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TRANSCENDENTAL SIMPLICIAL VOLUMES

by Nicolaus HEUER & Clara LOH (*)

ABSTRACT. — We show that there exist closed manifolds with arbitrarily small
transcendental simplicial volumes. Moreover, we exhibit an explicit family of (tran-
scendental) real numbers that are not realised as the simplicial volume of a closed
manifold.

REsuME. — Nous montrons qu’il existe des variétés fermées avec des volumes
simpliciaux transcendants arbitrairement petits. De plus, nous présentons une fa-
mille explicite de nombres réels (transcendants) qui ne peuvent pas étre obtenus
comme le volume simplicial d’une variété fermée.

1. Introduction

The simplicial volume || M| € Rx¢ is a homotopy invariant of oriented
closed connected manifolds M [21, 31], namely the ¢'-semi-norm of the
(singular) R-fundamental class. The set SV(d) C Ry of simplicial volumes
of oriented closed connected d-manifolds is countable and can be deter-
mined explicitly in dimensions 1, 2, 3 through classification results [23,
Section 2.2]. In these dimensions, simplicial volume has a gap at 0.

In previous work [23], we showed that those are the only dimensions with
a gap and that indeed SV(d) is dense in R3¢ for d € Nx4. We also showed
that SV(4) contains Qx¢. We now continue these investigations, with a
focus on transcendental values.

THEOREM A. — For every € € Ry, there exists an oriented closed
connected 4-manifold M such that

e ||M]|| is transcendental (over Q) and
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764 Nicolaus HEUER & Clara LOH

o 0< || M| <e

In fact, we provide an explicit sequence of transcendental simplicial vol-
umes of 4-manifolds converging to zero that are linearly independent over
the algebraic numbers (Theorem C).

We also give explicit examples of real numbers that are not realised as a
simplicial volume:

THEOREM B. — Letd € N and let A C N be a subset that is recursively
enumerable but not recursive. Then
o= Z 2™
neA
is transcendental (over Q) and there is no oriented closed connected d-mani-
fold M with || M| € RS, - o, where RS is the set of positive computable
numbers.

There are many recursively enumerable but non-recursive subsets of N:
for example, every encoding of the halting sequence [16, Section 7]; more-
over, 1 € R¢,. Hence, Theorem B provides concrete examples of countably
many transcendental numbers that are not realised as the simplicial volume
of closed manifolds.

We previously explored connections between stable commutator length
on finitely presented groups and simplicial volume [24][23, Theorem C/F];
see also Theorem 1.1. Stable commutator length is now well studied in many
classes of groups, thanks largely to Calegari and others [12, 13, 14, 15, 39].
Our constructions for the transcendental values of simplicial volumes in
Theorems A and C rely on computations by Calegari [12, Chapter 5].

However, it is unknown which real non-negative numbers are generally
realised as the stable commutator length of elements in finitely presented
groups. For the larger class of recursively presented groups, the set of stable
commutator length is known and coincides with the set of right-computable
numbers [22]. Thus we ask:

QUESTION. — Does the set of simplicial volumes of oriented closed con-
nected 4-manifolds coincide with the set of non-negative right-computable
real numbers?

Proof of Theorem A

Theorem A will follow from the following explicit construction of simpli-
cial volumes:

ANNALES DE L’INSTITUT FOURIER



TRANSCENDENTAL SIMPLICIAL VOLUMES 765

THEOREM C. — There exists a constant K € Nsg and a sequence
(Mp,)nen of oriented closed connected 4-manifolds with
24 - arccos(1 — 27"71)

[ M| = K
™

for alln € N. The numbers oy, = 24-arccos(1—27""1) /7 have the following
properties:
(1) We have lim,,—, o0 aty, = 0.
(2) We have ag = 8 and for each n € Ny, the number «,, is transcen-
dental (over Q).
(3) The family (ap—2)pep is linearly independent over the field of alge-
braic numbers; here, P C N denotes the set of all prime numbers.

The simplicial volumes constructed in Theorem C will be based on our
previous work [23] that allows us to construct 4-manifolds with simplicial
volumes prescribed in terms of the stable commutator length of certain
finitely presented groups. See Calegari’s book [12] for background on stable
commutator length.

THEOREM 1.1 ([23, Theorem F]). — Let I" be a finitely presented group
that satisfies Hy(I'; R) 22 0 and let g € [T, T'] be an element in the commuta-
tor subgroup. Then there exists an oriented closed connected 4-manifold M,
with

|, = 48 -sel g.

As input for this theorem, we use the following group (whose properties
are established in Section 3):

THEOREM D. — The central extension I' of SLy(Z[1/2]) corresponding
to the integral Euler class of SLo(Z[1/2]) is finitely presented. Moreover,
H,(T';Z) is finite and Ho(T';R) = 0.

It is known that the image of stable commutator length of the central Eu-
ler class extension of SLy(Z[1/2]) contains arbitrarily small transcendental
numbers [12, Example 5.38]:

Example 1.2. — Let T := SLy(Z[1/2]) and let T be the central extension
of SLy(Z[1/2]) corresponding to the integral Euler class of SLy(Z[1/2]). In
other words, I is the pre-image of SLy(Z[1/2]) under the canonical projec-
tion SLy(R) — SLy(R), where SLy(R) denotes the universal covering group
of SLy(R). Then
_ Jrot(@)]

2

scli:(ﬁ)
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766 Nicolaus HEUER & Clara LOH

forall g € f, where rot: I — R>( denotes the rotation number [12, Exam-
ple 5.38].

Furthermore, for cach g € T’ with |tr(g)| < 2, there is a lift § € T of g
such that [12, p. 145]

rot(§) = arccos(tr g/2).
0
For n € Ny, we consider

2 14277+
= Tr
g (-1 _gn ) <

and let g, € T be the associated lift. Then lim,, o r0t(g,) = 0 and

_ [rot(gn)| _ arccos(trgn/2) arccos(1—-2"""1) an

2 2.7 2.7 48"
However, a priori, it is not clear that g, lies in the commutator subgroup
of T'. Because K = |H;(I';Z)| is finite (Theorem D), we know that h,, =
= [f, f} for all n € N. Moreover, by construction,

SClF(gn)

Qn
48"

With these ingredients, we can complete the proof of Theorem C (and
thus of Theorem A):

Proof of Theorem C/A. — Let T be the central Euler class extension
of SLy(Z[1/2]) and let (hy,)nen and K be as in Example 1.2. Applying Theo-
rem 1.1 to h,, € [[,T'] results in an oriented closed connected 4-manifold M,,
with ||M,|| = K - a,. Hence, lim,, o || M, || = K - 24 - arccos(1)/m = 0. If
n > 0, then «, is known to be transcendental (Proposition 2.2). Moreover,

scl=(hn) = K - scl=(g,) = K

Baker’s theorem proves the last part of Theorem C (Proposition 2.4). O

Proof of Theorem B

The proof of Theorem B relies on the following simple observation (proved
in Section 4, where also the definition of right-computability is recalled):

THEOREM E. — Let M be an oriented closed connected manifold. Then
||M| is a right-computable real number.

In contrast, the numbers « in Theorem B are not right-computable (see
Proposition 4.3) and thus, in particular, not algebraic, because every alge-
braic number is computable [18, Section 6]. The product of a computable
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TRANSCENDENTAL SIMPLICIAL VOLUMES 767

number with a number that is not right-computable is also not right-
computable (Section 4.1). Therefore, applying Theorem E proves Theo-
rem B.

Organisation of this article

In Section 2, we prove the transcendence properties of the arccos-terms.
In Section 3, we solve the group-theoretic problem for the proof of Theo-
rem D. In Section 4, we prove Theorem E.

Acknowledgements

We would like to thank the anonymous referee for asking questions about
the Euler extension (which lead to a simplification of the treatment of
Theorem D).

2. Some transcendental numbers

In this section, for n € N>, we will investigate the transcendence of the
following real numbers

24 - arccos(1 — 277 1)
- :

Ay =

We will see that ap = 8 and that o, is transcendental (over the algebraic
numbers) for every n > 1.

2.1. Transcendence
As a first step, we show that the «,, are transcendental for n > 1, using
Niven’s theorem.

THEOREM 2.1 (Niven [32, Corollary 3.12]). — Let trig € {sin, cos} and
let x € Q with trig(w - z) € Q. Then trig(r - z) € {0, £1/2, +1}.

PROPOSITION 2.2. — For every n > 1, the number «,, is transcendental
over Q.

TOME 74 (2024), FASCICULE 2
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Proof. — A consequence of the Gelfond—Schneider theorem [27, Theo-
rem 1] says that for any real algebraic number z, the expression arccos(z)/m
is either rational or transcendental. Thus «,, is either rational or transcen-
dental. Assume for a contradiction that c,, were rational. Then, because
cos(m/24 - a,) = 1 — 27771 is also rational, by Niven’s theorem (Theo-
rem 2.1), we obtain

1 U
1- it = cos(ﬂ ~an) € {0,£1/2,+1}.
However, this contradicts the hypothesis that n > 1. Hence, a,, must be
transcendental. O

2.2. Linear independence over the algebraic numbers

We will now refine Proposition 2.2, using Baker’s theorem.

THEOREM 2.3 (Baker (2, 3,4]). — Let A C {ln(a) € C | v algebraic over Q}
be linearly independent over Q. Then A is linearly independent over the
field of algebraic numbers.

PROPOSITION 2.4. — Let P C N be the set of prime numbers. Then the
sequence (yp—2)pep is linearly independent over the algebraic numbers.
24 1/2
arccos(1/2) __ 8,

s
which is rational. Hence, Proposition 2.4 includes a proof that o,_s is

transcendental for every odd prime p.

For the prime p = 2 we compute that o2 = ag =

Proof. — We will use Baker’s theorem 2.3. Rewriting arccos as

arccos(z) = —i-In(i -z + V1 — 2?),
we see that
24 - arccos(1 —27PH) 244
Qp—2 = = ’ ln(')/p)a
™ ™
where
ot 1 VT
’yp =1 2:0771 + F . — 1.

We will show in Claim 2.8 that for every finite set {p1,...,px} of dis-
tinct primes the family {In(vp,)};e1,... .k} is linearly independent over Q.
As «,_5 is a uniform rescaling of In(~,), this will imply by using Baker’s

,,,,,

theorem that this family is also linearly independent over the algebraic
numbers.

We will show the linear independence of {In(v,,)};eq1,....k3 over Q in
several steps:

ANNALES DE L’INSTITUT FOURIER



TRANSCENDENTAL SIMPLICIAL VOLUMES 769

CLAIM 2.5. — Let (myg)ren be a sequence of pairwise coprime positive
integers. Then, for every k € N>, we have that

Vi & QUi /mas . /Mgl
Proof. — This follows from a classical result of Besicovitch [6]. O
CLAM 2.6. — Let {p1,...,pr} be a finite set of distinct primes. Then
V2P —1 ¢ Qi,v/2Pr —1,4/2P2 —1,...,\/2Pe—1 — 1]

Proof. — For all primes p, ¢ € N with p # ¢, the Mersenne numbers 2P —1
and 29 — 1 are coprime. We may conclude using the previous claim. 0

Cramm 2.7. — Let {p1,...,pr} be a finite set of distinct primes and
let n € Nsg. Then

Vo & QI V2Pk—1 — 1 \/2Pk—2 —1,... \/2P1 —1].
Proof. — We compute that
| 1

Yo = (z + . \/2Pk — 1)

opr—1 opr—1

n

1 . . J
= T 2 (?) ST (2P ) (2 - 1)E,

We see that the terms contributing to /2P — 1 are the terms where j is
odd and that there exist g1, g2 € Q with

711 = Zn . (ql +q2 -1 -/ 2Pk — 1)
Assume for a contradiction that go were zero. Then ~,, € QU4 -Q and

as |vp,| = 1 we obtain v € {£1,4i}. In particular, 7, is a root of unity.
Therefore, there exists an x € Q with

Vpr = €08(27 - x) + i - sin(27 - x).

According to Niven’s Theorem 2.1, by comparing with the definition of v,, ,
we see that 21;’;;1 € {0, %, 1}. But if pg is a prime, then this never hap-
pens. Hence, gz is non-zero, and so ;' & Q[i,/2P1 —1,...,y/2Pr-1 — 1] by

Claim 2.6. O

CramM 2.8. — Let {p1,...,pr} be a finite set of distinct primes. Then
the corresponding family {In(vp,)}je(1,....x} is linearly independent over Q.

Proof. — Assume for a contradiction that this family were linearly de-
pendent over Q, whence over Z. Thus, there are integers n; € Z, not all
zero, such that

In(yy! k) =mn1-In(yy,) + - +ng - In(yp,) =0.

TOME 74 (2024), FASCICULE 2



770 Nicolaus HEUER & Clara LOH

Without loss of generality we may assume that ng > 0. Hence,
Yo vy € {1+ m - 2mi [ m € Z}.

The left-hand side is algebraic over Q, but the right-hand side is only

algebraic if m = 0. Thus, we conclude that v! ---~7F = 1; in other words,
Yok =V T

Moreover, by construction,

pr_lnl e ,Yp_;:iklil S Q[Z> \/2171 - 17 ey \/2Pk—1 - 1]

However, this contradicts Claim 2.7. Thus, In(v,,),...,In(y,, ) are linearly
independent over Q. O
This finishes the proof of Proposition 2.4. O

3. Solving the group-theoretic problem

As the basic building block for our constructions we pick SLy(Z[1/2])
because its low-degree (co)homology, its second bounded cohomology, and
its quasi-morphisms are already known to basically have the right structure.

3.1. Basic properties of SLy(Z[1/2])

We collect basic properties of SLa(Z[1/2]) needed in the sequel; further
information on the (bounded) Euler class for circle actions can be found in
the literature [8, 19].

PROPOSITION 3.1 (low-degree (co)homology of SLy(Z[1/2])).

(1) The group SLo(Z[1/2]) is finitely presented.

(2) The group H1(SLo(Z[1/2]);Z) is finite (and non-trivial).

(3) The group SLo(Z[1/2]) does not admit any non-trivial quasi-mor-
phisms.

(4) We have H?(SLo(Z[1/2]); R) = R, generated by the bounded Euler
class St2(Z11/2D eu}.

(5) The evaluation map (S%2(Z1/2eu? . ). Hy(SLy(Z[1/2]);Z) — Z
has finite kernel and finite cokernel.

ANNALES DE L’INSTITUT FOURIER
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Proof.

(1) The group SL2(Z[1/2]) can be written as an amalgamated free prod-
uct of the form

SLQ(Z[l/QD = SLQ(Z) *F0(2) SLQ(Z)7

where I'y(2) is the subgroup of SLs(Z) of those matrices whose
lower left entry is divisible by 2; this leads to an explicit finite
presentation [34, p. 81].

(2) In particular, one obtains that Hy(SLo(Z[1/2]); Z) = Z/3 is finite [1,
Proposition 3.1]. (Moreover, applying the Mayer—Vietoris sequence
to the decomposition in the proof of the first part allows to compute
the cohomology H*(SL2(Z[1/2]);Z) [1].)

(3) This is one of many examples of groups acting on the circle with
this property [12, Example 5.38].

(4) This is a result of Burger and Monod: The inclusion
SLs(Z[1/2]) — SL2(R) induces an isomorphism H?Z (SL2(R);R) —
HZ(SLo(Z[1/2]); R) [10, Corollary 24]9, Corollary 4]. Moreover,
H? (SL2(R); R) = R, generated by the bounded Euler class [11].

(5) We abbreviate I' := SLy(Z[1/2]). Because T is finitely presented,
Hy(T';Z) is a finitely generated Abelian group [7, IL.5]. Moreover, it
has been computed that Ho(I'; Q) = Q [30, Proposition 2.2]. Hence,
Hy(T;Z) is virtually Z and it suffices to show that the evaluation
(Yeu?, -): Hy(T'; Z) — Z is non-trivial.

As the space Q(I') of quasi-morphisms (modulo trivial quasi-
morphisms) is trivial, the comparison map cr: HZ(I'; R) — H?(T; R)
is injective [12, Theorem 2.50]. In particular, "eu® = cp(Veuf) is

non-trivial in H?(T; R). Therefore, by the universal coefficient the-

orem, also the evaluation map (Veu?, - ): Hy(T';Z) — Z associated

with the integral Euler class Teu?” € H?(T;Z) is non-trivial. O

3.2. Imitating the universal central extension

If T is a perfect group, then its universal central extension E is a perfect
group that satisfies Ho(F;R) = 0. The universal central extension of T’
can be constructed as the central extension corresponding to the cohomol-
ogy class ¢ in H?(TI'; Ho(T;Z)) whose evaluation map (p, - ): Ha([';Z) —
Hy(T';Z) is the identity map. Moreover, we may compute the quasimor-
phisms on F from HZ(I'; R), which in turn allows us to compute the stable
commutator length on E using Bavard’s duality theorem [23, Section 5].

TOME 74 (2024), FASCICULE 2
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The group SLy(Z[1/2]) is not perfect, thus it does not have a universal cen-
tral extension. Instead, we will choose a central extension of SLa(Z[1/2])
that is able to play the same role in our context.

PROPOSITION 3.2. — Let I" be a finitely presented group with finite first
homology H1(T;Z), let A be a finitely generated Abelian group, and let E
be a central extension group of I that corresponds to a class p € H?(T'; A)
such that the evaluation map {p, - ): Ha(I';Z) — A has finite kernel and
finite cokernel. Then:

(1) The group E is finitely presented.
(2) We have Hi(F;R) = 0 and Hz(F;R) = 0.
Proof. — The central extension group F fits into a short exact sequence
of the form 1 A E r 1.

(1) Because A is finitely generated, the central extension group E of I’
by A is also finitely presented.

(2) Because the extension is central, we have the associated exact se-
quence

H\(E;Z) ©5 A — Ho(E;Z) — Ha(TZ) 25 A — Hy(E;Z) — Hi(T5Z) — 0

by Eckmann, Hilton, and Stammbach [17, (1.4) and Theorem 2.2],
where

B: Ho(ThZ) — A
a= (pa).
By assumption, $ has finite cokernel and H;(I';Z) is finite. Hence,
Hy(E;Z) is finite and therefore also the left-most term H; (F;Z)®z
A is finite. As 8 has finite kernel, this implies that Hy(F;Z) is finite.
Applying the universal coefficient theorem, shows that Ho(F;R) =
Hy(E;Z) @z R 0. O

With these preparations, we can now give a proof of Theorem D:

Proof of Theorem D. — We only need to combine Propositions 3.1
and 3.2. As T is finitely generated, H;(I';R) = 0 implies that Hy(T;Z)
is finite. O

3.3. More on almost universal extensions

Let us mention that the same procedure as in the previous proofs also
works in other, similar, situations:

ANNALES DE L’INSTITUT FOURIER
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SETUP 3.3. — Let I' be a group with a given orientation preserving
continuous action on S' with the following properties:
The group T is finitely presented.
The group Hy(T';Z) is finite.
The group I' does not admit any non-trivial quasi-morphisms.
We have HZ(I';R) = R and the bounded Euler class Yeul is a
generator.

In this situation, we denote the central extension group of I' associated
with the Euler class Teu? € H*(T;Z) by T.

We have already seen in the previous propositions that SLo(Z[1/2]) fits
into this setup. Another prominent example is Thompson’s group 7', which
is even perfect; the condition on H? follows from explicit cohomological
computations [23, Proposition 5.6], based on calculations by Ghys and
Sergiescu [20].

PropPOSITION 3.4. — Let I' be as in Setup 3.3. Then:
(1) The evaluation map (Yeu?, - ): Hy(T;Z) — Z is non-trivial.
(2) Let H == Hy(T;7Z), let m € Nx be a generator of im(Yeu?, - ) C Z
(which is non-zero by the first part), let € .= 1/m - (Yeu?, - ): H —
7. Then there exists a o € H*(I'; Z) with

H2(idp; €) (@) =Teu? and (o, -)=m-idy.

(3) Let E be the central extension group of T associated with ¢. Then
there exists an epimorphism ¢: E — T' with ¢|g = e: H — Z
and kery) C H.

Proof.

(1) This is the same universal coefficient theorem argument as in the
last part of (the proof of) Proposition 3.1.

(2) By the naturality of the short exact sequence in the universal coef-
ficient theorem, we have the following commutative diagram with
exact rows:

0 —— Exty (H1(I;Z), H) —— H*(T; H)*’M >HomZ(H, H)——0

Extl(id;e)l H2(idr;€)l J{f'—mof

0 — Exty (H1(T;Z),Z) —— H*(T;Z) T>HomZ(H, Z) ——0
¥ P, -

The left vertical arrow is an epimorphism because € is an epi-
morphism and the exactness properties of Ext over the principal

TOME 74 (2024), FASCICULE 2
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ideal domain Z. Moreover, the right vertical arrow maps m - idgy
to m-e = (Yeu?, - ). A short diagram chase therefore proves
the existence of the desired class ¢ € H?(T; H) (e.g., using the
four lemma [29, Lemma 1.3.2]).

(3) Because the extension classes are related via H2(idr;€)(¢) = Teu?,
there exists a group homomorphism ¢: E — [ with Y|y = € that

induces the identity on I':

1 7 T r 1
4\
ET w ‘
|
1 H E r 1

As e: H — Z is an epimorphism also ¢¥: £ — [ is an epimorphism.
By construction, ker¢ C H. g

COROLLARY 3.5. — Let I be as in Setup 3.3, let H := H(I';Z), and
let E be the central extension group of I' associated with the class ¢ €
H?(T; H) of Proposition 3.4. Then:

(1) The group FE is finitely presented and Hs(E;R) = 0.
(2) The epimorphism ¢: E — I" of Proposition 3.4 induces an isomor-
phism

Q): Q) — Q(E)
[f] = [f o]

and both spaces are one-dimensional. Here, () denotes the space of
quasi-morphisms modulo trivial qqgsi'—morphisms.
(3) In particular, sclp([E, E]) = sclx([I',I') as subsets of R.

Proof.

(1) This follows directly from Proposition 3.2.
(2) We will use bounded cohomology in degree 2 to derive the statement
on quasi-morphisms; we consider the commutative diagram

2

H2(T;R) —— H2(T;R)

Q(w)l H;?(w;R)J JHW;R)

HZ(E;R) —— H?(E;R)

E

= 8

with exact rows.

ANNALES DE L’INSTITUT FOURIER
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By construction, the kernel of the epimorphism ¢: E — [ lies
in the Abelian group H and thus is amenable. By the mapping
theorem in bounded cohomology [21, p. 40][25, Theorem 4.3], the
map H2(¢;R): HX(T;R) — HZ(E;R) is an isomorphism.

Because Hy(E;R) = 0, we also have H2(E;R) = 0. Therefore,
§: Q(E) — HZ(E;R) is an isomorphism.

We now show that also 6: Q(I') — Hbz(f;R) is an isomorphism:
By the mapping theorem in bounded cohomology, the extension
projection 7: I' — I induces an isomorphism HE(T;R): HZ(T;R) —
H2(T;R). As H2(T'; R) is generated by the bounded Euler class, also
H} (T'; R) is one-dimensional and generated by

et = HE (7 R)(Veuy).
By naturality of the comparison map, we obtain that
c%(ﬁ) = H*(7;R)(Veu®).

By construction of the central Euler class extension f, we have
the vanishing relation H2(7;Z)(Teu?) = 0 € H2(T;Z). Therefore,
H2(7;R)(FeuR) = 0 and so o%(éﬁ) = 0. This shows that §: Q(I') —
H? (T';R) is an isomorphism.

Now commutativity of the left square in the diagram above shows
that Q(¥): Q(I') = Q(E) is an isomorphism.

(3) Let [f] € Q(I') 2 R be a homogeneous generator, which exists by
the second part; then [f o] is a homogeneous generator of Q(F).
Bavard duality [5][12, Theorem 2.70] implies that for all g € [E, E],
we have

_ _fewt] @) _

scle(g) = = =
2-Dp(fow)  2-Dx(f)

the defects in the denominators are equal because 1 is an epimor-

phism. Again, because 1 is an epimorphism, we conclude that sclg
and SCl’l: have the same image in R. O

scl=(¥(9));

4. Right-computability of simplicial volumes

We now turn to right-computability of the numbers occuring as simplicial
volumes. After recalling basic terminology in Section 4.1, we will prove
Theorem E in Section 4.2.

TOME 74 (2024), FASCICULE 2



776 Nicolaus HEUER & Clara LOH
4.1. Right-computability

We use the following version of (right-)computability of real numbers,
which is formulated in terms of Dedekind cuts. For basic notions of (recur-
sive) enumerability, we refer to the book of Cutland [16].

DEFINITION 4.1 (right-computable). — A real number « is right-com-
putable if the set {x € Q | a < z} is recursively enumerable. We say that o
is computable if both {x € Q| o < z} and {z € Q | a > z} are recursively
enumerable.

Further information on different notions of one-sided computability of
real numbers can be found in the work of Zheng and Rettinger [38].
There are only countably many recursively enumerable subsets of Q and
thus the set of right computable and computable numbers is countable.
We collect some easy properties:

LEMMA 4.2.

(1) If o, 8 € Ry are right-computable and non-negative, then so is
a-pBeR.

(2) If « € Ry is a real number and ¢ € Ro a computable number
such that c - « is right-computable, then « is right-computable.

Proof. — For the first part we observe that if o, 5 > 0, then {z € Q |
a<zt-{yeQ|B<yt={x€Q|a-B <z}

For the second part, let oo € Ry be such that ¢ - « is right-computable,
where ¢ is computable. Since ¢ is computable and positive, so is ¢~!, thus
¢! is in particular right-computable. Hence a = ¢! - (¢- ) is the product
of non-negative right-computable numbers and thus right-computable. [

nen 27" We relate
the (right-)computability of 24 to the computability of A as a subset of N,
following Specker [36].

To a subset A € N we associate the number x4 ="

PROPOSITION 4.3. — Let A C N and let x4 be defined as above. Then:
(1) If the set A is recursively enumerable, then x4 is left-computable
and 2 — x4 = xy\ 4 Is right-computable.
(2) The set A is recursive if and only if x4 is computable.
(3) If A is recursively enumerable but not recursive, then x4 is not
right-computable.

Proof. — The first two items are classical results of Specker [36]. To
see (3), let A be recursively enumerable but not recursive. Assume that
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x 4 is right-computable. By (1), 24 is then also left-computable. Thus, x4
is both left- and right-computable, whence computable. But by (2) this
implies that A is recursive, which contradicts our assumption. O

LEMMA 4.4. — Let f: N — N be a function with the following property:
The set {(m,n) € NxN| f(m) < n} C N x N is recursively enumerable.

Then
inf 7f(m)
meENsy m
is right-computable.

Proof. — Set S := {(m,n) e Nx N| f(m) < n} and observe that
f(m)

. ) n
inf  ——= = inf —.
meNsy M (m,n)es m
There is a Turing machine that, as input, takes a rational number and
then enumerates all rational numbers above it. We may diagonally use this
Turing machine and the enumeration of S to enumerate the set
n m
{xEQ‘H(m,n)es —<z}:{x€(@‘ inf M<x}
m meNso M
f(m)

m

Thus indeed inf,,en., is right-computable. 0

4.2. Proof of Theorem E

Let M be an oriented closed connected manifold and d := dim M. Then
M is homotopy equivalent to a finite (simplicial) complex T [26, 35]; let
f: M — |T| be such a homotopy equivalence and for a commutative ring R
with unit, let

[T]r = Ha(f; R)([M]r) € Ha(|T|: R).
If R is a normed ring, then we write | - ||1,r for the associated ¢!-semi-norm
on Hy(|T|; R). Because f is a homotopy equivalence, we have

1M1l = [|[M]zll, g = 7]zl g-

Moreover, the ¢*-semi-norm with R-coefficients can be computed via ratio-
nal coefficients [33, Lemma 2.9]:
m - [T
11 = 7, = [Tl q = e Izl
The function m + |m - [T]z]]1,z satisfies the hypothesis of Lemma 4.4
(see Lemma 4.5 below). Applying Lemma 4.4 therefore shows that the
number ||M || is right-computable.
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LEMMA 4.5. — In this situation, the subset
{(m,n) eNx N | |lm-[T)zl1z <n} CNxN
is recursively enumerable.

Proof. — We can use a straightforward enumeration of combinatorial
models of cycles [28, proof of Corollary 5.1]:

First, Hy(|T'|; Z) is isomorphic to the simplicial homology H4(T;Z) of T.
Therefore, we can (algorithmically) determine a simplicial cycle z on T that
represents the class [T]z; this cycle can also be viewed as a singular cycle
on [T

Inductive simplicial approximation of singular simplices shows that for
every singular cycle ¢ € Cy(|T|;Z), there exists a singular cycle ¢/ €
C4(|T; Z) with the following properties:

e The cycles c and ¢ represent the same homology class in Hy(|T|; Z).

e The chain ¢’ is a combinatorial singular chain, i.e., all singular sim-
plices in ¢’ are simplicial maps from an iterated barycentric subdi-
vision of A? to an iterated barycentric subdivision of 7.

Here, each singular simplex in ¢’ is the simplicial approximation

of a singular simplex in c. In particular, in general, the image of a
singular simplex in ¢’ might touch several simplices of T and might
pass them several times.

e We have || < |c];.

This allows us to restrict attention to such combinatorial singular chains.
Moreover, the following operations can be performed by Turing machines:

e Enumerate all iterated barycentric subdivisions of 7" and A<,

e Enumerate all simplicial maps between two finite simplicial com-
plexes.

e Hence: Enumerate all combinatorial singular Z-chains of T'.

o Check, for given m € N, whether a combinatorial singular Z-chain
on T is a a cycle and represents the class m - [Tz in Hy(|T|;Z)
(through comparison with the corresponding iterated barycentric
subdivision of z in simplicial homology).

e Compute the 1-norm of a combinatorial singular Z-chain.

In summary, we can enumerate the set {(m,c) | m € N,c € C(m)}, where
C(m) is the set of all combinatorial Z-cycles of T that represent m - [Tz
in Hy(|T); Z).

We now consider the following algorithm: Given m,n € N, we search for
elements of 1-norm at most n in C'(m).
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e If such an element is found (in finitely many steps), then the algo-
rithm terminates and declares that |m - [T]z]|1,z < n.
e Otherwise the algorithm does not terminate.

From the previous discussion, it is clear that this algorithm witnesses that
the set {(m,n) € Nx N | |m-[T]z]l1,z < n} is recursively enumerable. [

This completes the proof of Theorem E.

Remark 4.6. — It should be noted that the argument above is construc-
tive enough to also give a slightly stronger statement (similar to the case
of integral simplicial volume [28, Remark 5.2]): the function from the set of
(finite) simplicial complexes (with vertices in N) that triangulate oriented
closed connected manifolds to the set of subsets of Q given by

T ([Tl

is semi-computable (and not only the resulting individual real numbers) in
the following sense: There is a Turing machine that given such a triangu-
lation T" and « € Q as input

e halts if || |T]|| < « and declares that || |T||| < =,
e and does not terminate if || |7 || > .

But it is known that this function is not computable [37, Theorem 2, p. 88].
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