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BRANCHING OF UNITARY
O(1,n + 1)-REPRESENTATIONS WITH NON-TRIVIAL
(g, K)-COHOMOLOGY

by Clemens WEISKE (*)

ABSTRACT. Let G = O(1,n + 1) with maximal compact subgroup K and let
IT be a unitary irreducible representation of G with non-trivial (g, K)-cohomology.
Then IT occurs inside a principal series representation of G, induced from the O(n)-
representation /\p (C™) and characters of a minimal parabolic subgroup of G at the
limit of the complementary series. Considering the subgroup G’ = O(1,n) of G with
maximal compact subgroup K’, we prove branching laws and explicit Plancherel
formulas for the restrictions to G’ of all unitary representations occurring in such
principal series, including the complementary series, all unitary G-representations
with non-trivial (g, K)-cohomology and further relative discrete series representa-
tions in the cases p = 0, n. Discrete spectra are constructed explicitly as residues of
G’-intertwining operators which resemble the Fourier transforms on vector bundles
over the Riemannian symmetric space G'/K’.

RESUME. Soient G = O(1,n+1), K un sous-groupe compact maximal de G et
II une représentation unitaire irréductible de G possédant une (g, K)-cohomologie
non triviale. Alors II apparait comme une sous-représentation d’une série princi-
pale de G, induite depuis la représentation de O(n) sur /\p((C”) et un caracteére
d’un sous-groupe parabolique maximal de G a la limite de la série complémentaire.
En considérant le sous-groupe G’ = O(1,n) de G ayant un sous-groupe compact
maximal K’, nous prouvons des lois de branchement et des formules de Plancherel
explicites pour la restriction & G’ de toutes les représentations unitaires apparais-
sant dans de telles séries principales. Ceci inclut la série complémentaire, toutes
les représentations unitaires de G ayant une (g, K)-cohomologie non triviale, et
d’autres représentations de la série discrete relative dans les cas p = 0,n. Les
spectres discrets sont construits explicitement en tant que résidus d’opérateurs
d’entrelacement qui ressemblent & la transformée de Fourier pour des fibrés vecto-
riels sur I’espace symétrique riemannien G'/K’.
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gral, symmetry breaking operators.
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2 Clemens WEISKE
Introduction

Unitary representations of reductive Lie groups with non-trivial (g, K)-
cohomology appear in several branches of mathematics, for example in the
theory of locally symmetric spaces, where for a Lie-group G with finite
center, maximal compact subgroup K and discrete cocompact subgroup T,
by the Matsushima—Murakami formula (see [1, VII, Theorem 3.2])

H*(T\G/K,C) = @ m(L',x)H* (g, K: 7c)
Trea

the cohomology of T'\G/K is given by (g, K)-cohomologies of unitary rep-
resentations of G with multiplicities, which are essentially the dimensions
of spaces of automorphic forms on I'\G/K. All representations with non-
trivial (g, K)-cohomology are constructed and their cohomologies calcu-
lated in [5]. The unitary ones are well known for the indefinite orthogo-
nal group O(1,n + 1) and classified for example for GL(n,R) (see [17]).
In our case of interest O(1,n + 1) the unitary cohomological representa-
tions occur as limits of complementary series representations in the Fell
topology on the unitary dual and on the automorphic dual in the sense of
Burger—Sarnak [3]. Restrictions of these representations are of particular
importance in the latter setting, since by [3], the restriction of automorphic
representations to certain subgroups is again automorphic for the subgroup.
In [18] it is proven that the restrictions of the cohomological representations
of O(1,n+ 1) to O(1,n) contain a certain cohomological representation of
the subgroup discretely. The main result of this article is the full branch-
ing law for the cohomological representations of O(1,n + 1) restricted to
O(1,n), extending the result of [18] to a complete decomposition.

For an irreducible unitary representation 7 of a reductive Lie group G
which is typically infinite dimensional, the restriction to a subgroup G’
decomposes into a direct integral

®
7lgr =~ /A, m(m, 7)7 dpr (7)
with a certain measure du, on the unitary dual G’ of G’ and possibly in-
finite multiplicities m (7, 7). Only in special cases the support of the mea-
sure is discrete and in general it might contain a continuous and a discrete
part. Many special cases have been studied recently using analytic methods
(e.g. [10, 13, 15, 16]).

For pointwise evaluation of the continuous spectrum of a unitary branch-
ing law in terms of G’-intertwining operators, it is necessary to restrict
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BRANCHING OF COHOMOLOGICAL O(1,n + 1)-REPRESENTATIONS 3

ourselves to the smooth vectors of unitary representations, since the exis-
tence of continuous G’-intertwining operators in the unitary case already
implies the images to be in the discrete spectrum, while for the smooth vec-
tors, intertwiners exist for the whole spectrum almost everywhere (see [6]).
In our case the cohomological representations of O(1,n + 1) can be real-
ized as quotients of principal series representations induced from the O(n)-
representation A”(C™) at the limit of the complementary series. To obtain
the direct integral decomposition of the cohomological representations, we
prove branching laws for the unitary principal series and use an analytic
continuation procedure to extend the result onto the complementary series
and towards the cohomological representations. In particular we obtain
branching laws for the complementary series and also for all other unita-
rizable quotients which occur within the principal series in question. More
precisely we collect discrete components in the decomposition as residues
of G'-intertwining operators between smooth vectors, so called symmetry
breaking operators by Kobayashi [9] and we make use of the detailed clas-
sification and study of these operators in the relevant case by Kobayashi—
Speh [12].

Main results

Let G = O(l,n+ 1), n > 1 and let P = MAN C G be a minimal
parabolic subgroup. Then M = O(1) x O(n). Consider the representation

(a ® /\p(tcn)) ® et ®1

of M AN on the vector space VpiA where we use the superscript + if « is

the trivial irreducible O(1)-representation and — if it is the non-trivial one

and A € af which we identify by C by mapping the half sum of all positive
n

roots p to 5. Let 7r , be the principal series representation of G on the

smooth sections of the homogeneous bundle

G xp V A G/P
over the real flag variety G/P. Our normalization is chosen such that 7rpi A
is unitary for A € iR and such that 7r , contains a submodule II, . whose
underlying (g, K)-module has non- tr1v1al (g, K)-cohomology for A = p — p.

Let G’ = O(1,n) embedded in G such that P’ = G’ N P is a minimal
parabolic subgroup of G’. Similarly we consider the P’ = M’ AN’ represen-

tation
(a ® /\q(C’H)) ® e’ ®1
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4 Clemens WEISKE

on the vector space qufl, and denote by T;f,, the principal series represen-

tation which is given by the smooth sections of the bundle

/ +
G xp Wi,

, — G'/P,
where p’ is the obvious and under the identification above equal to ”Tfl Our
normalization is again such that the unitary principal series is given on the
imaginary axis and such that qufl, contains a cohomological representation
IT;, ;. as a submodule for v = g — p'.

For G and G’ we denote the unitary closures of unitarizable representa-
tions 7 in the following by 7. For the unitary principal series we prove the
following branching laws. For the uniform formulation for all p = 0,...,n

we set 7, = {0} for ¢ = —1,n.

THEOREM A (Branching laws for the unitary principal series, see
Lemma 12.4). — For A € iR and p # § we have

n @
e~ @ @ [ wa
a=+,— q=p—1,p” R+

For A € iR and p = 4§ we have

~+ ~ 17 T/ ~a
o =M oy, o @ @ [

If p # p = %, there is a complementary series. More precisely 71'2:7 5 Is a
complementary series representation if and only if A € (—|p — pl,|p — pl),
for which we also prove unitary branching laws and where complementary
series of G’ occur discretely. We formulate the result only for the negative
half of the complementary series. The result for the positive parameters
follows by duality.

THEOREM B (see Theorem 13.4). — For A € (—|p — p|,0) we have

7?;:7/\|G/ ~

®
@ EB / Towdv ® @ ?;,:;-i-l—(oc%)-&&k

a=+,—q=p—1,p R —2-1+(a})
ke|0,———24£ |NZ

Moreover we prove unitary branching laws for the unitarizable quotients
IT,, + whose underlying (g, K)-modules have non-trivial (g, K)-cohomology,

ANNALES DE L’INSTITUT FOURIER



BRANCHING OF COHOMOLOGICAL O(1,n + 1)-REPRESENTATIONS 5

sitting as quotients at the limit of the complementary series. Here comple-
mentary series as well as cohomological representations occur in the discrete
spectrum.

THEOREM C (see Theorem 13.5).

(i) For the one dimensional quotients we have
~ ~ ~ ~
Mosler =1y 4, Hpyiale =10, 4

(ii) For 0 <p < 4 we have

~ -7 ~F(—1)*
Iy t|er ~ 1T, 1 & ) T i1tk ® D / Tty A

ke(0,p’ —p+1)NZ a=+,—

(iii) For n odd and p = "t we have

(iv) For 2 < p <n we have

~ T A:t( 1k
fodo=se @ 7l ane @ [ &

ke(0,p—1—p")NZ a=+,—

Speh—Venkataramana proved the inclusions

~ ~ n+1
I, C T, +|cr pP< 5,
~ ~ n+1
I, ;o €I, 4o p>—5

(see [18, Theorem 1.4]) and the theorem above gives the full decomposition
of the cohomological representations ﬁp’i‘g/.

For p # 0,n, the representations II, + are the only proper unitarizable
composition factors of 7T;:7 \- For p = 0,n there are additional unitarizable
composition factors I, j + for each positive integer j, occuring as quotients
in 71';: 5 for A = —p — j. We prove branching laws for the closures of these
representations as well. Here complementary series, a cohomological repre-
sentation, as well as the corresponding quotients for the subgroup I (llvkv 1
with ¢ = 0,n — 1 and k positive integers occur discretely.

TOME 0 (0), FASCICULE 0



6 Clemens WEISKE

THEOREM D (see Theorem 13.6).

(i) For p =0 we have
loj+le =11 + @ @I(/),k,i(—l)kﬂ'
k=1

Ai( 1)k+J
o @ wNe @ [
ke(0,p")NZ a=+,—

(ii) For p = n we have

J

~ N -
In,j,i|G’ ~ 1L, = @ n—1,k,+£(—1)k+i
k=1

k
S¥) @ ?ni(l ,ptik @ / n 1u
ke(0,p")NZ a=+,— VR

For all branching laws we obtain an explicit Plancherel theorem (see
Corollary 13.3). We remark that the decompositions in the spherical case,
i.e. p = 0 have been proven before by Mollers—Oshima in [13] by a different
approach which is likely to generalize to arbitrary p. Our method of proof
offers a more systematical perspective which does not rely on the nilradical
to be abelian.

Method of proof

The subgroup G’ acts on the real flag variety G/P with an open orbit
which is as a G’-space given by a Z/2Z-fibration over the Riemannian
symmetric space G'/K’, where K’ is the maximal compact subgroup of
G’ (see Proposition 2.3 and Lemma 9.1). Restriction to the open orbit
naturally induces a G'-map

T (G /K, /\p(c"))

if ReA > —1 (see Lemma 9.4). The Plancherel and inversion formula for
the space L? (G'/K’, \*(C™)) is essentially due to [4]. It is given in terms
of Fourier transforms on L? (G' J/K', \’(C™)), which are G’-intertwining
maps into principal series T . By composition of the map ® and the
Fourier transforms we obtaln elements of the space Homg (7 )\|G/, f )
of symmetry breaking operators, which are in this special case classified
by Kobayashi-Speh in [12]. The symmetry breaking operators we obtain

ANNALES DE L’INSTITUT FOURIER



BRANCHING OF COHOMOLOGICAL O(1,n + 1)-REPRESENTATIONS 7

in this procedure are given by families of integral kernel operators with
meromorphic dependence on A and v and the meromorphic structure of
the operators is studied in [12] in great detail. This allows us to carefully
analytically continue the Plancherel formula of L? (G'/K’, A\*(C")) in A
over the critical point A = —%
series and unitarizable quotients IL, 4.

on the real axis, towards the complementary

Structure of this article

In Section 1 we recall some facts about symmetry breaking operators
between principal series representations and establish the necessary no-
tation for principal series representations of GG in Section 2. In Section 3
we discuss the restriction to the identity component of the representations
in question which will be used for arguments later in the article. In Sec-
tion 4 and Section 5 we study the composition series of the principal series
representations and give criteria for reducibility and unitarizability. In Sec-
tion 6 we recall the classification of symmetry breaking operators between
71';% Me and 775, from [12] as well as their meromorphic structure. We re-
call functional equations of symmetry breaking operators and the standard
Knapp—Stein intertwining operators in Section 7 and extend them to op-
erators into quotients of principal series representations in Section 8. We
establish the structure of the open G’-orbit in G/P as a homogeneous G'-
space in Section 9 and prove a Plancherel formula for the corresponding
space in Section 11 using the Plancherel formula for the restriction to the
connected component of [4] (Section 10). We lift these results to the rep-
resentation ﬂi/\ around the unitary axis in Section 12. The main result
here is Theorem 12.1, by which the Fourier transform on the homogeneous
G’-space is essentially given by symmetry breaking operators classified by
Kobayashi—Speh on the principal series. Finally Section 13 is dedicated to
the proof of the main theorems where we analytically continue the Planch-
erel formula around the unitary axis towards the complementary series and
the unitary composition factors.
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8 Clemens WEISKE
Notation

For two sets B C A we use the Notation A\ B={a € A:a ¢ B}. We
denote Lie groups by Roman capitals and their corresponding Lie algebras
by the corresponding Fraktur lower cases.

1. Symmetry breaking operators between principal series
representations

We recall the basic facts about symmetry breaking operators between
principal series representations from [12].

1.1. Principal series representations

Let G be a real reductive Lie group and P a minimal parabolic subgroup
of G with Langlands decomposition P = M AN. For a finite-dimensional
representation (£, V') of M, a character A € af and the trivial representation
1 of N we obtain a finite-dimensional representation (¢ ® e* ®1, Ve,a) of
P = MAN. By smooth normalized parabolic induction this representation
gives rise to the principal series representation

ey = IndG (€ ® e* @1)
as the left-regular representation of G on the space
{p € C™(G,V): plgman) = (m)'a” P (g) Yman € MANY,

where p = %trad|n € ag. Let Ve x == G xp Ve ayp = G/P be the homo-
geneous vector bundle associated to Vg ay,. Then m¢ y identifies with the
left-regular action of G' on the space of smooth sections C*°(G/P, Vg »).

Now let G’ < G be a reductive subgroup. Similarly we let P’ = M'A’N’
be a minimal parabolic subgroup of G’. For a finite-dimensional represen-
tation (n, W) of M’ and v € (a;)* we obtain a finite-dimensional repre-
sentation (n ® e” ®1, W, ) of P’ and the corresponding principal series
representation

Tow = Indg(n ®e” ®1).

Again we identify 7, , with the smooth sections C*°(G’/P’, W, ) of the
homogeneous vector bundle W, , := G’ xpr W, ,4,r — G'/P’, where p’ ==
s trad|u.

ANNALES DE L’INSTITUT FOURIER



BRANCHING OF COHOMOLOGICAL O(1,n + 1)-REPRESENTATIONS 9

1.2. Symmetry breaking operators

In these realizations the space of symmetry breaking operators between
e, and 7, , is given by the continuous linear G’-maps between the smooth
sections of the two homogeneous vector bundles

HOIHG/(7T£7)\‘G/,T777,,) = Homg/(COO(G/P, V&j)\)), COO(G//P/, Wn,,,)).

The Schwartz Kernel Theorem implies that every such operator is given by
a G'-invariant distribution section of the tensor bundle Ve« _x KW, ,, over
G/P x G'/P’, where £* is the representation contradigent to £. Since G’
acts transitively on G’'/P’ we can consider these distributions as sections
on G/P with a certain P’-invariance:

THEOREM 1.1 ([11, Proposition 3.2]). — There is a natural bijection
Homg: (me alar, T) = (D'(G/P,Ver,-3) © Wi )
T +— ur.

In our case of interest the dimension of Homgy (7r5’>\|G/ , Tn’,,) is in partic-
ular generically bounded by 1.

THEOREM 1.2 ([19, Theorem B]). — For (G,G’) = (O(1,n+1),0(1,n))
we have
dim HomG/ (W‘G/,T) < 1

for all irreducible Casselman—Wallach representations m of G and T of G'.

1.3. Restriction to the open Bruhat cell

From now on assume M/ = M NG, A =ANG and N = NNG'. Let
N be the nilradical of the parabolic opposite to P. Since N is unipotent we
obtain a parameterization of the open Bruhat cell NP/P C G/P in terms
of the Lie algebra n by the map

i 2 N—G— G/P,

such that we can consider n as an open dense subset of G/P. Then the
restriction
D'(G/P,Ves _x) — D' (0, Ver _2|5)

can be used to define a g-action on D’(i1, Ve~ _»|z) = D'(n) ® Ve» _a4p by
vector fields. Moreover, since Ad(M’A’) leaves 1 invariant, the restriction
is further M’ A’-equivariant. If we assume P’ NP = G, i.e. every P’-orbit in
G/P meets the open Bruhat cell NP, then symmetry breaking operators
can be described in terms of (M'A’, n’)-invariant distributions on :

TOME 0 (0), FASCICULE 0



10 Clemens WEISKE

THEOREM 1.3 ([11, Theorem 3.16]). — Assume P'NP = G, then there
is a natural bijection

Home (e x| grs Ty ) — (D) @ Ver 2y @ me_‘_p/)M Alw'
Given a distribution kernel u”, the corresponding operator
T S HOIHG/ (7‘(&7)\ |G’, Tn,y)

is given by

(1.1) To(h) = (u”, p(hexp(-))).

2. Principal series representations of rank one orthogonal
groups

Let G = O(1,n+ 1) denote the group of (n + 2) x (n + 2) matrices over
R preserving the quadratic form
(20, 215+ + s Zng1) — —|20? + |22 + - + |zng1 |2

Let P be the minimal parabolic subgroup of G with Langlands decom-
position P = M AN given by

a
M= a ca€0(1),be O(n) ;,
b
0 1
A = exp(a) wherea=RH, H=1|1 0 ,
0,
0 0 X
N = exp(n) where n = 0 0 X|:XeR"

xT -xT o,

Note that X € R" is considered as a row vector. We identify af = C by
A+ A(H). Then in particular

1 n
p= 5trad|n(H) =3

Consider the finite dimensional representations

E=a®op,

ANNALES DE L’INSTITUT FOURIER



BRANCHING OF COHOMOLOGICAL O(1,n + 1)-REPRESENTATIONS 11
of M = O(1) x O(n), with € {1,sgn} = O(1) and o, = A” (C") with
p € {0,...,n}. We define the principal series representations

7T;t7>\ = Ind(¢ ® e @1)

where we use the index + if « =1 and — if a = sgn.
Similarly we consider the finite dimensional M’ representations

nN=0a®d,

with « as above and §, = A?(C"™1) with ¢ € {0,...,n — 1} and denote
the corresponding prinicpal series representations by T;:V.

2.1. The non-compact picture

Let N be the nilradical of the parabolic subgroup opposite to P. Since
N is unipotent, we identify it with its Lie algebra n = R” in terms of the
exponential map:

0 0 X
R" — N, X+—nx:=exp| 0 0 —-X
X xT o,

Here we consider X € R"™ again as a row vector. Since NP is open and
dense in G, the restriction of 7T;:)\ to functions on N is one-to-one. The
resulting realization in C*°(N) of 7rpi y is called the non-compact picture
of W;'f)\. For g € NMAN we write g = ni(g)m(g)a(g)n(g) for the obvious
decomposition. Then the G-action in the non-compact picture is given by

(2.1) ”z:at,x(g)f(X) = ¢ (m(g ' aix))alg™ 'nx)” ) flog (g~ x)),

whenever g " 'ny € NMAN.

Let wy = diag(—1,1,1,), then wy represents the longest Weyl group
element of G with respect to A. The following Lemma is easily verified by
standard calculations.

LEMMA 2.1.
(i) Let m = diag(a,a,b=1) € M with a € O(1) and b € O(n), then
mﬁxm_1 = NgXb-
(ii) Let t € R and a = exp(tH ), then

aﬁxa_l = Ne-t x-

TOME 0 (0), FASCICULE 0



12 Clemens WEISKE

(iii) Let X # 0, then wonix = Nyman with n € N and
X
X

m = dlag (_17 _17wn(X)) ’

U a = exp(2log(| X|)H).

with
2XTx
n =1, - —5
Yn(X) <o)

These decompositions immediately imply the following formulas for the
action of P and wy:

PROPOSITION 2.2.
(i) For m =diag(a=',a™',b) € M with a € O(1) and b € O(n):

T (mu(X) = €74 (m)u(aXD).

(ii) Fort € R and a = exp(tH):
£ (a)u(X) = ety (et X).

o
(iii) ForY € R™:
W;'f/\(ﬁy)u(X) =u(X -Y).
(iv) For the action of wy we have
o (@o)u(X) = €71 (diag(—1, =1, 4 (X)))|X| PP u(o(X)).
where o : n\ {0} — 0\ {0} is the inversion given by

-X

o(X) = XE

Note that X € R” is a row vector, so that matrix multiplication is from

the right.

2.2. Orbit structure of G/P

By [7, Proposition 2.9], the P’-orbits in G/P are given by the following.

PROPOSITION 2.3. — The P’-orbits in G/P and their closure relations

are

Oy ——0p 2= 0¢,

ANNALES DE L’INSTITUT FOURIER



BRANCHING OF COHOMOLOGICAL O(1,n + 1)-REPRESENTATIONS 13

where

O =P - wonP = wy(N\ N')P,
Op = P'-@yP = @N'P,
OC:P/'1n+2P,

for some m € N\ N'. Here X —*— Y means that Y is a subvariety of X of
co-dimension k.

In particular the orbit @4 is open in G/P.

3. The component group G/Gy

We study the restriction of representations of G to the identity compo-
nent Gy.

3.1. Global characters of O(1,n+ 1)

G = O(1,n+1) is a disconnected group with four connected components
and the identity component Gy is isomorphic to SOg(1,n+1). The compo-
nent group is given by G/Go = Z/27 x Z/27. Hence there are four global
characters x4 4+ of G which are restricted to the subgroup M = O(1)xO(n)
given by

X+7+|M:1®17 X+7*‘M:1®det7
X—+|m =sgn®l, x- -[m =sgn®det.
We remark that x4, _ is the determinant on G.
Note that as O(n)-representations we have

p n—p
/\ €)=\ T (C") @det
such that for the principal series representation w;'f y we have

¥ * ~ o F
Tp.s X OTpx = Tnpe

[a

+ + +
X+,— ® 7rp,)\ = 7Tnfp,/\’ X—+ ® 7Tp,/\

TOME 0 (0), FASCICULE 0



14 Clemens WEISKE

3.2. Restriction to the identity component

The following lemma is similar to [12, Lemma 15.2].

LEMMA 3.1. — Let w be an irreducible admissible representation of G.
(i) If x@m 2w for all x € {x+.,—sX— +,X—,—} then 7|q, is irreducible.
(i) If xo®m = m for xo € {X+,— X—+, X—.—} and x@7 2 7 for all xo #

X € {Xt.—sX—4>X—._}, then 7|g, = 7)) @ 7(=) decomposes into
two non-isomorphic irreducible Gy representations ©'*) and 7(-)
In the following we denote by

P -
Tox = 7T177/\|G0

the restriction to the identity component. We immediately obtain the fol-
lowing.

LEMMA 3.2.

(i) If p # %, the restriction ﬁi \ Is irreducible as Go-representation
if and only if w;)\ is irreducible as a G-representation. If 71';5 is
reducible, the composition series of ﬁ;t’ \ is given by the composition
factors of ﬂ;t \ Testricted to Gg.

(ii) If p = 5, the restriction ﬁi)\ = Trjﬁ\” <) 7’7;5\_) is always reducible
and decomposes into two non-isomorphic Gy-representations fig\"r)
and %j(;). The representations %;t()\i) are irreducible if and only
if w;t A Is irreducible. If 7T;|: y Is reducible, the composition series of
_+(4)

T, Is given by the composition factors of ﬂi \ Testricted to Go,
. . (%
which are contained in T, ()\ ),

We use the corresponding notation 7+  and 7'; E,i) for the components

a.v
of the restriction to G, = SOy(1,n).
4. Composition series of 71';‘:)\
We recall results about the composition series of 7T;t  and give explicit

realizations as kernels of the standard Knapp—Stein intertwining operators.

4.1. Irreducibility of principal series representations

THEOREM 4.1 ([12, Theorem 2.18]). — W;)\ is reducible if and only if
AE(=p=1=Zz0)U(p+1+Zz0)U{p—p —p+p}

ANNALES DE L’INSTITUT FOURIER
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4.2. The Knapp—Stein intertwining operator

The composition series is closely connected to the Knapp—Stein inter-
twining operators which we introduce in this section. Following [12, Chap-
ter 8] we define the (normalized) Knapp-Stein intertwining operator T}, x
as an element of D'(R") ® End¢(§) by

T

DA

B {1|X|2“—ﬂ>a p(Un(X))  ifp# 2,
F(,\+1)|X|2 A=P)g, (¢n(X)) ifp=7% 5 -

This defines a non-vanishing holomorphic family of intertwining operators
- = +
Tpo: Tpx — Ty -

The composition series of 7T;: 4 is given in the following proposition which
is [12, Proposition 2.18 and Proposition 8.17]

ProposiTiON 4.2. — If 7T » Is reducible it has composition series of
length two and if add1t1onally A 75 0 it has a unique irreducible submodule
given by ker T}, x. If A = 0 and 7Tp7)\ is reducible (hence p = 5) it decomposes
into the direct sum of two irreducible representations which are given by

ker (Tp,o + — 1d>

Similarly we denote by Tr;,u the Knapp—Stein intertwining operator for
the subgroup G’, similarly defined and normalized.

5. Unitary representations in the principal series of
O(l,n+1)

The principal series representation 7T;)t>\ is the smooth vectors of a tem-

pered unitary representation if and only if A € iR and hence unitarizable
(unitary principal series) and we denote its unitary closure by %;f - But for
real parameters the principal series representation might be non-tempered
unitarizable and irreducible (complementary series) or contain unitarizible
composition factors which might be tempered or not.
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5.1. Criterion for unitarizability

LEMMA 5.1 (See [12, Example 3.32]). — ;t)\ is a complementary series
representation if and only if

Xe(=lp—=pllp—pl).

The following Proposition can easily be deduced using the calculations
in [2, Chapter 3.a].

PROPOSITION 5.2. — Let p # 0, 5,n. 71';:7)\ contains a unitarizable com-
position factor if and only if A € {p—p,p— p}. In this case both the unique
submodule as well as the unique quotient are unitarizable. If p = 3, ﬂ;A
contains a unitarizable composition factor if and only if A = 0. In this case
both submodules are unitarizable. If p = 0, n, 71';:7)\ contains a unitarizable
composition factor if and only if A € {£(p+j), j € Zso}. If A\ = —p — 7,
the quotient W;EA/ker T, is unitarizable and if A\ = p + j the submodule
ker T}, » is unitarizable. Only in the special case A = =£p, also the other

composition factor is unitarizable and one dimensional in this case.

5.2. Composition factors with non-trivial (g, K)-cohomology

We introduce notation for the unitarizible composition factors. For p #£
5, 0 <p < nlet II, + be the unique proper submodule of W;Ep_p and for
p=7 let

TE
H%’i = ker (Tgy() - T[ ld> g ﬂ-L:lL: 0°
() 2
Moreover let
Mo+ = X4+ Ho,— =X+,
o1+ =x4+.-  Hog1- = x-—

These four one-dimensional representations correspond to the unique finite
dimensional unitarizable composition factors for p = 0, n.
The following results are all due to [12, Theorem 2.20]

THEOREM 5.3.

(i) For 0 < p < n we have the following exact sequences of G-modules.

ﬂ,i

0— 1+ —m,,

— Hp+17¢ — 0,

S | M

pp—p — px —0.

These sequences split if and only if p= 5.
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(ii) The set {Il, o, 0 < p < n+1, a =+, —} characterizes exactly all
irreducible smooth admissible G-representations whose infinitesimal
character coincides with the infinitesimal character of the trivial
representation (trivial infinitesimal character).

(iii) All irreducible, unitarizable (g, K)-modules with non-trivial (g, K)-
cohomology are exactly given by the underlying (g, K)-modules of
the elements of {II,, o, 0 < p<n+1, a=+,—}.

(iv) The set of irreducible tempered representations of G with trivial
infinitesimal character is given for n even by

{H%,OHH%JA,OU a =+, _}
and for n odd by
(s 0=+
In the odd case both representations are discrete series representa-
tions.
(v) We have the following isomorphisms of G-modules
Xt,- @I Znyrp 7, X—t @1+ =1 5,
X—— @Upt =1lng1p .
By Lemma 3.1 and Theorem 5.3(v) we immediately obtain the following.

COROLLARY 5.4. — The restriction Il, 1 =11, 1|, is reducible if and
only if p = "7“ In this case ﬁnTH)i decomposes as

T — ) 7
Mope =Tan , Ol

into two non-isomorphic Gy-representations.

The restriction to the identity component becomes reducible if and only

if I, 4 is a discrete series representation. In this case clearly both ﬁ(n—:)1 n
2
and ﬁ(n_)l are discrete series representations of Gy and are contained in
=,

f%ﬂ , as submodules.

2 2
In the following we adapt the notation for the subgroup G’ and denote
the representations with non-trivial (g’, K’)-cohomology by II . .

5.3. The additional cases for p=0,n

We recall some facts about the infinite dimensional unitarizable com-
position factors in the cases p = 0,n. The standard reference here is [8].
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For A = p+j, j € Z~¢ we denote by I, ; + the unique proper submodule
of 7T1:)t,p+j and by Fj, ; + the unique proper submodule of Wi_p_j
finite dimensional. Then we have the following non-splitting short exact

sequences of G-modules.

which is

+
p,p+J

- Ipj+ —0.

00— Ipj+—m » Fpj+ — 0,

+
0 vajvi 7Tp,—p

Similarly we use the notation [ (’11 .+ and F, é_’j)i for the composition factors
of the G’-representations with ¢ = 0,n — 1.

5.4. Inner products on the complementary series and on
unitarizable quotients

Combining the results of the K-spectrum of the Knapp-Stein operator
in [12, Chapter 8.3.2] with the relations between the scalars acting on K-
types in [2, Chapter 3.a] we obtain the following.

PROPOSITION 5.5. — Let A € [p—p,p—p]\{0}. If p < § the Knapp-Stein
operator T), \ acts by non-negative scalars on all K-types in ﬂ;'f y and if p >
5 it acts by non-positive scalars on all K-types in ﬂi - If the Knapp—Stein
operator vanishes on a K-type it is contained in the submodule ker T}, .
Forp =0 and X € (—p — 1 — Zx),the Knapp-Stein operator Ty » acts by
non-negative scalars on all K-types in ﬂ[f yand if p=mnand A € (—p —
1 —Zxo),the Knapp-Stein operator T, x acts by non-positive scalars on all
K-types in wi)\.

In the case p = 5 the only unitarizable composition factors occur at
A = 0 which is already in the unitary principal series and there is no
complementary series. By the proposition above we define the following
pairing which is an inner product on the complementary series.

(o i 4 Teadz00 i <5y
—(Tpa )2y ifp> 3.

We denote the corresponding unitary closures by %;f v Let Ae(—p—1-
Zs0)J({p—p,p—p}\{0}) such that 71';)\ contains a unitarizable quotient
and let pry be the projection. Since ker 7}, » is the unique proper submodule,
we obtain an induced intertwiner

quo , __+ +
% 7rp,/\/keer_’>\ —r T,
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which is an isomorphism onto the unique proper submodule of 7TI:)|:_ 5 and
which is essentially the Knapp-Stein operator. Then we similarly define the
following inner product on the quotients.

quo

¢, Yo . <'7Tp,>\ '>L2(K) if p < %’
y /p,A,quo T .

_<7T;1)];\0>L2(K) lfp> %
We remark that by construction for f € 71';% » we have

<pI‘>\ f7 PTy f>p,)\,quo = <fa f>p,)\~

We denote the corresponding unitary closures by ﬁp,i resp. IApyjyi. In the
following we use the notation T,%' similary for G', (-, -)q., {*;")g.v.quo for

the inner products and ﬁ;’i and j?;,j,i for the corresponding unitary clo-
sures.

6. Classification of symmetry breaking operators

We recall main result of [12]. By [12, Theorem 1.5] we have that

HomG/(W;)JG/?T;:V) 7é {0} =q€ {p - 2ap - 17p5p+ 1}

We will restrict ourselves to the cases ¢ = p — 1, p, since the two cases are
enough for our purpose of decomposing unitary representations in w;t A

For Re(v) < 0 and Re(\) +Re(v) > 0 consider the Homc (0, 64)-valued
distribution kernel

U&’A),(q,y) (X) = |X|_2(U+p )|Xn|/\_p+u+p Py, s, (op(¥n(X)))
on R" = N. By [12, Theorem 3.10], u(+p M.(q,) defines a symmetry breaking
operator

AL ) (awy € Homar () |or, 705,)
in the sense of Theorem 1.3.
Similarly for Re(v) < 0 and Re(A) +Re(r) > 0 the Homg (o, d4)-valued
distribution kernel

u(_p,/\),(q,u) (X) = ‘X|72(U+p )|Xn|>\7p+u+p sgn(Xn) Py, s, (op(¥n (X)),

defines a symmetry breaking operator

- +
A2 (g € Homar (m)\[ar, 7).

We define the renormalizations
~ 1

+ +
R R P S T p g SR
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and
i _ 1 A
A)s(g,v) T v—p’ —v—p/ A, (q,v)°
(p,A);(q,v) F(A+p+2 p+1)r(>\+p 2 p+1) (p,A),(q,v)

Then A(p M) define families of symmetry breaking operators which ex-
tend holomorphlcally in A\,v € C (see [12, Theorem 3.10]). In this sense
we can consider A(p 2.(aw) meromorphically extended to the whole plane
(\,v) € C?, with their meromorphic behavior encoded in the normaliz-
ing Gamma-factors. In particular we can consider the distribution kernels

(ﬂ;’)\) (q.v) Meromorphically extended to (A, v) € C2. According to (1.1) we

explicitly have the following formulas for the action of A(p Mg’

PROPOSITION 6.1. — For f € ﬁ;t)\ and h € G' we have

< (p,A),(q, l/)f> ( ) /Rn ué,A)’(q’y)(X)f(hﬁX)dX

We define the following subsets of C? for a € {+, —}.

1—(al
La::{(—p—j,—p’—i),i,jeZ,Oéjéiandi—i—#zj mod 2},
L~ ifp=qgq=0orp=qg+1=n,
LT\ {v=—p
( u\{f p}),)} ifl<p<n,¢g=p a=+,
a bp=p,q—p
L(p.q)* = g

(L-\{v=—p}) ifl<p<nqe{p—1,p}a=-,
L\ {v=—p})

Ullp=p.p — )} ifl<p<n,g=p—1 a=+.

THEOREM 6.2 ([12, Theorem 3.19]). — Ai Miqw) = 0 if and only if
N (®:A)s(g,v)
(A, v) € L(p,q)*.

Moreover we define two renormalizations of A(p (g’
there exists a y € C so that (u,v) € L(p,q)*. We define

=+ Ap—v—p"\ =,
Apagw) =T (2 A (@)

== ) Adp—v—p +1\ ~_
Aprgwm =T ( 5 AN,
~+

Then Z(p’ ), (q.v) defines a non-vanishing family of symmetry breaking op-
erators which is holomoprhic in A.

Fix v such that
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For fixed A\+p—v—p' € —Z>p and ¢ = p—1, p we define the meromorphic
functions

ce(p,qv) =T(w+p +1)

1 ifp#0,nand A —v # —3,
s p=0orA-v=—jandg=p,
% ifp=norA—v=—-Llandg=p—1

and we define the operators

+ o A+
Clom(an) = P @ V)AL \) (g
for A\ +p—v—p' € —2Z3 and

Clomaw) = P @) Ay 5 (g 0):

for \+ p—v —p' € =1 —2Z>¢. Then C(p X).(0) defines a non-vanishing
family of symmetry breaking operators Wthh is holomoprhic in v.

We remark that we set all symmetry breaking operators for p = 0 and
q=p—1as well as p=n and ¢ = p to zero. That way we can prove many
results in the following in a uniform way.

THEOREM 6.3 (Classification of symmetry breaking operators, see [12,
Theorem 3.19 and Theorem 3.26]). — For (\,v) ¢ L(p,q)" we have
Home: (w73 |ar, 7)) = CAY 5 0

and for (\,v) € L(p,q)T we have

HomG/(W e, CA(p Ni(g.v) D CCy,

’ qv) (P,A),(g:v)"

For (\,v) ¢ L(p,q)~ we have
:l: ~7
Homgr (Wp,A|G’»7'¢f,u) = (CA(p,)\),(q,V)

and for (\,v) € L(p,q)~ we have

Home: (1, |6, 74,) = CA(p Moaw) € CCL ) (g

7. Functional equations

We recall the following functional equations for the symmetry breaking
operators and the Knapp—Stein intertwiners.
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THEOREM 7.1 ([12, Theorem 9.24, Theorem 9.25 and Theorem 9.31]).

n—1

/ FES _ w2 PES
Tpawo A(p«\)y(p—lvl/) T+ + 1)A(p«\)7(p—17—V)
. n+1
" {(Vp’+p1) if p# 232,
. n+1
1 ifp= %
i
/ res _ T I+
Tow o Ao o0 = T 7 31 0N -0)
. n—1
" {(V+p’ —p) ifp# 5,
. n—1
Ax I L —
(p,=A),(p=1,) © LPA T(—A+p+ 1) ®N:-10)
" {(/\+p—p) ifp# 3,
1 ifp=73.
A A S — C:
(.= A)s(pv) © T PA T(=A+p+1) @A)

" A=p+p) ifp# 3,
1 ifp=3%

For the case v = % and p = § we have

3

Vs
e
~+ Ty ~+

Apo.o-1v) °Tro = =i Ao em:

~+ ~+
Ap0).(00) © Tp.0 = 751 40,0, (00>

~—

and for general v such that Z(n;\)’(q’y) exists we have for p # 5
~+
! —
Ty o A(p,/\)7(qw) =0.

We remark that the last functional equation is not contained in [12] but
is proven in the same way as the one before in [12, Theorem 9.28]. By
the theorem above we define for ¢ = p,p — 1 the meromorphic functions
t'(p,q,v) and t(p,q, \) such that

! PES gl e
Taw o Apn.(aw) = 0BV AG ) (0,-0)
and

PE= _ PE=
Al 3w © Ton = 1P N A, ) (g0)-
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8. Symmetry breaking operators into quotients

Let v € R\ {0} such that T,fl, has an unique non-trivial quotient, i.e.
v e (=p —1=Z20) U (9 + 1+ Z30) U{p — g0 — o'} \ {0} amd let

Pr, : Tqu —> Tgu/ker Ty,

be the projection. Then for a smooth admissible G-representation 7, clearly

an element A € Homg (7|¢v, qu,:l,) defines by composition with the projec-
tion an element of A9 € Home (r|r, 7.5,/ ker T} ). Since the unique

submodule of 7F  is ker T”

T 200 the Knapp-Stein operator Té’l, induces an

intertwiner
Traue . & /kerT! , — r+
v - lqv q,v q

,—V)

which is an isomorphism onto im7,, = kerTy which is the unique
; ;

proper submodule of T;’:_U.
PROPOSITION 8.1. — Let v € (—p' —1—Zxo) U (p' + 1+ Zxo) U{p' —
¢,9—p't\{0}andg=p—1,p.

(i) For the operator g?;‘f\) (q.) the following functional equations holds.

/qu 1 +t,quo oy T+
Tan® o Ay aw) = L0 G VAR 3 (g,-0)

(ii) For (Ao, —v) € L*(p,q) the renormalized operator

~+,quo
= o Adptv—p £1-1 —
A2, g = Jim (F ( 5 — 1 )P A

is a well defined symmetry breaking operator and satisfies the func-
tional equation

~+,quo —
T 0 A (g =¥ (0.4 A 0. (0.0
Proof.
(i). — It follows immediately from the functional equations of Theo-
rem 7.1.
Ad (ii). — Again by Theorem 7.1 we have

::l:
(P, 4 V) A ro) (q,-v)

o AF

Ap+v—p £1-1
Ty (PN (¢,—v) |

— 1; /
_A11>H;0 (t (p,q,l/)F( 2

Then the statement follows from the application of (i). O

TOME 0 (0), FASCICULE 0



24 Clemens WEISKE

2
and 7,7 | , contain the discrete series representatlon IT), . as a quotient.

We consider the special case v = —1 and p = 5. In this case both Tiu

ROPOSITION &.2. — For A € 1R an c 7T£
P 8.2. — For A € iR and A
|/\| ||A+,qu0 f 2 ||A ,quo f 2
~5 g —daue T 10, (31,5 g -1 - fquo
|>‘| A+,quo ,quo
HA(n A (5-1 **)f %,—%,quo ||A Z2N),(2,-5)/15-1,—3 1,quo’

and for A=0and f € 77%’0
~+,quo
||A n )\) ( 2)f||77—§7qu0 ||A ’Zq;;)(” 1 1 fH7_1 _7,qu07
~+,quo

,quo

||A(%v>‘)7(%_17_* ||Q’*§7qu0 ”A 2,005, ——)f”ffl —1.quo”
Proof. — Since x— - @ IT}, , = 1T}, ., the map
QX —,— Tiy — TJF_

induces an isomorphism of the quotients 7; * JkerT'  and T i/ ker Ty,
which are both isomorphic to H% 4 Then by Theorem 1.2 composmon Wlth
this isomorphism yields an isomorphism

Homg (7|, Tzfl,/ker T,,) — Homg (w|ar, 7,7,/ ker T, )

for each irreducible G-representation . Hence for A € iR\ {0}

A+»,quo ,quo
||A( 2q>‘) (7 _7)fH i 2 »quo and ||A("q)\) -1 _7)f||7_1 _E7qu0
as well as
A+,quo 2 ,quo
||A(nq>\) (2-1,—-3% f” %,quo and ||A q)\) (2, 1)f||7_1 _77qu0

must be constant positive scalar multiples of each other for every f. Then
it is enough to check the eigenvalues of the symmetry breaking operators
in question on a K-type contained in the quotient which yields the result
for A # 0 by [12, Theorem 9.8]. For A = 0 we take the limit A — 0 to obtain
the result by Proposition 8.1. g

9. Structure of the open orbit as homogeneous G’-space
The following Lemma is a key point in the decomposition of unitary
representations to come. It reduces the problem of decomposing a unitary

representation into a problem of harmonic analysis on a homogeneous G’-
space.
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LEMMA 9.1.

(i) Let K’ := Stabg (i, P). Then K’ = O(n) and K'/K' = O(1).
(ii) We have G’ - 7., P = O4 is the open P’-orbit in G/P.

Lemma 9.1 implies that O4 = G'/K’ = O(1,n)/O0(n).

For proving this lemma we make use of the explicit action of G’ on
G/P = K/M and of the Iwasawa-decomposition of elements of N. There-
fore consider the map

K/M — S™ C R

given by
a
b
k= box| — ( C).
a’ a
¢ x
LEMMA 9.2.
(i) The map
K/M — S™ C R™*!
a
b
k= box| — < C>
a’ a
c %
is a G equivariant isomorphism with the action of G on S™ given
by
1 t\/
= (9(1,w)")

(g(L,w))t”

where (-)! is the first and (-)" the remainign coordinates of the
vector.

(ii) We have nx = r(nx)e("x)n € KAN, with

a
K:(’FLX) = b ’
c x
with
_ 1+ XP 1—|X]?
1+ [XP)? (1+[X]?)?

and

B 2xT

(XY
and

H(nx) = log(1 +|X*)H.
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Using the K AN decomposition of the Lemma above,we obtain a map
n— K/M=S8"
by multiplying with diag(a=!,a=!,1,) € M from the right:
1—|X? 2X >
1T+ X271+ |X]2)°

Proof. — This is easily checked by computing the corresponding matrix

(9.1) nx — <

decomposition. O
Proof of Lemma 9.1.

Ad (i). — From Lemma 9.2(i) and (9.1) it follows immediately that
K} = O(n), embedded in K’ in the bottom right corner.

Ad (ii). — By Proposition 2.2(iv) we have 7., P = Woni—., P such that
by Corollary 2.3 we have P’ -7, P = (N \ N')P, since wy fixes (N \ N')P
again by Proposition 2.2(iv). By the Bruhat-decompositon we have G’ =
P'U NP and N'wy = woN' obviously fixes (N \ N')P. O

By Lemma 9.1 we can define an G’-equivariant map given by

P fr— floa( Te,).
In fact this map is up to inner-automorphism onto the smooth sections of
the G’-bundle over G'/K’, corresponding to the representation A\P(C") of
K’ = O(n). In the following let for g € G, g = nef (¥ k(g) € NAK be the
NAK Iwasawa-decomposition. We define

w = <_1 1”_1) € O(n).

Then it is easily verified, that for k& € O(n)

(9.2) diag(1,k, )7, = 7., diag(1l, 1, wkw™!).
LEMMA 9.3. — The map ® defines a linear continuous G’-equivariant
map

~, AP
e — ¢ (@R, N ().
Proof. — This follows immediately from (9.2). O

By Mackey theory, the restriction to an open subset carries enough in-
formation for our purpose.

LEMMA 9.4. — For Re(\) > f%, the map ® extends to a G'-equivariant
map

e — L2 (6K, N ()
which is unitary for A € iR.
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Recall that by the Iwasawa decomposition the following integral formula
holds

_ = X\ 20" (X) an7/
(9.3) /G//K/f(g) dg /leaf(ne )eP ) AN'dX.

Moreover, let w = +1 and = = diag(w,w, 1,,) € M’. Then by Lemma 2.1(ii),
(9.4) Efe, = Nye, =

Proof of Lemma 9.4. — Let f € 7r3[,>\. We choose representatives = of
K'/K' =~ O(1). By (9.3)

= |2
1901 1 0 = [ )P g
= / | (Figxr 0y Ehe, )2 27 dX dr dw
N’xax0(1)
-/ (A mr )2 507 X dr s
N’xax0(1)
= / (7o xr g0y ) [PE2RENFP=PD =L (X7 Z) dt dw
N’xR4 xO(1)
(9-5) = /Jv [F (G x,0) P X 2O X,
Now as above we have
s x,) = kel BUHIXPHX N ) ¢ AN,
such that there exists a non-negative constant cy such that

|f(Taexr xo)? < ep (L4 X2+ X, [%)2) - Rete),

Hence

12 2\—2(Re(N)+p) 2Re(N)
197122 g ey <7 [+ 41X, ) [ Xa[REO) 4
_ Ef/ (1 + ,],,2 + 82)_2(Re(/\)+p)7‘n_282 Re(A) dr dS,
(R4)?
where ¢¢ = 2Vol(S"?)cy. Using polar coordinates on (R )? we find
Ef E n—2 s 2Re(A)
|© f||L2 @Ry ST | cos $sin Pde
y / T RN L] 4 ) -2ReN+0) gy
0

which converges for Re A > —%. That the map is a unitary one for the
unitary principal series follows from the equation (9.5). O
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Clearly the bundle O (G’/f(’, /\P(cn)) fibers over O(1) such that it
decomposes as
cee (G’/f{’, /\p(cn)) > o0 (G'/K', /\p(cn))
& (xr o™ (6/K, N'(@©)).
Concretely this map is given for f € 7, by
Df =D, f+D_f
with
@, 10) = 3 (Flgme,) (g, )
and
@_f(g) = 3 (Flo7e,)  flgiome, ).

Then by restriction to G, we obtain the following.

COROLLARY 9.5. — As G{)-representations there is a Gjj-equivariant lin-
ear continuous map

mila, — 0= (Go/Kp \'(©) @ o= (Gy/K5 \'(€)),
which extends for Re(\) > —1 to
_ P, P,
mola, — 12 (Go/K6 \'(€) @ 12 (Go/ Ko, N (€))
which is a unitary map for A € iR.

~

Let pro(1), Pro(,) denote the projections of K’ = M = O(1) x O(n)
to the O(1) and O(n) factors. Moreover denote m(g) the M-factor in the
NMAN decomposition.

COROLLARY 9.6.
(i) We have

H(em™n_x)) =rH +log(|(X',e”")|*)H.
(ii) We have
PTO(n)(H(g_l)) =w ! PIo () (M(WogTe,, ) Jw.
(iii) We have for X,, € R* and g € G' with n(xs x,,) € ghe, P,

Prou)(ﬁ(g_l)) =sgn Xp,.
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Proof.

Ad (i). — This follows immediately from Lemma 9.2(ii).
Ad (ii). — By (9.2) we have
diag(1, k, 1)7e, = 7., diag(1l, 1, wkw™1),

w = (1 1"_1> € O(n),

which implies by the NM AN decomposition that for all g € G,

where

Prom) (R(9)) = w! PIo () (Mm(ghe,, ) )w.
Moreover k(g) = K((wog) *)wy and since wy € K with Prowm)(Wo) = 1,
this implies the statement.
Ad (iii). — We have

: Xn  Xp -1 log| X, |H —
dios (7 T ™) = 1 ()

=& (A |x,|-1x7.0)) -

Then the statement follows from Lemma 9.2(ii). O

10. A Plancherel formula for L?(G}/K},5,)

We introduce the notation & = o|go(n) for admissible representations of
O(n) and similarly for representations of O(n — 1) restricted to SO(n — 1).
In [4] a Plancherel formula for vector bundles over Riemannian symmet-
ric spaces is established and the example of L?(SOg(1,n)/SO(n), A*(C™))
carried out in great detail. We recall this example in this section. Let
¢ : G, — End(d,) be a spherical function, i.e. satisfying

(10.1) /K o(gkh)dk = ¢g)p(h),  d(kgk') = op(k)d(g)op(K').

and normalized to ¢(1,41)) = 1.

10.1. The Plancherel measure

Recall that as SO(n) resp. SO(n — 1)-representations we have the iso-
morphism

— =
Op = 0n_p, 0q

12

6n—1—q
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and that for n even, 7z is reducible and decomposes into two non-isomorphic
irreducibles as

On = ,
2

D agl)
2 2

as well as for n odd, ) n-1 is reducible and decomposes into two non-
isomorphic irreducibles as

2 = =
LEMMA 10.1.

(i) Forp# %,21 we have

EP‘SO(n—l) = Sp—l b gp-

(ii) For p= % we have

(iif) For p = 251 we have

Then in the case p = % also the bundle L?(G{,/K{, ) is reducible
LGy /K, 73) = L2 (Gy/ Ky, 0y ) @ LGy /K, 7).

The following Plancherel formula holds
€3]

02 LG/Km) = [ ma, ()rdus, (7).

G ()
with a Plancherel measure dyuz,, 66(51,) C @6 being the support of the
measure and mz, the multiplicities. We denote the corresponding Planch-

erel measures for p = 5 as

u%—u(+>+u(>

We recall the support and normalization of the Plancerel measure dug,
from [4, Section 4]. Let Pj be a minimal parabolic of G, for example
P’ N Gj. Consistent with the notation of Section 3.2

G/ —
Tqu =Indp? (0, ®€e” ®1)

is the principal series representation and we denote for n odd

#E = md% (S(i)l ® e ®1> :
v 0 2

2
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PROPOSITION 10.2.

(i) The continuous part of the support of duz, is for p # %3, ”il given
by all 74, withq € {p—1,p}NZ>o and v € iR and all mu]t1p11c1t1es
are one.

(ii) The continuous part of the support of d/,LE(ni) is given by all Tz ,

2

with v € iR and all multiplicities are one in each case respectively.

(iii) The continuous part of the support of duz 1 is given by all T(i)

and all Tn s, with v € R and all mu1t1p11c1tles are one.

(iv) The d1screte part of the support of duz, is empty if and only if
p # 5. If p= 7%, the discrete part of the support of du,(i) is given

by H'(i) The discrete series representation occurs with multiplicity
one in each case respectively.

Proposition 10.2 gives an explicit description of the Plancherel for-
mula (10.2). For our purposes we are further interested in the explicit
inversion formula. We therefore define the End(7,)-valued function ¢, ,
given by

Py (9) = / Ep(n(gk)kfl)e(V*P’)H(gk) dk,
9]
which is a spherical function (see e.g. [14, (3.7)]).
LEMMA 10.3.

Cgp,u(gilh)
:/ ap(ﬁ(h—lk))e(v—p/)H(}flk) ap(ﬁ(g—lk)—l)e—(v+p’)H(g*1k) dk.

Proof. — First note that g~ *hk = g~ 'k (hk)ef ") n and since A nor-
malizes N’ we have

(10.3) k(g *hk) = k(g™ k(RE)), H(g *hk) = H(hk)+H (g k(hk)),
such that
ulg™ ) = [ o (g (g (k) )
% e(=v PV H(g™ r(gk)) o(v=pVH(h™'K(gk)) qf.
By the formula
/ F(k(gh))dk = | F(k)e 20H@ %) qf

K

we obtain the Lemma. O
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According to Lemma 10.3 we have for f € Cg°(Gy/K{,7,),

par s 1) = [ s ) el

0

< [ el e pg) ag a
0
and we define the corresponding Fourier transform by

Fk,p,v) 1=/ Fp(k(g~ k) 1) e HHIETR) £(g) dg

Go

Then clearly for f € C§°(Gy/K|,7,) and man € M'AN’,
fkman, p,v) = 3,(m™")a~ ) f(k, p,v),
such that the Fourier transform defines a Gj-intertwining operator
00 — Gh (= v
Co°(Go/ Ky, Tp) — Indpg)(gphw(; ®e” ®1).

Now &, |ar is reducible and decomposes into SO(n — 1)-representations ac-
cording to Lemma 10.1. And on the one hand if § is a M}-representation

occuring in &p[; and Indgﬁ’ (d®e’®1) € @6(6,,), every other principal se-
0

ries Indgé’ (f®e” ®@1) € @6(@,) for all other ¢’ occurring in |5y, according
to Proposition 10.2. Applying these results to the Plancherel formula (10.2)
and the corresponding inversion formula [4, (39)] we obtain the following
Theorem.

THEOREM 10.4 (Inversion formula). — We have for p # &

L*(Go/ K7, Tp) = /ﬂ:9 L? —IndIGDé’(Ep|M6 ® e’ @1) duz, (v)
+
and for all f € C§°(Gy/K|),ap)
9) = / ) bpw * f(g) duiz, (v).
For p = 5 we have
L*(Go/Kg, 7))

O’p

& ’ Ql(i)

Gy /— v

~ /R L? fIndPOEJ(JI(f)Wé ®e ®1)du52i>(1/) SV
iRy
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1 et =(E)
and for all f € C°(Gy/Ky,ap )

£6) = | u s £0) iz () + 3, )
with ¢, € C a constant.

Following [4, Example 4.4] we have explicitly for p# 5, pe{1,..., [”T_lj},

duz, (v) = (n ; 1) W’

with c-function

) = 2-n+2 T(3)(v+p —pTl(v)

c(p,v
(v T(v+p +1)

and for p = 3
1 n— ]_ dV
dp =3 c(p, v)c(p, —v)
fiz (v) B ( D > c(p,v)e(p, —v)’

with c-function as above and discrete constant

-

21

IT s

=1

n!

)

c

|3

'3

11. The Plancherel formula for L?(G'/K’,0,)

In this section we lift the results of the previous section to the discon-
nected group G’. we choose representatives vg, wg € K’ generating the
component group G'/G{, given by

Wy = diag(_L 1n+1>7 v = diag<_17 TAfL)7
with m = diag(—1,1,,). For f € L?(G}/K},5,) we define for g € Gj,
f(iog) = f(dogily ") and  f(og) = (") f(TogTy '),

where o € {0p,0,_,}, such that o|som) = Tp.
Moreover we define the End(op)-valued function on G’

¢p7u(9)=/ o, (k(gk)k™1) WP HR) g
K/
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THEOREM 11.1. — We have for p # 5

&

LG K 0p) = / L2 — nd§! (oo @ ¢ ©1) dpis, (v)
iRy

and for all f € C§°(G'/K', o)
D= [ b0 16) i, 0.
For p = 5 we have
@ ’
LA(G' /K 0p) ~ /R L? —Ind@, (0p|ar @ € @1) g, (v) & 1Ty
iRy
and for all f € C3°(G'/K', 0p)

D)= [ bpn 1) Ao, () + 0, = 1)

with ¢, € C as before and

d'uop (V) = d'U’Emin(p,n—p) (V)

in the notation of the last section.

Proof. — Let p # % and w.l.o.g. p<n —p. Let f € C5°(G'/K’,0,) and
h = hehg € G' with hg € Gf, and h. € G'/G{. Then by the construction
above

f(h) = Jp(hc_l) /]R (Ep,u * f(hchohc_l) dNEp(V)
- Jp(hc_l)/ / &p(K(hehy by k) =PV H (hehg the ')
iR 6

X/,Epu—lk) De OG0 £(g) dg dk dpig, (v)-

The K/-integral is right M/-invariant and the G{-integral is right K-
invariant. Moreover K(y/M} = K'/M' and G{/Kj = G'/K’' and since
Tp = Oplso(n), if we replace &, by o, we obtain right M’ and right K’
invariant integrals

// ) o= (1K)

/ —1
></ op(r(g™ k) ™) e HPIHETR) £(g) dgdk dpe, (v)

= / Gp,v * f(h) d/'LEp (v).
iR
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For p = 3 the proof works in the same way using the direct sum oz =

Eg) @ E(%_) and carrying the discrete summand through the calculation. If
p > n—p we have to apply the SOg(1, n)-Plancherel and inversion formula
for 7,,_, which concludes the argument. O

Similarly we define the corresponding Fourier-transform for functions
feC>(G'/K' ay) by

~ _ _ —— ’ -1
Flkpw) = [ (o™ 1)) el f(g) .
Then clearly for v € iR

(].].].) <¢p,u*f7f>L2(G’) = Hf(7p7y)||%2(K/)

We remark that we use the equivalent representation o, which is twisted
by w for convenience in the following.

12. Branching laws for unitary representations

We lift the results of the section before to m=

A and prove the main

theorems.

THEOREM 12.1. — Let Re(\) > —1 and f € ”;E,x We have

— ) . :F :l:
20, f(-,p,v) = A(p,x),(p_l,y)f + A(p,)\),(p,u)f'

Proof. — We carry out the proof for @ = 1 since the other case works
analogously. Let f € w;/\. By Lemma 9.4 &, f € L*(G'/K’, o,’) such that
we can apply the Fourier transform. Clearly the integrand is right K-
invariant in g such that we have by the N'AK’ Iwasawa decomposition
and by the integral formula

/ flg)dg = /7 X f(meX)dndX,
G'/K’

Nxa

" (Do (£(g ™)) e~ HPIHET N @ f(g) dg

/

N

= [ oo nle T A xr)
Rn—1xR

~ ef(u+p/)H(e_TH ﬁ(,x/,o)) (I)+f(hﬁ(xl)0) erH) dX/ dr
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which is by Corollary 9.6

= / op(Pro () (M(Won(x7,0) e n.))
Rr—1xR

x (T2 L XY By f (R xr) € ) AX dr
which is by Lemma 2.1

1 —p—v—p' —v—p
[ O K X 4
R*—1xRy

X (f(hicxr x,) + f(hicxr — x,.p) diag(1nq1, —1)) dX' dX,
1 o o
5 [ X XX P X
R»—1 xRy
x (f(hix x,) + (=1)Po,(diag(—1n—1, 1)) f(hA(x/ - |x,)) dX' dX,

Since op|pr = dp—1 B §p we project to the two subspaces separately. Since
0g(—1,-1) = (—1)7 we obtain

1 —p—v—0p’ —v—p’
B 5/ Pro, s, 00p(Yn (X', X)) [ Xu P77 X P+ [ X P70
Rn—1 XR+

X (f(h,’ITL(X/’lX"‘)) + f(hﬁ(x/y,‘xnl)) dX/ an
1 !
b o P X X
R"71XR+
< |Xn 2+ (X217 (f (i x,p) — f (BT — x,p) dXT dX,
1 —p—v—p’ —2(v+p’ =
=5 Poyas, (XD X200 i) X

1
5 [ Pt c00a())
R’n

X \Xn|>\—P—V—p/|X‘—2(u+p’) sen(X,) f(hay)dX

which is by Proposition 6.1 equal to

L (o) 004 5 (A 1) ) .

Combining this result with Lemma 9.4 and Theorem 11.1 we immediately
obtain the unitary branching law and Plancherel formula for the unitary
principal series. Therefore we define the following functions which depend
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meromorphically on A and v.

_ c(min{p,n — p},v)
=S — - Y — _
F( +pJ5u P :l:l4 1)1—\( +p2+u P :I:l4 1)
C(min{pan _p}7 _V)
P()\+P—2V—p' 7 i14—1)r(—>\+/)—1/—ﬂ' . i14—1)7

e(p, A, V)jE

X

1
(P, A 4 F)fes = TR,y 11 (£2) 12k ( (p, X\, 1) (p, q, p)ee (p,s g, u)2> ’
A )

. cgnp)r(-z“)r(-z”)r( b2

n—1

2z

The following can be easily read off the definitions of these scalars.

LEMMA 12.2.

(i) Let p=0 and k € Zso. The function c(0, \, 0, k)7, is holomorohic
in X\ in the range Re A < f% — 2k and strictly positive for Im A = 0.
The function ¢(0, A, 0, k). is holomorphic in A in the range Re A <
f% — 2k and strictly positive for Im A = 0.

(ii) Let 0 < p < ";, g =p—1,pand k € Zxo. The function
c(p, A, ¢, k) holomorphic in X in the range Re A € [p—p, —3 —2k)
and strictly positive for In A\ = 0. The functwn c(p,)\ q, k)Re5 is
holomorphic in X in the range Re\ € [p — p, —2 — 2k)and strictly
positive for Im A = 0.

(iii) Let ”H <p<mn,q=p—1pandk € Zxo. The function

c(p, A q, k)fos is holomorphic in A in the range Re A € [p —p, —
2k) and strictly negative for Im A = 0. The function c(p, A, g, k)Res
is holomorphic in A in the range Re A € [p—p, —3 —2k) and strictly
negative for Im A = 0.

(iv) Let p = n and k € Zso. The function c(n,\,n — 1,k);., is holo-
morphic in A in the range Re A < —% — 2k and strictly negative for
Im A = 0.The function c¢(n,\,n—1,k)y,, is holomorphic in X in the
range Re A < —g — 2k and strictly negative for Im A = 0.

Remark 12.3. — For example we have

c(0, 2,0, k) fie
223 (X — 5 —2k)D(=A+p— 1 = 2k)T(=A - k)T'(k + 3)

n

T T(2)2RIT(—A — k + 1)
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and

c(0, 0,0, k)R s
_ 2N 5 —2RD(-A+p— 1 - 20D (=A — b+ DP(k + §)
T (22K (A — k + 1)
We don’t give the explicit expressions in every case for the sake of the
length and readability of this article.

LEMMA 12.4. — For A € iR and p # § we have

52
Tl =@ @ [ 7o)
+

a=+qg=p-1,p“"
and for f € m*
A

1 ~ dv
2 _ & 7
1 ey = 7 > /Z_RIIA@,A),@,V)J"HL2<Kf>W'

a=+,— q=p—1,p

For A € iR and p = § we have
Aol =0y oy, o @ [ 7 du,®)

+
and for f € m,

1 ~ dv
2 1 AL T
1flZ200=7 2 22 /RH e flaw c 3T

a=+,—q=p—1,p"~"

A —,quo 2 A —,quo 2
T C(/\)d”A(p,A),(p,—%)f”p,—%»quo + C(A)d”A(p,A),@—l,—%)f”p—ly—%nuo'

Proof. — Let A € iR and f € m\. Then by Lemma 9.4 ® = &, +®_ is
a unitary map such that by orthogonality
112250y = 1@ F 1226y = 1@+ Fll72(ery + 1= fllZ2cn-
Let p # %. Then applying the inversion formula of Theorem 11.1 and
Theorem 12.1 and (11.1) we obtain

19+ fl172cr)
1
=1 [ (147 P+ 148 0 P01 e, @)

1 ~ dv
_ = F 2
4 (/ﬂRHA(p”\)’(”I’V)fLZ(K,) c(p, A\, v)F

B dv
At LK) S VE
* /iRH ), 122 c(p, A, V)i>
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by renormalization to holomorphic families. For p = § the argument for
the continuous part of the Plancherel formula is the same. For the discrete
summands we reformulate for A # 0

(Dp,1 x Q1 f, 21 f)r2(er) = <(I;+vf <~7p, ;) @4 f <~,p, _;>> (K")
L2(K'

<A(p7 A)(p—1 l)f’ p)\) (p 1,— 1)f>L2(K/
+
<A(p>\ (»,3) f’ (p A), (p_,)f>L2(K/

Then
+
<A /\)(p,z)f’ (p)\)(p_l)f>L2(K’
:F;)\F_/\+1I‘ir)‘+1

A+ i+
X AAG 0,005 A m—p fr L2

is I’ . we have

. . A+
Since the image of A(p’/\))(p)%) p.as

+
(AG 0, (p72)fv () (p— )f>L2(K')
A+ +,quo
= UG, (p,Q)ﬁ (), (o 1y 112 ()
Then applying Proposition 8.1 we obtain

A+ A+,quo
<A ’\)(Pvz)f’A(p/\ (p— 1)f>L2(K')

_ F(p) <T/qu01 ° A+ quo )f Av-l—,quo

e L (p,)\),(pyfé)f>L2(K’)
_ F(p) A+,quo 2
- Trn;l ”A(p’,\),(p,,%)fnp’,%’quo
= L(P)” —,quo

A=)z Aot o1 =5 quo

by Proposition 8.2. Similarly

(Ao n.m-1.0 e, p-1.-1 112
F(P)H%)H%)F(%)F(%) — quo

71'”771 || (p,A),(p— 1—7)f||p 1,— % ,quo’

For ®_ f the argument works analogously. O
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13. Analytic continuation

Since we have by Lemma 9.4 good behavior for Re(\) > —1 we can
extend this Plancherel formula onto the real axis. We remark that we abuse
notation and write || f||, x for (f, f)p x even if the bilinear pairing is not a

norm.

COROLLARY 13.1. — ForReA € (—3,3),p# % and f € w;'[’/\ we have

t(p,q, N
MBa=1 2 X [ 10 e s

a+7qp1p

Proof. — In the following we abbreviate the integral pairings

/ f(h)g(h) dh

by (f,g)« for the Lie group *. First by the same calculation as in the proof
of Lemma 9.4 we have for A € R and f € 77;5\ that

((I)fv Do 7}),)\]?)6” = Hf”]%,)\’
for p < % and
((I)f’ o _Tp)\f)G’ = Hf”;%,)w

for p > 2, since T, \f € wi_/\. Moreover by Lemma 9.4 both ®f €

L*(G'/K',0p) and ® o T, \f € L*(G'/K',5,) for Re(\) € (—3,3) such

that we can apply the inversion formula of Theorem 11.1 to f and ex-
change orders of integrals. For p # 4 we obtain

(f’ TP,A]?)
A iR dv
4 Z Z P A)s (q7V)f’ (p,—A), (q,—y) p,)\f)K’W
a=+4,— qg=p—1,p c(p, A,V

in the same way as in Lemma 12.4. Applying the functional equation for
T, » of Theorem 7.1 this proves the statement since t(p,q, ) > 0 for all

p < 5 and t(p,q,«) < 0 for all p > 3. O
Rewriting the parings of the Plancherel formula in the Corollary above
as integral pairings we obtain an equality for A € (—3, 1)

(13.1) (f, Ty Ak
A tp,a, N
Z Z / (A (qw)f’ (0= :a.-) Lo S )i (PIT;IV) v

a=+,— q=p—1,p
In this sense the left hand side of this equation is holomorphic in A if we
consider f as a function in the compact picture, i.e. as a function on K/M.
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The right hand side on the other hand is meromorphic in A and has its
meromorphic structure governed by the function c(p, A, v)* since t(p, g, \)
is a regular function for Re(\) < % Hence we can analytically continue the
right hand side towards A € (—o0, 0), where the left hand side is essentially
| fllp,x, to obtain Plancherel formulas on the whole complementary series
and on unitarizable quotients.

PROPOSITION 13.2. — For p # 0,%,n with A € [~|p — p|, ) and for
p=0,n with A\ € (00, 3)

t(p,q,A)
(f, Ty Pk 4 > > </|A<m) w2 g, 3 e

a=+,— q=p—1,p

+ > t(p, ¢, N)e(p, A, 4, k) Res

—A-14(ad)
2

ke[o, )NZ

x [ICG

(PA),(g:A+1— (a2)+2k)f| A +1- (a2)+2k>

Proof. — By Corollary 13.1 we have for Re X € (—3, 3)
(f. Tp )
tp.q,\)
4 > 2 / (Ao, f A=, © Tor D Ay

a=+,— qg=p—1,p

We prove that this has a holomorphic extension to Re A < 0 if p = 0,n and
to Re A € [—]|p—pl,0) in the other cases. We prove for each of the integrals
that this extension is for Re A ¢ —1 + (a3) — 2Zx given by

_ ~ Hp,q,N)
i Y
[R( oA T A 2,00 D a0y

+dmRes,—x1-(ad)vak ((A((lp«\),(q,u)f’ Al a—m c(p, ), p)°
and that the residues are of the claimed form.

We prove the statement by induction. Conisder the statement holding
for Re A € (—3 — 2k, —2k) and consider the integral for o = + of (13.1)

_ )
(13.2) /iR(Apmqu)f’ . @-n ) K ((pAqV))dy'

Then for Rev € [0,3], and Re XA € (—5 — 2k, —2k), c(p, A, v)T vanishes if
and only if v = A\ + % + 2k such that the integral has a simple pole. Then
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moving the contour of integration we obtain

i i 7 UPg,N)
At At D82 g
/Wé( (a0 F A a0 D G, ST W

t(p, g, N)
+2mRes, -yt 442k ((A(pJ\) (a, u)f’ (p.2). (g~ u)f) m :
Now for Rev = 1, ¢(p, A, )™ does not vanish for A € ( 1 — 2k, —2k). On
the other hand for Rev € [0, 3] and Re A € (=1 — 2k, —% — 2k), c(p,\,v)*
vanishes only at v = —\ — % — 2k. Then movmg the contour of integration
back towards Rev = 0 we have for A € (=1 — 2k, —5 — 2k)
1 e n t(pv q, )‘)
(A I AL e dv
/iR+§, (P:N):(q:v) (P:A),(q,—v) c(p, \,v)*

_ ~ ~ tD,qN)
_ - + e
= /iR(A(m),(q,V)f’ Ao g, S yF

., -, _
—2mRes,— g <(A<p,x>,<q,mf’ A a-m DK 3 07

Consider the residue

= Pt =~ PN
+ + 4
Res,—xt4+2 <(A<p,x).,<q,u)f A @0 30T

Then by inserting the Knapp—Stein intertwiner we have

t(p,q, \)
(13.3) mRes,—x1 4 1ok <(A(p A) (g, u)f’ (p:2),(as ;L)f) W
_ A+ A+ R
= mRes, \i 152k ((A@,A),(q,mf T © Al (gun D
t(p,q,\) )

c(p, A )Tt (py ;1)

=t(p, g, N)e(p, A\ D, k) fres

x(Cf T oCF

A), (g2 +5+2k) f; pA+5+2k (p,A),(q,,\+%+2k)f)K',

which is holomorphic in A for Re A < —5 — 2k by Lemma 12.2. Similarly
we have

ra (paQ7A)
—mRes,— x4k <(A(p,x> (q,mf’ (N (a—m) K K epn )+

1
(pa A —/.L)J'_t/(p,p, _/J“)CC(pa q, _/L)Q)

(PN (@A+3 1oy (p,A),<q,x+%+2k>f)K”

= —7Tt(p7 q, /\) Resu:—/\—%—ﬂc (

(T;,AJF Lok © oCf
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which coincides with (13.3). Hence we obtain
i t(pv q, >‘)
/ (A(p A)s(as V)f’ (:A)s(a; fV)f)K'c(p’)Hyﬁ d
7 tpg,A) )

+4rRes,_x; 1401 (( (A f’ (pA SMERLS c(p, A, )T

as the analytic continuation of (13.2) on A € (—1 — 2k, —% — 2k). Since

¢(p, A, v) " does not vanish for Re A € (—1 —2(k+1), —3 —2k) and Rev = 0,
this even defines an analytic continuation on Re A € (=1 —2(k+1), —$—2k).
Now taking the limit along the real line towards A = —% — 2k from the

right proves the statement. For

7 tp,qa. )
/ (A(p ) (g, V)f’ (P, (g, 7V)f)K/ c(p’ )\7 y)_ dv

the argument works in the same way. O

To state the main result we formulate the residues ¢(p, A, g, k)ﬁes more
explicitly. The following can be deduced by simple calculations using the
definitions of the functions c(p, \,v)*, ¢'(p, ¢,v) and cc(p, q,v)*.

By Lemma 12.2 the formula of Proposition 13.2 immediately yields
Plancherel formulas for the unitarizable representations occurring in W; A

COROLLARY 13.3.

(i) Let p=0. For A € (—p,0) U —p — Z>( we have for f € 71'0%\

£(0,0,\)]
f / A 5 f , 7dy
7182 =75 2 + 14%.0. 000 F 2200y 1,5
+ Z | (O,O,)\)|C(0a )\a07k)%es
ke(o, L("z))mz

2
x ”C(Ofw,(o,xﬂ—(a;)+2k)f||o,x+1—(aé)+2k>'
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. +
(ii) For 0 <p <n. For A € [—|p — p|,0) we have for f €

|t(p, g N
1155 = Z > (/ 1A% 2,00 2207y (pp;],,) dv

onrfqplp

+ > [t(p, @ Nle(ps A, 4, k) e

—A—1+(ad
2

ke(o, 2))02

NG a1 r2m  lgrsi—a §)+2k>-

(iii) Let p =n. For A € (—p,0) U —p — Z>( we have for f € 7ri>\

2 tn,n 1,0
£l = 4 Z (/ ||A(n A),(n— 11/)f||L2(K/ (p o) — ) dv

+ > lt(n,n — 1, N)|e(n, An — 1,k)3e,

—A— 1+(a

kelo, 2>)mZ

a 2
X ||C(n,x),(n17x+1(a;)+2k)f|n1,,\+1(a;)+2k>-

We remark that for p # &, t(p,p — 1,p — p) = t(p,p,p — p) = 0 while
t(p,q,A\) # 0 in all other cases. By the corollary above we immeditelly
obtain unitary branching laws for the complementary series.

THEOREM 13.4.

(i) Forp=0 and A € (—p,0) we have

®

~t -~ ~a ~*a

Toalar = @ /i]R o v @ @ Tor+1—(ad)+2k
+

a=+,— kE[O,iAil;(a%))ﬂZ
(if) for 0 < p <n and A € (—|p —pl|,0) we have

7/1\';:7/\|G/ ~

®
@ @ /ﬂR+ Tow dv @ @ ?;E;H (a)+2k

a=+,—q=p—1, —A— b
=pmLp kefo, 21He2)y
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(iii) For p=n and X\ € (—p,0) we have

~

%j;ﬁg, ~

@ / /T\g—l,l'dy@ @ ?nial Atl—(ad)+2k

a=+,— iRy - o
ke[oyw)mz

Similarly we can deduce unitary branching laws for the unitary quotients
with non-trivial (g, K)-cohomology.
THEOREM 13.5.

(i) For the one dimensional unitary quotients we have
~ =, ~ =,
Hozler =To s Mnprxler =10, 4

(ii) For 0 < p < § we have

ﬁ | ~ ﬁ’ P ’\:F( 1) k o)
p,xIG = Hp+ Tp— 1717 1—p'+k

ke(0,p’ —p+1)NZ a=+,—

(iii) For p = " we have

53]
HLH :‘:‘G/ ~ @ / ?g_l le/
2 amp iRy 3

(iv) For 2 < p <n we have

~ - (-
Hp,i‘G/ - Hp—l,i @ @ Tp 1 p p+1+k ® @ /

ke(0,p—1—p")NZ a=+,—

Proof. — The statement for the one-dimensional representations is clear.
For 0 < p < ”Tfl the statement follows from Corollary 13 3 in the following
way. Since || f|lp,p—p = [lpr,— o fl
formula of Corollay 13.3 is essentially the Plancherel formula for the quo-
tient ﬁer]):F. Then the statement follows since t(p,p — 1,p — p) = 0 and
t(p,p,p — p) # 0. Similarly for 21 < p < n, and the quotient ﬁpi of
%;t)pfp since t(p,p,p —p) =0 and ¢(p,p — 1,p — p) # 0. For p = Z we have
that

pp—pquo for all f e p »—p the Plancherel

n

o T . +
H%,i = ker (T’;p — @ ld) g 71'%,0

and

)

Moy ¢ = ker(T0+( my d> C 7 o
n))

Then the statement follows from the functional equations Theorem 7.1. [
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In the same way as above we obtain branching laws for the unitarizable
representations I, ; + for p = 0,n.

THEOREM 13.6.

(i) For p =0 we have

J

~,

- ey '
lojaler =11 + & @[o,k,i(—l)kﬂ‘
k=1

®
—~ k+j
e @ %5 D @/ 70, dv.
ke(0,0)NZ amt—  JiRy
(ii) For p = n we have
~ i
L j+lc ~ 11 n—1,+ D @ ;L—l,k,i(—l)kﬂ'
k=1
,\i( k+J
EB @ Tn— 17p & P @ / T, dv.
ke (0,0 )NZ
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