g, = gi for k # [. Consider
the proper subset of Z,: defined by

J=1T,\{l},

and suppose it is non empty. Definition 1.4 of absolute point ensures that
F;(g") is empty. However, by construction, g belongs to F(g%) which is a

ANNALES DE L’INSTITUT FOURIER
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contradiction. Thus, J is empty and Z;: = {I}. Therefore, g' is written
g = (oq...,oo,gli,oo,...po).

o If 7 > 3, we are lead to a contradiction noticing that G* would be
a function with non trivial linear part vanishing along two distinct
components of C.

e Assume r = 2. Since G' is a regular function and g° = (00, g3) or
(g%, 00), one of the component of C, say Cy, is smooth. One can
choose some coordinates (x,y) such that

Cy={ay+pzx=0}, a,f€C

Co={y’ +2%+---=0}
with p < g. The hypothesis of the lemma ensures that the case p =1
is excluded. According to [17], the conductor o of C' is written

=0 CQH{W) if5#0
’ (¢:9) H5=0

where ¢y > 1 is the conductor of the component Cy. By construc-
tion, the function G' is equal to ay + Bz. Therefore,

gt = [0 p iB#0
"¢ ifp=0)"

thus g3 < o9. 0
If C is a union of two smooth curves then one has
o= (n,n), g' = (co,n) and ¢ = (n, 00)
where n is the order of tangency between C; and Cs5. Actually, C is ana-
lytically equivalent to the curve
y(y+a™)=0.

Thus the moduli space of C reduces to a point and the problem of the
analytic classification is trivial. For now on, we will assume that C is not
a union of two smooth curves.

Lemma 1.6 yields truncations of G, i = 1,2 that we keep on denoting
by

A max(al—l,gf) A
(1.7) Gl = S apt
k:gll =1,...,r

Notice that some components of (1.7), but not all, may vanish.

TOME 75 (2025), FASCICULE 3
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We are going to normalize the expressions of G* in order to make it unique
and depending only on the marked curve (C,h). The first normalization
consists in the following: for i = 1, 2 let us consider the smallest [; such
that gfL # 00; we impose that

i _
alz‘gi‘i =1.

To go further in the normalization, we will use I'-reductions. For i = 1,2
let us consider P* = (Pj,..., P!) defined by

P} = [g},max (0, — 1,¢})] "N U {oc} ifl#£1;
P} = [gl + 1, max (0, — 1,gl"i)] NN U {oo}.
Notice that if gj = oo then P/ = {oc}. In the same way, if g; = o7, — 1
then P} = {oo}.
For any n € N", we denote by Init’(n) the integer defined by
min {k | (n), # co and (n Ve # 9}

Ifn#Acandnel’'nN Hl:l,...,r Plz then Init* (@) is well defined since the
set of which it is the minimum is non-empty : indeed, if for any [, one has
(n); = gi or oo, then in particular, (n);, = oo. Moreover, n belongs to
Fj(g") where J is defined by

J={k|(n), # occ}.

The set J is non-empty since n # oo and is proper since I; ¢ J. That is
impossible because by definition of absolute point, F;(g%) is empty.
We choose a sequence of I'-reductions of P*

kq171

pi = pi© 2ot pi) MM pi(gi-1) Zac pi(g)

such that for any t € {0,...,¢; — 1},

(P1) ke = Init'(n,) = min{Init'(n) | n # 00, n € TN, P}
and

(P2) among the n,’s that satisfy the previous equality, we choose the one
for which the integer

(ﬂt)lniti(gt)

is the smallest possible.

The element (n,) might not be unique which is why we keep track of the
choice in the I'-reduction. As one can see, the sequence of I'-reductions is
constructed by induction on the integer (1;)iyti(n,)- Finally, notice that p’
does not depend on G* but only on I'.

ANNALES DE L’INSTITUT FOURIER
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Let us show how the I'-reduction

pis() 1y ke pis(t+1)
allows us to normalize G*. The r-uple n, being an element of I', by defini-
tion, there exists a sum of the form

i,(t) _ 1,(t) 1\B1 2\ B2
W= w617 (G?)
BEN?
such that v(W»®)) = n, and the coefficient of () in the k® component
is equal to 1. The difference
1.8 G' - a Wi
(1.8) “(n,),,
belongs to @C and the coefficient of ()% in the k" component vanishes.
By construction, after a I'-reduction, the new couple of functions defined
by (1.8) still generates O¢. Doing the whole process of I'-reductions for
both G?, i = 1,2 and a final truncation at ¢, we obtain a normalized family
of generators that we denote (M*(G*));=1,2. By construction, following the
properties (P;) and (P,), a normalized family of generators (M (G?));1 2
is written

(19) W(@EH=| > al t® L % 4 S oaiath o Y altt]

kepy a9 kep, 1) kep) (i)
K

The main characteristic of this normalized basis is that its parameters are
unique: indeed, G' and G’ being two couples of normalized generators as
in (1.9), we consider the valuation

v=v (Gi — (G')i> .
By definition, v is an element of I'. By construction of the normalized
family, it is also an element of [],_; P;’(qi). Since P»(%) is I-reduced, ~

is equal to co and G* and (G’)? are equal. Therefore the normalized basis
is unique and we can consider the following well defined map

Top*(S) — H(CPzi'(q”
MS : l,i
(C,h) — (aiy)

that associates to a marked curve in Top®(S), the ordered coefficients of a
normalized family of generators of O¢.

TOME 75 (2025), FASCICULE 3
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1.6. Top®(S) as a constructible set

In this section, we are going to prove the

ProposITION 1.11. — The image of Mg is a constructible algebraic
set, i.e, a finite union of finite intersections of algebraic subsets and com-

i,(q;)

plements of algebraic subsets of the affine set [, ; ch’

( Z
Proof. — Consider an element of Hl CP"™™ and the associated couple

(G',G?) as in (1.9). The complete ring generated by G is the completion
of the ring of a plane curve C with r components C!,..., C" given by the
coordinates of G. Fix some ¢ in {1,...,r}. We begin by proving that the
condition

g'€To

is a constructible condition. Choose any reduced equation h;(z,y) of the

curve
U .
JEL,
If the complement of Z,: is empty, choose simply h; = 1. Consider N the
finite set of couples of integers (u,v) € N? such that

v (hi (G1,6%) (GY)"(6?)") % .
and the set of expressions of the form

(1.10) i (GLGY) x Y Buw (GY)'(G?)",  BweC

(u,v)eN

where the ,,’s are coefficients. It follows that g° € I'¢ is equivalent to the
existence of a family {Suy }uo S0 that the expression (1.10) has a valuation
equal to g°. Let
Lk

be the coefficient of t* in the I*® component of (1.10). The functions L;,k
are linear forms in the variables (3,, whose coefficients are algebraic ex-
pressions in the coefficients of the generators G*. The condition ¢° € I'¢ is
equivalent to require that for each [ = 1,...,r, the linear form L;,g; is lin-
early independent of the linear forms Lj, for I =1,...,7 and k < g;. The
latter condition is a constructible one in the coefficients of the generators
G since it can be expressed using the ranks of the minors of the matrix of
these linear forms. It follows that g C I'¢ and thus

I'cTe

ANNALES DE L’INSTITUT FOURIER
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is a constructible condition. We can now proceed analogously to prove that
I' =T'¢ is also a constructible condition : indeed, according to [17], provided
that I' C ['¢, the equality I' = T'¢ is equivalent to the equality

FﬂH[O,U[] ZFcﬂH[O,Ul]
=1 =1

which induces a finite number of conditions, that can be proven to be
constructible with similar arguments. O

1.7. Action on Top®(S)

The group (Diff (C,0))" acts on the image of Mg the following way : given
a point A in the image, consider its corresponding couple of generators
(Gl,Gz) . Take an element ¢ € (Diff (C,0))" and right compose G*, i =
1,2, by ¢ ; apply the process of normalization following a sequence of I'-
reductions initially fixed and truncate the final expressions. In the end, the
coeflicients of the new normalized couple of generators

(mi (Gi © ¢))¢:1,2
corresponds to some expressions ¢ - A which depend on A and ¢.

LEMMA 1.12. — The application (¢,A) — ¢ - A is an action. More
precisely, for any ¢, in (Diff(C,0))"

¢- (- A)=(Pog)- A

Proof. — For i = 1,2, consider a normalized basis (G1, G?) and the two
following normalizations

(O (G oo ¢))¢:1,2 and (N (N (G o) o ¢>>i:1,2 :
Both are normalized bases of the ring
(Y 0¢)"Oc={yopop|yeOc}.

The rings O¢ and (¢ o ¢)*O¢ share the same semiring of valuations T'.
Thus, for ¢ = 1,2, the valuation

v (N (G oo ) =N (N (G'ov)og))

is an element of 'N ], , Pli’(q"'). Since P*(%) is D-reduced, this valuation is

oo and one has
N (G opog) =N (N (G otp) 0 ¢),

which is the lemma. O
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Let us denote by Diff°(C,0) the quotient of Diff (C,0) by the normal
subgroup of elements of the form

t—st+ut® 4

The truncation at o being part of the normalization process, it follows that
the previous action factorizes through

(1.11) [ pitt™ (cC,0).

i=1
Since the group (1.11) is a connected solvable algebraic group, Theorem 1.2
follows from Lemma 1.3 and the previous constructions.

1.8. An example

Let S be the curve y (y2 — x?’) = 0. Figure 1.1 shows the semiring I'g.
In this rather simple situation, it can computed by hand. In the general
case, there exist algorithms to compute the semiring of a curve with several
components, see [2].

Figure 1.1. Semiring of values the curve {y (y* — 23) =0} .

Let (C,h) be in Top®(S). The conductor o of I' is (3,5). The set of
irreducible absolute points of T" is
{(1,2),(2,4),(3,00) , (00,3)} -
Since (2,4) = 2 x (1,2), following [17], the set that minimaly generates T’
as semiring is
9=A{(1,2),(3,00),(0,3)} .
Since v(x) = (1,2) and v(y) = (o0, 3), applying Lemma 1.6 leads to a

couple of generators that are written

{GY = (adyt + atyt®, alot? + adst® + alyt?) , G? = (0,a35t% + adyth)}
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with al; # 0, ady # 0, a?; # 0. Normalizing some initial non vanishing
coefficients provides the following couple of generators

{G" = (t+ aiot?, adot® + adst® + agyt?) . G* = (0,£* +af th)}.
To reduce G we consider the following data
PO = (0,2} PP = {c0,2,3,4},

and the two successive I'g-reductions defined as follows

prO @I L) _ (100} {00,2,3,4)).
pr D2 pLO) _ (0 f00,2,4)).

Observe P1?) is I'g-reduced. Since v ((G1)2 + Gz) = (2,3), the transfor-
mation associated to the first I's-reduction as in (1.8) is written

G' —al, ((01)2+G2) = (), () 2+ () ) £5(0)),

which leads to a new generator that we still denote by G'. Noticing that
v(G?) = (00, 3) yields the transformation
G' — (%) G2

The truncation at o = (3, 5) finishes the normalization of G*. The generator
G? is already normalized since (0o, 4) ¢ T
Therefore, the normalized family G has for final form

(1.12) {G' = (t,at® + bt") ,G* = (0, + ct*) }
and its elements depend only on G(C,E)’ The map Mg is defined by

| Top*(S) — C?
| (C,h) — (a,b,¢)
following (1.12). By construction if a # 0, any curve C' associated to a ring
generated by such a family admits a semiring of values I'c that contains
(1,2) and (00, 3). It can be checked that a # 0 is the sole condition to
ensure that actually, 'c = I's. Thus the image of Mg is the constructible
set C\ {0} x C%

Let us compute the action of ¢ € Diff*(C,0) x Diff>(C,0) on A € C\
{0} x C? induced by the present construction where

o= (ut +ut?, at + 2 + 413 + 5t4) and A = (a,b,¢) .

The action of ¢ on A is written

oA (aa2 —a?atv — 2a0?Beu? + otbu? + 2aayu? — 5aB?u? Lact 35)

)

u3d
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and the quotient reduces to the class of the point (1,0,0). As a matter of
fact, the curve S has no moduli [11].

2. Optimal vector field for a germ of curve S

The space M*(.S) is now endowed with a complex structure. The remain-
der of the article is interested in the generic dimension of M*(S). In order
to reach this purpose, subsequently, we proceed to the study of the module
of vector fields tangent to S.

Let S be a germ of curve in (C?,0) and f a reduced equation of S.
Throughout this article, Der(log S) will stand for be the O(c2 o)- module of
vector fields tangent to S, that is such that the set of vector fields X such
that

X-fe(f).
It will be called the Saito module of S in reference to [23]. Associated to
the latter, we consider the following analytical invariant

DEFINITION 2.1. — The Saito number of S is the integer

S) = i X
5(5) XeDgl(IllogS)V( )

where v is the valuation defined by
v (a0y + b0y) = min (v (a),v (b)) .

According to [23], the Saito module of S is a free O(c2,)- module of
rank 2. If {X, X2} is one of its basis, said to be a Saito basis for S, it is
easily seen that the number of Saito of S satisfies

5(5) = min (v(X1),v(X2)) .

Following again [23], {X7, X2} is a Saito basis for S if and only if the
following property holds.

CRITERION (Criterion of Saito). — {X1, X2} is a Saito basis for S if
and only if there exists a germ of unit u such that

(21) X1 N Xo=uf,
where - A - stands for the determinant of the vector fields in any coordinates.

The property (2.1) will be referred to as the criterion of Saito. Evaluating
the valuation of (2.1) gives the inequality

(2.2) v(X1) +v(X2) <v(XiAXe)=v(f) =v(9).
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In particular, one has

(2.3) s(S5) <
DEFINITION 2.2. — A vector field X € Der(logS) is said to be optimal
for S if v(X) = s(S).
Example 2.3. — Let S be the double cusp given by
§={("-v*) (v* —27) = 0}.

Then an optimal vector field can be given by

5 9
X = (2x2 + §y3 — 2x3y> Oy + (Sxy — 3x2y2) 0Oy -

In particular
5(8)=2.

PRroPOSITION 2.4. — If X is optimal for S, then there exists a vector
field Y such that {X,Y} is a Saito basis for S.
Proof. — Let {X1, X2} be any Saito basis for S. According to the crite-
rion of Saito, there exists a unit uw such that
(24) Xl AN X2 = uf
Since {X7, X2} is a basis, there exist functions w;, ¢ = 1,2 such that
X = U,]X] + UQXQ.
Since v(X) = §(5) = min(v(X1), v(X2)), for some ¢, say ¢ = 1, u; is a unit.
Then, using (2.4) yields
XN Xo =ujuf.
and thus, {X, X5} is a Saito basis for S. O

2.1. Curve of radial type

Let E be the single blowing-up at 0. The total space of the blowing-up
will be denoted by M,

E:(M,D) — (C%0).

For any curve S, S¥ will stand for the strict transform of S by F, that is
the closure in M of E~1(S\ {0}). Moreover, for any vector field Y, Y'¥ will
be the blown-up vector field E*Y divided by the maximal power of a local
equation of D.
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DEFINITION 2.5. — Let Y be a germ of vector field in (C2,0). It is said
dicritical if Y is generically transverse to the exceptional divisor D.

Being dicritical is a property that can be read on the homogeneous com-
ponent of smallest degree. Indeed,

PROPOSITION 2.6. — Y is dicritical if and only if its homogeneous com-
ponent of smallest degree Y*Y) is tangent to the radial vector field, i.e,
there exist an homogeneous polynomial function R such that

YY) = R(x,y) (20, + yOy) -
Suppose that X is dicritical and optimal for S and let Y be such that
{X,Y} is a basis of Der(log S). Writing
X" = R(x,y) (28, + yd,),

we have that for any couple of non-vanishing functions (a,b), the initial
part of aX 4 bY is equal to

a(0)R(z,y) (28, + yd,) + b(0)Y =),

where Y *) stands for the homogeneous part of degree * of Y. If Y is optimal
and not dicritical then for a and b generic, aX +bY is not dicritical. Which
is why, we consider the following definition.

DEFINITION 2.7. — S is said to be of radial type if all optimal vector
fields for S are dicritical.

2.2. Flat Saito basis

In this section, we are going to identify an open dense set U C M*(.S)
for which, the Saito basis of C € U, can be extended locally around C' in
M?*(S) into a family of Saito bases. Further on, an example will illustrate
that this property holds only generically.

THEOREM 2.8. — There exist an open dense set U C M*(S) on which
the Saito number is constant. More precisely, for any (C,h) € U, there
exist two germs of analytical families of vector fields

ce (M*(S),(C,h)) — X;(c), i=1,2
such that for any ¢, {X1(c), X2(c)} is a Saito basis for which the multiplicity
v (X1 (c)) =s(c)

is a constant depending only on S.
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Proof. — Let (C,h) € M*(S) be a regular point for the complex struc-
ture of M*(S). Consider a miniversal deformation of C'

(25)  (3,0) c (C**N,C? x {0}) 5 (CN,0), 7(x,t)=teCV

versal for topologically trivial deformations of C' and for which the singular
locus of ¥ is {0} x C¥ : it is enough to consider the miniversal deformation
of any reduced equation of C' and to restrict it to the associated smooth
p-constant stratum. We fix an open neighborhood C2*~ > 1/ 5 0 on which
> and C are well defined. By shrinking U if necessary, we can also suppose
that, out of its singular locus, ¥ is transverse to the fiber of 7, that is for
any p € U \ {0} x C¥,

(2.6) 7 (p) € TpX.

The deformation (2.5) is topologically trivial : more precisely, there exists
an homeomorphism H:(C**V 0) — (C**¥,0) such that
(1) 7H=mn
(2) Hlz-1(0)=h

(3) The following diagram commutes

(S x (CN,0),5) —=(%,0)

By construction, the map € defined by
¢ 7 .
(2.7) te (CN,0):S (z|r1(t) : H|r1(t)) e M*(S)

is a local diffeomorphism.

For technical reason, we add to X an hyperplane H not contained in X
and transverse to m. Consider %° = XU H. In what follows, fx. stands for
a reduced equation of . The kernel of the evaluation map

Der (log ©° ) (ON+2)N

is the sheaf Der' (log £°) of vertical vector fields tangent to X°. In the initial
coordinates (z,%,1t) a section of Der' (log ¥°) is written

a(m,y,t) 81 +b($7y7t) 8y

where a and b are analytic functions. The sheaf Der (log X°) is coherent, so
is Der' (log %2°) . Note that if X is a section of Der' (log ¥°), then for any
te ﬂ-( ) X‘ﬂ'*l

(2.8) (X1,..., X0}

) is tangent to X° |7T,1(t Fix a system of generators
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of Der! (log ¥°) (U). We are going to use the following remarks which are
consequences of the coherence property : for any open set V C U, the vector
fields X1y, ,..., Xu|y, generate Der' (log ©°)(V). Moreover,
(1) if V does not meet %° then Der'(log £°)(V) is the set of all holo-
morphic vertical vector fields on V.
(2) if V meets the smooth part of X°, then Der' (log °)(V) is locally
freely generated on V by the vertical vector fields ud, and 9, where
(u,v,t) is a local system of coordinates preserving the fibration =
for which u = 0 is an equation of the trace of ¥° on V: such a local
system of coordinates exists under the transversality property (2.6).
In particular, the product

w0y, N Oy

vanishes at order 1 along X°.

All the X/s cannot vanish identically on a given component of 3° because
for instance the section of Der' (log £°) defined by

0y (fzo)gy - ay (f2°) 0y
does not vanish on any component of ¥°. Considering if necessary a com-
bination of the X!s, we can suppose that X; does not vanish identically on
any component of 3°. We can also suppose that X is singular in codimen-
sion 2 : indeed, if not, there exists X 1 such that X; = hX 1 where h is an
holomorphic map with A(0) = 0. Since h cannot vanish identically on any
component of 3°, X 1 is tangent to 3° and the family

{)?1, . ,Xn}
still generates the sheaf DerT(log 32°). Now, if there exists j # 1 such that
X1 A\ X] =0

then, by division, there exists ¢ such that X; = ¢X;, which contradicts
the minimality of the system of generators (2.8). Thus, for any j # 1, there
exists a function g; # 0 such that

(2.9) X1 ANXj = foog; = xfng;

where the system of coordinates (z,y, t) is chosen so that x is an equation of
the added hyperplan H. Consider a point p in the zero set Z(go, ..., g,) of
the ideal (ga, . .., gn). If pis not in X° then all the generators of Der' (log X°)
are tangent two by two at p, which is impossible in view of the above
remark (1). Therefore, one has

Z(gg,...,gn)CZO.
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We are going to improve the above inclusion, showing that one can suppose
that

Z(927"‘7gn) C {0} X (CN

Consider the following set
A= {t e (cV,0) ‘ my, () € Z(gg,...7gn)}.

It is a closed analytic subset of (CV,0) and we remove 7~ (A) of U. Now,
fixed some ¢ and denote by denote by I the canonical injection I : (C2,0) —
77 Y(t), I(z) = (x,t). If the intersection

Ay =3y N Z (g2, 9n)

contains 0 x {¢} has a non isolated point of Ay, it contains also an analytic
curve which is a component of I'* fs;o = 0. Therefore there is a factor h of
I* fso that divides I*g; for any i. Thus, for ¢ > 2, one has

X1|7r_1(t) A Xi‘ﬂ—l(t) — hZ( - )
Since the vector fields Xi|,,71(t) are tangent to h = 0, any couple of elements

in Der’ (log ¥°) - has a contact of order 2 locally around the zero
T i(t

locus of h, which is impossible according to the above remark (2). As a

consequence, for any ¢ € (CV,0), if A; contains 0 x {t}, it is as an isolated

point in A;. So, Ay is a finite set.

LEMMA 2.9. — Let W C (C?*V,0) be an analytic set such that for any
t, W N w~L(t) is finite. Then

{0} x CN ¢ W\ {0} x CN,

Proof. — The hypothesis ensures that codim W > 2. If codim W > 3,
the lemma is clear since codim ({0} X (CN> = 2. Suppose codim W = 2.
——

v
Let us write

V=Wnv)u (V\W).
Since V is irreducible, either WNV = V', and V is an irreducible component
of W,or V\W =V, and VN W is an analytic subset of V' of codimension

at least 1 in V, and thus of codimension at least 3 in C>*V. In any case,
the lemma is proved. O

Following the lemma, the analytic set K defined by

K={0}xC"NnX2°NZ(ga,...,gn) \ {0} x CN
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is a strict analytic subset of {0} x CV admitting a neighborhood on which
Z (g2, 9n) C {0} x CY

At the level of the ideals, the inclusion above ensures that there exists
M € N such that

(xa y)M C (927 cee agn)
where (z,y) are local coordinates for which x is a local equation of the
hyperplane H. As a consequence, there exists a relation of the following

n
™ =" hig;
i=2
and considering Y = Y"1, h; X; and the relation (2.9) yields a vector field
Y in Der' (log X°)(U) such that
X1 ANY = f2$M+1.

form

Notice that X; and Y are both tangent to H = {x = 0}. Let us write in
coordinates

o
X1 = za (z,y,1) o + (bg (y,t) + by (z,y,1))

0
Y = xq? (x7y,t) 92 + (bg (y7t) + xb% (x,y,t))

Replacing if necessary X; by X1 + Y, we can suppose that

vy (bo) < vy (5)
where v, is the valuation in the ring C{t}{y}. Consider the vertical vector
field ,
~ 1 b
Yy == <Y — ?X1> .
x by
It is holomorphic removing if necessary, some fibers 7=1(¢) for ¢ in some
closed analytic set of CV related to the zeros of b}(0,t). Moreover, one has

Slo &l

X1 A }A} = fECCM.

Since X7 is tangent to z = 0 and since its singular locus has codimension 2,
Y is also tangent to x = 0. The process can be repeated and finally, one
obtains two vertical vector fields X; and X5 tangent to ¥ such that

XiNXy = fx.

The functions
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are lower semi-continuous. Replacing if necesssary X; by X; + Xa, we
consider an open set U’ C (CV,0), whose closure is a neighborhood of 0,
on which

et v (Xiloag) <v(Xelpi) -

According to the criterion of Saito, for any t,

{Xl T=1(t) XQ‘ﬂfl(t)}

consists in basis of Saito for the curve Z\r1(t) . Therefore, for any t € U’,

one has
v (X)) =5 (Sl -

From (2.7), one can consider the open set €(U’) C M*(S) and the union of
such open sets while the above construction is done in the neighborhood
of any regular point (C,h) in M®(S). By construction, the resulting open
set has the desired properties. O

From now on, a curve C in M*(.S) will be said generic if it belongs to the
open set identified in the theorem above : in that sense, for a generic curve
C in its moduli space, we will be allowed to consider an analytical family
of Saito bases following any topologically trivial deformation of C.

Example 2.10. — Consider the union of four regular transversal curves.
Up to some change of coordinates, it can be written

S={ry(y+x)(y+tir) =0}

where t; € M*(S) = C\{0, 1}. It can be seen [10] that it admits a miniversal
deformation for the topologically trivial deformations of the form

S ={F(z,y,t) =2y (y+ ) (y + tx) = 0} € (C* x C,(0,0,t1)) .

The basis highlighted in Theorem 2.8 can be explicited in the above coor-
dinates as

X = z0x + yoy, Xo = 0, F0y — 0y FO,.

In this case, X; and X3 is a Saito basis in a whole neighborhood of ¢; €
M?*(S). In general, the situtation is not so favourable.

Example 2.11. — Consider for instance the union of five regular transver-
sal curves, which is written

S ={zy(y+z)(y+az)(y+pz) =0}
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with a # 0,1 and 8 # 0,1, a. A miniversal deformation of S is written

X= {szy(y-i-x) (y+t11‘) (y—|—t2x-|—t3x2> :O}
€ (C* x C%,(0,0,a, B,0)).

For the curve S, which corresponds to the parameter (a, 3,0), a basis of
Saito is given by

X1 = x0x + y0Oy, Xo = 0, F0y — 0y FO,.

However, this basis cannot be extended, in a whole neighborhood of («, 3,0).
Since X7 has a valuation equal to one, the Saito number of S is equal to 1.
It can be seen that for any t3 # 0, the number of Saito of E't:(a.ﬂ,tg) is
bigger than 2. Indeed, consider a vector field X tangent to E|t:(a’ﬁ,t3) If
its valuation is smaller than 1, then it is dicritical. Thus it is written

X =k (x0z +ydy) +(---)

where k is a non vanishing constant. Following [5], X is linearizable and
in some coordinates in which X is linear, the curve E|t:(a’ Bits) becomes
exactly the union of five germs of straight lines, which is impossible if
t3 # 0. Finally, it can be seen that if t3 # 0 then

5 (Slimapin) =2

and an optimal vector field for X|,_, 5, is written
X = (2 +ey) (20: +y0y) + ()

where € # 0, 1.

2.3. Saito basis for S and SU!

The process described below allows us to obtain a Saito basis for .S from a
Saito basis for SUI where the curve [ is a regular curve. This trick has been
already introduced in the proof of Theorem 2.8. Throughout this article, it
will be often a key argument.

Let S be a germ of curve and [ be a germ of smooth curve that is not a
component of S. Let { X7, X5} be a Saito basis for SUI. The Saito criterion
is written

(210) Xl A X2 = qu
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where u is a unity, f a reduced equation of S and L a reduced equation
of I. Let us consider a local system of coordinates (x,y) in which L = z.
Then, for ¢ = 1,2, the vector fields X; can be written

X; = za;0, + (b? + mbll) dy, ai, by € C{x,y}, v € C{y}.
Considering if necessary a generic change of basis
{aXl + 6X27 qu + UXQ}

where | ¢ #| 2£ 0, one can suppose that
v (X;) =s(SUl) and vy (b](y)) = vy (b5())
by

where v, is the valuation in the ring C{y}. In particular, the quotient b—o
2

extends holomorphically at (z,y) = (0,0) as a unit. The relation 2.10 leads
to

(2.11)

where X extends holomorphically at (0,0). Since L = 0 is not a component
of S, the vector field X7 leaves invariant S. The Saito criterion ensures that
{X1, X5} is a Saito basis for S.
Now, it is clear that
v(X]) > v(X1)—1=s(SUl)—1.
Since, v(X3) = s(S Ul), one has
5(S)=s5(SUl)—1ors(SUI).

Assume moreover, that S is not of radial type but S U is. By definition,
X, and X3 are dicritical. Thus, the homogeneous part of degree s(SU!) of
X, is written

Xi(S(SUl)) = R; (20, +y0,).
Therefore the homogeneous part of degree s(SUI) — 1 of X7 is

1 b?
(212) — R1 — fO(O)RQ (x@w + y(?y) .

x b5
If the above expression does not identically vanish, then X{ would be di-
critical. Since X5 is dicritical too, S would be of radial type, which is
impossible. Thus, the expression (2.12) vanishes and v(X7) > s(S U ).
Since v(X2) = s(S U) one has finally

s(S) =s(SUl).
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Gathering the remarks above, we obtain the

PRrROPOSITION 2.12. — Let | be a germ of smooth curve that is not a
component of S. Then
(1) In any case, s(S) =s(SUIl)—1 or s(SUI).
(2) If S is not of radial type but S U is then
s(S) =s(SUI).

The process described above can be reversed. Consider a Saito basis
{X1, X2} for S. Changing of basis if necessary, one can consider that

Z/(Xl) = Z/(XQ).

Let [ be a generic smooth curve and L a reduced equation of [. Fix some
coordinates (z,y) in which [ has a parametrization of the form

V() = (t,€(t)), t € (C,0).
The product
X1 (v) Ay € Cit}

has a valuation in C{t} equal to v(X;) or v(X;)+1 depending on whether
X is dicritical or not. Therefore, the quotient

Xi (M) Ay

Xo (7)) Ay
extends holomorphically at ¢ = 0 as a unit ¢(t). By construction, the vector
field

X1 — ¢ (x) Xy

is tangent to the curve [. Finally, in the coordinates (z,y), according to the
criterion of Saito, the family

(213) {Xl —QZS(.T) XQ,LXQ}
is a Saito basis for S U (.

3. Generic element in Der(log S) and adapted Saito Bases

In (2.3), we remark that
v(S)
5
In this section, we will prove that for a curve S generic in its moduli

space the latter inequality is essentially reached, as it will be stated in
Theorem 3.4.

s(5) <
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3.1. Generic value of s(S)

Let S be a curve generic in its topological class and {X7, X2} be a Saito
basis for S.

The exceptional divisor D of the blowing-up E : (M, D) — (C2,0) can
be covered by two open sets Uy and Us and two charts (z1,y1) and (22, y2)
defined respectively in some neighborhoods of U; and Us such that

E(z1,y1) = (z1,y121) and E (x2,y2) = (72y2,92) -

Let Og be the sheaf on M of vector fields tangent to E(-1(S) = SF U D.
Let w be a 1-form with an isolated singularity tangent to the vector field
X ¢ if X is written

X1 = a0y + b0y,
one can choose

w=ady — bdx.
Let us consider the global 1-form on M defined by the pull-back

Q=Fw.
We denote by B the basic operator : this is a morphism of sheaves
B:0g — (M)
that is written
B(T) = LrQAQ=d(QT)) AQ—Q(T)dSQ.

Here, Q?(M) is the sheaf on M of holomorphic 2-forms and L is the Lie
deriviative with respect to the vector field T. Following [3], the kernel of
B consists in the infinitesimal generators of the sheaf of automorphisms of
the foliation induced by X¥, that is,

LiQAQ=0= Ve (C0), ((¢7) XE) A XF =0,
The lemma below describes partially the image of 8.

LEMMA 3.1. — B(0g) C Q?(—nD — S¥) where

o i =2w(X)) + 2 if Xy is dicritical,
1 if not.

e O2(—nD — SF) is the sheaf of 2-forms that vanish along D and S¥
with at least respective orders 7 and 1.
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Proof. — It is a computation which can be performed in local coordi-
nates. If X is dicritical, then out of Sing(X¥), one can write

Q= uxlf(Xl)del,
where u is a local unit. A section T of Og is written
T = az104, + B0y, «a,B8€C{x1,y1}.
Thus, applying the morphism B yields
B(T) = — (uzxfy(xl)+2811ﬂ> dxzqy A dy.

If X; is not dicritical, then out of the locus of tangency between X and
D, one can write in some coordinate

0= ux;(xl)dxl,
and
B(T) = — (uQ:c?”(Xl)Hayloz) dzy Ady;.
Finally, along a regular point of S¥, one can write
Q =udy,
where y; = 0 is a local equation of S¥. A local section of T of O is written
T = a0y, + By10y,, o, f€C{z,y1}

and
B(T) = — (u*y10,, B) dwy A dys. 0

Notice that if ¢ is not a tangency point between X and D, then at the
level of the stack, one has

(B (0s)), = (2 (-nD - %)) _,

thus the two sheaves B(0g) and Q?(—nD — S¥) are essentially equal.

The proof of the next lemma is a corollary of an adaptation of the theory
of infinitesimal deformations of foliations developped in [12] by Gémez-
Mont.

LEMMA 3.2. — The map in cohomology induced by the inclusion of
Lemma 3.1

H' (M, 05) = H' (M, Q2 (—7D — S7))

is the zero map.
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Proof. — Let us denote by Ox, the sheaf of tangent vector fields to the
foliation induced on M by X{¥. Let us consider the morphism of sheaves

(3.1) 05 = Hom (Ox,,05/6Ox,)

defined by ®(T') = (X — «[X, T]) where [-] stands for the Lie bracket and
7 the quotient map 7 : Og — ©g/Ox,. Following [12, Theorem 1.6], one
has the following exact sequence

(32) H'(M,Ox,) — H' (M,O5) 2 H' (M, Hom (Ox,,05/Ox,)).

In this sequence, H' (M, O, ) is the first hypercohomology group of the leaf
complex associated to the morphism (3.1) as defined in [12]. It is identified
with the space of infinitesimal deformations of the foliation induced by
X¥E. The cohomological group H'(M, e) is the standard Céch cohomology
of sheaves. The first cohomology group H'(M,Og) is identified with the
space of infinitesimal deformations of S¥. Finally, © is the map induced in
cohomology by ©.

Assume that S is generic in its moduli space M*(S). Theorem 2.8 ensures
that any small deformation of S can be followed by a deformation of X{.
As a consequence, any infinitesimal deformation of S¥ can be followed by
an infinitesimal deformation of X¥. In other words, in (3.2) the map

Hl (M,@Xl) — Hl (M,@S)

is onto. Since the sequence (3.2) is exact, the map D is the zero map.
Now, let us consider a covering {U;};c; of M and a cocycle {T;;};;

{Tij}ij €' (M’ {Uz‘}ielves) :
The map D being the zero map, the cocycle D({T};}:;) is trivial, that is,
D ({Tij}ij) =0 in H' (M, Hom (Ox,,05/6x,)).

By definition, there exists {T;}; € Z°(M,{U;}ier, Hom(Ox,,05/0x,))
such that
[Tij,-1=T; = T
At the level of the stack, the map ® is onto at any regular point for X{.
Thus we can consider a covering of U; \ Sing(X{?) = U, x Uir by open sets
U, such that © is onto on U;,. By construction, on any Uj, there exists a
section 7, of Og such that
7; - [Tikv ] .
Therefore, on U, N Usgr, [Tik, -] = [Tikr, - ]. Thus, appyling 9B yields
L., QN0 =B (Tik) =B (Tik’) = LT“C,Q A Q.
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Therefore, the 2-forms {L., Q2 A Q}rcx paste in a global 2-form €; de-
fined on U; \ Sing(X¥) which can be extended to U; since Sing(X{) is of
codimension 2. By construction,

B ({Ti;}) = {9 — A},
which is the lemma. O

The open sets U; and Uy defined at the beginning of this section are
Stein as open sets in C. Thus, following [24], they admit a system of Stein
neighborhoods. Since Q?(—nD — S¥) is coherent, we deduce that there is
a covering {Uy,Us} of M that is acyclic for Q?(—nD — S¥). Therefore, one
can compute the cohomology using this covering and thus

H' (M, Q% (-nD — S*)) = H' ({th,Us} ,Q* (—nD — S¥))
which is the quotient
HO (U1 OUQ,Q2 (—’ﬁD — SE))
HOY (U, Q2 (—nD — SE)) @ HO (U, Q2 (—1D — SE))’

The lemma below is the key to get a lower bound for the Saito number
5(9S) of the curve S.

(3.3)

LEMMA 3.3. — Let fi be the quotient % where f is a reduced equa-
1

tion of S. If there exists a Laurent series A = ai7jxiy{ holomorphic on
Uy N Uy with a non vanishing residu ag,—1, such that, in the identifica-
tion (3.3), one has

[A- fizhday Adyr] =0 € H' (M, Q? (—kD — S*))
then
k> v(S).

Proof. — The global sections of Q?(—kD — S¥) on each open sets Uy, Us
and their intersection are written

Q% (=kD — S) () = {f (x1,;1) frzf dzy Adys | f €O W)}
Q? (—kD — SF) (Up) = {g (x2,92) f2yh dza A dys | g € O (Us)}
Q% (kD — SP) (U NUs) = {h(z1,31) fraf dzs Ady, | h€ O (U NUe)}

where fo = % Therefore, the cohomological equation induced by the
Y2
equality (3.3) is written

h(z1,y1) Ao} dziAdyr = g (22, y2) foyh dzaAdys— f (21, y1) frzk dzr Ady
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which is equivalent to

—u(S)— 1
(3.4) h(xlvyl) = ylf () 19 (ylaylxl) — f(z1,m1).

The hypothesis of Lemma 3.3 induces that if we set h to be the series

Sa; y? then the equation above has a solution. In particular, the mono-
aop,—1
Y1

of the expression at the right of (3.4). This is equivalent to require that the
following system

mial has to appear in the Laurent expansion of one of the two terms

0=y j=0
—
—l=j—i+k—-v(S -1 i=k—wv(9).
has a solution in N2. Thus, k > v(9). O
THEOREM 3.4. — For S generic in its moduli space M*(S), one has
{@J if S is not of radial type,

[@] —1 else,

where || and [x] stands respectively for the integer part and the least
integer of .

5(9) =

In the moduli space M*(S), the lower bound above holds only for the
generic point. For instance, the Saito number of a union of any number of
germs of straight lines is 1, since the radial vector field x0x + ydy is in the
Saito module, whereas the algebraic multiplicity v(S) goes to infinity with
the number of components. Even if the curve S is irreducible, one cannot
drop the assumption of S being generic in its moduli space, as it can be
seen in the following example due to M. Hernandes known as deformation
by socle: let S be the irreducible curve

{yp — 294 xq72yp72 —_ 0}

with pAg =1and 4 = p < q. Its algebraic multiplicity is equal to p whereas
its Saito number 5(S) is equal to 2 regardless the value of p. Indeed, the
vector field X7 written

—-2)(¢—2
Xl e (y + (pl))éq)xq—4yp—3) (p$a$ + qyay)
T L e e PR )L Sk ST

q pq
is optimal for S.
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Proof of Theorem 3.4. — Let X7 be a generic optimal vector field for S.
Since we assume S generic in its moduli space, the operator B associated
to X7 and defined in Lemma 3.2 is trivial.

Suppose, first that X7 is dicritical. Let us suppose that in the coordinates

(z1,y1), the vector field X¥ is transverse to D at (0,0) and that f; = f(f)

does not vanish at (0,0). We can suppose that, in these coordinates, Q is
written

Q= uxZ(Xl)—H dy1, u(0) #D0.
The image of the vector field

1
—0
U1 v

T =
by ﬁ% is written

0,0 71
Loar = Lisana- 200, S e Adyy 2T,

fi fi £1(0,0) O)

This meromorphic 2-form considered as a cocycle in
Z' ({th,Up}, Q% (—nD — S7))

has to be trivial in cohomology according to Lemma 3.2. Thus, Lemma 3.3
ensures that @ = 2v(X;) + 2 > v(5), which is also written

v(5)
2
Therefore, if X; is dicritical the theorem is proved.

Suppose now that X; is not dicritical. Let us suppose that (0,0) is a
singular point of X¥. Locally around (0, 0), € can be written

E(S)ZV(Xl) > —1.

Q:xl( 1) adml +xl( 1)+1(...)
where a is some positive integer. Let us write

fr=yiv () +a1(---), v(0)#0

where b is some positive integer. Considering the meromorphic vector field

Tl

2a—b
Y1

T = Oz,

we apply the operator fil‘B and obtain

(2a —b)

A0 -5

171 n+1
dzi Ady; + 2] =)
A ) oA dn ()
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Suppose that there exists a singular point of X such that 2a # b. Then,
Lemma 3.3 ensures that 7 = 2v(X;1) + 1 > v(S), which is written

v(S) -1
—5

If the equality 2a = b is true for any singular points, then v(S) is even.

(3.5) 5(5) =v(Xy) >

Thus, the theorem is proved when

e v(S) is odd
e or v(S) is even and for some singular points of X#, one has b # 2a.
e or if S is radial.

Finally, suppose that v(.S) is even and S is not radial. Consider a Saito basis

{X1,Xo} for S with v(X;) = v(Xy). If v(X;) = ”(25) then the property

is proved. Therefore, assume that v(X;) < V(QS) — 1. Let I; be a generic

smooth curve. Using the construction introduced at (2.13), we obtain a
Saito basis for S Ul; of the form

{X1 4+ ¢1Xo, L1 Xo}, ¢1(0) #0and Iy = {L; =0}.
If v (X1 + ¢1Xo) = v(X7) then

v(S) 1< v(SuUly)—1

2 2
which contradicts Theorem 3.4 applied to S U [y, the valuation v(S U ly)
being odd. Therefore, v(X; + ¢1 X2) > @ and since v(L1X3) > ”TS) and

v(Xs) < V;) — 1, considering if necessary X; + ¢1Xs + L1 X2, we obtain a

basis of Saito for S U l; written

(3.6) { X1+ ¢1Xo, L1 Xo}, $1(0) #0

v(X1+ $1Xs) <

v(S)
o
Using again the construction (2.13), we add one more generic curve Iy and

both of these vector fields being non dicritical and of multiplicity

obtain a basis of Saito of the form

Lo (X14+¢1X2), LiXo+¢2 (X1 +¢1X2) o, ¢2(0)#0 and lp ={L,=0}.

Y1 Yo

We can apply Theorem 3.4 to SUI; Ul since the latter curve has a smooth
component for which b = 1 is not even. Therefore, the two above vector
fields are of multiplicity 5 + 1 and not dicritical. According to the Saito
criterion applied to (3.6), one has

(X1 + ¢1X2) A\ L1X2 = U,Llf, U(O) 7é 0.
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Therefore, L; cannot divide X; 4+ ¢1X2. Now consider any couple of non
vanishing functions o and 8. Writing

(3.7) aYy + Y, = (Boe + als) (X1 + ¢1X2) + BL1 X>
ensures that aY; + fY> cannot be divided by LqLs. Fix some coordinates
(x,y) such that Ly = z and Ly = y. Taking a suitable linear combination
of Y7 and Y5 we can suppose that they are written
Y1 = a(x) 270, + b(y)y?0y +zy(---)
Yo =c(z) 2P0, + d(y)y?0y + xy(---)
where a, b, ¢ and d are non-vanishing germs of functions and p and ¢ some
integers bigger than § + 1. Dividing Y7 and Y5 respectively by b and d, and
making a suitable change of coordinates of the form (x,y) — (u(x),y), we
can suppose that Y7 and Y5 are written
Y1 = azP0, + by?0, + xy(--)
Yo = c(x) 2P0, + dyloy + xy(---)
where a,b and d belongs to C\ {0}. Finally, considering the vector field

PG LU

we can write
Y1 = axP0, + by0, + xy(--)
Yo = caP0, +dy?0y + xy(---)

where a,b,c and d are non vanishing complex numbers. Now, the Saito
criterion written

Yi ANYz = uzyf
where u is a unit ensures that

(cY1 — aYs) A (dY7 — bYs) = (ad — be) Y1 AYs = u (ad — be) zy f.
If ad — be = 0 then considering (3 ) in the kernel of the matrix (¢ §) yields
a linear combination written
(3.8) aYy + BY, = xy(---).

Since neither Y7 nor Y5 can be divided by zy, one has a # 0 and 8 # 0.
According to (3.7), aY; + Y2 cannot be divided by zy too. That is a
contradiction with (3.8). Therefore, ad — bc # 0 and the expression
(Y1 —aYs)  (dY = bY))
Y x

=u(ad —be) f
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is the Saito criterion for the curve S. However, both vector fields in the

product above have mutiplicities bigger than ”(QS ) which is a contradiction

with the initial assumption. O

3.2. Generic Saito basis

The generic lower bound of Theorem 3.4 induces some properties for a
Saito basis of a generic curve. In this section, we explore some of them.

To do so, we are going to use frequently the following lemma that is a
direct consequence of the criterion of Saito.

LEMMA 3.5. — Let {X1, X2} be a Saito basis S. Then
(1) ifv(Xy) +v(X2) < v(S) and X, is dicritical then X, is dicritical.

(2) ifv(X1)+v(Xe) = v(S) and X; is dicritical then X5 is not dicritical.
(3) If S is generic in its moduli space, then one can suppose that

v(S) —1 < v(Xy)+v(Xa) <v(S).
Proof. — Properties (1) and (2) are consequences of the following remark
Xl(l’(xl)) A XQ(V(XQ)) =0 <= v(X1) +v(X2) <v(9).
For (3), first, we recall that the sum v(X;) + v(X3) cannot exceed v(S) as
noticed in (2.2). If v(S) is odd, Theorem 3.4 gives the inequalities
v(S)—1
2 )
and thus v(X7) + v(X3) = v(S) — 1, which is the lemma.

If v(S) is even, adding a generic line [ to S yields a Saito basis of SUI
for which, in view of the previous arguments — v(S U!) is odd —, one has

v(X1) +v(Xe) 2 v(SUl) —1=w(9).

v(X:) > i=1,2

By the process described in Proposition 2.12; the induced Saito basis
{X1, X5} of S satisfies

v(X]) +v(Xe) = v(Xy) +v(Xe) —12>v(S) -1,
which ends the proof of the lemma. O

The next lemma ensures somehow that both inequalities identified in
Theorem 3.4 cannot be reached at the same time.

LEMMA 3.6. — Let S be a generic curve of radial type. Then there is
no non dicritical vector field X in Der(log S) with v(X) = \_@J
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Proof. — Consider an optimal dicritical vector field X; and X5 a vector
field such that {X;, X2} is a Saito basis of S. If v(S) is even, then Theo-
rem 3.4 ensures that v(X;) > V(zs) - 1. Ifv(Xy) = @ then the lemma
follows from the definition of S being radial. If v(X;) = V(S) — 1 then ei-
ther Xl(V(Xl)) A XQ(V(XQ)) =0orv(Xs) > ”(S) + 1. In any case, the lemma
follows. Finally, if (S) is odd and S radial, by definition, every vector field
of multiplicity L@J = %

is dicritical. O

In the proposition below, we are going to identify precisely the type of
Saito basis that may occur for a generic curve. In the statement of the
theorem, we introduce some notations for the identified classes.

THEOREM 3.7. — Let S be a curve generic in its moduli space. Then
there exists a Saito basis { X1, Xa} for S with one of the following forms
e if v(S) is even
(&) :v(Xy) =v(Xe) = ”(S) , X1 and Xy are non dicritical.
(€q) 1 v(X1) =v(X2) — % —1, X; and X are dicritical.
(¢) :v(X1)=v(Xy)—2= ”(QS) — 1, X, is dicritical but not Xs;
e if v(S) is odd
(O) :v(X1) =v(Xe)—1= %1, X, and X5 are non dicritical.
(D4) : v(X1) = v(X2) = %5+, X1 and X, are dicritical.
(O :v(Xy) =v(Xs) — 1 = “71 Xy is dicritical but not X.
Moreover, if {X1,X»} is a generic Saito basis for S then there exists an
holomorphic function h such that

{X1, X2 — hX;}
has one of the above type.

If the Saito basis of S has one of the forms given by Theorem 3.7, we
will say that the basis is adapted.

Remark 3.8. — Notice that if the Saito basis {X;, X2} of S is of type
(&) or (D)) then for any function L with a non trivial linear part, the
family

L(0) #0 if Sis of type (D)

X1, Xo + LX1},
{X1, X i} {L(O):o if S is of type (&)

is a Saito basis for S of type (&;) or (O4). In some sense, the bases of
type (¢)) or (97) are exceptional among the one of type (&) or (Dg).
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Remark 3.9. — The curves of type (&) are the only curves for which
there exists a Saito basis {X1, X2} with

V(X1) = v(Xs)| > 2.

Remark 3.10. — One of the interest of adapted Saito bases is their be-
haviour with respect to the blowing-up. For instance, suppose that S has
an adapted Saito basis {X7, X5} of type (€4). Then, blowing-up the Saito
criterion (2.1) yields the relation
foFE
:17'{(5) ’

XPAXEP =uoE

Therefore, according to the Saito criterion, the family {(X¥)., (X£).} is a
Saito basis for (S¥)_for any ¢ € D - but not necessarly adapted. It is a
simple matter to check that the latter proprety holds for any above type
of Saito bases.

Proof of Theorem 3.7. — Let us consider a Saito basis {X1, X2} of S
and suppose that v(X;) < v(Xs).

Case 1. — Suppose first v(S) even. If X; is not dicritical then according
to Theorem 3.4 and (2.2), v(X;1) = v(Xa) = ”2‘9). Considering if necessary
X5 + aX; for a generic value a € C, one has

v(S)
2
X1 and X5 are non-dicritical.

(€ v(X1) =v(Xa) =

Assume X7 is dicritical. If v(X;) = ”(QS) then Lemma 3.5 ensures that
X, is not dicritical and the Saito basis {X; + X2, X5} is of type (&). If
v(Xy) = @ — 1, following Lemma 3.5, one can suppose that

S S
V(2 ) or —V(2 ) + 1.

If v(Xs) = @ + 1 then X5 is not dicritical. Thus, one has a basis of the
form

Z/(Xg) =

Z/(Xl) = Z/(XQ) — 2= @

X, is dicritical but not Xs.

-1

If v(Xsy) = "(25), then X, is dicritical, and thus

Z/(Xl) = I/(XQ) —1=——-1
X, and X5 are both dicritical.
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Case 2. — Suppose now v(S) odd. In any case, v(X;) = ”(STH Suppose
X1 dicritical. If v(X5) = % then X5 is dicritical, and thus

v(S)—1
2
X, and X5 are dicritical.

X = X =
(94) V) =)
If v(Xo) = % then X5 is not dicritical, and therefore the basis satifies

V(X)) = v(Xa) — 1 = %

X1 is dicritical and X5 is non-dicritical.

(D7)

Finally, suppose that X7 is not dicritical. If v(Xs) = % then the basis
satifies
1= v(S)—1
2
X1 and Xy are non-dicritical.

©) v(X1) = v(Xa)

It remains to study the case in which X; is not dicritical and v(X3) =

%. To do so, consider a generic line [. The multiplicity of SUI is even,

thus we can apply the results above to reach the description of the possible

bases for S.
(1) Suppose first that the Saito basis { X{, X3} of SUI has the form (€&);
S)+1
X)) = (X)) = v(
V( 1) V( 2) 9 ’

none of these vector fields being dicritical. Let us consider some
coordinates in which [ = {z = 0} and let us write

X! =240, + (y*b;(y) + 2B;) 0,

with b;(0) # 0. By symmetry, one can suppose a; < ag. Thus, the

family
— 1 bo
XLXL ==Xy -y Z2X
{17296(29 b11>}
is a Saito basis for S such that

v(S)+1

v (xt) = "3 () = L

2

X! has to be not dicritical since X; is not dicritical. Therefore, S
admits a basis of the form (O).

ANNALES DE L’INSTITUT FOURIER



MODULI OF A GERM OF PLANE COMPLEX CURVE 1093
(2) Suppose that the Saito basis {X!, X1} of S UI has the form (&,)

(S)+1

v(xf) =v (X} —1= 22— —1

both vector fields being dicritical. As before, let us consider some
coordinates in which [ = {z = 0} and let us write

X! =24;0, + (y*b;(y) + 2B;) 0,

with b;(0) # 0. If a1 < a2 then the induced Saito basis { X}, X%}

for S satisfies v (X1) = % Therefore,

-n _ vS) -1 w(S)+1
v (Xgl) = > or 5 .

In any case of the alternative above, there is no non dicritical vector
fields of multiplicity % in the Saito module of S, which is a
contradiction with the property of X;. Therefore, a; > as . In the
induced basis {X', X!}, the vector field X! is written

w1 —as 01(y)
Xl (Xl al—ag Y1 Xl>
175 1Y bg(y) 2

Therefore, X! is dicritical since v(X%) > v(X}). But since X is
not dicritical, it is a contradiction.

(3) Finally, suppose that the Saito basis of S U has the form (&)

v (xl) = v (xh) 2= "L

with X! dicritical and X not dicritical. Then for any linear function
L the Saito basis for S U1

(X1, x}+Lx{}

is of type (€,) which brings us back to the previous case. O
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Table 3.1. Examples of different types of Saito bases.

S f=x f=ay [f=wylx+y) f=azy(z* -y

v(S) 1 2 3 4

X, Xo Oz, xay 20y, yay x8x+yaya ﬁf xax+y8ya ﬁf

v(X1), v(X2) 0,1 1,1 1, 2 1,3
Type (D) (€) (D7) (€3)
s f=ay(@ -y’ +-) f=ay(@®—y’)@+2+-) (@ +3y+--)
v(S) 5 6
z (205 +y0y) + -+ (m+%y)(x8z+yay)+"’
X1, Xo 3
y(x0y +yoy) + - - x® (20 +y0y) + - -
I/(Xl), I/(XQ) 2, 2 2, 3
Type (D4) - 1 free point (€4) - 1 free point

7601
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3.3. Base of type (¢/;) and (D))

Beyond Example 2.11, the curve S defined by
S={y’+2°+2°=0}

belongs to the generic component of the moduli space of five smooth and
transversal curves. An optimal vector field X; for S can be written

1 1 6 36 1 216
X, = Sy — —22 3 22 24 o S i208.2) g
! (5“’ 25" Y T 125" Y 125" y) P\ Tt )
whose initial part is
Y
(3.9) 3 (x0z + y0y) .

Thus X; is dicritical and of multiplicity 2. However, after one blowing-
up, X¥ is not transverse to D at every point: indeed, following (3.9), it
is tangent to D at the point corresponding to the direction y = 0. To
formalize these remarks, let us recall the following definition

DEFINITION 3.11. — Let D be a divisor and X a vector field defined in
a neighborhood of D that does not leave invariant D. The locus of tangency
between X and D is the common zeros of F and X - F' where F' is any local
equation of D. It is denoted by

Tan(X, D).

By definition, the locus of tangency between D and X contains the sin-
gular points of X which are on D. In the example (3.9), we have

Tan (X{7, D) = {(z1 = 0,51 = 0)} # Tan(S”, D) = 0.
This leads us to introduce the following notion.

DEFINITION 3.12. — A curve S of radial type is said to be of pure radial
type if for any optimal vector field X the following equality holds

Tan (X{°, D) = Tan(S”, D).
If S is not pure radial, then the non empty set
Tan (X{, D) \ Tan(S”, D)
is called the set of free points of X,
Notice that by construction of X;, in any case, the inclusion

Tan(S¥, D) C Tan (X{°, D)
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holds. The main feature of this definition relies on the fact that it allows
to state a characterization of the curves admitting a basis of type (&)
or (9).
THEOREM 3.13. — The following properties are equivalent :
(1) S is of pure radial type.
(2) S admits a Saito basis of type (€/)) or (9).

Proof. — We begin by proving (2) = (1). Assume that S admits an
adapted Saito basis of type (€]) or (9/). According to Remark 3.10, for
any point ¢ € D, the family

{(X)es (X2),}

is a Saito basis of the germ of curve (S%).. Let ¢ € D\ Tan(S¥, D).
Suppose first that ¢ ¢ Sing(E~1(S)). Then following Remark 3.10, the
product X A XF is a unity at c¢. Now, X is dicritical and X is not. Thus
in local coordinates (z,y) at ¢ in which z = 0 is local equation of D, we
can write

XEPAXEY = (udz + v0y) A (axdx + bdy) , u,v,a,b € C{z,y}

= avx — bu.

Therefore u is a unity and X¥ is transverse to D. Suppose now that ¢ €
Sing(E~1(S)). Since ¢ € D\ Tan(S¥, D) then S is regular and transverse
to D. Now, considering local coordinates (z,y) in which 2y = 0 is a local
equation of E~1(S), we obtain

XEPAXE = (udzx + vydy) A (azdzx + bydy) u,v,a,b € C{x,y}
= avry — buy

which has to be of the form (unity) x y according to the criterion of Saito.
Therefore, u is a unity and X{¥ is still transverse to D, which completes
the proof of the equality

Tan (X{, D) = Tan(S*”, D).

We now proceed to the proof of (1) = (2). Let {X;, X2} be an adapted
Saito basis for S. The curve S being radial, let us write

(3.10) X1 = hy (z0x +ydy) + - - .

The hypothesis is equivalent to assume that the tangent cone of h; coincide
with the locus of tangency Tan(S¥, D) for any optimal vector field X;.
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Assume first that v(S) is odd. According to Proposition (3.7), the valuation
of X, is
v—1
I/(Xl) = B) .

If X, is not dicritical, then v(X5) = “FL. Therefore, the basis {X1, Xo}

is of type (O)) and the proposition is proved. Assume X, is dicritical and

v(Xs) = 451 As in (3.10), we write

Xo = ho (x0z + yOy) + - -
and
hs = gqo - ha

where the tangent cone of ¢go does not meet Tan(S¥, D). For any value of
« and 3, the initial part of aX; + X5 is written

(ahi + Baohs) (20, + ydy) -
The hypothesis ensures that the tangent cone of ah; + Bgoho is in
Tan(S¥, D). Since the tangent cone of hy is in Tan(S¥, D), it can be seen
that the function ¢o is constant and that there exists a constant u such
that

h,g = uh1

Then the basis {X1, Xo — uX;} is of type (OF).

Assume finally that v(S) is even and consider a smooth curve ! which
is attached to a point in Tan(S¥, D) after on blowing-up. Let {X!, X1}
be an adapted Saito basis for S U [. Consider some coordinates in which
I ={z =0} and write

X! =2a;0, + (y*b(y) + ab}) 9,
with b;(0) # 0. Since v(S U!) is odd, a few cases may occur :
(1) Assume the basis is of type () Then, we can suppose that

v (X{) =v (Xé) = @ and a; = as. The family

I ¥l 1 l bg I
X17X2:; Xz_b*oxl
1

is a Saito basis for S with

V(X{) :% and V(X'é)}%—l.
If v(X}%) > ¥ then s(S) > V2S) which is impossible. Thus v(X}) =

¥ —1. But then, following Lemma 3.5 X cannot be dicritical which
contradicts the radiality of S. Finally, the Saito basis of SUI cannot
be of type (D).
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(2) Assume it is of type (94) but not of type (O)). Applying Theo-
rem 3.13 to this case for which v(S Ul) is odd ensures that
S Ul is not pure radial. Thus up to some changes of basis,
Tan((X})F, SUl) and Tan((X4)F, SUI) contains some points out of
Tan((SUI)¥, D) = Tan(S¥, D). Therefore, we obtain a Saito basis
for S of the form
{x1. %3}
where the tangent cone of X is not contained in Tan(S*¥, D), which
contradicts the assumption of S being pure radial. Therefore, the
Saito basis of S U cannot be of type (O4) but not of type (D).
(3) Finally, S Ul admits a Saito basis {X}, X}} of type (9/)) with
v(X!) =v(X4) —1=%.If ap > o then

{xx =1 (x-peragin)}
x b9
is a Saito basis for S with
v (X)) = g and v(Xh) >
which is impossible. Thus as < a3 and
{x =2 (xt-ymiing) i)
x b9
is a Saito basis for S of type (&/,). O

Finally, from the proof above we deduce the following

VIIN

LEMMA 3.14. — If S is of type (D) then S Ul is of type (€). If S is of
type (&g) or (€)) then S U is of type (D4) or (9)).

3.4. Cohomology of Og

As we will explain in the next section, the cohomology of the sheaf ©g
computes the generic dimension of M*(.5). The associated formula depends
on the type of Saito basis of S.

ProposiTiION 3.15. — The dimension of the cohomology group
HY(D,©g5) can be obtained from the multiplicities of an adapted Saito
basis of S the following way

(1) If v(X1) + v(X2) = v(S) then

dim HY(D, ©5) = (1 — 1)2(V1 —-2) L (vg — 1)2(1/2 _ 2).
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(2) If v(X1) + v(X2) = v(S) — 1 then

(-1 —-2)  (-1)(2-2)
2 + 2

dim HY(D, ©5) = +v(S)—2—-w

where v; = v(X;), 1 =1,2 and vy = I/(gcd(Xl(”(Xl)),XQ(V(XZ)))).
Proof. — The proof of the first equality is in [7]. Below, we only give

a proof of the second equality. Let us consider the standard system of

coordinates defined in a neighborhood of D and introduced in Section 3.1.
One can compute the cohomology using the associated covering and thus

H° (Ul N Uz,es)

(3.11)  HY(D,Os) = H' ({U1,02}.05) = 550760 & HO (U, 03)

The task is now to describe in coordinates each H® involved in the quo-
tient above. To deal with H°(Uy, ©g), we start with the criterion of Saito

(312) X1 A X2 = Uf

As v1 + v2 = v(S) — 1, blowing-up the criterion of Saito in the first chart
(1,y1) yields

E*X; E*Xo ofoE
1 T =uok -2 0,
x11/1 1,11/2— 11/(S)
—_—— ——
X3 X3

Let Y be a section of ©g on U;. By definition, there exists g1 € O(Uy) such

that

okl
Y/\Xl —glmlf 25"

Z
Hence, one has

(aclY g1~ EX2)AX11=0.

Assume X7 is not dicritical. Then, X{ has only isolated singularities and
there exists hy € O(Uy) such that

J}lY—gl X2 +h1X1

E

If now X is dicritical, then X— extends analytically along D and has only
isolated singularities. Therefore there still exists hy € O(Uy) such that

h
1Y = ki~ EX2—|— 1X1

TOME 75 (2025), FASCICULE 3



1100 Yohann GENZMER

Since, 71Y and XJ are tangent to D, x; divides hy. Thus we get

(1) ¢; € O(U7)

1
HY (U1,05) =Y = — (01 X1 + ¢3X3) | (2) Y extends analytically
! along D

We now proceed to analyse the second condition highlighted above : let us
write the expansion of X; in homogeneous components

X = XY g x
The relation vy + v, = v — 1 implies that
X AXP =0

and we can write

XM = 5,X,

where Xy = gcd(Xf”l),Xéw)) and 6;,7 = 1,2 are homogeneous functions
such that

01 N dy = 1.
The expression of Y can be expanded with respect to x1 in
1 51 oF
Y= 3 (o)t m) (B a (). =0
i=1,2 Ty

¢! X}
Thus the condition Y being extendable along D reduces to
> 6t =
i=1,2

We proceed analogously for the open sets Us and U; NUs and obtain the fol-
lowing description where the exponent 2 refers to the second chart (xs,y2)

1 ¢; € O (Uy)
H (U1,0s5) = (Y'= = 3 6iX! | § g1os1 g0
1=1,2
’ i=1,2
1 (,253 S 0(U2>
3.13) H°(U,,05)=<{Y?=— 2x? 2052 _ ¢,
( ) ( 2 S) Uo i;2¢z 7 Z ¢z 6i =0
’ i=1,2

1 QZ)%QGO(UlﬂUQ)
0 _ 12 _ 12 y1
HO(UiNUz,05) = Y2 = = > °X} | § grzog1

=12 i=1,2
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We may now compute the number of obstructions involved in the cohomo-
logical equation describing the quotient (3.11), namely,

yR2=y?2_vy!l

In view of the description above, the cohomological equation splits into the
system

2
PAET/ R

1
which we filter with respect to x; obtaining

¢;"

(3.14) $;70 = - — 90 i=1,2
U
¢

(3.15) ¢t = — gt i =1,2
Y1

where

¢ = ¢ + a9,
with x = 1,2,12. Let us analyse the system (3.14). Since the functions
d; are relatively prime, the conditions involved in the description of the
cohomological spaces (3.13) ensures that there exist analytical functions
QS*’O such that
Qﬁ ,0 ¢* 05* and ¢ Qg*705f
for x = 1,2,12. Thus, the system (3.14) reduces to the sole equation
¢2 ,0

112,0 __ 1, 0
¢ - yl/lJrl/ 62) ¢
1

Writing the Laurent expansions of the above functions yields the relation

Z¢II¢2y]1€ Z¢2 —k—v1—v(d2) Z¢ky1

kEZ kEN kEN

which implies ¢}2 = 0 for —v; — v(dz) + 1 < k < —1. These conditions
provide the sole —vy — v(d2) + 1 obstructions to the cohomological equa-
tion (3.11). The system (3.15) involves two independant cohomological
equations. We can proceed analogously to identify % obstructions
i = 1,2, respectively, for the equation ¢ = 1, 2. Finally, the formula (2) of
the proposition follows from the relation

14 (52) = Vs — ). Il

Notice that the second case of Proposition 2.12 may occur when S is
of type (D4) or (€4). In that case, it can be seen that v(X;) — vg is the
number of free points of X7j.
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4. Dimension of the moduli space of a singular regular
point

In this section, we intend to apply the previous results to compute the
generic dimension of M*(S) for

S={z"+y" =0},

and thus, to recover a classical result due to Granger [13].

To achieve this, we have to identify precisely the topology of the generic
optimal vector field for S. First, we are going to improve somehow the
optimality of the generic optimal vector field studying when this optimality
is preserved after one blowing-up.

In [8], we successfully apply these techniques in a slightly more general
case : the curves with many but smooth components. The full general case
is still open but might be a consequence of the mentioned work : indeed,
up to ramification, any curve is an union of several smooth curves.

4.1. Optimality after one blowin-up

PROPOSITION 4.1. — Let S be a generic curve in its moduli space. Let
¢ € D a point in the exceptional divisor of the single blowing-up E. Assume
that

(%) there exists a germ of regular curve | such that (S¥).U(I¥),

has no Saito basis of type (€).

Then there exists a vector field X optimal for S such that (X¥), is optimal
for (S%)..

Proof. — Let {X1, X2} be an adapted Saito basis for S. If v(X;) = v(X2)
which is satisfy when the basis is of type (&), (9O4) then for o and 8 generic
one has

aXP + BXE = (aX) + X,)" .
According to Remark (3.10), {(XF)., (X¥).} is a Saito basis for (S%),,
therefore at ¢ one has

ve (01 + 5X2)") =5 ((57),)

Thus, in that case, choosing X = aY; + Y5 yields the lemma.
Now, assume that v(X;) < v(Xz). Suppose first that v(S) is odd then
S is of type (D). Let us consider a curve [ satisfying the hypothesis of the
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lemma. According to Lemma 3.14, an adapated Saito basis {X!, X1} is of
type (&) with

v(S)+1

—

Applying the process of division, we are lead to an adapted Saito basis
{X!, XL} for S with

v (X1) =v (X3) =

— -1 1
(4.1) v (X =28 h o (xg) <MLL
The blow-up family {(X})Z (X})EF} is a basis for (S¥).. Now, suppose
that . .
ve (X)7) 2w (X)) +1
therefore,

ve (L(XD)") = v ((x8)7) +2
where L is a local equation of [£. The family {L(X})¥, (X})F} is a Saito
basis for S¥ UIF at ¢ and following Remark 3.9 it is of type (/). That is
impossible. Hence,

(4.2) ve ((X)") <we ((x8)")

and, according to (4.1) and (4.2), X = X! satisfies the conclusion of the
lemma. Finally, if ©(S) is even then S is of type (€4). Therefore, SUI is of
type (O4) and the arguments are similar. O

COROLLARY 4.2. — If any component of S¥ satisfies the hypothesis (%)
of Proposition 4.1, then there exists a vector field X optimal for S such
that, for any ¢, (X¥),. is optimal for (SF)..

Proof. — Indeed, for any point ¢ in the tangent cone of S, consider X,
given by Proposition 4.1 for the curve (SF).. Then for a generic family of
complex numbers {a.}, the vector field

X = ZaCXC

satisfies the property. O

4.2. Dimension of M*(S) where S = {z" + y" = 0}

The curve S is desingularized by a single blowing-up. From [21], the
generic dimension of M*(S) is equal to

dim HY(D, ©5).

TOME 75 (2025), FASCICULE 3



1104 Yohann GENZMER

Following Proposition 3.15, it can be computed from some topological data
associated to an adapted basis of Saito for S. Below, we are going to describe
these bases according to the value of n.

If n = 3 then there are coordinates (x,y) in which

S={f=wzy(x+y) =0},
The family
{X1 =20, +y0y, Xo =1tdf =0,f0, —0,f0:}

is a Saito basis for S. Since v(X;) = v(X3) —1 = 1, X; is dicritical but not

Xy, S is of type (9). If n = 4 then there are coordinates (z,y) in which

S={f=aylx+y)(x+ ay) =0} for some a ¢ {0,1}. Hence, the family
{Xh =20, +y0,, Xo = tdf}

is a Saito basis for S. Since v(X;) = v(X3) —2 = 1, X; is dicritical but not
X, S is of type (€)). In the latter case, the dimension of M*(S) is 1.
Now suppose n > 5.

PROPOSITION 4.3. — The curve S is of type (O4) or (&4). Moreover, the
generic optimal vector X is completely regular after a single blowing-up
and has [ %] — 2 free points.

Proof. — Following notations introduced in [18, p. 657] for a germ at p
of vector field X and a germ of curve S given in coordinates by

X =a(x,y)0; + b(x,y)0y S={z=0}

we recall the following definitions :

(1) if S is invariant by X, the integer v, (b(0,y)) is called the index of
X at p with respect to S and it is denoted by

ind (X, S,p) .

(2) if S is not invariant by X, the integer v,(a(0,y)) is called the tan-
gency order of X at p with respect to S and it is denoted by

tan (X, S,p).
Suppose X7 non dicritical, then according to [18, Lemma 1], one has
(4.3) v(X1)+1=> ind (X, D,c).
ceD

For any point ¢ in the tangent cone of S, the curve (S¥ U D), is a union
of two transversal smooth curves. Therefore, the index ind(X¥, D, c) is at
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least 1 since (X{). is singular. Therefore, one has

(4.4) Z ind (X{’, D, c) > ftangent cone = n.
ceD

On the other hand, the optimality of X; ensures that

n
(4.5) v(Xy) < 5
The equality 4.3 and the inequalities (4.4) and (4.5) are incompatible with
n > 5, and thus X, is dicritical. Any component of S¥ is a regular curve.
Since the union of two curves is not of type (¢,), any component of S¥
satisfies the hypothesis (x) of Propostion 4.1. As a consequence, we can
consider X3 to be not only optimal for S but also optimal after one blowing-
up. Since any component of S¥ is a regular curve, whose Saito number is
equal to 0, the vector field X{ is regular at the tangent cone of S. Moreover,
there exists Y such that {X7,Y} is an adapted Saito basis. Thus, after one
blowing-up, one can write

foFE

n
Ty

XEAYE =uoE

where f = ™ 4 y™. Since out of the tangent cone of .S, the function IoE g

o
Ty

a unit, X¥ is finally regular at any point of D.
Following again [18, Lemma 1], one has

n
y(X1)+1= [ﬂ =2+ Y tan (XF,D,c).
ceD

The above relation concludes the proof of the proposition : Tan(S¥, D)

being empty, any tangency point between X{° and D is a free point. O
As a consequence of Proposition 4.3, we recover a classical result of

Granger concerning the generic dimension of the moduli space of S [13].

According to Theorem 4.3, the Saito basis of S satisfies

n n

n_ 1 ifni n i
V(X)) = {2_ if n is even, and v(Xy) = {2_ if n is even,

1 1
= else, 5= else.

Moreover, by construction, the integer vy identified in Proposition 3.15
satisfies

vo = v(X1) — (number of free points)

n

_ 5—11 ifniseveniqﬁ" 72>:1.
L else 2
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Now, following Propostion 3.15, the dimension of M*(S) is equal to

L) (z-3)+i(@-1)(2-2)+n-3="2" ifniseven

(

nol 1) (21— 9) 4 — 3= (n=ln=d) if n is odd

which coincides with the results in [13].
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