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SEMICLASSICAL SPECTRAL GAPS OF THE 3D
NEUMANN LAPLACIAN WITH CONSTANT
MAGNETIC FIELD

by Frédéric HERAU & Nicolas RAYMOND (*)

ABSTRACT. This article deals with the spectral analysis of the semiclassical
Neumann magnetic Laplacian on a smooth bounded domain in dimension three.
When the magnetic field is constant and in the semiclassical limit, we establish a
five-term asymptotic expansion of the low-lying eigenvalues, involving a geometric
quantity along the apparent contour of € in the direction of the field. In particular,
we prove that they are simple.

REsuME. — Cet article traite de I’analyse spectrale semiclassique du Laplacien
magnétique sur un ouvert borné et régulier en dimension trois. Lorsque le champ
magnétique est constant, nous établissons un développement asymptotique a cing
termes des plus petites valeurs propres. Ce dernier met en jeu une quantité géo-
métrique définie le long du contour apparent de 2 dans la direction du champ. En
particulier, nous prouvons la simplicité des valeurs propres.

1. Introduction

In this article, Q2 C R? is a smooth, bounded, connected, and open set.

We consider
%, = (—ihV — A)?

with domain
(—ihV — A)%p € L3(9Q),
n-(—ihV —A)y =0 on 02
Here, n denotes the outward pointing normal to the boundary, and A :
Q) — R? is a smooth vector potential generating a constant magnetic field

VxA=B=es.

Dom(.%,) = ¢ € HY(Q) :
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The operator %}, is self-adjoint with compact resolvent. We denote by
(M (Zh))n>1 the non-decreasing sequence of its eigenvalues and by 2
its associated closed form on H'(f).

The aim of this article is to describe these eigenvalues in the semiclas-
sical limit h — 0. The problem of estimating the eigenvalues of magnetic
Schrodinger operators has a long story told in the books [7] and [20]. There
are only few results about the spectral asymptotics in three dimensions
that tackle spectral gaps. For instance, in [11], the authors consider the
Laplacian with variable magnetic field in R3 and they relate the spectral
asympotics to the classical dynamics thanks to multiscale harmonic oscil-
lators and Birkhoff normal forms, in order to exhibit the cyclotron motion,
the oscillation along the field lines, as well as an oscillation within the space
of field lines. Spectral gaps are then derived from the classical dynamics,
in this case without boundary. This path has also been followed recently in
higher dimensions, see [18, 19]. In the present work, a problem of a different
nature has to be faced: the boundary effects. The presence of a Neumann
wall definitely requires another strategy since the classical trajectories are
expected to be reflected at the boundary and they are not sensitive to
the boundary conditions (of quantum nature). To overcome this issue, the
present article develops a purely quantum strategy (avoiding the Birkhoff
normal forms) that still reveals three quantum oscillatory motions (only
one of them being the harmonic oscillator).

In the next section, we recall a fundamental result directly related to this
article.

1.1. On the Helffer—-Morame’s results

In [14, Theorem 4.4], Helffer and Morame have established that

(1.1) A1(h) = ©oh + o(h),
with ©g € (0, 1) defined as

— min ,dG
(1.2) o = min i3 (€,

where £$%(€) is the smallest eigenvalue of the de Gennes operator with
parameter &.

This operator is defined for all £ € R as the Neumann realization of the
differential operator acting on L?(R,) as

be = —07 + (£ —t)°.

ANNALES DE L’INSTITUT FOURIER
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It is known that u{C is real analytic and that is has a unique minimum,

which is non-degenerate, attained at £, > 0 and not attained at infinity

(see [7, Section 3.2], [20, Section 2.4] or the original reference [4]). We let
lel 1

(1.3) ap = w > 0.

In (1.1), we see that the main term ©gh does not involve the shape of €.
In fact, Helffer and Morame also investigated the effect of the curvature of
the boundary on the spectral asymptotics under the following assumption.

ASSUMPTION 1.1. — The subset I' := {zx € 9Q : B(z) -n(z) = 0} is a
smooth closed submanifold of dimension one of 9S). Moreover, the function
00 >z — B(z) -n(z) = ns(x) vanishes linearly on T

It will be convenient to parametrize I' by arc-length thanks to vy : [0,2L) 3
s = v(s) € T', where L is the half-length of T', and to define adapted co-
ordinates near T' thanks to the geodesic distance (inside 99Q) to I' denoted
by r (r is chosen so that n(y(r,s)) - es > 0 when r < 0 for orientation
reasons, see Figure 1.1). In terms of the variable r, we have (9,n3), < 0
for all x € T.

Remark 1.2. — When € is strictly convex, Assumption 1.1 is satisfied.

It will also be important to describe the relative variation of the magnetic
field in the tangent plane to the boundary attached the points of I'. Note
that, due to our choice of adapted coordinates, we will see that |05s7(0, s)| =
|0ry(r,s)] = 1.

DEFINITION 1.3. — We consider the function s — ¢(s) such that
CoS (b(s) = <e3a 87’7(0? S)>7 sin ¢(S) = <63, 857(()’ S)) :

Moreover, we let

with
B(s) = agsin® ¢(s) + cos® ¢(s)  and  B(s) = —0,n3(v(s)),
and where g is given by (1.3).

Remark 1.4. — Note that ¢ = 0 corresponds to the case when I' lies
in a plane orthogonal to es. For instance, it happens in the case of an
ellipsoid. In this case, K is minimal where 3, the transverse curvature to
T, is minimal (that is where the magnetic field is the most tangent to the
boundary).

TOME 0 (0), FASCICULE 0
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Figure 1.1. Local geometry near I'; the dashed curve is a geodesic
inside 02

It turns out that the influence of the shape of the boundary appears
in the second order term of the asymptotic expansion of A;(h). This term
involves the Montgomery operator, acting on L?(R), defined for all ¢ € R by

o =z (-7
3 r 2 ’

The lowest eigenvalue of b[;] is denoted by p[lz] (&). It is known that ,u[f]

has a unique minimum, which is non-degenerate, not attained at infinity
(see [10] or even the generalization [9]). We let

02 — min u2 ().
0 =min iy (§)

Helffer and Morame obtained the following remarkable theorem in [15,
Theorem 1.2].

THEOREM 1.5 ([15]). — Under Assumption 1.1, we have

A1(h) = Oph + Knin®E 3 + o(h3).

ANNALES DE L’INSTITUT FOURIER
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Fournais and Persson-Sundqvist have also established a four-term asymp-
totic expansion when  is a ball, see [8, Theorem 1.1]. In their situation,
the crucial term, which determines the monotonicity of the eigenvalue with
respect to h, is of order h2.

1.2. Main result: asymptotic simplicity

Let us now describe our main result. It requires the following genericity
assumption.

ASSUMPTION 1.6. — The function K has a unique minimum, which is
non-degenerate.

We let )
3
b(s,0) = K(s 12] Ll ,
(5:0) = KOl | G2
and we notice that b" has a unique minimum, which is non-degenerate. It
L = b (Smins Omin)- Note
that bL. = Kmin@g] and that sy, is the point where the minimum of K

is attained at a point (Smin, Omin), and we let b

is reached and ) )
Es Smin ﬂg Smin
Omin = ( )l ( )f([)2]
ag
The main result of this paper is the following theorem, extending to the
order o(h3) the result of Helffer and Morame in [15] and revealing the

spectral gaps.

THEOREM 1.7. — Under Assumptions 1.1 and 1.6, there exist dy,d; € R
such that the following holds. Let n > 1. We have the five-term expansion,
in powers of hs (the term in hé being zero),

An(h) = Ooh + KO3 + doh?

1
+ (dl + <n - 2) \/det HesS (5,10 0mim) bF) hE + o(h3).

Let us make some comments and remarks on this theorem.

Remark 1.8.

(i) Theorem 1.7 establishes that the low-lying eigenvalues are simple
when h is small enough, and that the spectral gap is of order hs.
We can also notice the presence of the shift term of order h# (which
is independent of n).

TOME 0 (0), FASCICULE 0
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(ii) Not only Theorem 1.7 is a more accurate description of the spec-
trum than the one recalled in Theorem 1.5, but the spirit of its
proof is also of a different nature. As we explain in Section 1.3 be-
low, our method strongly relies on microlocal analysis and projects
a new light on the Helffer-Morame’s results.

(iii) Actually, our strategy does not only provide us with a five-term
asymptotics, but it can also be used to establish a full asymptotic
expansion in powers of ht. We can even see that, up to a local
change of gauge near spin, the n-th normalized eigenfunction looks
like, in the (7, s,t) coordinates,

_1 _1 _1
ugo (h™2t)u(h™37)wn(h78 (s = Smin)),
where
® ug, is the positive normalized eigenfunction of b,
11
6 373 .
o v(r) = U2 <6“ ﬁs(s“““)r>, where u

T 1 is the first normalized
0 A3 (Smin)

el

positive eigenfunction of the Montgomery operator h[jl],
0

1 i
e wy,(s) = Hy % s |, where H, is the n-th
K(Smin)(ﬂl )”(50 )

Hermite function.

(iv) The analogous of Theorem 1.7 in two dimensions has been estab-
lished by Fournais and Helffer in [6, Theorem 1.1], and it was a
strong extension of [13, Section 10] in the case of constant mag-
netic fields.

1.3. Organization and strategy

Section 2 is devoted to recall why the eigenfunctions associated with the
low-lying eigenvalues are localized near I', see Propositions 2.5 and 2.1.
In Section 3.2, we write the magnetic Laplacian in appropriate tubular
coordinates near I'. Once this is done, we prove in Section 3.4 that the
eigenfunctions are exponentially localized near I'" at a scale of order hs.
This fact is a novelty with respect to the results in [15] where such a
decay of the eigenfunctions does not appear. For that purpose, we have
to combine several arguments. We start with a partition of the unity and
Taylor expansions of the metric and the magnetic potential (up to a local
change of gauge) near I'. This reveals the role of a model operator given by
the quadratic form in (3.22). This operator cannot be analyzed anymore

ANNALES DE L’INSTITUT FOURIER
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only with our space partition of unity. Up to a convenient rotation involving
the geometric angles of the magnetic field with respect to the boundary,
we get a new quadratic form (3.26), which can be analyzed thanks to a
partial Fourier transform exhibiting the role of the de Gennes operator.
A microlocal partition of the unity is then used to relate (3.26) with a
differential operator in two dimensions. This operator belongs to the class
of Montgomery operators, which was studied in [1]. At this stage, a simple
commutator estimate is done and the localization with respect to r (the
distance to I') is established. This new and optimal localization allows to
expand the vector potential and to neglect various terms smaller than the
announced order of magnitude of the spectral gap, see Proposition 4.3. The
operator, called jﬁ“, is then rescaled in ¢ (at the scale h%) and in 7 (at
the scale h%). This natural rescaling gives a new operator .,ZZ,{“ that invites
us to consider the effective semiclassical parameter A = he. It also turns
out that it is convenient to introduce the auxiliary parameter u = h? and
to transform, for instance, the formal subprincipal term hﬂ(s)% into a
principal-type term u% I} (s)é In (4.8), j,i“ is seen as a pseudo-differential
operator with operator symbol, whose principal symbol is given in (4.9).

There, we describe the subprincipal term (involving the A? terms) and
notice a remarkable algebraic/geometric cancellation (Lemma 4.5), which
will play an important role. Unfortunately, but not surprisingly, our pseudo-
differential operator does not belong to a reasonable class to perform a
microlocal dimensional reduction. For this reason, we establish a rough
microlocalization result for the eigenfunctions by explaining why they are
bounded in p and po (p and o being the dual variables of r and s), see
Section 4.4. By suitably truncating quantities in the phase space, we are
then led to study only operators with bounded > symbols as well as their
derivatives.

Section 5 is where the Grushin—Sjostrand (also known as the “Feshbach
method”) machinery comes into play. Our strategy is inspired by our study
of the magnetic tunnelling effect in [2]. There we used an adaptation of
a microlocal dimensional reduction method originally developped by Mar-
tinez [17] (and inspired by the Sjostrand’s works) and improved by Keraval
in [16]. In Section 5, we use this method two times. First, we introduce the
Grushin matrix of the operator symbol (5.1). We construct an approximate
inverse /parametrix (5.3) and describe its “Schur complement” in Proposi-
tion 5.1. This reveals a first effective pseudo-differential operator Ong a%ﬁ
given by (5.4), which describes the spectrum of the initial operator, see
Proposition 5.2. The rest of the paper is devoted to the spectral analysis

TOME 0 (0), FASCICULE 0
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of Op};v a;"ff. The principal symbol looks essentially like

pa(rys,p,0) = ul' (€ + psin g — Feos ¢) + (Feos ¢ + psin )2,

with
1 ’I"2

p=Eilp), P=2Za(puo)—p2p(s)5
for suitable localization functions =; and =Z5. When considered as a func-
tion of p and p, p; has a unique minimim at (p,p) = (0,0), which is
non-degenerate. This induces a microlocalization of the eigenfunctions near
(p,p) = (0,0) (see Proposition 5.3) and allows to expand the symbol at a
convient order N, giving (5.7). The aim is then to analyse the spectrum of
ong a%ffN. In Lemma 5.9, we prove that the eigenfunctions are microlocal-
ized. More precisely, we show that they are localized where fic is bounded.
This allows us to replace Za(h?c) by hZa(ho). We are then reduced to
the spectral analysis of an A-pseudo-differential operator whose principal
symbol is

1 . ~ .
a0 = 5 (1{%)" (&) (psin ¢ — Hpcos ¢)° + (pcos ¢ + hpsin ¢)*,
with p = Zy(ho) — 6(3)%. We can see this new operator as a 1-pseudo-
diffferential operator with respect to r, whose principal symbol is

1
bo(r, s, p,0) = 5(#?(})”(50)(0 sin ¢ — peos ¢)* + (pcos ¢ + Psin ¢)?,

where we recall that ¢ is the lowest eigenvalue of the de Gennes operator.
This suggests to introduce the final semiclassical parameter ¢ = A2, and to
study an e-pseudo-differential operator (with a symbol expanded in powers
of 5%) whose principal symbol is

o = 3 (1%)"(&0) (psin 6 — eos )? + (pcos é + psin o),

2
with p = Eq(0) — ﬁ(s)é For fixed (s,0), this is essentially the symbol
of a Montgomery operator, up to a convenient rescaling, as explained in
Section 5.5. This principal operator symbol is the first stone of a second
Grushin reduction, which reduces the spectral analysis to the one of an
e-pseudo-differential operator in one dimension. Its principal symbol is

bl (s,0) = K(s [12] aé?@).
)= R (E(S)36(8)3

Section 5.6 is devoted to the analysis of this final operator.

ANNALES DE L’INSTITUT FOURIER
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2. A first reduction to a neighborhood of I'

This section is devoted to recall a result of rough localization of the
eigenfunctions near the set I'. We give the precise statement and some
consequences just below and postpone the proof to Section 2.1. In the
following, we consider

Qs = {x € Q: dist(z,90) < d},
for § > 0, a suitable neighborhood of 0f2.

PROPOSITION 2.1. — There exist g > 0, C > 0, « > 0 and hg > 0
such that, for all h € (0,hg), 6 € (0,00) and all eigenpairs (\,1)) with
A < ©ph + Ch3, we have

[ i ennmty@Ra < ol
Qs

Proposition 2.1 has the following straightforward consequence. Let us
consider the tubular neighborhood of I' given by

951’52 = le NTs,, Ts, = {CB c€0: diSt(:L‘7F) < (52},

with §; = h2=" and 8 = h1~" for some 1 € (0, ). We denote by % s, 5,
the realization of (—ihV — A)? on L?(Qs, 5,) with Neumann condition on
001N Qs, 5, and Dirichlet condition on Qs, s, \ €.

PROPOSITION 2.2. — For all n > 1, we have
M(Lhsis) — Ce™ " <L) < Mi( Loy )

Remark 2.3. — Up to a slight modification of {25, 5,, we may assume
that Qj, 5, is smooth to avoid regularity problems near the “corners” of
951752.

2.1. First localization near the boundary

The following three results are well-known, see [12, Theorems 2.1 & 3.1].

LEMMA 2.4. — For all ¢ € H}(Q) and for all h > 0,

2u) > /Q Bl Pdz.

Lemma 2.4 and the fact that ©¢p < 1 imply that the eigenfunctions are
exponentially localized near the boundary at a scale hs.

TOME 0 (0), FASCICULE 0
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PROPOSITION 2.5. — Consider o € (0,+/1 — ©g). There exist C, hg > 0
such that, for all h € (0, hg), and all eigenpairs (A, 1) such that A < ©gh+
o(h), we have

d(z,09)
/Q (@) Pz < Ol

Let n € (0, %), and consider § = hz~". We consider the operator %, 5 =
(—ihV — A)? with magnetic Neumann condition on 9 and Dirichlet con-
dition on 995 \ 92. We have then the following direct consequence.

PROPOSITION 2.6.
An(oiﬂh,z;) - Oeich_n < An(og/ﬂh,é) < An(viﬂh)

This implies that we can focus on the spectral analysis of %} 5.

2.2. Rough localization near T’

We can now explain why the eigenfunctions are localized near I" as stated
in Proposition 2.1. This deserves some geometric preliminaries.

DEFINITION 2.7. — For § small enough, and for all x € Qg, we can
consider the projection p(x) on 99 of x defined by

Join, dist(z,y) = |z — p()|.

We also denote by 0(x) in [~7, 5] the oriented angle (see Figure 2.2) be-

tween B(p(z)) and the tangent plane to 0§ at p(x) by
B(p(z)) - n(p(x)) = sin(f(z)).

Remark 2.8. — Note that 0(p(z)) = 6(z) for all z € Qs and that T' is
then defined by {z € 0Q : 6(z) = 0}.

When we consider a small neighborhood of a point zq in 0f), we guess
that the magnetic Laplacian acts as the magnetic Neumann Laplacian on a
half-space with constant magnetic field B(xg) of associated oriented angle
0(x). This model operator has been studied in [14] and it is known that its

T T

spectrum is [s(6(zo)), +-00[, where 5 : [-F, 5] — [Oo, 1] is a continuous and

even function, strictly increasing (and also analytic) on (0, 5 ) and satisfying
(2.1) s(0) > O + cmin(1, |6]).

for some ¢ > 0 and where we recall that Oy was defined in (1.2).
In the “non-flat” case, the following proposition is then established in [7,
Proposition 9.1.2 & Theorem 9.4.3]. For completeness, we recall the proof

ANNALES DE L’INSTITUT FOURIER
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Figure 2.1. The angle 6(x)

in Appendix A (by using the tubular coordinates described in Section 3.1).
Here 2}, 5 denotes the quadratic form associated with &}, 5.

(0, ho) and all ¢ in the form domain of 2}, 5, we have

Dns(¥) 2 /

PROPOSITION 2.9 ([7]). — There exist C,hy > such that for all h €
| hs(@(@)) () de — ChE .
5

An important consequence of Proposition 2.9 is the rough localization of
the first eigenfunctions near I" stated in Proposition 2.1.

Proof of Proposition 2.1. — For z € Qs with § small, we let p(x) =
dist(p(x),T). Let us consider (A, 1) an eigenpair of %}, s with A < ©¢h +
Chs. A computation gives

gh’é(eawhl/“w) — )\”easa/hl/‘*qp”Q +a2h%\|e°‘¢/hl/4¢V@H2,
so that, using Proposition 2.9,

/ (hs(@(x)) — ChE — a2h3|Vy(a))? — /\> 200 @)/h% (1) 2dz < 0.
Qs
Thus,

/ (s(6(2)) — 00 — Cnt) @ g2y Pz < 0.
Qs

By using Assumption 1.1, 9Q 3 = — B - n(z) vanishes linearly on I' and
thus, for some cg > 0,

10(z)] = 10(p(2))| = cop(x).

TOME 0 (0), FASCICULE 0
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By (2.1), for some other ¢; > 0 we get s(6(x)) = Og + c1p(z) so that
| (ptaynt =) ety pac <o,
Qs

The conclusion of the proposition easily follows by splitting the previous
integral into two parts, considering the set {x € Qs @(x)/hi > 20} and
its complementary. O

3. An optimal localization near I

Thanks to Proposition 2.2, we can focus on the spectral analysis of
Zh.5,,6,- Near T, we can use adapted coordinates (r,s,t) based on the
geodesics of 02 where we recall that r is the geodesic distance to I' in 92
and ¢ = dist(p(z), z) for x € Q5. Such coordinates are precisely described
in Section 3.1 where the considerations of [15] are slightly revisited. In Sec-
tion 3.2, we reformulate our magnetic problem in these coordinates and
rewrite it using a nice and suitable gauge transformation in Section 3.3.
Using these preparations, Section 3.4 is then devoted to prove Proposi-
tion 3.10, which tells that the eigenfunctions of .%}, 5, 5, are exponentially
localized with respect to r at the scale hs (and not only at the rough scale
hi as shown in the previous section).

3.1. Coordinates near I

In this section we build rigourously a new chart of coordinates near I'
and give some geometric properties.

3.1.1. Geodesic coordinates near I' in 92

Let us first consider the parametrization s — 7(s) of I' by arc length.
Let us explain how to push it by the geodesic flow on 9f). In the case of a
surface embedded in R3, this can be done quite elementary and we recall
it now.

Denoting by K the second fundamental form of 02 associated to the
Weingarten map defined by

VUV eT, 00, K,UV)=(dn,(U),V),
we can consider the ODE with parameter s and unknown r — ~(r, s)

83’7(“ S) = _K(ar’}/(ra S)a Ory(r, 5))n(’7(r’ S))7

ANNALES DE L’INSTITUT FOURIER



SEMICLASSICAL SPECTRAL GAPS 13

with initial conditions

'7(07 5) = '7(5)7 8r'7(07 5) = Vl(s)la

where L is understood in the tangent space and so that (9,7, 0s7v,n) is a
direct orthonormal basis. This ODE has a unique smooth solution (—a, a) x
[0,L[ > (r,s) — 7(r,s) where a > 0 is chosen small enough.

LEMMA 3.1. — « is valued in 9f).
Proof. — We first notice that
9 (0ry,m) = =K (9,7, 0ry) + (dn(9,7), 8,7) = 0.
Thus, by using the initial condition, 9,y € T,,09. Now, consider
0r(0s7,m) = (9,057, m) + (057, dn(0,7))
= —(0ry,dn(0s7)) + (957, dn(8,7)) = 0,

where we used 0,7 € T,02 and the symmetry of the Weingarten map.
Using the initial condition, we see that dsy € T,00.
Finally, consider

C:={(r,s) € By, : y(r,8) € 00}, with B, 1, = (—a,a) x [0, L).

The set C' is not empty and closed in B, 1, since 012 is closed. It is also open
in B, 1. Indeed, one can consider (rg,sg) € Bq,r and a smooth function
F such that 9 coincides with {F(z) = 0} near xy = (o, so) and such
that VF(zg) # 0. Since VF' is proportional to n, we see that F o~y has
zero derivatives near (ro, so), and thus it is constant equal to F(zo) = 0.
By connectedness, we deduce that C = B, r. Il

Remark 3.2. — In fact, the coordinates (r,s) could also be defined as
follows. Suppose that, near ', we have 9Q = {z € R? : F(z) = 0} with
VF(x) # 0 for all z € 99Q. Then, consider the function

fr.s,2) = F(y(s) +r7/(s)" +an(v(s))),

and notice that f(0,s,0) = 0 and 9,f(0,s,0) # 0. The implicit function
theorem (uniformly along I') gives the existence of a smooth function ¢
such that

F(y(s) + ' (s)* +¢(r, s)n((s))) = 0.
Then, (r, s) = v(s) + 7' (s)* + ¢(r, s)n(y(s)) is a parametrization of O
near I' (which is given by r = 0). By noticing that ¢(0,s) = 9,¢(0,s) =0,
we can change r into the length parametrization.

LEMMA 3.3. — We have |0,y(r, s)| = 1 and (9,7, 0s7y) = 0.

TOME 0 (0), FASCICULE 0
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Proof. — We have
<ar277 ar7> =0,
and thus r — |9,7(r, s)| is constant and equals 1 (due to the normalization
of the initial condition). This also implies that

(0s0py, Opy) = 0.

‘We deduce that
0r(0r,0s7y) = 0,

and the conclusion follows by considering the initial condition. 0

These considerations show that (r,s) — ~(r,s) is a local chart in 9
near I' for which I is given by {(r,s) : » = 0}. This chart also allows us to
easily identify geometric quantities. We directly get the following lemma.

LEMMA 3.4. — In this chart, the first fundamental form on 0} is given
by the matrix

109 = (5 o) a8 =0l

Note that on I" some simplifications occur. Recalling that the geodesic
curvature r4(s) and normal curvature k,(s) for I' are defined at a point

v(s) = (0, 5) by
27(s) = —ry(5)0s7(s) x n((s)) + rn(s)n(7(s)),

we get the following.

LEMMA 3.5. — Forall s € [0,2L], we have a(0, s) = 1 and 9,(0, s) = 0.
Moreover we have 0,c(0, s) = —2r4(s).

Proof. — The first two equalities come from |05y(0, s)| = 1. The last one
follows from

dra(r, s) = 2(0,07(r, 5), 057(r,8)) = =2(0ry(r, 5),027(r, 5))
Thus, when r =0
0ra(0,5) = 2k4(5)(9rv(s,0),0s7(s,0) x n(y(s,0)) = —2k,4(s). O

3.1.2. Coordinates near I' in g

In this section, we choose § sufficiently small and consider the local chart
of the boundary (r,s) — ~(r, s) defined globally near I'. We consider the
associated tubular coordinates

y=(r,s,t) — O(r,s,t) =y(r,s) —tn(y(r,s)) = z.

ANNALES DE L’INSTITUT FOURIER
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The map ® is a smooth (global in a neighborhood of T') diffeomorphism
from {t = 0} to 0. The differential of ® can be written as

(3.1) d®, = [(Id — tdn)(9,7), (Id — tdn)(9s7v), —n],
and the Euclidean metrics becomes
(3.2) G = (dd)"dd — (9 0) ,
01
with the following extended definition of g
g(r,s,t)
_ ( |(Td—tdn)(9,7)]? ((Id—tdn)(0,), (Id—tdn)(fm»)_
((Id—tdn)(0,v), (Id—tdn)(957)) |(Td —tdn) (97)|?

We recover on {¢t = 0} the matrix g(r, s) = g(r, s,0) of the first fundamental
form of OS2 as defined in Lemma 3.4.

3.2. Magnetic Laplacian in the new coordinates

In this section, we give the new expression of the magnetic Laplacian
in the coordinates defined in the preceding section and exhibit an adapted
change of gauge. This expression will be of crucial help for proving the
refined localization in Section 3.4.

3.2.1. The magnetic form in tubular coordinates

We consider the 1-form

3
oc=A dz = ZAgdxg.
=1

Its exterior derivative is the magnetic 2-form

w=do= Y (OhAr— 0pAr)day Adazy,
1<k<<3

which can also be written as

w = Bsdxi Adzy — Baday Ades + Bidxs A dxs.
Note also that

YU,V eR? w(U,V)=[UV,B]=(UxV,B).

TOME 0 (0), FASCICULE 0
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Let us now consider the effect of the change of variables ®(y) = x. We have

(3.3) d*o = iAdeyj, A=(9)ToAod,
j=1
and
®*w = P*do = d(®%0) =[-,-,V x A].
This also gives that, for all U,V € R3,
[d®(U),d®(V),B]=[U,V,VxA], or detd®|-,.,dd ' (B)]=]-,-,VxA]
so that,

V x A = (det d®) dd~!(B).
Note then that using (3.2) we get
(3.4) lg 72V x A = B.

The coordinates of vector (B, Ba, Bs) of B(y) = d®, ' (B(x)) correspond
then to the coordinates of B(y) in the image of the canonical basis by d®,,.
Note that until now, computations were valid for a wider class of change of
variables than the one built in Section 3.1. Let us now focus on this case
when y = (r,s,t) — ®(r, s,t) = y(r,s) —tn(y(r,s)) = .

We get that

(3.5) B=-e3=d®(B) = B1(Id — tdn)(9,7) + B2(Id — tdn)(dsy) — Bsn,
so that, on the boundary {(r,s,0)} (near I") we have
e3 = B10,v + B20sy — Bsn,
and in particular
(3.6) Bi(r,s,0) + a(r,s)B2(r,s,0) + B2(r,s,0) = 1.

When we are on I' = {(0,s,0)}, we can describe how the magnetic field
is tangent to the boundary, depending on the curvilinear coordinate s and
since e3 is orthogonal to n(0, s,0) we have

(3.7) e; = B1(0,,0)0,v(0,s) + Bz2(0, s,0)957(0, s).
By Lemma 3.3

B1(0,s,0) = (e3,0,7), B2(0,s,0) = (es, 0s7) .
and the following degeneracy result holds.

LEMMA 3.6. — We have 0:B3(r,s,0) = 0.
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Proof. — Taking the derivative with respect to ¢ of (3.5), we get, when
t=0,

Bldn(&.’y) + Ban(as'y) = 6t3187-’}/ + 8t8265’)/ + 0;B3n.

Thus, 0¢B5(r, s,0) = 0. O

For further use let us eventually give also the expressions of the coordi-
nates of B(r, s,0) with respect to the angles ¢(s) defined in Definition 1.3
and 6(z) defined in Definition 2.7. The natural extension of their definition
as functions of (r, s) for any y = (r, s,0) of the (image of) the boundary is
the following, and is linked to the normalization property (3.6).

)

DEFINITION 3.7. — We consider ¢(r,s) € (—m, ) and 6(r, s) € (=%,
the angles defined by

(V]

Bi(r,s,0) = cos ¢(r, s) cosO(r, s),
oz (r, 8)Ba(r, s,0) = sin ¢(r, s) cos §(r, s),
Bs(r,s,0) = sinf(r, s).

Note that this definition is consistent with Definitions 1.3 and 2.7 and the
associated figures, possibly after identifying any point x of the boundary
with its image in coordinates (r, s, 0).

3.2.2. The magnetic Laplacian in tubular coordinates

Recall that the quadratic form associated with .}, is given in the original
coordinates by

D) = / (~ih¥ — A)p2dz, ¥ € HY(Q).

If the support of ¥ is close enough to the boundary, we may express 2, (v)
in the local chart given by ®(y) = x. Letting ¢(y) = 1o ®(y), we have then

Dn(Y) = /<G_1(—ihvy — AW), (—ihVy, — A(y)$)g|? dy.
In the Hilbert space L2(]g|2dy), the operator locally takes the form

(3.8) 9|2 (—ihV, — A(y)) - 19|12 G~ (—ihV, — A(y)).
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The expression of the operator %}, 5, s, in coordinates (r,s,t) of y after
transformation of (3.8) is then

(3.9) 22,51,52:|gr%<thﬁl>\g| W(hD, — A1

+ 19172 (hDy)|g|% (hDy),

where the coefficients can be described as follows
lg(r,s,0)|2 = a(r,s)? +th(r,s)) + O(t?),
gt (r,s,t) = 1+ tky(r,s) + O(t?),

g2 (r,5,t) = a(r,s) "' + thko(r,s) + O(t?),
g2 (r, s,t) = thia(r,s) + O(t?),

(3.10)

where the functions k, k1, ko, and k15 are smooth.

3.3. A change of gauge

The following proposition provides us with an appropriate gauge reducing
the third coordinate of the vector potential to zero.

PROPOSITION 3.8. — There exists a smooth function ¢ = ¢(r, s, t), on
(—a,a) x [0,2L) x (0,6), 2L-periodic with respect to s, such that

~ t 1
Al_ald):/ [‘9‘582](7.7877—)(17—7
0
r r t
Ay — Do = 3Bs)(p, 5, 1)d 9|2 Ba(p, 5, 7)dpd
s — 0o <f>+/0[|9| (0.8 >p+/0/0 w1913 Bl (p, 5, 7)dpdr

t
- / g1 B:](0, 5, 7)dr.
0

Az — 030 =0,
with L being the half-length of I' and
1
<f> = 7 ns dSv
Tl Joo+

where 00" = {z € 9Q : n3(x) = n(z) - e3 > 0} and dS is the usual surface
measure on 9) induced by the Euclidean measure in R3.
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Proof. — Let us recall (3.4). We have

Oy Ay — B3Ay = |9|%31,
O3A; — 0y Ay = |9|%32,
1Ay — 8y Ay = |g|7 Bs.

Considering
¢
P1(rys,t) = / As(r,s,7)dr,
0
and A = A — V)1, we see that A\g =0 and that V x A = |g|%B. Thus,

~03 A5 = |g|2 By,
93 A, = |g|?Ba,
1Ay — 8, Ay = |g|? Bs.

The second equation provides us with

t
Al(r,s,t):/ Hg|582](r,s77')d7'+g01(r,s),
0

whereas the last equation gives

A\Q(n&t):/ [|g\%83](p7s7t)dp+/ BQEl(pusat)dp'i_wQ(s?t%
0 0

where ¢ and (, are smooth functions that are 2L-periodic with respect
to s. We get

r r t
Autris.6) = [ lal*Bal(ps,0idp+ [ [ 0ullgltBal(pys. rydpdr
0 o Jo
+ pa(s,t) +/ O201(p, s)dp.
0
Considering A = A-— Vg with o (r, s,t) = for v1(p, s)dp, we find that
v t 1
Autr.0) = [ [l Bal(rs. )
0

r T t
Ao(r,s.t) = / g/* B3] (p, s, £)dp + / / Dullglt Bol(p, 5, 7)dpdr + as, 1),
0 0J0
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and As = 0. Then, using that V - (|g|2B) = 0 from (3.4), we get
Iglé& = —83/12
—— [ 2ol Bal(p. 5,040~ [ OalllBal(p.5. 00 — duea(s
0 0

= [ oullo#Bil(p. .00 — Dot
0
= —[lg1*B)(0,5,) + (|9 Bi](r, 5,1) = Bsepa(s, ),
so that
Dspa(s,1) = —[|g|* Ba](0, 5,1).
Thus, there exists a 2L-periodic function s — f(s) = p2(s,0) such that

t
0

pals,t) = f(s) - / (9|2 B1](0, 5, 7)dr.

We can now perform a last change of gauge by considering the following
2 L-periodic function

s 2L
a(s) = /O (f(0) (M) do, () = 5 [ i

Welet A=A — Vipy = A — V(1 + 2 + 13) and we have

t
Ai(rst) = / 9|3 Bo)(r, 5, 7)dr,
0

v

Aatris.) = (1) + [ 1ol Bl 0080+ [ [l Bl 5,
- [(lslt 10,5, 7107
Ay =0.
Notice that
f(s) = A2(0,5,0) = A5(0,5,0) = A5(0,5,0) = A(y(s)) - 7/(s),
where we used (3.1) and (3.3). This shows that

1 — 1 1
f :—/A-dﬁz— B -ndS=— nzdsS,
= 7 oo ] Sy ™

thanks to the Ostrogradski—Stokes formula and the fact that B =e3. O
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Remark 3.9. — Thanks to Proposition 3.8, the spectral analysis of %}, 5
can be done by assuming that

t
Alz/ llg13 Bul(r, s, 7)dr,

0

A=)+ / 9/ B3] (p, s, £)dp + / / Bulg1 Ba)(p. 5, 7)dpdr

t
- / g B,](0, 5,7)dr,
0
As =0.

In fact, by considering the 2 L-periodic functions (e%s)mez, we can even

replace (f) by (f) — hm There exists a unique (my,,fn) € Z X (=3¢, 57)

such that (f) = my 7+ + hf,. Thus, we assume, as we may, that (f) = hf,.

3.4. Optimal localization near I'

Now comes the most important result of the section: the refined expo-
nential localization of the eigenfunctions near r = 0, at the scale h%, to be
compared to the rough one at scale h% stated in Proposition 2.1.

PROPOSITION 3.10. — For all eigenfunctions ¢ (of 2,5, s5,) associated
with A < ©gh + Ch3 we have

/ @/ o) Pdz < O,
Qs .65

and
Disaae"0) < Chll?
where §; = h3~" and 0y = hi~" for some n e (07 112)
Proof. — We can write
N oI = Re( L5, 5,0,/ )
= Drs (e = e M (Vg
Since A < Ogh + C’h%, we get

(3.11) Pns1,5,() < (Ooh+Ch)|y|2, v =e"'" .

TOME 0 (0), FASCICULE 0



22 Frédéric HERAU & Nicolas RAYMOND

Let us use a (finite) partition of the unity }_, X? =1 of Qj, 5, with balls

of size h3. We can write
Dnor5a(0) =D Pnsy0n (1) — B2 [0V x5
J J
(3.12) -
> Pnsi 5 () — Ch3 ),
J
where 9; = ;4. First notice that for the interior balls, i.e. when supp ;N
00 = 0, we have

(3.13) D516, (105) = vy,

From now on, we can focus on indices such that supp; N 9Q # (0 and
consider for further use y; = (7, s,,0) a point in this intersection. We also
define 6251752 the image of Qs, 5, by © — y = (r,s,¢t) and U(y) = ¥(z).
Notice here that for all (r,s,t) € 651,52, we have

r=0Mhi"  t=0hi).
We have then by Taylor expansion
Dh51.62(15)

> 1912 (r, 5, 0(G™1(r, 5,0)(=ihV,, — A)b;, (—ihV, — A)ib;)dy

ye; t/(=ihVy, — A)y|2dy,

Q51,59

which implies that
(1+ChZ™") 2y 5, ., (1)

> /Q 191 (1, 5,0)(G ™ (1, 5,0)(—ihV, — A)iby, (—ihV, — A);)dy,

51,82

and then, using the explicit expression of A (see Remark 3.9) and of |g|,
(1 + Oh%_n)gh,élﬁz (%)

1 ~ ) o 1 . =7
> / a2(|h8t@/1j|2 + |(=ihd, — A + a|(—2h83 - A2)¢j2> dy.
Q51,52
Since the balls are of radius h%, this yields
(1= Ch3) 7 (1 + ChE ™) D15, 5, (1)
> / o (100032 + (=ih, — A1) + 0| (~ihd, — Aa)idy|? )y,
¢

251,62
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where a; = a(y;). Up to a local change of gauge eliminating (f) (see
Remark 3.9) and using a Taylor expansion at y;, we may write

A1 = tllgl2 Ba(ys) + O(F + |r = rlt + |s = s5[t)
Ay = (r —1))llg1> Bs)(y;) — tllgl* Bil(y;) + R;(r, s) + O(t]s — 55| +12)
A3 =0,

with

(3.14) Rj(r,s) = qrrj(r —15)% + drs (r —1;)(5 — 55).

Using Definition 3.7, we can write

1
Bi(y;) = af cos ¢; cos b;,

mH kv \»-.

N\»—l

Bg(yj) = sin ¢; cos 6,
83(%)

where ¢; = ¢(r;,s;) and 0; = 6(r;,s;), so that

3 p
a; sinbj,

A = tsing; cosf; + Ot + |r — ri|t + |s — s4(t),

~ 1 1

Ay = (r— rj)a; sinfl; — ta? cos ¢; cosb; + R;(r, s)+ O(t|s — s;| + t2),
Az =0.

Using then the standard inequality (a +b)2 > (1 —¢)a? — e~ 1b? we get, for
all e € (0,1),

(1—Ch3)"Y(1 4+ Chz =) 2}, 5(¥;)
> (1 Q;(By) — e (WA 117 + 12451
where

1

(3.15) Q;(0) = a} /Q (IN9f? + |(~iha), — tsin g cos 0, )P
+ \(—ihaj_%as +tcosgjcos; — (r—r;)sind; — aj_%Rj)MQ)dy
We get, with € = h%,
(L4 Ch3)2n gy, (5) > Qs(85) — C (RF N5 112 + = [12052)
so that using t = @'(hz™")

(1 CRE) Bn sy, () = Q3 (55) = € (Wl |2 + B =213 1512
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and eventually
(3.16) (1+ Ch%) Dy 5,5, (1) = Q;(1h;) — Ch ||ty 2.

Let us now gather (3.11), (3.12), (3.13), and (3.16). Denoting by J the set
of the indices related to the balls intersecting the boundary and I = C.J the
set of indices related to the balls strictly inside €2, we get

—Ch3 Y |t 1P+ (1=Ch3) 3" Qi)+ > hllw;|* < (Qoh+Ch) |2,

jeJ jeJ JjeI
so that
—Ch3 ]2 + (1= Ch3) D Qi () + D hlltylI* < (©oh + Chi)||y|1%,
JjeJ jeI

which, combined with the Agmon estimates with respect to ¢ (see Propo-
sition 2.5), gives

(1= Ch%) 7 Qi(45) + Y hllwslI* < (©oh + Ch¥)|w])*
jeJ jeI

This can also be written as

> QW) + D ksl < (Boh+ Ch)[[W?,

JjeJ jel
and, taking ¢ =1 — ©y > 0 and using the partition again, we get

-~ ~ ~ g~
(B17) Y chlli|l? + D (Q(1y) — Ooh|g5]*) — Chilv;]?) < 0
jel jeJ

Let us now look at @); and more precisely at the term involving R; (defined

n (3.14)) in (3.15). Since Bs vanishes linearly on » = 0 and that s is the
coordinate along r = 0, we get, by using the size of {25, s5,, that

4rsg = 0 (hF77)

Thus, we can deal with the term ¢, ;(r — r;)(s — s;) by using the size of
the balls:

Qi) > (1= W9)Q(5) — ChZEhinA 721 |42,
:o(h%) since n< 35

where
(3.18) Qf(¢) = a;/Q <|h8t¢|2 + [(—ihd, — tsin ¢; cos 0;)|?
61,62

+ \(—ihozj_%as +tcos¢;cosl; — (r—rj)sinb; — ozj_%qmj(r—rj)z)z/)ﬁ)dy
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Thus, from (3.17), we get the following improved inequality:
~ ~ 4~
(319) D chllil® + > (@F(W5) — Gohlld;|* — Ch3 [l;) < 0.
Jjel jeJ

Let us now have a look at the term Q?({/;j). To this end, we introduce
R > 0 sufficiently large, and the following splitting

(320) Jc={jeJ:|rj|<Rh3}, Js={jeJ:|r;|> Rh5}

depending on the geodesic distance to I' of the point y;. Recall here that
the size of the balls in the partition (x;); is independent of R.

The point is to get a convenient lower bound on Q?-(Jj) depending on
j € J. Lemma 3.11, whose statement and proof are postponed to the end
of this section (to avoid interrupting the proof and help seeing how its gives
the conclusion), provides us with such a lower bound.

We first get that for the j € J> we have

~ ~ 4~
Q5 (1) — Oohllv;|* = CoRh3 ||y
Besides, from Lemma 3.11 again, we have, for all j € J,
~ ~ 4~
Q}(15) — Oohl|v;|* = —Crh3 |95
Taking R large enough, we can then write from (3.19) that
R s ~ ~ 4,7
D chllgslP+ Y Co§h3||¢j\\2 < Y Crh3 Y5
jeI jes jede

using that hs < h. Forgetting the dependence on R in the constants, we
get that there is constant C' such that

Yol + D0 IlP + Y Il < D Cllds1%

jerl JjE€JT> JE€J< JE€J<
(l
Now since for indices j € J¢ and the fact that ¢ = e"/"? ¢, we get that

> ClsI? <ol

jEJ<

so that with (3.4) we get

lel* < o 19l*.

This proves the (first) Agmon inequality in Proposition 3.10. The sec-
ond inequality in Proposition 3.10 is a direct consequence of the first one
and (3.11). O
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As we just saw, the proof of Proposition 3.10 will be complete once the
following lemma is established. We keep using the notations of the preceding
proof. As we shall see, the proof is quite delicate and uses many changes of
variables, of gauge, as well as commutators in order to reveal some hidden
ellipticity related to model operators.

LEMMA 3.11. — Let 0 < 5 < % Then there exists ¢y > 0 such that,
for all R sufficiently large, there exists a constant Cr such that for all ¥
smooth and supported in balls of index j € J», i.e. such that |r;| > Rh3
we have

Q) — Oohl[y|* = G Rh3 ¢

Besides for functions supported in balls of index j € J, we have

Q) — Oohl[v[? = —~Crh |p|%

/

Proof. — With a first rescaling ajl- ’s s (and keeping the same letter

for the variable s as well as for the domain 551752 after this change), we

have Q2 (¢) = Q9(¢)) with

Q) = [ (1n0P + |(-ihd, — tsin s cos ;)i

s, 60
+ [(—thds +tcos¢jcos; — (r —r;)sinf; — %(r - rj)2)15|2>dy,
1
where 2a; = «; * ¢,y j. From the definition of g, ; (see (3.14) and above)
and Assumption 1.1, we have 0,83 > 0 so that a; is uniformly positive.
This allows the following algebraic simple computation
aj

Ul =) + = r)sindy = L (r— 7y +ay i)

s 20
2 sin 0;

2CLj
This suggests the change of variable
(3.21) T=r—r; —l—aj_l sin 6;.
We observe that, there exists ¢ > 0 such that, for all the j such that
|ri| > Rh3, we have

|a;1 sin6;| > cRh3.
In particular, since the balls of the partition have common radius h3 inde-
pendent of R, we get that for R > 0 large enough, on the support of ¢ (or
of ¢ which has the same scale), we have
cRh3

GER
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This will be of crucial use later. Let us use the translation (3.21) and a local

. sin? 0,
change of gauge associated to the conjugation with e’

2 to remove the
constant — sin”6; . We get that

Q)W) = QF (),

with
(3.22) Q;f”(wTr) = [ (|h8tw\2 + |(—ih0, — tsin ¢; cos 0;) ™" |*
le
+ [(—ihds + tcos ¢ cosB; — %?’Q)d)ﬂﬁ)dy,

where we keep the notation 651752 and the measure dy since the new ones
have the same properties as the original ones. In the same spirit, we write
from now on r instead of r.

It appears that the quadratic form Q;ﬁ can be rewritten with the help
of the de Gennes operator. For exhibiting this property we perform some
algebraic transformations. We first let

P, =—ihd, Py =—ihd,,  P.=—ihd,—21*,

and we notice that the operator Iv/]Tr associated to the form Q;ﬁ can be
written as

(3.23) L;rr i= P2+ (P, — tsin ¢; cos 0;)% + (Ps + t cos ¢; cos Gj)z

= P2+ P? + P? +t? cos® ; — 2t sin ¢; cos 0; P, + 2t cos ¢; cos 0, Ps
sin d)jp n oS @ Ps)2
c

.
0s 0, cos 0;

= P? 4 P2 + P? 4 cos? 0, (t

— (sin ¢; P — cos ¢, Ps)?
= P? + cos? ¢; P? + sin® ¢; P? + cos ¢; sin ¢; (P, Ps + PsP;)
. 2
sin ¢; P COS @ P,
0s 0, cos 0;

= P? 4 (cos ¢; P + sin ¢, Ps)* + (tcos0; — sin ¢; P, + cos gbsz)Z .

+ cos® 6, <t -

Remark 3.12. — We will meet this remarkable identity, involving the
de Gennes operator, later in our analysis, see Remark 4.4. It will play
an important role when proving that the eigenfunctions (associated with
eigenvalues close to ©g) are localized in the phase space.
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Let us first assume that sin ¢; # 0 and use now the notation py = —ih0;.
This allows to consider a new change of gauge:

ia7‘3 cos ¢J- iars cos qu

(3.24) e °msmd; [(Pr—tsingbj c0s0;)* + (Ps+tcos ¢; cosﬁj)ﬂe* Ghsin
2

bpr t sind r? cos? ¢; r2 5 2
= | COSQ; SN @ 5 —Q———F/——— — a— SN Q;
iPr iPs =y sing, 2 0%

+ (tcosf; — sin ¢;p, + cos ¢jps)2

ar2

2
25111@) + (tcos; — sin ¢;p, + cos ¢jps)2 .

= <COS ¢jpr + sing;ps —
The following change of variables (a rotation) appears naturally
r=ucos@; +vsing;, s=using; —vcosae;,
so that on the dual side
Ou = 08¢0 +sin¢;0s, 0, =sing;0, — cos p;0s

Using these changes of variable and of gauge, we see that the operator Iv/]Tr
is unitarily equivalent to the following operator in variables (¢, u,v):

2
ar(u,v)? 2
pf+( u772si1;¢j > + (tcosb; —py)”,

where now r is a function of (u,v). It will be useful to notice for further
use that

(3.25) . Gt

2
() 281H¢j :l = _a’T(u?U)v

which is of absolute value of order at least Rh3 on the support of involved
functions. Let us consider then the associated quadratic form

ar(u,v)? 2
3.26)
( H ( 2sin ¢; > v
We observe that the last two terms are related to the de Gennes operator.

To exhibit it, we first do a change of variable and introduce a new temporary
semiclassical parameter

. . . 1/2
t=h"1, 9 =ho, h:( h) :

cos 0;

+ pepll” + 1| (£ cos 0 — po) v *.

which allows to write
_ar(u v)2
2sin ¢;
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Performing a lAz—partial Fourier transform in variable v, and denoting @E the
corresponding Fourier transform of 4 in the last two terms gives then

ar(u,v 9 ~ 9
= (oo Y o eoss, (1 + 1 95).

ar(u,v)?
02 (e ) ¢

Let us consider a quadratic partition of the unity Z? + Z3 = 1 such that
Z; = 1 near &. Then from the properties of u{®, there exists ¢ > 0 such
that

2

+ heost; (i€ (€)DD)

pi9(€) = O = ¢ ((€ — &)°ET(E) + E5(9)) -
It follows that

2
0. 2
2Sin¢j +h@0 COSH]Hw”

(3.27) Q) > H (pu -
+ chl|(€ — &)E19)|? + ch||E2)

Let us now study P, := p, — a;s(;‘n’z) Denoting 2% the Fourier multiplier

associated to Zy, we have the localization formula (see, for instance, [20,
Proposition 4.8])

1Pl = > (IPLEF)I — TP, EY 011
j=1,2
+ Re(Pu, [Pu, 21, 2510) ).
This gives
Q) — Ooh cos b, [v]”
> [PLEFYIP + chll (€ = &) 21|12 + ch[Z29
= 3 P BN — Pt [Py E51,E510) -

j=1,2

From (3.25) we have exact estimates on the commutators, and remembering
that the Fourier transform in v is at the scale h ~ h%, we find

Q1)) — Ogh cos 0]y
> | PLELY)? + chl|(€ — &)t + ch||Zp|?
—Ch > (IrE)™ wll? + RIED I + 1[r(E)" 2810 )1?) -

j=1,2
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Using a commutator between r and the derivatives of 2}’ we get that

Q(v) — ©ohcosbjl[9[|* > |P.EY VI + ch| (€ — &0)Ea||* + chZ2v]?
— Chllry||* — CR?||y||*.
This inequality is applied to functions 1 supported in {|r| < Ch%_"} and
thus, for  small enough (1 < 5 is indeed sufficient), we get
Q) — Ooh cos b; |||
—=w —w 4
> | PEYI + chll(—ihdy — £)EVGI” + chl|Z5w|* — Chi||v|?.
Using the commutation property (3.25) together with the abstract operator
inequality A% + B? > 4i[A, B] applied to the first two terms, we get then
Q(v) — Oohcos O[> > £eh(rEyw, Zp) + chl|Z5v|* — Ch3 )%,
Let us now introduce a partition of the unity X2< + X2> = 1 with supp x< C
{Ir| < %h%}. We get that
4 —w 4
Q(¥) — ©ohcosbj||¢||* > ER3 x> EVVI* + ch||E3¥|* — Chi |||,
Now observe that due to the fact that v is supported in balls of index
j € J>, i.e. such that |r;| > Rh3 we have for R sufficiently large that
IX<EVWI* < OnRN[[9l?, VN €N,
with constants Cn independent of R > 1. This allows to write that
A —w 4
Q(¢) — Oohcos b;||y[|* = ERAF | EYY||* + chl|Z5y[|* — Ch3 [l
So for all index j such that sin¢; # 0, using hs = o(h) and assuming h
small enough, we get
4 4
Q) — Boh cos ;[ Y[|* > ERRS [[¢]|* — Ch3 [l9]*.
Using that |0;| < Chi™, we get cos 0; > 1— Chz=21 which gives for R
large enough
SN
Q) — Oohl[|* > ERAS [|* = C'R3||¢])* > ERR3||¢].
This gives N
QY(b;) — Oohll;||> = GRS 14517,
for all j € Js, i.e. such that |r;| > Rh3 and such that sin¢; # 0. The
case when sin¢; = 0 is easier since we do not need the change of gauge
in (3.24) and the rotation procedure, and we skip the proof. This is the
first inequality in Lemma 3.11. The second inequality is much easier since

it does not use the gain provided by (3.25) on indices j € J, and we also
skip its proof. The proof of Lemma 3.11 is complete. O
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Remark 3.13. — In the coordinates (r,s,t), the localization estimates
can be written as follows. In terms of the eigenfunctions ¢ of % s, s,,
associated with A < ©gh + C’h%, we have

/ e2at/h1/2|¢|2d’r‘d8dt < C||90||2’
0<t<81,|r|<82

and
/ I/ o 2drdsdt < O],
0<t<d1,|r|<b2

4. A new operator near I

Propositions 2.5 and 3.10 tell us that the eigenfunctions are localized near
t = 0 (at the scale hz) and near 7 = 0 (at the scale h3). We shall use these
two results to perform refined approximations of operator z,gl 5, involving
Taylor expansions, as well as other modifications (change of gauge, inserting
cutoff functions, and eventually rescaling). The final result will be used in
Section 5 for solving the eigenvalues problem.

4.1. Taylor expansions and a change of gauge

Enlightened by the localization properties in Propositions 2.5 and 3.10,
we first perform a Taylor expansion of the vector potential near r =t = 0
(i.e., geometrically speaking, near I'). It is given in the following lemma,
whose proof is a straightforward computation using the expression of A in
Remark 3.9, where we recall (f) = hfp.

LEMMA 4.1. — We have

-~ 1 1 ]. 1
Ax(r,s,t) = [|g]2B2](0,5,0)t 4 01|g|2 B2](0,5,0)rt + 533[\9|§B2](07 s,0)t?

1
+508 (1912 B2)(0, 5, 0)rt + O (|t + [t + %),

and
;{2 (Ta S, t)

1 1 1
= hin — (191 B1)(0,5,0)t = S0ulg 3 Bi] (0.5, 0)¢°
1 1 1 1
+ (ellgl? Ba] + Dallg| > Bal) (0,5, 0)rt + 5019/ Bal (0, 5,01

]. 1 ]. 1 1
+ gafﬂg\?Bg](O, 5,0)r% + 3 (5133“9|§B3] + 8182[|g|582]) (0,5,0)rt

+ Ot + P+ e[t +£3).
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Therefore, using Definition 3.7,
[l91*B2)(0,5,0) = sin é(s),  [lg]*B)(0,5,0) = cos 6(s),
and |g|2(0,5,0) = a(s) = 1. Recalling the notation
B(s) = dullgl *Bs)(0,5,0),

we get, up to some remainders that we shall control later, a model vector
potential, polynomial with respect to (r,t), defined by

g‘f‘(r, s,t) = tsin@(s) + ug(s)rt + vl(s)r2t + wl(s)tg,
(4.1) AP (r,s,t) = hfj, — tcos d(s) + ﬁ(s)g + ug(s)rt + vo(s)r?t
+ wy ()% + d(s)r3,

where we do not give the exact expression of d(s) and the other terms are
defined as follows

uy(s) = 01[|g|* Bal, us(s) = dallgl? Ba] + s[lg|? Bs),
(010al191? Bl + 102(191 Ba))

N

(12) n(s)= SR MgliBal, wals) =

1 , 1 ,
wi(s) = 505[lg92 B, wa(s) = —585[lg]2Bul,

with the functions evaluated at (0, s,0). Note that 8(s) = 91B5(0, s, 0) since
|9](0,5,0) = «(0,s) = 1 and B3(0,s,0) = 0. Recalling that Bs(r,s,0) =
—n(v(r,s)) - e3 and Assumption 1.1, we get that

B(s) = co > 0.
Remark 4.2. — When ¢ = 0, i.e., when I lies in a plane, there is a quite
explicit description of 3. Indeed, in this case, e3 = —9,7(0, s) so that
Or(—m - e3) = dn(0,7, 0,7y) = dn(es, e3),

which is positive when 2 is strictly convex. This is nothing but the cur-
vature of 0 in the direction of the magnetic field. The place where 3 is
minimal is where the magnetic field is the most tangent to the boundary.

For reasons that will become clear later, we shall now perform a triple
change of gauge. The first one is associated with the unique 2L-periodic
function F' of variable s with

F'(s) = =&y cos é(s) + Fo, Fy = ﬁ/ cos ¢(s)ds.
0

The second one is associated to the function G(r, s) with

G(r,s) = r&sin ¢(s).
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These changes will allow us later to center our problem at &y, which is the
frequence naturally associated to the de Gennes operator. Performing a last
linear change of gauge associated with H(s) where

2m
H(S) = F() — ES

for a suitable m € Z allow us to replace hf;,— Fj by h?h with?h € (—ﬁ, ﬁ)
The resulting operator is then

(4.3) P =e (PG H)/h3 Zs 516, z(F+G+H)/h%.

The spectrum of .,?jh and of zmm are of course the same. Remember-
ing (4.1) (see also (3.9)), we can replace AP and A} by

g?(ra S, t) = (t - h%&)) sin (ZS(S) + U/l(s)rtL + 1)1(8)7'2t + w1 (S)tzv

and

(4.4)  AP(r,s,t) = hfp, + (h2& — t) cos d(s) + B(s ) +uQ( )rt

— harg cos ¢ + va(s)r2t + w(s)t2 + d(s)r®

4.2. Truncating variables in the right scales

Propositions 2.5 and 3.10 tell us that the eigenfunctions are localized
near ¢t = 0 at the scale h? and near r = 0 at the scale h3. Jointly with
the Taylor approximations, this leads to define the following approximation
Xm (and the associated quadratic form Qm) of operator %, in (4.3) (and
therefore fh,51752 defined in (3.9)).

In order to build this operator, we first introduce a smooth cutoff function
Xo equalling 1 near 0 and remembering (3.10), we also introduce cutoff
variables and the weight

v

(4.5) # =rxo(r/h31), F=txo(t/h> ), a(r,s,t)=a(F,s)? + k(7 s)i.

Introducing then the new domain of integration

V=R x[0,2L) x R4,
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we define then Q}f as follows

Fpw) = [

| (0 B s (RDy — Ao

+ (alf, 5) 7"+ Tha(7,9))|(hDy — A5 ady

M

+ / |hDyp|*ady + 2 Re(fki2(h D, — A), (hDs— AS)0) 12 (ady)
%

2
+/th (h )|w| ady.

Here, /vl‘ln and /vl‘zn are defined as

AP (r,s,t) = (t — h2&) sin d(s) + up ()7 + vy ()7L + wi (s)E2,

r
1
3

_n
2

2
(46) A5(r,s,1) = hin — (t = h¥&0) cos 6(s) + B(s) 5 + ua(s)7
— h2F¢ cos ¢ + va ()7 + wa(s)E2 + d(s)i,

and V is a smooth even non-negative potential equal to 0 in a neighborhood
of 0, equal to 1 outside the unit ball and radially increasing. In the following
we denote by .,?Zﬁ“ the operator associated with QVE“

Note that we do not put cutoff functions for the terms linear with respect
to t, since we shall use later the de Gennes operator in variable t. The pres-
ence of V' is essentially artificial. Let us explain this. By inserting a cutoff
function in the term involving S (which is responsible for the localization
with respect to r), we a priori lose the localization of the eigenfunctions
of jﬁ“ with respect to r at the scale h3. That is why we add a confining
potential to keep this localization property. At the end of the analysis, all
these cutoff functions will be removed: we introduce them here only in order
to be able to use pseudodifferential tools in convenient classes of symbols.

We can now compare the spectra of Z,gl,gz, ,,S?h and .,?,in

PrROPOSITION 4.3. — For alln > 1,
Mi(Lisiss) = Ml Ln) = M) + o(h5).

Proof. — As already noticed, the first equality is a direct consequence of
the change of gauge in (4.3). We only prove a lower bound for A, (.Z},), the
lower bound following from quite similar considerations.Let us consider

&n(h) = span xpvj n,
1N

where (¢, 5,) is an orthonormal family of eigenfunctions associated with the
familly of eigenvalues (A;(.Z})), and where x5, = xp(r, ) is a smooth cutoff
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function supported in {|r| < h'/3~}N{0 < ¢ < hz~}. By using the Agmon
estimates, we see that &y (h) is of dimension N for h small enough and
that, for all ¥ € &n(h),

2 () </\N(ZL)||¢||2LQ(‘ 1+ O]
gl2d

)

Since Ay (.Z}) = O/(h), the Taylor expansion a of [g|? and Agmon estimates
with respect to ¢ (see Proposition 2.5 or Remark 3.13) allow to replace |g|2
by a and we get

(4.7) Dn(1) K AN(LWN32 (aay) + CAI 132 (aay)-

Then, by approximating the terms of the metrics (see (3.10)), we get

Q

Zuw)> [ (@ thalr o)l BD; ~ AP

+ (@7 tha(r, ) [(AD, — A2)0l? ) ady
+/ |hDy|*ady
2 Reltha(hD, — A1), (4D — A2)6) sy
— O[3 aay-

By approximating the vector potential (from Lemma 4.1 and noticing that
the change of gauge (4.3) does not affect the error terms), we find that

Zuw) > [ (ko) |D, - AP
Q51,65
+ (@7 tha(r, )| (D, — Ay Jf)ady
-l-/~ |hD|?ady

+2Re(thi2(hDy — Ay )b, (WD — Ay J) 12 (ady) — CR29 22 aay)
— C|[(=ihV — A" Y|P3 80| + [t + [[E3] + [[r*]).-
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By using the Agmon estimates with respect to r and ¢ (see Remark 3.13),
and the fact that ||(—ihV — A )| < Ch3 ||, we get

Q51,65

Zuw) > [ (0 ths)|D, - Ao
+ (a7 + tha(r,5))| (D, — A3 2 ) ady
hD|*ad
+/ (D ady
+ 2Re(thio(hD, — Ay ), (hDs — A3 Y1) 12 (aay)

11
—Ch’ Hw”%Z(ady)'

Then, we can insert cutoff functions in the coefficients of the metrics and of
the vector potential (up to exponentially small remainders), and we infer
that, for all ¢ € &x(h),

vl’[l Ll 5
a@h (dj) —Ch’s ||¢H%2(ady) < Qh(¢)
With (4.7), this gives
DR (W) = Ch S |92 aay) < AN(Z)IPN 72 (aay) -
The min-max theorem implies that
AN () < AN (L) + Ch®

and the lower bounds in the statement follow since h's = o(h%).

The converse inequality of the proposition can be obtained by similar
arguments since the eigenfunctions associated with .,?Zﬁ“ are exponentially
localized at the scales hz and h3~" with respect to t and r, respectively,
as could be shown following exactly the same procedure leading to Re-
mark 3.13. g

4.3. A rescaling and first pseudodifferential properties

We can now focus on the spectral analysis of j,{“ Actually, it will be
convenient to consider a rescaled version of .Z}*. We let

t=h2i, r="h5F h=hs, p=h,
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and we divide the operator by h. This gives a new operator .44 (which will
be at the center of our coming analysis) given by

Ny, = ay  (hD, — AP)agan1 (hD, — AT)
+ a; Y(uhDs — AS)apan2(uhDs — AR + a, * Dyan Dy + V (h hZF)
+ B3ixnzar ' | (hD, — AP)apkio(B2Fxn1, 8)(B2uDs — AR)

+ (D, — AD)apki2(h*Fxna, s)(B2uDs — AM)|,

where
an(¥, s,) = %(h X1, 8) + B2xn stk (B2 X1, 8),
ana(Fy8,0) = 1+ h3xp 3k1 (B2 FXn1, 5),
ana(P, s, 1) = a” (B*Fxn,1, 8) + B xn,sthe (RPFxn 1, 8),
and

AP = (F = &) sin @(s) + w1 ()h*xn 1 xn 37
+ Bto1(s) X7 1 Xh3T T + BPwi(s)xa st
o 3 y 1 , 2
Ayt = B2 — (t — &o) cos ¢(s) + M25(5)Xh,15
+ U (8)Xn1Xn3h* Pt — h2xp 179 cos ¢
+ v2(8) xR 1 Xh3TT + wa ()R XG5 + d(s)RP X 17
In the lines above, the cutoff functions xy ; (at the scale h~") are reminis-
cent of (4.5) and the index j refers to the variable (j = 1 corresponds to
and j =3 to f).

In the following, we drop the breve accents and consider (mostly) p
as a parameter. The operator .45 can be seen as an A-pseudodifferential
operator with operator symbol:

(4.8) A, = Opy (nn),
with ny(r, s, p, o) = ng + Ang + h?ny + ..., where the principal symbol is
(4.9) no =D + (p — (t — &) sin ¢(s))”

2

2
+ (,ua + (t — &o) cos p(s) — uéﬁxil 2) + Vi(r),

where Vj,(r) = V(rh?) is the artificial confining potential coming from (4.6)
and where we recall that it can formally be replaced by 0
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Remark 4.4. — Let us explore a little the structure of operator .45 and
the reason of the gauge change introduced in (4.3). We observe that, when
u =0 and V}, replaced by 0, the operator-valued symbol ng is equal to

(410)  DZ + (p— (t — &) sin 6(s))? + (¢ — &)° cos? 6(s)
— D? + (¢ — t + psin é(s))? + p? cos? é(s),

for which the minimum of the spectrum is O, attained only when p =
0 in virtue of the general properties of the de Gennes operator recalled
below (1.2). Note that this identity already appeared in (3.23). This was
the main motivation of the preceding changes of gauge, including the shift
by &y, and will be in the core of the coming analysis.

With Remark 4.4 in mind, we now introduce

T2

2

so that the principal operator valued symbol ng of A% takes the form

(4.11) p = po — p2Bxi,

. 1 r2\?
no =D} +(p+(&—t) sin ¢)2+<u0—(€o—t) cos p—p Bxi 4 2) +Vi

:th + (&0 — t + psing — pcos ¢)* + (pcos ¢ + psin ¢)? + Vj,.

(4.12)

The subprincipal symbol is then
ny = 07
and the next term in the expansion is

ng = 2us((&o — t) cos ¢ — p)Xh,1Xn,37t + 2(p — (§o — t) cos @)r¢’ cos ¢
— 2u1Xn,1Xh,3Tt(p+ (€0 —t) sin @) +1rxp10, (1) (p— (€ —t) cos ).

Note that no can also be written as
(4.13) ng =rLp + N,
with
Ly = —2u3(&0 — t)*Xn,1Xh,3 €08 ¢ + 2u1Xn1Xn,3(S0 — ) sin g
+ Xn,10r (@™ (& — 1) cos® ¢+ (&9 — t) L1,

where

Ly = —2xn1¢ cos® ¢ + 280X n,1Xh,3U2 €08 ¢ — 2u1€0Xh,1Xh,3 SN @,

ANNALES DE L’INSTITUT FOURIER



SEMICLASSICAL SPECTRAL GAPS 39

and with

Nio = —2rtpuaXn1Xn,3 + 2pre’ cos ¢
+ th,lar(afl) (p2 —2p(& — t) cos ¢) — 2U1 X R, 1Xh,37TP-
Looking at the terms involving (£, —t)? and forgetting the cutoff functions,
we notice an algebraic cancellation in Ly.
LEMMA 4.5. — We have
—2u cos ¢ + 2uy sin ¢ + cos® ¢ d,(a” ) = 0.

Proof. — Recalling (4.2) and Lemma 3.4, we see that

1 1
uy = §Sin¢ara+81827 Uz = _§COS¢8TQ - 81817

where we also used Lemma 3.5, (3.7) and Definition 1.3. It follows that

— 2ug cos ¢ + 2uy sin ¢ + cos® ¢ I, (a™h)
= 0,4 2cos ¢ 1By + 2sin ¢ 01 By — cos® ¢ D,
=281 0181 + 2B5 01 B + Bg Ora = 0,

where we used (3.6) and its derivative with respect to r, at r = 0. g

This cancellation will be used in Section 5 when building an approximate
parametrix for .4%. Anyway, a last preparation result is needed in order to
be able to use pseudodifferential techniques. It is the aim of the next section.

4.4. Microlocalization

From (4.12) and recalling Remark 4.4, we notice that the lowest eigen-
values of 4 satisfy

An (A1) = B¢ + o(1).
The corresponding eigenfunctions are actually microlocalized with respect
to p and po. Consider
¢ = Opy (nf),

where n§(r, s, p, o) is obtained by replacing p by Z;(p) where Z; € S(1) is
odd, increasing, and coincides with the identity near p = 0, and by replacing
po by Eo(po) where Zo € S(1) is such that Eg(z) = x on [—M, M| and
equals +2M away from a compact set.
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Recall here that S(1) is the set of € bounded symbols as well as their
derivatives (which is sometimes denoted by SQ). The functions Z; and =y
are also chosen so that, uniformly with respect to s (or ¢(s)), the function

(p, o) = % (€0+E1(p) sin p—Ea(no) cos ¢)+(Z1(p) cos p+Es(no) sin ¢)?,
has still a unique minimum at (0, 0), which is non-degenerate and not at-

tained at infinity. Note this is possible in virtue of the general properties
of u{C recalled below (1.2) and the fact that

(p, po) — (psin ¢ — po cos @, pcos ¢ + po sin @)

is a rotation and therefore an isometry uniformly with respect to s € T'.

For the sake of shortness, we let

7“2

- - - 1
(4.14) p=Z1(p), p::2(NU)_M25X%,1§'
With this notation, we have

n§(r, s, p,0) = DI + (& — t + psing — pcos @) + (pcos ¢ + psin ¢)? + Vj,.

PROPOSITION 4.6. — The Ilow-lying spectra of A,¢ and A% coincide
modulo O(h*>).

5. Parametrix constructions and spectral consequences

Thanks to our preparation results, we are now in position to analyze the
eigenvalue problem. We want now to identify the eigenvalues of .4;¢, and
for this we shall build an approximate inverse for an augmented inversible
matrix of operator-valued operators. This will be done in several steps,
with two successive Grushin reductions, and will lead us to complete the
proof of Theorem 1.7.

5.1. Approximate parametrix

We first apply the Grushin procedure to the operator-valued symbol nf.
We consider z € R such that |z — ©g| < Ch?. We let

n{ —z U
(5.1) Py = < g "S’P"’) :
< . aur,s7p7a> 0

where u, ¢ = “gﬁ Jsin ¢—pcos ¢ 1S the first normalized positive eigenfunc-

0,0
tion of operator-valued symbol n§ defined in Section 4.4. Recall that n§
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is an operator in variable ¢ for which the phase space variables (r, s, p, o)
are considered as parameters. With these notations &y is an unbounded
operator on L?(R;}") x R. We also consider its principal symbol

e@O _ ( 716 -z 'ur,s7p,a> _ (pO p0+> ,
< : >uT’S,Pa0> 0 Po 0

which is invertible (from its domain to L?(R;") x R) uniformly with param-
eters thanks to the preceding section. Its inverse is the bounded operator

given by
QO _ ((ng - Z)_lnL Uy s,p,0 > _ (q0 Q(—)i_>
< T u7'757/)70> 2= M1 (T7 S, Py U) Q()_ Q()i ’

where
(5:2) pa(r,s,p,0) = pi% (& + psin g — peos @) + (peos ¢ + psin ¢)* + Vi,

and II' is the orthogonal projection on (span,. s, ,)*. By construction,
we have

QN 2N =1d + O(h).
We can then find (2;),_, 5 such that, at a formal level, we have

(5.3) (2o +h21 + 122+ 1223 + P 2,)V 2V =1d + 0(1°)

where the error term is possibly an unbounded operator in variable ¢ in
this first formal approach. We recall that the Moyal product is given in our
setting by

2 = — <= —
nggz;l)v = (Qheziug@h)w, O= 0 (p,o) 0 (rys) — 0 (r,s) 0 (p,o)-

Let us explain how to find 2; and 25. By using the Moyal product and
a formal expansion in powers of i, 2; and 25 must satisfy the following
relations:

D1 Py + 2P + 2%.{«90, P} =0,
DBy + QP+ Py o (20, Foh + (20, A1) - 3207 Po =,
where
ADP B = 0, ) A0 B = 20.6) (5,01 A0r6) (9,1 B + 0(r.6)A0(,0) B-

We get
1
D= -2 P29 — E{QO’ P} 2o,
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and
9o = - P19y — Dy P22

1 1
~ % {21, Zo} + {20, P1}) Qo + 3 (2o 02 ) 2o.

We will use the following notation

+
q q
Q =
(q qi)

and we shall sometimes denote the bottom right component ¢= by 2.
Since the &?; are self-adjoint, so are the 2;. In particular,

({Lo, Z0}20), =0.
Since n1 = 0, we have &2, = 0. It follows that
qli =0.

Let us notice that &y and 2y do not Poisson-commute (in the sense that
200 Py = 0 for all k > 1). However, if u and Vj, were replaced by 0,
this Poisson-commutation holds. Keeping this remark in mind and using
similar considerations as above, we can write

@ = (20212091 20)+ — (20 P220)+ + Ry + pr + O(1?)
= —(Qogzga@())i + Ry + pry + ﬁ(/ﬁ)
- <(TLH + ﬁ?)ur,s,p,oz ur,s,p,a) + Rh + HUTR + ﬁ(u2>7

where we used (4.13) and with Ry supported in {|r| > h="/2} (R} comes
from the presence of V).
Then, with Lemma 4.5, and the exponential decay of u, s , ,» with respect

to t, we get

P

Gz = = (X1 (P L1 (€0 =) FE)trs s s, p0) + Bt i+ O (1) + 0 (),
where
Ly = —2¢ cos® ¢ + 2Eous cos ¢ — 2u1&o sin @,
and
n9 = —2rtpus + 2pre’ cos ¢ + rd,.(a” ) (]3)2 — 2p(&y — t) cos qb) — 2uyrtp.

The terms pry and @(u?) are in fact phantom terms since p = h%: they
play at most at the order h*. In what follows, we implicitly include them
in the lower order terms.
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PROPOSITION 5.1. — Defining
G (2) = (2o + h2y + 12 2o + 1323 + h* 2y)

and recalling |z — ©g| < Ch?, we have

G (2) = 2 = (1,59, 0) = B (X1 (P (€0 — £) 7ttt )

+1q5(r,s, p, po) + Bray . (r,s, p, po) + Ry + O(h™),
+ . .

where the g, belong to S(1) and are analytic with respect to z.

Actually, since we are interested in the z of the form

z=0g+ O(h?),

this leads to the following effective symbol where we have fixed z = O in
the 0(h3) terms and removed the &(h*°) and Ry, terms,

(5.4) afi(r,s,p,0)
= H1 (Tv S, P, U) + sz <Xh,1(TL1 (60 - t) + ﬁg)ur,s,p,aa ur,s,p,o>
- hgqi’f@o B h4q4i7@o’

and where we recall (5.2).

5.2. Spectral consequences

In this section, we explain how the symbols q,:it(z) and a%ﬂ are related to
the spectrum of 4;°.

PROPOSITION 5.2. — For alln > 1,
Ae () = A (ODY a5) + O(°).
Proof. — With the choices of 2;, we get, for some integer N,
(2o+h21+1° 2o+ 1> 23+1* 2,)V P = 1d+Op2 iy~ arxc)— 12 (aryxc(P°).

We write

+
OpY (2o + h2y + h* 2y + 1223 + 1 2,) = <8§ g’i) ;
h h

with IT = Op)Y (-, Uy p.o))- Thus,
Qu(M = 2) + Qi =1d + Ora(yvan—r2an (),
Qp (M = 2) + QpTL = Opa(yvan e (R°).
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By means of the Calderén—Vaillancourt theorem with respect to the vari-
ables (r, s), it follows that

(5:5) [l < CII | + Cl (A = 2)pll + CR ()N,

and

Q5 )| < Cl(AE = 2)p]l + CRII(E Ny
We recall that Q;bt = Opzv(q,ibt) is described in Proposition 5.1. Since we are
considering z € R such that |z — ©y| < Ch2%, we get from Proposition 5.1
again that

(5.6) (= = Opy az")IIY|
< O = 2] + RN ¢l + | Oy (BT |l

Let us now consider (5.5) and (5.6). Applying (5.6) to an eigenpair (X, )
with A = Oy + O(h?), we get

1A = Opy” a ) IIp[| < OR[N || + [| Opy (Ra)TT|.

From Proposition 4.3, the eigenfunctions of A4;¢ still satisfy Agmon esti-
mates with respect to ¢ and r. This implies that

I(x = Op” Iy < CR®|[9,
and, with (5.5), we find
I(A = Opy” af")I || < OR® ||

Since II¢p # 0, the spectral theorem tells us that dist(A, Sp(Ong ash)) <
ChP°. Let us consider

En(h) = ker(A" = An(h), An(h) = An (A7) -
We have, for all ¥ € E, (h),
4]l < C|[y|.
In particular, dimran Iz, ) = dim E,(h). Since, for all ¢ € E, (h),
1A (72) = Opy” af)IY|| < CR?||TL |,

the spectral theorem implies that there are at least dim E,, (%) eigenvalues
of Opy a§™ in the disc D(\,(h), CH?).

Conversely, we can check that A\ (h) := A, (Op} as) = O + O(h?).
We also observe that

PV( Do+ W2y + W22y + 1P 25+ 12V =1d + O(h°).
This gives
(M = 2)Qf +1IQy = O(F°), Q) =1d+ O(h°).
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We get
1A = 2)Qi vl < ClQy ¢l + CR* |9,
and then from Proposition 5.1
[ = 2)Qi Il < Cll(z = Op ag || + CH||]|.
We also have that
vl < Cllivl,

which shows that Q;f is injective. Using again the spectral theorem, we see
that there are at least dim ker(.#;¢ — A\ (h)) eigenvalues of 4;¢ in the disc
D\ (R), CRh?). The proof of Proposition 5.2 is complete. O

5.3. Spectral analysis of Op}{v a%ﬁ

This section is devoted to the description of the low-lying spectrum of
Op‘,{v a%ﬁ. The principal symbol is
11(r, 5, p, @) = p9S (€ + Fsiné — peos @) + (Feos ¢ + psin §)% + Va(r).

This implies that the eigenfunctions are microlocalized near p = p = 0,
where we recall that p and p are defined in (4.14).

PROPOSITION 5.3. — Let C > 0. For n € (0,31), the following holds.
Let us consider a smooth function ( equalling 0 near 0 and 1 away from a

compact neighborhood of 0. We consider

Cl,ﬁ('r) S, P, 0) = <(h*7]"{‘)’)’ <2,h(r7 S, P U) = C(h*ﬁi)’)

There exists hy > 0 such that, for all h € (0,hy) and all normalized

eigenfunctions 1 of Op‘,{v as?t associated with an eigenvalue \ satisfying

A < Oy + Ch?, we have
ot = O(h)||9]].
Proof. — Let us consider the eigenvalue equation
Opy’ apt = X.
We get
(Op3” a5 = N)¢f = [Opy” ai, e,
and then

Re((Opy a5 — X) (%, %) = Re([Opy” as™, (I, (hab).
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Thanks to the Calderén—Vaillancourt theorem and support considerations,
we get that

Re((Opy ai = X) (e, (o) < CRICT wllIGhel,
where C has a support slightly larger than the one of ;5. Then, we
observe that for some cg > 0,
p1(r,s,p,0) = Og + comin(p? + p°, 1).

Note that this implies that p; — ©g > h?7 on the support of (; ;. Therefore
on this support we have

a(r,5,p,0) = X > comin(p” + 5°,1) — Ch* 2 K> — Ch.

We can therefore apply the Fefferman—Phong inequality in S"(1) (see [3]
or [5]) made of semiclassical symbols for which each derivation implies a
loss of 1", and we deduce that, for n € (0, 3),

Re((OPh aft = NG, () = (eh® = CR2 ) G|,
Using n < =, we find that

- w
Il < CRZ2ICE Wl
By considering now nghw, we get the result by induction. O

Remark 5.4. — Note that due to the form of =i, the microlocalization
with respect to p at the scale A" also implies that

() = 6 (h).

Proposition 5.3 invites us to use a Taylor expansion of a$f. Remember
that the eigenfunction

_ ,,dG
Ur,s,p,0 = u50+ﬁsin ¢—pcos ¢

depends on (p,p) only. For all N € N, let us consider the symbol

(5'7) a%ffN('rﬂ 5,0, U)

Y (19 ®) (&)

T (Psing — peos )

- aO(rv 5,P7U) + 00(57]3)
k=3

N
- S®(0
h2co(p, B)rxnaln Yy k'( )
k=1

(Psin ¢ — peos ¢)*
+ 0B P)rxna Y g (r )P’ D" — BPaie, — haie,,

1IKL+HUKN

where
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e the principal term is

ag = %(udG)”(ﬁo)(ﬁsiw —Deos§)’ + (peos ¢+ psin §)” + Va(r),

e ¢q is a smooth cutoff function equalling 1 on a small enough neigh-
borhood of (0, 0),
e the function f is given by

dG 4G
f(&) = (o — t)ugy’res Ugyve)s
e the sum involving g, is the Taylor expansion of (ﬁgug§+£, u?ﬁ_&
in variables p and p.
Note that f(0) = 0.

PROPOSITION 5.5. — Let M,n € N. There exists N € N such that
A (00} a57) = €0 + A (Opf! agly) + O(r).

Let us now focus on the new operator Op) agly.

Remark 5.6. — It is clear that the eigenfunctions of this new operator
associated with eigenvalues A\ = ©g + €(h?) are still microlocalized near
p = p = 0 at the scale Rz using the ellipticity of p? 4+ p2. They are also
roughly localized near r = 0 at scale h="/2 (due to the presence of the
confining potential V;, and the cutoff functions in ). The tildes and the V},
can then be removed if necessary.

The rough localization in 7 is not sufficient since we want uniform bounds
in i with respect to r. This is the aim of the following lemma where we
prove that the (rescaled) variable r lives at the scale 1.

LEMMA 5.7. — Let us consider n > 1. There exist hg > 0, C > 0 such
that, for all h € (0,hy) and all eigenfunctions associated with Ay, (Op%v asty),
we have

[yl < Cll9ll.
Proof. — Let us write
(Op? a%ffN)l/J = An (Opgv a%f,fN)W

Let us consider a non-negative smooth function x4 (r) equalling 1 on r > 1
and 0 for r < 3. We set x_(r) = x4(—r) and we let x = y4. It follows
that

(5.8) {(Opy asN) xtb, xvb) < CR?||x3|1* + Ch|IB™ ¥ ||||¢|l.
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Note that

N k) (0
<h200(5a@7’Xh,1L1 Z / k!( ) (psin ¢ — pcos p)*
k=1

= 0(h?)

w
RGP S eI - e, - ik, ) (xv)
1<+ <N

since |rxn.1| < h~" and ¢ is microlocalized in (p,p) at the scale 72 =", The
Calder6n—Vaillancourt is used to control the last two terms. Then, note
that, due to the small support of ¢y,

1(udG)"(&))(ﬁsin(b —pcosg)? + (pcos g + psin ¢)?

2
N dG\(k)
ra@n Y LT Ging  peos )t > d? + 7).
k=3 ’
Thanks to the Fefferman—Phong inequality (the symbols are bounded),
we get

((Op aslty)x, xv) = d(Opy (5 + p*)xv, x¥) — DR?|[¥[|.

Using again Remark 5.6, we infer that

{(Opy agy)xwb, xvb) = d(Opy (p* + p*)xtb, xb) — DR?||¢]*.
Notice that
Oy (0* + p*)xb, x¥) = ([, 2" Ix, x¥)|

/ Bl

> 72 min 3 ’/rwaQ

1
2

:hu :h2

/ Bl

From (5.8), it follows that

< DR2|[¢1* + ChlIE" ll|¥ ],

h? min 8 ’/T|X’L/J|2
which gives, with the eigenvalue equation,
w2 min§ [ Irlxevl? < D,

This gives that
1
71zl < Cllll.
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Iterating this process gives indeed a localization at any power of r, in par-
ticular the power 4, and the result follows. We skip this iteration which
follows from similar arguments involving perhaps some commutators be-
tween r and p of the order A'=". d

Let us now consider a smooth function yp; such that ;s equals 1 away
from [—M, M] neighborhood of 0 and equals 0 on [—M/2, M/2]. We can
slightly adapt the proof of the last lemma and get the following.

LEMMA 5.8. — Let us consider n > 1. There exist hg > 0, C > 0 such
that, for all h € (0, hy) and all eigenfunctions associated with Ay, (Oph ahffN),
we have

I Op” (xar (ho) Il < ClIOPR (xar (o)) bl| + €/(h) ||

We have now everything in hand to prove a refined microlocalization of
the eigenfunctions with respect to o.

LEMMA 5.9. — There exist ho, M > 0 such that, for all h € (0, hp), and
all eigenfunctions v of Opj’ arZ " associated with A = O(h?), we have

Opy (xar (o)) = 6(h%)|[|].

Proof. — Let us write
(Opy” a5y ) = M,
and observe that
(5.9)  ((Opy ) Opy’ (xar (ho))wb, Opy (xar (ho)))
< Ch2HOng (xar(ho) H2
+[([Opr” afly, Oy (xar(ho))] 9, Oy (xar(ho))¥)]-
As we did before, we have
((Opy” asfhy) OpyY (xar(ho))w, Opy (xar(ho))y)
> e([[p" Oy (xar (ho))el|” + |5 Opy! (e (R )
— CR2[[0py! (s (o)) ||
By using the microlocalization with respect to p and r, we have
{(Opy afy) OpyY (xar(ho))ib, Opp (xar (ho))eb)
c(|[0™ O} (xar (1)) ||” + || ObY (xar (o)) ||)
— CR2|OpY (e (ho))||* + 0/(h=) 12,
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where p = Zy(po’) — B We find
((Op asffy) Opy (xar(ho)), Opy (xar(ho))v)
> o||p" Op}Y (xar (ho))e||* = CR(|ODY (xar (R || + &(h) ]
> 20l Za(0) OplY (xar (ho)y
— CR|| O (xa (ho))|* + 0(h) |||,

where we used Lemma 5.8 to control the term involving 72 in p. For M
large enough, there exists d > 0 such that

((Opr” affy) Opy’ (xar(ho))w, Opy (xar (ho))eb)
> d? || Oy (xar (ho)) || + (1) |2,
where we have used that, on the support of o — xas(fio), we have Eq(uo) >
Mh?/2 (see Section 4.4 and remember that u = h?).
Moreover, we have
[([OpR” a5y, Oy (xar(ho))]4, Opy (xar(ho))i)|
2 oo
< O ||0py,” (xar (B | + O(h%) | ]|*.
With (5.9), we deduce that

2 2 .
10D (xar (ho))||™ < Ch||Opy (xar(ho)v[|” + () |[]>.
By an induction argument, we deduce the result. O

The microlocalization established in Lemma 5.9 allows to replace Z5(h?0)
by hZs (ko) in a%ffN. The rough localization with respect to r (caused by V4)
also allows to remove the 1 in the principal symbol, and the rough micro-
localisation with respect to p to replace p by p. That is why we consider

a(;if,fN (Tv S, P, U)

N dG\(k)
= a0(r,5.,) + ol 1) 3 L psin g hcos o)
k=3 ’
R k) (0o N
s n2en(p a3 LD (psin g — peos o)
k=1 ’
+eo(p. hp)rxns . B gee(r.s)p'p”
1<+ KN

- h3Q3i7®0 (T7 S, Py :UO') - h4q4:1t7@0 (T’, S, P ,UO'),
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where
1 . ~ .
a0 = 5 (1) () (psin ¢ — Hpcos ¢)° + (pcos ¢ + hpsin ¢)*,
with
_ 2
P = Za(ho) - Bls) 5
ProrosIiTION 5.10. — For all n > 1, we have

A (0D} aifty) = A (O} asfly) + ().

5.4. Changes of semiclassical parameters

We can now focus on the new effective operator Opzv a%ffN. Firstly note
that it can be rewritten as a 1-pseudo differential operator with respect to
r, and whose symbol is

h2 hN(’r S, P, 0 )

N dG\ (k)
= h2bo(r, 8, p,0) + co(vp, VD) Z hki(u )k' (%) (psin ¢ — pcos ¢)*

k=3

+ h2co(vp, vP)rXn,1 L1 thf '©

k=1

+ hco(vp, vP)TXhA Z R g (r, 8)p" P!
1<l <N

- h?’QS,i)@O (Ta S, VP, /’LU) - h4qi®0 (7‘7 S, VP, /’[’U)a

(psin & — poos 6)*

with v = h and where

1 . ~ P
bo(r,5,,) = 5 (%) (&) (psin & — Peos 6)” + (pcos e + psin 6)*
In other words, we have the relation
(510) Opﬁ ah N — h2 Opg[,/s,a %%ﬂv %%ﬂ(sa U) = Op‘l/‘,/r,p b%f,fN

The notation v is only introduced to avoid the ambiguity when expanding
the operator in powers of A.

Secondly, by using the new semiclassical parameter ¢ = A2 with respect
to s, and we write

(5.11) Opys , BsT = Opl €f,

TOME 0 (0), FASCICULE 0



52 Frédéric HERAU & Nicolas RAYMOND

where the symbol of this operator is

cgifN (7", S, P, 0)
N Gy (k) (g,
. k=2 . .
= ¢o(r,8,p,0) + co(vp, vp) Ze 2 W(psm(b — peos o)k
k=3 :
N *) (0
. k . .
+ co(vp, vP)rxn,1 L1 Z €2 ! k'( ) (psin ¢ — pcos ¢)*
k=1 ’
~ et /
+ h2co(vp, vP)rXEA Z g2 gou(r, s)p'pt
1<+ KN
1
—e2 Qz),i,eo(r’ S,Vp,0) — aqieo (r,s,vp,0),
with
1 . . ..
0 = 5 (17%)" (€)(psind — fcos §)? + (peos ¢ + psin ¢)?,
where

5.5. A final Grushin reduction

Note that, by completing a square, we can write that

mG)"(fo)) cos (s) sin¢<s>ﬁ)2

co(r, s, p,0) = B(s) <p + (1 -

2 E(s)
" 7“2 2
+iped (2o - 5 )
with N
E(s) = @ sin? ¢(s) + cos? ¢(s).

The domain of €5 = Op‘ff/,.,p ¢, does not depend on (s, o), and it is given by
Dom(€5T) = {» € H*(R) : r*y € L*(R)}.
After, rescaling in 7, we see that the lowest eigenvalue of Opm, pCo I8
1
(555 (U) 1 2 1
bo(s,0) := K(s 2 _So=29) , K(s)=6308(s)3E(s)s.
o(os0) = Kl | B2 ) KG) = a5t (s
The function by has a unique minimum, which is non-degenerate and not

attained at infinity. We denote by w; , an associated positive normalized
eigenfunction.
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We are now interested in the eigenvalues of OpY” QﬁgffN. Let us fix § > 0
and consider z € R such that |z — min Mp| < §. Then, we consider

Qgﬂ”(sjo_) -z ‘ws,a)
b

M. .(s,0) = ( (-, w5 o) 0

and
— Q:SH(S’ U) — 2 Wsgo
mo,z(SaU) - ( <_7,ws’g> 0 .

When 4§ is small enough, Mo . : Dom(Op, ,. ,co) x C — L*(R) is bijective
with inverse given by

(€sf(s,0) — 2)~ I+ W, o
<'7ws,0'> Z_b0(8a0-> ’

Ny »(s,0) = <

where IT+ is the orthogonal projection on (span wS,U)L.
As we did with the first dimensional reduction, we can find 9; ., and
Ma » such that

OpY, » (Moo + 3Ny, +eMy ) OpY, (M. .) = 1d + O(e2).
Let us write
(‘ﬁo,z + E%ml,z + amz,z)i =z—0b(s,0) — E%bl,z(s,a) —eba ,(s,0).
We are interested in z varying in the following range
z =minby + (e? + O(e),

where ¢ € R is determined in Proposition 5.12 below. Applying again the
Grushin method, we get the following proposition.

PROPOSITION 5.11. — There exist three functions My = by, M1 and
Ms belonging to S(1) such that the following holds. Let n > 1. We have

M(OpY, L €M) = X, (M.) + O(e2), M. = Op¥, (Mo +e3 M +eMs).

€,8,0

5.6. Analysis of the ultimate effective operator

PROPOSITION 5.12. — There exists dy € R such that the following
holds. Let n > 1. We have

An (M) = My (0, 00) + £2 M1 (0, o)

+ (2n — 1)3\/det Hess(g,00) Mo + di€ + o(e).
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Proof. — Since My has a non-degenerate minimum at (0,09), we can
write

M(s,0) = Mo(0,00) + £2 M1(0,00) + Qo(s,0 — ¢)
te? (s0sM1(0,00) + (0 — 00)0sM1(0,00)) + eM2(0, 09)
+e2Qi(s,0 — 0) + O(|(s,0 — 00)[*) + O(e|(s,0 = 00)]),
where Qo = 3 Hess(g,,0) Mo = (39) > 0 and Q1 =  Hess(g 50) M.
We have
Qo(s,0 —0p) + e? (s0sM1(0,00) + (6 — 00)05 M1(0, 09))
= as® + 250, M1 (0,00) + b(o — 00)* + €2 (0 — 60)9» M1 (0, 5¢)

L O, M 2 L O, M 2
:a(s—i—&?ﬁb 12(;’00)) —i—b(a—oo—&-s?a" 1(0’00))

2b

. [ale(O,O'o)]Q n [80M1(O,0'0)]2
4a 4b '

By using the translation in the phase space

~ 1 8SM 0, 80'M O7
S =(s,0—09)+e25, SO:( 12((1 00)7 12(b (I()))7

we can write

M(s,0) = Mo(0,00) + 2 M1 (0,00) + Qo(3,5) + £2Q1(5,5)

+0(c? +|S° +¢lSP? +¢9)).
Since we are interested in the eigenvalues A such that A < My(0,00) +
e2 My (0,00) + Ce, the eigenfunctions associated with such eigenvalues are
microlocalized near (5, c) = (0,0). By implementing, for instance, a Birkhoff

normal form to deal with the remainders (see also [21]), the result follows.
O

5.7. Proof of Theorem 1.7

Our main theorem is the consequence of the succession of propositions
and relations:

e (Section 2) Proposition 2.2,
e (Section 4) Proposition 4.3, Proposition 4.6,
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e (Section 5) Proposition 5.2, Proposition 5.5, Proposition 5.10, (5.10),
(5.11), Proposition 5.11, and Proposition 5.12,
e i =ht and € = h2.
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Appendix A. Proof of Proposition 2.9

Let us use a partition of the unity with balls of radius A”. We have

Dns(¥) 2 2ns(Wy) — CRP>|Y)2, oy = x50
J
If supp¢; N 9 = (), then, by Lemma 2.4, we have
Zusw) 2 h [ Pz h [ Ol
for some constant C' > 0 independent of j, and where we used that o(0) < 1.
Consider now the j such that supp; N OQ # 0.

On s, we can use locally tubular coordinates y = (r, s,t). By using the
considerations and notation of Section 3.2.2, and by freezing the metrics,

we get
Dn5(15)
> (1-Ch?) / 1912 () (G () (—=ihV, — A)ij, (—ihV, — A)e;)dy.
0<t<d

Then, we write the Taylor approximation, on the support of Jj,
A(y) = A(y;) + dA(y;)(y —y;) +0(ly — ;).

=Al"(y)

where € is uniform with respect to j. We have V x A(y) =V x ./S(yj) +
O(|ly — y;|). Thanks to the Young inequality, we get that

(1 —Ch*) 12 5(1;)

> (1-¢) / 1912 () (G () (=AY, — AN (—ihV, — Al)g ) dy

<t<d

— n 1
ot [Pl
0<t<éd
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Then, we perform a linear change of variables y = G2 (y;)z, and we get
1 - . A liny 77 . A liny 77
|l )G ) (-ih%, R (i, — ALYy
0<t<d
- / |(=ih V. — Ay |2de,
0<t<é

where 15(z) =913 (y;)9; (G~ % (y;)2) and Al"(2) =G5 (y;) Al™(G~ 2 (y)2).
Note that the corresponding (constant) magnetic fields are related through

V. x Al = |g(y;)|T2G 3 (y;)V, x A" = [g(y;)| T2 G2 (y;)Vy, x A(y;).
Then, we notice that (see (3.4))
(l9(y;)|"2G3 (y;)V,y x A(y;),es3) = (Bj,es) = —Bl(x;) - e3.
In the same way, we get
IV x A2 = || B(z;)|| = 1.
This implies that
/ 1(=ih Y, — Ay, |12dz > hs(0(p(a;))) ;1>
0<t<d
Thus,
/ 192 (y;) (G (y;) (—ihV, — Aln)p; (—ihV, — AlM)g)dy
0<t<d
> (1) / hs(8(p(x))) 45 2de.
0<t<d
It follows that
(1= Ch*)"' 2, 5(v;)
>(1—e) / hs(0(p(2))) 1652 — Che= |y 2.
0<t<d

We choose ¢ = h~2+27 and get

Pns(;) > / hs(0(p(x))) |1, 2dz — C(REH20 4 1) ||y 2.

0<t<d

This, with the choice p = %, gives the conclusion.
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