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CONVERGENCE OF CSCK METRICS ON SMOOTH
MINIMAL MODELS OF GENERAL TYPE

by Wanxing LIU

ABSTRACT. We consider constant scalar curvature Kahler metrics on a smooth
minimal model of general type in a neighborhood of the canonical class, which is
the perturbation of the canonical class by a fixed Kahler metric. We show that
sequences of such metrics converge smoothly on compact subsets away from a sub-
variety to the singular Kdhler—Einstein metric in the canonical class. This confirms
partially a conjecture of Jian—Shi—Song about the convergence behavior of such
sequences.

RESUME. — On considére des métriques de Kéhler & courbure scalaire constante
sur une surface lissemodéle minimal de type général dans un voisinage de la classe
canonique, qui estla perturbation de la classe canonique par une métrique de Kéhler
fixe. Nous montrons queles séquences de ces métriques convergent en douceur sur
des sous-ensembles compacts loin d’un sous-ensemble. variété a la métrique singu-
liére de Kahler Einstein dans la classe canonique. Cela confirme partiellement une
conjecture de Jian—Shi—Song sur le comportement de convergence detels séquences.

1. Introduction

Since the work of Calabi [5, 6] there has been much interest in the ex-
istence of constant scalar curvature Kéhler (cscK) metrics. For the Kéhler
Einstein metric which is a special type of the cscK metric, Yau [53] and
Aubin [2] established independently the existence of such a metric on Kéh-
ler manifolds of negative first Chern class, and Yau [53] also showed it for
manifolds of zero first Chern class. For manifolds of positive first Chern
class, the Yau—Tian—Donaldson conjecture predicted that the existence of
a Kahler Einstein metric is equivalent to the K-stability. Chen—Donaldson—
Sun [11, 12, 13] proved that the K-stability is sufficient for the existence
of a Kéhler Einstein metric (see also Tian [48]), while the necessity was
shown by Tian [46], Donaldson [19], Stoppa [42] and Berman [3].

Keywords: Kihler geometry, Constant Scalar Curvature K&hler metric.
2020 Mathematics Subject Classification: 32W20.



2 Wanxing LIU

For the cscK metric, Donaldson [20] considered the existence of cscK met-
rics on toric surfaces. Chen—Cheng [10] proved that the properness of the
Mabuchi functional is sufficient for the existence of a cscK metric building
on the work of [8, 14, 15]. The necessity was proven by Berman—Darvas—
Lu [4]. We refer the interested reader to [16, 31, 32, 34] for surveys and
related developments of this area. Following the breakthrough made by
Chen—Cheng, Jian—Shi-Song [27] showed the following theorem.

THEOREM 1.1 (|27, Theorem 1.1]). — Let (M, wp) be a compact Kéh-
ler manifold. If the canonical bundle Kj; is semi-ample, then for any
€ > 0 small enough, there exists a unique cscK metric in the Kéhler class
—c1 (M) + elwo] = 1 (Kr) + €lwo]-

Recently, using different tools, Sjoéstrom Dyrefelt [36] and Song [37]
strengthened this result to all compact Kéhler manifolds with nef canonical
bundle. We define the first Chern class ¢1 (M) to be

(1.1) c1(M) = [Ric(wp)] = —[v/—100log det(go)],

where gg is the metric tensor of wy. Notice that this differs from the usual
definition of ¢;(M) by a factor of 27. Theorem 1.1 is a generalization of
Arezzo—Pacard’s [1] result on minimal surfaces of general type. The proof
of this result is based on Chen—Cheng [10] and the properness criterions
developed by Weinkove [52], Song—Weinkove [40] and Li-Shi-Yao [30], and
Jian—Shi—Song also made the following conjecture.

CONJECTURE 1.2. — Let (M,wp) be a compact Kéhler manifold with
semi-ample canonical bundle K ;. Then for any sequence &,, going to zero,
the corresponding sequence of cscK metrics in —cq (M) + €, [wg] converges
to the twisted Kdhler—Einstein metric gean on the canonical model M ,,, of
M. The convergence should be both global in Gromov—Hausdorff topology
and local in smooth topology away from the singular fibres of the canonical
map ® : M — Mcay.

Jian—Shi—Song further noted that this conjecture can be understood from
the perspective of slope stability introduced by Ross—Thomas [33] and
is related to the result of Gross—Wilson [24] from the standpoint of the
Strominger—Yau—Zaslow [43] conjecture in mirror symmetry. If the canon-
ical model of M is smooth and the canonical morphism ® : M — M.,
has no singular fibers, Conjecture 1.2 was shown to be true by Fine [23]
(Theorem 8.1 and its proof), and the main purpose of the current paper is
to show that the local smooth convergence of Conjecture 1.2 holds when
—c1(M) is big and nef.

ANNALES DE L’INSTITUT FOURIER



CONVERGENCE OF CSCK METRICS 3

We call a compact Kéhler manifold M a smooth minimal model if —c¢;(M)
is nef, and a manifold of general type if —c; (M) is big. Recall that —cq (M)
is said to be nef if for all € > 0, —c; (M) > —¢[wp] and big and nef if it is
nef and (—c;(M))™ > 0. One immediate benefit of assuming that —cy (M)
is big and nef is the existence of a semi-positive representative in —cq (M).
Since —cy (M) is big and nef, M is Moishezon which implies that M is
projective. By Kawamata’s base point free theorem, Kj; is semi-ample.
Hence there exists n € —ci (M), which is some multiple of the pullback
of the Fubini-Study metric through the canonical map ® : M — PV. In
particular, n is semi-positive, and we consider the sequence of reference
Kahler metrics w. = 1+ ewg > 0. Also notice that we can choose a volume
form € such that Ric(Q2) = —n, then by Yau’s theorem [53] we can always
choose wy to be such that Ric(wg) = —1n.

THEOREM 1.3. — Suppose that (M,wy) is a compact Kédhler manifold of
dimension n with its canonical bundle being big and nef, and Ric(wg) = —1.
There exists an effective divisor E such that for any €, converging to zero
the corresponding sequence of cscK metrics w,_ € —c1 (M) +e,[wo], given
by Theorem 1.1, converges in C22(M\FE) to the unique singular Kéhler
Einstein metric in —cy(M).

The singular Kahler Einstein metric was first constructed by
Kobayashi [28] in complex dimension 2, and then it was constructed in
all dimensions as the limit of the normalized Kéhler Ricci flow. Consider
the normalized Kéhler-Ricci flow:

0 .
(1.2) o= — Ric(wt) — wy, wlt=o = wo, wi > 0.

The following theorem first appeared in the work of Tsuji [51], but later
Tian—Zhang [49] extended it and clarified some parts of the proof (see also
Song—Weinkove [41] or Tosatti [50] for nice expositions of this result).

THEOREM 1.4 ([49, Theorem 0.1]). — Let M be a smooth minimal
model of general type. Then
(1) The solution w = w(t) of the normalized Kéhler—Ricci flow starting
at any K&hler metric wy on M exists for all time.
(2) There exists an effective divisor E of M such that w(t) converges
in Ci2(M\E) to a smooth Kéhler metric on M\E.
Furthermore, the Kéhler metric obtained above is the unique metric
satisfying
(1) Ric(wkr) = —wkgr on M\E.

TOME 0 (0), FASCICULE 0



4 Wanxing LIU

(2) There exists a constant C' such that

1
(1.3) Cwy < wig < awg.

wkg was also constructed by Eyssidieux—Guedj—Zeriahi [22] using pluri-
potential theory.

As a consequence of Theorem 1.1, we can pick a unique sequence of cscK
metrics wy,, € [we]. The Kéhler potentials of these metrics ¢. € H.,, satisfy
the following coupled equations:

“oe
(1.4) o
Ay, Fe=—R. —try, n

e1 (M) fwe]"
[we]™

= ng

)

where R, = n , Re =+ —nase— 0, and

15)  H,, = {'U e C>(M)

we + vV —100v > 0,supv = 0} .
M

We stress that it is important to assume bigness of —¢y (M) in order for
the limit of R. to be —n, otherwise it is not true. Also notice that the
equations (1.4) are slightly different from the coupled equations considered
in [9]:

Yo.
(1.6) we
Ay, Fe = =R + try,,_Ric(we).

= e s

Specifically, we replace w, in the denominator of the first equation by wy and
adapt the second equation accordingly because w, is degenerating. We will
see later that we will have to adjust the definition of the Mabuchi Energy
to accommodate this change. The strategy of the proof of Theorem 1.3
consists of the following steps:

(1) We establish through Sections 2-4 a degenerate version of the
estimates in [9]. More specifically, we show that . is bounded

in CpX(M\E) and the bound depends only on [, long
[y e F. “0 and (M, wp). We will call [y log=2

n
£ w@s —
n!

™
Wo
n

e = 22< the entropy.

w nl
(2) We show in Section 5 using a method of Dervan [18] that [} e FEU:L—?
is uniformly bounded independent of e, thus ¢, is uniformly
bounded in C2(M\E) based on (1).
(3) In Section 6 we use the estimates and an integration by part ar-
gument to conclude that w,_ has to converge in Cp% (M\E) to the

unique singular Kéhler Einstein metric in —c¢; (M).

ANNALES DE L’INSTITUT FOURIER



CONVERGENCE OF CSCK METRICS 5

We remark that Zheng [55] considered the problem of the L! convergence
of a sequence of smooth cscK metrics in a neighborhood of an arbitrary
big class. There he also had to generalize Chen—Cheng’s [9] original esti-
mates. Our estimates are different in the sense that we are able to get full
non-degenerate 0-th order estimates on F.. Furthermore, the estimates in
Zheng [55] are proved with respect to a sequence of specially constructed
reference metrics. Also, one critical element of his proof is a version of alpha
invariant for any big class using machinery from pluripotential theory, but
we do not need it here.

We conclude this section by mentioning that there are also generaliza-
tions of Chen—Cheng’s estimates in other directions. For instance, Shen [35]
generalizes them to the Hermitian setting, and He generalizes them to
Sasaki manifolds [25], and extremal metrics [26].
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also like to thank Jian Song for pointing out an error in the original proof
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2. OV estimates

In this section we produce C° estimates for ¢. and F. solving the fol-
lowing coupled equations:
w'n
LPE — eFE

(2.1) o
Ay, Fe=—R. —try,, 1.

)

We start with the C° estimate on ..

THEOREM 2.1. — There exists a constant C' > 0 such that ||¢c||co(ar) <
C where C' is dependent on [, 1og°:jgf W;L’f )

Before we prove this, we should make it clear that the techniques we
use here follow exactly the same route laid out in the proof of theorem 5.2
in [9]. However the estimates in [9] depend on Ric(w,), but the metric is

TOME 0 (0), FASCICULE 0



6 Wanxing LIU

degenerating as ¢ — 0, so we have to make essential modifications which
involves clarifying that the a—invariants can be controlled uniformly as
shown in Lemma 2.3, specifying different choices of constants in Lemma 2.4,
and checking everything still works as expected. It is during the course of
this computation where we use the assumption that Ric(wg) = —n and the
fact that R. — —n as ¢ — 0, neither of which is needed in [9].

Let us start the proof with some preparations. Denote Vol(w.) = [, w MW
and as in [9] we define a smooth real-valued function p. to be the unique
solution to the following equation using Yau’s theorem [53]:

_ 1 . F. ‘I) F n
(Wz-: + \/jlaape)n _ Vo (W ) ( )OJO ,
(2.2) g e (Fo)wgy
suppa =0

where ®(F.) = /F2+ 1. Let us then recall the definition of Tian’s a-
invariant [45].

PROPOSITION 2.2 (Tian’s a-invariant). — For any Kéahler class [w] on
M, there exists an invariant a(M, [w]) > 0 such that for any o < a(M, [w]),
we have

(23) / e—ow wn < C
M
for all v e H,,.

LEMMA 2.3. — Given a > 0 with a < o(M, [n+wo)), there is a uniform
constant C > 0 such that for all ¢ > 0 with € < 1 we have
(2.4) / e uwy <C
M

for all v € Hyptew,-

Proof. — The key observation is that when ¢ > 0 and € < 1, n+ ewp <
N + wo implies that Hy4ew, C Hytw,- Thus, for any v € Hyyew,, we have
for the fixed o > 0 and « < a(M, [+ wo))

(2.5) / e < / e~ (1 + wp)" < C. 0
M M

The most important estimate we need is the following Lemma analogous
to [9, Theorem 5.2].

LEMMA 2.4. — There exists a constant C such that for all e > 0 suffi-
ciently small
(2.6) Fetepe—(1+e)pe <C

ANNALES DE L’INSTITUT FOURIER
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n
UJLPE
n! °

n
wV’E
n
Wo

where C only depends on [,, log

Proof. — Given a point pg € M, 0 < dyp < 1, we start by choosing a
smooth cut-off function f such that

=1,f=1-—0 outside B ,

(2.7) f(po) f ) dTo(Po)
46 40
012, < o0 P72, <
0 0

where pg and 6 > 0 are going to be specified later, and dj is fixed to be
a constant strictly larger than 0 and strictly less than 1. Let o > 0 be a
fixed constant strictly less than a (M, [+ wo]), and choose § = 7. We will
denote the metric tensor of w,, by g, , and suppress € for simplicity of
notation while carrying out calculations. Calculate

S(F+ep—
(28) Ay, (00099 )
= A, (SF+er=(14)0)) f 4 (S(F+ep=(14)0) A (f)
" ®
+ 9 d(Ftep—(1+e)¢) 6Re(gg@(F +ep—(1+ 5)90)5jf)
= SF+er=(499) £(82|9(F + ep — (1 +)¢) |2
+ 60, (F +ep— (L+e)g)) + & FHrUrIaI A, f
+ 2 S (Ftep—(1+e)9) 5Re(gf§8¢(F +ep—(1+ 6)90)5jf).

We estimate the terms involved in the above calculation as follows

(2.9) 20Re(g28;(F +ep— (1+¢)¢)d; f)

o 2
> —0*flo(F +ep— (1+ E)gp)ﬁ¥> — |ff|‘“%9
Of3 tr,
> =8 flO(F +ep—(1+e)p)2, - W)
46?
> —6° F —(1 2 _ 2 5
f|8( +6p ( +E)¢)|w¢ d%(l _9) T ¢wO7
46
(2.10) LU OFID N, f > — SEFPm(H99) o — fhr, wp.
dg(1—0)

The key computation is the following;:

(2.11) AL (F+ep—(1+¢e)p)
=—(B+ (1 +e)n) —try,n+ (1 +e)tr, w+ Ay, p.

TOME 0 (0), FASCICULE 0
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Let Ag(F) = [,,e" ®(F)wf, and notice by (2.2)

Ay, p = try, (w+V—100p) — tr, w
(2.12) > n(e™T e Vol(w)®(F) A (F) ™1™ — tr, w
= n(Vol(w)®(F) Ag (F) 1) — tr,, w

Then we have

(213) Ay (F+ep—(1+¢)p)
( (1+e)n+enVol(w)™ Aq,(F)_le(I)(F)le) + (1 +e)try,w
—etry,w —tr,,n

= (—E —(I+e)n+ enVol(w)%AﬂF)_%(I)(F)%) + etry,, wo.
Combining all these calculations, we conclude that

(2.14) A, (SFFer=(1+e)9) 1)
> §f SFTer=(4I9) (LR — (1 4 &)n + enVol(w) " Ag(F) 7 ®(F)*)

40 462
S(Ftep—(142)¢) ( 5fc — — t .
e (fg O d%ae)?) e
Choosing
o€ aE
0= —dj = i
64 256n

ANNALES DE L’INSTITUT FOURIER
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notice that when ¢ is small enough we have 6 < % and g—i < ,/%, SO
that because f < 1 we estimate

49 46?
2.15) dfe— -
(R15) ofe= =gy ~ @i —ap
46 462
> 6(1— f)e — -
(1=0)e B1—-0) B(1-0)2
Je 80 1662
27777
2 di  dZ
S0 0 de
~ 2 8 8

So the coefficient of tr,, ,wo in (2.14) is positive, and we throw it away and
conclude

S(F —
(2.16) A% (e (F+ep—(1+e)p) f)
> §f LUHer=(14909) (LR — (1 4 £)n + enVol(w) = Ag(F) ™7 ®(F)

3

).

Let u = e®F+ep—(1+2)9) and choose py to be the maximum point of wu.
Applying the Alexandrov—Bakelman—Pucci maximum principle in By, (po)
we get

(2.17) sup uf < sup uf
Ba (po) 0Bag (po)

1 1 1 2n 0
u?n ((fﬂ — (L+e)n—+enVol(w) Ag (F)~ +&(F) z)*)
+C / —2F wo
Ba, (o) €

where C' is a constant dependent on the dimension of the manifold n, dg
and J. Notice that the integral is only nonzero on the region where

1 1

(2.18) ~R— (1+¢&)n+ enVol(w) 7 Ag(F) "7 ®(F)= < 0.
Observe that for e sufficiently small,

ol S (e ol g
(2.19) R—(14+¢€)n= Sy (B wol* - ™"
> —Ce.

—(1+¢)

TOME 0 (0), FASCICULE 0
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So (2.18) is only possible if ' < C where C depends only on Ag(F'), n and
Ag(F) depends only on the entropy. So we get

1

1 2n ﬁ
u2n( —R—(1+4+¢e)n+ snAq>(F)*mI>(F);)*)

(2.20) / — wq
Bag (po) e 2k
1 i 2n ﬁ
/ u (—E—(1+5)n+5nAq,(F)_W<I>(F)W)_)
= — wg’
Bag (po){F<C} e 2l

1

(R - (1+en) )\
S —2F “o
Bay (po) ¢
b
<C / e?né(F+€p7(1+e)<p) e2F €2nw6L
Bay (po){F<C}

2
< Ce / e~ o+
Bay (po)

1

2n
< Ce (/ e%‘%@wg)
B, (po)

< Ce.

where for the last inequality we used Lemma 2.3. So

(2.21) u(po) = supu < (1 — ) supu + Ce,
M M
and
Ce Ce
(2.22) um) < =2 <o
64

Thus we are able to conclude that for any ¢ sufficiently small,
(2.23) F4+ep—(1+e)p<C. O

With this estimate at our disposal, we now proceed to prove Theorem 2.1.

Proof of Theorem 2.1. — Let « be a positive constant strictly less than
a(M, [n+wo]), the a-invariant associated with [+w], and e < §, we have

a
(2.24) F+§p—(1+5)cp<F+ap—(l+5)<p<C

ANNALES DE L’INSTITUT FOURIER
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because p < 0. Thus for e < g,

> e Puwy = exp(2(F — (14+¢)p — C))wg
I o

> /M exp(2(F — C)))

where for the last inequality we used the fact that ¢ < 0. So we conclude
that ef” € L2(M,wy) when ¢ is small enough. Then the proof is done by
applying a theorem first announced in Tian—Zhang [49] and later proved
in Zhang [54] which asserts that if for some p > 1, ef" € LP(M,w), then
the C° estimate on ¢ only depends on the || e’ ||LP(M,w6L). This is a gener-
alization of Kolodziej’s [29] fundamental result to the degenerate setting.
One can find more general versions of their result in Eyssidieux—Guedj—
Zeriahi [21, 22] and Demailly—Pali [17] as well. O

To show that F. is uniformly bounded from below we recall a trick due

to Song—Tian [38] which was pointed out to the author by Jian Song. We
consider the following auxiliary complex Monge—Ampére equations:

(2.26) (we + V=100h)" = et “= 1.
Wo

Again, for each € there exists a unique smooth real-valued h. solving (2.26)
by Yau’s theorem. At a maximum pg of h. we have

(we +V=100h)" _ wr _

n N ooon Y
Wo Wo

(2.27) ehe =

Thus, h. is uniformly bounded from above. Then by the theorem of
Zhang [54] again, we have that ||hc||co(ar) is uniformly bounded.

THEOREM 2.5. — There exists a constant C depending only on
loellco(ary and [|he||co(ary such that
(2.28) F.>C

for € sufficiently small.

Proof. — Compute at a minimum pg of F' + ¢ — h, we get
0< Ay, (F+9—h)=—R+n—tr, (w+n++—100h)
(2.29) < C —try, (w+ Vv—190h)

h—F

<C—ne
It implies that
(2.30) F(po) = C.

TOME 0 (0), FASCICULE 0
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So for any p € M,

(2.31)  F(p) +¢(p) — h(p) = F(po) + ¢(po) + h(po) = C + ¢(po). O
THEOREM 2.6. — There exists a constant C' > 0 such that
(2.32) F.<C

for all € sufficiently small.

Proof. — Using the LP bound on e’ the lower bound on F and the
theorem of Zhang [54] again we can show that p. is uniformly bounded as
well. Then the theorem follows immediately from Lemma 2.4. O

3. Degenerate bound on |J¢. io

Let us first recall the following the Kodaira’s lemma, for handling degen-
erate reference metrics.

LEMMA 3.1. — There exists an effective divisor E on M, a holomorphic
section s of E which vanishes to order 1 along the divisor E, constants
o > 0,C > 0 such that for any ¢’ € (0,0], and any Hermitian metric h of
[E], where [E] is the line bundle associated with E, we have

(3.1) 0+ 6’/ —100log|s|? > C&'wo.

Moreover, as a special case of the Kodaira lemma, we can and will choose
FE to be the exceptional locus of the canonical map ® : M — M., where
® fails to be an isomorphism, so that n is Kéhler outside E (see Song—
Tian [39, Proposition 2.1]). The trick of applying Kodaira’s lemma is com-
monly referred to as the Tsuji’s trick in the literature, and the idea of it is
straightforward. w, is degenerate in the sense that it is tending to n which
might be zero along E. By using the barrier function ¢ := log|s|? which is
—oo along the singular set, one can carry out the usual maximum princi-
ple away from E. Equipped with this tool, we will show in this section a
degenerate version of Theorem 2.2 in [9)].

THEOREM 3.2. — There exists constants ¢ > 0 and C > 0 such that
1
(3.2) 0¢e 2, < C—5z
Eln

where the constants depend only on |¢c||coary, ||Fellcoar and (M, wp).

ANNALES DE L’INSTITUT FOURIER



CONVERGENCE OF CSCK METRICS 13

Proof. — We will suppress ¢ for simplicity and apply the maximum prin-
ciple to

(3.3) e*(F+>\ga)+%<p2+Q5’w(|a<p|io + K).

Here A > 0, K > 0,Q > 0 are constants to be determined later, and 6’ €
(0, min{o, 1}], where o is the constant given in Lemma 3.1. Let A(F, p,¢) =
—(F + Ap) + %gpQ + Q¢'t, and denote the metric tensor of w, by g,
the metric tensor of w by g and the metric tensor of wy by go. Unless
otherwise noted, we will always choose a normal holomorphic coordinate
neighborhood for gy such that g, is diagonal.

(34) A, (e*(j00lZ, + K))
= Ay, (eM)(100]2, + K) + e Ay, (1002,) + 295 e Re(Ai(|02]Z,)7)-

Let us estimate the three terms involved in the above equation separately
(3.5) Ay, (e?)

=t gU| A + e (—Au, (F + Ap) + 0Au, 0 + Q' Ay, 1) + e gl il

=e(R—n+ (\— Q)try, w + try, 1+ ne + Q4 A, 1))

+e ggleil® + et gl A,

and

(3.6) A, (10¢l2,)

= 94 Ropii(90)0a05 + 95 10ail + 951001l + 05 (Paiia + Pziita)-

Differentiating

w'fL
(3.7) log—2 = F,

0

we get
(3.8) gfﬁ'(gig,a + ¢;,) = Fo and gg(gﬁ’a + @) = Fa.
So

(3.9) Au, (1042,
= gUR,5:(90) a5 + 911 pail® + gLl
+ Fapa + Fapa — 29:2R6(gig,aﬁpa)
> —C1|0[2, tru,w0 + 95 [pail? + 91 e il* — 2Re(Aaps)

—2(A — ©)|0¢l%, + 2Q0'Re(Yas) — 291 Re(g;; . ¢5)-

TOME 0 (0), FASCICULE 0



14 Wanxing LIU

where C; depends on a lower bound on the bisectional curvature of wy.
Then we have

(3.10) o Ay, (902, + K)
> (R—An+ (A — @)tro,w + Q8 Ay, ¥ + tro,, 1 + 1) (|0¢]2, + K)
+ gUAP (1002, + K) + 10912, (10612, + K)
— G092, trw,wo + 9% @ail® + gl I? + (—2X + 29) |02,
— 2Re(Aaa) + 205 Re(Ai(p 308 + zia)
+2Q0'Re(atpz) — 205Re(g,7 o Pa)-
Notice the following complete square in the above sum
(3.11) g%1pia + Aigal® = gl1pial® + 205 Re(Aipaps;) + g2 |Ail 2|00, -
Also observe that
(3.12) —Axpa + Q”Azwagﬁpa = g:f(:‘lmagsoa — (94) i Aiva)
= —09,9.;Aipa-
In summary
(3.13)  Ay(e? (002, + K))e ™
Kg|Ai* + g5 1ei* (10012, + K)
+ (tru, (A = @)w + Q' Ay ¥ + tru,0)(|09]2, + K)
+ (B = Mn+ np)([00]2, + K) — CrloplZ, tro w0 + g3l
+(=2X+ 20) 1902, — 290 Re(g,;Aipa)
+2Q0'Re(Vapa) — QRG(ngﬁ,awa)-
Furthermore, by Young’s inequality

(3.14) 2Re(gggﬁ7a<pa) < Oy(try,,wo + |8<p|iotrw¢wo),
and
(3.15) 2Re(gilg,;Aipa) < Cs(gl|Ail® + 09|, tr, wo).

Let A= (5 + &) (@llooary + 10+ C1 + C2 + C3), Q@ = A = ||@llcoqar) >
maX{%,é,} K =C5 + (3, so that Cs:QQ > 10 + C; + Cy + C3,
Q4 > 1 and recall that 9 is chosen such that

(3.16) w4+ 0'V=190¢ = 1+ '/ =100y > Cswy.
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So

(3.17)  (tru, (A — @)w + QO Ay, v + try,, 1) (1002, + K)
— C1|92, tro,wo — 2Re(90 ;5 o pa) + Kgi|Ail* + 2Re(9 g, Aipa)
> Q(tro,w + 8" Ay, ) (|0¢[5, + K) = (C1 + Ca + C3) |92, tru, wo
- CgtI‘waJ() + (K - C3)gg|AZ|2
2 QCg/(|8(p|30 + K)tr%cuo - (Cl + CQ + Cg)|5'g0|i0tr%wo - CQtr%wo
> 10\8@\iotrw¢wo.

Recall that R — —n, so

(3.18) (R — An+np)(|0p]2, + K) = —Clog|3, — C,
and
(3.19) (=2X +29)|09p|2, = —C|0ypl2,

where the constants depend on the 0-th order estimate on . Also as an
elementary consequence of the equation (see [9, p. 12])

w
(3.20) —2 =eF
Wo

yields

i 242 —F
(3.21) 9o leil* 1002, + 10912 tru,wo > Clopluy ™ e™
Recall that ¢ = log|s|?, where s is a holomorphic section vanishing on F.
Then we get

= 2+2 -—F+Qd'y
(3.22) 9o leil?100l2, + 1091, tru,wo > Cloplu, e ™ @

We arrive at

(3.23) A (e?(|00]2, + K))
> A (gl o200, + 1092, trw,wo — ClOwl?, — C + 2Q8 Re(vapa))
> A (O™ (|9pl2,) T — Clowl, — C + 2Q0Re(tara))
> C(eD [9pl2) 1T — CeP |9pl, — C e 1264 QO Re(Yaps)

where we used the fact that || F||co(ary and |¢||co(ary are bounded. For the
last term we have

(3.24) o = 2oloh)
sl

TOME 0 (0), FASCICULE 0



16 Wanxing LIU

So

a2 QRelage) 2~ U, - C B2 |9y,
| > C— 0¥ o2,
where we used the fact that @ is chosen such that 2Q6" — 2 > Q4 so
e(2Q0'-2)y < C eV, Finally we reach
(3.26) A, (e” (10912, + K))
’ 1 ’ ’

> C (e |0p2 )7 — Ce@V|0p|2, — C eV —C.
At a maximum p of e*(|0y|2 + K), which is away from E because A = —oo
on F, we have
O [9p[2, (1) 4 — 0¥ |92, () < 00D 10

<

(3.27) -

where for the last inequality we used the fact that e”¥ is bounded from
above for any constant P > 0, and our choice that Qd’ > 1. Thus, we
conclude that @'Y |0¢|2, (p) is bounded from above. As a consequence,
(0|2, + K)(p) is also bounded from above. This concludes
our proof. O

4. Degenerate L” bound on try,w,. and C3 (M\E) bound
on ¢,

In this section we will first establish a degenerate version of Theorem 3.1
in [9].

THEOREM 4.1. — For each p > 0, there exists a constant (p) > 0 such
that

(4.1) / P (trgw,, )i < Clp, (M, wo), lellco s I1F=lloo any)-
M
For simplicity, let B. = F. + Ap. — A8, where §' < min{3},0} and o
is specified in Lemma 3.1. Moreover, let 8 be a constant greater than 1.

We start by computing at a point away from E in a normal holomorphic
coordinate neighborhood for gy such that g, is diagonal.

(42) A, (e*BB(trwowgp))
=A,, (e_BB)trw()MP +e PB Ay, (troywy) — 25Re(e_'@B g:Z(Biagtrwow@)L
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and

(43) A, e PP
= (B29Z|Bil* + B(R — An + vy, (w + 0'V/=100) + try,n)) e #P
> 8292 |B; e PP 1B e PP (R — n) + CyABe PP tr, wo.

Now we estimate A, try,w, by first recalling that from the calculation in
Yau [53] (see also [44, Lemma 3.7] for an exposition) we have

JR (9 )
ij\IP
(4.4) Ay, logtry w, = —Citry,wo — 7trw0w¢

where C7 only depends on a lower bound for the bisectional curvature of
go- Recall that

wn
(4.5) log — = F.
Wo
Then we have
(4.6) —try,, Ric(wy) = try,,n + Ay, F.
Thus

Ay F n trw,n

4.7 Ay, logtry,w —Chtry,, wo +
( ) & “o <,0 ! we 0 trwoww trwow?”
and
|0t wo|?
(4.8) Ay tro,w, = Cltr%wotrwoww—i—woim—&—AwoF—&—trwon
trya Wy

Then we are able to conclude that
(4.9) ePB AV (efﬁB(trwowg,))

(629 |B I + B(R — An))trugwy + (CyAB — C1)tre, wottw,w,

‘8trw0w<ﬂlw¢, i
B — o, + Ao F + try,n — 26Re(g), (Bidstry,wy))
wo

> B(R — An)try,wy + (Csr A — C1)try, wottw,wy + Ay '+ try,,n
where we dropped the terms

2 2 i |8trwo wtp \EJ@
(4.10) B*g ‘| B try,we — 26Re(gy, (Biditry,wy)) + ———"

Ty, Wy
- B;0-tr,,w |01 W |2
—t i ZB'272R LY Wo e i ~Woy > 0.
rwowtpggp (B | 1| /8 € trwowgp (trwowgo)Q ) =

TOME 0 (0), FASCICULE 0



18 Wanxing LIU

Use

(4.11) tr, WotTw,wy = e_%(trwww)l+ﬁ,
and choose \ = maX(Q%l;Q, e+ 1, % + 1), where ¢ is specified in Theo-

rem 3.2, so that Cy AS = (2C1 +2)8 > 2Cy + 1. We get

(4.12) Ay, (e” BB(terwv))
B(R — In)tryyw, e 7B +(Cy A8 — C1) e_%_ﬁB(trwoww)Hn%l
+ (Ao F + tryyn) e 7P
> B(R — An)try,w, e P8 +(Cs A3 — C4) efﬁ*ﬂB(‘cl‘woo.ap)1+ﬁ
+ Ay Fe BB

where for the last line we took advantage of the fact that n > 0. Let
u=ePB try, Wy, for any p > 0, we have

1
(4.13)  2p+1

2p+1

= 2pu?P~? efﬁB(trw0w¢)|3u|iw +u® A, u

w, U
> 2pu?P—? |8u|3)0 e PP +u? A, u.

Integrating both sides of (4.13) with respect to wj, = ef" wi and use (4.12)
we get

(4.14) / 2pu”P 2 |Oul2, e PEHE W +/ A, F e PBTE 2p 0
M M
_ 1
+/ u?P e BT (C(s//\ﬁ O1)(trgowy) T Twy
M
S/ B(An — R)tryw, e BT 2P up.
M

Let us denote ¢ = ¢ — §'1), and to handle the term involving A, F, we
apply integration by parts

(4.15) /M e PBTE PN, Ful
= /M(ﬁ —1) (1= F =B “2p|3F|iow3
+ / BAUTAIEZAL 42 (95 OF) g wiy
M

—/ op eL=AE=BAE 4 20=1( 9y, OF),, wi,
M
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where (0¢,0F),, = géj@Fj, and (Ou,0F),, = géguiFE in coordinates.
Notice that by Young’s inequality

1
—q?P 2|8u\wO,

(4.16) W~ (u, OF )| < 2”IaFlwo +3

and

(4.17)  [BAIAEAI2 (9B, OF) |
< |BAI=AIE=AB2 2P (90 OF ), | 4 |6'BA eI =AIF=2B2 420 (94p OF),, |
—1 . 2)2 .
< (8 5 )u2p|ap|io (1= F=Ap¢ +|o ‘io (Bﬂ— ) w2P (1= F =A%

2
\2 _ A
5'2|aw|wo(’3 el

Then substitute this back into (4.15), we get

(4.18) / U=AF=BAG 2P A | Fuolt
M

5/252)\2 _ o as N
_/M 0wP2, — e(=B)F=335 20y

_ / pe(l—ﬁ)F—/\Bﬁ u2p_2|5u|iow3
M

p—1 1—B)F—BAp 2 2
—I—/M (2—]) UmAIE=AE 2| 9F |2 wh

2 BN pF-aps 2
_/ 102, ) eU=AIF=ABE  2p
o —

Substituting (4.18) back into (4.14), we conclude

(4.19) /Mpu2p_2\8u|io e(I=AIF=28% jn

ﬁ - 1 — — D n
+/ (2 —p|et=AF PA2WP|OF 2, wi
M

- / v “”’”“F*”@(C&BA — O (i)

/ E ‘wo )e(l B)F—=AB@ 2pw0
‘31/4 ﬁ e(I=B)F=AB% , 2p n
wo ) 0

+ / B(An — R)trw, eI -AF =BG 21
M
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Now choose 5 > 2p + 1, and recall that A = maX(QCCJr ok + 1, % +1),
where q is specified in Theorem 3.2, so that Cs:\3 > (201 +2)8 > 2C, +1.
Because try,w, > new by the arithmetic-geometric means inequality, we
have

420) [ om0
< O/ tT o We e(I=P)F—BAG u2pw8 +C/ 2P e(1=BF=BAg  n
M M
8? ~
+C /M EZ o1 (I-BF =235 2p
5
v [ Joul2, 5 s oy
For p =0, f = 2 we have
(4.21) / Y (b, w, ) T W
< C/ 2-2=)F— 2Aga(trwoww)1+ﬁwg
< C/ W e2A'Y Wl + C/ Q2N
M M
+C /M |a<p|io e 2AP 226 Wl + C/M |8¢|Ezo e~ 222X Y  n
< C/ try,wewy + C + C/ EZ Y
M M
’ C/ O € w,
M

where we used the fact that ¢ and F' are bounded. Also notice that

(4.22) / tryyWewy = / bWy —|—/ Ayypwy < C.
M M M
For the last two terms
423 |390| 2)\5 '(Z)w < O 4)\5 72(] n < c‘v7
W() 0
and

(424) / |8,¢|i 20871 n<0/ ‘ ‘4)\5—2 n
M
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Recall that we choose A > max{5%, 55}, so we can bound the last two
terms since |s|2 is bounded. As a result, we obtained a bound for

/ eQle(trwoww)ﬁwS-
M

Now it suffices to show that for each given p > 0,
/ (b, )P A @PHE =D+
M

(recall that 0’ < 1, so that §'(p—1)+1 > §' when p = -+ ) being bounded

n—1
above implies that for p + ﬁ,

/ (trwo%)wﬁ AP+2) (8" (p+ i -1+ 1)y wp

is bounded above, then we are done by induction. Given p > 1, let p = 25+

2 )
B=2p+2>2p+1 and take p, 5 into our inequality (4.20), we get

(4.25) /MeA(2P+2)(5’(p+%H71)+1)¢(trwoww)p+ﬁw3

<C’/ o (2pt2-
M

<C /M AEHDE P-DFV (g oy Yo

n-2 )F*(2p+2)/\¢*2ﬁ(2p+2)3(

+

1
D — n
truwWe) P TP T Wy

L C /M AR (=)D (g oy Y9
+C [ 10l XEEE O -l

+C/ 0|2, AP DY (g
wo w .
M

The first two terms on the right hand side are bounded due to the inductive
hypothesis and the 0-th order bound on F' and ¢. For the last two terms
we can use the same idea as in the case where p = 0, 8 = 2, to bound them.
Then we are done by induction. We now need the following proposition
from [9] () to show that . is locally uniformly smoothly bounded away
from F.

PROPOSITION 4.2. — Let K be a compact subset of M, suppose that
try,we, € LP(K), and tr,,,_wo € LP(K) for some p > 3n(n — 1)(n is the
dimension of M), then for any m € Nym > 2, . € C™(K,wq) with the

(1) The authors of [9] decided to omit this result in the published version of the article
and it can be found in Corollary 6.2 of the arXiv version (https://arxiv.org/abs/1712.
06697) of [9].
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bound only depends on p, |[tr,,, wollzr(k7), [[tTweWe. | Lr (k1) |0l co(xrys M5
and (M, wq), where K’ is a larger compact set containing K.

COROLLARY 4.3. — Given any compact subset K of M\E, ¢, is uni-
formly bounded in C*°(K).

Proof. — Given a compact subset K C M\E, the LP(K) bound on
try,we, is a direct consequence of Theorem 4.1. Furthermore, notice that

Iy, wo = Z ( Z 1. (90.) H(gws)jj

ggog mm
(4.26) . g ) il
=€ H(g‘»@s )j3 g € (trwowws) *
J#i

So we are able to obtain the LP(K) bound on tr,, wy by using the C°(M)
bound on F' and Theorem 4.1 again. We conclude the proof by recalling that
we previously showed that [|¢c|co(ary is uniformly bounded in Section 2
and |0@¢|w, is uniformly bounded on K in Section 3. O

5. Uniform upper bound on the Mabuchi energy and the
entropy

All the estimates we proved in the previous sections depend on the en-
tropy

wl oWl
(5.1) [ og e e,
M CLJO n'

thus in order to obtain uniform estimates, it is essential to show that the
entropies are uniformly bounded from above independent of . To achieve
that, we need to study the Mabuchi energy which is closely related to the
entropy. Recall that w. = 1 + ewp, and we will continue suppressing ¢ for
simplicity of notation. The Mabuchi energy is defined to be the functional
wy wy

(62) Mo(®) = [ 1052 1 i ©)

M w 'rL
where 0 € H,, = {6 € C®°(M)|w + v/—1990 > 0,sup,,; 6 = 0}. For any
real (1,1) form x, J, is a functional on #,, defined through its variation

di B 00 wpy

(53) o= G -0%
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where x = Py Following Chen [7] (see also [10, Section 2.1]), we

[w]”

have the following explicit formula for J,

(5.4) 1 (0)

(oo o ().

=0

so Jy (0) = 0. Furthermore, the variation of the Mabuchi functional is given
by

dg;lw = gf( tr,,, Ric(wg) + Ric(w ))w9
The first term appearing in the Mabuchi functional is the same as what
we referred to as the entropy term before except that the leading term in
the integral has its denominator as w™ while ours is w{'. Thus, we need to
adjust the Mabuchi energy slighly to match our entropy term. We define
our modified Mabuchi energy to be

wy wy
: E ()= [ log—£=2 :
(56) L0) = [ 10s 285 40

(5.5) =

It turns out that E,, only differs from M, by a term equal to fM log %“T’L—,
Observe that

d noon 00 wh
. — | log 2820 — tr,, tr,,, Ri ol
(5.7) a /., og o /M ('%( Ty — try, Ric(wg)) o

So we know that

dE, [ 06 wp

FT 8t( trow, RIC(WG) 77) n!
(5.8) 20 o
_ 0
=] & (—try, Ric(ws) + Ric(w))—+ o

Thus the variation of E,, is actually the same as that of the usual Mabuchi
energy M. We know that the potentials of cscK metrics are minimizers
of M, and we want to show that the same is true for E,. We have just
showed that %MW = %Ew. Taking a path tf in H,,, we have

ww

(5.9)  M(0) = /01 %Ew At + Mo, (0) = E.,(6) — /M lo
We know that

(5.10) My (0) — My(p) 20

for all 8 € H,, and ¢ such that w, = w + V=100 is a cscK metric thus,
(5.11) E,(0) — Eu(p) = My, (0) — My (p) > 0.

nl’
wy n!
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So we reach the conclusion that the potentials of cscK metrics are still
minimizers of E,. One immediate consequence is the following lemma.

LEMMA 5.1. — Let ¢, € H,, be a smooth real-valued function such that
We, = we ++/—100¢. is cscK, then
(5.12) B (¢:) < Eu.(0) = / log 2222 < ¢
v wy n!

where C' is independent of .

We are now ready to show that the entropies are uniformly bounded from
above. One possible approach is to first establish a uniform lower bound
on the J functionals since we already know from Lemma 5.1 that E,(¢)
is uniformly bounded from above. However, this approach requires one to
study the solutions of the J equations assoicated with the J functionals. For
more details related to this route, see [27, 30, 52]. Instead of following this
path, we turn to an approach introduced by Dervan [18] which generates
explicit bounds on the functionals involved.

To begin with, we estimate the entropy term in the Mabuchi energy using
the a-invariant, and this technique should be well-known to the experts in
this field (see for example Tian [47]).

LEMMA 5.2. — for all ¢ € [0,1], and « such that o« > 0 and a <
a(M,[n+ wg)), we have

(5.13) / log =020 > —04/ 60 _¢C
M UJO n. Mo

where C' is a positive constant independent of €.

Proof. — First notice that

(5.14) /e—a"“i;:/e B ug T ‘Lﬁgc
M n. M n.
where we used Lemma 2.3 again. Then by Jensen’s inequality,
n n n
(5.15) / (—logwe—oﬂ)wegC’ w—gC
M wy n! !

where f M % arises because we need a probability measure in order to apply
Jensen’s inequality. Thus,

(5.16) / log w—iw—ﬁ > —a Gw—‘? -C. O
M Wy N M n

We will need the following lemmas due to [18], and we include brief proofs
of them here for the reader’s convenience.
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LEMMA 5.3 ([18, Lemma 2.9]). — We have
(5.17) fn/ Owy > Z/ Ow' Awy "
Proof.

(5.18) —n/ ng—i-Z/ fuw' A wy ™ ’:Z/ Oy A (W' — w)).
i=17M

We only need to show that each summand is positive separately

(5.19) 9w;’ A (W' —wh) /\/ 100 N0 A w™ A Zwi_jAwg_l
j=1
= 0. O

LEMMA 5.4. — We have

ﬂ . i n—i
(5.20) —M/M9<;w A wy )

Proof. — We calculate
_ L - 7 n—i
(5.21) CEE] /M 0 <;w Aw) )
n—1
_ ﬂ no__ ﬂ n—i—1
"nn+ 1) /M ARNCES] /Me‘” <.Z°JA“’9 )

n ST )
> — pA Ot AWl — Ow A Awl™ i—
n+1!n/MZ © e (n+1 / ? (Zw o )
— n—i—1
= n'n 9w A (Z w' A wy )
where for the inequality we used Lemma 5.3. O

THEOREM 5.5. — There exists C > 0, such that
Wi W
(5.22) / log —2= 20 < ¢
M

!
Wy N
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Proof. — Again, we will suppress ¢ for brevity. Fix a > 0 with a <
a(M,[n+ wp)]), then we get

2;/Mlog:§L::—Z/M<po::—(n+l / <Zw A wg l)
+i|/ @nA(Zwi/\wzll)—C
n! S —
#o Lo e (e )
n—1
A <§% w' /\wg_l_i> -C

where for the first inequality we used Lemma 5.2, and the second inequality
we used Lemma 5.3 and Lemma 5.4. Notice that

« 1 « 1 « 1
(5.24) —w-n+-nw=|(—-14+-n|n+e|l—+-n|wo>0
2n n— 2n n— 2n  n—

for € > 0 small enough because 7 = n% —n as € — 0. Thus for ¢

sufficiently small, we have

(5.25)  El(p)

1 Wi wy «
> = 1 e e et E n—1—i |
2/1\/1 % wg n! / @(271 7)+ ) < “ /\w ¢

wl w?
2 7/ IOg —£ £ _ Ca
2 M (UO n!
since we assume that ¢ < 0. We conclude the proof by recalling that
E,(p) < E,(0) < C according to Lemma 5.1. O

6. Convergence

Now we use the estimates developed in previous sections to show that
away from E, w,_converges to the singular Kéhler Einstein metric wkg
on M\FE given by Theorem 1.4. Fix a connected compact subset K C M,
and a subsequence ¢; such that ¢., converges smoothly to ¢, and Fg,
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converges smoothly to F,, (such a subsequence always exists by Arzela—
Ascoli). Recall that our equations read

(w&-i + V —1858051)” _ eFEi
(6.1) wy
A

)

F,, = —trw%i n— &

w
Pe;

Let us compute
mml/wa;%m@w@
; 1
§/W@fwm
M

*/ (F:, — @si)Aw%i (F:, — Sosf,)wg
M

2 n
Wee; — Pey

— @40 [ (P pedl, — i [ (e pe)tn, o,
M M

<C(E+n)/ w”_+Csm/ W AW = 0
M ‘ M

Pe Pe;

where for the last line we used the C° estimates on F and . So 0F 5, = 0¢eo
on K which implies that Fi., = ¢ + C on K. Furthermore,

(6.3)  Ric(w,..) = Ric(wo) — V—100Fs = — — V—100¢ps = —w,_
on K. Now, we can take a countable compact increasing exhaustion U,, of
M\E such that UpenK,, = M\E, and K; C K;11,Vi. Then by using the

usual diagonal argument, we can get a subsequence of ¢, so that passing
to its limit defines a o, on M\ E and

(6.4) Ric(w,,, ) = —we,., -

By Theorem 1.4, the uniqueness of such singular Kéhler Einstein metric, all
convergent subsequences on K we initially start with have to converge to the
same limit. If for each sequence we have a further subsequence converging
to the same limit, then the sequence itself has to converge.
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