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RATIONALLY CONNECTED THREEFOLDS WITH NEF
AND BAD ANTICANONICAL DIVISOR

by Zhixin XIE (*)

ABSTRACT. Let X be a smooth complex projective rationally connected three-
fold with nef anticanonical divisor —Kx . We give a classification for the case when
—Kx is not semi-ample.

RESUME. — Soit X une variété complexe projective lisse rationnellement connexe
de dimension trois & fibré anticanonique — K x nef. On donne une classification dans
le cas ou —K x n’est pas semiample.

1. Introduction

Let X be a complex projective manifold. We say that X is a Fano mani-
fold if the anticanonical divisor —K x is ample. The classification of three-
dimensional Fano manifolds by Mori and Mukai (for p > 1, [20]) and by
Iskovskih (for p =1, [9, 10]) is one of the first achievements of the mini-
mal model program with an impressive number of applications. Projective
manifolds with nef anticanonical divisor —K x are a natural generalisation
of Fano manifolds, and one hopes to similarly fulfil a complete classification
for this class of manifolds. In [6], Cao and Horing showed a decomposition
theorem for these manifolds: the universal cover X of X decomposes as a
product

)?:(quHijHSka,
where Y; are irreducible Calabi-Yau manifolds, Sj, are irreducible hyper-
kahler manifolds, and Z is a rationally connected manifold.
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In view of this result, the most interesting case is when X is rationally
connected: it is also the most difficult one. Before considering classification
for this class of varieties, one should check whether in any given dimen-
sion there are only finitely many families of varieties for this class. This
property is known under the name of boundedness (see Definition 2.1).
Recently, Birkar, Di Cerbo and Svaldi proved in [4, Theorem 1.6] that bi-
rationally, there are only finitely many deformation families of projective
rationally connected threefolds with e-lc singularities and nef but not nu-
merically trivial anticanonical divisor. Thus it is in principle possible to
classify these varieties as has been done for Fano threefolds. If the anti-
canonical divisor is semi-ample, then there is a standard approach to the
classification via a discussion of the anticanonical map and extremal con-
tractions.

We call a nef divisor good if its litaka dimension and its numerical di-
mension are equal, otherwise we call it bad. By a result of Kawamata [13,
Theorem 6.1], if —Kx is good then it is semi-ample. In this paper we
focus on the much more delicate case where —K x is nef but not semi-
ample. Bauer and Peternell have shown in [3, Theorem 1] that this implies
that the nef dimension (see Definition 2.3) n(—Kx) = 3, the numerical
dimension v(—Kx) = 2 and the litaka dimension k(—Kx) = 1 (in fact
they showed that h?(X,Ox(—Kx)) > 3). It is thus natural to start the
investigation with the base locus of the anticanonical system. We start
by addressing the case in which the base locus has no divisorial part —
a case that was not covered in [3, Proposition 7.2]. The first main the-
orem of this paper is the following effective classification result for this
case and we will give some examples in the first part of the paper (Sec-
tion 3):

THEOREM 1.1. — Let X be a smooth projective rationally connected
threefold X with —Kx nef, n(—Kx) = 3, v(—Kx) = 2. Suppose that the
anticanonical system has no fixed part. Then —Kx ~ 2D where D is a
Cartier divisor, and X is one of the following:

(1) X — P! is a del Pezzo fibration with general fiber isomorphic to
P! x P'. Then X C Ppi(&) with

£ =0 & Op1 @ Opi (—1) & Op1 (—1),

and X is an element of the linear system |Op(¢)(2) + 4F|, where F
is a general fiber of 7: Pp1(E) — PL.
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(2) X = P(€) is a P-bundle over a smooth rational surface Y with
—Ky nef, where £ is a nef rank 2 vector bundle with ¢;(£) = —Ky
and co(€) = K2, given by an extension

0—>Oy—>5—>12®0y(—Ky)—>0,

where Tz is the ideal sheaf of a length-cy(E) subscheme Z of Y.
(3) X = Bl,(Y) is the blow-up in a point p of a smooth almost del
Pezzo threefold Y of degree 1 such that p is not the base point of
=5 Kyl
Conversely, let X be a variety that appears in one of the above cases
with respectively the following conditions:
(1) X € |Op(e)(2) +4F| is a very general member;
(2) the points of the finite set Z are in sufficiently general position on'Y’;
(3) the blown up point p € Y is sufficiently general.
Then —Kx nef, not semi-ample and —Kx ~ 2D where D is a Cartier
divisor.

The class of varieties in case (3) of the above theorem also appeared
in [18, Section 2] where an explicit and pathological example is constructed.
For a complete classification list of smooth almost del Pezzo threefolds of
degree 1, we refer to [11]. Hence the smooth threefolds with nef and not
semi-ample anticanonical divisor whose base locus has no divisorial part
are completely classified.

The second part of the paper (Section 4) deals with the case when the
base locus has a divisorial part. It turns out, that after a sequence of flops,
one can assume that the mobile part is always nef. We will show that the
mobile part does not have base locus of codimension 2 and to be more
precise:

THEOREM 1.2. — Let X be a smooth projective rationally connected
threefold X with —Kx nef, n(—Kx) = 3, v(—Kx) = 2. Suppose that the
anticanonical system has non-empty fixed part. Then there exists a finite
sequence of flops 1: X --+» X' such that the following holds:

e X' is smooth,
[ ] _KX’ is nef,
e the mobile part |B’| of |—K x| is nef.
In this case, B> = 0 and |B'| is base-point-free. It induces a fibration
f: X' = PL
Back to the problem of birational boundedness for the family of smooth
projective rationally connected threefolds with nef (and not semi-ample)

TOME 74 (2024), FASCICULE 5



1822 Zhixin XIE

anticanonical divisor, we deduce the boundedness from Theorem 1.1 (and
Proposition 3.4) for the case when the anticanonical system has no fixed
part. As for the case when there is a non-empty fixed part, the boundedness
does not follow from Theorem 1.2. However we expect a complete classi-
fication for this case as in the previous one. In the case of Theorem 1.2,
the structure of X’ can be complicated. Examples of such X’ which are
not isomorphic to a product can be found when the general fiber of f is
P2 blown up in 9 points such that the unique element in the anticanonical
system is a smooth elliptic curve, we refer to the author’s thesis [23].

We give now a sketch of proof of Theorem 1.2. The idea is to argue
by contradiction and suppose that the mobile part of the anticanonical
system has base locus of codimension two. We first give a description of
the anticanonical system in this case:

PROPOSITION 1.3. — Let X be a smooth projective rationally connected
threefold X with —Kx nef, n(—Kx) = 3, v(—Kx) = 2. Suppose that the
anticanonical system has non-empty fixed part and that the mobile part
|B| is nef. If B? # 0, then

|-Kx|=A+|2H]

where H is a prime divisor. In this case, let F' be a general member in |H]|.
Then both A and F are P'-bundles over a smooth elliptic curve, such that
their anticanonical divisors —K 4 (resp. —K ) are nef and divisible by 2 in
Pic(A) (resp. NS(F)). Furthermore, both A - F and F? are smooth elliptic
curves.

By running the minimal model program, with the classification of con-
tractions by Mori for smooth threefolds [19], we show in this case:

PROPOSITION 1.4. — In the setting of Proposition 1.3, there exists a
finite sequence

X=X, 25 X, 2 ... 2 x, By
with k = 0 or 1, where X, is a smooth threefold with —Kx, nef such
that |—-Kx,| has non-empty fixed part, @; is a blow-up along a smooth
elliptic curve and Y is a smooth threefold with —Ky nef, n(—Ky) = 3,

v(—Ky) = 2 such that |—Ky| = |2G| has no fixed part and a general
member in |G| is isomorphic to F.

The threefold Y is classified in Theorem 1.1. Comparing the general
member of |- Ky | in Theorem 1.1 with the geometry of the surface F will
then lead to a contradiction.

ANNALES DE L’INSTITUT FOURIER
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2. Preliminaries

DEFINITION 2.1. — A set of projective varieties X is said to be bounded
if there exists ¢: X — B a projective morphism of schemes of finite type
such that each X € X is isomorphic to X for some closed point b € B.

Notation 2.2 ([16, Definitiion 2.1.3, Remark 2.3.17]). — Let X be a nor-
mal projective variety and D an R-Cartier divisor on X. We denote by
o (D) the Iitaka (Kodaira) dimension of D.
e y(D) = max{n | D™ # 0} the numerical dimension of D when D

is nef.

THEOREM 2.3 ([2, Theorem 2.1]). — Let L be a nef line bundle on
a normal projective variety X. Then there exists an almost holomorphic
dominant meromorphic map f: X --+ B with connected fibers such that

(1) L is numerically trivial on all compact fibers F' of f of dimension
dim X —dim B

(2) for a general point © € X and every irreducible curve C passing
through x such that dim f(C) > 0, we have L - C > 0.

The map f is unique up to birational equivalence of B. In particular dim B

is an invariant of L and we set n(L) := dim B, the nef dimension of L.

Note that the nef dimension of a nef line bundle L on X is maximal,
i.e. n(L) = dim X, if and only if the variety X is not covered by L-trivial
curves. Moreover, we have the following inequalities which relate the above
three invariants:

THEOREM 2.4 ([13, Proposition 2.2], [2, Proposition 2.8]). — Let X be
a smooth projective variety. Let L be a nef divisor on X. Then we have

k(L) < v(L) < n(L).

TOME 74 (2024), FASCICULE 5
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LEMMA 2.5. — Let X be a normal projective Q-factorial variety with
—Kx nef. Let D be an effective Q-divisor such that the pair (X, D) is log
canonical. If D is not nef, then there exists a (Kx + D)-negative extremal
ray I' such that D -T" < 0.

Proof. — Suppose that there is no such extremal ray. Since D is not nef,
there exists an irreducible curve [ C X such that D -1 < 0. Then we can
write

1= ATi+R,

where

o )\ = 0;

e I'; are (Kx + D)-negative extremal rays. By assumption they all

satisfy D -I'; > 0;

e (Kx+D)-R>0.

Therefore,
0>D-1=Y MD-Ti+D-R>D-R,
i

ie. D-R<O.
Since (Kx + D) - R > 0, we have

Kx-R>-D-R>0,
which contradicts the fact that —K x is nef. O

LEMMA 2.6. — Let X be a smooth projective rationally connected three-
fold. Let D be a divisor with k(D) = 1. Suppose that the linear system | D|
has no fixed part and the general member in |D| is reducible. Then a gen-

eral member in |D)| is linearly equivalent to mH, where H is a prime divisor
and m > 2. Furthermore, h%(X,Ox(H)) = 2 and h°(H, Oy (H|y)) = 1.

Proof. — Let ¢: X --» C be the rational map determined by the linear
system |D|. Then C ~ P! as k(D) =1 and h'(X,Ox) = 0.

Let p: X — X be a birational modification which resolves the base locus
of |D|. Let F be a general fiber of the induced morphism ¢: X — C. Since
|D| has no fixed part, the pushforward p,(F') is a general member of |D|.
Furthermore, the general fiber F' is not connected as the general member
in | D] is reducible.

Let ¢': X — C’ be the Stein factorization of the morphism ¢ and
v: ¢’ — C. Then 5’ has smooth connected general fiber and C’ ~ P!
as h1(X,0x) = 0.

ANNALES DE L’INSTITUT FOURIER
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For a point p € C, we have
v*(p) 2= Op1(m)

with m > 2 the number of connected components of QNS* (p) and thus

¢*(p) = 0" (V" (p)) = ¢"*(Op1 (m)).

Let F' be a general fiber of ¢': X — P!. Then F ~ mF’ and thus a general
member in |D| is linearly equivalent to mH where H := u,(F’). Hence

(X, 0x(H)) = h°(P*, Op1 (1)) = 2.
Now the exact sequence:
gives h’(H, Oy (H|g)) = 1. O

From now onwards, X will denote a smooth projective rationally con-
nected threefold with —Kx nef, n(—Kx) =3 and v(—Kx) = 2.

By [3, Theorem 2.1], the condition of —Kx satisfying n(—Kx) = 3 and
v(—Kx) = 2is equivalent to v(—Kx) = 2 and k(—Kx) = 1. The latter one
is more useful since it is in practice easier to compute the litaka dimension
than the nef dimension.

Since X is rationally connected, we have x(Ox) = 1. Together with
K% =0, we deduce by Riemann-Roch theorem that x(—Kx) = 3. More-
over, as —Kx is nef and v(—Kx) = 2, by Kawamata—Viehweg vanishing
theorem [12, Corollary], one has H'(X,Ox(2Kx)) = 0. Hence we deduce
that

H?*(X,0x(-Kx)) =0.
by Serre duality. Therefore,
R(X,0x(—Kx)) > 3.

LEMMA 2.7. — Let X be a smooth projective rationally connected three-
fold with —Kx nef, n(—Kx) =3 and v(—Kx) = 2. Let |B| be the mobile
part of the anticanonical system |—K x| and D be a general member in |B|.
Then D has at least two irreducible components.

Proof. — We can write |—Kx| = A + |B| with A the fixed part (which
can be empty) and | B| the mobile part. For a general member D of |B|, we
have the following exact sequence:

00— Ox(—KX —D) — Ox(—Kx) — OD(—K)(‘D) — 0.

Since
RY(X,0x(~Kx — D)) = h°(X,0x(A)) =1,

TOME 74 (2024), FASCICULE 5
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together with h9(X,Ox(—Kx)) = 3, we have h®(D,Op(—Kx|p)) = 2.

Now suppose by contradiction that D is irreducible. Let v: D — D be
the normalization of the surface D. Then for the pullback of the Cartier
divisor —Kx|p, we have

(D, v*(—=Kx|p)) = h°(D,—Kx|p) > 2.

Hence the linear system |v*(—Kx|p)| on D has a mobile part M. On the
other hand, since —K x is nefand (—Kx )3 = 0, one has (—Kx)?-D =0, i.e.
(—Kx|p)? = 0. Since v*(—Kx|p) is nef and v*(—Kx|p)? = (-Kx|p)? =
0, we deduce that
I/*(—Kx‘p) -M =0.

Therefore, D is covered by v*(—Kx|p)-trivial curves, from which we de-
duce that D is covered by (—Kx)-trivial curves. As D moves, this contra-
dicts the fact that n(—Kx) = 3. O

Now Lemmas 2.6 and 2.7 give the following:

COROLLARY 2.8. — Let X be a smooth projective rationally connected
threefold with —Kx nef, n(—Kx) = 3 and v(—Kx) = 2. Let |B| be the
mobile part of the anticanonical system |—K x|. Then

B ~mH,

where m > 2 and H is a prime divisor such that h°(H,Oy(—Kx|u)) =1,
ROCX, Ox (H)) = 2 and hO(H, Oy (H| ) = 1.

Proof. — It remains to show that h°(H, O (—Kx|g)) = 1. By contra-
diction, suppose that h%(H,Ox(—Kx|g)) > 2. In Lemma 2.7, we may
repeat the same argument in the second part of the proof with H playing
the role of D, then the argument following from the normalization of the
surface leads to a contradiction. g

LEMMA 2.9. — Let X be a smooth projective threefold with — K x non-
zero effective, divisible by two in Pic(X) and K% = 0. Suppose that there
exists an irreducible normal surface H € |-1Kx| such that —Kp is nef,
non-zero effective and not semi-ample. Then —Kx is nef and not semi-
ample, i.e. v(—Kx) =2 and k(—Kx) = 1.

Proof. — We have —Kx ~ 2H. The adjunction formula gives —Kpy ~
H|g. We first show that H and thus —Kx is nef. Indeed, it is enough to
show that the restriction of H on itself is nef: let C C H be an integral
curve, then

H- C=Hlg-C=-Kyg-C>20

as — K is nef.

ANNALES DE L’INSTITUT FOURIER
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Now since there exists a non-zero effective divisor in |—Kg|, we deduce
that v(—Kx) =v(H) = 2.

Since — Ky is not semi-ample, we have xk(H,—Kpg) = 0. Then for any
m =1,

K (H,Op(mH|n)) = h°(H,Oy(—mKpy)) = 1.
Now the short exact sequence
0— Ox((m — 1)H) — Ox(mH) — (’)H(mH|H) — 0

gives h%(X,Ox(mH)) < h°(X,0x((m — 1)H)) + 1 and thus

k(—Kx)=r(H)=1. O

3. Anticanonical system without fixed part

In this section, we consider the following setup:

SETUP 3.1. — Let X be a smooth projective rationally connected three-
fold with anticanonical bundle —Kx nef, n(—Kx) = 3 and v(—Kx) = 2.
We suppose that the anticanonical system |—K x| has no fixed part, so that
by Corollary 2.8 we can write

7KX ~mH
with m > 2 and H some prime divisor.

We may now run the minimal model program. Consider an extremal
contraction p: X — Y.

3.1. Del Pezzo fibrations

PRrRoOPOSITION 3.2. — In Setup 3.1, suppose that there exists an ex-
tremal contraction ¢: X — PL. Then X C P(€) with

E=0p @ Op1 @ Op1(—1) ® Opr(—1),
and X € |Op(g)(2) 4+ 4F|, where F is a general fiber of 7: P(€) — P*.

Proof. — We use notation from Setup 3.1. Since —Kx ~ mH with
m > 2, we deduce from the classification of Mori-Mukai [21, Section 3]
that m = 2 or 3.

TOME 74 (2024), FASCICULE 5
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Case 1. — If m = 3, then ¢ is a P2-bundle and we can write X = P(£)
where £ is a vector bundle over P! of rank 3. Denote the tautological line
bundle by £ := Op(g)(1). Then the Grothendieck relation (see [8, Appen-
dix A.3]) gives

& =& (a(€)) = 0.
Hence
(—Kx)? = (3¢ + ¢"(—Kp — c1(€)))°
= 27¢° 4+ 2767 - o*(Om (2) — 1 (€))
— 7 5 (0 (2)
=54
which contradicts the fact that K% = 0.

Case 2. — If m = 2, then ¢: X — P! is a quadric bundle with general
fiber Fx ~ P! x P!, and every fiber is a smooth quadric or a quadric cone
in P2. Define £ = ¢, (Ox (H)) which is a vector bundle on P! of rank

r=hoFx,H|py) = h"(P" x P!, Op1ypi(1,1)) = 4.

Now the morphism ¢*€ — Ox(H) is surjective as it is the evaluation
map on each fiber and the restriction of H on each fiber is base-point-free.
Hence it gives an embedding X C P(£) such that H = Opg)(1)|x. Let
7: P(E) — P! such that ¢ = 7| x.

We write & = @1, Op1(a;) with a; > az > az > ay4. Denote the tauto-
logical line bundle by & := Op(¢)(1) and the general fiber of 7 by F'. Since

Kp(g) = -4+ W*(K[pl + 61(5))
and Kx = —2¢|x, we deduce from the adjunction formula that
X €2 + aF|

with @ = —¢1(€) + 2, because the morphism Pic(P(£)) — Pic(X) is in-
jective (indeed Pic(P(£)) =~ Z @ Z and both & and F are non-trivial and
linearly independent on X).

On the other hand, by the Grothendieck relation, we have

¢ =& (e(f) =0.
Hence
0=H=(¢x)>? =& (26 +aF)=2¢(E) +a.
Therefore, ¢1(£) = —2 and o = 4.

ANNALES DE L’INSTITUT FOURIER
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Since h9(P!, &) = h°(X, Ox(H)) = 2 by Corollary 2.8, there are the two
following possibilities: either

ar =1,a0 =a3 =a4 = —1,
or
a1 =as =0,a3 = a4 = —1.
Now suppose that £ = O(1) @ O(—1)%3. Then
Bs|¢| =P(O(—-1)%%) = Dy and € = Dy + F.

Since HO(P(E),OP(g)(f - X)) = HO(]P(S),OP(g)(—f - 4F)) = 0, we de-
duce from the short exact sequence

0 — Op(e)(§ — X) — Op(ey(§) — Ox(&]x) — 0

that the restriction morphism H®(P(E), Op(e)(£)) — H(X,Ox (H)) is in-
jective, hence surjective as h’(P(£), Opg)(§)) = h°(X, Ox (H)).
Therefore, when we restrict the base locus Dy of |¢] to X, we have

DoNX C Bs|H|

But this implies that the base locus of |H| on X has a divisorial part, which
contradicts the fact that |H| is mobile on X. O

Remark 3.3. — In the setting of Proposition 3.2, ¢: X — P! is a quadric
bundle with general fiber Fx ~ P! x P! and |~Kx| = [2H|. Let D be a
general member of |H|, then Op, (D|p,) =~ Op1«p1(1,1). Hence a general
fiber of ¢: D — P! is either isomorphic to P! or two P!’s intersecting
transversally at one point.

Proof of Theorem 1.1(1). — One direction follows from Proposition 3.2.
It remains to prove the converse.

Let & = OF ® Op1(—1)®2 and 7: P(€) — P! be the projection mor-
phism. Denote the tautological line bundle Opg)(1) by & and a general
fiber of 7 by F. Let X be a very general member in |2¢ + 4F|. Since
Sym? £ ® Opi1(4) is globally generated, a general member in |26 + 4F| is
smooth. As

K]p(g) = —4£+ W*(K]pl + 61(5)),

the adjunction formula gives Kx = —2¢|x. Let H := §|x, then —Kx = 2H.

Let & = Op1 ® Op:(—1)%? and Dy = P(&). Then Dy € |¢| and we
have the projection morphism 7y = 7|p,: Dy — P! and the tautological
line bundle & = &|p, associated to Opg,)(1). Let Hy := X N Dy. Then
Hy € |H| Let Sy == ]P(O]pl(—l)@z) ~ P! x P'. Then Sy € |§0|

TOME 74 (2024), FASCICULE 5
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Since R'm,(Op(gy(1)) = 0 for all i > 0,
H'(P(E), Ope) (X — Do) ~ H'(P', € @ Op1 (4))
= H'(P', Op1 (4)%% © Op: (3)%?)
=0.
Similarly we have
H'Y(Dy, Op,(Ho — So)) ~ H (P, & ® Op1(4))
= H' (P, Op: (4) & Op1 (3)%?)
=0.
Therefore, the evaluation maps
HO(P(E), Ope) (X)) — H(Do, Op,(X|p,))
and
H°(Dy, Op,(Ho)) — H"(So, Os,(Hols,))
are surjective. On the other hand, since 2¢ + 4F is globally generated, its
restriction to Dy (resp. to Sp) is globally generated. Hence by the surjec-

tivity of the above evaluation maps, we deduce that Hy = X N Dy (resp.
Co == X N Sp) is smooth for a general X € |26 + 4F|.

Claim. — H (and thus —Kx) is nef.

Proof of the claim. — For any curve C' C P(E) such that £ - C < 0, we
have C C Sp.
Denote the two ruling of Sy by fi and fa, where f; = Flg, and fo
surjects to P! by 7. Then
€ls, = Op0,1 (~1y@2) (1) ~ = f1 + f2.

Therefore

X|sy ~ (26 +4F)[s, ~ 2(—f1 + f2) +4f1 = 2(f1 + f2).

Now suppose by contradiction that there exists an integral curve C' C X
such that —Kx-C < 0. Then £-C = ¢|x -C < 0 and thus C C XN Sp. But
Co = X NSy is a smooth irreducible curve (it is a smooth elliptic curve),
we deduce that

[C]=[2(f1 + f2)],
which implies that
£-C=¢ls, C=(=fi+f2) - 2(fi+ f2) =0.

This contradicts the fact that £-C < 0. Hence H is nef and this proves the
claim. ]
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By the adjunction formula, one has that —Kp, ~ H|g, is nef with
(—=Kp,)? =0 and Cy € |—Kp,|. Furthermore,  induces a fibration on Hy
over P! with general fiber isomorphic to P!.

Now let S be the blow-up of P? at 9 points in very general position
such that —Kg is nef, not semi-ample and the unique member D € |- K|
is a smooth elliptic curve. Denote the blow-up by o : S — P2, Let h =
0*(Op2(1)) and C; be a conic on S, i.e. a smooth rational curve such that
—Kg-C; =2 and Cf = 0 (for example take C; the strict transform of a
general line through a blown-up point p; € P? such that C; ~ h — e; where
e; is the exceptional curve over p;). Then the class of C; induces a conic
bundle 7 : S — P

Since 7: S — P! is a regular conic bundle, one has

R'7,(05(—Ks)) =0

for all ¢ > 0 and 7.(Og(—Kg)) is a locally free sheaf of rank 3 that we
denote by V. Therefore,

HY(P, V) ~ H*(S,05(—K5))

for all k& > 0 and thus x(P!,V) = x(5,0s(—Ks)) = 1. Now by the
Grothendieck—Riemann—Roch theorem, one has

x(PY, V) = deg(V) + 3

and thus ¢; (V) = —2.
Now since h°(P1, V) = h9(S,0s(—Ks)) = 1, we can write

Y~ O]pl D O[pl (CL) &) O]pl (b)
with a,b < 0. As a + b = —2, we deduce that a = b = —1. Therefore
S C P(O]pl D O]pl(—l)@Q) = DQ

and we have S € |(2§ + 4F)|p,| by the adjunction formula. Hence by
semicontinuity of cohomology, the surface Hy = X N Dy has nef and not
semi-ample anticanonical divisor for a very general element X € |2 + 4F|.
Thus —Kx is not semi-ample by Lemma 2.9. g

3.2. Conic bundles

PROPOSITION 3.4. — In Setup 3.1, suppose that there exists an ex-
tremal contraction ¢: X — Y toasurfaceY. Then X = P(€) is aP'-bundle
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over Y with —Ky nef, £ is a nef rank 2 vector bundle with ¢;(£) = —Ky
and c3(£) = K%, given by an extension

(3.1) O—)Oy—>5—>zz®0y(—Ky)—>0,

where Tz is the ideal sheaf of a length-co(E) subscheme Z of Y. Further-
more, the set of such X forms a bounded family.

Proof. — We use notation from Setup 3.1. By the classification of Mori—-
Mukai [21, Section 3], ¢ is a conic bundle and Y is a smooth rational
surface. Since —Kx ~ mH with m > 2, we deduce from the classification
that m = 2 and ¢ is a P!-bundle. By [7, Proposition 3.1], the anticanonical
bundle —Ky is nef. Let d := (—Ky)?, we have thus 0 < d < 9 and Y is
isomorphic to P* x P!, or Fy, or P2 blown up in (9 — d) points.

We write X = P(€) with £ = 0.(Ox(H)). Then H = & := Opg(1). As
—Kx =2H and

—Kx = (p*(ny — det(S)) + 25,

one has ¢1(€) = det(€) = —Ky.
On the other hand, since (—Kx)3 = 0, one has

0=¢6"=¢(E) — (),
from which we deduce c3(€) = K2 = d.
Claim. — & has a section which vanishes in codimension at least 2.

Suppose by contradiction that every non-zero section in H°(Y, &) van-
ishes in codimension 1. Let s € H(Y, £) be a non-zero section and Hy the
element in |H| associated to s. Let D be the one-dimensional components
of the vanishing locus of s taken with multiplicity. Now consider the vector
bundle £ := £ ® Oy (—D). Then it has a non-zero section s’ € H°(Y,&’)
which vanishes in codimension at least 2. We denote the element associated
to s" in |Op(gr)(1)| by Hy. Then one has an isomorphism X ~ P(€’) under
which Hy corresponds to Hs ® ¢*(—D). Hence there exists an effective
divisor R on X (which corresponds to Hy/) such that

H, = ¢*(D) + R.

Notice that R is non-zero as the restriction of Hy to a general fiber is Op: (1).
Since this holds for every non-zero section s € H°(Y, £), it contradicts the
fact that H is irreducible and reduced. This proves the claim.

Therefore, following [5, Section 4.1, pages 85-87], we have an exact se-
quence

(3.2) 0— Oy — & —)Iz®0y(—Ky) — 0,
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where Z is the zero locus of a general section of £ with length [(Z) =
Co (g) =d.
If d = 0, then we have Z = () and (3.2) must split as

Ext'(Oy (—Ky),Oy) ~ HY(Y, Oy (Ky)) ~ H (Y, Oy) = 0,

thus &€ = Oy ® Oy (—Ky). Consider the case when d > 0. For a fixed
smooth rational surface Y such that —Ky is nef, Z is a finite subscheme
of length d = K3 on Y. Hence it is parameterized by the Hilbert scheme
Y14, Furthermore, the extensions (3.2) are parameterized by the vector
space Ext' (Z; ® Oy (—Ky),Oy) of finite dimension. Therefore, the set of
varieties P(€) such that £ is a vector bundle of rank 2 over Y satisfying
(3.2) forms a bounded family.

Now since the set of smooth rational surfaces Y with —Ky nef forms a
bounded family (see [1, Section 6]), we deduce that the set of such X = P(&)
forms a bounded family as well. a

Remark 3.5. — In the setting of Proposition 3.4, one has X = P(£)
where &£ is a rank-two vector bundle on the surface Y and —Kx = 2H,
where H is the tautological line bundle Op(g)(1).

Let D be a general member in |H|. Since £ is given by the short exact
sequence (3.1), one has

D = Bl(Y).

Example 3.6. — Let S be P? blown up in 9 points in sufficiently general
position such that —Kg is nef and not semi-ample. Then there exists a
unique element D € |—Kg|. We have r(—Kg) =0 and K% = 0.

Now define £ := Og ® Os(—Kg) and 7: X = P(£) — S. Thus €& is
nef and —Ky = 2§, where { := Opg)(1), is nef. Furthermore, we have
c1(€) =D and (&) = 0.

For n € N*, we have

(X, 0x(—nKx)) = h°(S,Sym*"(£)) = 2n + 1.

Hence k(—Kx) = 1.

Now we consider the sections associated to m. Notice that for any ex-
tension 0 = L — & — Q — 0 where L and @ are line bundles on S, we
have

P(Q) = € — 7*(L).
Hence there are two types of sections: either it corresponds to the quotient
& — Og(—Kg) — 0 and thus gives an element Dy ~ S such that Dy € |,
or it corresponds to the quotient £ — Og — 0 and thus gives an element
Dy ~ S such that Dy € |—7*D|. Therefore, there are two types of elements
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in |£]: one of the form D; and the other of the form Dy + 7*D, where D;
and Dy are two disjoint sections of .

Since D; € |¢| moves, D? is an effective 1-cycle. By the Grothendieck
relation, one has €2 — ¢ - 7*¢1(£) = 0. Hence €2 = D? = Dy -7*D is a

non-zero effective 1-cycle isomorphic to D. Furthermore,
53 :E (W*D)Q :0’
as D? = 0. Therefore, v(—Kyx) = 2.

Proof of Theorem 1.1(2). — One direction follows from Proposition 3.4.
It remains to prove the converse.

Let £ be a nef rank-two vector bundle on a smooth rational surface ¥
with nef anticanonical divisor such that ¢;(£) = —Ky, c2(€) = (—Ky)?,
fitting into a sequence

(33) 0—0y — € —I7; Oy(—Ky) — 0

where Ty is the ideal sheaf of ¢3(€) points in sufficiently general position.
Let X = P(&) and £ be the tautological line bundle. Let H be a general
member in |£|. Then

—Kx ~2H

and (—Kx)? = 8¢ = 8(c1(€)? — ¢2(€)) = 0. Furthermore, the sequence
(3.3) gives
H~Bly(Y), Nyx=—Kn.

Since Y is a smooth rational surface with —Ky nef, Y is isomorphic
to P! x P, or Fy, or the blow-up of P2 in 9 — (—Ky)? points in almost
general position. Note that the blow-up of P! x P! or F, in a general
point is isomorphic to P? blown up in 2 points (see [11, page 13]). Since
Z C Y is the subscheme of (—Ky)? points in sufficiently general position,
H is isomorphic to P? blown up in at most 9 points in sufficiently general
position. Therefore, — Ky is nef and not semi-ample. Hence —Kx is nef
and not semi-ample by Lemma 2.9. 0

3.3. Birational contractions

PROPOSITION 3.7. — In Setup 3.1, suppose that there exists a birational
extremal contraction ¢: X — Y. Then —Kx is divisible by 2 in Pic(X), Y
is a smooth almost del Pezzo threefold of degree 1 and ¢ is the blow-up of
a point p € Y. Furthermore, if we write —Ky ~ 2Hy, then p &€ Bs |Hy|.
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Proof. — We use notation from Setup 3.1. Since —Kx ~ mH with
m = 2, by the classification of Mori—-Mukai contractions on smooth three-
folds [21, Section 3], one has m = 2 and ¢ is the blow-up of a smooth point
p on Y with exceptional divisor E ~ P? and Og(E) = Opz(—1). Hence
—Ky is nef by [7, Proposition 3.3] and

(—Ky)® = (=Kx)*+ (2E)® =38,

i.e. —Ky is big.
On the other hand,

7Ky = QD*(*K)() = 250*(H) = 2Hy

with Hy € Pic(Y). Then Hy is nef and big with (Hy)? = 1. We conclude
that Y is an almost del Pezzo threefold of degree 1 and the base scheme of
|Hy | is one point by [11, Section 2].

If p is the base point of |Hy |, then Bs|H| = ) since the base scheme of
|Hy | is one point. This is absurd because |—K x| is not semi-ample. O

Remark 3.8. — In the setting of Proposition 3.7, let D € |H| be a general
member and E the exceptional divisor of ¢, one has

Kg~(Kx+E)|g~(—2D+E)|g

by the adjunction formula.

Since D moves, D - E is an effective 1-cycle. We deduce from Ng,x =~
Op2(—1) that D - E = [, where [ is a line on E ~ P2,

On the surface D, one has

?=(E|p)?=D -E*=Dl|g-E|lg=-1

and
Kp-l=(Kx+D)|p-l=-D-1=-1.

Hence [ is a (—1)-curve on D.

Proof of Theorem 1.1(3). — One direction follows from Proposition 3.7.
It remains to prove the converse.

Let Y be a smooth almost del Pezzo threefold of degree one. Then a
general member in |—3Ky| is a smooth almost del Pezzo surface of degree
one. Now fix a general member Hy € |—%Ky\. Since Hy is P? blown up
at 8 points in almost general position, by choosing a sufficiently general
point p € Hy C Y, the blow-up D = Bl, Hy of Hy at p has nef and not
semi-ample anticanonical divisor. Then let ¢: X — Y be the blow-up at p.
We have

—-Kx =2(¢*Hy — FE)=2H

TOME 74 (2024), FASCICULE 5



1836 Zhixin XIE

and D € |H|. Therefore, we deduce by Lemma 2.9 that —Kx is nef and
not semi-ample. O

4. Anticanonical system with non-empty fixed part

We consider the case when the anticanonical system |-Kx| has a non-
empty fixed part, that is, we can write |—-Kx| = A + |B| with A the fixed
part and |B| the mobile part. By Corollary 2.8, we have |B| = |[mH| where
m > 2 and H is some prime divisor.

PROPOSITION 4.1. — Let X be a smooth projective rationally connected
threefold with —Kx nef, n(—Kx) = 3, v(—Kx) = 2. If the anticanonical
system

|-Kx|=A+|mH|, m>2
has non-empty fixed part A, then there exists a finite sequence of flops
: X --» X' such that X' is smooth with —Kx: nef and H' := 1,(H) is
nef.

Proof. — Fix a general member F' € |H|. Since X is smooth, for suf-
ficiently small € > 0, the pair (X,eF) is log-canonical. It follows from
Lemma 2.5 that if F is not nef, then there exists a (Kx + eF')-negative
extremal ray I' such that eF' - T' < 0. Let ¢p be the contraction of the
extremal ray I" and [ a contracted curve. Thus F' - [ < 0, which implies
I C Bs(]H|). Since |H| is mobile, it follows that cp is small. This implies
that Kx -1 = 0 since there is no flipping contraction for smooth threefolds.
Hence there exists a flop of cr and the flopped threefold X+ is smooth
by [14, Theorem 2.4].

By repeating the above argument and the termination of three-dimen-
sional flops [15, Corollary 6.19], we deduce that there exists a sequence of
flops ¥: X --» X’ such that H' := ¢, (H) is nef. O

LEMMA 4.2. — In the setting of Proposition 4.1, if H is nef, then
AP =A*. H=A-H*=H>=0.

Proof. — As —Kx ~ A-+mH is nef, one has K%-A > 0and K)Q(-H > 0.
Then
0=(-Kx)* =K% -(A+mH)
gives K% - A= K% - H = 0. From this we further conclude that

0=-Kx-(A+mH)-H=—-Kx-(A-H+mH?).
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Since H moves, A - H and H? are effective cycles. This implies that
—Kx-A-H=-Kx -H?>=0.

Hence, A2-H +mA-H?>=0and A- H> + mH? = 0. As H is nef, A- H
and H? are effective cycles, we deduce that

A-H?=H?=0.

This implies A% - H = 0. Together with K% - A = 0, we conclude that
A3 =0. O

After performing possibly a sequence of flops, the mobile part |B| = |[mH|
of the anticanonical system |—K x| becomes nef. In this case, either B2 = 0
and we are in the case described in [3, Proposition 7.2], or B? is a non-zero
effective 1-cycle which is the case we will study in the rest of the section.

4.1. Description of the anticanonical system

ProOPOSITION 4.3. — Consider as above a smooth projective rationally
connected threefold X with —K x nef, n(—Kx) = 3, v(—Kx) = 2. Suppose
that the anticanonical system |—Kx| = A+ |mH|, m > 2 has non-empty
fixed part A, and H is nef such that H? is a non-zero effective 1-cycle. Let
F be a general member of |H|. Then —Kp is nef, effective and divisible
by r > 2 in NS(F). Furthermore, k(F,—Kp) = 0, K% = 0 and F is not
covered by (—Kp)-trivial curves.

Proof. — By the adjunction formula, we have
—Kp ~—(Kx + F)|lp ~ Alp + (m = 1)F|r.

As F is nef, it suffices to show that A|p is nef: suppose that there exists
an irreducible curve [ C F such that A|p -1 < 0. Then [ is an irreducible
component of the effective cycle C' := A|p. On the other hand, F is nef and
F.C=0as A-F? =0, from which we deduce that F - = 0. Hence

~Kx-l=A-l+mF-1=A-1<0,

which contradicts the fact that —Ky is nef. Therefore, the restriction A|p
is nef.

We note that A|r cannot be zero: since —Kx is nef with numerical
dimension two, the support of a divisor D € |-Kx]| is connected in codi-
mension one by [22, Lemma 2.3.9].
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Now let v: F — F be a desingularisation of the surface F. Since Alp
and F|p are nef Cartier divisors such that A|p - F|p = 0, their pullbacks
to the desingularisation F' remain nef and orthogonal to each other. Let

V = (V" (A|p), v*(F|p)) C NS(F).

Let H be an ample divisor on F', then NS(F) = RH&(RH)*. If dim V > 2,
then dim (VN (RH)*) > 1. Hence there exists v € V N (RH)* which is non
zero, and v? < 0 by the Hodge index theorem. But v = Av*(A|r)+uv* (F|r)
with A, € R, which implies v? > 0. This is absurd. Hence dim V = 1,
i.e. v*(A|r) and v*(F|F) are non-zero and numerically proportional. Hence
— K is divisible by r > 2 with r € N.

The surface F' is not covered by (—Kg)-trivial curves: otherwise, F is
covered by (—Kx)-trivial curves as —Kp ~ —Kx|p — F|p and —Kp is
numerically proportional to F'|r. As F moves in X, this implies that X is
covered by (—Kx)-trivial curves. This is absurd because n(—Kx) = 3.

Furthermore, as A% - F = A- F? = F3 = 0, we have K2 = 0.

It remains to show that k(F, —Kr) = 0. Indeed, for any n € N, we have

1 < hO(F, Op(—nKp)) < hO(F,v*(—nKF)).
If hO(F, v*(—nKp)) > 2 for some n, then the linear system |v*(—nKp)| has
some non-zero mobile part M on F, and v*(—Kp)-M =0 as (—Kp)2 =0

and — K is nef. Hence F is covered by v*(—KF)-trivial curves, from which
we deduce that F' is covered by (—Kp)-trivial curves. This is absurd. O

In order to get a more precise description on the geometric structure of
A and F, we need the two following lemmas:

LEMMA 4.4. — Let S be a projective Gorenstein surface such that the
anticanonical divisor —Kyg is of the following form:
_KS ~ Dl + D27

where D1 is effective, Do is a non-zero effective Cartier divisor which is nef
and divisible by r > 2 in NS(S).
Suppose that D3 = 0 and that one of the following assertions holds:

(1) S is not covered by Da-trivial curves;

(2) D5 contains a smooth curve of positive genus.
Then D1 = 0, and S is normal with at most ADE singularities, i.e. canonical
and Gorenstein singularities in dimension 2. Furthermore, the surface S
obtained by the minimal resolution of S is relatively minimal.

We recall here that a smooth fibered surface is said to be relatively
minimal if there is no (—1)-curves in any of its fibres.
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Proof.

Special case. — Assume that S is smooth. Suppose by contradiction
that D is not zero. Since D5 is divisible by r > 2, we put rL := D5, with
L nef and L? = 0. Then

—(Kg+rL) =D,

is effective. We deduce that the adjoint bundle Kg + rL is not nef.

Now for every irreducible reduced curve [ C S such that (Kg+rL)-l <0,
one has Kg -1 < 0 since L is nef. Then by the cone theorem, there exists a
Kg-negative extremal ray R which is (Kg + rL)-negative. We denote the
contraction of the extremal ray R by ¢: S — Z.

o Ifdim Z =1, then ¢: S — Z is a P'-bundle over a smooth algebraic
curve Z. Let f be a fiber of ¢, then f2 =0 and (Ks+rL) - f <O0.
Since Kg- f = —2 by the adjunction formula, together with L-f > 0
and r > 2, we have L- f = 0.

e If Z is a point, then S = P2. But L is nef, not ample and not
numerically trivial, this is absurd.

If ¢ is birational, let | € R be an integral contracted curve, then [ is
actually a (—1)-curve since we contract a K g-negative extremal ray. Hence
L-1=0as (Ksg+rL)-1<0and L is nef.

Now we put L' := ¢,(L) and D] = ¢.(D1). Then

—Ky=rL'+ D).

Since L-1 = 0, we know by the contraction theorem that L = ¢*(L'). Hence
L' is nef and L'? = 0.

Notice that the two assertions in the lemma are preserved by the con-
traction ¢. More precisely,

(1) if Z is covered by ¢.(Ds)-trivial curves, then S is covered by Ds-
trivial curves as L = ¢*(L');

(2) ¢+(D2) contains a curve of positive genus, as ¢ does not contract
any curve of positive genus.

Moreover, Z cannot be a minimal surface. Indeed if K is nef, then
Kg+rL=¢"(Kz)+C+rL
is pseudo-effective. Therefore, Kg + rL is zero as it is anti-effective. This

is absurd because D; is not zero.
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Therefore, by running a (K g+ rL)-minimal model program, we can sup-
pose that S is a P!'-bundle as described in the first case above. Now we
show that this will lead to a contradiction:

(1) We first consider the case when S is not covered by Ds-trivial
curves: since L - f = 0 for every fiber f of ¢, the surface S is
covered by L-trivial curves. Hence S is covered by Ds-trivial curve,
which is absurd.

(2) For the case when Dy contains a smooth curve of positive genus:
since

Dy -f=rL-f=0
for a general fiber f of ¢, D5 is contained in some special fiber of the
P!-bundle. This is absurd because Ds contains a curve of positive
genus.
Therefore, Dy = 0. Furthermore, since —Kg = D5 is divisible by r > 2,
the surface S does not contain any (—1)-curve, i.e. S is relatively minimal.
General case. — Let v: S — S be the normalization of S and p: S— 3

the minimal resolution of S. We put 7 = v o u: S = S. Computing the
anticanonical bundles we get

—Kg=v"(-Ks)+ E;

with some effective Weil divisor F; supported on the zero locus of the
conductor ideal and

~Kgz=n"(~Ks) + E1 + E»

with Evl the proper transform of F; in S and E» some effective divisor
supported on the exceptional locus.
Now S is a smooth surface such that

—K§~51+52

with D, = E, + Ey + 7* (D) effective divisor, Dy == 7*(D2) non-zero,
effective, nef and divisible by r > 2.
Furthermore, one has 522 = D% = 0 and .5; satisfies one of the two
assertions in the lemma if Dy does:
(1) if S is covered by m*(Ds)-trivial curves, then S is covered by Ds-
trivial curves;
(2) 7*(D2) contains a smooth curve of positive genus which surjects to
the one contained in Ds.
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Hence by the previous smooth case, we deduce that 51 = 0. This implies
that D; = 0 and S is normal as it is Cohen—Macaulay, with at worst ADE
singularities.

Let pu: S — S be the minimal resolution of S. Then —Kz=p"(—Ks) =

p*(Ds) is divisible by 7 > 2. Thus S does not contain any ( 1)-curve, i.e.
S is relatively minimal. O

LEMMA 4.5 ([3, Proposition 1.5, Proposition 1.6]). — Let S be a smooth
projective surface with —Kg nef and v(—Kg) = 1. Then S is one of the
following:

(1) n(—Kg) = 1: S admits an elliptic fibration and —Kg is semi-ample;
(2) n(—Kg) = 2: we have k(—Kg) = 0 and either
(a) S is P? blown up in 9 points in sufficiently general position or
(b) S =P(&) with £ a rank 2 vector bundle over an elliptic curve
Wh1ch is defined by an extension

0—0—E—L—0

with L a line bundle of degree 0 and either
(i) £ = O and the extension is non-split or
(if) L is not torsion.
The structure of the unique element D in |—Kg| is as follows:
(i) D =2C and C is a smooth elliptic curve.
(ii) D = C1+Cy where C; and Co are smooth elliptic curves
which do not meet.

COROLLARY 4.6. — In the setting of Lemma 4.4, the surface S is smooth.
It is a P'-bundle over a smooth elliptic curve.

Proof. — Let u: S — S be the minimal resolution of S. Then by
Lemma 4.4 —Kg = p*(—Ksg) is non-zero, effective and nef. Hence S is

uniruled and thus it admits a Mori fibration. Furthermore, since S is rel-
atively minimal by Lemma 4.4, we deduce that S is a Pl-bundle over a
smooth curve.

Now by the classification in Lemma 4.5, S is either an elliptic fibration
or a P'-bundle over a smooth elliptic curve. In both of the two cases, we
deduce that S is a P!-bundle over a smooth elliptic curve and S = S. O

LEMMA 4.7. — Let X be a smooth projective rationally connected three-
fold X with —Kx nef, n(—Kx) = 3, v(—Kx) = 2. Suppose that the an-
ticanonical system |—Kx| = A+ |mH|, m > 2 has non-empty fixed part
A, and H is nef such that H? is a non-zero effective 1-cycle. Let F be
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a general member of |H|. Then F is a smooth surface such that —Kp is
nef and divisible by 2 in NS(F) with v(—Kp) = 1, K(—Kp) = 0. More
precisely, F' = P(&) with £ a rank-2 vector bundle over an elliptic curve as
described in the Lemma 4.5(2b). Furthermore, we have m =2 and A- F' is
a smooth elliptic curve.

Proof. — By Proposition 4.3, we have that — K is non-zero, effective,
nef and divisible by r > 2. Furthermore, (—Kr)? = 0 and F is not covered
by (—Kp)-trivial curves. Hence we can apply Lemma 4.4 and Corollary 4.6
to obtain that the surface F is a P'-bundle over a smooth elliptic curve.
Now since F is not covered by (—Kp)-trivial curves, i.e. n(—Kp) = 2, we
deduce from the classification in Lemma 4.5 that F = P(€) with £ a rank
2 vector bundle over an elliptic curve defined as in the case (B).

Since —Kp ~ A|r + (m — 1)F|F, we deduce from the structure of the
unique element in |— K| that m = 2 and A-F is a smooth elliptic curve. O

LEMMA 4.8. — Let X be a smooth projective rationally connected three-
fold X with —Kx nef, n(—Kx) = 3, v(—Kx) = 2. Suppose that the an-
ticanonical system |—Kx| = A+ |mH|, m > 2 has non-empty fixed part
A, and H is nef such that H? is a non-zero effective 1-cycle. Then A is an
irreducible reduced smooth surface such that —K 4 is nef and divisible by
2 in Pic(A) with v(—K ) = 1. More precisely, the surface A is a P-bundle
over a smooth elliptic curve.

Proof. — Let F be a general member in |H|. As A|r is an irreducible
reduced curve by Lemma 4.7, we can find a divisor A; which occurs in A
with multiplicity one and the rest A’ does not meet F. Since m = 2 and
A - F is a smooth elliptic curve by the Lemma 4.7, the adjunction formula
gives

—Ka, ~ (A/ + 2F>|A1 ~ A/|A1 + 2Co,

where Cj is a smooth elliptic curve and A’| 4, is an effective divisor on A;.
Moreover, since F is nef and A - F2 = 0, Cj is nef and C§ = 0 on A;.
Now we can apply Lemma 4.4 and Corollary 4.6 to the surface Ay, which

gives A’|4, = 0 and A; is a P!-bundle over a smooth elliptic curve. More-

over, the support of a divisor D € |—K x| is connected in codimension one
by [22, Lemma 2.3.9]. As A’ does not meet F' and A’|4, = 0, we obtain

A’zO.ThuSAzAlandeA~2F|A. O

Proof of Proposition 1.3. It follows from Lemma 4.7 and Lemma 4.8. [
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4.2. Running the minimal model program

In this subsection, we consider the following setup:

SETUP 4.9. — Let X be a smooth projective rationally connected three-
fold X with —Kx nef, n(—Kx) =3, v(—Kx) = 2. Suppose that the anti-
canonical system |—Kx| = A+ |mH|, m > 2 has non-empty fixed part A,
and H is nef such that H? is a non-zero effective 1-cycle.

We remind the reader that in this setup, one has |- Kx| = A+|2H]|, both
A and a general member F in |H| are P!-bundles over a smooth elliptic
curve such that their anticanonical divisors are nef and divisible by two
in Pic(A) (resp. in NS(F)). Furthermore, both A - F and F? are smooth
elliptic curves.

Consider an extremal contraction ¢: X — Y. Let R be the extremal ray
contracted by ¢. Recall that the length of an extremal ray R is defined by

I(R) =min{—Kx - Z| Z rational curve on X with class in R}.

Let [ be a rational curve such that [I] € R and —Kx -1 = [(R). In the
birational case, we denote the exceptional divisor of ¢ by E.

4.2.1. Non-birational cases

In this part, we will show that the contraction ¢: X — Y cannot be of
Mori fiber type.

Case dimY = 1. — In this case, —Kx -l = 1,2 or 3. Recall that for
an extremal contraction ¢: X — P! all the fibers are irreducible. Since
A is the fixed part of |-Kx]|, it cannot be a fiber of ¢. As for H, since
H? is a non-zero effective cycle, it cannot be a fiber of . We deduce that
A-l>0and H -1 > 0, as the Picard group of X is generated by a fiber
of ¢ and another element which has positive intersection with I. Therefore,
~Kx-1=3,A-1=H-1=1and  is a P>-bundle over P!.

Now we can write X = P(£) with £ a rank-3 vector bundle over Y = P*.
After twisting £ by some line bundle, we can suppose that & = ¢, Ox (H)
and H = Opg)(1). Since H is nef, the vector bundle £ is nef. From the
fact that a vector bundle on P! is nef if and only if it is generated by
its global sections, we deduce that £ is generated by its global sections.
Therefore, H = Op(g)(1) is also generated by its global sections. Since
h°(X,Ox(H)) = 2 by Corollary 2.8 and H? # 0, we have Bs|H| # () which
leads to a contradiction.
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Case dimY = 2. — In this case, ¢: X — Y is a conic bundle and we
have —Kx -l =1 or 2.
(1) If F-1 = 0, then we have F = ¢*(C) where C is an irreducible
curve on Y. Hence F? an effective cycle contained in some fiber of
. This is absurd because F? is a smooth elliptic curve.
(2) If F-1 = 1, then ¢ is a P'-bundle and induces a birational morphism
from F to Y. This is impossible since ¢(F') =1 and ¢(Y") = 0.

4.2.2. Birational contractions

Since X is a smooth threefold, the contraction ¢ is divisorial.

Case A -1 = 0. — In this case, we have F'-[ = 1 and —Kx -l = A -
l 4+ 2F -1 = 2. Hence ¢ is the blow-up of a smooth point on Y, with
exceptional divisor E ~ P? and Ng /x = Op2(—1). Now the adjunction
formula Kg ~ (Kx + E)|g gives

OE(A|E) (9 OE(2F|E) ~ OE(Q)
As E-F is a non-zero effective cycle, we deduce that A-E=0and E-F =[.
On the other hand, we have
(Blp)?*=F-FE*=F|g-(-1)=—1.

Hence [ is a (—1)-curve on the surface F, which contradicts the fact that
F is relatively minimal.

Case A-l < 0. — Since the contraction is divisorial, we have ¥ = A in this
case. Since A is a ruled surface over a smooth elliptic curve, we know that [ is
a fiber of A and F'-l = 1. Therefore, ¢ is the blow-up of an elliptic curve and
Y is smooth with — Ky nef by [7, Theorem 3.8]. Furthermore, as we contract
the curves meeting F' transversally, we conclude that G := ¢(F') ~ F. Since

—Ky = 0. (—Kx) = ¢ (A+2F) = 2p,(F) = 2G,
we see that |—Ky| = |2G| is without fixed part.

We can compute the Kodaira dimension and the numerical dimension
for —Ky:

K(=Ky) = r(¢"(-Ky)) = i(-Kx + E),
and similarly for the numerical dimension we have
V(—Ky) = V(—KX + E)
On the other hand, since £ = A, we have
KJ(—K)() < K,(—KX + E) < K}(—QKX) = H(—Kx)
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and similarly
V(—Kx) g V(—KX + E) < V(—ZK_)() = V(—Kx),
we deduce that kK(—Ky) = k(—Kx) =1and v(-Ky) =v(—-Kx) = 2.

Case A -1 > 0. — In this case, F' -l = 0 since otherwise —Kx - > 2
which is in contradiction to [21, Section 3]|. Furthermore, E # A and thus
A - E is an effective cycle. We will show that the only possible case is when
@ contract E to a smooth curve of positive genus.

By the classification of Mori-Mukai [21, Section 3], we are in one of the
following cases:

(1) If E is contracted to a point, then one of following cases occurs:
(a) E~P? Ng,x ~ Op2(—1). In this case, we have A -] =2 and
the adjunction formula Kg ~ (Kx + E)|g gives

Or(Alp) ® Op(2F|p) ~ Og(2).

As A - E is a non-zero effective cycle, we deduce that F|g =0
(b) E ~P' x P!, Ng/x ~ Opiyp1(—1,—1). In this case, we have
A -1l =1 and the adjunction formula gives

OE(AIE) ® OE(QF‘E) ~ OE(L 1).

As A - FE is a non-zero effective cycle, we deduce that F|g =0
and Og(Alg) ~ Og(1,1).

(¢) Eis a quadric cone in P? with Ng/x ~ Opa(—1) ® Op. In this
case, we have A -] =1 and the adjunction formula gives

OE(A|E) ® OE(2F|E) ~ Opa(l) QR O ~ OE(QZ)

But since F'|g is Cartier, one cannot have F|gp ~ [ which is
2-Cartier. Hence A|g ~ 2l, F|g = 0.

(d) E~P?, Ng/x = Op2(—2). In this case, we have A-1 =1 and
the adjunction formula gives

As A - E is a non-zero effective cycle, we deduce that F|g =0
and Og(A|g) ~ Og(1).
We first show that F cannot be contracted to a point. Suppose that
we are in one of the above cases, then F'- E =0 and A- F is a non-
zero effective cycle of rational curves. On the other hand, A is a
ruled surface over an elliptic curve, which implies that F|4 consists
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of some fibers on A. But F|4 is an elliptic curve which is a section,
hence E|4 - F|4 > 0. This contradicts the fact that F' - E = 0.
If ¢ contracts E to a smooth curve C C Y of genus g, then
E ~P(N¢ )y ). Let V. = Ny ® L with L € Pic(C) be the nor-
malization of the conormal bundle [8, Chapter V, Proposition 2.8].
Then Ng,x = —C1 + pl where C is the minimal section satisfying
C? =c1(V) = —d and p = deg L.

In this case, one has —Kx -l =1, F-l=0and A-[l = 1. Hence
F|g = bl with b > 0 and the adjunction formula gives

—Kp ~ (A+2F)|p — Elg,

ie. Alp=Ci+(d+p+2(1—g—0>))l.

Since F (resp. A) is a P'-bundle over a smooth elliptic curve, we
deduce that the effective cycle F' - E (resp. A - E) does not contain
the curve [ otherwise [ moves on the surface F' (resp. A). Therefore,
F-E=0and A-E=C1+ (d+ p+ 2(1 — g))l is a section of
¢|lp: E — C. In particular, ¢(F) ~ F as F - F = 0, and all the
curves | meet A transversally in one point which implies that ¢|4
is an isomorphism.

Now by the same argument as in the case (1), we deduce that
the integral curve A - E' cannot be a rational curve. Hence C' is of
genus g > 0. By [7, Proposition 3.3], —Ky is again nef.

Hence we have the following proposition:

PROPOSITION 4.10. — In Setup 4.9, let p: X — Y be an extremal
contraction. Then ¢ is the blow-up of a smooth curve C of positive genus
in the smooth threefold Y with —Ky nef, k(—Ky) = 1, v(—Ky) = 2.
Let E be the exceptional divisor of . Then one of the following two cases

occurs:

(1)

(2)

E = A and we have |-Ky| = |2G| with G := ¢(F) ~ F. Further-
more, the blown up curve C is a smooth elliptic curve contained in
the base locus of |G].

E # A and E-F = 0. We have |—Ky| = Ay + |2Fy| where
Ay = p(A) ~ A, Fy == ¢(F) ~ F and FZ is a smooth elliptic
curve. In particular, Y satisfies again Setup 4.9.

Proof.

(1). — It remains to prove the last assumption of the first case. Since
|-Kx|= A+ |2H]|, one has h°(X,Ox(H)) = 2 by Corollary 2.8.
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Now consider the threefold Y, since the anticanonical system |—Ky| =
|2G| has no fixed part and again —Ky is nef with n(—Ky) =3, v(—Ky) =
2, one has h°(Y, Oy (G)) = 2 by the Corollary 2.8.

Since F' is the strict transform of G by ¢, we deduce from

h(X,0x(F)) = h°(Y, Oy (@)

that the blown up elliptic curve C' must be contained in the base locus
of |G|.

(2). — Since E- F = 0, we have ¢*(Fy) = F. We deduce that Fy is nef
as ¢*(Fy) = F is nef.

We first show that —Ky is not semi-ample, which implies x(—Ky) = 1
and v(—Ky) = 2.

Since F? is a non-zero effective 1-cycle and E - F = 0, we deduce that
F32, = (F)? is also a non-zero effective 1-cycle. Since Fy moves, Ay - Fy
is an effective 1-cycle. By the adjunction formula, we get

—Kp, ~ (=Ky = Fy)|p, ~ (Ay + Fy)|p,

and thus
—Ky|r, ~—Kp, + Fy|py,

is a non-zero effective divisor on Fy such that —Ky|p, < —2Kp,, ie.
hO(Fy,Or, (=2Kp, — (=Ky)|r,)) > 0.

Suppose by contradiction that — Ky is semi-ample, then |—mKy | is base-
point-free for m > 0. Hence its restriction |-mKy |, | to Fy is also base-
point-free. On the other hand, since Fy ~ F, we have k(Fy,—Kp,) = 0.
Hence

1< hO(FY7OFy(_mKY|Fy)) < hO(FY7 OFY(_2mKFY)) =1

Therefore, the linear system |—mKy | g, | is fixed, which contradicts the fact
that |—mKy |, | is base-point-free.

Now we show that the anticanonical system |— Ky | has a fixed part. Since
Fy is mobile, it is then clear that Ay is the fixed part of |—Ky|.

Suppose by contradiction that |—Ky | has no fixed part, then — Ky has
index two by the Theorem 1.1. As — Ky ~ Ay +2Fy, this implies Ay = 2L
for some L € Pic(Y'). Hence

_KFY ~ (AY +FY)|FY ~ (2L +FY)|FY'

Since Fy ~ F, Fy is a P!-bundle over a smooth elliptic curve such that
—Kp, - f = 2 where f is a fiber. Since F? is a smooth elliptic curve (a
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section of the P-bundle F) and E - F = 0, we deduce that FZ is also a
smooth elliptic curve (a section of the P!-bundle Fy) and thus

Fylp, - f =1

This implies 2L|p, - f = 1, which contradicts the fact that L|p, is a Cartier
divisor. O

Remark 4.11. — In the setting of Proposition 4.10(2), we deduce by the
same proposition that there exists a finite sequence

X=X, X 5. X,
where

e (; is a blow-up along a smooth curve C; of positive genus;
e X, satisfies again the setup 4.9;
e X has a birational extremal contraction which contracts the fixed
part Ak of |7ka |
Furthermore, the curve C; is contained in A;, where A; is the fixed part of
|-Kx,| which is a P1-bundle over a smooth elliptic curve D;. Then Cy is
an elliptic curve and k = 1.

Proof. — For 1 < i <k, let g; be a fiber of the P'-bundle A;.

Since C; has positive genus and it is contained in the P'-bundle A;, it
must be surjective to the curve D;. Let «; be the degree of C; onto the
elliptic curve D;. Then g; meets C; at «; point(s). Hence in X;_;, we have

Ei1-gi1=o4

where E;_; is the exceptional divisor of ¢; and g;_; is the strict transform
of g;. Therefore,

-Kx, , gi-1= SDZ(_KXJ gic1—Ei1-9i1=—-Kx, 9 — .
Since —Kx, , is nef, we deduce that —Kx, - ¢; — «; > 0 and thus
—Kx,-gi 2 1.

For ¢ = k, since Ay, is the exceptional divisor of an extremal contraction,
we have —Kx, - gr = 1. Hence oy, = 1 (which implies C ~ Dy, is a smooth
elliptic curve) and —Kx, , - gx—1 = 0 (which implies k = 1). O

Proof of Proposition 1.4. It follows from Proposition 4.10 and
Remark 4.11. O

Proof of Theorem 1.2. Let |B| be the mobile part of the anticanonical
system |—Kx|. By Proposition 4.1, there exists a finite sequence of flops
¥: X --» X’ such that —Kx- is nef and the mobile part |B’| of |[-K x| is
nef.
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Now we consider the case when B is nef and suppose by contradiction
that B? is a non-zero effective 1-cycle. Then by Proposition 1.4, there exists
a finite sequence

©
X:XO $1 Xl Y2 Pk Xk k+1Y

with k = 0 or 1, where ¢; is a blow-up along a smooth elliptic curve and Y
is one of the cases described in Theorem 1.1 with |- Ky | = |2G|. Moreover,
a general member D € |G| is isomorphic to F', where F is a general member
in |[H|. Hence D is a P*-bundle over a smooth elliptic curve as described in
Lemma 4.5(2b).

On the other hand, D is in one of the following cases:

(1) If Y is a del Pezzo fibration: ¢: Y — P!, then by Remark 3.3,
¢: D — P! induces a fibration on D with general fiber isomorphic
to P! or two P'’s intersecting at one point.

(2) IfY = Pg(€) is a PL-bundle over a smooth rational surface S, where
£ is a nef rank-2 vector bundle on S given by an extension

O—>05—>5—>Iz®05(—Ks)—>0

with Zz the ideal sheaf of a length-co(€) subscheme Z of S, then
by Remark 3.5, D = Blz(S) is a rational surface.

(3) If Y has a birational extremal contraction, then D contains a (—1)-
curve by Remark 3.8.

Hence D # F, which gives a contradiction. O
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