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ORTHOGONAL POLYNOMIALS WITH PERIODICALLY
MODULATED RECURRENCE COEFFICIENTS IN THE
JORDAN BLOCK CASE

by Grzegorz SWIDERSKI & Bartosz TROJAN (*)

ABSTRACT. — We study orthogonal polynomials with periodically modulated
recurrence coefficients when 0 lies on the hard edge of the spectrum of the corre-
sponding periodic Jacobi matrix. In particular, we show that their orthogonality
measure is purely absolutely continuous on a real half-line and purely discrete on
its complement. Additionally, we provide the constructive formula for the density
in terms of Turdn determinants. Moreover, we determine the exact asymptotic
behavior of the orthogonal polynomials. Finally, we study scaling limits of the
Christoffel-Darboux kernel.

RESUME. Nous étudions des polynomes orthogonaux avec coefficients de ré-
currence périodiquement modulés, lorsque 0 est une véritable extrémité du spectre
de la matrice de Jacobi périodique correspondante. En particulier, nous montrons
que leur mesure d’orthogonalité est purement absolument continue sur une demi-
droite réelle et purement discréte sur son complémentaire. De plus, nous fournis-
sons une formule constructive pour la densité, en termes de déterminants de Turan.
Nous déterminons aussi le comportement asymptotique exact des polyndémes ortho-
gonaux. Enfin, nous étudions les limites d’échelle du noyau de Christoffel-Darboux.

1. Introduction

Let u be a probability measure on the real line with infinite support such
that for every n € Ny,

the moments / 2" du(z) are finite.
R
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Let us denote by L?(R, i) the Hilbert space of square-integrable functions
equipped with the scalar product

(f.9) = / F(2)a(@) du(z).

By performing on the sequence of monomials (2™ : n € Np) the Gram—
Schmidt orthogonalization process one obtains the sequence of polynomials
(pn : m € Np) satisfying

(1'1) <pn7pm> = Onm

where d,,,, is the Kronecker delta. Moreover, (p, : n € Ny) satisfies the

following recurrence relation
Tr — bo
xTr) = 17 Tr) = )
(1.2) po(7) p1(z) o

J?pn(l‘) = anpn-‘rl(x) + bnpn(x) + an—lpn—l(m)7 n 2 1

where

an = (TPn;Pnt1)s  bn = (@Pn,pp), 1= 0.
Notice that for every n, a, > 0 and b,, € R. The pair (a,, : n € Ny) and
(bp, : m € Ny) is called the Jacobi parameters. Another central object of
this article is the Christoffe]l-Darboux kernel K,, which is defined as

(1.3) Kn(z,y) = ij(w)pj(y)-

The classical topic in analysis is studying the asymptotic behavior of or-
thogonal polynomials (p,, : n € Ng) which often leads to computing the
asymptotics of the Christoffel-Darboux kernel. To motivate the interest in
the Christoffel-Darboux kernel see surveys [35] and [53].

When the starting point is the measure p there is a rather good un-
derstanding of both orthogonal polynomials and the Christoffel-Darboux
kernel. In particular, for the measures with compact support, see e.g. [30,
34, 65, 70, 72]; for the measures with the support being the whole real line,
see e.g. [10, 33]; for the measures with the support being a half-line, see
e.g. [3, 6, 7, 68, 69]; and for discrete measures, see e.g. the monograph [67].

Instead of taking the measure p as the starting point one can con-
sider polynomials (p, : n € Np) satisfying the three-term recurrence re-
lation (1.2) for a given sequences (a, : n € Ny) and (b, : n € Nyp) such
that a,, > 0 and b,, € R. In view of the Favard’s theorem (see, e.g. [4, The-
orem II.3.1]), there is a probability measure v such that (p, : n € Ny) is
orthonormal in L?(R, ). The measure v is unique, if and only if there is ex-
actly one measure with the same moments as v. In such a case the measure

ANNALES DE L’INSTITUT FOURIER



ORTHOGONAL POLYNOMIALS IN JORDAN BLOCK CASE 3

v is called determinate and will be denoted by p. A sufficient condition for
the determinacy of v is given by the Carleman’s condition, that is

(1.4) > o=

n=0
(see, e.g. [50, Corollary 6.19]). Let us recall that the orthogonality measure
has compact support, if and only if the Jacobi parameters are bounded,
namely

(1.5) sup a, < oo and sup |b,| < oco.
neNy n€Ny

The corresponding theory is very well developed. In particular it covers
the cases of constant, periodic, or almost periodic Jacobi parameters and
compact perturbations thereof, see, e.g. [5, 8, 28, 48]. However, to the best
of the authors’ knowledge, the most techniques used in the bounded case,
compare the recent monograph [54], cannot be adapted when Jacobi pa-
rameters are unbounded, that is when the condition (1.5) is violated.

In this article we are exclusively interested in unbounded Jacobi param-
eters that belong to the class of periodically modulated sequences. This
class was introduced in [25], and it is systematically studied since then. To
be precise, let NV be a positive integer. We say that the Jacobi parameters
(an :n € Ng) and (b, : n € Ny) are N-periodically modulated if there are
two N-periodic sequences (ay, : n € Z) and (5, : n € Z) of positive and
real numbers, respectively, such that

(a) lim a, = oo,

n— oo
(b) lim |Zn=l _ Zn=li_ g,
n—oo | @ any,
bn
() Tim |2 _Prl_y
n—o0 | @, an,

It turns out that the properties of the measure p corresponding to IN-
periodically modulated Jacobi parameters depend on the matrix Xq(0)
where

N-1 0 1
(1.6) Xo(z) = H (_ @j-1 o:—ﬂj) :

j:() [0} Q
More specifically, one can distinguish four cases:

(I) if |tr X9(0)| < 2, then, under some regularity assumptions on Jacobi
parameters, the measure p is purely absolutely continuous on R
with positive continuous density, see [23, 25, 56, 58, 59];

(IT) if |tr Xo(0)| = 2, then we have two subcases:

TOME 0 (0), FASCICULE 0



4 Grzegorz SWIDERSKI & Bartosz TROJAN

(a) if X((0) is diagonalizable, then, under some regularity assump-
tions on Jacobi parameters, there is a compact interval I C R
such that the measure p is purely absolutely continuous on R\ [
with positive continuous density and it is purely discrete in the
interior of I, see [11, 12, 13, 15, 16, 21, 22, 27, 49, 56, 57, 63];

(b) if X¢(0) is not diagonalizable, then only certain examples have
been studied, see [9, 14, 24, 26, 40, 41, 41, 42, 43, 44, 47, 55, 71].
Then usually the measure pu is purely absolutely continuous on
a real half-line and discrete on its complement;

(III) if |tr Xo(0)| > 2, then, under some regularity assumptions on Ja-
cobi parameters, the measure u is purely discrete with the support
having no finite accumulation points, see [18, 25, 63, 64];

One can describe these four cases geometrically. Specifically, we have

(trX0) 71 ((—2,2)) = U I

where I; are disjoint open non-empty bounded intervals whose closures
might touch each other. Let us denote

(17) I] - (x2j—17x2j) (J = 1727' .. 7N)7

where the sequence (zy : & = 1,2,...,2N) is increasing. Then we are in
the case (I) if 0 belongs to some interval (1.7), in the case (IIa) if 0 lies
on the boundary of exactly two intervals, in the case (IIb) if 0 lies on the
boundary of exactly one interval and in (III) in the remaining cases. An
example for N = 4 is presented in Figure 1.1.

T T I3 Ty = Ty Te X7 g

Figure 1.1. An example for N = 4. If 0 = x4, then we are in the
case (Ila), while 0 € {x1,z9,23,%¢,27,28} corresponds to the
case (IIb).

In this article we focus on the case (IIb). Since nowadays there is a rather
good understanding of the remaining cases, our results complete the study
of the basic properties of periodic modulations.

Before we go any further let us recall a few definitions. We say that a
sequence of real numbers (z,, : n € N) belongs to DY, if

oo

Z [Tt N — Tn| < 00.

n=1

ANNALES DE L’INSTITUT FOURIER



ORTHOGONAL POLYNOMIALS IN JORDAN BLOCK CASE 5

If N =1 we usually drop the superscript from the notation. For a matrix

T11 T1,2
X — ) ’
T2l T22
we set [X]; ; = x; ;. Let

| {smm a4 0
sinc(x) = x

1 otherwise.

In our first result we identify the location of the discrete part of the measure
1, see Theorem 4.1 for the proof.

THEOREM A. — Suppose that Jacobi parameters (a, : n € Ny) and
(b, : n € Ny) are N-periodically modulated and such that Xy(0) is not
diagonalizable. Assume further that

Q1 Bn 1 N
anan_1:n€N>,(anbn:n€N),< :neN) eD;.
Van

n n an

Then there is an explicit polynomial T of degree 1 (see (3.1)) such that the
measure p restricted to

Ay =771((0,00)),
is purely discrete. More precisely™™) , (supp p)’ N Ay = 0.

In the next theorem we study convergence of N-shifted Turan determi-
nants. We prove that they are related to the density of the measure p. In
this manner, we constructively prove that u is absolutely continuous on the
set

A =771((-00,0)).
Let us recall that N-shifted Turdn determinant is defined as
() = det <p"+N-1(x) p"—l(”“”)>
Poin(z)  palT)

= pn(T)pntN-1(2) — Pr—1(2)Pnsn(2).
The approach to proving absolute continuity of the measure p with compact
support by means of Turdn determinants has been started in [45] and later
developed in [17, 37, 39], see also the survey [46]. In [56, 57, 59] an extension

to measures with unbounded support has been accomplished. For the proof
of the following theorem see Theorems 5.1 and 7.4.

M For a set X C R by X’ we denote the set of its accumulation points.

TOME 0 (0), FASCICULE 0



6 Grzegorz SWIDERSKI & Bartosz TROJAN

THEOREM B. — Suppose that the hypotheses of Theorem A is satisfied.
Let i € {0,1,...,N — 1}. Then the limit
(1.8) gi(x) = ,}H{}o n+N 1‘@ ‘
n=i mod N
exists for any x € A_, and defines a continuous positive function. Moreover,
the convergence is locally uniform. If

(1.9) nhﬁn;(} (an+N — an) =0,

then the measure yu is purely absolutely continuous on A_ with the density
1|7 (z)|
mgi(x)
Let us note that the exponent of a,y—1 in front of the Turan determi-

nant in (1.8) equals 2. In the cases (I) and (Ila) the exponent equals 1 and

2, respectively (see [59, Theorem B] and [57, Theorem DJ).
However, there are classical orthogonal polynomials with Jacobi param-

(1.10) W o(z) = , xEAN_.

eters which do not satisfy (1.9), for example, the sequence of Laguerre
polynomials for which

an=+Mm+1)(n+1+X), b,=2n+1+X
where A > —1, thus

lim (ap41 —an) = 1.

n—o00
Let us mention that in the sequel [62] we show extensions of Theorems A
and B for a larger class of Jacobi parameters without condition (1.9) cov-
ering the example above.

We also study asymptotic behavior of the orthogonal polynomials in the

form similar to [17, 38, 59, 60], see also the survey [66]. For the proof of
the next theorem see Theorem 7.6.

THEOREM C. — Suppose that the hypotheses of Theorem A and (1.9)
are satisfied. Let i € {0,1,..., N — 1}. Then for any compact set K C A_,
there are a continuous real-valued function x and jo > 1 such that for all
.j > j07

(1.11)  agryn+i-1Pin+i(T)

) \/w’x[;(# Z et | ox(

where 0, : K — (0,7) are certain continuous functions, and ok (1) tends
to 0 uniformly on K.

ANNALES DE L’INSTITUT FOURIER
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Let us note that in (1.11) the exponent of a(j;1)n4i—1 equals % and
it is different than in the cases (I) and (Ila) where it equals 1 (see [59,
Theorem C] and [60, Theorem C]J).

Finally, we prove scaling limits of the Christoffel-Darboux kernel in the
form analogous to [60, 61].

THEOREM D. — Under the hypotheses of Theorem C we have

v(x)
p ()

locally uniformly with respect to (x,u,v) € A_ x R? where

[t X5(0)] )I
n = and =
g Z\/ od via) 27N /[r(x)

For the proof of Theorem D, see Theorem 8.3. The definition of p,, reflects

1
(1.12) lim —Kn(x+ X oag i) _
Pn

i o sinc ((u — v)mv(z))

the unusual asymptotic behavior of the orthogonal polynomials. Indeed, in
the cases (I) and (ITa) we have

(see, [61, Theorem C] and [60, Theorem D]). Let us note that the definitions
of v are different in all of the three cases.

The study of sequences of the form (1.12) originates in Random Matrix
Theory. They describes local fluctuations of eigenvalues of large random
Hermitian matrices whose distribution is invariant under unitary trans-
formations (the so-called unitary invariant ensembles), see e.g. the recent
monograph [1] and the survey [35] for more details. In fact, the natu-
ral framework of the limits (1.12) is the subclass of determinantal point
processes, called orthogonal polynomial ensembles, which contains many
models considered in physics, statistical mechanics, probability theory and
combinatorics, see the survey [29] for more details. For such processes the
correlation functions can be expressed in terms of determinants of the
Christoffel-Darboux kernels. Then the limits (1.12) imply that around any
point € A_ the fluctuations at the scale p, are weakly convergent to
the sine process, see e.g. [51, Proposition 3.10]. Let us mention that we
can apply Theorem D to measures studied in [68] using Riemann—Hilbert
techniques, which results in the new and previously non-considered regime,
namely when z stays in a compact subset of (0, 00).

Apart from the application to Random Matrix Theory, we can present a
standard consequence of Theorem D that is description of the spacing of

TOME 0 (0), FASCICULE 0
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zeros of orthogonal polynomials. To be more precise, for any xy € supp(u)
(n)

let us denote by x; (o) the zeros of p, labeled so that

e < x(_nl)(:co) <zp < l'én)(xo) < x(ln)(ajo) <

Then Freud—-Levin theorem (see [32] and [53, Theorem 23.1]) stems
that (1.12) implies that for any x9p € A_ and any j € Z we have the
following spacing of zeros

lim p, (;vgj_)l(mo) - xgn)(xo)) =

n—00

1
v(zo)
Observe that the limit does not involve the value of 1/ at all.

Next, let us briefly describe a class of bounded Jacobi parameters which
is closely related to periodically modulated Jacobi parameters considered in
this article. Let IV be a positive integer. We say that the Jacobi parameters
(an :n € Ng) and (b, : n € Ng) are N-asymptotically periodic if there are
two N-periodic sequences (ay, : n € Np) and (B, : n € Ng) of positive and
real numbers, respectively, such that

(1.13) lim |ap, —a,| =0 and lim |b, — B,| =0.
n— oo n— oo

A brief description of the current state of the art for the class of asymp-
totically periodic Jacobi parameters can be found in [59, Section 7.1]. In
particular, we always have (supp ) = (tr Xo)~'([~2,2]) where X, is the
matrix defined in (1.6). Moreover, we can distinguish three subsets of the
real line:

(1) (trXo)~'((—2,2)): Under some regularity assumptions on Jacobi
parameters, e.g. (a, : n € Ng), (b, : n € Ny) € DY, the measure p
is absolutely continuous with positive density on this set, see [17,
Theorem 6];
(2) (trXo)~'({—2,2}): The set contains at most 2N points. In fact,
this set is not sufficiently well-understood, see e.g. [36];
(3) R\ (tr Xo)~*([—2,2]): The measure y restricted to this set is always
discrete.
Observe that (1), (2) and (3) is an analogue of (I), (II) and (III), respec-
tively. However, there is one crucial difference: for periodic modulations
everything depends only on the properties of X((0) whereas for asymptot-
ically periodic case all of the sets (1)—(3) are always present. The proof of
discreteness of 1 in the set (3) is an easy consequence of the Weyl perturba-
tion theorem applied to the associated Jacobi matrix and it uses (1.13) only.
In comparison, for unbounded Jacobi parameters usually it is not possible
to use this technique, see [31]. Instead to prove discreteness of the measure

ANNALES DE L’INSTITUT FOURIER



ORTHOGONAL POLYNOMIALS IN JORDAN BLOCK CASE 9

1 one uses the asymptotic analysis, see [63]. We implement this idea in the
proof of Theorem A. The analogues of Theorems B and C in the set (1)
are proven in [17] by means of discrete Green functions. Recently, in [59]
we found an alternative approach based on diagonalization of transfer ma-
trices. We extend this idea in Theorems B and C. Finally, the analogue
of Theorem D in the set (1) has been proven in [65, Theorem 2.2] with a
help of logarithmic potential theory. Since this technique is not available
for unbounded Jacobi parameters, in [60, 61] we took a different approach
exploiting asymptotics of orthogonal polynomials. In Theorem D we adapt
this idea to the current setup.

Let us comment the relation of our results to the available literature. In
Theorems A—D we consider a wide class of N-periodically modulated Jacobi
parameters satisfying regularity conditions expressed in terms of the total
variation of certain sequences. In the case N = 1, the most general class of
Jacobi parameters has been studied in the articles [40, 41] where D;-type
condition has been combined with ¢!-type condition. Under certain addi-
tional hypotheses, the author obtained a weaker variant of Theorem A as
well as asymptotics of generalized eigenvectors and absolute continuity of
the measure p. However, there are no analogues of Theorems B, C nor D.
In a recent preprint [44] the authors proved a variant of Theorem C for
(1-type perturbations of the sequences a,, = (n+ 1), b, = —2(n + 1) for

€ (0,1). Since in this context Di-type conditions do not cover £ -type
perturbations, in Section 9 we generalize Theorems A-D to ¢'-type pertur-
bations of sequences satisfying D;-type conditions. In particular, our class
of Jacobi parameters properly contains those investigated in [40, 41, 44],
see Section 10.1 for details. Moreover, the way we deal with ¢!-type pertur-
bations may have applications beyond the current setup. We also believe
that ¢'-type perturbations are rather straightforward to obtain provided
that one has a good understanding of the unperturbed sequences. For this
reason we consider D-type regularity as genuinely more natural. Lastly, in
the case N > 1, only specific examples have been studied for N = 2 giving
variants of Theorem A and the absolute continuity of the measure p with
a help of subordinacy theory, see Section 10.2 for details.

We briefly outline the proofs: In this article we adapt techniques that
were successful in the generic case (I) as well as in the soft edge regime (Ila).
However before adapting them we have to introduce a proper modification
to the recurrence system to obtain a sequence of transfer matrices which
is uniformly diagonalizable. This is the main novelty of the paper. We call
it shifted conjugation. The resulting transfer matrices have a form similar

TOME 0 (0), FASCICULE 0



10 Grzegorz SWIDERSKI & Bartosz TROJAN

to that appearing in the soft edge regime but with a, replaced by /a,,
see Section 3 for details. Our method is simpler than discrete variants of
Wentzel-Kramers—Brillouin approximation which is the standard technique
used in the case of Jordan block (IIb) (see [40] and the references therein).

Going back to the description of the proofs, for any compact set K C
A4, to the conjugated system we apply the recently developed Levinson’s
type theorem, see [63], to produce a family of generalized eigenvectors (see
Section 2.3 for the definition) (u,(x) : n € Ng), z € K, such that

Using the arguments as in [52], we deduce that the measure p restricted to
A is purely atomic and all accumulation points of its support are on the
boundary of A, see Theorem 4.1. To study the convergence of N-shifted
Turédn determinants, first we show that the corresponding objects defined
for the conjugated system multiplied by the correcting factor are close to
Turédn determinants for the original system. Then we prove that they con-
stitute a uniform Cauchy sequence, see Theorem 5.1. To identify the limit
we adapt the approximation procedure used in [59], which is inspired by [2]
and further developed in [56, 60], see Theorem 7.4. We observe that the
conjugated system satisfies uniform diagonalization, thus motivated by the
techniques developed in [60], we manage to describe the asymptotic be-
havior of the generalized eigenvectors, see Theorem 6.1. However, by this
method we cannot determine the factor |p| which is computed in Theo-
rem 7.6 once again with the help of the approximation procedure. In the
presence of ¢'-perturbation we show that orthogonal polynomials can be
expressed as generalized eigenvectors for unperturbed Jacobi parameters
for a certain initial conditions. In Section 9 we explicitly construct the
mapping which describes how to choose the initial conditions. It turns out
that the shifted conjugation can be performed with matrices constructed
for unperturbed system. All of this allows us to approximate Turdn deter-
minants by generalized Turdn determinants for unperturbed sequences, as
well as to find the asymptotic behavior of orthogonal polynomials.

The paper is organized as follows: In Section 2 we fix notation and for-
mulate basic definitions. Section 3 is devoted to shifted conjugation. In
Section 4 we study the measure p restricted to Ay. The convergence of
N-shifted generalized Turdan determinants is proved in Section 5. In the
following section, we study the asymptotic behavior of the orthogonal poly-
nomials. In Section 7 we describe the approximation procedure which is

ANNALES DE L’INSTITUT FOURIER



ORTHOGONAL POLYNOMIALS IN JORDAN BLOCK CASE 11

used in determining the limit of Turan determinants and the exact asymp-
totics of the polynomials. In Section 8, we investigate the convergence of
the Christoffel-Darboux kernel. In Section 9 we show how to extend these
results in the presence of the ¢! perturbation. Finally, Section 10 contains
several examples illustrating the results of this paper and discuss how they
are related to the available literature.
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Notation

By N we denote the set of positive integers and Ny = NU{0}. Throughout
the whole article, we write A < B if there is an absolute constant ¢ > 0
such that A < ¢B. We write A < B if A < B and B < A. Moreover,
¢ stands for a positive constant whose value may vary from occurrence
to occurrence. For any compact set K, by ox (1) we denote the class of
functions f,, : K — R such that lim,_, fn(z) = 0 uniformly with respect
toxr e K.

2. Preliminaries
2.1. Stolz class

Let N be a positive integer. We say that a sequence (z, : n € N) of
vectors from a normed vector space V belongs to DY (V), if

o0
> llznin — 2l < o0
n=1

Let us recall that DY (V) is an algebra provided V is a normed algebra.
If N =1, then we usually omit the superscript. If V is the real line with
Euclidean norm we abbreviate D; = Dy (V). Given a compact set K C C
and a normed vector space R, we denote by D;(K, R) the case when V
is the space of all continuous mappings from K to R equipped with the
supremum norm.

TOME 0 (0), FASCICULE 0



12 Grzegorz SWIDERSKI & Bartosz TROJAN
2.2. Finite matrices

By Mat(2,C) and Mat(2,R) we denote the space of 2 x 2 matrices with
complex and real entries, respectively, equipped with the spectral norm.
Next, GL(2,R) and SL(2,R) consist of all matrices from Mat(2,R) which
are invertible and of determinant equal 1, respectively.

Let us recall that symmetrization and the discriminant of a matrix A €
Mat(2,C), are defined as

1 1
sym(A) = §A + §A*, and discr(A) = (tr A)* — 4 det A,

respectively. Here A* denotes the Hermitian transpose of the matrix A.
By {e1,e2} we denote the standard orthonormal basis of C?, i.e.

(2.1) e = (é) and ey — (g) .

Let (-,-) be the standard Hermitian inner product in C2.
For a sequence of square matrices (C,, : ng < n < nq) we set

ﬁ Cl = CruyCry 1+ Cry.

k:’ﬂ[)
Moreover, if ng > ny, we set
ni
1] ¢x=14.
k:no

A matrix X € SL(2,R) is non-trivial parabolic if it is not a multiple of the
identity and |tr X| = 2. Then X is conjugated to

(4 2)

where € = sign(tr X'). Moreover, if

_ 0 1\,.;
X =€T (1 2) T
then X equals

€ detT — (T11 + Th2)(Tor + Ta2) (Th1 + Th2)?
detT *(Tgl =+ T22)2 detT =+ (T11 + T12)(T21 + TQQ) ’

In particular,

(Ti1 + Th2)(Tor + To2)

=1—-eX
detT sAn

(2.2)

ANNALES DE L’INSTITUT FOURIER



ORTHOGONAL POLYNOMIALS IN JORDAN BLOCK CASE 13

and

(2.3)

2.3. Jacobi matrices

Given two sequences a = (a, : n € Ny) and b = (b, : n € Ny) of positive
and real numbers, respectively, by A we define the closure in ¢2 of the
operator acting on sequences having finite support by the matrix

bo an 0 0
ag b1 al 0
0 al b2 as
0 0 a9 b3

The operator A is called Jacobi matrix. If the Carleman condition (1.4) is
satisfied then the operator A is self-adjoint (see e.g. [50, Corollary 6.19]).
Let us denote by E4 its spectral resolution of the identity. Then for any
Borel subset B C R, we set
w(B) = (Ea(B)do, do)

where dg is the sequence having 1 on the Oth position and 0 elsewhere.
The polynomials (p, : n € Ng) form an orthonormal basis of L*(R, ).
By 0(A),0p(A), Osing(A), 0ac(A) and oess(A) we denote the spectrum, the
point spectrum, the singular spectrum, the absolutely continuous spectrum
and the essential spectrum of A, respectively.

A sequence (uy,, : n € Np) is a generalized eigenvector associated to z € C
and corresponding to n € R? \ {0}, if the sequence of vectors

ﬁO =1,
Uy = (un—l) , n=l1,
Unp
satisfies
(2.4) Unt1 = Bp(x)U,, n >0,

where B,, is the transfer matrix defined as

(2.5) ao- a0
0 1
Bn(x) =\ _an1 z=b, | T =1

TOME 0 (0), FASCICULE 0



14 Grzegorz SWIDERSKI & Bartosz TROJAN

Sometimes we write (u,(n,z) : n € Ng) to indicate the dependence on the
parameters. In particular, the sequence of orthogonal polynomials (p, () :
n € Np) is the generalized eigenvector associated to € C and correspond-
ing to n = eq.

2.4. Periodic Jacobi parameters

By (an : n € Z) and (B, : n € Z) we denote N-periodic sequences
of real and positive numbers, respectively. For each k > 0, let us define
polynomials (pﬂ“ line Ny) by relations

k k x — By
i@ =1 pl) = :

A

k1P (@) + Buiib™ (@) + bl (@) = apM (), n> 1.

0 1 N+n-1
B, (x) = (_ 1 x&) , and X,(z) = H B(z), neZ.
ap (o7 j=n

By 2 we denote the Jacobi matrix corresponding to

50 Qo 0 0
ag B ar 0
0 ar B2
0 0 a2 f3

We start by showing the following identity.
PROPOSITION 2.1. — For all x € R,

e y(r) = - Y e

i=1

Proof. — By the Leibniz’s rule

o(x) = (By-1...B1B0) (x)

-1 N-1 k—1
=> | II %@ | 3@ | []3:@
k=0 \j=k+1 Jj=0

ANNALES DE L’INSTITUT FOURIER
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Thus by linearity of the trace and its invariance on cyclic permutations

N-1 N-1 k—1
rxp(e) =Y tre | [ By | Bi@) | [] B
k=0 j=k+1 =0
N-—1 N+k—1
=)t II 3@
k=0 j=kt1

In view of [57, Proposition 3],

N+k—1 [k+2] [k+1]
1 /0 0\ [—5py_5(2) p (z)

P by () ple (@)

0 0
- k k 5
— L @) L @)

thus
N-1 oy
k+1
trXp(a) = Y~y (@).
ag
k=0
Since by [57, Proposition 3]
1 1 (k+1]
X =—-—
ak_l[ k(7)]2,1 PN (x)
we conclude the proof. O

PROPOSITION 2.2. — If |tr Xo(x)| < 2, then

N N
26) S el _ S ol

=1 i=1

Proof. — Let us first consider a matrix A € SL(2,R). We have
A11Az22 — A1 2421 =1,

thus
A?,l —(trA)A; 1+ 14+ A1 245, =0.

Since A;,; € R, we have
(tr A)2 —4(1+ A1’2A271) >0

that is
1
_Al 2142 1 =2 >1- Z(tr A)

TOME 0 (0), FASCICULE 0



16 Grzegorz SWIDERSKI & Bartosz TROJAN

Taking for A = X;(z), by [57, Proposition 3], we get

Qi1

[Xio1(@)]21[Xi(2)]2,1 = —[Xs(2)]1,2[Xi(2)]2,1

Q2

1 2
1 (tr X;(x))

=1- i(tr%o(z))Q,

>1-

which easily leads to (2.6) provided that |tr Xo(z)| < 2. If |tr Xo(z)
we select a sequence (x,) tending to x and such that |tr Xo(x,)| <

|:
2fr

each n. By the continuity of X;,
[E@aal _ |
Z L Z =
N
=l Z
N
S [Xi(2)]2.1
i1 il
which finishes the proof. O

2.5. Periodic modulations

In this article we are interested in N-periodically modulated Jacobi pa-
rameters, N € N. We say that (a, : n € Ny) and (b, : n € Np) are
periodically modulated if there are two N-periodic sequences (v, : n € Z)
and (B, : n € Z) of positive and real numbers, respectively, such that

a) limy, o0 an = 00,

(
(b) limp_see ‘

An—1 _ On—1| _
oy, - 0’
: b, Bn| _
(¢) limy, 00 o= =0

We are mostly interested in periodically modulated parameters so that

(2.7) (anlan—anl:nEN>7 (B"an—bn:neN)

70 70

1
and( an:nGN)GD{V.
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In view of (2.7), there are two N-periodic sequences (s, : n € Ny) and
(rn, 1 n € Np) such that

=0.

n
ap — by —1p
Qp

=0 and lim
n— o0

. Qp_—1
(2.8) lim Up — Ap_1 — Sp
n—oo |

By [60, Proposition 4], for each i € {0,1,..., N — 1},

i

(2.9) lim (agq1)n4i — ajN4i) = i

J—00
J k=0

Sk
A1

We define the N-step transfer matrix by
Xn=BniNn_1BnyN_2- - Bny1By,
where B,, is defined in (2.5). Let us observe that for each i € {0,1,..., N —1},
lim B;yi(z) = Bi(0)
j—oo
and
j—oo

locally uniformly with respect to x € C. We always assume that the matrix
Xy (0) is a non-trivial parabolic element of SL(2,R). Let Tj be a matrix so
that

0 1)\,_
X0(0) = Ty (_1 2>T01

where
(2.10) e = sign(tr X0(0)).
Since
Xi(0) = Bi—1(0) - Bo(0)Xo(0)B; (0) - -~ B, 0),
by taking
T; = B;-1(0) - - - Bo(0)To,
we obtain

TOME 0 (0), FASCICULE 0



18 Grzegorz SWIDERSKI & Bartosz TROJAN

3. The shifted conjugation

In this section we introduce the shifted conjugation of N-step trans-
fer matrix X,, which produces matrices that are uniformly diagonalizable.
First, by the direct computations we can find that for any T' € GL(2,R),

1 -1 71 1 0 T 1 1\ (T +Tw)(Tor +Te) (1 1
-1 1 0 0 1 1) det T -1 -1

and
1 -1 -1 0 1 T 11\ (Toi+Te)? (1 1
-1 1 00 1 1) detT -1 1)

Let the sequences (s;/), (/) be defined in (2.8) and the number e defined
in (2.10). Hence, by (2.2) and (2.3) we obtain

1 1 -1 _1 sy THTH 1 1
a1 (1 1>Ti’ (0 0 )T(l 1)

B <—11 —11> Nl (as_l (1 - elxe ) - xajjlg[xi'(o)m)

N+i—1

where we have set

31) r(a) = Ni ( (1= e (O ) - RMAARE (0)]2,1>.

i—o \di'—1

Let us observe that by Proposition 2.1,

T(x) =etr X((0) -

N—-1 ]
+3 (as (1-elx O)11) -
ir=0 "

-1

T

[ (0)21).

o —1

Since X((0) is a non-trivial parabolic element of SL(2,R), tr X{(0) # 0. To
see this, let us suppose, contrary to our claim, that tr X{(0) = 0. Then by
Propositions 2.1 and 2.2, for each i € {0,1,..., N — 1},

[Xi(0)]21 = 0.

Hence, by [57, Proposition 3],

[X:(0)]1,2 =0,
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which is impossible. Knowing that tr X{(0) # 0, we conclude that

N-1

(3.2) 20 = 5traleg(0) > (a::il_la[%i/(o)}m St —g[aei,(o)]l,l)),

ir=

is the only solution to 7(x) = 0.
Now, let us fix i € {0,1,..., N — 1} and set

1 1
(3.3) Zj =T, (eﬂj eﬁj)
where
(3.4) 9(a) = | -amlT @l
A(j+1)N+i—1
Then

N4i—1
1 1 -1 _1(sy x4y 1 1
. T‘/ Ti’
(3.5) Z Q1 (—1 1 ) v (0 0 > (1 1)

_ AGHDN+i=1 g0 1 1
Q1 J

where

(3.6) o(x) = sign(r(x)).

Before we proceed let us recall that the set Dy is an algebra over R.
Moreover, we have the following lemma.

LEMMA 3.1. — If (an : n € Np) is a sequence of positive numbers such
that
(a) nlgr;o an = 00,
(b) (an_H —ap:n € NO) € Dy,

(c) <\/1Tn:n€N0> € Dy,

then

( Int1 :nGN)7 (w/an_,_l—\/ain:neN),

Qp
and < < L ! ) EN) eD
n [e2% - n .
V an \Van+1 !
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Moreover,
lim ,/2ntt — 1,
n— 00 Qn,
Jim, (Vs =) =0
li L ! 0
im a — =0.
noo VvV an vV On41

Proof. — We notice that

i 1 1
A, Van / an7
thus by (c)
1
(3.7) (a in € N> € D.
Since )
Ap+1
— \ln —Qn) = — — 17
an (n41 = an) an

by (3.7), (b) and (a), we conclude that

(3.8) (MOLZH:neN) €D

Next, observe that

1 Up+1 — Gp

Van41 =/ 0n =

@n | fanss g
hence, by (c), (b) and (3.8) it follows that
(3.9) (,/an_H —\/a, :n¢€ NO) € D.

Finally, we have

1 1 VAn+1 — 4/Qn
Qp - = )
VOn  /Gn+t1 [ ant1
An
which by (3.9) and (3.8) belongs to D;. O

THEOREM 3.2. — Let N be a positive integer and i € {0,1,... N — 1}.
Suppose that (a, : n € Ny) and (b, : n € Ng) are N-periodically modulated
Jacobi parameters such that X((0) is a non-trivial parabolic element. If

_ 1
(an 1an—an_1:neN),(ﬁnan—bn:neN),< :neN)ED{V,
O O Van

then for any compact interval K C R\ {xo},
(3.10) Z;7' Zj = 1d+9,Q;,
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where x is defined in (3.2), and (Q;) is a sequence from Dy (K, Mat(2,R))
convergent uniformly on K to zero.

Proof. — In the proof we denote by (J,) a generic sequence from D,
tending to zero which may change from line to line.
By a straightforward computation we obtain

1 e Vi 1 1 1
—1r -
Zj 41 = e Z; (—eﬂj 1 ) (eﬁﬂl e_ﬁ-7‘+1>

- (hiw
eV —e% \g; [

where
fi= e Vi — ¥it1, g; = e Vi — e Vit
g; = —e¥ 4 evit fj = —ei e Vit
Since
( | € No) ( ! €N ) €D
ag; P — QN4 | — ,
(j+1)N+i GN+i ] 0 SN J 0 1
by Lemma 3.1,
"y
(ﬂN:jeNO) €Dy,
QA5 N+i
and
1
Vg1 =V + —9;.
ajN
Moreover,
1 1
Vitt =149, —9? —0;
€ + ]+1+2 J+1+ajN Ve
and
1 1
=19, 4 =92+ —6,.
e J + D) j + ajN j
Hence,
1 1 1
=1—0+ =02 — (147, —19? —0;
f] J+23 <+]+1+2j+1>+aij
1
= —20; + —9;.
a;N

. x . 2 .
Since g is an even C (R) function, we have

oy 1
—— =14+ —90;.
sinh(d,) + a;N ’
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Therefore,

1 i U;

Vi — e Ji= —24; sinh(¥,)

IR L))

1
5;.
ajN

Analogously, we treat g;. Namely, we write

1 1 1 1
=1—0 4+ =92 —(1-9; —9? —0; = —;.
9j J+2 j < J+1+2 ]—H)_'—CL]‘N IS N
Hence,
1 1
= 5.
e*ﬁj — eﬁj gj ajN J
Similarly, we can find that
1

~ 1

e — ‘:1+75.’

e—ﬂj—eﬂjfj Vain -’
1 ~ 1

= 5.
76193.9] a;N !

e~ i
Hence,
Z7 Zj1 = 1d+9;Q;
where (Q;) is a sequence from D (K , Mat(Z,R)) for any compact interval
K C R\{zp} convergent to the zero matrix proving the formula (3.10). O

THEOREM 3.3. — Let N be a positive integer and i € {0,1,... N — 1}.
Suppose that (a,, : n € Ng) and (b, : n € Ny) are N-periodically modulated
Jacobi parameters such that Xo(0) is a non-trivial parabolic element. If

<an1anan_l:n€N>,(ﬁnanbn:n€N),< 1 :nGN) GD{V,
70 Qp Van

then for any compact interval K C R\ {zo},

ZJ»_JrllXjN_HZj = S(Id + ﬂjRj)

where ¢ and zy are defined in (2.10) and (3.2), respectively and (R;) is a
sequence from Dy (K , Mat(2, R)) convergent uniformly on K to

1 /140 —-1+40
Rl_2(1—a —1—0)

where o is defined in (3.6). In particular, discr R; = 40.
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Proof. — In the following argument, we denote by (J;) and (&;) generic
sequences tending to zero from D; and D (K , Mat(?,R)), respectively,
which may change from line to line.

Since
Qp—1 o Qp—1 1 Qp—1
- - Gp —an—1 ),

and

n n 1 n
bf = ﬂ - (Ban_bn>a

Qn Op  Ap

by (2.7) and (2.8), for each i’ € {0,1,..., N — 1}, we obtain

e B e W 1 5
QjN i’ e7% QjN 44! QjN 44!
and
bjNyi _ By rw n 1 5.
QjN i e7% QjN i’ QjN i’
We also have
1 1 AjN+ir—1
Q5N+’ AjN4i'—1 AjN+4/
1 Q1 S/ 1
_ K3 _ K3 + 5]
AjN+i’—1 (&7% QjN i/ QjN i/
1 QGr 1 1
— G + 5,
AjN+i'—1 Oy AjN+i'—1
thus
1 1 (67s)
QjN i/ ajN Qg a]N
Therefore,
N— N—1
Qi 1 (67} 1
E — Sy = E —_— St —|— 7(‘)‘7
—0 AjN+q Q7 —1 =0 ajN Qg1 ajN
N—-1
St 1
= ap E + ——0;
=0 Q1 ajN
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Next, we write

0 1
BjN+i’ = | o Sy 1§ ztry  _ Bu + 1 5.

ar QN 4if AN 4! J QN ayr QN J

1
=B, (0
0+ 5N 44! <8i/ ffJ”‘z) a]N+z’
By
1 ; -1
=%i1(0>{1d+a I (a,a; 0)(9 0_)
JIN 44/ Q7 q Sy x+7'z’
1
N
5N+’
1 7;/ i/ 7:/ 1
=00 {ra - 8 () g g
AN+ Qg —1 0 0 ajN

1 i— i 3 1
SBi/(O){Id i1 <s x+r>+5j}
a(i+1)N4i—1 @ir—1 \ 0 0 a;N

where we have used that

(671 (67| 1
e acnme Tanr
QjN+i A(j+1)N+i—1 a;N

Next, XN+ equals to

BiNyitN—1" " Bjntit1BjN+i

N+i—1
Q1 1

= %;(0) {Id (Bi-1(0) - %i(m)_l

AG+1)N+i-1 5 Q-1

y (s(;/ .T-i(—)ﬁ*) (%i,_l(o)...%i(o)) + alegj}'

Thus, 7 XJN_H-Zj equals to

Jj+1
N+4i—1 -1
_ ;1 1 1 1 _
Z2L %02, {1d————— < - ) Tt
r1il0) J{ A(j4+1)N+i—1 Z,Z:l i—1 \e% eV !

Syt X+ 1 1 1
T Eip.
- (O 0 ) (eﬁj e_ﬂ’) " VN ]}

To find the asymptotics of the first factor, we write

» B 5 fi g
ZinXi(0)Z; = —— (gj fj)
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where
fi= eim%it 41— 9% g; = e ViVt 41 — 267V,
g; = —ePitVi 1 4 2e% fj = —e Yitdit1 _ 1 4 90705,
Since
9;—0; 1 9; 1o 1
et =1+ —4;, and €% =1+9;+ U7+ —10;,
ajN 2 ajN
we get
fo=1+1-2 1+19-+1192 + s
n = i oY ajn
1
_ 2
= 721% — ’l9j + ajiN(Sj
Thus
1 i
e Vit1 —eVit1"? T 29, sinh ),
1 1
3.11 =1+ -9; + ——9;.
( ) + 92 J + \/a/_]iN J
Analogously, we can find that
~ 1
fi=—20;+ 97 + —0;,
J J P N
and
1 ~ 1 1
(312) 87191+1 _ e'&jJrl fj == ]_ - 5'(9] + 7\/0/]71\]5‘7

Next, we write

1 1
gj—1—219j+219?+1—2<1—19j+219?)+(5j

;N
1
=97+ —96,
ajN
thus
1 1 1
Similarly, we get
1
~ 2
g = —’lgj + ajiNCSj,
and so
1 ~ 1 1
(3.14) o1 — et 99 T iﬁj + \/ajiNéj.
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Consequently, by (3.11)—(3.14) we obtain

1 1 -1 1
-1 . .= —9. .
Z;1X%i(0)Z;=¢ {Id+219] (1 1) + ajNEJ}.
Since p
95 — 1 ) .7 — 1 )
e +95, sinh 9; +9,

for each i’ € {0,1,..., N — 1}, we have

1

1 1\ oy (si x4ry 1 1
(eﬂj e_ﬂj> T (0 0 )Ti/ (eﬁf e_ﬁj>

_ 1 1 -1 1 (Sir xTHTy _ 1 1 —
~ 2y, (—1 1>Ti’ (o 0 )T(l 1>+V‘”N€J'

Hence, by (3.5)

1

NS e AT WA
Z Qr_q eﬁf e_ﬂj @ 0 0 v eﬁj e_ﬁj

V=1

_ QGHYN+i-1 0

1 1
a1 2 J (—1 —1) * \/mgj
Finally, we get
_ 1 140 —-1+40 1
g7l x. o 7 Id +=49. .
JH1IN+i 4 5{ d—|—219] (1 e —1-— 0) + TjNg]}
which finishes the proof. 0

COROLLARY 3.4. — Let the hypotheses of Theorem 3.3 be satisfied.
Then

i>Holo a(j+1)N+i_1 discr (XjN+i) = Ozi_1|7’| diSCI‘(RZ‘)

J
= 40(,‘_17'

locally uniformly on R\ {x¢}, where T and z¢ are defined in (3.1) and (3.2),
respectively.

Proof. — Since
Z;7 Xin+iZi = (2 Zja) (2740 XN+ Z5),
by Theorems 3.2 and 3.3, we obtain
eZ; ' Xjn+iZ; = (1d +0;Q;) (1d +9; R;)
=Id+v9;R; +9,;Q; + ﬁ?QjRj.
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Thus
diser (951 X;n ) = diser (R; + Q; +9;Q; R;),
and consequently,

lim discr(ﬁj_lXjNH) = discr(R;) = 4sign(r).

‘]*)OO
Since
discr (, /a(j+1)N+i_1XjN+i) = discr (\/ai,1|7|19;1XjN+i)
= Ozi_1|7'| discr (79j_1XjN+i)
the conclusion follows. O

4. Essential spectrum

In this section we start the analysis of the measure p. To do so, we
shall use the Jacobi matrix associated to the sequences (a, : n € Ny)
and (b, : n € Np), see Section 2.4 for details. From (2.9) we can easily
deduce that the Carleman’s condition (1.4) is satisfied and consequently
the operator A is self-adjoint. Moreover, the measure p is the spectral
measure of A. We set

(4.1) Ao =7""((-00,0)), and Ay =7""((0,00))

where 7 is given by (3.1). In Theorem 4.1 we prove that gess(A) is contained
in R\ A which implies that the measure u restricted to Ay is purely atomic
and all accumulation points of its support are on the boundary of A .

THEOREM 4.1. — Let N be a positive integer. Let A be a Jacobi ma-
trix with N-periodically modulated entries so that X¢(0) is a non-trivial
parabolic element. If

n— n ]'
(a 1an—an1:neN>,(5an—bn:neN),< ;neN>eD{V7
an an \/a”ﬂ

then

Uess<A) N A+ = (Z)

Proof. — Let K be a compact interval contained in A, with non-empty
interior and i € {0,1,..., N — 1}. We set
-1
Yj=2Z; 1 Xjn+iZ;
where Z; is the matrix defined in (3.3). In view of Theorem 3.3, we have

(4.2) Y} = E(Id + 197R7)
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where (R; : j € Ng) is a sequence from D, (K, Mat(2, R)) convergent to

1 0
o 4)
uniformly on K. Since

(4.3) {z e R:discrR;(z) >0} = Ay,

there are jo > 1 and § > 0, so that for all j > jo, and all z € K,
(4.4) discr R;(x) > 6.

In particular, the matrix R;(z) has two eigenvalues

et = tr R;(x) 4+ ey/discr R;j(z) and £ = tr Rj(z) — ey/discr R;(x)
J 2 ’ J 2 ’

By (4.2), for each € K and j > jo, the matrix Y;(z) has two eigenvalues
)\j(w) = 5(1 + ﬁj(x)g;r(x)), and A (z) = E(l + 95 (x)&; (m))

In view of (4.4) and Theorem 3.3, we can apply [63, Theorem 4.4] to the
system

Vi1 =Y;9;.
Therefore, there is (V" : j > jo), so that
U (x
# — el =0
vk X (@)

(cf. (2.1)). Then the sequence q); = Z;V; satisfies
Qjp1 = XjN+i®;

for j > jo. We set
¢ =B;'-- B '®;

Jo?
and
(4'5) Pnt1 = By ¢n,
for n > 1. Then, for jN +4' > joN +i with ¢/ € {0,1,...,N — 1}, we get
BinyioBingisr Bingia®y  ifi€{0,1,...,i—1},
GiN+i = PF if i =4,

B]N+1/—1B]N+Z’—2 LRI B]N-"-’L(I)j_ lf il € {7/ + 17 ... 7]\7 - 1}.
Since for i’ € {0,1,...,i— 1},
B_

lim By, oBinyiir Bingior = By (0)B,1,(0)---B;(0),

joo  INF
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and
Jlglolo Zjes = Ti(e1 + ea),
we obtain
(4.6) ILH;O sup ’W — Ty (e1+e2)|| =0.
7700 1 M Tiego A

Analogously, we can show that (4.6) holds true also for ¢’ € {i+1,..., N—1}.
Let us recall that a non-zero sequence (u,(x) : n € Np) is generalized
eigenvector associated with x € R, if it satisfies (2.4).
Since (¢, : j € N) satisfies (4.5), the sequence (un(z) : n € Np) defined
as
B {(qbl(x),el) if n =0,
up(7) = .
<¢n(1'),€2> if n = 1a
is a generalized eigenvector associated to « € K, provided that (ug,u1) # 0
on K. Suppose on the contrary that there is z € K such that ¢;(z) = 0.
Hence, ¢,,(x) = 0 for all n € N, thus by (4.6) we must have Ty(e; +e3) =0
which is impossible since Ty is invertible.
Next, let us observe that, by (4.6), for each ¢’ € {0,1,..., N —1}, j > jo,
and z € K,

(4.7) i () < e [ A, (@)
k=jo

Since (R; : j € N) converges to R; uniformly on K, and

lim a, = oo,
n—oo

there is j1 > jo, such that for j > ji,

951 (100 Ry 0) + s By o)) < 1.

Therefore, for j > ji,
tr Rj(x) — /discr R;(x
A (@) =1+9; (@) 5 (@),
Next by the Stolz—Ceséro theorem and (2.9), we get

. VOAGH1)N+i—1 .
lim % = lim (\/aGrnN+i-1 — VO NTi-1)

Jj—o0 i Jj—oo

. A(j4+1)N+i—1 — CjN+i—1
= lim (+1) ¢ J —0.

J=00 \fA(j+1)N+i—1 T /AjiNti—1
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Since tr R; = 0, there is jo > j1 such that for all j > jo and x € K,

_, trRj(z) — 4/discr Rj(z)
Jﬁj < —]_7

2 ~

and thus 1
sup A7 ()] <1 - -.
rzeK 7 J

Consequently, by (4.7), there is ¢ > 0 such that for all ¢’ € {0,1,..., N—1}
and j = jz,

j—1 ,

1 c

N < 1—-2)< =
jggwﬂ\fﬂ (@) <e]] ( k) ST

k=jo
hence
(oo}
Z sup |uy, (7)]? < oo.
n—=0 zeK

Now, by the proof of [52, Theorem 5.3] we conclude that oess(A) N K = .
Since K was arbitrary compact subinterval of A} the theorem follows. [

5. Generalized Turan determinants

In this section we study behavior of N-shifted generalized Turdn determi-
nants on A_. The good understanding of them allows us to deduce that the
measure p restricted to A_ is absolutely continuous, see Theorem 7.4 for
details. Let us recall that N-shifted generalized Turén determinant S,, (7, x)
where 7 € R?\ {0} and x € R, is defined as
(5.1) Sn(m,x) = a2y (Bl n, )

where (u, : n € Np) is a generalized eigenvector associated to x and corre-

sponding to n, and
0 -1
E = .

THEOREM 5.1. — Let N be a positive integer and i € {0,1,..., N —1}.
Let (a, : n € Ny) and (b, : n € Ng) be N-periodically modulated Jacobi
parameters so that Xo(0) is a non-trivial parabolic element. If

Ay — n 1
< anlan—an_l:nEN),(gnan—bn:neN),< an:nEN) ED{V,

then the sequence (|Snn+i| : n € N) converges locally uniformly on®

S! x A_ to a positive continuous function.

(2) By S! we denote the unit sphere in R2.
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Proof. — We start by describing the uniform diagonalization under the
assumptions of the theorem. For matrices defined in (3.3), we set

(5.2) Y, = Z]HX N+iZj,
and

(5.3) ¥(2) = 27 @)if;na(a).
Then

(5.4) Uj1 = Y;0;.

Fix a compact subset K C A_. By Theorem 3.3, we have
where (R; : j € Ny) is a sequence from D; (K, Mat(2, R)) convergent to

(5.6) Ri = ((1) _01>

uniformly on K. Since
{z e R:diserRi(z) <0} = A_
there are 6 > 0 and jy > 1 such that for all j > jy and = € K,
discr Rj(z) < =0, and [R;(z)]12 < —0.
Thus R;(x) has two eigenvalues &;(z) and &;(z) where
tr Rj(x) + iy/—discr R;(x)

(57) &) = f
Moreover,
& 0 _
r=c(y g)er
where

1 1
Cj= G-[Rilia  &=[Riha |-
[Rj]1,2 [Rj]1,2

In view of (5.5), Y;(x) has two eigenvalues A;(z) and \;(x) where

(5.8) Aj(@) = e(1+9;(2)&;(2)).
Moreover,

(5.9) Y; = C;D;Cit
where

(5.10) = (AOJ fj) .
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Let us observe that, by Theorem 3.3, both (C; : j > jo) and (D; : j > jo)
belong to D, (K, Mat(2, (C)) By (5.6), we have

: (11
(5.11) Jim C; = Coo = (_Z. Z)

uniformly on K.
Before we embark on the proof of the theorem, we show the following
claim.

CLAM 5.2. — There is ¢ > 0 so that for all j > jo,

7j—1
170 < e | TT IDxll | 13
k=jo

uniformly on K.

Using (5.10), we have
17j = Yj—l ’ "onUjo)
thus
1551 < Y51 - Yo [l -

Next, we write

Yi1Yj g Y
= Cj1(D;1C; 4 Cj2) (D —2C;15C5-3) -+ (Do C;, Cio 1) C 4,

and so

Jj—1
[Yj-1Yj—a - Y, | < e TT 1Dkl
k=jo
where the last estimate is the consequence of [59, Proposition 1] and (5.11),
proving the claim.
Now, let us define

5 _ .32 S
(5.12) Sj = a(,]/+1)N+i71(det Zj){ETj11,7;)-

Our next step is to show that (S; : j > jo) is asymptotically close to
(SjN+i:J = Jo)-
CrAmM 5.3. — We have

Jim S 45 = 55| =0

uniformly on S! x K.
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For the proof we write

_3/2 - _
SiN+i = a(j+1)N+i,1<Eu(j+1)N+i, ujN+i>

3/2 X R .
- a(j/+1)N+i—1<Zj EZ;117j41,75)
3/2 _ . .
= a(j/+1)N+i—1(det ZWEZ; Zj1T41, 7))
where we have used that for any Y € GL(2,R),
1
Y*l *E — BY.
( ) detY
Now, by Theorem 3.2
3 3/2 _ . .
SiN+i =5 = a(j/+1)1v+i—1(det Z)(E(Z; ' Zj11 —1d) ¥4, ;)

3/2 L
= a2 sia (et Z)0,(BQ;T;41, 7).

Observe that by (5.10) and (5.9)

||DkH2 = ‘)‘k|2 = Mg = det Yy
Therefore, by (5.2),

~1

]H 1Dx |2 = 38 Zio LN izt
k=jo det Z; ajnti-1
Next, in view of Claim 5.2, for j > jo,

1

j—1
=12 < DilP < —m
. .
15017 < T IDel < ajn+i—1|det Zj|

k=j0
Hence,
a?/? (det Z,)0,(EQ ;¥ 41, 5;
(j+1)N+i—1 3V J ]+17v.7>‘

3/2 N
S a2 i Vildet Zg| - Q5 - 115512,

which is bounded by a constant multiple of ||Q;||, and the claim follows by
Theorem 3.2.

Next we show that the sequence (gj : j = jo) converges uniformly on
S! x K to a positive continuous function. By (5.12) and (5.4), we have

o 3/2 — —1-
Si = a(ftiynioa (det Zp) (BT, Yy )
3/2 ke
= a1y nssa (et Z) (V) B, )
3/2 — - -
= a(j+1)N+i_1(det Zj)(deth 1)<EYjUj+1,Uj+1>,

and since

detY; = det (Z; ', X;n1iZ;),
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we obtain

= 3/2 A(j+1)N+i—1 - -
(5.13) S; = a(j/H)NH_l(det Zj“)(;-l\f)ﬁ<EYjUj+l’vj+l>'
JN+i—

By (5.12) and (5.4) we have

3/2 - -
Sj1 = a(j/+2)N+i—1(det Zi)(EYj 11041, Tjga)-
Therefore, by Theorem 3.3

o r 3/2

Sj+1—8;= Ea(j+1)N+i_1(det Zj+1) <EWj6j+lv 6j+1>

where

A(j+2)N+i—1 A(j4+2)N+i—1 A(j+1)N+i—1
W; = VjpRjp1 — ————0;R;.
Q(j4+1)N+i—1 A(j+1)N+i—1 AjN+i—1

Since
A(j4+2)N+i—1
——— 1 =
A(+1)N+i—1
we have
A(j4+2)N+i—1 A(j+1)N+i—1
Wj=10; ———Rjn—————Rj |,
A(j41)N+i—1 AjN4i—1
and so

jN4i—
Wil < 05 (|a (42 |+ ary))
AN +i
where for a sequence (z,, : n € N) we have set
Az, = Tpy1 — Ty,

On the other hand, by (5.13),

S . 3/2 A(j4+1)N+i—1 ‘ ‘ . .
55 = 5“(j+1)1v+¢71m(det Z11)0;(ER 41, i),
and since
(5.14) lim sym(ER;) =sym(ER;) = —1d,
j—oo
we get

A(j+1)N+i—1 9 |det

S; 2(13
1551 ( N1

2 —
j'/+1)N+1'—1 Zjsal - ||Uj+1||2-

Consequently, we arrive at

Sie = 5il s (Ja (222 ) [+ 1ar ) 1S5
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Since §j #0on K, we get

oo

|§j~+1(77a )|
1S;(n, )]

sup sup

£— 1zeK
j=jo NEST €

s

J=Jo

A <N+)‘ T sup | AR; (2)]],

Q5N+ €K

which implies that the product
o ~ ~
S —|S
11 <1+| k1] — | k|>
k=jo ‘Sk|
converges uniformly on S! x K to a positive continuous function. Because

- B B
_ Jl_[ 14 |Sk+1|~* |Sk| 7
| Skl

k=jo

5

Sjo

the same holds true for the sequence (5] :j 2 jo). In view of Claim 5.3,
the proof is completed. a

From now on, if (a,, : n € Ny) and (b, : n € Np) are N-modulated Jacobi
parameters satisfying (2.7) and (2.8), for fixed i € {0,1,...,N —1} and a
compact subset of K C A_ we use the diagonalization constructed at the
beginning of the proof of Theorem 5.1.

COROLLARY 5.4. — Let the hypotheses of Theorem 5.1 be satisfied. For
each compact subset K C A_, there is a constant ¢ > 0, such that for every
generalized eigenvector u associated with x € K,

2 2 2, 2
su§ VaGiON i1 (UWin i1 + uiy ) < c(ud 4 ul).
J€No

Proof. — Without loss of generality we assume that u2 +u? = 1. Let us
fix a compact subset K C A_. By Theorem 3.3 we have

S = a(j/-s-l)N+z‘—1(det Zj)e(E(1d + 9, R;)v;, vj)
3/2 oL
- Ea(J/-i-l)N-i-i—l(det Z;)9;(ER;v;, U;),

thus in view of (5.14),

s 3/2 "
1S5 2 a3y aaVsldet(Z)] - 17512
on S x K. Since (|S;| : j € No) is uniformly bounded on S' x K, and

—1
|det Zj|19j Z a(j+1)N+i71,
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by (5.3) we conclude that
15l < 12512117511

1
<1z

w/a(j+1)N+i71.

Because (Z;) is uniformly bounded on K, the proof is complete. O

6. Asymptotics of the generalized eigenvectors

In this section we study the asymptotic behavior of generalized eigenvec-
tors. We prove the following theorem.

THEOREM 6.1. — Let N be a positive integer and i € {0,1,..., N —1}.
Let (ayn : n € Ny) and (b, : n € Ng) be N-periodically modulated Jacobi
parameters so that Xo(0) is a non-trivial parabolic element. If

n— n 1
(a lan—an1:n€N>,(ﬁan—bn:neN)7< :neN)eD{v
an a?L \/an

then for each compact subset K C A_ there are jy € N, and a continuous
function ¢ : S'x K — C such that every generalized eigenvector (u, :n € Ng)

lim sup sup ’w(n, z)

J= O pest zeK
\/a(]-l-l)N—H 1
Jj—
[Ti=j, (@)

(u(j+l)N+i(777 x) — Nj(@)ujn44(n, x))‘ =0.

Moreover,
uJN+z(777 ) |<,0(
I, M@)o, 1|T | Z ’
where
0 (z) = arccos (trYk(x))
det Y (x)
and
;gspi ;1612 |Ej(n, x) CZ bup ( ’AC’k H + HARk H)
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Proof. — We use the diagonalization constructed at the beginning of the
proof of Theorem 5.1 as well as the notation introduced there. For j > jo,
we set

UG+1)N+i — Tsz\rﬂ'
j—1 ’
H k=jo /\k
Observe that there is ¢ > 0 so that for all j € Ny and = € K,

1 1
Z;eg — (1 1) Tfeg

We are going to show that the sequence (\/Wqﬁj 2 j > jo) con-
verges uniformly on K. Let

(6.1) ¢j =

g = ZjilﬁjN“‘
By (5.10) we have || Dj|| = |A;|. Hence, by Claim 5.2, we get
|u v = (@1, Zje)| = [(@41, (Z)a1 = Z))e2)|
Sl - [9541 = 05
j—1

S TT L) 19500 = 5],
k=jo

Therefore,

=0

lim /a |u(j+1)N+i <(Tj+1aZ]t‘€2>‘
Jj—o0 (jJ+1)N+i—1 p ]0|>\k‘

uniformly on K. Next, by (5.9), we can write

— R X=X 0 1.
(Yj—Ade)QjZCj<J0 ! 0>CjIQj7

therefore, by (6.2), we get

3. - — L (1 1
(0 = %10)5 ) — (- 1) () ) Ther)|

<5 —le sl

<03 H | Akl

k=jo

where in the last estimate we have used

(6.3) A\j — Aj = i/ — discr R;
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which is a consequence of (5.8) and (5.7). Hence, it is enough to show that

the sequence ( /a(j+1)N+i71($j 17> jo) where

— /11
; <(Yj—)\j1d)qj,<1 1>Tf€2>
= —
[T7.5, A

converges uniformly on K. For the proof, we write

VG -
@;%7)1?1% = N1)Yj 1 — yanrii (Yo — Ao 1d)
i

VIGEON -1 N 1d)Cr A -
= YRUEONEEL (0)(D; - X 1) C5 Y, = G (D; = 2 14) Dy 1y )
j—1

- m(@-l(%-l = A1) O = G (Do - ﬁld)cj_—ﬂ)
" CJ(W (D; ~%,1d)D;_,
j—1
~ Vainsi1(Dj1 Aj—lld)>0f-11-
The first two terms are estimated as follows,

1/ 1 71— -— _ - _
VEUEDN L |G (D = A5 1d)C; Y0 — C(Dy — A 1d ) D; 1 O |

A1l
S Vagrnsiot|| D = NI || - [[AC; ||
SIAC ],

and

Vajnyiot [[Ci1(Djn = A1 1d) 7y = C(Djo1 = A1 1d) O |
S VN1 [[Di— = N 1d |- A ||
S [AC ]

Next, by (6.3) and (3.4), we write

VAGIONTST _
RS (D, =N 1) Dy — Vi (Do = X1 1d)
-

= (V= diser By — /= discr By ) ( AT 8) |
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thus for the last term we get

VOAGH1)N+i—1 —

S AR -]

— Vamri(Dio — Ao ua)) o
Therefore, by Claim 5.2, we obtain
|VaGrnTio16i — Vainricioj-1| S |AC -1 || + |AR; .

Consequently, the sequence (‘ /G(i11) NH,l(Zj 2> jo) converges uniformly
on S! x K. Hence, there is a function ¢ : S! x K — R, so that

(6.4) Y= jli{glo VAGH1)N+i-19j

uniformly on S! x K. In particular, we get

u(j+1)N+i(777 r)— A '(@%NH(U@)

1=, k()]
j—1
) [] ) |,

lim sup sup
Jj—oo nest zeK

VOG+H1)N+i—1

Since u,(n, ) € R, by taking imaginary part we conclude that

lim sup sup |\/ag a1 (x)y/ — diser R;(x )M

Jr00 pest zeK Hk =jo Ak ()]

— 2|(n, z)| sin Z Ok () +argp(n,z) || =0
k=jo

where we have also used that

S(\j(x)) = %19]- — discr(R;(x)).

Lastly, observe that

1
—_—_— ARy (
/—discer Rj(x ’ Z H a

which together with

VaGryntio19(x) = Va1 T(z)],

completes the proof. O
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7. Approximation procedure

In this section we describe the approximation procedure which allows us
to show that the measure p is absolutely continuous on A_ as well as to
find its density, see Theorem 7.4. We can also identify the function ¢ in
Theorem 6.1, see Theorem 7.6 for details.

Let (an, : n € Ny) and (b, : n € Ny) be N-periodically modulated
Jacobi parameters. For a given L € N, we consider the truncated sequences
(af :n € Np) and (b : n € Ny) that are defined as

(7.1a) ab =

an if0<n< L+ N,
ary; ifL+N<n, andn— L =14imodN,

and

(7.1b) bL = {

where i € {0,1,..., N —1}. Let

n+N-—1 0 1
XE(z) = H (_aLl m_b]L).

L L
Jj=n @ J

by if0<n< L+ N,
bpyi if L+ N <n, and n— L =¢mod N,

By (pL : n € Ny) we denote the sequence of orthogonal polynomials cor-
responding to the sequences a’ and b”. Let p, be their orthonormalizing
measure.

LEMMA 7.1. — Let (L; : j € N) be an increasing sequence of positive
integers. Let K be a compact subset of R. Suppose that

sup sup || Xz, (z)| < oc.
K

jeNze
If
lim ar;,1 =00 and lim (aLj+N_1 — aLj_l) =0,
j—o0 j—o0
then
. L,
(7.2) lim ar,4n—1-sup ’|XL]7+N(:E) - X, (z)]| =o0.
J—r00 €K
Moreover,
. L]
(7.3) Jim az -1 sup|det X (@) = det Xp, (J;)‘ -0,
. . L, .
(7.4) Jim az;+n-1-sup diser X7y (2) — diser X, (x)‘ =0.

reEK
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Proof. — Let L € {L; : j € N}. By [59, Corollary 4]

1XE, y(@) — Xo(@)]| < || Xi(@)] -

Ar+N-1 1’
b
ar—1

which easily leads to (7.2). Next, we write
ar+N—-1 (det Xty n — det XL) =arLyN-1— GL—1,

proving (7.3). Lastly,

(tr X,§+N(x))2 - (trXL(x))2
= tr (XE, (@) = Xp(2)) tr(XE, y(2) + X (a))
thus by (7.2) and (7.3), we conclude (7.4). O

LEMMA 7.2. — Let N be a positive integer. Suppose that (a, : n € Np)
and (b, : n € Ny) are N-periodically modulated Jacobi parameters such
that

Op—1

=0

n
ap — by — 7y
Qp

lim Qp — Ap_1— S| =0, and lim
n— oo Oy, n—o00

for certain N-periodic sequences (s, : n € Z) and (r, : n € Z). Then for
every compact subset K C C,

Lhm ar4+N-—1 - Sup HXL-l-N_XLH =0.
—+00 €K
Moreover,

(7.5) Llim ar+nN—1 - sup|det X4 n(x) — det XL(x)‘ =0,
—o0

reEK
(7.6) lim ap4n—1 - sup|diser Xz n(x) — dischL(x)‘ =0.
L—oo r€K

Proof. — We notice that

N-1 [ N-1 N-1
Xpn—Xp =) I Beiwes | (Boynix —Boix) | ] Brss |
k=0 \j=k+1 J=k+1
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thus

(7.7)  apyN-1l|Xpen — XLl

N-1 N-1
<30T 1Bl
k=0 LR\ Sk
N-1
x apik||Boansr — Byl | [ 1Bl

j=k+1

Next, we compute

(7.8)

arsk(Brynir(z) — Bryr(z))

0 0
- \apyr—1— %GL+IC z({ﬁﬁ - 1) +brir — %CLL+IC

Since (a, : n € Ng) and (b, : n € Ng) are N-periodically modulated

(7.9) lim — Ltk .
L—oo Q4+ N

By N-periodicity of (a, : n € Z), we have

AL +4+k+N—-1 Q4 k—1
Ap+k—1 — —— QAL+4k = AL4k—1 — —QL+k
AL+k+N OL+k
O 4k+N—1 ar+k
+ <aL+k+N —AL+4+k+N—-1 | —,
OL+k+N AL+k+N

hence, N-periodicity of (s, : n € Z) and (7.9) leads to
(710) lim (aL+k_1 - LWCLL+]€>
L—o0 A1+ k+N

. AL+k
= lim <_3L+k + 3L+k+N> =0.
L—o0 ar,+k+N

Similarly, we write

b br+k+N b k
L+k — — QL4+k = OL4k — ar+k
AL +k+N OL+k
BL+k+N ar+k
+ <aL+k+N - bL+k+N) —
A4 k+N AL+k+N
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and by N-periodicity of (r,, : n € Z) and (7.9),

b
(711) lim (bL+k — L+k+NCLL+k>
L—oco A1 +k+N

. L4k
= lim (—rL+k + TL+k+N) =0.
L—oo a1, +k+N

Consequently, by inserting (7.9)—(7.11) into (7.8), we get
im apip - sup || Bryrsn () = Bryw(2)]| =0.
L—o0 z€K
Hence, by (7.7) we obtain
lim ap4n—1-sup || Xpen(z) — Xp(2)]| = 0.
L—oo reK

The proofs of (7.5) and (7.6) are analogous to the proof of Lemma 7.1. O

7.1. Turan determinants

Let us recall that INV-shifted Turdn determinants are defined as

(712) -@n(z) = pn(z)pn+N—1(I) - pn—l(x)pn—i-N(x);
which in terms of the notation introduced in Section 5 takes a form
(7.13) D) = 0,1 Sule2,7) = (Efuin (@), 5a(2))
where
— pnl(m))
n(T) = , n > 1.
Pn() ( pu ()

Let us denote by (2% : n € N) the sequence (7.12) associated to the
polynomials (p% : n > 0), namely

Py (@) = (Epy s n (2), 77 ()

where .
—[ pn—l(x))
n(z) = , n>=1.
i = (ot
LEMMA 7.3. — For allk € N,x € R and L € N, we have
(7.14) Divun(@) = Dhon(@).

Let (L; : j € N) be an increasing sequence of positive integers. Suppose
that for a compact set K C R,

sup sup Varen—1(pL,+n-1 (@) + 1, v () < oo,
J T
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and
sup sup || Xz, (z)|| < oo.
JjeENzeK
If
lim ar, 1 =00 and lim (aL]-+N71 — aLj,l) =0,
j—o0 j—o0
then
. 3/2 L;
(7.15) Jim a3/? ) - sup ‘@L;W(x) ~ 9y, (m)’ —0.
o zeK

Proof. — Since

D, = <Eﬁn+Na ijlﬁn+N>
= (X, ) EPpiN, Pran)
= (det Xn)_1<EX’ﬂﬁﬂ+N7ﬁn+N>7

we have
(7.16) QLL+(I€+1)N - 9£+kN
_ <E(XLL+(k+1)N — (det XEpn) ™

By (7.1a) and (7.1b), for k € N, we have

1 ) i
Xn)P£+(k+1)Na P£+(k+1)N>'

XLL+(k+1)N = X£+kNa
and
det X7y =1,
thus (7.14) can be deduce from (7.16).

Let L € {L; : j € N}. To prove (7.15), we observe that [59, Proposition 5]
implies that

AL4+N-1

Py (@) = T ()] < || X (@) |7

- 1‘ (P v (@) + Py (@)).

Therefore, for a certain constant ¢ > 0,

3/2 . L ar4+N-1
p4nN—1°SUpP "@L+N(x) - -@L(ﬁ)’ SceapyN-1|— — 1‘
reK ar—1
arL4+N-1
= 07|CLL+N—1 - aL—1|,
ar—1

which concludes the proof. O
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THEOREM 7.4. — Let N be a positive integer. Let (a, : n € Ng) and
(b, : n € Ny) be N-periodically modulated Jacobi parameters. Suppose
that there are (L; : j € N) an increasing sequence of positive integers and
K a compact interval with non-empty interior contained in

{x €R: lim ay,yn-1 -discr X1 (x) exists and is negative}
j—oo 7 J

such that

sup sup || Xz, ()| < oo,
jeENzeK

and

sup sup VAL N1 (P14 n-1(2) + 92, v (7)) < 0.
JjeNze

Assume that there is a function g : K — (0, 00) such that
lim sup |a>/ D1, (x)| — x‘:O.
J’meeg LJ+N71‘ LJ( )| g()

If

lim ar;—1 = 00, and (aLj+N_1 - aLj—1) =0,

im

j—oo Jj—o0

then each v, a weak accumulation point of the sequence (ur; : j € N), is
absolutely continuous on K with the density

—h(z)

() —

Vix) = og(@) reK

where

(7.17) h(zx) = lim ar, n—_1-discr Xz, (z), z¢€ K.
J—00 )

Proof. — By Lemma 7.1, there are § > 0 and jy, > 0 so that for j > jo,
AL;+N—1" diSCI"ij_,rN < —4.

Therefore, in view of (7.14), [56, Theorem 3] implies that the measure pr ,
j = jo, is purely absolutely continuous on K with the density

\/—aLj+N—1 - discr (XfJJJrN(:U))
- 2mg;(x)

pr,(x)

where
3/2 L,
gj(x) = aLj+N—1’@L;+N(x)|'
Since discr X, () is a polynomial of degree at most 2N, the convergence
in (7.17) is uniform with respect to z € K. Hence, by Lemma 7.1, we have

Jli)lgo ar,;+n-1 - discr (XLLJJ+N(I)) = h(zx)
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uniformly with respect to z € K. Next, by Lemma 7.3,

lim g;(z) = g(x)

j—o0
uniformly with respect to x € K. Since g is positive continuous function
on K,

—h(z)
li ! =
jroo H'Ls (z) 2mg(x)
uniformly with respect to € K. Now, the theorem follows by [59, Propo-
sition 4]. O

COROLLARY 7.5. — Suppose that the hypotheses of Theorem 7.4 are
satisfied. Then
lim p} (z) =v'(x)
j—o0 J

uniformly with respect to x € K.

7.2. Asymptotics of the polynomials

In this section we study the asymptotic behavior of the orthogonal poly-
nomials (p, : n € Ng) corresponding to N-periodically modulated Jacobi
parameters (a, : n € Ng) and (b, : n € Np). Let us recall that the polyno-
mials (p,, : n € Ny) satisfy

w1 )=,
pn(T) = anPny1(T) + bnpn(z) + an-1pn-1(z), n=>1.

In view of (2.9), the Carleman’s condition (1.4) is satisfied, thus the mea-
sure  is the unique orthogonality measure for (p, : n € Np).

THEOREM 7.6. — Let N be a positive integer and i € {0,1,..., N —1}.
Let (ayn : n € Ny) and (b, : n € Ng) be N-periodically modulated Jacobi
parameters such that X,(0) is a non-trivial parabolic element. If

_ 1
(an 1an—an_1:neN),(ﬁnan—bn:neN),< :neN)ED{V,
Qn an Van

and

nh~>n;o (an+N - an) = 07
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then for each compact subset K C A_, there are jo € Ng and x : K — R,
so that

(7.18)  lim sup |/agrnN+i—1PjN+i(T)

J0 geK

3 |[ffz( 2,1| Ou( —0
\/ﬂ'u/(‘r)\/ailh'( kZ]o k .

Proof. — Let K be a compact subset of A_ and set L; = jN +i. By
Theorem 6.1, we have

pr, ()

719) ——
(T [T, (@)l

lp(ez, z) Zek ) +argp(ez,x) | +ox(l).

v Qi— 1‘ k=jo
Now, our aim is to identify the value |p(e2, z)|. By (6.4),
(720) @(eg,x) :j]i)réloq/aLj_;,_N_l(Z)Lj (eg,x)

where
(Xp, () = Aj(@) 1d) pi, (= 62>
1=, ()

We introduce the following auxiliary sequence of functions

(bLj (62,(17) =

(7.21) ¢Li(z) = <(X£j+N(m) B mld) ﬁzj+mN(x)> €2>

(/\ij+N($))m_l Hi:jo Ak(z)

where m € N, and )\E; 4 is the eigenvalue of ij 4 with positive imagi-

re K

nary part. Following the same lines of reasoning as [59, Claim 3], one can
show that qﬁm = (;SlJ for all m > 1. Next, we observe that

j—1
H I)‘k 2 _ det Zjo AjoN+i—1
det Zj AjN+i—1

k=jo
Since
det Z;,  sinhdj, Y, ¥,
det Z; - Vo . sinh ¥ 197]
and

VaG+)N+i—1Yj = Va7,
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we have

AjoN+i—1 sinh ﬁjo (x)

ai-1|7(z)]

(722) hm ,/a(]+1)N_H 1 H |)\k =

k=jo

uniformly with respect to « € K.

CLAIM 7.7.
(723) ‘lim q/aLj+N7]_ sup ‘(bfj( ) ¢LJ+N €9, T ‘ =0.
J—o0 zeK

For the proof let us observe that

65 (@) = b1, +n(e9,3) = I DPLAN (@), €2)

;C:]'O )\j (.’E)
where
(7.24) W, = (ij+N - XL,.+N) + (Am - A§j+N) Id.
Thus,

v 197+~ ()]
Ly )| < W (a) | DL
9" (x) — ¢, +n(e2,2)| < [|[W;(2)] )]

By Corollary 5.4 together with (7.22) we obtain
LTI
r—jo | Ak ()]

for all z € K and j > jg. Therefore, in order to prove (7.23) it is enough
to show that

(7.25) lim \/az, n—1sup [|[W;(z)|| =0,
J—0 reK
which by (7.24), easily follows from
. L
(7.26) Jim /az = sup (| X0 (@) = Xi v (@)]] =0,
. L
(7.27) ]linolo VOL, N1 522 }/\j_H(x) - )\L;+N(z)| =0.

To justify (7.26), we write

X2 (@) = Xpan (@)
< HXLJJ--&-N(J:) - XLj (Qf)H + HXLj (.13) - XLj"l‘N(x) ;

which by Lemmas 7.1 and 7.2 implies that

(728)  lim g,y sup [ X () = Xopan(@)] =0
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To prove (7.27), it is enough to show

(7.29) jhﬁrgo VOL, s N-1 stll(p’trijJrN —trYj 1| =0
(7.30) jhﬁrgo ar;+N-1 Skl(p|discr Xf;JrN — discr V41| = 0.
We write

L, L
(7.31) X v =Y = (X oy — Xopan) + (Xpn — Y).
By (5.2) and Theorem 3.2

tr Y}+1 =1tr (ZJ':_IQZjJrlXLj+N) = trXLjJrN + 79j+1 . tr(Qj+1XLj+N).
Since (Q;) uniformly tends to zero, we get

(7.32) VL, +N_1 s%p|trXLj+N —trY; 1| =0,

im
J—0o0

which together with (7.28) leads to (7.29).
Next, by Theorem 3.3

discr )/j-i-l e diSCI‘(é‘(Id + 19j+1Rj+1)) = 19?+1 diSCI‘(RjJ,_l).
Since (R;) tends to R uniformly and by Corollary 3.4, we conclude that

(7.33) Jlgglo ar,+N-1 st}1{p|discr Y41 —diser Xp, 4w | = 0.

Since there is a constant ¢ > 0 such that for all A, B € Mat(2,R),
(7.34) |discr A — discr B| < ¢(||A]| + || B|))[|A - B,
by (7.31) and (7.28), we get

. . . LJ
lim ar,+n—1 sup‘dlschLjHV - dlSCTXLj+N’ =0,
Jj—o0 K

which together with (7.33) implies (7.30).
CrLam 7.8. — Forz € K,

1 [Xi(0)]2,1
ajoN+i—18inhJ;, () i (z)

ai—|T(z)]

(7.35)  lp(ez,2)]” =
For the proof, by (7.20) and Claim 7.7 we get

. L; 2
felea, @) = lim | @z ix-101" (@)
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uniformly with respect to x € K. Next, we observe that by [59, for-
mula (6.14)]

Bigte

k=jo

1 L;
- 27raLj+N1M/Lj($)HXL (@ 21‘\/ dleI‘XL v (@)
1 Lj
- 2 MXL v (@)] 21‘\/ aL;+N— 1dlschL v ().

3
27raL/j+N71u’Lj (z)
Lemma 7.1 and Corollary 3.4 imply

hm ar;+N— 1dlSCI‘X

N = lim ar 4 ny_ydiscr Xy, = da; 7.
_] ]—>OO

Lj+
Hence, by Lemma 7.1 and Corollary 7.5

). ﬁ /\k(a:) 2 _ |[%i(0)]2,1| Ck¢,1|7'(x)|-

' (x)

lim \/ar;+N=1|\/aL;+N- 1677 (

! k=jo

Thus, by (7.22) the claim follows.
Now, to finish the proof of the theorem, we put (7.35) into (7.19) and

apply (7.22). O

8. The Christoffel-Darboux kernel

In this section we study the convergence of the Christoffel-Darboux
kernel defined in (1.3) for N-periodically modulated Jacobi parameters
(an :n € Ng) and (b, : n € Np).

Forie {0,1,...,N —1} and j € N we set

Ki?j(x’y) = ZpkN+i(x)pkN+i(y)7 T,y € R,

k=0
and
J
1
To describe the limits of (K;.; : j € N) it is useful to define a function
1 (X (
(8.1) v(z) = Z' at “' zeA_.

2 N\/|T -1

ANNALES DE L’INSTITUT FOURIER



ORTHOGONAL POLYNOMIALS IN JORDAN BLOCK CASE 51

In view of Propositions 2.2 and 2.1, we have

(8.2) v(z) = m

The following proposition provides yet another way to compute v(x) for
reAN_.

PROPOSITION 8.1. — Let N be a positive integer and i € {0, 1,... N—1}.
Let (apn : n € Ny) and (b, : n € Ng) be N-periodically modulated Jacobi
parameters so that Xo(0) is a non-trivial parabolic element. If

n— n ]'
<a lan—an1:neN>,(5an—bn;neN),< :neN>eD{V7
an an \/an

then
e tr X (x
v(z) = lim 1/%NH | .JNH( ) , TEA_.
ioo \ ;N /—diser Xjn1i(2)

Proof. — Let us observe that

QjN+i |tr XjN+i(x)| _ aj%:ﬂ tr XJ/‘N+i(x)|
V i 7Ny/—diser Xjnii(r) 7N fane | /7 diser Xyt (x)
By Corollary 3.4, we have

. AjN+i .
jli>n010 A /]T;\/f diser Xn+i(z) = 24/|7(2)].

In view of [61, Corollary 3.10],

. QN+
Jim S Xy ()] = [ X (0)],
1

thus
lim AjN+i |tI‘ X;’N-&-i(x” _ |tI‘ x6<0)|
imo\l i gNy/—diser X;npi(z)  2aNy/|7(2)]
which together with (8.2) completes the proof. O
PROPOSITION 8.2. — Let N be a positive integer and i € {0,1,...,

N —1}. Let (an, : n € Ny) and (b, : n € Ny) be N-periodically modulated
Jacobi parameters so that Xo(0) is a non-trivial parabolic element. If

n— n ]'
(a lan—an1:n€N>,<ﬁan—bn:nEN),< :neN)eD{V7
70 n Van

and

nh~>n;o (an+N - an) = 07
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then

(8.3) lim /2N ) — /()]
J—oo Q1
(8.4) lim [ SOEONEL 0] — N (a),
J]—0o0 O(Z 1
[a . N 2
(8.5) hm (J+1)N+i 1|0//( )‘ _ ( WU(I))
j—roo Q1 2y/|7(z)]

locally uniformly with respect to x € A_.

Proof. — Let us begin with (8.3). By Theorem 3.3,
lim Y; = ¢Id

']*)OO
locally uniformly on A_. In particular,
trY;
im rYj(z) _
j—oo 24/det Y;(z)

Since
lim arccost 1
t—1- /1 — £2 ’
we obtain

—_

i (1= ()Y o -

Let us observe that by Theorem 3.3
1 ( trY;(z) )2 \/—diserYj(z) 95 )\/fdischj(:c)
Y = =) ———
det Y, () det Y, () 2 /det Y (x)
Hence, by (3.4)

i i tY 2
(86)  dim [UEveot (5 )= EOp
j—o0 Q1 2 det Y;(z)

and the proof of (8.3) is complete.
Next, by the direct computation, we obtain

Sil’lh(’l9j+1 - ’lgj)

(8.7) trY;=tr XN+ [TlejNHTi]LQ

sinh 19]'—1-1
Ay sinh B
+[T; XJNHTZ]M(Smh o 1).
We write
sinh(Vj40 —¥5) _ Y41 =0, sinh(@j0 —95) I
sinh ’L9j+1 19]'_;,_1 ’L9j+1 — ’L9j sinh ﬂj.;,_l '
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Notice that
Sl A(j+2)N+i-1 : - :
Vjt1 ! VO(G+2)N+i—1  /OG+1)N+i—1
1
T T (VaGrONti1 = aGraNti1)
(j+1)N+i—1
1 G(j+1)N+i—1 — O(j+2)N+i—1

VOG+1)N+i—1 /G+1)N+i—1 T+ \/a(j+2)N+i—1’

thus

. o1 — 0
lim agiynpio1—o—2 = 0.

J—00 19j+ 1
Since the function

inh
F(x):SIH\/E\/E, x>0,

has smooth extension to R which attains 1 at the origin, for k£ € {0, 1,2}
we have

Sinh(ﬂj+1 — ’19]) > (k)

(8.8) jlggo a(j+1)N+i1< sinh ¥ 41

= lim a(; ;
B +1)N+i—1
0 (G+1) 19]4-1

=0

95 j+1 — 19 Slnh(ﬁj+1 — ﬁj) ) 79]'+1 (k)
19j+1 — 19j sinh 19j+1

locally uniformly on A_. Similarly, we write

Yi+1+9;
sinhﬁj_H 1= COSh( +12 ) sinh(ﬁj_,_l — ’19])

sinh ¥, cosh (19;+12—191) sinh ¥, ’

and observe that G(x) = cosh \/x, x > 0, has a smooth extension to R and
attains 1 at the origin, hence for k € {0, 1,2},

. sinh ;41 (k)
(8.9) ]ILH;O A(j4+1)N+i—1 <smh?j9j - 1) =0
locally uniformly on A_. In particular, by (8.7) and [61, Corollary 3.10]
a 3
(8.10) lim —UEOVEL ¢y ) — tr X0 (0)
J—>00 O[,L 1

locally uniformly with respect to € A_. Now, to prove (8.4), we write

trY; G(j+1)N+i—1 [sinh¥j4q
detY AjN+i—1 sinh ¥,
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and so

2 /
o, = 1 JaginNyi-1 1_ trY; S1r'1h19j+1 oY) .
2 AjN+i—1 2\/det Y} sinh 9,

By (8.9) and (8.10),

/
. O(+1)N+i—1 [sinh ¥4 p
8.11 1 trY; =t 0
( ) Jggo o1 < sinh ¥, R rXo(0)

which together with (8.6) gives

. i t /
hIIl a(]""l)N"F 1 |0; (I)| _ | er(O)‘
j—oo Q1 2y/|7(x)]

locally uniformly with respect to € A_ proving (8.4).
Finally, we turn to the proof of (8.5). We have

2
0 _1 (a(j+1)N+i1> 1_ try;
/ 8 GjN+i—1 2,/detY;
/
[sinh ;14 sinh ;41
——trY; — T trY;
X( sinh 9 th sinh ¥ T
2 _% - "
1 JagryNyiog 1_ try; sinh 941 Y
2 GjN+i—1 2,/det Y sinh J; 7

By [61, Corollary 3.10] together with (8.7), (8.8) and (8.9),
(8.12) lim ajyiitrY;” =0,
j—o0

lim a;ni; %trY ”*0
j—o0 JN+i sinh J o

locally uniformly on A_, which together with (8.6) and (8.11) implies (8.5).
O

Nl

_3
2

vl

thus

8.1. Universality limits

THEOREM 8.3. — Let N be a positive integer. Suppose that (a, : n €
No) and (b, : n € Ny) are N-periodically modulated Jacobi parameters so

ANNALES DE L’INSTITUT FOURIER



ORTHOGONAL POLYNOMIALS IN JORDAN BLOCK CASE 55

that X((0) is a non-trivial parabolic element. If

<an_lanan_1:n€N>,(ﬂnanbn:n€N),< 1 :nEN) GD{V,
an an \/a”ﬂ

and

nlggo (an—i-N - an) =0,

then

lim K, (x + Lt 1;) = 2@ e ((u— v)mv(z))

n— oo pn n

locally uniformly with respect to (z,u,v) € A_ x R?, where v is defined
n (8.1) and

Pn:Z %:-

Proof. — Let K be a compact interval with non-empty interior contained
in A_, and let L > 0. We select a compact interval K CA_ containing
K in its interior. There is j; > 0 such that for all x € K, 7 > j1, 1 €
{0,1,...,N =1}, and w € [-L, L],

u u ~
T+ , T+ e K.
PiN+i Naipi;
Given = € K and u,v € [—L, L], we set
u
Tiyj =TT+ ——F—, XTjNi+i =T+
w Ny/aipi;; T PiN+i’
v
Yij =T+ =5 YjN+i =T+ :
w N./a;pi;; s PjN+i

By Theorem 7.6, there is jg > j; such that for all x,y € K, and k > jo,

V(e ) N+i—1PkN+i (T)PeN+i(Y)

_1\/ [%:(0)]2.1 [12:(0)]a.1]
")y eial|m(@)| | 1 (y) v/ il T(y)]
k 1
X sin HgN_H )+ xi(x Z Oen+i(y) + xi(y)
£=jo =jo
+ Epn+i(2,y)

where

lim sup |Exn+i(z,y)| =0.
k=00 z yeK
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Therefore, we obtain

_ 1[Xi(0)]21 1
Z PeN+i(2)Pen1i(y) = T o
e S\ @e )@ ()]
X \/7 Z Oenvi(x) + xi ()
e k+1)N+i—1 i
k-1
X sin 9@1\]4_1 ‘|‘ Xi(y)
£=jo

1
+ Z G%EkNjLi(xay)-
k=jo+1 VU (k+1)N+i—1

Observe that by the Stolz—Ceséro theorem,

1 J 1
lim

J=00 Pi—1;5 k§+1 VO(k+1)N+i—1

= hm MEjN_;'_i(.’L‘, y) =0.
J—=00 \ Q(j4+1)N+i—1

In view of Proposition 8.2, we can apply [59, Theorem 9] with

EkNJm‘(% y)

(67
&(2) = Ojnyi(z), v =N,/[————, and [(z)| = rv(z).
A(j4+1)N+i—1

Therefore, for any i’ € {0,1,..., N — 1}, as j tends to infinity

1
N\/Oéiflpzél'j

a Z 9€N+l TjN+i ) + Xl(xJN'H )
i Jo+1 \/ (k+1)N+z 1 s

k—1

xcsin (Y Oeni(yynar) + xi (YN 4ir)
=jo

approaches to

I .
5 sine (v —u)mv(z))
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uniformly with respect to z € K and u,v € [—L, L]. Moreover,

1 1
lim - = lim -
i=eo ! (@iNti )\ IT(@iN+ir]) 700 W (YiN+i) VT (YN +ir])
B 1
wW(z)/|7 ()]
Hence,
hm Kz X i Yi i
=00 Pi1y »J( JN+i'5 YN+ )
(8.13)

1 [Xi(0)]21]
2! (z)/ |7 ()] V@i-1

= sinc ((v — w)mv(z))

Finally, we write

N—-1 N—-1
KjNJr'L Z KZ] X y + Z zg 1 x y) Ki;j(x,y))'
i=0 1=1"+1

Observe that

sup | Kijj—1(z,y) — Kijj(2,9)| = sup |pjn+i(@)pjni(y)] < c
z,yeK z,ye K

Moreover, by [61, Proposition 3.7], for m,m’ € Ny,
ajN-i—m’ (0777%

lim —— =

B )
J—00 AjN+m Ay

thus, by the Stolz—Ceséaro theorem,
1

. pi—l;' . VAjN+i—1
lim J — lim I
j—o0 PjN-+i! Jj—o0 ZN Qi 4k
k=1 AiN4i' 4k
1

- N a1
Hence, by (8.13)

lim Kinti (TNt YjN+ir)
J—00 ij+i/
N1 p
. i—1;j
= lim E Kinti(Zjntis YjNtir) - ——
J00 =8 Pi-13j PjN+i!

—Lsinc v —u)To( 0)]2.1|
= iy e () '

IS
)2N7r\/7 Z -1
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Therefore, in view of (8.1), we obtain

. v(x)
lim Kinvi(Tinvi, YiNti) = -sinc ((v — uw)mv(x)),
S0 PNt JN+ ( FN+i 5 YjN+ ) ,U/I(x) (( ) ( ))
and the theorem follows. O

8.2. Applications to Ignjatovié¢’s conjecture

In the following theorem we extend the results from [61, Section 4.3] and
[60, Section 8.1] to the case when N = 1 and X (0) is a non-trivial parabolic
element of SL(2,R). These results are motivated by [19, Conjecture 1].

THEOREM 8.4. — Let ¢ € {—2,2}. Suppose that

(an—an1:n€N),(qan—bn:n€N),( % :neN) e D,
n
and
lim (an — anl) =0, lim (qan — bn) =r, lim a, = .
n—00 n—o00 n—00
Then

-1

"1 - 1

lim — pz-(x) =
n=oo \ VA ; ! ' (x)/ | + 7]

locally uniformly with respect to x € A_ where

A_ — {(—T7 +OO) q = 27
q=—

(=00, —T) 2.

Proof. — Let N =1, a,, = 1, and §,, = ¢. Then

By (3.1) and (2.9),
7(z) = (z +r)sign(—q) = —(z +r)sign(q).

Hence, the result follows by Theorem 8.3. O
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9. The ('-type perturbations

In this section we show how to obtain the main results of the paper
in the presence of ¢! perturbation. We start by introducing notation. Let

(an :m € Ng) and (b, : n € Ny) be Jacobi parameters satisfying

where (a, : n € Ny) and (b, : n € Ny) are N-periodically modulated Jacobi
parameters so that Xy(0) is a non-trivial parabolic element, satisfying

n— n ]'
(a lan—an1:neN>,(5an—bn;neN),< :neN>eD{V7
(077 Qp v Gn

and

S Van(lénl + 1Gal) < o0,
n=0

for certain real sequences (&, : n € Ny) and ({, : n € Np). In this section we

add tilde to objects defined in terms of Jacobi parameters (a,) and (by,).
Let K be a compact subset of R. By (4A,,) we denote any sequence of
2 x 2 matrices such that

o0
ZsupHAnH < 0.
n=0 K

‘We notice that
(9.1) Bn(z) = By (z) 4+ a;Y?A, ()

where

Moreover, for

Xn = En+N*1§n+N72 .. 'Bn7
we have
_ n+N-—1 _ _
X, — X, = Z agl/QBnJqu o+ Byy1ApBy_1 - B,
k=n
which together with

sup sup ([ Bn(x)| + | Ba(2)]]) < oo,
neENg ze K
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implies that
(9.2) X, =X, +a; A,

Next, if K C A_ then by Theorem 6.1 and (7.22), there is ¢ > 0 such that
for all n € Ny,

(9.3) sup || By Bn—1 - Bol| < ca,/*,
K

and since det B, = “2=1 we get

(9.4) sg{p (BnBp—1--" BO)*l | < cai/‘l.

Moreover, by (9.1)

B,,--- B1By

B, B1By (Id + agl/QBgle)

B, BB, By (Id + a;”?(BlBo)*lAlBo) (Id + agl/2BO—1AO)

n
By BiBo [ [ (1d+a; (B, BiBo) ' As(B; 1 -+ B1Bo))
=0

thus by (9.3) and (9.4), || B, - - - By By is bounded by

—1/2 —
1Bu-- BuBoll [T (1+a;21(Bs -+ BiBo) |- | Bjv -+~ BiBoll-14,1))

Jj=0

1/4 —1/4
<|1Ba--- BiBo| TT (1+caj*a;2{"18,1))
=0

n

<|[Bn--BiBollexp [ ¢ Y 1]l | ,

§=0
and so

(9.5) S;p“én---élgon < ca;tt

Next, let us introduce the following sequence of matrices
(9.6) M; = (B;B;_1---Bo) ' (B;B;_1--- By).
Since

M1 = M = (Bj1Bj-+-Bo)~ (Bjy1 — Bjs1) (B;Bj-1 -+ Bo),
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by (9.1), (9.4) and (9.5), we obtain

3/4 —1/2 —1/4
Sup | M 41 — My | < cailfyar {0 sup A

< csup Azl
K

Hence, the sequence of matrices (M;) converges uniformly on K C A_ to
a certain continuous mapping M, and

o0

(9.7) sup ||[M — M;|| < ¢ Z sup || Ag|.
K k=j+1

Observe that for each z € K the matrix M (x) is non-degenerate. Indeed,
we have

Jj—o0
= lim flfj =1
Jj—ro0 aj
We set
Mn_leg M€2

M el T [Mea|

Let us denote by (p, : n € No) orthogonal polynomials generated by (an :
n € Ng), and (b, : n € Np). Let i denote their orthonormalizing measure.
Notice that for all n € N and = € K, by (2.4) and (9.6), we have

) ___ L (P
(9.8) i (1 (), ) = M1 (@)ea]| ( Pn(x) >

By Corollary 5.4,

sup sup m“ﬁn(nn(x)am)|‘2 < 00,

neNzeK

which together with (9.8) implies

(9.9) sup sup \/an+n—1(Pa_1(z) + pa(z)) < oo.
neNzeK

We consider the corresponding N-shifted Turdn determinants,

Dn(x) = Pn(@)Pn+N-1 = Pn—1(2)Pn N (2).
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By (9.8) together with Theorem 6.1, (5.1) and (9.2), we obtain

|Fn(@) = a1 Mo @ - Sl (). )]
= |-@n - ||Mn—1($)€2H2<EXn(1')ﬁn(77n(m)v33) ,ﬁn(nn(ﬁﬂ)’fﬁ)ﬂ
1/2 o
< can+§v X (@) = X ()
Sca n+N 1sup||A -
Fix i €{0,1,..., N —1}. Since (a,) is sublinear and (supg ||A,||) belongs

to ¢!, for each subsequence there is a further subsequence (L; : j € Ny),
such that

(9.10) sup||AL I < caL IN—1s
thus we can guarantee that L; = i mod N. Moreover, if

lim (ap+n — an) =0,
n—o0

we can ensure that

_lirn (ELj+N_1 - 'dLJ_l) =0.
J]—00

Having chosen subsequence (L, : j € Ny), we apply Theorem 5.1 to deduce

that the sequence (|Sr;| : j € Np) converges uniformly on St x K to a
continuous function |S|. Consequently, by (9.7),

Jim Mz, —1(2)eal|” - [St, (nr, (x), 2)| = [|M ()es|* - [S(n(x), )],
which leads to

lim sup |a3/% |7, ()] — | M(@)eal? - [S(n(a), )| = 0.
J0 geK

Let us recall the definition of 7 and A_ in (3.1) and (4.1), respectively. In
view of Theorem 7.4, we obtain the following statement.

THEOREM 9.1. — Let N be a positive integer and i € {0,1,..., N —1}.
Let (a,, : n € Ny) and (b, : n € Ng) be Jacobi parameters such that

where (a,, : n € Nyg) and (b, : n € Ny) are N-periodically modulated Jacobi
parameters so that Xo(0) is a non-trivial parabolic element, satisfying

n— n 1
<a lan—an1:n€N>,(ﬁan—bn:n€N),( :neN)eD{V,
oy ay, an
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and
S Van(€al + 1Gal) < 00,
n=0

for certain real sequences (&, : n € Ng) and (¢, : n € Ny). Then there is
(Lj : j € Ny) an increasing sequence of integers, L; =i mod N, such that

gi(z) = lim ?ii/ja_N_lléLj ()|, zeA_

j—o0
where the sequence converges locally uniformly with respect to x € A_,

defines a continuous positive function. If

lim EL. N,l—EiL.,l =0
j~>oo( it J ) )

then the measure [i is purely absolutely continuous on A_ with the density

oy Vei|T(@)]

Next, let us observe that if X' C R\ {zo} then by (9.2) and Theorem 3.3,
we get

, xeA_.

Zil )?jN+iZj = 2471 XjNJriZj + a_l/Q-Zzil AjNJrZ'Zj

J+1 j+1 JN+ij+1
= c(Id +9,R;) + a5 270 Agnsi ;.

Since there is ¢ > 0 such that for all j € N,
1240 < cajiss and [1Z4] < e,
by setting V; = Eaj_Al,fiZ;_&lAjNHZﬁ we get
(9.11) Z N Xjn+iZ; = e(ld+9;R; + V)
where (R;) is a sequence from D (K, Mat(Q,R)) convergent on K to R;,
and

o0
(9.12) Zsup Vj] < oo.
=1 K
Moreover, by (9.10) we have
sup [V, || < cag -1

Since [63, Theorem 4.4] allows perturbation satisfying (9.12) we can repeat
the proof of Theorem 4.1 to get the following result.
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THEOREM 9.2. — Let N be a positive integer. Let A be the Jacobi

matrix associated with Jacobi parameters (a, : n € Ng) and (b, : n € Ny)
such that

an:an(l+§n)7 gn:bn(1+Cn)a

where (an, : n € Nyg) and (b, : n € Ny) are N-periodically modulated Jacobi
parameters so that Xo(0) is a non-trivial parabolic element, satisfying

n— n 1
(a lan—an_lzneN)(ﬁan—bn:neN),< :neN)ED{V,
O O Van,

and
Z Van(|§n| +[¢nl) < o0,
n=0

for certain real sequences (&, : n € Ng) and ({, : n € Ny). Then

O'CSS(A) N A+ = @

Next, we study the asymptotic behavior of polynomials (p, : n € Npy).
Since the Carleman’s condition (1.4) is satisfied, the orthonormalizing mea-
sure fi is unique.

THEOREM 9.3. — Let N be a positive integer and i € {0,1,..., N —1}.

Let (@, : n € Ny) and (b, : n € Ng) be Jacobi parameters such that

an:an(1+€n>7 En:bn<1+<‘n)>

where (a,, : n € Ng) and (b, : n € Ny) are N-periodically modulated Jacobi
parameters so that Xo(0) is a non-trivial parabolic element, satisfying

n— n 1
(a lan—an1:n€N>,<ﬁan—bn:neN),( :neN>eD{V7
(679 Qp, v Gn

and

Z \/a7"(|€n| + |<n|) < 00,
n=0

for certain real sequences (&, : n € Ng) and (¢, : n € Ng). If there is
(L; : j € Ny) an increasing sequence of integers, L; = i mod N, such that
lim (&LJ+N_1 76Lj_1) = 0,

Jj—o0
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then for each compact subset K C A_, there are jo € N and ¥ : K — R,
so that

(9.13)  lim sup ’mij+z
j—ro0 rzeK

|[3€z(0 2,1| ) j-1 N )
) \/wmx) =i (X o) +x(x))‘ 0

ai—1|T(x P

where 0), are determined in Theorem 6.1.

Proof. — Fix a compact set K C A_. In view of (9.8), Theorem 6.1
implies that

p]N—H H

H|‘P UJN+1( ), )|
>\k

i@l @

k]o

xsin [ Y Ok(@) +arg p(nin4i(@),z) | + ok (1)
k=jo
_ ||M(a:)62|| lp(n(x), )]

ai-1|T(z)|

(9.14)

X sin Z Or(x) + arg p(njnti(z),x) | +ox(1)

k=jo

where we have used (9.7) and continuity of ¢. Our aim is to compute
the function |p(n(z),z)|. To do so, we can work with the subsequence
(Lj : j € N). With no loss of generality we assume (9.10). The reasoning
follows the same method as in Theorem 7.6. In view of (6.4)

e(n(z), =) = jlgglo Var,+n—16r, (n(z),z), =z €K,

where

(Xp(x) = Aoy (@ )Id)ﬁL(n(w)»x),@).

L/N 1
TN A(2)

b1 (n(a),x) =
Observe that by (7.22) and Corollary 5.4, we have

VAR, (1(a),2) = 0, (e, (2),2)| < e sup () — e, (@)
thus by (9.7)
(915) [[M(@)ea]|p(n(@). 2) = lim /LT[ Me, - @)ea]|x, (ne, (@), 2)-
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Observe that by (9.8)

(Xp () = Mo/n) (@) 1d)py (2), e2)

[L/N]-1 y

(9.16) ||Mp_i(z)eo||ér (12 (2), ) =
E=7o k()

For m € N and L =i mod N, we set
~ S =L
(REn(@) - M) 1d) By (@), €2 )
(R ow@) "™ TN M)

where \E L. is the eigenvalue of XE I+ With positive imaginary part. By

(9.17) ok (x) =

, v€e€K,

the same lines of reasoning as in [59, Claim 3], one can show that ¢L d)L
for all m > 1. Next, we claim that the following holds true.

CLAIM 9.4.
(918) hm Q/AaiLj+N,1 sup ‘HMLjJerl(x)eQH¢L]-+N(UL]-+N(33)3x)
J—0 reK

60 (@) =o.
By (9.16) and (9.17), we have

55(2) M1 -1 (el o ()2
~ (Wj(@)pr, yn(2), €2)
L,/N
™ (@)
where
XL T _ 3L
(9.19) W; = (XLJJ+N - XLj+N) + (ALLJ-/NHI - AL;+N) 1d.
Hence,

‘ | ML, 4n-1(z)e2||dr,+n (N, +n(2), T) — o1 (95)‘

[Pz, (@)
TLEN @)

By (9.9) and (7.22) we get

||15Lj+N(17)|| c
L;/N =
T2, ()]
for all z € K and j > jo. Next, we write

1X27 8 = Kool < X = X+ [ Ky o = X, v
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thus by Lemma 7.1, (9.2) and (9.10), we obtain
.~ SL;
(9.20) Jim Gz e[ KEy = X ]| = 0.
It remains to show that

. ~ "'LJ
glggo V aLﬁN*l‘)‘LLj/NJH - )‘Lj+N‘ =0,

which can be deduced from

. ~ v Lj
(9.21) jll)nolo \/GL;+N—-1 s%p |trXLj+N —trY| L, /nj1] =0,

and

L . SI - B
(9.22) Jlgrolo AL, +N—-1 s1}1{p|d1schLj+N —diser Y|, /41| = 0.
We write

L, L,

Xplonw =Yg nis = (Xplon = Xpan) + (Xpen = Yz n)+1),

thus (9.21) is a consequence of (9.20) and (7.32). Next, by (7.34),
|discr)?£j+N — dischLj+N| < c||)Z'LL;_+N — XLJ.JFNH

thus (9.22) follows by (9.20) and (7.33). Summarizing, we showed that

lim y/ar;+n-1sup ||[W;(z)| =0,
J—oo zeK

and hence (9.18) follows.
Our last step is to justify the following claim.

CramM 9.5.

(9.23) ||M(2)ea|*|p(n(x), z)|?

1 |[Xi(0)]2,1] - @i |7 ()]
ajoNti—1sinh ¥, (x) i (z) '

For the proof, let us observe that by (9.15) and Claim 9.4 we have
2 2 . . ~ LJ‘ 2
|M@)es*le(@), DI = lim |y/ar,x-161 (@)
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In view of [59, formula (6.14)]

. [L;/N]
¢y (@) [] M@

k=jo

1 ‘ SL; . oL,
= — — X7 x ‘ — discr X7 T
2mag,+N-1/iy, () | Lent )]2’1 \/ L (@)

1 SIL; ~ oI
=—5 — ‘[XL;+N(m)]271}\/—aLj+N,1 dlschLjJrN(gc).
2wy "y ol (%)

By Lemma 7.1

2

L~ . SL L~ L
lim ar;n-1 dlschL;+N(I) = 'lgn ar,+N—1diser Xz, 4 n(z).
j—roo j—o0

Using (9.11) and (9.10), we can repeat the proof of Corollary 3.4, to get

im ar, N1 discr )N(Lj+N(m) =do;17(x).
j—o0

By Theorem 9.1 and (9.9), we can apply Corollary 7.5 to obtain

2

[L;/N]
jliglo\/aLﬁNq \/ELj+N—1¢1Lj($)' H k()
k=jo

_ X ()2 | Vaia[r(@)]
i (@) |
Finally, the claim follows by (7.22).
Now, by inserting (9.23) into (9.14) and using (7.22) we conclude the
proof of the theorem. O
Having proven asymptotic formula for orthogonal polynomials (p, : n €
Np), we can repeat the proof of Theorem 8.3 to get the following result.

THEOREM 9.6. — Let N be a positive integer and i € {0,1,..., N —1}.

Let (a,, : n € Ng) and (b, : n € Ng) be Jacobi parameters such that
an:an(1+§n)a gn:bn(1+<.n)a

where (a,, : n € Ng) and (b, : n € Ny) are N-periodically modulated Jacobi
parameters so that Xo(0) is a non-trivial parabolic element, satisfying

n— n 1
(a 1an—an_1:n€N),(ﬁan—bn:nEN),< :neN)ED{V,
an n \/an

and

S Van(ial + 16l) < o0,
n=0
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for certain real sequences (&, : n € Ny) and ((, : n € Ny). If there is
(Lj : j € Ny) a sequence of integers L; = i mod N, such that
jILI& (ar,+n-1—ar,-1) =0,

then

. 1 ~ U v v(z)
lim —K, x+~,x+~):~ -sinc ((u — v)mu(x
n—o00 POp ( Pn On ’u/(x> (( ) ( ))

locally uniformly with respect to (z,u,v) € A_ x R?, where v is defined in
(8.1) and
AN

10. Examples
10.1. Period N =1

The following corollary is an easy consequence of Theorems 9.1 and 9.2.

COROLLARY 10.1. — Let (a, : n € Ny) and (En :n € Ny) be Jacobi
parameters such that

(101) an = an(l + Sn% gn - bn(l + <n)

where (a, : n € Ny) and (b, : n € Ny) are Jacobi parameters satisfying

(10.2) (an —QUp_1:Nn € N)7 (qan —b,:n€ N), ( in € N) € Dy,

1
vV an
and
(10.3) > Van(léal +16al) < oo,

n=0
for certain real sequences (§, : n € Ny) and (¢, : n € Ny) and some
q € {—2,2}. Suppose that
(10.4) nhﬁrrolo (an — an_l) =0, nhﬁn;o (qan — bn) =r, lim a, = cc.
Then the corresponding Jacobi matrix A satisfies

aac(g) = Uess(g) =A_ and asing(Z) NA_ =0

A:{H,oo) =2,
(—o0,—1r) q=-2.

where
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Let us compare Corollary 10.1 with the results already known in the
literature. In the article [40] the author studied Jacobi parameters of the
form (10.1) for b,, = —2a,, and the sequence (a,, : n € Ny) satisfying (10.3),
(10.4) and
(10.5) (W:neN) el (an—an_1:n€N)e€D.

(29

Under the above hypotheses the asymptotic formula for generalized eigen-
vectors of A is obtained in [40]. Let us observe that

' 1 B 1 _ |an+1 - an|
Va1 Van | (ang + Van) i

- |a/n+1 - an‘

T 3/2 )

an+1(1 + ai:l) aiil
- |an+1 - a’n|
= Ta
anJrl

that is (10.5) and (10.2) are equivalent. Consequently, we can apply Corol-
lary 10.1. Moreover, in view of Theorem 9.3, we obtain the asymptotic
behavior of the corresponding orthogonal polynomials (p,, : n € Np).

The Jacobi parameters satisfying the hypotheses of [40] are further stud-
ied in [41]. In particular, it is proved that o, (A) C (0, 00), and moreover,
Tac(A) = (—00,0] and crsing(g) N (—00,0) = 0 provided that

(10.6) (;:nEN)(%:nEN)GEQ.
Our Corollary shows that the hypothesis (10.6) can be dropped and at the
same time it provides a stronger conclusion that oes(A) N (0,00) = . It is
also more flexible because we do not need to assume that a,, = —2b,,. Let
us emphasize that no analogue of Theorem 9.6 was studied before.

Let us also mention two earlier articles [20] and [26] where the authors
study Jacobi parameters falling into the class considered in Corollary 10.1

for

(10.7) anp=(n+1), b,=-2(n+1)7,

where v € (3,2

cently, in [44], a variant of Theorem 9.3 is obtained for Jacobi parame-
ters (10.7) and v € (0,1).
In [24], the authors proved that for Jacobi parameters

). The results proven there are analogues of [40, 41]. Re-

an=n+14~, by,=-2(n+14+7)
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where v € (—1,00), we have 0,c(A) = 0ess(A) = (—00, —1]. This case lies
on the borderline of our methods, and it is not covered by Corollary 10.1.
Finally, let us mention the recent article [71] studying the Jacobi parameters
of the form

@y =+ 1) (1+0M™), by=qln+1)(1+0(n™?),

for ¢ € {-2,2} and v € (2,00). The author describes the asymptotic
formula for (5, : n € Np), and shows that oes(A) = ) provided that A is
self-adjoint. This case is also not covered by our results.

The following proposition allows to construct a large class of sequences

(an : n € Np) satisfying the hypotheses of Corollary 10.1.

PROPOSITION 10.2. — Let (a, : n € Ny) be a positive sequence such
that:

(a) it is eventually increasing, i.e. there exists ng > 1 such that
Qn < Ap+41

for any n > ng,
(b) it is eventually concave, i.e. there exists ng > 1 such that

Ap—1 + Ap+1

2 X n
for any n > ng.
Then
(10.8) (an—an_l:neN),( - :neN)eDl.
If additionally
(10.9) lim 2% =,
n—,oo M
then
(10.10) lim (ap+1 —an) =0.

n—oo

Proof. — Without loss of generality let ng > 1 be such that both (a)
and (b) are satisfied.
By (a) the following limit

Uoo = lim a,,
n— o0
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exists and ao € (0, +00]. Observe that by (a)

i 1 1 i( 1 1 )
(10.11) S lvana van| S \Van an
_r o
Gng /G
Next, set
(10.12) dp = Ay — Qp_1.

Then by (a) and (b) we have
Ogdn+1 gdnv TL}TL(),
which implies that the following limit exists

(10.13) doo = lim d,,

n— oo

and dos € [0, dp,]. Thus

Z |dn+1 —dn| = Z (dn — dny1) = dny — doo < 00,

n=ngo n=ngo
which together with (10.11) and (10.12) implies (10.8). Finally, if (10.9) is
satisfied, then by Stolz—Ceséro theorem and (10.13)

. a .
0= lim — = lim (an41 — an) = doo,
n—,oo n n—oo

which implies (10.10). O

By means of Proposition 10.2 we immediately obtain

COROLLARY 10.3. — Suppose that f : [ng — 1,00) — (0,00) for some
ng = 1 is a twice differentiable function such that
(a) for any x € (ng — 1,00) one has f'(z) > 0 and f"(z) <0,
(b) limg 0o f(2) = 00 and lim, o f/(x) = 0.

Define
1 n<ng—1
ap = .
fn) nzng—1
Then )
(an—anlzneN),( an:neN)epl.
Moreover,

lim a, =00 and lim (a, —ay,—1) =0.

Below, we provide a few examples satisfying the hypotheses of Corol-
lary 10.3.
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Example 10.4. — Let f(xz) = loga. Then it is immediate that the hy-
potheses of Corollary 10.3 are satisfied for any ng > 3.

Example 10.5. — Let f(z) = " for some y € (0,1). Then it is immediate
that the hypotheses of Corollary 10.3 are satisfied for any ng > 2.

Example 10.6. — Let f(z) = 2" log z for some v € (0, 1). Since
f'(x) =27 Y (ylogz + 1)
f'(@) = =272 (y(1 =) logz + 1 - 27)
the hypotheses of Corollary 10.3 are satisfied by taking large enough ny.
Example 10.7. — Let f(x) L Since

= logz*

| 1
f(x)_logm(l 1oga:>

1 2
1
- - (1=
f(w) z(log )2 ( log a:)
the hypotheses of Corollary 10.3 are satisfied for any ng > 9.

10.1.1. Laguerre-type orthogonal polynomials

In this section we provide examples of measures p which give rise to
Jacobi parameters that satisfy the hypotheses of Corollary 10.1 for &, =0
and ¢, = 0.

Take v > —1 and k € N, and consider the purely absolutely continuous
probability measure p with the density

() eyl exp (—a®) if x>0,
p(x) =
0 otherwise,

where ¢, . is the normalizing constant. The case k = 1 corresponds to
the well-known Laguerre polynomials. According to [68, Theorem 2.1 and
Remark 2.3,

1~ 1 1 ~y+1 1
ne1=dp|l-+—+0(—= d b,=d,|=+—4+0(—=
fn=1 (4 + 8kn + (n2)> an (2 + 4kn + <n2))
where y
2(2k)!! "
_ 1/k _
d, = con for ¢o = (H(Z‘ﬁ} — 1)”) .
Observe that for k > 2 it implies

1 1 -
(10.14) Ap—1 = idn +eéen, bp= §dn + €n,
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where both (e, : n € N) and (€, : n € Ny) belong to D; and tend to 0. We
notice that

dn+1 — dn = Co((n + 1)1/H — nl/“)

1\1/k
:conl/“((l—i—n) - 1)
_ %0”1/;{—1 + O(nl/n—Z).

Hence (dn+1 — dyn : n € Np) belongs to Dy and tends to 0. Since
1

ap — Ap—1 = Z(dn-i-l - dn) + €n+1 — €En

and
2a,, — bn = l(dn—i-l - dn) +eny1 — gn,
2
we conclude that

(an —ap—1:n €N),(2a, — b, :neN)eD

and

nh_)rrgo(an —ap-1) =0, nh_)rr;o(2an —b,)=0.

Furthermore, by (10.14) the sequence (a, : n € Np) is unbounded and
eventually increasing, thus

1
: D;.
( o n€N>€ 1

Summarizing, we showed that the hypotheses of Corollary 10.1 are satisfied
with &, =0,(, =0 for any k > 2.

10.2. Periodic modulations

The following corollary easily follows from Theorems A and B.

COROLLARY 10.8. — Let N be a positive integer. Let (o, : n € Z)
and (B, : n € Z) be N-periodic Jacobi parameters such that X¢(0) is a
non-trivial parabolic element. Set
where the sequence (a, : n € Ny) satisfies

1
Vay,

(10.16) (@n — an-1 :neN),( :nEN> € Dy,
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and

(10.17) lim @, =00, lim (@n41 —ay) = 0.
n—o0 n—o0

Then the corresponding Jacobi matrix A satisfies
Oac(A) = 00ss(A) = A_  and Osing(A) NA_ = 0.

Let us observe that by means of Corollary 10.3 we can construct a large
class of sequences (a, : n € Np) satisfying (10.16) and (10.17), see in
particular Examples 10.4-10.7. In the next sections we provide a few classes
of (o, :n €Z) and (B, : n € Z) for N = 2 such that Xy(0) is a non-trivial
parabolic element. Consequently, it will allow us to compare Corollary 10.8
with the results known in the literature.

10.2.1. Modulation of the main diagonal

Let N =2, and

Oé:(].,].,].,l,...), ﬂ:(ﬂ(%ﬂlaﬁo,ﬁla'“)
for certain By, 81 € R. Then

(-1 —Bo (-1 -5
%o(0) = (ﬁl BoB1 — 1) and %, (0) = <ﬁ0 Bob1 — 1> '

Thus det Xo(0) = 1 and tr X¢(0) = £2, if and only if

BoB1 =0 or BB =4

Example 10.9. — Take 8y = ¢ and 1 = 0 for certain ¢ > 0, and select
any sequence (a, : n € Ny) satisfying (10.16) and (10.17). Then the Jacobi
matrix corresponding to (10.15) satisfies

Oac(A) = 0ess(A) = (—00,0] and  0Oging(A) N (—00,0) = 0.
Sequences of a form similar to that described in Example 10.9 were stud-
ied in [9] where it was additionally assumed that
an =(n+1)7
for v € (0, 1]. In particular, it was shown that

e the Jacobi matrix A is absolutely continuous on (—o0,0) if v €
(%, 1], and
o 0uss(A) C (—00,0] for any v € (0,1].

In Example 10.9 we recover those results for v € (0,1).
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Example 10.10. — Take Sy = ¢q and ; = 4/q for certain ¢ > 0, and
select a sequence (a, : n € Ng) satisfying (10.16) and (10.17). Then the
Jacobi matrix corresponding to (10.15) satisfies

Tac(A) = 0ess(A) = [0,00) and  oging(A) N (0,00) = 0.
Example 10.10 extends results obtained in [47] to sequences
an = (Tl + 1)’}/’ PY € (07 1)

Recall that in [47] it was proved that if v = 1 then the corresponding Jacobi
matrix satisfies

4

ﬁ0+51,oo =0

Tac(A) = Oess(A) = { ) and  oging(A) N (

)
-  x
Bo + b1
10.2.2. Modulation of the off-diagonal

Let us consider the following 2-periodic Jacobi parameters
a = (ag,a1,0,01,...), F=(1,1,1,1,...)

for certain ag,a; > 0. Then

o1 _ 1 _ o _ 1
Xo0)={ & o f“ ) and X(0)=|( M fl L
[e74) aq [e7sYe 31 (3] [e%s) [e7s]e 3]

The determinant of X((0) always equals 1. For the trace, we have

tr X (0) Qaq (&7))] 1
T = - - —
0 (67} (6751 CkoOél’

thus tr X¢(0) = £2, if and only if

lof +of —1] _

e%i]e5 ]

2,
that is
apt+a; =1 or |ag—aq|=1.

Example 10.11. — Take ap = 1 and a3 = 1 — g for certain ¢ € (0,1). Let
(@, € Ng) be a sequence satisfying (10.16) and (10.17). Then the Jacobi
matrix corresponding to (10.15) satisfies

Oac(A) = 0ess(A) = [0,00) and  oging(A4) N (0, 00) = 0.
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In [55], the author studied Jacobi parameters of the form similar to that
described in Example 10.11 for

a, =n+ 1.
He proved that

Gac(A) = Tess (A) = Eoo) and  oying(A) N (;oo) )

Hence, the statements in Example 10.11 extend the results of [55] to sub-
linear sequences (a, : n € Np).

Example 10.12. — Take oy = q and a3 = 1 + ¢, for certain ¢ > 0, and
select (a, : n € Ny) satisfying (10.16) and (10.17). Then the Jacobi matrix
corresponding to (10.15) satisfies

Oac(A) = 0ess(A) = (—0,0] and  Oging(A) N (—00,0) = 0.

In [42], the authors investigated Jacobi parameters of the form similar
to that described in Example 10.12 by taking

~ 1 2
an=(Mm+1)7, ~¢€ (2,3>.

They proved that
Oess(A4) C (—00,0]

which is extended and generalized in Example 10.12.
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