Université Grenoble Alpes

ANNALES DE
LINSTITUT FOURIER

Nicolas DUTERTRE & Vincent GRANDJEAN

Equi-singularity of real families and Lipschitz—Killing
curvature densities at infinity

Article a paraitre, mis en ligne le 17 mai 2024, 45 p.

Article mis a disposition par ses auteurs selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 3.0 FRANCE

[@)ov-ro |

.4 Les Annales de [Institut Fourier sont membres du
» Centre Mersenne pour I'édition scientifique ouverte
e-ISSN : 1777-5310

>

MERSENNE


http://creativecommons.org/licenses/by-nd/3.0/fr/
https://www.centre-mersenne.org/

Ann. Inst. Fourier, Grenoble
Article & paraitre
Mis en ligne le 17 mai 2024.

EQUI-SINGULARITY OF REAL FAMILIES AND
LIPSCHITZ-KILLING CURVATURE DENSITIES AT
INFINITY

by Nicolas DUTERTRE & Vincent GRANDJEAN (*)

ABSTRACT. Fix an o-minimal structure expanding the ordered field of real
numbers. Let (Wy)yers be a definable family of closed subsets of R whose total
space W = Uy Wy X y is a closed connected C? definable sub-manifold of R” x R®.
Let ¢ : W — R?® be the restriction of the projection to the second factor.

After defining K (), the set of generalized critical values of ¢, showing that
they are closed and definable of positive codimension in R®, contain the bifurca-
tion values of ¢ and are stable under generic plane sections, we prove that all the
Lipschitz—Killing curvature densities at infinity y +— x$°(Wy) are continuous func-
tions over R®\ K (). When W is a C? definable hypersurface of R™ x R®, we further
obtain that the symmetric principal curvature densities at infinity y — o9°(Wy)
are continuous functions over R® \ K ().

RESUME. — On fixe une structure o-minimale qui étend le corps ordonné des
nombres réels. Soit (Wy)ycrs une famille définissable de sous-ensembles fermés de
R"™ dont I’espace total W = Uy Wy X y est une sous-variété définissable connexe et
fermée de R™ x R*® de classe C2. Soit ¢ : W — R* la restriction de la projection
sur le second facteur.

Apres avoir défini K (), I’ensemble des valeurs critiques généralisées de ¢, mon-
tré qu’elles forment un sous-ensemble définissable fermé de codimension non-nulle
de R?®, contiennent les valeurs de bifurcations de ¢ et sont stables par section
plane générique, nous montrons que toutes les densités a ’infini des courbures de
Lipschitz—Killing y + x°(Wy ) sont des fonctions continues sur R®\ K (¢). Quand
W est une hypersurface définissable de R™ x R® de classe C2, nous obtenons de
plus que les densités & I'infini des courbures symétriques principales y — o’fo(Wy)
sont des fonctions continues sur R \ K(¢).
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1. Introduction

Let (Wy)yep be a family of subsets of R™ or C™ with parameter space
P. This is the family of the (projections onto R™ or C™ of the) levels of the
projection ¢ of the total space of the family W := UyepWy X y onto the
parameter space

p: W — P.

Assuming that ¢ is continuous, this family is locally trivial at ¢ € P if
@ induces a trivial topological fibre bundle structure over a neighbourhood
of ¢, with model fibre W, for which ¢ is the projection-onto-the-base map-
ping. Similarly, a C* mapping F : X — P, with k > 1, is locally trivial at
¢ € P if it induces a C*~1 trivial fibre bundle structure over a neighbour-
hood of ¢, with model fibre F~!(c). A proper and submersive F induces
a locally trivial fibre bundle over P, by Ehresmann’s Fibration Theorem
[18]. A value at which F' is not locally trivial is a bifurcation value. Critical
values are bifurcation values.

Whenever the mapping or the family is rigid/regular in some explicit
sense, bifurcations values are rare, e.g. real and complex polynomial func-
tions admit finitely many bifurcation values [44]. Regular bifurcation values
are even rarer and are hard to detect. When X and P are affine spaces,
sufficient conditions for F' or W to be locally trivial at a regular value
already exist. Among others are Malgrange—Rabier condition [26, 38, 39],
t-regularity [10, 40, 45, 46], p-regularity [10, 32, 34], spherical-ness at in-
finity [7, 8, 17]. Any such regularity condition at infinity at a given value
compels the behaviour at infinity of the nearby levels to be “tame”.

An interesting task, related to equi-singularity theory, is to find numerical
criteria characterizing these regularity conditions at infinity. For instance,
following Teissier’s works on plane sections and polar invariants [41, 42,
43], Tibar produced, for each parameter ¢ of a complex family of affine
hypersurfaces ({x € C" : F(x,t) = 0})ec, where F : C* x C — C is a
polynomial, a polar-like invariant vector («*(t)) with integer values [45],
whose local constancy at a value c is equivalent to t-regularity nearby c.
(See also [37, 47] for earlier special occurrences of equi-singularity numerical
criteria for complex polynomials.)

Possible avatars, in the real setting, of the previously mentioned local
(complex) polar invariants are integrals of Lipschitz—Killing curvatures.
Since in general such integrals, as functions over the parameters of a given
real family W, do not take only isolated values, we should instead look
for the continuity of such functions. A first, yet essential, step consists of
chasing sufficient conditions: Given R a regularity condition at infinity, can
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EQUI-SINGULARITY OF REAL FAMILIES 3

we produce a vector valued mapping, defined over the parameter space of
the family W, which would be continuous in a neighbourhood of a value ¢
once the family W would be R-regular at c?

Our approach for the results presented here feeds on two facts: (i) The
stability of t-regularity of complex polynomial functions by generic plane
sections [45]; (ii) The general results about Lipschitz—Killing
curvatures/measures of tame sets of the first named author [14, 15, 16]
rely heavily on generic plane sections. In this paper, we produce a vec-
tor valued mapping, with components built from Lipschitz—Killing curva-
tures/measures, and show it is continuous at any regular value which is
also Malgrange—Rabier regular.

We treat the more general context of definable families of subsets of R™
whose total space is a closed sub-manifold. It is sufficient to work with a
connected total space, which we assume. Let be given an o-minimal struc-
ture expanding the ordered field of real numbers. Consider the following
C? definable mapping:

o: W —=R* (x,y) —y

defined over the definable closed connected C? sub-manifold W of R™ x R*
with dim W > s. Since, by definition ¢ ~!(y) = W, x y, we are interested
in the local triviality properties of the definable family (W )yers of closed
subsets of R™ nearby regular values (of ¢). Passing to the graph of the
mapping F', the looked for properties for F' are in a simple and explicit cor-
respondence with those of ¢, as checked here. The choice of C? is arbitrary.
Everything we will do have analogues in C*-regularity, 2 < k < oc.

The results of this paper are of two sorts: (I) those about Malgrange—
Rabier regularity condition (see Definition 6.1) later on shortened as (MR),
and (II) those about Lipschitz—Killing curvature densities at infinity.

(I) It is simpler to describe (MR)-regularity in the case of function (i.e.
s = 1): A value ¢ is (MR)-regular for ¢ if there exists a positive
constant M, such that for any sequence (wy), of W such that
(i) |wi| — oo, (ii) ¢(wg) — ¢, then

kE>1 = |wg| - |Vo(wg)| = M.

The set of critical values of ¢ is Ky(p) and that of non (MR)-regular
values is Koo (). We shall proof in this most general context the
following results:

THEOREM 1.
(1) Koo(yp) is definable;

TOME 0 (0), FASCICULE 0



4 Nicolas DUTERTRE & Vincent GRANDJEAN

(2) K(p) = Ko(p) U Kxo(p) is closed, definable (Lemma 6.4) and of
positive codimension (Theorem 7.5);

(3) the family (Wy)yex(p) is C* locally trivial at each of its point (The-
orem 8.2), from which we deduce Bif(p) C K(p) (Corollary 8.6);

(4) (MR)-condition at a regular value is stable by generic plane sections
(Theorem 11.2).

If all known occurrences of statements (1), (2) and (3) of Theorem I are
special cases of the present setting, point (4) is new in the real setting, and
outside the case of complex polynomial functions.

(IT) Let Z be a closed connected C? sub-manifold of R™ of dimension d
(equipped with the restriction of the Euclidean metric tensor). The
other objects we will consider are the Lipschitz—Killing curvature
densities at infinity of Z defined as

im %/ K;(Z,x)dx, for i=0,...,d,

Ro4o00 RA—1 ZnBY,

where K;(Z,x) is the i-th Lipschitz—Killing curvature of Z at x.
Note that K;(Z,x) = 0 if i is odd or > d + 1. When Z is the
hypersurface {f = 0}, oriented by —Vf|z, let ¢Z(x) be the i-th
symmetric function of the principal curvatures of Z at x. We further
define the symmetric principal curvature densities at infinity of Z
as

1
(7)== lim ——— Z(x)d <i<n—1.
g, ( ) Rl)IEoo R’VL—l—’L /ZOB% g; (X) X, 0 1 n

When i is even 208°(Z) = k°(Z), but when ¢ is odd in general
o0
i

reduce to the case where Wy is connected for each y ¢ K(p). A
concise way to present our main results Theorem 14.3 and Theo-

0°(Z) is not identically null. Considering Corollary 8.3, we can

rem 16.2 is as follows:

THEOREM II. — Assume that Wy, is connected at each 'y ¢ K(y). For

each i =0,..., dimW — s, the function y — k$°(Wy,) is continuous over
R* \ K(p). When the W, ’s are furthermore hypersurfaces, for each i =
0,...,n —1, the function y — o7°(Wy,) is continuous over R* \ K (¢).

Theorem II is the continuation of the results of the second named author
[20], stating that the following total Gauss—Kronecker curvature functions,
associated with a C? definable function f : R® — R, have at most finitely
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EQUI-SINGULARITY OF REAL FAMILIES 5

many discontinuities

y— GK(y) ::/ ky(x)dx, and y— |GK|(y) ::/ |ky (x)| dx,

=) =)
-1
where r, = o,{fl(y% and of our recent result [17], where continuity of

GK and |GK]| is proved at any regular value at which the function is
also spherically regular at infinity. It is worth mentioning here the recent
paper [11] investigating sufficient conditions of equi-singularity at infinity
in terms of topological properties of set valued mappings over the levels
of the given mapping F. Theorems I and II are to be associated with the
results of [3, 4, 36] about the continuity of local Lipschitz—Killing invariants
along Whitney and Verdier strata of definable subsets.

The paper is organized as follows: Section 2 introduces notations and
a few reminders used in what follows. Section 3 lists a few facts about
definability in order to provide some exhaustive-ness. Section 4 to Sec-
tion 8 present material for Theorem I. We have given detailed proofs of
facts (1) to (3). Our treatment uses heavily the Rabier number (Defini-
tion 4.1), and Lemma 4.3 explains why dealing with families includes the
case of mappings. The proof of Theorem 8.2 following Rabier’s point of
view [39] is of interest in its own, and so is Remark 8.4. Section 9 will
briefly deal with a trivialisation result of the sub-level family associated
with a family of hypersurfaces (Proposition 9.1). Section 10 reviews in an
explicit fashion properties on the family of links at infinity, which is a cen-
tral tool to deal with the Lipschitz—Killing measures/curvatures. We give
also proofs of Proposition 10.2 and of the lesser known Proposition 10.3.
Section 11 takes care of point (4) of Theorem I. Theorem 11.2 is new and
is one of the two cornerstones over which will be established Theorem II.
Section 12 to Section 16 are devoted to present all the necessary material
around Lipschitz—Killing measures/curvatures to obtain Theorem II. The
second cornerstone needed to produce Theorem II is the Gauss—Bonnet
type Theorem 12.3 (from the first author [15, 16]).

2. Miscellaneous

Let Rxp == [0, +o00[ and R~ :=]0, +00].

We denote by 0 the origin (or the null vector) of any vector space or
subspace of dimension at least two.

The Euclidean unit closed ball of R? centred at the origin is B?. If w is a
point of R?, the Euclidean closed ball of radius r and centre w is B%(w, r).
When w is just the origin we write simply BY.

TOME 0 (0), FASCICULE 0



6 Nicolas DUTERTRE & Vincent GRANDJEAN

The Euclidean unit sphere of R? centred at the origin is S¢~!. The Eu-
clidean sphere of radius r centred at the origin is S¢~1.

The Grassmann manifold of vector k-planes of R? is G(k,q). We will
sometimes write P47 for G(1,q). We will use the same notation P to
mean either a point of G(k, q), or the corresponding vector subspace of RY.

Any real vector space R? comes equipped with the Euclidean metric, and
associated scalar product (—, —) and norm | — |. Any vector subspace E of
R? turns into an Euclidean space when restricting the Euclidean structure.
The unit sphere of E is S(F) and the orthogonal of E in R? is E+.

Given a sequence (wg)g of R?, we will write wy — oo to mean that
|wi| = +00 as k goes to +oo.

Given any C' sub-manifold S of the Euclidean space RY, the tangent
bundle T'S is a sub-vector bundle of TR?|g, therefore is equipped with the
restriction to 7'S of the Riemannian metric tensor over TR?|g.

Let X,Y be two connected C' sub-manifolds of R?. The pair (X,Y) is
Whitney (a)-regular at the point y of Y, if (i) Y satisfies the frontier condi-
tion Y C clos(X) \ X, and (ii) the following condition holds true: For any
sequence (Xy) of X such that x, =y and Tx, X — P € G(dim X, q), we
have that T,Y C P.Let f: XUY — R be a continuous function such that
each restriction f|x and f|y is C'. The function f satisfies Thom condition
(are1) at the point y of Y (also called Thom (aye)-regular) if the pair (X,Y)
is Whitney (a)-regular at y and the following conditions are verified: (i) the
functions f|x and f|y have constant ranks, and (ii) For any sequence (x)x
of X such that x;, —y and ker Dy, (f|x) = T € G(dim X —1,¢), we have
that

ker Dy(f|y) cT.

Let a € R == [—00,+o0]. Let f,g: (I,a) — R be two germs of real func-
tions at a, where I is any interval with non-empty interior whose frontier
in R contains a. We use the following notations:

(i) f~g = limge}R*7
(ii) f ~ g limi =1,
a g
(ili) [f] < |g| <= hfzn||£|:0'
If f,g:(I,a) = R®, for s > 2, we will write
(iv) f~g <= Ifl~lgl,
V) f =g <= [fl=lgl

ANNALES DE L’INSTITUT FOURIER



EQUI-SINGULARITY OF REAL FAMILIES 7

3. On o-minimal structures

We collect here a very few definitions and facts about o-minimal struc-
tures and definability we will use in the sequel of this paper (see [12, 13]
for a proper treatment). We adopt a point of view close to those of [6, 25].

An o-minimal structure M expanding the ordered field of real numbers
(R,+, -, >) is a collection (Mg)qen, where each M, is a family of subsets
of RY satisfying the following axioms:

(1) For each ¢ € N, the family M, is a boolean sub-algebra of subsets
of RY.

(2) For any pair of subsets A € M, and B € Mg, then Ax B € M.

(3) Let m : RIt! — RY be the projection on the first ¢ factors. Given
any subset A of M1, its projection m(A) is a subset lying in M.

(4) The algebraic subsets of R? belong to M,.

(5) The family M, consists exactly of the finite unions of points and
intervals.

Those points imply that the smallest o-minimal structure is the structure
of the semi-algebraic subsets, thus contained in any other one.

Assume that such an o-minimal structure M is given for the rest of this
paper.

A subset A of R? is a definable subset shortened as definable (in the
given o-minimal structure), if A € M,.

Let A be a subset of R?, a mapping A — R" is definable if its graph is
a definable subset of R? x R".

Let A be a definable subset of R? and let B be a definable subset of A.
The pair (A, B) admits a definable Whitney (a)-regular C* stratification,
namely the following result holds true:

THEOREM (see for instance [9, 13, 33, 35, 48]). — For each positive inte-
ger k, there exists a finite partition of A into connected C* sub-manifolds,
called strata with the following properties: (i) Each stratum is definable;
(ii) B is a union of strata; (iii) Each pair (X,Y) such that dim X > dimY
either verifies the frontier condition Y C clos(X) \ X, or the intersection
Y Nclos(X) is empty; (iv) Each pair of strata (X,Y) satisfying the frontier
condition is Whitney (a)-regular at each point of Y.

Let f: A — R be a definable mapping. Let B be a definable subset of
A. The function f admits a definable (a,)-regular C* stratification, that
is the following statement holds true:

TOME 0 (0), FASCICULE 0



8 Nicolas DUTERTRE & Vincent GRANDJEAN

THEOREM (see for instance [1, 21, 27, 28, 30, 31]). — For each positive
integer k, there exists a Whitney (a)-regular C* stratification of the pair
(A, B) satisfying the following additional property: (v) For each pair of
strata (X,Y), the restriction f|xyy is (ayel)-regular at every point of Y.

The notions of definability of subsets or mappings germ-ify along any
definable subset. In particular, the germ of a mapping (R, 4o00) — R® is
definable at +oc if it admits a representative which is definable.

Let I,a as above. Let I be (IN]a, +oc[,a) if a < +o00, or (R, +00) when
a = +o00. Similarly let I~ be (IN] — 0o, a[,a) when a > —oo, or (R, —o0) if
a = —o0.

We would like to recall the following well known two elementary facts:
Let ¢ € {+,—} be such that I is not empty. Let f : (I°,a) — R be
definable.

(i) For every non-negative integer number k, there exists Uy, an open
neighbourhood of a such that f admits a C* representative I¢ N
L{k — R.

(ii) There exists U an open neighbourhood of a such that f admits a
monotonic representative I° NU — R.

Let t — ~(t) € R™ be a mapping definable at +oco. The differential
mapping ¢ — v/(t) € R™ is also definable at +o00. We define

u(t) = % € S" ! and L(t) == Ry/(t) e P!

to be respectively the secant mapping and tangent direction mapping asso-
ciated with -, both definable at +o0o. Definability at +o0o guarantees that
the following limits exist

u, = lim u(t), and L, = lim L(¢).

t——+oo t——+oo
Moreover the following very useful result holds true.

LEMMA 3.1 ([6, Lemmas 2.5-7]).

(1) Ly =Ruy;
(2) Assume furthermore that |y(t)| =t for t large enough. Then
. / _
Jm (1) = u,.

In particular |v'| is bounded.

We also recall the following:

ANNALES DE L’INSTITUT FOURIER
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LEMMA 3.2. — Let f : (Rsg,+00) — Rsg be the germ of a function
definable at 400 such that f — 0 as t — 4o0. The following limits hold
true

(i) lm t-f'(t)=0, and

t—+oo

(ii) tl}iinoo . J;/((tt)) = —o0, V7 > 0.

Proof. — We recall that ultimately a function definable at +oo is mono-
tonic. In both cases an integrability argument near +o0o combined with
contradicting the desired statement yields the proof. O

Our Setting

Let W be a C? connected and closed sub-manifold of R™ x R*, definable
in M. The restriction of the Euclidean metric onto TW induces a definable
C'! Riemannian metric over W. We further require that

dim W > s.

Let ¢ : W — R® be the restriction to W of the projection on R?, thus ¢ is
a C? and definable mapping.

4. Some elementary linear algebra

Let V' be a real vector space of dimension gq.

Let G be the union J, G(k, V), the total Grassmann space of V.

We assume that V' is equipped with a scalar product (—,—). Let | — |
be the associated norm. Any vector subspace E of V is equipped with the
restriction of the scalar product, to yield a scalar product on E. Let S(E)
be the unit sphere of F.

Let E be a vector subspace of V' and let u be a unit vector of V. The
distance of u to E is defined as

5y(u, E) = max{|(u,v)| : v S(EL)}.

This function (u, E) — J,(u, E) is semi-algebraic over S(V') x G.
Let E, F be vector subspaces of V. The distance from E to F is defined as

§4(E, F) :==max{d,(u, F) :ue S(E)}.

TOME 0 (0), FASCICULE 0
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The function (E, F) — 6,(E, F') is also semi-algebraic in its entries in G X
G. It is not symmetric in £ and F. Yet its restriction to G(k, V) x G(k, V)
yields a distance on G(k, V).

Let L(p, q) be the space of linear mappings from R? to R?. It is equipped
with its Euclidean norm.

Let X(p, ¢) be the algebraic subset of L(p, q) consisting of all linear maps
that are not surjective.

For A a linear operator of L(p, q), let A* € L(q,p) be the adjoint operator
of A.

DEFINITION 4.1. — Let A € L(p, q). The Rabier number of the operator
A is defined as

(4.1) v(A) = inf |A*(v)].

lp|=1

As can be seen in [22, 26, 39], we know the following result:
PROPOSITION 4.2. — Let A € L(p,q). We have

lil‘lfl |A* ()| = sup{r >0 : BY(0,7) C A-BP(0,1)} = dist(A, X(p, q)).
(p =

Let A be any linear map of L(p,q). Whenever the operator A is not
surjective, we get v(A) = 0. For any real number A we also get

v(AA) = |A\|v(A4).
Let N(A) be the orthogonal space of ker A in RP. Although obvious it is
worth singling out the following
(4.2) v(A) = v(Aln(a)) = v(Alp)

for every subspace P of RP.
In order to work with families rather than mappings, the following elemen-
tary result is key to this approach.

LEMMA 4.3. — Let A € L(p,q) and let V be the graph of A, subspace of
RP xRY. Let ¢ : V — R? be the restriction to V' of the canonical projection
RP x RY — RY.
(1) If v(A) > 0, then

(4.3) v(A) :=min{|A-u|:u e S(N(A))}.
(2) The following is true

v(4)

VIt (AR

(4.4) v(p) =

ANNALES DE L’INSTITUT FOURIER
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Proof. — Point (1) is straightforward.

For point (2), observe that v(p) = 0 if and only if v(A) = 0.
We thus assume that v(A) is positive. Working with N(A) instead of RP
does not change the value of v(A). We can thus assume that V' is the graph
of A|N(A) .

Let us consider the following real algebraic subset of N(A)

Sy={ueNA): |[uP+|4-u?=1}.
The subset S4 is compact and does not contain 0. Consider the following
continuous semi-algebraic mapping
Ay

a:S4 — R, u—
|ul

Since the radial projection of S4 over S(N(A)) is a homeomorphism, the
image of a is the interval [v(A), ||Al|]. For u € S4 we deduce that

1 a(u)

u=——, and |Au|= ——=——.
[ul V14 a(u)? [Avu| V14 a(u)?

By definitions of ¢ and of v(y) we get
v(p) =min{|v|: (u,v) € S(V)} =min{|A-u| :u e Sa}.

Since the function ¢ — ﬁ is increasing, we obtain

v(4)

v(p) = 7m

5. Blowing-up at infinity

We need to describe conveniently in our setting (and for our purposes)
a neighbourhood of infinity.

Let I := ]0,+oo[. Let M := I x S"~!. Given the point m = (r,u) €
I x S™ !, we observe that T;,yM = R x T,,S" 1.

The spherical blowing-up of R™ at infinity is the following Nash diffeo-
morphism, defined as

B:M — R"\0, mr—>x=

u
r

The mapping 3 provides a single chart to investigate the behaviour of any
mapping, with source a non-bounded domain of R™, nearby the boundary
part of the domain lying at infinity.

TOME 0 (0), FASCICULE 0



12 Nicolas DUTERTRE & Vincent GRANDJEAN

Let M = [0, +0o[xS™ L. It is a semi-algebraic subset of R x R" and is
a sub-manifold, with smooth and algebraic boundary

M> =0 x S" 1.

We compactify R™ as the Nash manifold with boundary R :== M LU0 =
R™ U S"~1 identifying R \ 0 with M via the mapping 3. We furthermore
define

M, =M x R*, M, : =M x R*, and M2° := M™ x R®.

Let G(k, M,) be the Grassmann bundle of subspaces of rank k of 7M.
Let clos(Z) be the closure in M of the C'! connected definable sub-manifold
Z of M. Let

7 = clos(Z) N M.
Let g : Z — R be a definable C! function. We define the relative tangent
bundle of g over clos(Z) as follows

7-9 = CIOS{(Za ng) € G(dlm Z*LMS)‘Z\crit(g)} C G(dlm Z*LMS”CIOS(Z%

where T,g is the tangent space to the level of g through the point z. Note
that 7, is closed and definable in G(dim Z — 1, My). Let 7 : G(dim Z —
1,M,) — M, be the projection (z,7) — z on the base of the Grassmann
bundle. The fibre 7, 5 of T, over z € M is the subset of G (dim Z—1,T,M;)
defined as

z X Tyq="TyN 7 ().

DEFINITION 5.1. — The relative tangent bundle of g over clos(Z) at
infinity is defined as
T =a N (Z>)NT,.
For any z € Z*, let (7;°), be the fibre of T, above z.

Let rz : Z — R be the C! definable function given by the restriction of
r to Z, that is for z = (r,u,y) € M; we find rz(z) =r.

The behaviour nearby Z°° of the function rz contains some information
about the accumulation of Z onto Z°°. The notion of t-regularity [40, 46] is
about the nature of the relative conormal space at the divisor at infinity of
a projective compactification of the graph of a complex or real polynomial
function. In our present and most general real and definable setting, the
analogue of the divisor at infinity would be the “boundary subset” Z°°.
Using the Rabier number, it is much clearer and easier to present our
avatar of the notion of t-regularity in terms of limits of tangent spaces (see
Definition 5.2). We introduce the following mapping

By = x Idgs : M, — R" x R®.
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For any limit of tangent spaces 1" of (7,)z, with z = (0,u, c), the projec-
tion of 7" onto R* means the restriction to 7' of the projection of T,M, =
T(0,uyM x TcR* onto the second factor TeR® of this product.

DEFINITION 5.2. — Let W be a closed connected definable C' sub-
manifold of R" x R® of dimension d > s. Let Z = ;7Y(W).

The subset W is t-regular at the value c if for any z € Z° N M x ¢ and
any T € 7,5, the projection mapping T — R?® is surjective.

If W is the graph of F : X — R®  the mapping F is t-regular at the
value c if W is.

When working with a polynomial or semi-algebraic C! mapping R" +
R*®, observe that [46, Definition 2.10] and [10, Definition 2.5] are somehow
equivalent to our Definition 5.2.

Equipping [0, +o00[ and S™~! with their respective Euclidean metric, the

space M inherits this metric product structure, and so does Mj.
If m = (r,u, c) is any point of M then T;,,M, = R x T,,S"~! x T R*®. For
any given subspace T of TyuM, let L : T + R® = T,R* be the projection
of T onto R*. The Rabier number v4(L) of L is defined w.r.t the product
metric on M and the canonical one on R?. Let m,(m) be the projection of
T M, onto T.R".

We get the following useful and quantified characterization of t-regularity.

LEMMA 5.3. — The sub-manifold W = 3,(Z) is t-regular at the regular
value c if and only if there exists v > 0 such for every z € Z*° N M®> x ¢

and every T' € 7,7, we have

vs (ms(2)|1) = Ve

Proof. — It is a straightforward consequence of the following ingredients:
Z>*°NM®> x c is definable and compact, the mapping z +— v, (75(2)|1,r,) is
definable and continuous, the projection of (dim W — 1)-planes of R™ x R*®
onto R? is continuous, and the definition of t-regularity. O

6. Rabier number, Malgrange—Rabier condition

Let w == (x,y) be the Euclidean coordinates of R™ x R®. Let W be a
closed connected definable C? definable sub-manifold of R™ x R® of dimen-
sion d > s and let ¢ : W — R® be the projection (x,y) — y. We introduce
the following (see [26, 39]):
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14 Nicolas DUTERTRE & Vincent GRANDJEAN

DEFINITION 6.1. — The mapping ¢ satisfies the Malgrange-Rabier con-
dition (M R) at the value ¢ € R® if there exists a positive constant L such
that

(6.1) lp(w) —c| < 1and |[w| > 1 = |w| - v(Dwy) > L.
We will also say that ¢ is (MR)-regular at c.

In Definition 6.1, the mapping ¢ tends to a finite value ¢, therefore the
asymptotic phenomenon at infinity only occurs in the directions of the
R™ component. In other words, since w = (x,y) € R™ x R*, instead of
requiring |w| > 1 and |w|-|Dw¢| > L, we can equivalently require |x| > 1
and |x| - |Dwep| = L.

As counterpart to (MR)-regular values we explicitly introduce the next

DEFINITION 6.2. — An asymptotic critical value ¢ of the mapping ¢
is simply a Malgrange—Rabier critical value of p, namely there exists a
sequence wy, := (X, Yk )k of points of W such that: (i) wy, — oo, (ii) yx — ¢
and

(Wi| - v(Dw, ) — 0.
It is customary to write K (¢p) for the set of ACVs of the mapping .

DEFINITION 6.3. — A generalized critical value of ¢ is any value of the
subset

K(p) = Ko(p) UKux(p) C R*.
Notation. — Let v?(w) = v(Dwp).
We start with the following expected result:
LEMMA 6.4. — The subset K () is definable and closed.

Proof. — Since the Malgrange-Rabier condition proceeds from a first
order formula in the language of the structure M, the subset K (p) is
definable in the structure. Therefore the subset K () is too.

Compactify R? as S, and R as [0, +o0], by adding a single point at infin-
ity. The compactification is semi-algebraic. Consider the following compact
definable subset

G = clos{(w, (1 + |w]) - v?(w)) € W x Ryo} C 8™ x §° x [0, +00].

Denoting by g : G — S* the projection on S® = R* U oo, the following
identity
K(p)=R°Ng(GNS™ x 8° x0)

concludes the proof. O
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The next result tells us about the behaviour at infinity nearby a value
c & K(p) of some feature of the mapping .

LEMMA 6.5. — Let ¢ be a regular value of ¢ which is also (MR)-regular.
Let (wy)r be any sequence of W such that (i) wy — oo, (ii) yx — c. The
following limit holds true

(6.2) Hm 6,4 <Wk,ka<p> = 0.

k— 400 |Wk|

Proof. — By hypothesis, there exists a positive constant L such that
along any sequence (wg)x as in the statement we have

|wi|-v¥(wy) > L, for k> 1.

It is enough to work with paths definable at +oo instead of sequences.
Let

t— wit) = (x(t),y(t)) e W
be a germ of definable mapping at +o0, such that as ¢ goes to 400
w(t) == tu(t), with u(t) € S"™ 1 y(t) — c.

In particular u(t) — u € S"~! x 0. Since ¢ is definable, the tangent-to-
the-fibre mapping

w— Twp € G(dimW — s,n+ s)
is definable. Thus the following mappings are definable at +oo
t— Tweyp, and Ty — T

as t goes to +00. We want to show that
limy, Opts (W, Tw) = 0,

since Lemma 3.1 gives that ‘Wl — %} — 0 at infinity. The mapping

t—= f(t) = p(w(t)) —c

is definable at +o0o and tends to 0 as ¢ goes to +oo. Working with each
component of f, Lemma 3.2 yields

t-f'(t) — 0.

Let Ny C TwW be the orthogonal complement of Ty . Let w' = w/, +
w’y be the decomposition of w’ in the orthogonal direct sum Ty ) @
Nw(t)p = Tw@yW. Of course the germ of each of the following mappings

t— TwyW, t+— Ny@yp, t— wp, and t— Wy
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16 Nicolas DUTERTRE & Vincent GRANDJEAN

is definable at +oo. By definition we have
5n+s (W/a TWSO) = |W§V‘
Combining the previous equality with the hypothesis, we find
[Dwi - w'| = [Dwi - wiy| = [wiy| - v7(w(t)),

from which we get

te|f(t
[wiy (1) < # — 0. a
We introduce the following:
DEFINITION 6.6. — A germ of a continuous, positive function

p: (Rsg,+00) = Ry is increasing fast at +oo if

lim ¢ ' p(t) = +oo.

t——+o0
For a function germ p increasing fast at 400, we define

KE (o) = {c eR’:

I(wi)r € W with wy, — 400, yr —> €
such that u(|wg|) - v¥(wg) — 0

In Definition 6.6 we can, equivalently, require that p(|xx|) - v%(wg) —
0o. When the function germ p is definable at +oo, the subset KX () is
definable, contained in Ko (). As in [6, 26], we have

PROPOSITION 6.7. — There exists a function germ at infinity
o (Rxo, +00) = Ry increasing fast and definable at +oo such that

Koo(p) = K5 ().

Proof. — The principle of the proof is the same as that of [6, Lemma 3.3]
or [26, Lemma 3.1]. Using the inverse of the stereographic projection,
any Euclidean space R? compactifies smoothly and semi-algebraically as
S? = R?Uoo. Let clos(W) be the closure of W in S"**. We consider the
following definable mapping

G: W — R xR, w — (o(w),|w] v (w)).
Let Y := clos(W) x S% x S!. Define
I' := clos(graph(G)) C Y and A = 0o X clos(K(p)) x 0 C Y.

Observe that A is closed. The definable Wing Lemma ([48], [29, Lemma 2.7])
states that there exists a closed definable subset B of I" such that

BNA=0, and clos(B)NT \ graph(G) = A.

The point co x u x 0 belongs to A if there exists a sequence (wy)r €
7w (B) such that wi — oo, yx — ¢ and |w| - v?(w) — 0, where 7y :
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I' — clos(W) is the projection onto the first factor. Consider the following
definable function

b(r) == r - max{v¥(w) for w € Ty (B) and |w| = r}.

We check as in [6, Lemme 3.3] that the function defined as

— nlr) = —=
r w(r) = 0
satisfies the announced statement. O
To conclude this section, we would like to add a few words about the
special case of graphs.
Let X be a closed connected definable C?-sub-manifold of R™. Let F :
X — R?® be a C? and definable mapping. We suppose that dim X > s. The
corresponding Rabier number function to consider is

x — vI(x) = v(DyF).

We recall the following complementary definitions:

A value c is a Malgrange—Rabier regular value of the mapping F' if there
exists a positive constant L such that for any sequence (xx)x of X such
that (i) xp — +o0, (ii) F(xx) — ¢, we have

Ixp| - ¥ (xx) > L.

A value ¢ € R® is an ACV of the mapping F if there exists a sequence
(%1 ) of X such that (i) xz — 400, (ii) F(xx) — c and (iii) |x |- (xx) — 0.

Let W be the graph of F, and let w = (x,F(x)) be a point of W.
Since Ty W is just the graph of the linear mapping Dy F : Tx X — R?,
Equation (4.4) of Lemma 4.3 guarantees that the value ¢ € R® lies in
K (F) if and only if it lies in Ko ().

Any statement and notion for ¢ presented in this section admits a version
for the mapping F'. The modifications to be done are clear, and we can check
that each demonstration for a statement about F' adapts easily from the
corresponding statement for ¢, following the same steps.

7. Malgrange—Rabier condition and geometry at infinity

We are going to combine here the local point of view at infinity of Sec-
tion 5 and the affine one of Section 6.

The blowing-up at infinity mapping 5 : M — R™ \ 0, although being a
diffeomorphism is by no means an isometry. Nevertheless spheres r x S"~1
are mapped onto spheres S’ifl, angles of pairs of vectors tangent to a sphere
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at a same point are preserved and orthogonality to the spheres as well, as
we can check below: Let m = (r, u) be a point of M. We find

DmfB|r,gn-1 = r! Idr,gn-1, and DymfB-0p = —r2u= —r_lﬂ(m).

Working with Z nearby rz = 0 is working in a neighbourhood at infinity
of W. We find the following:

LEMMA 7.1. — If ¢ is (MR)-regular at the regular value ¢, then W is
t-regular at c.

Proof. — It is sufficient to show the result along a path at infinity.

Let t — w(t) € W be the germ of a mapping definable at 0o such that:
z(t) = B;1(W(t)) = 20 = (0,u,¢) € M, for ¢ a (MR)-regular value of
v, and

T(t) = Tz(t)Z — T7 and R(t) = Tz(t)rZ — R.
Without loss of generality we further assume that w(t) = tu+o(t), and set

x(t) _ w(t)
u(t) = —= = —— +o(1).
x(@)] - [w(?)]
We recall that
R(t) CT(t) N0 x TyyS™ " x R,
Let D(t) = Dy ). Let v(t) = v¥(w(t)). By hypothesis we have
t-v(t) > L, for some constant L > 0.

Let us still denote by D(t) the extension of D(t) to R™ x R® as the null
mapping over (T )W)*. In other words, we have

1
t>1= WD(t) -B"*5(0,1) D B5(0,1).
v
Let &, be any vector of S*~1. There exists a germ of mapping definable at
infinity
t—s x(t) € B (0,1)
tangent to X along w, such that for ¢ large enough
1
&= @
In the orthogonal direct sum

Tty (R" X R*) = Ru(t) & TyyS" ' & R?,

D(t) - x(t) € 8571

we decompose x(t) as the definable orthogonal sum

X(t) = p(t)u(t) + xs(t) + v(t)&s.
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We find

60 = Dui5™ 530 = (g st & )

Since |x(t)] < 1 and t-v(t) > L once ¢ is large enough, we deduce there
exists &g € T,S™ ! such that

£(t) — (0,€s,&) € R x T,S" ' x R?,

proving the announced result. Indeed the vector (0,&g, &) lies necessarily
in R, since R is a subspace of TN 0 x T,S" ! x R®. O

The next lemma is a converse of Lemma 7.1.

LEMMA 7.2. — If W is t-regular at the regular value ¢ of y, then ¢ is
(MR)-regular at c.

Proof. — Again, it is enough to check that the property holds true along
a definable path at infinity.

Let t — w(t) == (x(¢),y(t)) be a germ of a mapping definable at +oo,
and let z = 3, ow. Let us consider the following limits as ¢t — +o00

z(t) — 2o = (0,u,c) € M, , and R(t) = Tynrz — R,

where Z = B;71(W). We can assume that z(t) = (¢!, u(t),y(t)) with

S

y(t) = c ¢ K(p). Let
7s(t) = ws(2(t)) and vy(t) == vs (Ws(t)\Tz(t)rZ) .
The hypothesis implies that

i =V > le.
tl}_i_moo vs(t) =v > e

Let £ be a unit vector of R*. Let £(¢) be a definable path with values in
Trz, along the path ¢ — z(t) such that for ¢ large enough we have

(1) - €(t) =&
Therefore we can write the following orthogonal decomposition
f(t) = T(t)ar S C(t) S 6 € Tz(t)Ms =R® T'u(15)s7171 D ]Rsa

so that the hypotheses yield

r(t) =0, and [¢(t)] <

Let t — x(t) be the definable path at infinity

X(t) = Doy Bs(t) - £(t) € To(y W-
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Decomposing x(t) in the orthogonal direct sum Ru(t) & Ty)S" ' & R¥,
we get
x(t)=0@v(t)®e.

In particular we obviously find

Dyyp - x(t) =¢&.

By the choice of parametrization of z we have |x(t)| = ¢. Since
€0 =00 ;1) o,
we observe furthermore that
2z el = o)l
Since |w(t)| > t, the previous inequalities imply the following inclusion

B c D(t)-B%f®

2wl
where D(t) € L(n + s,s) is the linear extension of Dys)p to R™ x R®, as
the null mapping over the normal space Ny W of Ty W in R" x R, In
other words we have proved that

which ends the proof. O

Combining Lemma 7.1, Lemma 7.2 we have proved in our most general
context the following

PROPOSITION 7.3. — A regular value ¢ of ¢ is (MR)-regular if and only
if the sub-manifold W is t-regular at the value c.

In other words, we have rigorously showed, in this most general context,
that (MR)-regularity and (the current avatar of) t-regularity are equivalent
(see [10, 17, 46] for special cases).

Remark 7.4. — When d = s, the condition of Malgrange—Rabier regu-
larity at c is equivalent to the local properness of the mapping ¢ at the
value ¢, which means that ¢ is proper over some neighbourhood of c. In-
deed the ACVs coincide with the non-properness values of the mapping ¢
(see [26, pages 86 to 88] and adapt almost readily their arguments to our
context). In particular Lemma 7.1 and Lemma 7.2 are trivial.

Using Proposition 6.7 we are now in position to show the following
Morse—Sard type result, whose proof is different from those given in [24, 26)
and gives a more precise insight of the geometric phenomenon at hand than
that of [10].
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THEOREM 7.5. — The subset K () of R® (is definable) and has posi-
tive codimension.

Proof. — By Proposition 6.7 we know that K (¢) = K/ (¢), for some
fast decreasing function u definable at +o0c. The following subset

Wy ={w € W : u(lw|) - v¥(w) < 1}
is a closed and definable subset of R™ x R®. Let
Zy = 71 (W), and ZP° = clos(Z;) N M.

By Lemma 7.1 and Lemma 7.2, any point z., = (0, u,c) of Z7° is a limit
of a sequence (z) of Z; such that T, rz — R C T, M, which does not
projects surjectively onto R®. Let 7 be the projection of clos(Z) onto R*.
Thus

72(Z7°) = Koo(p)-

Let r; be the restriction of rz to clos(Zy). It is a continuous definable
mapping. The pair (Z;, Z{°) of germs at MS° can be definably stratified
to be (ar¢)-regular w.r.t. the function r; [31]. Let zo be a point of S,
a strata contained in Z{°. Therefore T, S is contained in the limit 7" at
Zoo Of the relative tangent spaces T,, rz = T, r1, given any sequence (z)
of Z; converging to z... By Proposition 7.3 and the definition of Z, the
limit T cannot project surjectively onto R®. Therefore we deduce

rank D, (1z|s=) < s—1,

and thus we find
dim77(Z7°) < s — 1. O

8. Bifurcation values and triviality results

We recall here in this most general setting the notions and results about
equi-singularity nearby a (MR)-regular value c in the context of the previ-
ous sections.

Let X be a connected, definable C* sub-manifold of R™ which is also
a closed subset of R", where a € Nys Uoo. Let F' : X — R® be a ck
definable mapping where 2 < k < a. In this definition C* is understood as
the maximal possible regularity of F' on X. In order to have an interesting
statement we assume that dim X > s.
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DEFINITION 8.1. — A value ¢ of R? is typical for the mapping F if there
exists a neighbourhood V of ¢ in R® such that the restriction

Fly:U=F V) —V

is a trivial C*~'-fibre bundle over V with model fibre F~(c) and F|y is
the projection mapping onto the base.

We can now see the relation of (MR)-regularity condition previously
introduced with equi-singularity in the following expected

THEOREM 8.2. — If a regular value ¢ of R® is (MR)-regular for the
mapping F, then c is a typical value for F.

There are many occurrences of this result over the last forty years, mostly
for functions though [6, 10, 17, 22, 23, 24, 26, 32, 37, 39, 40, 46, 47] (this list
is far from being exhaustive). The proof we present here is explicit and does
not get into the messy task of composing s flows (which is rarely explicitly
done once s > 2). We follow the simple and beautiful idea of Rabier [39]
(see also Jelonek’s variation in [22, 23] using Gaffney’s characterization of
(MR)-regularity [19]).

Proof. — Assume that ¢ is a (MR)-regular value of F. There exists a
positive number ¢ such that the closed ball B := BP(c, ) does not intersect
with K (F). Let F be the closed definable C* sub-manifold with boundary

F:=F1B)cX.

Observe that a sequence (xi)r of F escaping F as k goes to infinity either
goes to the boundary OF or goes to infinity (see Condition (4.1) in [39,
Lemma 4.1]). Up to a translation we can assume that the origin of R™ does
not lie in F. By definition of Malgrange—Rabier regularity, we can assume
that there exists a positive constant M such that the following estimate
holds true in F:

(8.1) |x| - v(DxF) = M.
For x € F, let A(x) := DxF. We consider the following linear mapping
Vi) = AR)" - (AGx) - A7)
Following Rabier’s terminology, V(x) is a right inverse of A(x):
A(x) - V(x) = Idr,,, R®.

The mapping x +— V(x) is a C*~! definable section of the vector bundle
F*(TR?®)|g and takes values in NF|p C TR"|p, the normal bundle of F
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over F. We follow now Rabier’s proof [39, Section 4]. Consider the following
differential equation with parameters:

x=V(x) - (y—c
(8:2) {X(O) G(F) (y—¢)
where y € B. The vector field with parameters
£(x,y) = V(x)-(y—-c¢)
is definable and C*~!. If ¥ denotes the flow of ODE (8.2), observe that
F(¥(t,x,y)) = F(x) +t(y —c).
Let z = (x,y) be in F x B and let I, be the domain over which the solution
t— p(t;z)
of the ODE (8.2) exists and where ¢(0;z) = x. Let

/0 V((ri2)dr

be the length of the trajectory ¢ — ¢(t;z) between the time 0 and ¢. Using
Estimate (8.1) combined with a Gronwall argument (see [8]), we find that

)

L(t;z) =

1 :
Utz) < g7 ly =l - [x| - e

From here we conclude as in the proof of [39, Lemma 4.2], that for each
x € F~1(c) the interval I, contains [—1,1]. The trivialization is achieved
as the C*~1 diffeomorphism

(8.3) Flc)xB—F, (x,y)— ¥(1,x,y). O

Let V be any connected component of R* \ K(F). Let Uy, ...,U, be the
connected components of F~1()) and F® be the restriction of F to U,.
Theorem 8.2 implies the following:

COROLLARY 8.3. — For each a = 1,...,«, the mapping F* : U, — V
induces a locally trivial C*=' fibre bundle structure over V, with connected
model fibre F~(c,) NU, for some ¢, € V.

Of interest is the following

Remark 8.4. — Assume that F is real analytic and globally sub-analytic.
The proof of Theorem 8.2 shows that nearby (MR)-regular values the pro-
duced flow of Equation (8.3) is real analytic, since & is a real analytic

mapping.
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DEFINITION 8.5. — A value c of R® is a bifurcation value of the mapping
F if it is not typical. Let Bif (F') be the set of bifurcation values of F'.

The (expected) corollary of Theorem 8.2 and Definition 8.5 is the
following

COROLLARY 8.6. — Bif(F) C K(F).

9. Sub-level sets family associated with a family of
hypersurfaces

This is the setting that will be used in Section 16.
Let F: R® x R® — R be a C? definable function such that 0 is a regular
value of F. Define the following C? closed definable subsets of R™ x R,

W:={peR"xR*: F(p) <0}, and W:={p e R" xR*: F(p) = 0}.

We assume that W and W are both not empty. Observe that W is a
definable C? sub-manifold with definable C? boundary W. Let ¢ : W — RS,
w : W — R? be respectively the projection mappings (x,y) — y. For each
parameter y € R®, we define the function

fy :R*" — R, as x— F(x,y),
yielding the definable family of C? functions (fy)yer=. For y € R® we have
e y) = £;10) xy CR" x R* and w™l(y) = {fy <0} xy C R" x R",
Let us write
Wy ={xeR": fy(x) <0}, and Wy :={x € R": fy(x) =0}.

Whenever y is a regular value of ¢, the level Wy is a C? closed definable
hypersurface of R® bounding the C? closed definable sub-manifold with
boundary W .

We need some equi-singularity results about the family (Wy)y¢ k(,) sim-
ilar to those presented in Section 8, but for the mapping w instead of

simply .

PROPOSITION 9.1. — For every ¢ ¢ K(p), there exists a closed ball B
of R\ K (i) centred at ¢ such that w=!(B) is C! trivial fibre bundle over
B with model fibre W, X c.
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Proof. — Following [5, Theorem 6.11], the hypersurface W admits a de-
finable neighbourhood in R™ x R® which is C' definably diffeomorphic to

NW(p) = {(w,£) € NW : [¢{] < p(w)},

where p is C? positive definable function on W and NW is the normal bun-
dle of W in T(R™ x R?). The diffeomorphism is obtained by the restriction
of “the end point mapping”
E:TR"xR*) —R"xR* (p,§)—p+¢
to NW(p). The aforementioned neighbourhood of W is defined as
7, = E(NW(p)).

Let N be the normal bundle of T taken into T(W \ crit(p)). It is C1,
definable and of rank s. Let N,p be the definable C! vector bundle of
T(R"™ x R*)| 7, of rank s obtained by parallel transport of Ny: any p € 7,
writes uniquely as p = w + £ with (w,§) in NW (p), yielding, when w is
not a critical point of ¢,

(Nop)p = Nwep.
Assume that B = B?(c,¢) for some positive radius €. For p = (x,y) €
w™(B), we define
A(p) = Dpw, and V(p) = A(p)* - (A(p) - A(p)") ™"

Observe that V(p) : TyR® — 0 x Ty,R® C TpW is the “identity” mapping
of TyR*. Similarly we define for p € 7, N w™(B) the following linear
operators:

A,(p) = Dpw|n,,, and V,(p) = A,(p)* - (A,(p) - Ap(p)") "

For any p in .7, we have A,(p) - V,(p) = Idryrs. Note that the mapping
p — V,(p) is C' and definable. Since any p € 7, writes uniquely as
pP=w+ ¢ we find

4,(P) = Dwi| Ny
There exist C' definable functions ag,by : Rso + [0,1] such that:
(i) ao +bo = 1; (ii) ag ' (0) = [1, +ocf; (iii) by ' (0) = [0, 1]. Any p € ., has
a unique form p = w + . Define the following mapping over w=!(B):
V(p) ift¢ .7,
p+— V(p) =1 V,(pP) ift e Tz,
a0 (5) Vo(p) + b0 (555 ) Vip)  ifte 7\ 7.
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It is definable and C' and satisfies
Dpw . V(p) = IdTy]RS .

Observe that whenever p lies in W\ W, we have v(Dpw) = 1. By definition
of c and B there exists a positive constant M (depending on B) such that

wep i(B)= (1+|w|) - -v?(w) = M.
Observe that for any p =w + ¢ € 7, Nw™!(B), we have
v(Ap(p)) = v*(w).

We consider again the ODE (8.2). The remarks about the estimates of
v(Dpw) and v¥(w) are just to guarantee that Gronwall arguments of the
proof of Theorem 8.2 will go through so that the rest of this proof adapts
readily to our current V, and produces a C'! flow that gives the announced
trivialisation. O
Let V be any connected component of R® \ K (). Let Uy, ...,U, be the

connected components of w™!(V) and w® be the restriction of w to U,.
Proposition 9.1 implies the following

COROLLARY 9.2. — For each a = 1,...,«, the mapping w® : U, — V
induces a locally trivial fibre bundle structure over V, with connected model
fibre w™(c,) NU, for some c, € V.

10. On the link at infinity

Let S be a closed definable subset of RP. For any positive R, let
Sp=Snsk 1.
The family (Sg)r>o is a definable family, thus there exists a positive radius
rs such that the topological type of Sk is constant once R > rg (see for

instance [5, Theorem 5.22]). In order to use the techniques developed in
[15, 16], we recall the following key notion:

DEFINITION 10.1. — The link at infinity Lk>(S) of S is any subset Sg
for R > rg.

Let W be a C? connected closed definable sub-manifold of R" x R®
and let ¢ : W — R be the restriction to W of the canonical projection
R™ x R® — R®. For any value y of R®, we recall that ¢~ !(y) = Wy x y.

Let V be any connected component of R*\ K (). Let U!,... U be the
connected components of the germ at infinity of ¢~1(V).
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Let us write (@lya) ' (y) = W3 x y.
The following result is probably known folklore, yet we will provide a
proof.

PROPOSITION 10.2. — Let ¢ be a regular and (MR)-regular value of ¢
lying in V. For each a = 1, ..., «, there exists a closed ball B of R® centred
at ¢ and not intersecting with K(y) and there exists Rg > 0 such that for
eachy € B® and each R > Rg the links (ply«) " (y)r and (plya) 1 (c)ryg
are C' diffeomorphic, and the links (W) r and (W¢) gy are C' diffeomor-
phic as well.

Proof. — We can assume that o = 1. Let ¢ : W — R3¢ x R® be defined
as w — (|x|?,y) when w = (x,y). Lemma 6.5 implies that there exist a
closed ball B centred at ¢ and a positive radius R; such that v is a proper
submersion over ¢~ }(B) N {(x,y) : |x| = R1}. Observe that the following
closed definable subset

F:=¢p 'B)n{(xy): x| >R}

is C2? sub-manifold with boundary. The restriction of ¢ to the definable
C? sub-manifold with boundary (F,dF) is a C? submersion. Ehresmann
Fibration Theorem over B° yields the result once Rg > R;.

To get the result for the levels of ¢ instead of the family (W )y, we
follow the same scheme of proof as the previous one, only changing v into
the mapping w — (|w|2,y). O

We complete this section dealing also with the links at infinity of the
“family of the sub-level sets” of the hypersurface family context presented
in Section 9. We keep the exact same notations.

Let V be any connected component of R® \ K(p). Let U!,..., U™ be
the connected components of the germ at infinity of w=1(V). Let us write
(Wla) ™M (y) = Wg x y. We have the following result.

PROPOSITION 10.3. — Let ¢ be a regular and (MR)-regular value of V.
For every a =1, ..., «, there exists a closed ball B of R® centred at ¢ and
not intersecting with K(p) and there exists Rg > 0 such that for each
y € B° and each R > Rp the links (w|ya) ' (y)r and (wlya) " (c)ry, are
C! diffeomorphic, and the links (Wg) g and (W$) gy are C' diffeomorphic
as well.

Proof. — We can assume that V = R* \ K(p) and the germ at infinity
of w=(V) are both connected.

Consider the mapping ¢ : R™ x R® — Ry x R® defined as (x,y) —
(|x|%,y). For ¢ € R* \ K(p), Proposition 10.2 implies that there exist a
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small neighbourhood U of ¢ in R® and a compact subset Ky of R™ such
that
("1 (U)\ Ko x U) Nerit(4[w) = 0.

Observe also the obvious fact that crit(y) = 0 x R®. Let B be a closed ball
of R? centred at ¢ of radius r > 0. The subset K; := B} x B is compact in
R™ x R®.

CrAamM 10.4. — (o= %(B) \ K1) Nerit(y) = 0.

Proof. — If (x,y) € ¢ 1(B) then y € B. If (x,y) lies in crit(¢), then
x = 0. d

Up to reducing r, we can assume that the closed ball B is contained in
U. Let Ry > 0 be such that B% contains Ko U B7. Define

K :=B% xB
so that (Ko xB)UK] is a subset of K. Claim 10.4 implies that the mapping
Y|y is a proper submersion over ¢~ !(B)\ K. Ehresmann Fibration Theo-
rem for a manifold with boundary applies. Therefore we have obtained the
announced result of constancy of the C' type. Since
PIRxy)NW =Wy xy

we conclude that for all y € B°, the links Lk>™(Wy) and Lk**(W,) are
C'-diffeomorphic.

To get the result for the levels of w instead of the family (W )y, there is
just to follow the same scheme of demonstration as the previous one, only
modifying ¢ to become p — (|p|?,y). O

11. Hyperplane sections and Malgrange—Rabier Condition

We start with the following simple lemma:

LEMMA 11.1 (see also [15]). — Let S be a connected definable C? sub-
manifold of R? of positive codimension. For each k > dim S, there exists an
open dense and definable subset Q’fg of G(k, q) such that SN P is transverse
(but possibly at the origin) for any k-plane P of Q.

Proof. — Let 0 be the origin of R? and let S* :== S\ 0. Let £ > dim S.
Let us consider the following subset

B, ={(x,P) € S* xG(k,q) : x € P}.

It is a closed definable C? sub-manifold of S* x G(k, ¢) of dimension dim S+
(k—1)(q—k) since it is a fibre bundle over S* with model fibre G(k—1, ¢—1).
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Let 7, be the projection By — G(k,q). It is obviously a C? definable
mapping. The subset A = 7y (crit(mg)) of its critical values is definable in
G(k,q) and of positive codimension. The complement G(k, q) \ clos(A) is
the desired looked for Q%. O

Of course the proof works for any k, but for ¢ — k£ > dim .S, we have
m(Bg) = A, so that the fibre of 7y, over P ¢ A is empty.

Since any linear subspace P of dimension k — s of R™ gives rise to a
unique linear subspace P x R® of R™ x R® of dimension k, we check that
the following subset

(k) ={P xR° € G(k,n+s) : Pe G(k—s,n)}

is a non-singular projective sub-variety of G(k,n + s) isomorphic to
G(k —s,n).
The first main new result of the paper is the following:

THEOREM 11.2. — Let ¢ ¢ K(p). For every k > n + s — dim W, there
exists a definable open dense subset QF of TI(k) consisting of k-vector planes
P x R?® such that the value ¢ does not lie in K (p|pxrs).

Proof. — Observe that for any vector p-plane P of R™ with p > 1, we
have

B~Y(P) =]0,+00] x S(P) C M.
Let us define the “p-plane” induced from P in M
P :=10,+00[ x S(P) C M.

Let ¢ be a (regular) value of ¢. The set of accumulation points at infinity of
the value c of the mapping ¢ is the closed, definable subset of S"~! x 0 C
S™*5~1 defined as

I (Wi )ken CW
(11.1) WX :={ues" 1,

) Wk
Wi — 00, Y — C, m—>u

We write WS° = A x 0. We recall that Z = S;1(W) and that Z> =
clos(Z) N M, . Observe that

ZX=7"N0xS"t'xc=0x AF x c.

We recall that z = (r,u,y) € My, and rz(z) = r for z € Z. We need the
following intermediary result:
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CLAIM 11.3. — Let c € R°\ K (). There exists a definable stratification
of ZZ° such that for any point u of A2 and for any sequence (zy)ren of Z
such that (i) rp — 0, (ii) yx — ¢, (iii) uy — u, and (iv) T,,rz — R, we
have

TwS C R,

where S is the stratum of ZZ° containing 0 X u x c.

Proof of the claim. — The function rz extends continuously and defin-
ably to 0 on Z°°. Following [30, 31], it can be definably stratified (aye).
We can further ask that 0 x A2° x ¢ is a union of strata. Any stratum of
0 x A% x c is of the form 0 x S x ¢, for some sub-manifold S of S*~1. [0

Let us write again W, x ¢ := ¢~!(c). It is more convenient to work in a
neighbourhood of M:O, more precisely nearby Z2°.

Let S1,...,5 be the strata of AZ° obtained from Claim 11.3.

Let k < n+s be any integer such that k+dim W —s > n. Let us consider
the following definable open dense subset of G(k — s,n)

k. ~l k—s
QF =0k,

where ng_é is the definable open dense subset of G(k—s,n) of Lemma 11.1
corresponding to 5.

Assume that dmW —s>n —k+ 1.

Let P be a (k—s)-plane of QF. Let (z,, ), be a sequence of PT x R*\ Z>
such that z,, — zo = (0,u,c) € Z°. We can assume that

T,

Zm

Since u € PT, we deduce that P = Ru @ T,S(P).
All the computations which will follow are done in

ry; — R, and u,, —uc (0x A>°NP") x0.

T, My, =R xT,S" ! xR* =R x R""! x R®.

Therefore we write P for R x TyS(P) = T(g.wPT C R x R 1,

By hypothesis R = 0 x Ry € 0 x R®! x R® and the space R projects
surjectively onto R? (see Definition 5.2 and Lemma 7.1). We want to show
that RN P x R® projects surjectively onto R®. Let

0x Kpx0:=RN(RxR"1) x0=ker(R+— R%).

We can assume that Kr = R? x 0 C R""! where p = dimW — s — 1. By
hypothesis, denoting by S the stratum of A containing u, we have

TwS C Kr, and P+ T,S =R x R*L,

ANNALES DE L’INSTITUT FOURIER



EQUI-SINGULARITY OF REAL FAMILIES 31

Since TS is contained in 0 x R"~!, the k-plane P is not. Let 0 x P, =
PN0xR" ! Since we find

KR + P] — Rn_17
we deduce the following key fact
0xR"™'"PcCp.

Let Ng = Kﬁ N R be the orthogonal complement of K in R, thus the
projection to R® when restricted to Ng is an isomorphism. Since the space
Np, is contained in 0 x R* 17?7 x R*, we deduce that

Nr=(0xP xR )NNr C (PxR*)NR.

In other words RN (P x R?®) projects surjectively onto R*.

Assume dimW — s = n — k. For each generic k-plane P of QF, the
fibre (¢|pxgrs)~t(c) is finite. The definition of WS° prohibits, when it is
not empty, that ¢ be a properness value of ¢|pxgs, therefore c lies in
K(p|pxrs) if W is not empty. In such a case, the arguments used in the
previous case show the existence of a surjective mapping from a space of
dimension s — 1 onto R?. O

Let F : X — R® be a C? definable mapping over a closed connected C?
definable sub-manifold X of R™ with dim X > s. The original goal of this
section, consequence of Theorem 11.2, is the following result:

COROLLARY 11.4. — Let ¢ be a value not in K(F). For every k >
n—(dim X —s), there exists a definable and dense open subset V¥ of G (k,n)
such that for every plane P of V¥ the value ¢ does not lie in K(F|p).

Proof. — Let W be the graph of F and let ¢ : W — R® be the restriction
to W of the projection R™ x R® — R?®. The regular mapping

(k + s) > G(k,n), P — P, :=PNR" x0

is an isomorphism. Let ¢ € R® which does not lie in K (¢) = K(F). For any
1 > (n+s)—(dim W —s), let U+* be the open dense subset of Theorem 11.2.
The image

Vé“ =y (Z/{ff”)

is definable, open and dense in G(k,n). O
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12. Lipschitz—Killing Measures

We present very briefly in this section the Lipschitz—Killing measures of a
definable set in an o-minimal structure following Brocker and Kuppe’s ap-
proach [2]. They are the essential ingredients to define the functions A°(—)
(Definition 12.2), bricks of the general Gauss—Bonnet Formula presented in
Theorem 12.3.

We start with a few reminders about the extrinsic geometry of sub-
manifolds of the Fuclidean space R™.

Let Z be a C? connected orientable sub-manifold of R™ equipped with
the restriction of the Euclidean metric tensor. Let x be a point of Z. Let
S(NxZ) be the unit sphere of the normal space NyZ = Ty Z+ in TyR" =
R™. For v a given vector of S(NxZ), let v* be the linear form over TxR"
defined by the scalar product with v.

Let V be the covariant differentiation in R™ w.r.t. the Euclidean metric
tensor.

Of fundamental importance to define the Lipschitz—Killing curvatures of
Z at any of its points is the family of second fundamental forms
(II'n)nes(nz), where S(N Z) is the unit sphere bundle of the normal bundle
NZ of Z in TR"|z. Given n = (x,v) in S(NZ), we recall that Iy, the
second fundamental form in the direction v, is the symmetric bilinear form
over Ty Z defined as

I‘[n(u17 u2) = _<vu1l/7 u2>7

where 11, us are vectors of T Z and v is any C! local extension of v normal
to Z at x.

For each | = 0,...,dim Z, let 0 (n) be the I-th elementary symmetric
function of the eigenvalues of IT,, when considered as a symmetric endo-
morphism of Ty Z.

Let X be a closed definable subset of R™ equipped with & = {S,}aca,
a finite C? definable Whitney stratification. Let S be a stratum S, of
dimension dg. Let x be a point of S and let v be a unit vector normal to
S at x. We recall the definition of the following index

indpor (v, X, x) =1 — x (X N NxNB"(x,e) N{v* =v"(x) —d}),

where 0 < § < ¢ < 1 and Ny is a normal (definable) slice to S at x in R™.
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For each £k =0,...,n, we define the function )\f S > Ras

indnor(v*,X,X)adszk(x,v) dv if0<k<dg,
ifds +1<k<n,

1
A (x) = {0 Jsqvs)

where s; is the I-volume of the unit Euclidean sphere S of R!*1.
If S has dimension n then for all x € S, we find

AN ==X =0 and \) =1

If S has dimension 0 then
indyer(v*, X, x) = ind(v*, X, x)
=1—x(XNB"(x,e)N{v" =v*(x) —4}),
and we set

1

Sp—1

A (x) = /s B ind(v*, X,x)dv, and A\ =0, once k> 1.

DEFINITION 12.1. — Let k € {0,...,n}. The k-th Lipschitz—Killing
measure A, (X, —) of X is defined as follows:

Ur— M(X,U) =) / Afe (x) dx,
acA SanU

where U is any bounded Borel subset of X.
Denoting by d the dimension of X, we obviously have
A1 (X, —)=--=A,(X,—) =0,
and for any bounded Borel subset U of X we get
Aa(X,U) = Ha(U),

where H4 is the d-th dimensional Hausdorff measure in R™.
An exhaustive family of compact subsets (Kgr)gr>o of X is an increasing,
for the inclusion, family of compacts of X covering X:

U Kr=x.
R>0

We introduce some new notations in order to present short formulae.
Let g!, be the volume of the Grassmann manifold G(I,n) of vector I-planes
of R™ when equipped with the Euclidean metric (see Section 4). We start
with the following two sets of numbers:
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DEFINITION 12.2. — Let X be a closed definable subset of R™. For each
1=0,...,n, let x°(X) be defined as
1
29h,
and let Aj°(X) be the [-th Lipschitz—Killing invariant of X at infinity
defined as

(12.1) X (X) = /G(l )X(Lko"(XmP))dP,

oo o Al(X,XﬂB%)
(12.2) AF(X) = lim SRS

where b; is the volume of the Euclidean unit ball B.

Observe that for [ = n we have the obvious equality
(12.3) X(Lk* (X)) = 2x5° (X).

When X is a closed definable connected sub-manifold, note that
XX (X) = 0 whenever Lk (X N P) has odd dimension, that is when
dim X — (n — k) is even. When n — k > dim X we also find that

XZC (X) =0,
since the link Lk> (X N P) is empty for P lying in a definable open dense
subset of G(k,n).

We recall now several Gauss—Bonnet type formulas for a closed definable
set X subset of R™ established by the first author in [15, 16] and which
relate the numbers x7°(—) and A°(—).

THEOREM 12.3 ([15, 16]).

(1) The limit

R—4o0

exists and does not depend on the choice of the exhaustive family
of compact subsets (Kgr)r>o. More precisely the following equality

holds:
(12.4) AG(X) = x(X) = x7” (X) = X2 (X).
(2) Foreach k=1,...,n— 2, we furthermore have:
(12.5) AT (X) = =251 (X) + X0 g (X)),

and for | =n — 1,n, we have

(12.6) A (X) = Xl (X)
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Remark 12.4. — Consider the following two vectors of R?*!
AZ(X) = (AF(X), ..., AT (X))
and
XZ(X) = (X(X), xo (X)), -, x3° (X))

As seen in Theorem 12.3, both vectors carry the same information about X
at infinity. Precisely, there exists a triangular superior matrix L, depending
only on n, with coefficients in {—1, 1} and only with 1 on the diagonal such
that

AZ(X) = L= (X).

13. The case of sub-manifolds with boundary

We describe the Lipschitz—Killing measures when (X, 9X) is a closed C?
definable sub-manifold with boundary of R™ of dimension d. In this case,
the partition X = X°U0X, where X° = X\ 09X, is a C? definable Whitney
stratification of X, to which we can apply the construction of Section 12.

Let x € X°. If d < n then for k =0,...,d, we have

o

) 1
A () = /S(N o

We get the following identities of the extrinsic geometry of Euclidean sub-
manifolds

o 1
M (x) = - _k_le,k(Xf’,x),

where Ky (X°,—) is the (d — k)-th Lipschitz—Killing curvature of X°. We
recall that
d—k odd = Kd_k(Xo, —) =0.
We recall that if d = n, then AX° =1 and \§ = - = XX, =0.
Let y € 0X and let vy be the unit vector tangent to X at y, normal to

the boundary 0X and pointing inwards. For v € S"~! we recall that the
following alternative holds

1 if (v, > 0,
indnor(V*a X7 y) = 1 <V VY>

0 if (v,ry) <0
Let S(Ny0X)™ be the following open half-sphere:

S(Ny0X)T = {v € S(NydX) : (v,vy) >0}.
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Therefore, for k =0,...,d — 1, we can write

1

Aix(w = / 035171@(% v)dv.
Sn—k—1 JS(Ny8X)+

The case of a definable sub-manifold with boundary of dimension d yields
the following explicit description of the Lipschitz—Killing measures. For any
bounded Borel subset U of X we find

(13.1) Ay(X,U) = Hq(U).
Whend <nand k=0,...,d—1, we find

(13.2) Ak(X,U)z/ A§°(x)dx+/ X (y)dy.

XonU oXnNU
Ifd=nand k=0,...,n—1,
(13.3) MUY = [ (.
oxXnuU

14. Definable families and continuity of Lipschitz—Killing
curvature densities at infinity

We return to the setting of the previous sections: let W be a C? connected
sub-manifold of R™ x R*® which is also a closed subset of R™, definable in
M, and let ¢ : W — R® be the restriction to W of the canonical projection
on R?. Let d = dim W. Hence for y any regular value of ¢ either the level
¢ 1(y) is empty or is a C? definable sub-manifold of dimension d — s of
R"”, of the form

o Hy) =Wy xy CR™ x R®,
Instead of working with the family of levels (p~!(y))y we will work with
the family (Wy )y of the projections onto R™ of the levels of ¢, a definable
family of closed subsets of R™.

Let Vi,...,Vg be the connected components of R® \ K(yp) for which
¢~ (V) is not empty. For each b=1,...,83, let Uy 1,...,Up q, be the con-
nected components of p~1(V;). For each y € V, and each a = 1,. .., ay, let

(14.1) Wy xy =Wy XyNUp,.

Each such sub-manifold W is not empty, closed and connected, by Corol-
lary 8.3.

We present in this section now the looked for continuity results of the
functions y — A°(W,,) nearby a regular value which is also a (MR)-regular
value of this definable family.
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ProrosiTiON 14.1. — Foreach k =0,...,d—s, foreachb=1,...,0,
and each a =1, ..., ay, the functions

Y — Xop1-x(Wy), and y — AG" . (W)

are continuous over V,, (where x5 1 (—) is the null function over the subsets
of R™).

Proof. — Theorem 12.3 and Remark 12.4 guarantee that it is sufficient
to prove it for the functions y + x5 ;_,(Wy'). Observe that the mapping
y = x(Wy) is constant on V, for each a = 1,..., o, by Corollary 8.3.

For a closed definable subset X of R"™, let us write

X7(X) = x(Lk>(X)).

o Assume first that W, is connected for y ¢ K(y). The case k =
0 is obvious by definition, so we treat first the case k = 1. Let
c € R*\ K(p). Proposition 10.2 implies the existence of an open
neighbourhood U of ¢ in R? such that

yelU = ZX%O(Wy) = XOO(Wy) = Xx=(We).

In other words, the mapping y — x;°(W,) is constant on each
connected component of R* \ K(¢).

We treat now the case k = 2,...d — s, and ¢ € R*\ K (). The-
orem 11.2 ensures the existence of an open dense definable subset
UL of G(n + 1 — k,n) such that

P el = c ¢ K(p|pxr:).
For any P € G(n+ 1 — k,n) and any y € R® we find
(90|P><R5)71(}’) =(WyNP)xyCP xR

As for k = 1, given P € UF¥, there exists an open neighbourhood
Up of ¢ contained in R* \ K(¢|pxrs) such that for all y € Up, we
find

X (WyNP)=x>*(WNP),
which we can write as

lim x*°(Wy NP)=x*W.NP).

y—c
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Now Lebesgue Dominated Convergence Theorem provides

lim X (WyNP)dP = / lim x> (Wy N P)dP

y—c Jgnti-k G-k y—c

_ /GHH °(We N P)dP,

namely the desired continuity result.

o Let b € {1,...,8} and let y € V. For each a = 1,...,as, the
connected case implies that each function y +— x3° ;_,(Wy) is con-
tinuous over V. O

Let X be a closed definable sub-manifold of R? of dimension d. For
i=0,...,d,let K;(X,x) be the i-th Lipschitz—Killing curvature of X at x.
For i > d+1, we may define K;(X, —) = 0 if need be. The global polar-like
invariant avatars we are looking for in our real context are presented in the
next definition.

DEFINITION 14.2. — Let i € {0,...,d}. The i-th Lipschitz—Killing cur-
vature density at infinity of the closed definable sub-manifold X of R? of
dimension d is defined as

oo — 3 1
WE(X) = i /X Ly, )

The second main result of the paper is the following

THEOREM 14.3. — For eachi=0,...,d — s, foreachb=1,...,3, and
each a = 1,...,ay, the functions

y — ki (Wy)
are continuous over Vy,. Thus the functions y — k{°(Wy) are continuous
on R*\ K(p).
Proof. — As we saw in the demonstration of Proposition 14.1, we can
work only with connected Wy, as far as y lies in R® \ K(¢), which we will
assume for the rest of the proof.

We treat first the case i = d—s. Theorem 12.3 (see also [15, Theorem 5.6])
gives

P Kaes(Wy) = x(Wy) — xo* (Wy) — xp_1(Wy)

for y any regular value. Applying Proposition 14.1 concludes this case.
For 2 < i <d-s—1and y any regular value of ¢, Theorem 12.3 (see
also [16, Theorem 4.1]) gives
1

Sn—(d—s)+i—1" ba—s—i

et (Wy) = =XoZ(a—s)+i-1(Wy) +X07 (a—s)4is1 (Wy)-
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We conclude again by Proposition 14.1.
For ¢ =0 or 1 and y any regular value of ¢, Theorem 12.3 gives again

1
ﬁ?)vv ::XZL —38)+1 Wy).
S (d—s) i1 " by i ( y) (d—s)+ +1( y)

We remark that the term

Xne(d—s)(Wy)
that appears in the equality concerning the curvature K is in fact zero,
because generically Wy, N P is of dimension 0, hence compact. We conclude
with the previous proposition again. O

Remark 14.4. — For odd ¢, the i-th Lipschitz—Killing curvature func-
tion K;(X,—) of a given sub-manifold X is identically null, therefore the
mapping in our context y — x°(Wy,) is the null mapping over R® \ K (¢).

15. Curvatures of hypersurfaces

In this section, we study the special case of regular levels of a C? definable
function, and express some curvature-like integrals over them as Lipschitz—
Killing measures.

Let f : R"” — R be a C? definable function. We assume that 0 is a regular
value of f taken by f, so that Y = f~1(0) is a non-empty C? hypersurface.
We orientate Y by the normal vector —V f|y, with the convention that
(&1,...,&n—1) is a positive basis of T Y if and only if (&1, ...,&n—1, =V f (X))
is a positive basis of R™.

The Gauss mapping vy of Y is the following mapping:

vy Y — 8" x e - —L (x).

Its derivative
Dyvy : THY — TV(X)S”*1 =T.Y

is a self-adjoint operator. The principal curvatures ki(x),...,k,—1(x) are
the opposite of the eigenvalues of Dyvy . Let o) be the i-th elementary sym-
metric function of the principal curvatures. Note that o) ; is the Gauss—
Kronecker curvature and of = 1. These elementary symmetric functions
are related to the Lipschitz—Killing curvatures of Y and the sub-level set
Y :={f < 0} in the following way: Given x € Y, since Y is the boundary
of Y, we note that

i even = 207 (x) = K;(Y,x) =5 - \)_;_;(x).

n—1—1
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DEFINITION 15.1. — Let i € {0,...,n — 1}. The i-th symmetric princi-
pal curvature density at infinity of the hypersurface Y is defined as

] . . 1 Y
(15.1) oY) = Rl_lffoo = /1/nt o; (x)dx.

The density at infinity of Y is defined as

N n
(15.2) OF(Y) = lim —oH. (YN BR).

In this context, Equations (13.3) give

CTZO_l_i(Y) = Sn—l—ibi . Afo(y), 1= 07 ey, — 1.
The next corollary gives explicit relations between the numbers x7°(—) of
Equation (12.1) and Equation (12.3) and the numbers o7°(—) of Equa-
tion (15.1). It is an application of the Gauss-Bonnet formulas of Theo-
rem 12.3 for the levels of the function f, the description of the Gauss—
Bonnet measures for manifolds with boundary and Equations (13.3) for
the numbers o{°(—).

COROLLARY 15.2.

(15.3) 0T () = T W)
and fori =n—1
(15.4) S () = X)) X ),

and fori=20,...,n— 2,

1
(15.5) ﬁf’z@(y) =—x;" (V) + x352(Y)-

Remark 15.3. — We can orientate Y by the normal vector V f|y, with
the convention that (&,...,&,—1) is a positive basis of Ty Y if and only
if (Vf(x),&1, ...,&—1) is a positive basis of R™. In this case, the Gauss
mapping vy of H is the mapping:

\2i

vy 1Y — 8" x i —(x).

IV /]

and the principal curvatures k1 (x), . . ., k,—1(x) are the eigenvalues of Dyvy .
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16. Continuity of curvature integrals and families of
hypersurfaces

In this last section we expand and strengthen the study initiated in [17],
addressing here the special case of families of hypersurfaces.

We work within the context of Section 9. We are given a C? definable
function F': R™ x R® — R for which 0 is a regular value. Let again WW and
W be defined as

W:={p:F(p) <0}, and W:={p: F(p) =0}.
The mappings w, ¢ are the restrictions of the projection R™ x R®* — R* to
W, W, respectively. Practically we work with the connected components
of W, thus we further assume that W is connected. For each y € R?, the

function fy : R™ — R defined as x — F(x;y) is also C? and definable. We
recall that

WNR" xy =W, xy, and <p*1(y):Wy><y.

Whenever y is a regular value of ¢, the hypersurface Wy = fi- 1(0) bounds

the C? closed definable n-dimensional sub-manifold with boundary Wy, =
{fy <0}

Let Vi,...,Vs be the connected components of R® \ K(¢) for which
©~1(Vp) is not empty. For each b=1,...,8, let Uy 1,...,Us ., be the con-
nected components of w=1(V}). For each couple (b,a) and each y € V,, let

W;,L =Wy NUpq-
We obtain the following:

ProroSITION 16.1. — Foreachb=1,...,05, foreacha =1,...,ay, and
for k = 1,...,n, the functions y — x3°(Wy) are continuous over R\ K(i).

Proof. — We can assume that b = 1 and oy = 1 as well. Thus W; = Wy.
We treat first the case kK = n. Proposition 10.3 shows that the following
function is constant on V),

Y = X Wy) = x> (Wy).

We assume that 1 < k < n. Let ¢ € R®\ K (). Theorem 11.2 guarantees
that for almost all P € G(k,n), the value ¢ does not lie in Koo (¢|pxrs)-
Proposition 10.3 gives the existence of an open neighbourhood Vp of ¢ in
R?® such that for all y in Vp,

XC Wy N P) =x*(W.NP).

The proof ends applying Lebesgue Dominated Convergence Theorem, as
was done in the proof of Proposition 14.1. O
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For b = 1,...,8, let Uy 1,...,Up,, be the connected components of
e (V). Fory in Vy and a = 1,..., ap, let
W;,’ =Wy NUp,q, and W; =Wy Ny q.
The last main result of the paper is the following:

THEOREM 16.2. — For each b = 1,...,0, and for each a = 1,...,ay,
the following statements hold true:

(1) Foreachi =0,...,n—1, the functionsy ~ o¢°(Wy') are continuous
onV,. Thus y — o3°(Wy) is continuous over R* \ K(¢).

(2) The function y + ©7;°(Wy) is also continuous on Vy. Thus y
©2°(Wy) is continuous over R* \ K(¢p).

Proof. — Let ¢ € R* \ K(f). We can assume that both W, and W, are
connected. Let us apply the Gauss—Bonnet formulas of Theorem 12.3 to
the n-dimensional closed definable set W,,. We get

(16.1) AFZWy) = xWy) = xor Wy) — xai Wy).
Moreover, for £ =0,...,n — 2, we have:

(16.2) A Wy) = —xnZim1tWy) + Xal eyt Wy),
and

(16.3) AT (Wy) = x3"(Wy)

(16.4) O (V) = A (Wy) = xT°Wy).

Since W is n-dimensional, Equalities (16.1), (16.2), (16.3), and (16.4) are
non-trivial.
Applying Proposition 16.1, we obtain that for £k = 0, ..., n, the functions

y — A (Wy)
are continuous on R® \ K(p). It is enough to apply the expressions of
Corollary 15.2 to conclude. O
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