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AN /;-NORM-MASS INEQUALITY FOR COMPLETE
MANIFOLDS

by Caterina CAMPAGNOLO & Shi WANG (*)

ABSTRACT. — We generalize an inequality of Besson—Courtois—Gallot about vol-
ume and simplicial volume of closed manifolds to the £1-norm of all the homology
classes of complete manifolds. The inequality involves the critical exponent of the
fundamental group of the manifold and the mass of the homology classes.

RESUME. — Nous généralisons une inégalité de Besson—Courtois—Gallot entre
le volume et le volume simplicial des variétés fermées & la norme ¢; de toutes
les classes d’homologie des variétés completes. L’inégalité s’exprime en termes de
I’exposant critique du groupe fondamental de la variété et de la masse des classes
d’homologie.

1. Introduction

Given a topological space M and any singular homology class o €

Hy(M,R), its Gromov norm or ¢1-norm is defined as
¢ ¢
llaf]y := inf Z ;] Z a;o; is a singular cycle representing o » ,
i=1 i=1

which measures a certain topological complexity of the homology class. In
particular, if M is a closed, connected, oriented manifold, then the Gromov
norm of its fundamental class is called the simplicial volume of M, denoted
by (2]
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Gromov first introduced this notion in his proof of Mostow rigidity [21],
and observed its close relation to the Riemannian volume in his seminal
paper [11]. He proved that:

THEOREM 1.1 ([11]). — If a closed connected oriented Riemannian n-
manifold M has Ricci curvature bounded below by —(n — 1), then

IM]| < (n — 1)"nlvol(M).

As a consequence, he gives the first non-trivial topological lower bound
for the minimal volume of a smooth manifold M. Since then, it has been
a recurrent theme in the field to obtain constraints and relations between
volume and simplicial volume of a manifold. In 1991, Besson, Courtois, and
Gallot [2] improved the upper bound of Gromov and proved:

THEOREM 1.2 ([2]). — Any closed connected oriented Riemannian n-
manifold M satisfies
(n—1)"n! |
||M|| < W manOl(M),

where

minvol(M) = inf{vol, (M) | g complete Riemannian metric on M whose
sectional curvature satisfies |K| < 1}.

It is natural to extend the above inequalities to lower degree homology
classes, after replacing the volume by a proper geometric notion of “volume
of a homology class”. It is shown by Gromov that:

THEOREM 1.3 ([11, Section 2.5]). — Let M be a complete Riemannian
n-manifold with Ricci curvature bounded below by —(n — 1), and let a €
Hy(M,R) be any homology class. Then

llall < (n— 1)FE! - mass(a).
Remark 1.4. — The definition of mass(«) is given in Section 3 (Defini-
tion 3.7). However, it is worth mentioning here that it is a finer notion than

S . . ‘ . . .
the “minimal volume” of a. More precisely, if >, a;0; is any piecewise
smooth cycle representing «, then we have

¢
mass(a) < Z |a;| volg (o).
i=1

Here voli(0;) denotes the natural k-dimensional volume of the image of o;
in M. A more precise definition can be given by the following: let o: A* —
M be a C! k-simplex (the situation of piecewise smooth simplex can be
easily generalized) where AF is the standard Euclidean k-simplex with any

ANNALES DE L’INSTITUT FOURIER
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chosen Riemannian metric. We denote the corresponding volume form by
dVa. Then

volg (o) := / Jacg o dVa,
Ak
where the definition of the k-Jacobian function is given by
Jac(o)(xz) =sup||do(er) Ado(ex) A--- Ado(er)|l, VYa e A,

where the supremum is taken over all orthonormal k-frames {ei,...,ex}
on T,A, and the norm is induced by the Riemannian inner product at
TyyM. Tt is clear that the definition of voly is independent of the choice
of the Riemannian metric on A,

The main purpose of this paper is to follow the general approach of
Besson—Courtois—Gallot [2], and sharpen the above mass inequality of Gro-
mov, where the linear constant will now depend on the critical exponent
of M.

Given a complete connected Riemannian manifold M, write I’ = 71 (M)
for its fundamental group and M for its Riemannian universal cover. Let
p be the distance function on M and O € M be a basepoint. The critical
exponent of M (or of I' associated to its action on M ) is defined to be

— 5~ —; —sp(0,70)
§=0y(I)=inf¢{seR Ze < 00
yell
It is clear that the definition is independent on the choice of the basepoint.
Our main result states:

THEOREM 1.5. — If M is a complete connected Riemannian n-manifold
and ¢ is its critical exponent, then for all 1 < k < n and for all o €

Hi(M,R), we have
kL1

lally < o7 - mass(a).

Remark 1.6. — Besson, Courtois and Gallot prove essentially this state-
ment for the fundamental class of closed manifolds [2, Theorems D and 3.16].
Note that under the condition |K| < 1 (or more generally Ric > —(n—1)),
we have § < (n — 1) according to the Bishop—Gromov inequality [22,
Lemma 7.1.3]. Thus, our theorem recovers Besson, Courtois and Gallot’s
result in top degree (Theorem 1.2), and tightens Gromov’s mass inequality
(Theorem 1.3) in all degrees.

Our proof follows the strategy of Besson-Courtois-Gallot: it is based on
Gromov’s idea [11, Section 2.4] of using a smoothing operator v: M —
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4 Caterina CAMPAGNOLO & Shi WANG

My, an equivariant map from the universal cover of the manifold under
consideration to its space of probability measures, to gain estimates on the
{1- and {o-norms. We choose a particular family of smoothing operators
P® = Jod%: M — My, study its properties and obtain the corresponding
estimates. The particular choice of 1® makes the critical exponent of M
appear.

The paper is structured as follows. Section 2 contains corollaries and
applications of our main result. In Section 3 we recall useful definitions
and prove the necessary lemmas towards the main theorem (Theorem 1.5
in this introduction and Theorem 4.1 later). Section 4 is devoted to its
proof.

Acknowledgements
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Balacheff, Bob Bell, Ulrich Bunke, Chris Connell, Jean-Francois Lafont,
Clara Loh, George Raptis and Roman Sauer for helpful comments and
discussions. We are grateful to the referee for their careful reading and
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2. Applications
2.1. Norm vanishing results

COROLLARY 2.1. — Let M be a complete connected Riemannian man-
ifold whose critical exponent §~(T') is zero. Then [lally = 0 for all a €
Hip(M,R), for all k > 1.

In the case where I' = w1 (M) is finitely generated, the critical exponent
relates to the growth rate of the group. It is clear that for any choice of
finite generating set S of I', there exists a constant K > 0 such that

dcay(r,s)(I') < K -6(1),

where dcay(r,s) is the exponential growth rate of I' with respect to the gen-
erating set S. Thus, § If\/v[(l") = 0 implies that I' has subexponential growth.
It follows that I' is amenable. It is well known since the work of Trauber
that the bounded cohomology of an amenable group vanishes in all degrees

ANNALES DE L’INSTITUT FOURIER
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at least 1 [14]. Hence by the duality principle and Gromov’s mapping the-
orem [11], the ¢;-norm vanishes identically in all degrees at least 1 on the
homology groups of a manifold with amenable fundamental group. Thus
the corollary follows.

On the other hand, if M is a closed Riemannian manifold whose funda-
mental group I' has subexponential growth, then ¢§ M(F) vanishes since the

universal cover M of M is quasi-isometric to the Cayley graph Cay (T, S) of
I" with respect to any finite generating set S. Thus, in this case our theorem
partially recovers Trauber’s result. This includes all closed nilmanifolds.
Note that it is an open problem whether there exists a finitely presented
group with intermediate growth.

2.2. Bounds on submanifolds

COROLLARY 2.2. — Let M be a complete connected Riemannian man-
ifold and let 6 be its critical exponent. Let X be a path-connected topo-
logical space and f: X — M a continuous map that induces a surjection
with amenable kernel on the level of fundamental groups. Then for every
class « € Hi(X,R), k > 1, we have

kL1
ol < Jorg - mass(f (o).

Proof. — By Gromov’s mapping theorem [11] we obtain that [|a|; =
If«(a)]|1. Hence, the ¢;-norm of « is bounded by the same bound as
I f«()]|1 is. We conclude by Theorem 1.5. O

Now, up to a factor, Thom’s realization theorem ensures that rational ho-
mology classes can be represented by manifolds. This leads to the following
estimate for the representing manifolds:

COROLLARY 2.3. — Let M be a complete connected Riemannian man-
ifold with finitely presented fundamental group and let o € Hy(M,Q) be
a rational homology class, k > 1. Let N be any oriented closed connected
k-manifold N representing the class «, that is there exists a continuous
map f: N — M and r € Q\ {0} such that f.([N]) = ra, and suppose
additionally that w1 (f): N — M is surjective with amenable kernel. Then
we have

5P k!
[N < |r[- P - mass(a).
Remark 2.4. — The existence of such an N representing such an « is

ensured by Thom'’s realization theorem. Moreover, if £k < 6 or k =n —1

TOME 0 (0), FASCICULE 0
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and « is an integral class, we can take r = 1. For k > 4, surgery (see
for example [8, Theorem 3.1]) allows to chose N with an isomorphism
m1(N) = w1 (M) induced by f.

Proof. — This is a particular case of Corollary 2.2. By Gromov’s map-

ping theorem [11] we obtain that ||N|| = |r|||la|/:. Hence, the simplicial
volume of N is bounded by the same bound as |r|||al]; is. We conclude as
above. O

2.3. Double sided inequality

As we see, our main theorem provides a linear upper bound on the Gro-
mov norm in terms of the mass, where the linear constant depends on
the critical exponent. On the other hand, if the complete manifold M has
pinched negative sectional curvature, then the Gromov norm is also lin-
early bounded from below by the mass. More generally, this is true for
any k-homology class whenever the manifold admits a straightening and
the straightened k-simplices have uniformly bounded k-volume. Given a
complete manifold M and its fundamental group I", we recall the following
definition:

DEFINITION 2.5. — Let Si: Ak(Z\AI) — Ak(]\AZ) be a family of maps for
ke {0,1,...,n}, where Ak(]\’/f) denotes the set of all singular simplices on
M. We say that the family {Sy} is a straightening on M if

(1) Sy, is T-equivariant for any k € {0,1,...,n}, that is, for any o: AF —
M and any v € T, we have vSy(c) = Sk(y0). Thus, Sy descends to
a self map on Ay (M).

(2) The maps Sy, k € {0,1,...,n}, induce a chain map C,(M,R) —
C*(M, R) which is I'-equivariantly chain homotopic to the identity.
Thus, the S, k € {0,1,...,n}, descend to a chain map on C,(M,R)
which is homotopic to the identity.

The following proposition is a well-known strategy to bound a Gromov
norm from below.

PROPOSITION 2.6. — Suppose M admits a straightening, all straight-
ened k-simplices are C'-smooth and their volumes are uniformly bounded
by a constant Cy > 0 (possibly depending on M ). Then, for any a €
Hy(M,R), we have the inequality

1
|l = o mass(«).
k

ANNALES DE L’INSTITUT FOURIER
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Proof. — For every o = [Y, a;0;] € Hy(M,R), we have

mass(a) = sup /

B, comass(8)<1

B,comd:’s(,@)<1/ ;G U,]

= sup /
B, comass(B)<1 [Z a;Sk(oi)]

< sup Z |a;| comass(3) volg (Sk(a:))
B, comass(8)<1

< Ck: : Z |ai|7
i
where the third equality uses (2) of Definition 2.5. Finally, after taking the
infimum over all representatives of a, we obtain

mass(a) < C - ||afl1,

hence the proposition follows. O

When M has non-positive curvature, there are known results where the
conditions of Proposition 2.6 are satisfied. We summarize them below:
Proposition 2.6 holds if

e [11, 24] M is real hyperbolic and k > 2, where C}, is the maximal
volume of an ideal k-simplex in H". The constant C is explicitly
estimated in [12].

e [13] M has sectional curvature bounded away from zero and k > 2
where C}, is explicitly estimated in terms of the curvature bound.

e [17,25] M is a locally symmetric space of non-compact type (Wlth—
out certain small factors) and k > srk(M ) + 2, where srk(M ) is
explicitly computed in [25, Table 1], and C} depends on M.

e [7] M satisfies Ricoy; < 0 and k > 4¢, and Cj, depends on M.

Note that the first two results use the geodesic straightening, and the last
two results use the barycentric straightening introduced in [16].

COROLLARY 2.7. — If the conditions of Proposition 2.6 are satisfied,
then for every o € Hp(M,R), k > 1, we have double sided inequalities
kL1

lally < 7 mass(a).

1
— mass(a) <

Ck

In particular, if
1/k

kk/Q
o< (c,m) ’

TOME 0 (0), FASCICULE 0
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then any o € Hy,(M,R) satisfies
lae]]1 = mass(ar) = 0.

Remark 2.8. — When M is hyperbolic, we can show that

(2" s

Now by the vanishing homology theorem of Kapovich [15], if § < k — 1

the only possible non-trivial homology classes come from the cusps of
M, whose Gromov norm is automatically zero. The second part of the
above Corollary thus follows immediately. On the other hand, by a theo-
rem of Mineyev [19], if w1 (M) is Gromov hyperbolic, then any non-trivial
k-homology class (where k > 2) has positive Gromov norm. So together
with the above corollary, it is plausible to obtain similar homology vanish-
ing results for certain groups (e.g. if the comparison map is known to be
surjective in certain degrees). We suspect there are interesting applications
when M has non-positive curvature.

3. Background

We collect here the notation, the definitions and the preparatory results
for the proof of Theorem 1.5. The proof itself will be given in Section 4
(Theorem 4.1).

Let M be a complete connected Riemannian manifold with a Riemannian
metric g. Let T" be its fundamental group, M its universal cover. We write
p: M x M — R>( for the distance on M induced by a lift of g, and p, for
the function p(z, —), = € M. Recall the following definition of the critical
exponent.

DEFINITION 3.1. — Let M be a connected Riemannian manifold. With
the above notation, the critical exponent of M (or of T associated to its
action on M) is defined as

§=05() :=inf{seR|D e 979 <00y,
~el’

where O € M is any chosen basepoint in M. By the triangle inequality, it
is clear that § is independent of the choice of O.

ANNALES DE L’INSTITUT FOURIER



AN ¢;-NORM-MASS INEQUALITY FOR COMPLETE MANIFOLDS 9

Let 0 € M be a chosen basepoint in M. Let u be a finite positive measure
on M chosen to decay fast enough so that

(3.1) / O+ Dd02) qy(2) < oo,
M

where d is the distance function on M associated with g. By the triangle
inequality again, it is clear that the condition on p does not depend on
the basepoint o. We can further choose p to be absolutely continuous with
respect to the volume measure on M. We denote by n the lift of u to M: it
is a positive measure on M , absolutely continuous with respect to the lift
of the volume measure induced by g, and I'-invariant.

LEMMA 3.2. — Following the notations above, if M is a complete con-
nected Riemannian manifold whose critical exponent equals §, then for
every T € M, the function @2 (y) = e=*P=(W) belongs to LQ(J/\Z7 1t) whenever
0/2<s<(0+1)/2.

Proof. — By triangle inequality, it suffices to show that the function ¢¢,
is in L2(M, ). We choose a fundamental domain § C M. Then the square
of the L?-norm of ¢, is given by

bl = [0 diita)

= Z/ e2570(0) qfi(z)
rE

yel

= Z / o250, -10(") di(x’)  substituting z = vy’
yer §

- / S e 20l qp(a),
§ Ser

where the last equality uses the dominated convergence theorem, provided
the integral of the function

/ D> e m ol dia)
§ ~el’
is finite, which we are going to show in the next few steps. Let
Fé(z) = Z e 2P, —10(®)
yel

By the definition of the critical exponent together with the triangle inequal-
ity, we know F'*(z) < oo whenever s > §/2. Also, it is clear that F*(x) is
I-invariant, hence it descends to a function G® on M. Moreover, for each

TOME 0 (0), FASCICULE 0
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xz,x € ]Ti/, when estimating F*(z)/F*(z’), by possibly replacing x, 2’ by el-
ements in the same I-orbit, we may assume p(z,2') = d(7(z), 7(x’)) where

7: M — M denotes the universal covering map. Thus,

Fi(z) _ Ynere e

Fe(a’) 2 ver e~ 2010

625P(179’3/) Z'yef‘ e_25Pv—1o(w/)
Zver e~ 25P,-10(2")

’
_ e2sp($,:r ) )

~

By setting 2’ = O, we obtain that
FS(.Z‘) < e2sp(z,O) FS(O),

and so
Gg(ﬂ'(x)) < e2sd(7r(m),7r(0)) G?(ﬂ_(0>)

Therefore, we can further estimate
bl = | F(e)dito
- [ e @)
M

</ e25d(=m(0) G5 (1(0)) dp(2)
M

< 00,

where the last inequality uses (3.1) provided s < (§ +1)/2.

O

DEFINITION 3.3. — We define the following maps ®°: M — S C

L2(M, fi):

xb—>{yl—>

v (y) }
o3l 22

where S denotes the unit sphere of L? (M, ), s satisfies 5%1 > s> g and
¢ is the critical exponent of I" for its action on M. Under this assumption,
the ®°(z) are L?-functions by Lemma 3.2. They are of norm 1 by definition

and it is straightforward to check that they are I'-equivariant.

We show an estimate on the k-Jacobian of ®°, which will be useful in

the proof of the main theorem:

ANNALES DE L’INSTITUT FOURIER



AN ¢;-NORM-MASS INEQUALITY FOR COMPLETE MANIFOLDS 11

LEMMA 3.4. — Given a complete connected Riemannian n-manifold M
whose critical exponent is §, let ®° be the map defined above. For any
integer 2 < k < n, we have

2\ F/?
|[Jacp ®°| < (k) .

Proof. — Fix any x € M and any X € T, M. Recall that @8 = e %=
and ®°(z) = 3 /||¢s| L2 belong to L?(M, i) by Lemma 3.2. We will write
Il l2 = - || for short. We compute

el [zl

Note that L? (M , 1) is an affine space, so its tangent spaces can be naturally
identified with itself. Under this identification, it is clear that d|¢%||(X) €
L2(M, i) is a constant function, so ¢° - dHc,oxH( ) is parallel to 2. Since
wi/lesll € S C L2(M i), we know d(|| “H)(X) is orthogonal to ¢.
Thus by the pythagorean theorem, we have

s 2
Jaos ) < 1=

Suppose that, under a proper choice of orthonormal bases at TxM and at its
image space in T@s(w)(LQ(M , 1)), d®2 is diagonalized to have eigenvalues
0 < [An] < -+ < |A\1|. Then we know that [Jacy ®°| = [T, |A;|. Thus by the
geometric-arithmetic mean inequality and the Cauchy—Schwarz inequality,
provided k > 2 we obtain that

k . )
Zi:l |)‘z|
1< <k>
< <(Zf—1 il?)1/2 - \/E>k

k

<

<tr((d<1>;: odcx);)>k/2.

TOME 0 (0), FASCICULE 0
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Finally we can estimate tr((d®2)* od®3) by choosing an orthonormal basis
{e1,...,en} on T, M:

tr((d®2)* o d®?3) Zud@s DlI?

_ L ldpi el
ST el
Sy s fg e ) dg2 () di(2)
R

:82.

Therefore, combining the above inequalities, we have
§2\ F/2
|Jac, ®°| < () . O
k
DEFINITION 3.5.

(1) Denote by M the vector space of bounded measures on M. It is
endowed with the total variation norm: by the Jordan decompo-
sition theorem, every measure u can be uniquely decomposed into
two positive measures, its positive and its negative part p4 and p_,
so that y = puy — p—. The total variation of p is then

lul = /~ it +/~ i
M M

(2) Denote by My C M the subspace of probability measures on M.
We now define a map
J: 5% c L*(M, i) — M,
[ f?
LEMMA 3.6. — The map J is 2-Lipschitz, where the distance on M is
inherited from M.

Proof. — We compute

dpa(J(F), J(9)) = dpa( F370, 4°F) < /M 12— g7

1/2 1/2
<([Lir-aram) ([ 1+ o2 an)
1/2
=dr2(f,9) </ f+g|2du> :

ANNALES DE L’INSTITUT FOURIER
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We can also estimate

/~|f+g|2d/7=/~f2dﬁ+/~92dﬁ+2 fedi
M M M M

1/2 1/2
<2+2</ﬁf2dﬁ> (/Mfdﬁ)

=4.
Thus by combining the two inequalities, we obtain that J is 2-Lipschitz. O

DEFINITION 3.7. — We recall a few useful definitions below.

(1) Let w be a k-differential form on the manifold M. Its comass is
defined as

comass(w) = sup {sup {wp(z1,...,2%) | 1,...,2x € TpM unit vectors}}.
peEM

(2) Let B € H*(M,R) be a cohomology class. By de Rham’s theorem,
it corresponds to a de Rham class of closed differential k-forms
w € QF(M). The comass of 3 is by definition

comass(f) = [i]n_f,8 comass(w).

Note that for k = 0, comass(8) = ||5]| cc-
(3) Let « € Hi(M,R) be a homology class. Its mass is defined as

mass(a) = sup { / w ’ w closed differential k-form on M, comass(w) < 1}.
[0

Note that for k = 0, mass(a) = ||a|1-
(4) Let a be an alternating (k + 1)-form on a vector space V. Its sup
norm is defined as

llalloo = sup a(vg, V1, ..., Vk)-
V0,V1,.-, VK €

Recall that:

LEMMA 3.8. — The Euclidean volume of the k-simplex with vertices 0

1

and the canonical basis vectors ey, ..., e in R¥ is -

No proof of the next lemma is given in [2, 11], so we give one here for
the reader’s convenience.

LeMMA 3.9 ([2, p. 439] and [11, p. 33]). — Let a be an alternating
(k + 1)-form on M and let a be the differential k-form on M defined by
au(/j/la'- 7/’[’k) = k!- G/(/J/,/J/]_,... a“k)? where IS Ml and Hiyeeos e € M

TOME 0 (0), FASCICULE 0



14 Caterina CAMPAGNOLO & Shi WANG

are elements of the tangent space to My at u, that is ,u,(M) = 0 for all
1 <i¢< k. Then

(3.2) / T = alpio, - 1x)-
A(p0,- k)

Moreover, if a denotes the restriction of a to M1, then

(3.3) comass(a) = k! - ||Gl|co-

Proof. — We parametrize the k-simplex A(ug, ..., ur) C My with ver-
tices ug, ..., pux by the domain

T= {(xl,...,xk) c R¥

k
in<1,xi>0w<i<k}cw

i=1
via the map
¢: T — A(HO)"'aMk)

k
(T1,...,28) — (1—29%) po + i1 + -+ Tr k-

i=1

Notice that this expression has indeed norm 1 in the total variation norm.
We chose the coordinates { g, i1, - - -, i+ for the subspace of M containing
Ao, - .., pr)- In these coordinates, the map ¢ becomes

¢: T — A(po, ..., ) C RFH

k
(x1,...,2) — <1—in,x1,...,xk>,
i=1

so that its differential at (x1,...,xg) is
-1 -1 -1 -1
1 0 0 0
0o 1 0 0
d¢(m1 ..... TE) —
0 0 0 1

We notice that the form @ is constant on A(ug, ..., ux): indeed, let p =
k k

YoicoTittis 1 =Y o ®ipi € Alpo, ..., px) and vy, ..., v be tangent vec-

tors to A(po, - .., k), that is they are of the form v; = Zf:o z] p; with

ANNALES DE L’INSTITUT FOURIER
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Zf:o z) = 0. Then

3

Eu(vl, SR ,’Uk) - 5H/(U1, SR ,’Uk)
=k a(p,v1,...,0r) — k- a(p 01, .., vk)
=k'-a(p—p,v1,...,0p)
k k k
=k!'-a (Z(xz — ) i, Zzil,ui, ey szm) :
i=0 i=0 i=0
Now all £ + 1 argument vectors in the above equation belong to the k-
dimensional subspace of ({uo, 11, .., k) with coordinates summing to
zero. Thus they are linearly dependent. Therefore the multilinear form a
vanishes on them. Consequently
&H(Ul, ey Uk) = Eﬂl(vl, ce ,’Uk).

The form ¢*a is a k-differential form on a k-dimensional space. The previous
argument implies that it is a constant multiple of the standard volume form
dxy A---Adzy. To determine the multiple, we evaluate ¢*a on a well-chosen
point. Let us write 2o = 1 — Zle z; and p = Zf:o Tifhi-

¢'a o2
(.1)1,...,3:k) axl,...,axk

~ 0 0
—a¢(m1,...,$k)d¢ (83017 B axk>

:au(/h — 0, f2 = HOs - - 5 [k — [0)
=k~ a(p, p1 — pro, - - -5 pr. — o)
Zk!'[woa(uoaﬂh- ”7/1’]6)_371@(/"1’,“07‘ . ~7Mk)—"'—96ka(,uk7,u17- ~7M0)]

k
=k!- ina(,uo, ooy i) = K- a(po, - )
i=0

Therefore ¢*a = k! a(po, - . ., pr)dzr A -+ Adzg,. We now can compute the
integral:

Lo il
A0, 510k T

:/k!-a(uo,...,,uk)dxl/\-~-/\dxk
T

1
:k!-a(,uo,...,uk)/dazl/\---/\dmk:k!~a(u0,...,uk)ﬁ,
T .
).

where the last equality follows from Lemma 3.8. This shows Claim (3.2

TOME 0 (0), FASCICULE 0
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The norm equality (3.3) is obtained as follows:

llallo = sup a(po, - - - pk)
JO 1 e s ok EMY

1 ~
= y sup a/uo(/’l’lv'-'uuk)
SO L 5.y b EM L

1 ~
= - comass(a). O

4. Proof of the main theorem

THEOREM 4.1 (Cf. [2, Theorems D and 3.16] and [11, Section 2.5]). —
Let M be a complete connected Riemannian n-manifold and § be its critical
exponent.

(1) For all 1 < k < dim(M), for all B € H*(M,R), we have
5k k!
comass(5) < oz 18]
The right hand side is +00 if ||f||cc = 00 and § = 0.
(2) For all 1 < k < dim(M), for all « € Hi,(M,R), we have
!
llells < Tz mass(a).

Remarks 4.2.

(1) Besson, Courtois and Gallot prove essentially the statement (2) for
the fundamental class of closed manifolds [2, Theorems D and 3.16].
However we notice that being closed is not necessary: completeness
is enough to prove the statement for all homology classes of M.

(2) Statements (1) and (2) are exactly the improvement in our more
general setting of inequalities (+) and (++) of Gromov [11, p. 36],
corresponding to the improvement of Besson—Courtois—Gallot [2,
Theorem D] of the top-degree inequality (+4) in the case of closed
manifolds.

(3) Note that statement (1) for k = 1 is uninteresting, as the sup norm
of any degree 1 cohomology class is infinite. Similarly, statement (2)
for k = 1 is trivially true because the ¢;-norm always vanishes in
degree 1.

Proof. — We follow Gromov and Besson-Courtois-Gallot [11, 2]. We
denote by C¥(M,T') the cochain complex consisting of the maps

c: M+ — R

ANNALES DE L’INSTITUT FOURIER
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that are I'-invariant, antisymmetric, continuous, and bounded. This forms
a subcomplex of the singular cochain complex of M, by associating to each
c as above the cochain

c: Cy(M,R) — R

or— c(og,...,0k),

where oy, ...,0, denote a choice of lifts to M of the vertices of o. The
cohomology of this complex is the bounded cohomology H;(M,R) of M
([11, p. 48] and also [10, Theorem 1.4.2 and Corollary 4.4.4]).

Recall [9, Lemma 6.1] (see also [1, Proposition F.2.2]) that, for every
a € Hy(M,R),

(4.1) lally = sup {(8,a) | B € HY(M,R), [[Bllc <1}

Consider another cochain complex C’b“(/\/l 1,I') consisting of the maps
c: METT R

that are I'-invariant, antisymmetric, continuous, bounded, and multilinear
with respect to barycentric combinations: for every ¢ € [0,1], for every

i€{0,...,k},

c(pros -ty + (1 —=t) gy o5 o)
=tc(foy - oy iy oy piie) + (L =1)c(poy -y pthy ooy pire).
The coboundary operator, as usually, is given by
§: CF(My,T) — CFTH (M, T)

k+1

C'—>{(M07""/~Lk+1 '—>Z N’Ov"w[[iv"'vﬂkJrl)}'

We denote the cohomology of this complex by Hj(Mi,T). It is endowed
with a seminorm denoted by ||-||co, induced on Hj (M, T") by the supremum
norm on C¥(My,T).

It turns out that the canonical chain maps

6%: CF(M,T) —s CF(My,T)

CH{(MOV"?N’C)'—) C(y07'~'ayk)uo®"'®u’k}

Mk+1

induce an isometric isomorphism in cohomology H;(M,R) = H;(M;,T),
that we will also denote by 6*:

TOME 0 (0), FASCICULE 0
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LEMMA 4.3 ([2, Lemma 3.21]). — Every continuous I'-equivariant map
¥: M — M, induces an isometric isomorphism

¢ Hp (My,T') — Hy (M, R)
with inverse map 6.

Remark 4.4. — The exact same proof as in [2] works for complete man-
ifolds as well.

Notice that to every I'-equivariant map ®°: M — S from Defini-
tion 3.3, one can associate the composition ° = J o ®°: M — M. Tt
is I'-equivariant as well: indeed, let A be a Borel set of M , let v € T and
z € M. Then

J o @ (yx)(A) = J(v®°(x))(4) = /A(v@S(ﬂﬂ))z(y)ﬁ(y)

- / (@) (y ) ily) = / & (2)(2)fi(2)
A y—1A
= J(@° () (7 A) = 7 (J 0 °(x)) ().

Now we can prove statement (1): let 3 € H*(M,R). If ||8]| is infinite,
there is nothing to show, except if 6 = 0. But § is the limit of s, §/2 < s <
(04+1)/2, and so s - ||Bllec = o0 for all §/2 < s < (6 + 1)/2. Thus we can
make sense of the expression § - ||3]|c and the inequality holds.

If || 8|l is finite, 8 has a bounded representative, and it defines a class
in HF(M,R) that we still denote by 8. Via 6% it is associated to a class
0%(B) = [a] € Hj(M;y,T) that has the same sup norm. Note that every
representative @ € C¥(M;,T) can be extended by linearity to an alternat-
ing (k + 1)-form a on M. We associate to it the differential form @ as in
Lemma 3.9. It is closed as a is a cocycle. According to Lemma 4.3, the
above I'-equivariant map ¢° = J o ®° induces an isometric inverse for 6,
hence (J o ®%)*a is a closed differential k-form on M representing the class
5. We compute:

comass(5) < comass((J o ®°)*a)
< |Jack(J o ®°)| comass(a)
<2 ()/ - Jal

’ -
This is true for all representatives @ of 8%(f3), so we have

k/2 k/2
comass(f3) < ok <s;> k- ||9k(ﬁ)||oo = ok (i) k1Bl oo
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by isometry of 4. Letting s tend to 6/2, we obtain the required result.

To prove statement (2), we proceed as follows. For every map 1° as above
and for every o € Hp(M,R), we define

B closed differential k-form on M,
mass(¢°(a)) = sup / g .
¥;(a)

comass(f) < 1
By %} () in the above definition we mean the following: let a be a smooth

singular cycle representing «. Lift it to a singular chain in Ck(M ,R). Take
its image in Ci(M,R) under the induced map 9 and integrate over the
resulting chain. By Stokes’ theorem, as ( is closed, the result does not

depend on the particular choice of a, nor on its lift to M.
We want to show

(4.2) llar]|1 < E!- mass(v® ().

Statement (2) will then follow from the following computation. By taking
the supremum over the appropriate k-forms /3, we obtain:

mass(J o &°(a)) = sup / B
(Jo®=)k ()

B, comass(8)<1
= sup /(J o ®°)*B
B, comass(B)<1Ja

< sup comass((J o ®°)*f) - mass(«)
B, comass(8)<1

< sup |Jack(J o ®%)| - comass(f) - mass(«)
B, comass(8)<1

< [Jack(J)] - |Jack (®%)] - mass(«)

82 k/2
<2k (k) mass(«),

where the last inequality uses Lemmas 3.4 and 3.6. Combining with the
inequality (4.2) and letting s tend to 6/2 yields the claim.

So we need to prove (4.2). We proceed as follows. For every ¢ = ® as
above we have, by Lemma 4.3 and (4.1),

lally =sup {(B,a) | B € HY(M,R),|[|Blloc <1}
:sup{(lbkek (B), ) | B € Hi(M,R),||B]loc < }
= sup{(ﬁk(ﬁ)a@/’k(a» | B€ Hf (M,R), |8l < 1}.

We want to estimate this quantity efficiently. Recall that if ¢ € CE(Z\A] ,T)
is a representative of the class 3, then 6% (c) is the restriction to M; of the
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alternating form

(M07~-~7Mk)'—> ~ C(y07'-'7yk)uo®"'®,u/k
Mk+1

defined on M, linear in each variable.
To the alternating (k + 1)-form a = 6*(c) on M we associate the differ-
ential k-form @ on Mj as in Lemma 3.9. By this lemma, we have that

comass(a) = k! - ||@| o,

where @ denotes the restriction of a to Mj. We thus can continue the
computation:

el = sup {(6°(8), vn(a)) | B € Hy (M,R), [|B]loc <1}
= sup {(a,¢x(a)) | [a] = 0"(8) € H (M1, T), |[a] <1}

= sup / a
i (o)

sup / w
i (o)

= k! sup {/ w
Yi (@)

= k! - mass(¢(a)),

[@] = 6*(8) € Hf (My,T), [la]lo < 1}

N

w closed differential k-form on M}

comass(w) < k!

w closed differential k-form on M,}

comass(w) < 1

where the third equality is obtained thanks to Lemma 3.9. This shows (4.2)
and hence finishes the proof of the theorem. O

Remark 4.5. — The inequality of statement (1) can prove interesting in
cases of classes where the sup norm is known: it will then give an upper
bound on the comass of the associated differential forms. The sup norm
of a bounded cohomology class has been computed in several cases: for
the volume class of hyperbolic manifolds, of course [24, 11], but also for
the Euler class of surface bundles over surfaces [20], for the Euler class of
flat bundles [4], for the volume class of manifolds covered by H? x H? [5],
for Hilbert modular surfaces [18], for the Kahler class of a Lie group of
Hermitian type [6]. There are upper and lower bounds for the volume class
of the complex hyperbolic plane [23], and an upper bound for the volume
class of surface bundles over surfaces [3].
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