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NON-SMOOTHABILITY FOR A CLASS OF GROUPS
OF PIECEWISE LINEAR HOMEOMORPHISMS OF

THE INTERVAL

by Michele TRIESTINO (*)

Abstract. — For a certain class of groups of piecewise linear homeomorphisms
of the interval, we prove that they admit no sufficiently regular faithful action on the
line. Building on previous work of Brum, Matte Bon, Rivas, and the author, the new
ingredient is an observation from a recent work of Hyde and Tatch Moore, which
allows to reduce the problem to the case of the circle, and then apply Herman–
Yoccoz theory.

Résumé. — Pour une certaine classe de groupes d’homéomorphismes linéaires
par morceaux de l’intervalle, on montre qu’ils n’admettent aucune action fidèle sur
la droite suffisamment régulière. En s’appuyant sur un travail précédent de Brum,
Matte Bon, Rivas, et l’auteur, le nouvel ingrédient est une observation introduite
dans un travail récent de Hyde et Tatch Moore, qui permet de ramener le problème
aux actions sur le cercle, et ensuite appliquer la théorie d’Herman–Yoccoz.

1. Introduction

The class of groups of piecewise linear (PL) homeomorphisms(1) of the
real line is a prolific source of examples of groups with striking properties.
The emblematic example is Thompson’s group F , a group admitting a
presentation with two generators and two relations, whose derived subgroup
is simple. The group F consists of all PL homeomorphisms of [0, 1] that
satisfy some arithmetic conditions. More precisely, for a given real α ∈ R,

Keywords: Group actions on the real line, locally moving groups, groups of piecewise
linear homeomorphisms, Herman–Yoccoz theory, smoothability.
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and his host department IMB receives support from the EIPHI Graduate School (ANR-
17-EURE-0002).
(1) We will always tacitly consider only orientation-preserving homeomorphisms.
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we let Fα be the group of all PL homeomorphisms of [0, 1], which are locally
of the form x 7→ αkx + b, for some k ∈ Z and b ∈ Z[α, α−1], and whose
breaks of derivatives are also in Z[α, α−1]. With this notation, we have
F = F2.

We will be interested in regularity properties of actions of groups of PL
homeomorphisms. It was first observed by Ghys and Sergiescu [10] that
the natural action of F on [0, 1] can be conjugated to an action by C∞

diffeomorphisms (this can be now deduced from the work of Kim, Koberda,
and Lodha [16], using Brin’s “2-chain lemma”). The method of Ghys and
Sergiescu can be extended to the groups Fn, where n ⩾ 3 is an integer,
but actually Fn embeds in F (see for instance Brin and Guzmán [5]). On
the other hand, groups defined by higher-rank slope groups, such as the
Brown–Thompson–Stein groups Fn1,...,nk

with k ⩾ 2, admit no faithful
action on [0, 1] of class Cr for any r > 1, as proved by Brum, Matte Bon,
Rivas, and the author in [6] (the case r = 2 was previously discussed in
the work by Bonatti, Lodha, and the author [4], and it applies to a larger
class of groups). This implies for instance that Brown–Thompson–Stein
groups do not embed in F , a result that was first obtained by Lodha [18].
Conversely, the results from [4, 6] are partially motivated by the following
conjecture.

Conjecture 1.1. — Let G ⩽ PL([0, 1]) be a finitely generated group
of PL homeomorphisms of [0, 1], whose standard action is conjugate to a
C∞ action. Then G embeds in Thompson’s group F .

No counterexample is known, even if one replaces the C∞ assumption
by C1, or conjugacy by semi-conjugacy. Surprisingly, rational (non integer)
slope Thompson groups have not been considered so far in the literature
on Thompson groups, and in such case both statements in Conjecture 1.1
are unsolved.

Question 1.2. — Take a rational r ∈ Q∖ Z, r > 1.
(1) Does the group Fr embed in F?
(2) Is the standard action of Fr conjugate to a C∞ action?

Another particular, but relevant case for which the available techniques
do not apply is given by irrational slope Thompson groups, namely the
groups G = Fα for irrational α. It was recently remarked by Hyde and
Tatch Moore [13] that such groups do not embed in F , introducing an
elementary technique that inspired our work. More precisely, the aim of
this note is to use Herman–Yoccoz theory to show that some groups of
homeomorphisms of the line cannot be semi-conjugate to groups which are
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of class Cr, for some appropriate r > 2. The main technical result will be
Theorem 3.4 below. In relation to Conjecture 1.1, we are able to obtain the
following.

Corollary 1.3. — Let α ∈ R∖Q be an irrational number of bounded
type (for instance, a quadratic irrational number). Then the group Fα

admits no faithful action on [0, 1] of class Cr, for any r > 2.
More generally, if α ∈ R satisfies a Diophantine condition Dδ (see the

definition below), then the group Fα admits no faithful action on [0, 1] of
class Cr, for any r > 2 + δ.

Results of similar spirit were obtained by Liousse in [17], were she was
considering groups of PL homeomorphisms of the circle containing elements
of irrational rotation number.

Acknowledgments

We thank Joaquín Brum, Nicolás Matte Bon, and Cristóbal Rivas for
discussions and interest around this project, and we thank the anonymous
referee for the valuable comments.

2. Herman–Yoccoz theory

Throughout the paper, given a one-dimensional manifold X, we will de-
note by Homeo0(X) the group of orientation-preserving homeomorphisms
of X, and by Diffr

0(X) the group of orientation-preserving Cr diffeomor-
phisms of X.

One of the most fundamental results in one-dimensional dynamics is the
celebrated Denjoy theorem, which states that any circle diffeomorphism of
class C2 without periodic orbits is minimal, namely every orbit is dense.
By Poincaré theory, this implies that any such diffeomorphism f is topo-
logically conjugate to an irrational rotation of the circle, whose angle is
determined by the rotation number of f , defined by

rot(f) = lim
n→∞

Fn(0)
n

(mod Z),

where F : R → R is any lift of f to a diffeomorphism of the real line. The
C2 regularity assumption is far from optimal: for instance, the conclusion of
Denjoy theorem also holds for homeomorphisms of the circle which belong

TOME 0 (0), FASCICULE 0



4 Michele TRIESTINO

to Herman’s class P [11, §VI.4], formed by all homeomorphisms of the circle
g whose left derivative D−g exists everywhere and such that logD−g is a
function of bounded variation(2) . To fix notation, we will also denote by
D+g the right derivative of a map g, and by σ(g) = D+g/D−g its jump of
derivatives.

Theorem 2.1 (Herman). — Let f ∈ Homeo0(S1) be a circle homeomor-
phism in the class P and of irrational rotation number α = rot(f). Then f
is C0 conjugate to the rotation Rα.

Here we will be interested in homeomorphisms g which are piecewise of
class Cr, for some r > 2, and whose left derivative is bounded away from
0. Such maps belong to the class P, and include all PL homeomorphisms.
The scope of Herman–Yoccoz theory is to go beyond Denjoy theorem and
determine which conditions on the regularity of f and the arithmetic nature
of the rotation number α = rot(f) guarantee a better regularity for the
maps which conjugates f to Rα. For this, recall that a real number α
satisfies a Diophantine condition Dδ if there exists a constant C > 0 such
that |qα− p| > Cq−1−δ for every p/q ∈ Q.

Example 2.2. — When α is of bounded type, namely if the terms ap-
pearing in the continued fraction expansion of α are uniformly bounded
(this happens for instance for quadratic irrational numbers, for which the
continued fraction expansion is periodic), then α satisfies the Diophantine
condition Dδ for any δ > 0.

Remark 2.3. — The Diophantine condition Dδ is preserved by the action
of PSL(2,Z) by fractional linear transformations, as such operations do not
change the tail of the continued fraction expansions.

Among the sharpest statements in Herman–Yoccoz theory, we have the
following result by Khanin and Teplinsky [14].

Theorem 2.4 (Khanin–Teplinsky). — For r > 2, let f ∈ Diffr
0(S1) be a

diffeomorphism whose rotation number satisfies the Diophantine condition
Dδ. If r > 2+δ, then f is Cr−δ−1 conjugate to the corresponding irrational
rotation.

3. Local irrational rotations

In their work [13], Hyde and Tatch Moore introduced a (semi-)conjugacy
invariant for group actions on the real line, using rotation number, which
(2) This is not Herman’s definition of class P, but the condition is equivalent, as noted
by Herman in the remark right after the definition in [11, §VI.4].

ANNALES DE L’INSTITUT FOURIER



NON-SMOOTHABILITY FOR SOME GROUPS OF PL HOMEOS 5

is the most fundamental (semi-)conjugacy invariant for circle homeomor-
phisms. Before introducing this, given non-empty open real intervals X =
(a, b) and X ′ = (a′, b′), one says that two actions ρ : G → Homeo0(X) and
ρ′ : G → Homeo0(X ′) are (positively) semi-conjugate, if there exists a non-
decreasing map φ : X → X ′, which is proper (that is, limx→a φ(x) = a′

and similarly limx→b φ(x) = b′) and such that φρ(g) = ρ′(g)φ for any
g ∈ G. We call the map φ a semi-conjugacy between ρ and ρ′. When the
semi-conjugacy is an orientation-preserving homeomorphism, one says that
ρ and ρ′ are (positively) conjugate. With this definition, semi-conjugacy is
an equivalence relation on the space of actions ρ : G → Homeo0(R) of G
on the line. Given two circles C and C ′, we say that two actions ρ : G →
Homeo0(C) and ρ′ : G → Homeo0(C ′) of a group G are (semi-)conjugate, if
one can lift ρ and ρ′ to (semi-)conjugate actions on their universal covers of
the associated cyclic central extension of G. In such case, a map φ̃ realizing
the semi-conjugacy is equivariant with respect to the monodromy actions
of Z, and thus defines a map φ : C → C ′ such that φρ(g) = ρ′(g)φ for
every g ∈ G. We call the map φ a semi-conjugacy between ρ and ρ′.

Assume that X and X ′ are one-manifolds, ρ : G → Homeo0(X) and
ρ′ : G → Homeo0(X ′) are semi-conjugate actions of a group G, with the
action ρ′ being minimal. Let φ be a semi-conjugacy for the actions. Then,
minimality of ρ′ ensures that φ is surjective, and thus continuous. It follows
that the subset

U = {x′ ∈ X ′ : φ−1(x′) is a singleton}

is ρ′(G)-invariant and its complement is at most countable. We will call U
the set of bi-univocality of the semi-conjugacy φ.

A result of Ghys [9] says that the semi-conjugacy class of an action of a
group G on the circle is completely determined by the so-called bounded
Euler class, which can be computed in terms of rotation numbers of the
elements (more precisely, in terms of translation numbers). In contrast,
no reasonable complete invariant is available for semi-conjugacy classes of
actions on the real line (see the discussion in [6]), but the invariant defined
by Hyde and Tatch Moore seems to be quite powerful, for some specific
classes of groups. Let us explain the general idea. Given a subgroup G ⩽
Homeo0(R), one can consider all the piecewise continuous maps T : I → I

which are locally defined by elements of G, and where I ⊂ R is an arbitrary
closed interval. More precisely, we require that there exist a decomposition
I = I1 ∪ · · · ∪ In of the interval into n adjacent subintervals with pairwise
disjoint interior, and elements g1, . . . , gn ∈ G such that gi(Ii) ⊂ I for any
i ∈ {1, . . . , n}, and such that T (x) = gi(x) for any x ∈ Int(Ii). The basic,

TOME 0 (0), FASCICULE 0



6 Michele TRIESTINO

but fundamental observation, is that any (semi-)conjugacy of the action of
G induces a piecewise continuous map T̃ which is (semi-)conjugate to T .

Remark 3.1. — Actually, Hyde and Tatch Moore were only considering
maps T which induce a circle homeomorphism (after identifying the end-
points of I), but it can be interesting, although we have not yet found
significant applications, to look at more general locally defined transforma-
tions T , such as generalized interval exchange maps of I, or doubling maps
of the circle obtained by identifying the endpoints of I. For instance, re-
sults from [3, 12] allow to describe the dynamics of affine interval exchange
transformations locally defined by elements of Thompson’s group F , and
for certain generalized interval exchange maps some Herman–Yoccoz theory
has been developed by Ghazouani and Ulcigrai [8].

Here, as in [13], we will be only interested in the case of local irrational
rotations.

Definition 3.2. — For X = (a, b), let G ⩽ Homeo0(X) be a subgroup.
A local rotation of angle α in the group G consists of a point y ∈ X and a
pair of elements f, g ∈ G with the following properties:

(1) g(y) =: x < y < z := f(y);
(2) gf(y) = fg(y);
(3) there exists ε > 0 such that Df(t) = 1 for every t ∈ (x − ε, y + ε)

and Dg(t) = 1 for every t ∈ (y − ε, z + ε);

(4) fg(y) − x

z − x
= α (mod Z).

We denote by (y; f, g) the local rotation.

Remark 3.3. — In other terms, the pair (f, g) defines an interval ex-
change transformation T of the interval [x, z] which is affinely conjugate
to the rotation of angle α on R/Z (although the third condition is slightly
stronger).

This is our main technical result.

Theorem 3.4. — For X = (a, b), let G ⩽ Homeo0(X) be a subgroup
with the following properties:

(1) the action of G on X is minimal;
(2) G contains a local rotation (y; f, g) of Diophantine angle α ∈ Dδ;
(3) G contains an element h with two fixed points in (x, z), at which it

is not differentiable.
Then, for any r > 2 + δ, the standard action of G is not semi-conjugate to
any Cr action on R.

ANNALES DE L’INSTITUT FOURIER



NON-SMOOTHABILITY FOR SOME GROUPS OF PL HOMEOS 7

Proof. — Assume by contradiction there exists ρ̃ : G → Diffr
0(R) which

is semi-conjugate to the standard action ρ0 of G. We first claim that ρ̃
has to be conjugate to ρ0. Indeed, as we are assuming that the action of
G is minimal, any semi-conjugacy must be realized by a continuous non-
decreasing map φ : R → X, such that φρ̃ = ρ0φ. Write I = [x, z] and
consider the interval Ĩ := φ−1(I). We also write f̃ = ρ̃(f) and g̃ = ρ̃(g).
Because of condition (3) for a local rotation, up to replace the point y by a
nearby point y′ ∈ (y − ε, y + ε), we can assume that φ−1(y) is a singleton,
namely, we can assume that y belongs to U , the set of bi-univocality of φ
(which is dense). Moreover, as U is ρ0(G) invariant, this ensures that the
points x̃ = φ−1(x) and z̃ = φ−1(z) are well-defined, and we have Ĩ = [x̃, z̃].
Write ỹ = φ−1(y), then the map T̃ : Ĩ → Ĩ, defined by

T̃ (t) =
{
f̃(t) if t ∈ [x̃, ỹ],
g̃(t) if t ∈ (ỹ, z̃],

induces a homeomorphism of the circle obtained by identifying the end-
points of Ĩ, and it is semi-conjugate (by the composition of φ with the
affine map coming from Remark 3.3) to the rotation of angle α. Keep de-
noting such homeomorphism by T̃ , and remark that T̃ is piecewise of class
Cr, with possible breaks at x̃ ∼ z̃ and ỹ, at which D−T̃ is bounded away
from 0. After Denjoy theorem for the class P, the semi-conjugacy induced
by φ must be a conjugacy. By minimality of ρ0, we deduce that the whole
map φ : R → X must define a conjugacy between ρ̃ and ρ0.

We want to apply Herman–Yoccoz theory to deduce that φ must be of
class Cr−δ−1. However, the possible two breaks of T̃ do not allow us to use
Theorem 2.4 directly. Note that the breakpoints x̃ and ỹ satisfy T̃ (ỹ) =
x̃, so they belong to the same T̃ -orbit. Circle maps whose breakpoints
belong to the same orbit have been studied by several authors. For the
interested reader, we suggest the relatively recent work of Khanin and Kocić
in [15]. For our purposes, we will use a result by Adouani and Marzougui [1,
Theorem 2.1], extending previous work of Dzhalilov and Liousse [7]. We
detail this.

The piecewise Cr circle homeomorphism T̃ has {ỹ, T̃ (ỹ)} as only possible
breakpoints. In such elementary case, the definition of condition Dr by
Adouani and Marzougui [1, Définition 1.7], means that T̃ 2 is of class C⌊r⌋

at ỹ. To check this, observe that T̃ 2 = f̃ g̃ on some small right neighborhood
of ỹ, and T̃ 2 = g̃f̃ on some small left neighborhood of ỹ. By condition (3)
in the definition of a local rotation, these compositions coincide on some
small neighborhood of ỹ: we have fg = gf on a neighborhood of y, so after

TOME 0 (0), FASCICULE 0



8 Michele TRIESTINO

conjugation, the same holds for f̃ and g̃ on a neighborhood of ỹ. As the
maps f̃ and g̃ are Cr at ỹ, so is T̃ 2.

Using [1, Theorem 2.1] (and its proof, see also the proof of [15, Corol-
lary 1.2]), we get that T̃ is conjugate to a Cr circle diffeomorphism by a
homeomorphism which is piecewise Cr and has one break. In particular,
after Theorem 2.4, it is conjugate to the corresponding irrational rotation
by a map which is piecewise C1 and has one break (see Lemma A.1 for a
direct proof in the C2+τ case). Note that φ−1 and ψ differ of a rotation in
restriction to [x, z], so φ−1 has the same regularity as ψ. Now, taking the
element h from the statement, we deduce that the conjugate φ−1hφ has a
discontinuity point for the derivative on the interval (x̃, z̃). □

4. Irrational slope Thompson groups

Here we apply Theorem 3.4 to show that the irrational slope Thompson
groups Fα with Diophantine α ∈ Dδ, do not admit Cr faithful actions, for
any sufficiently large r > 2 (Corollary 1.3).

We first show that Fα contains local rotations of Diophantine angle. Our
original construction was erroneous, and we thank the referee for fixing it.
We first need a basic result from the monograph of Bieri and Strebel [2,
Theorem A4.1]. To state it, given a multiplicative subgroup Λ ⩽ (0,+∞),
we write A = Z[Λ] for its group ring, and

IΛ ·A := ⟨(λ− 1)a : λ ∈ Λ, a ∈ A⟩,

seen as Z[Λ]-submodule of A. We denote by G(R;A,Λ) the Bieri–Strebel
group of all PL homeomorphisms of R with slopes in Λ and breakpoints
in A.

Theorem 4.1 (Bieri–Strebel). — Let Λ ⩽ (0,+∞) be a multiplicative
subgroup, and set A = Z[Λ]. Let a, a′, c and c′ be points in A with a < c

and a′ < c′. Then, there exists an element f ∈ G(R;A,Λ) mapping [a, c]
onto [a′, c′] if and only if

c′ − a′ ≡ c− a (mod IΛ ·A).

Note that when Λ = ⟨α⟩, we have A=Z[α, α−1] and IΛ·A= (α−1)A. Note
that when α = 1+

√
5

2 is the golden ratio, we have IΛ ·A = A, and thus there
is no obstruction to find PL homeomorphisms as in the statement above.
In general, there are obstructions, and our construction of local rotation
will be slightly more involved than the one appearing in [13, Section 7] in
the case of the golden ratio.

ANNALES DE L’INSTITUT FOURIER
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Lemma 4.2. — For any α > 1 satisfying a Diophantine condition Dδ,
the group Fα contains a local rotation of angle β satisfying the same Dio-
phantine condition Dδ.

Proof. — We write A = Z[α, α−1]. To start with, take any point y ∈
(0, 1) ∩A and constants β1, β2 ∈ (α− 1)A such that

0 < y − β2 < y < y + β1 < 1.

Note that this forces the conditions 0 < β1 + β2 < 1 and β1, β2 > 0. Set
x := y − β2 and z := y + β1, and take ε > 0, with ε ∈ A, such that
0 < x − ε and z + ε < 1. Take the four points a = 0, c = x − ε, and
a′ = 0, c′ = x− ε+ β1, and note that

(c′ − a′) − (c− a) = c′ − c = β1 ∈ (α− 1)A.

Therefore, after Theorem 4.1, there exists a PL homeomorphism f1 ∈
G(R; ⟨α⟩, A) sending [0, x− ε] onto [0, x− ε+ β1]. Similarly, working with
the four points a = y + ε, c = 1 and a′ = y + ε + β1, c

′ = 1, we can find a
PL homeomorphism f2 ∈ G(R; ⟨α⟩, A) sending [y+ε, 1] onto [y+ ε+β1, 1].
Then, the map f : [0, 1] → [0, 1] defined by

f(t) =


f1(t) if t ∈ [0, x− ε],
t+ β1 if t ∈ (x− ε, y + ε),
f2(t) if t ∈ [y + ε, 1]

gives an element of Fα such that f(t) = t+ β1 for every t ∈ (x− ε, y + ε).
By an analogous argument, the condition β2 ∈ (α − 1)A allows to find an
element g ∈ Fα such that g(t) = t− β2 for every t ∈ (y − ε, z + ε).

With such choices, we have
fg(y) − x

z − x
= β1

β1 + β2
,

so we have found a local rotation (y; f, g) of angle β := β1
β1+β2

in Fα. We
need to argue that we can choose β1 and β2 such that β satisfies the same
Diophantine condition Dδ as α. Note that if β ∈ Dδ, then β−1 − 1 = β2/β1
also satisfies the condition Dδ (see Remark 2.3). As we are assuming α > 1,
we can find k ∈ N such that

0 < y − (α− 1)α−k < y < y + (α− 1)α−k−1 < 1.

Then the numbers β2 = (α−1)α−k and β1 = (α−1)α−k−1 are in (α−1)A,
and thus satisfy all the requirements for our construction. Moreover, we
have β2/β1 = α ∈ Dδ, so that β = 1

1+α ∈ Dδ, as desired. □

TOME 0 (0), FASCICULE 0
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Now, after Theorem 3.4, we need to see that any Cr faithful action on
[0, 1] is semi-conjugate to the standard one. We proved this in our previous
work in collaboration with Brum, Matte Bon, and Rivas [6, Corollary 6.11]:

Theorem 4.3. — For X = (a, b), let G ⩽ Homeo0(X) be locally moving
with independent groups of germs at the endpoints. Then, for every faithful
action ρ : G → Diff1

0([0, 1]) without fixed points in (0, 1), we have that the
restriction of the action ρ to (0, 1) is semi-conjugate to the standard action
on X.

The condition of being locally moving means that for any open subinter-
val I ⊂ X, the subgroup GI of elements of G fixing the complement X ∖ I

pointwise, acts on I without fixed points. The condition of having inde-
pendent groups of germs, in the context of the groups Fα, means that Fα

contains elements f, g ∈ Fα such that Df(0) = α, Dg(1) = α, and whose
supports are disjoint. Both conditions are clearly satisfied in the groups
Fα. We finally deduce Corollary 1.3.

Appendix A. Direct computation

In the proof of our main technical result (Theorem 3.4), we have used a
criterion by Adouani and Marzougui in [1], for general piecewise Cr home-
omorphisms to be conjugate to an irrational rotation. As the general com-
putation involves Faà di Bruno’s formulæ, it may be hard to digest for a
non-specialist reader. In the case of low regularity (r < 4), one can alter-
natively use the cocycle properties of the non-linearity and the Schwarzian
derivative, to give a quite clean proof. We detail this in the case of low
regularity (r < 3).

Lemma A.1. — With notation as in the proof of Theorem 3.4, consider
any diffeomorphism ϕ ∈ Diff∞

0 ([x̃, z̃]) satisfying the following properties:
• σ(ϕ)(x̃) = D+ϕ(x̃)/D−ϕ(z̃) = σ(T̃ )(x̃),
• ϕ(ỹ) = ỹ.

Then ϕT̃ϕ−1 is of class C2. Moreover, if the maps f̃ and g̃ are of class
C2+τ , with τ ∈ (0, 1], and ϕ satisfies

(A.1) D−T̃ (ỹ)D− logD−ϕ(x̃) −D+T̃ (ỹ)D+ logD+ϕ(x̃)

= D−T̃ (ỹ)D− logD−T̃ (x̃) −D+T̃ (ỹ)D+ logD+T̃ (x̃),

then ϕT̃ϕ−1 is of class C2+τ .

ANNALES DE L’INSTITUT FOURIER
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Proof. — We first prove that ϕT̃ϕ−1 is of class C1. By the chain rule,
we have

D±(ϕT̃ϕ−1) ◦ ϕ = D±ϕ ◦ T̃
D±ϕ

D±T̃ .

As DT̃ is continuous at every t /∈ {x̃, ỹ}, and Dϕ is continuous at every
t ̸= x̃, we have that D(ϕT̃ϕ−1) is continuous at every t /∈ {ϕ(x̃), ϕ(ỹ)} =
{x̃, ỹ}. For t = x̃, we have

σ(ϕT̃ϕ−1)(x̃) = σ(ϕT̃ϕ−1)(ϕ(x̃)) = σ(ϕ)(T̃ (x̃))
σ(ϕ)(x̃) σ(T̃ )(x̃)

= 1
σ(ϕ)(x̃)σ(T̃ )(x̃) = 1.

For t = ỹ, we have

(A.2) σ(ϕT̃ϕ−1)(ỹ) = σ(ϕT̃ϕ−1)(ϕ(ỹ)) = σ(ϕ)(T̃ (ỹ))
σ(ϕ)(ỹ) σ(T̃ )(ỹ)

= σ(ϕ)(x̃) · σ(T̃ )(ỹ) = σ(T̃ )(x̃) · σ(T̃ )(ỹ).

Remark that condition (3) for a local rotation guarantees that the jump of
DT̃ at ỹ is the inverse of the jump of DT̃ at x̃ ∼ z̃. Indeed, we have

σ(T̃ )(x̃) = D+f̃(g̃(ỹ))/D−g̃(f̃(ỹ)),

whereas
σ(T̃ )(ỹ) = D+g̃(ỹ)/D−f̃(ỹ),

so that

(A.3) σ(T̃ )(x̃) · σ(T̃ )(ỹ) = D+f̃(g̃(ỹ))
D−g̃(f̃(ỹ))

· D+g̃(ỹ)
D−f̃(ỹ)

= D+(f̃ g̃)(ỹ)
D−(g̃f̃)(ỹ)

= 1.

Note that the last equality holds because of condition (3) in the definition
of a local rotation, which says that fg = gf on a neighborhood of y,
so after conjugation, the same holds for f̃ and g̃ on a neighborhood of
ỹ. Combining (A.3) with (A.2), we deduce that σ(ϕT̃ϕ−1)(ỹ) = 1. This
proves that ϕT̃ϕ−1 is of class C1. We next want to prove that ϕT̃ϕ−1 is
of class C2, and for this we will show that the nonlinearity N (ϕT̃ϕ−1) is
continuous. Recall that for a map h of class C2, the nonlinearity is defined
by N (h) = D logDh = D2h

Dh , and it satisfies the cocycle relation

(A.4) N (h1h2) = N (h1) ◦ h2 ·Dh2 + N (h2).

For the verifications below, we will write N±(h) =D± logD±h; it is straight-
forward to check that they still satisfy the cocycle relation (A.4). Using this,
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we have

N±(ϕT̃ϕ−1) ◦ ϕ = 1
D±ϕ

(
N±(ϕ) ◦ T̃ ·D±T̃ + N±(T̃ ) − N±(ϕ)

)
.

As for the first derivative, we thus have that N (ϕT̃ϕ−1) is continuous at ev-
ery t /∈ {x̃, ỹ}. Continuity at the points x̃ and ỹ are equivalent, respectively,
to the equations

σ(T̃ )(ỹ)
(

N (ϕ)(T̃ (x̃))D+T̃ (x̃) + N+(T̃ )(x̃) − N+(ϕ)(x̃)
)

= N (ϕ)(T̃ (x̃))D−T̃ (x̃) + N−(T̃ )(x̃) − N−(ϕ)(x̃)

and

N+(ϕ)(x̃)D+T̃ (ỹ) + N+(T̃ )(ỹ) − N (ϕ)(ỹ)

= N−(ϕ)(x̃)D−T̃ (ỹ) + N−(T̃ )(ỹ) − N (ϕ)(ỹ).

Using that σ(T̃ )(ỹ)D+T̃ (x̃) = D−T̃ (x̃) (because of (A.3)), the two equa-
tions are reduced to the linear system in the variables N− := N−(ϕ)(x̃)
and N+ := N+(ϕ)(x̃):D−T̃ (ỹ)N− −D+T̃ (ỹ)N+ = D−T̃ (ỹ)N−(T̃ )(x̃) −D+T̃ (ỹ)N+(T̃ )(x̃),

D−T̃ (ỹ)N− −D+T̃ (ỹ)N+ = −N−(T̃ )(ỹ) + N+(T̃ )(ỹ).

Because of condition (A.1), the system has a solution if and only if

D−T̃ (ỹ)N−(T̃ )(x̃) −D+T̃ (ỹ)N+(T̃ )(x̃) = −N−(T̃ )(ỹ) + N+(T̃ )(ỹ).

Using the cocycle relation (A.4), this is equivalent to

N−(T̃ 2)(ỹ) = N+(T̃ 2)(ỹ).

In turns, this corresponds to the condition

N−(g̃f̃)(ỹ) = N+(f̃ g̃)(ỹ),

which holds because of condition (3) in the definition of a local rotation,
which says that fg = gf on a neighborhood of y.

The last statement is a direct consequence of the fact that a continu-
ous function which is piecewise τ -Hölder continuous is globally τ -Hölder
continuous. □
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