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COMPATIBILITY DEGREE OF CLUSTER COMPLEXES

by Changjian FU & Yasuaki GYODA (*)

ABSTRACT. — We introduce a new function on the set of pairs of cluster variables
via f-vectors, which is called the compatibility degree (of cluster complexes). The
compatibility degree is a natural generalization of the classical compatibility degree
introduced by Fomin and Zelevinsky. In particular, we prove that the compatibility
degree has the duality property, the symmetry property, the embedding property
and the compatibility property, which the classical one has. We also conjecture that
the compatibility degree has the exchangeability property. As pieces of evidence
of this conjecture, we establish the exchangeability property for cluster algebras
of rank 2, acyclic skew-symmetric cluster algebras, cluster algebras arising from
weighted projective lines, and cluster algebras arising from marked surfaces.

RESUME. — Nous introduisons une nouvelle fonction sur I’ensemble des paires
de variables de cluster via les vecteurs f, qui est appelée le degré de compatibi-
lité (des complexes de cluster). Le degré de compatibilité est une généralisation
naturelle du degré de compatibilité classique introduit par Fomin et Zelevinsky.
En particulier, nous prouvons que le degré de compatibilité possede la propriété
de dualité, la propriété de symétrie, la propriété d’encastrement et la propriété
de compatibilité, que posséde le degré classique. Nous conjecturons également que
le degré de compatibilité possede la propriété d’échangeabilité. Comme éléments
de preuve de cette conjecture, nous établissons la propriété d’échangeabilité pour
les algebres & grappes de rang 2, les algebres a grappes acycliques asymétriques,
les algebres & grappes provenant de lignes projectives pondérées et les algébres a
grappes provenant de surfaces marquées.

1. Introduction

Cluster algebras were defined in [16] to study the dual canonical bases
and the total positivity in semisimple algebraic groups at first. They are
commutative algebras generated by the cluster variables. These generators
are gathered into overlapping sets of fixed finite cardinality, called clusters,
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which are defined recursively from an initial one via mutation. The cluster
complex of a cluster algebra is the simplicial complex whose simplexes are
subsets of cluster variables in each cluster [17] . It encodes the mutation of
cluster variables and has played an important role in the study of cluster
algebras and their interaction with different mathematical subjects. For
example, [5] showed that a simplicial complex whose simplexes are subsets
of tilting sets in a cluster category coincides with one of cluster complexes.
This identification yields an application of representation theory to cluster
algebras. Also, [14] pointed out that triangulations of marked surfaces and
their flips have cluster structures by proving that arc complexes correspond
with cluster complexes. This indicates a connection of cluster algebras with
hyperbolic geometry.

A compatibility degree of a cluster complex (or cluster algebra) is a
function on the set of pairs of cluster variables satisfying various properties.
Such a function was first introduced by Fomin and Zelevinsky [18] for
generalized associhedra associated with finite root systems in their study
of Zamolodchikov’s periodicity for Y-systems, which are a special kind of
cluster complexes of cluster algebras. In particular, for each finite root
system @, there is a cluster algebra A(®) whose cluster complex coincides
with the generalized associahedron associated with ®. Let ®>_; be the set
of almost positive roots of @, i.e. the union of all negative simple roots and
all positive roots. In this case, there is a bijection between the set of cluster
variables of A(®) and ®>_; given by the denominator vectors (d-vectors) of
cluster variables [17, 19]. Under this bijection, the (classical) compatibility
degree of A(®) introduced in [18] is a function (- || -)q from pairs of almost
positive roots to nonnegative integers. The classical compatibility degree
(- || -)a was generalized by Reading [40], who introduced the c-compatibility
degree for not necessary crystallographic root systems. Moreover, Ceballos
and Pilaud shows that c-compatibility degree is also given by using d-
vectors in [9]. Recently, Cao and Li [8] introduced a compatibility degree (in
this paper, it is called the d-compatibility degree) for any cluster complexes
by using d-vectors. However, the d-compatibility degree does not preserve
many properties of the classical one.

The main theme of this paper is to introduce a new compatibility degree
for any cluster complexes (Definition 4.9 and Theorem 4.10). Instead of
using d-vectors as in [8], we propose to generalize the classical compatibility
degree by using the f-vectors. We simply call it the compatibility degree.
The f-vectors are maximal degree vectors of F-polynomials, which are
polynomials of coefficients in cluster variables. They were studied in [19,
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21, 22, 25, 26, 44]. It is conjectured that F-matrices, which consist of f-
vectors in a cluster, determine a cluster uniquely.

Our main result is that the compatibility degree defined by the f-vectors
gives a more “natural” generalization of the classical compatibility degree
than the one defined by the d-vectors. First, the compatibility degree has
the duality property, the symmetry property and the embedding prop-
erty (Proposition 4.14). In classical cases, the degree of o and  in ®5_4
equals to that of coroots of 8 and « in the dual root system <I>\>/_17 that
is, (|| B)a = (BY || @¥)a1. This is the duality property. The compatibility
degree has the same property for a cluster complex and its dual cluster
complex. Next, we give the symmetry property. If ® is simply laced, then
the compatibility degree is symmetric, that is, (o || B)a = (B || @)a.
If @ is non simply laced, then this equation does not hold. However, if
(a || B)a = 0, then (8 || &) = 0. By using the compatibility degree, we
generalize this property to cluster complexes. Moreover, we give a relation
between (|| 5)q and (5 || &)q in non-simply laced cases. The embedding
property is the property that the degree of o and 3 in ®>_; equals that in
a root subsystem <I>’>71 of ®>_;. Considering a cluster complex and their
cluster subcomplex, we can generalize this property.

Second, the compatibility degree has the compatibility property (The-
orem 4.18), that is, for any cluster variables z and z’, there is a simplex
which contains both z and z’ if and only if the compatibility degree of x
and z’ is 0. This property implies that the f-vectors determine the cluster
complex.

In this paper, we also discuss the exchangeability property. In classical
cases, it is known that for distinct positive roots o and 3, there exists a
subset X of almost positive roots such that X U« and X U 8 are both
maximal simplexes of a generalized associahedron if and only if (« || 8)a =
B || @)a =1 ([11, 17]). We consider whether the compatibility degree
satisfies an analogy of this property. We prove the “only if” part for the
general cluster complex case (Theorem 4.22). However, the “if” part is still
open (Conjecture 4.23). We solve this problem partially by a description
of F-matrices of cluster algebras of rank 2 (Theorem 4.25) and by using
2-Calabi—Yau categorification (Theorems 6.3, 6.6, and Corollary 6.12). We
remark that the exchangeability property for d-compatibility degree is not
true in general (cf. Section 6.5).

The structure of this paper is as follows:

In Section 2, we recall the fundamentals of cluster algebras. We also in-
troduce some important properties of cluster algebras which will be used
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in later sections. In Section 3, we compare the d-vectors and the f-vectors.
In [8], the d-compatibility degree was defined by some properties of d-
vectors conjectured in [19]. To define the compatibility degree, we prove
some properties of f-vectors which are analogous to properties of d-vectors
(Theorem 3.3). In Section 4, we introduce the classical compatibility de-
gree and the compatibility degree, and we prove that the compatibility
degree is a generalization of the classical one (Theorem 4.10). We compare
properties of the compatibility degree with those of the d-compatibility de-
gree (Proposition 4.14, Theorem 4.18, Example 4.21). We also formulate
the exchangeability conjecture for the compatibility degree (Theorem 4.22
and Conjecture 4.23). By a description of F-matrices, we prove Conjec-
ture 4.23 for cluster algebras of rank 2 (Theorem 4.25). In Section 5 and 6,
we investigate the exchangeability property for certain important classes
of cluster algebras. In particular, we establish Conjecture 4.23 for acyclic
cluster algebras of skew-symmetric type (Theorem 6.3), cluster algebras
arising from weighted projective lines (Theorem 6.6) and cluster algebras
arising from marked surfaces (Corollary 6.12). Our approach relies on the
existence of additive categorifications by 2-Calabi—Yau triangulated cate-
gories for these cluster algebras. In Section 5.1 and 5.2, we recollect basic
results on cluster-tilting theory in 2-Calabi—Yau triangulated categories and
the associated cluster character. Under mild conditions, we give a categori-
cal interpretation of compatibility degree (Theorem 5.6). In Section 5.3, we
prove an exchangeability property for 2-Calabi—Yau triangulated categories
with cluster-tilting objects (Theorem 5.8), which is applied in Section 6.2,
6.3 and 6.4 to deduce the exchangeability property for the corresponding
cluster algebras.

Acknowledgements

The authors thank Tomoki Nakanishi and Osamu Iyama for their valu-
able comments. We thank Fang Li for informing us that he also obtained
a counterexample for the exchangeability property of d-compatibility de-
gree. We are grateful to the anonymous referee for significant comments
and corrections.

2. Preliminaries
2.1. Cluster algebras

We start by recalling definitions of seed mutations and cluster patterns
according to [19]. A semifield IP is an abelian multiplicative group equipped
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with an addition @ which is distributive over the multiplication. We par-
ticularly make use of the following two semifields.

Let Qse(uq,...,ue) be the set of rational functions in wuq,...,u, which
have subtraction-free expressions. Then, Qgf(u1,...,uy) is a semifield by
the usual multiplication and addition. It is called the universal semifield of
u1, ..., ug ([19, Definition 2.1]).

Let Trop(us, ..., ue¢) be the abelian multiplicative group freely generated
by the elements uq,...,us. Then, Trop(ui,...,us) is a semifield by the
following addition:

4 4 14
(2.1) H u‘;j ® H usj _ H u;ﬂln(aj:bj).
j=1 j=1 j=1

It is called the tropical semifield of uy, ..., us ([19, Definition 2.2]). For any

semifield P and py,...,p; € P, there exists a unique semifield homomor-
phism 7 such that
(2.2) W:st(yl,...,yg) — P

Yi — Di-

For F(y1,...,ys) € Qst(y1,- .-, ye), we denote

(2.3) Flp(p1, .. p0) = m(F(y1,---,Ye))-

and it is called the evaluation of F at pq, ..., pe. We fix a positive integer n
and a semifield P. Let ZIP be the group ring of P as a multiplicative group.
Since ZP is a domain ([16, Section 5]), its total quotient ring is a field Q(PP).
Let F be the field of rational functions in n indeterminates with coefficients
in Q(P).

A labeled seed with coefficients in P is a triplet (x,y, B), where

e x = (v1,...,%,) is an n-tuple of elements of F forming a free
generating set of F.
e v =(y1,...,Yn) is an n-tuple of elements of P.

o B = (b;;) is an n x n integer matrix which is skew-symmetrizable,
that is, there exists a positive integer diagonal matrix S such that
SB is skew-symmetric. Also, we call S a skew-symmetrizer of B.

We say that x is a cluster and refer to x;, y; and B as the cluster variables,
the coefficients and the exchange matrix, respectively.

Throughout the paper, for an integer b, we use the notation [b]4 =
max(b,0). We note that

(2.4) b= [b+ — [~B]--

TOME 74 (2024), FASCICULE 2
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Let (x,y, B) be a labeled seed with coeflicients in P, and let k € {1,...,n}.
The seed mutation py in direction k transforms (x,y, B) into another la-
beled seed ui(x,y, B) = (x',y’, B') defined as follows:

e The entries of B’ = (b};) are given by
(25) b;] _ *bij ifi= k or _] = k,
bij + [bzk]+ bkj + bk [—bkj]+ otherwise.
e The coefficients y' = (y1,...,y,) are given by
-1 o
Yi if j =k,
(2:6) yj - [brj]+ —by; :
Yy (yr ®1)7%%  otherwise.
e The cluster variables x’ = (], ..., z!)) are given by

i ﬁ x[bik]+ + l—n[ x[—bik]+

;L i=1 i=1 if i =k

T otherwise.

Let T, be the n-regular tree whose edges are labeled by the numbers

1,...,n such that the n edges emanating from each vertex have different

labels. We write ¢ b

an edge labeled by k. We fix an arbitrary vertex ty € T,, which is called

t' to indicate that vertices t,t’ € T,, are joined by

the rooted vertex.

A cluster pattern with coefficients in P is an assignment of a labeled
seed ¥y = (x¢, ¥+, Bt) with coefficients in P to every vertex t € T,, such
that the labeled seeds 3; and Y assigned to the endpoints of any edge

t b t’ are obtained from each other by the seed mutation in direction
k. The elements of ¥; are denoted as follows:

(2.8) Xt = (xl;ty e 7xn;t)a Yyt = (yl;ta e >yn;t)a By = (bij;t)'
In particular, at tg, we denote
(29) X = Xto - (xlv R 71'71), Y= yto = (ylv e 7yn)a B = Bto - (ij)

DEFINITION 2.1. — A cluster algebra A associated with a cluster pat-
tern v — X, is the ZP-subalgebra of F generated by X = {4 }1<i<n, ter, -

The degree n of the regular tree T, is called the rank of A, and F is
the ambient field of A. We also denote by A(B) a cluster algebra with the
initial matrix B.

ANNALES DE L’INSTITUT FOURIER
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Example 2.2. — We give an example for mutations in the case of type
As. Let n = 2, and we consider a tree Ty whose edges are labeled as follows:

(2.10)

0
We set B = {1 0

U RIS B B BTN B IS

1
} as the initial exchange matrix at to. Then, coefficients

and cluster variables are given by Table 2.1 [19, Example 2.10].

Table 2.1. Coefficients and cluster variables in type As

t Yt X¢
0 Y1 Y2 x1 X2
l‘lyg + 1
1 1(y2 @1 — z1 —
by ) Y2 (y2 @ 1)z
9 1 y1y2 Dy1 @1 T1y1y2 + Y1 + T2 z1y2 +1
Y1(y2 @ 1) Yo (12 @Y1 ® Dzrze (Y2 @ 1)
3 y1 91 Y2 T1y1y2 + Y1 + T2 Y1+ 22
Y12 N @yl | (y @y @ Drize x1(y1 1)
4 Y1Y2 1 Y1 + T2
RACPE 2 o T
y1 @1 Y1 z1 (1 ® 1)
5 Y2 Y1 T2 T
Therefore, we have
riy2+ 1 myiy2 +y1 + 22 Y1+ o2

.A(B) =ZP T1,T2,

(y2 @ D)xo” (y1y2 ®y1 @ Vagae’ z1(y1 1) |

Next, to define the class of cluster algebras of finite type, we define the
non-labeled seeds according to [19]. For a cluster pattern v — %,, we
introduce the following equivalence relations of labeled seeds: We say that

Y= (%6,¥6, Bt), Xt = (@13t, - Tnst)y Yo = WYists- > Ynit)s Be = (bijie)

and
7yn;s)a By, = (bij;s)

are equivalent if there exists a permutation o of indices 1,...,n such that

Es = (XS7ySaBS)7 Xs = (ml;Sa o 7:6%;8)7 Ys = (y1;87' ..

Tizs = To(ity  Yjiss = Yo(h)its bij;s = ba(i),a(j);t

for all 4 and j. We denote by [X] the equivalence classes represented by a
labeled seed ¥ and call it the non-labeled seed. We define the non-labeled

TOME 74 (2024), FASCICULE 2
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clusters (resp., non-labeled coefficients) as clusters (resp., coefficients) of
non-labeled seeds.

DEFINITION 2.3. — The exchange graph of a cluster algebra is the reg-
ular connected graph whose vertices are the non-labeled seeds of the cluster
pattern and whose edges connect the non-labeled seeds related by a single
mutation.

Using the exchange graph, we define cluster algebras of finite type.

DEFINITION 2.4. — A cluster algebra A is of finite type if the exchange
graph of A is a finite graph.

2.2. d-vectors, c-vectors, g-vectors, and f-vectors

In this subsection, we define the d-vectors, c-vectors, g-vectors, and the
f-vectors. First, we define the d-vectors according to [17, 19]. Let A be
a cluster algebra. By the Laurent phenomenon [19, Theorem 3.5], every
cluster variable z;,; € A can be uniquely written as

Nj;t(xl,...,xn)

(2.11) Tjst = tlhj;t oo gt iy € 7,
where Nj.4(21,...,2,) is a polynomial with coefficients in ZIP which is not
divisible by any initial cluster variable x; € x.
DEFINITION 2.5. — We define the d-vector d;,; as the degree vector of
Zj.¢, that is,
dlj;t
(2.12) A =du=1| : |,
dnj;t
in (2.11). We define the D-matrix D" as
(2.13) DF' = (dy, ..., ).

Remark 2.6. — We remark that d;;; is independent of the choice of the
coefficient system (see [19, Section 7]). Thus, we can also regard d-vectors as
vectors associated with vertices of T,,. They are also given by the following
recursion: For any j € {1,...,n},

dj;,, = —e;j,

ANNALES DE L’INSTITUT FOURIER
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and for any ¢

djit it j # k;
—dk;t+max<z [ikse] + dize, + [—bik;t]eri;t) if j =k,

i=1 =1

(2.14) dj4 =

where e; is the jth canonical basis.

Next, we define the c-vectors, the g-vectors and the f-vectors according
to [19, 21, 22]. We introduce the principal coefficients to define them.

DEFINITION 2.7. — We say that a cluster pattern v — X, or a cluster
algebra A of rank n has principal coefficients at the rooted vertex tqy if
P = Trop(yi,...,yn) and yt, = (y1,...,Yn). In this case, we denote A =
Ae(B).

First, we define the c-vectors. For b = (by,...,b,) ", we use the notation
[bly = ([b1]4,. .-, [bu]s) T, where T means transposition.

DEFINITION 2.8. — Let A4 (B) be a cluster algebra with principal coef-
ficients at to. We define the c-vector c;,; as the degree of y; in y;,., that is,
. __ ,,Clist Cnj;t
ifyje =y, 7" - ya™", then

Cijst
(2.15) el =cjy =

Cnjt
We define the C-matrix CP" as
(2.16) CP™ = (cruy .., Cny).

The c-vectors are the same as those defined by the following recursion:
For any j € {1,...,n},

cji, =€; (canonical basis),

k

and for any ¢ t,
—Cjit ifj =4k
Cjit = o
Cjit + [brjstl+ Chie + bijie[—crl+ i J#k
(see [19]). Since the recursion formula only depends on exchange matrices,
we can regard c-vectors as vectors associated with vertices of T,,.
In this way, we remark that it is possible to define c-vectors for a cluster
algebra that does not have principal coefficients.
The C-matrices have the following property:

TOME 74 (2024), FASCICULE 2
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THEOREM 2.9 ([24, Corollary 5.5]). — For any initial exchange matrix
B and every column of the C-matrix CtB o (t € T,,), that is, any c-vectors,
its entries are either all nonnegative, or all nonpositive, and not all zero.

We call this property the sign-coherence of the C-matrices.
Next, we define the g-vectors. We can regard cluster variables in cluster
algebras with principal coefficients as homogeneous Laurent polynomials:

THEOREM 2.10 ([19, Proposition 6.1]). — Let A4(B) be a cluster al-
gebra with principal coefficients at ty. Each cluster variable x;; is a ho-

mogeneous Laurent polynomial in x1,...,%n,Yy1,...,Yn by the following
Z"-grading:
(2.17) degx; = e€;, degy; = —by,

where e; is the ith canonical basis of Z™ and b; is the ith column vector
of B.

915t
We denote by the Z"-grading of x ;..
Injst
DEFINITION 2.11. — Let A4(B) be a cluster algebra with principal co-
efficients at to. We define the g-vector g;.; as the degree of the homogeneous
Laurent polynomial z;; by the Z™-grading (2.17), that is,
9ijit
(2.18) i’ = 8jit =
Injst
We define the G-matrix GZ™ as
(2.19) GP" = (81uts - ) Brst)-

The g-vectors are the same as those defined by the following recursion:
For any j € {1,...,n},

gjt, =€; (canonical basis),

and for any ¢ K

v,

8jit if j # k;

—8hit + 2 [bikst)+8ie — D [cine]+ by =k

i=1 i=1

(220) gy =

(see [19]). Since the recursion formula only depend on exchange matrices,
we can regard g-vectors as vectors associated with vertices of T,,.

ANNALES DE L’INSTITUT FOURIER
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In this way, we remark that it is possible to define g-vectors for a cluster
algebra that does not have principal coefficients.

The G-matrices have the following property, which is the dual one of the
sign-coherence of the C-matrices:

THEOREM 2.12 ([24, Corollary 5.11]). — For any initial exchange ma-
trix B and every row of the G-matrix GZ™ (t € T,,), its entries are either
all nonnegative, or all nonpositive, and not all zero.

We call this property the sign-coherence of the G-matrices.
Next, we define the F-polynomials and the f-vectors.

DEFINITION 2.13. — Let A4(B) be a cluster algebra with principal co-
efficients at tg. we define the F-polynomial Fii;to (y) as

B;to _ .
(221) Fi;t (y) —xi;t($1v'~’vxn7ylv°"7yn)‘151:"-:mn:17
where x;.4 (%1, ..., Tn; Y1, - - -, Yn) mMeans the expression of T,y by x1,. .., Tp,
y17 AR 7y7l'

The following property of F-polynomials is a consequence of Theorem 2.9
and [19, Proposition 5.6].

PROPOSITION 2.14. — Every polynomial Ff;t” (y) has constant term 1.
Using the F-polynomials, we define the f-vectors.

DEFINITION 2.15. — Let Aq4(B) be a cluster algebra with principal co-
efficients at to. We denote by fi;; the maximal degree of y; in ngt" (y)-
Then, we define the f-vector f};; as

flj;t
(2.22) £ = £, = |
fnj;t
We define the F-matrix FP™ as
(2.23) FPY = (fr, . ).

The F-polynomials are the same as those defined by the following recur-
sion: For any j € {1,...,n},

Bito __
Jito T L,

TOME 74 (2024), FASCICULE 2
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and for any ¢ t,
(221) FZo(y)
Fi(y) if j #k;
c n il ., [—bir]+
=3 T f1EE ) ™+ T oo T (G )
L if j=k.
FZ%(y) ’

Also, the f-vectors are the same as those defined by the following recursion:
For any j € {1,...,n},

fj§t0 = 0)
k
and for any ¢+ — ¢/,
£t if j # k;
[Chst]+ + Z[bik;t]Jrfi;h
(2.25) fjp = ! -
—f}.+ + max i= if j =k

th++E bist)+fist

(about how to get the recursion of the f-vectors, see [22]). Comparing the
d-vector’s and f-vector’s reccursions, (2.14) and (2.25), we can see that they
are very similar. The similarity between the d-vectors and the f-vectors will
be discussed in Section 3. Just like c-vectors and g-vectors, we can regard
F-polynomials and f-vectors as polynomials and vectors associated with
vertices of T,,.

In this way, we remark that it is possible to define F-polynomials and
f-vectors for a cluster algebra that does not have principal coefficients.

The c-vector, the g-vector, the F-polynomials and the exchange matrices
can restore the cluster variables and the coefficients:

PRrOPOSITION 2.16 ([19, Proposition 3.13, Corollary 6.3]). — Let
{Ei}ier,, be a cluster pattern with coefficients in P with the initial seed (2.9).
Then, for any t € T,, and j € {1,...,n}, we have

B;t —~ -
(2.26) Tip = ( - IQE?) it FE@ )
’ gt = & 7

B
k=1 tOhP’(yla---vyn)

Bt n

B-
(2.27) Uit H v TLES e )P0,

k=1

ANNALES DE L’INSTITUT FOURIER
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where
n
~ bj;
(2.28) Ui =y H z;",
j=1
and gg;;;“ and cgiio are the (i, j) entry of GP*' and CP" | respectively. Also,
the rational function ngt0| F(U1,---,Yn) Is the element of F obtained by

substituting v; for y; in ngt" (Y15 Yn)-
We call (2.26) and (2.27) the separation formulas.

Example 2.17. — Let A(B) be the cluster algebra given in Example 2.2.
In particular, we take one with principal coefficients at tq, that is, we con-
sider Aq4(B). Then, clusters and coefficient tuples are given by Table 2.2
and the F-polynomials and the F, D, C, G-matrices are given by Table 2.3.

Table 2.2. Coeflicients and cluster variables in type As

t Yt X
0 Y1 Y2 T 2
1 T1Y2 + 1
1 Y1 — T _
Y2 X2
9 1 1 T1Y1y2 + Y1 + T2 r1y2 +1
U1 Y2 12 T2
3 1 y 1Y1Y2 + Y1 + T2 Y1+ T2
— 2
Y1Y2 T1T9 T
1 Y1 + 22
4 Y1Y2 — T
U1 x1
by Y2 Y1 T2 z1

Proposition 2.16 implies that if 2;; = 2,4 in Ae(B), then for any cluster
algebra A(B) having the same exchange matrix as Ae(B) at tg, the ith
cluster variable associated with ¢t € T,, is same as the jth one associated
with ¢ € T,,. More generally, the following fact is known:

PROPOSITION 2.18 ([8, Proposition 6.1(i)]). — Let Ay (B) and As(B) be
cluster algebras having the same exchange matrix at ty. Let P; and Py be co-
efficients of A1(B) and Ay(B), respectively. Denoted by (x:(k),y+(k), B:(k)),
the seed of Ay(B) att € Ty, k =1,2. Then, z;+(1) = xj,»(1) if and only
if £;,1(2) = z;./(2), where t,t' € T, and i,j € {1,2,--- ,n}.
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Table 2.3. F-polynomials, F, D,C, G-matrices in type A

ngto (}’) F2B?t;to (y) FtB;to DtB;to CtB;to GtB;to

1 1 [0 0] -1 0 1 0 10

0 of|lo —1]| |01 0 1

(0 0] -1 0 1 0 1 0

L 1 y2t1 0 1) [0 J [o —1} {o —1]
9 41 ‘1 0] 1 0 -1 0 -1 0
Y1y2 + Y1 Y2 1] 11 0 —1 0 —1
1] 1 1 -1 0 -1 -1
3|y +y+1 y1+1 0 L 0} [_1 J {O 1]
(0 1] 0 1 1 -1 0 -1

4 ! vl o {—1 0} [1 o} L 1]
0 0] 0 -1 0 1 0 1

1 1
g 0 0 [1 0] [1 0} L o]

Remark 2.19. — By recursions (2.7), (2.20), (2.24), (2.25), and Propo-

sition 2.18, for any cluster algebra A(B), if ;4 = x4, then we have
it = B Fﬁ‘t“(y) = Fﬁﬁto (y), and £,y = f;;» (we remark that these
vectors and polynomials depend only on T,, and index i € {1,...,n}).

Therefore, we can say that g;., Fﬁ;t” (y), and f;; are the g-vector, the
F-polynomial and the f-vector associated with x;, respectively.

Let us introduce cluster complexes which were defined in [17].
DEFINITION 2.20. — Let A(B) be a cluster algebra. We define the clus-
ter complex A(A(B)) as the simplicial complex whose simplexes are subsets

of cluster variables which are contained in a cluster.

Example 2.21. — We consider the cluster algebra in Example 2.17. We
give a cluster complex corresponding to this cluster algebra in Figure 2.1.

By Proposition 2.18, a cluster complex depends only on B and does not
depend on coefficients P.
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Y1+ T2
Z1
T1Y1Y2 + Y1 + T2
X2 172
T1y2 + 1
Z2
T

Figure 2.1. Cluster complex of type As
2.3. Scattering diagrams

The scattering diagrams were introduced in [24] to study the canonical
basis of cluster algebras. In this paper, we give only a few definitions and

properties used in proofs along [8, 35, 36, 41]. For any v = (vy,...,v,)"
and z = (21,...,2,), we abbreviate z{* -+ -z as zV.

DEFINITION 2.22. — We fix a skew-symmetrizable matrix B of order n
and take a skew-symmetrizer S = diag(si,...,s,) of B so that s1,..., 8,

are relatively prime. We call the pair (v,W) a wall associated with B,
where v € 7%, is a non-zero whose entries are relatively prime to each
other, and W is a convex cone spanning v = {m € R" | v Sm = 0}.

The open half space {m € R" | vISm > 0} is the green side of W (or
a hyperplain including W), and {m € R" | v Sm < 0} is the red side
of W. We consider R = Q[zi,..., 25 [y1,...,yn], that is, formal power
series in the variables yi,...,y, with coefficients in (@[931il , 1. For
v=(v1,...,0,)" € Z%, we define the formal elementary transformation
E, € Aut(R) as

PR

VT A4 ' /7
By(x™) = x™(1+ §¥) s mm - By (y™) = y»
with the inverse
VTSW ’ ’

Eil(xw) = xw(l + ?V)igcd(sﬂfl vvvvv snvn) Eil(yw ) = yw ,

A%
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where ¥ = (71,...,7,) and ; is given by

Let ©(B) be a set of walls associated with B and I a monomial ideal of
Q[v1,- - -, yn]- The reduction D(B)/I of D(B) is obtained from D(B) by
deleting all walls of the form (v, W) with y¥ € I. For a non-negative integer
k, denote by I the ideal of Q[yi,...,yn] generated by all the monomials
of y with total degree > k.

DEFINITION 2.23. — We say that a set ©(B) of walls associated with
B is a scattering diagram of B if it satisfies the following finite condition:

o For cach k € Z>o, ©(B) has finitely many walls in ©(B)/I}.

In this case, each connected compartment of R" — ©(B) is a chamber of

O(B).

DEFINITION 2.24. — Let ©(B) be a scattering diagram in R™. We say
that a continued path p: [0,1] — R"™ is generic for ®(B) if p satisfies the
following conditions:

e p(0) and p(1) are not in any wall W of D(B).

e The image of p crosses each wall W of ®(B) transversely.

e The image of p does not cross the boundaries of walls or intersection
of walls spanning two distinct hyperplanes.

Let p be a generic path of a scattering diagram D (B), and we assume
that p crosses walls of ©(B)/I} in the following order:

(Vl,kn Wl,k)) sy (Vs,ka Ws,k)'
We set

EfF = ESh o+ 0BGV € Aut(R),

where ¢;, = 1 (resp., g;x = —1) if p crosses W, from its green side
to its red side (resp., from its red side to its green side). We define the
path-ordered product of p as

E, = lim E* € Aut(R).
p = 0 By € Ant(R)

A scattering diagram D (B) is consistent if for any generic path p whose
starting point coincides with terminal point, £, = 1 holds. We say that two

scattering diagrams ©,(B) and Ds(B) for B are equivalent if any generic
path in both diagrams determines the same path-ordered product.
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LEMMA 2.25 ([24, Theorem 1.12]). — Let B be a skew-symmetrizable
matrix of order n. There exists a unique consistent scattering diagram
Do(B), up to equivalence, satisfying the following conditions:

e Foranyi€ {1,...,n}, (e;,e}) are walls of Do(B).

e For any other walls (v,W) of ©¢(B), Bv ¢ W holds.

We note that since v € Zxg, we have W N (Rs)" = W N (Reo)™ = 0.
Therefore, (R>¢)" and (R<o)™ are chambers of Dy(B), and we call them
the all positive chamber and the all negative chamber respectively. If there
exists a generic path which is finitely transverse from the all positive cham-
ber to a chamber C, then we call C a reachable chamber. Moreover, if there
exists a path which is finitely transverse from the all positive chamber
crossing a wall (v, W), then we call (v, W) a reachable wall.

LEMMA 2.26 ([24, Lemma 2.10], [36, Theorem 3.3]). — Let A(B) be a
cluster algebra of rank n whose initial matrix is B. Fach reachable chamber
of ®¢(B) is expressed by the following form:

(2.29) R>og1+ - + Rx08n,
where G = (g1,...,8n) is one of the G-matrices of A(B).

2.4. Enough g-pairs property

The definition of g-pairs was introduced in [8] for cluster algebras with
principal coefficients with the aim to study d-vectors. By our convention
of g-vectors and Proposition 2.18, it generalizes to cluster algebras with
arbitrary coeflicients directly.

DEFINITION 2.27. — Let A(B) be a skew-symmetrizable cluster alge-
bra, and U be a subset of a non-labelled cluster x. Let x;, Xy be two
non-labeled clusters of A(B). The pair (x¢, %) of clusters is called a g-pair
associated with U if it satisfies the following two conditions.

(1) U is a subset of xy' ;
(2) Each row of Gf o3t corresponding to x \ U is a nonnegative vector.

Remark 2.28. — In [8], the g-pair is defined by using

RY = (G TGP
instead of Gf it In fact, Definition 2.27 is equivalent to the original defi-
nition [8, Definition 6]. This fact is given by [7, Corollary 7.18].
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Let A(B) be a cluster algebra of rank n with the rooted vertex tg, and
I = {i1,...,1p} be a subset of {1,2,...,n}. We say that a seed ¥, =
(xt,yt, Bt) of A(B) is connected with (x,y, B) by an I-sequence, if there
exists a composition of mutations p, - fig, bk, , such that (x¢,y¢, By) =
Wk, * ko [k, (X, Y, B), where kq,..., ks € I.

THEOREM 2.29 ([8, Theorems 8,9]). — Let A(B) be a cluster algebra
of rank n with arbitrary coefficients. For any subset U C x and any cluster
Xy, there exists a seed ¥y = (xy,yy, By) uniquely such that

(1) the seed Ly = (x4, yv, By ) Is connected with the initial seed by
an I-sequence, where I = {1,...,n}\ J is the subset of {1,...,n}
such that U = {zj,, | j € J}.

(2) (x¢,x¢) is a g-pair associated with U.

We often refer to Theorem 2.29 the enough g-pairs property of A(B).

Example 2.30. — We consider the cluster algebra in Example 2.17. We
set t = t3, that is,

< — T1Y1Y2 + Y1 + T2 Y1 + T2
¢ 12 ’ X1

The vertices in Ty connected to tg are t_1, to, and t;. The G-matrices
associated these vertices are given by Table 2.4.

’
45t

Table 2.4. G-matrices Gf

t' t_q to tq

Byt 1 1
SR

Thus, (x,,X¢,) is the g-pair associated with U = {z1}, and (x4,,%;_,)
is the g-pair associated with U = {x2}.

3. d-vectors versus f-vectors

Today, it is known that the d-vectors and the f-vectors are different
vectors essentially, but it was pointed out that these two classes of vec-
tors have similarities. Fomin and Zelevinsky expected that d-vectors of
non-initial cluster variables coincide with f-vectors of them in any cluster
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algebras [19, Conjecture 7.17]. A counterexample of it was given by [21, Ex-
ample 6.7], but it is known that this conjecture is true in cluster algebras
of rank 2 and of finite type:

THEOREM 3.1 ([25, Theorem 1.8, Remark 1.9]).

(1) We fix an arbitrary cluster algebra of finite type. For any i €
{1,...,n} and t € T,,, we have the following relation:

(3.1) fio = [digt]+,

(2) We fix an arbitrary cluster algebra of rank 2. For any i € {1,2} and
t € To, we have the relation (3.1).

In this section, we show a weaker similarity of these two families of vectors
than (3.1) in general cluster algebras.

Fomin and Zelevinsky conjectured the following properties about
d-vectors in [19, Conjecture 7.4], which was proved in [8]:

THEOREM 3.2 ([8, Theorem 11]). — Let A(B) be any cluster algebra.
The following statements hold:

(1) A cluster variable x;;; is not one of the initial cluster variables if
and only if d; is a non-negative vector.

(2) The (i,j) entry df;ﬁ;;t/ of th';t/ equals the (k,{) entry dkBZ;:} of
Dfs;s if i = Tpys and Tjy = Tpg.

(3) There is a cluster containing x;(# x)) and xj if and only if
dk:i;t =0.

In this section, we prove the following theorem, which is the f-vector
version of Theorem 3.2.

THEOREM 3.3. — Let A(B) be any cluster algebra. The following state-
ments hold:

(1) A cluster variable x;; is not one of the initial cluster variables if
and only if ;4 is a non-zero vector.

(2) The (i,j) entry fgtt,t of Ff“t equals the (k,{) entry kae?s;f of Ffs;s
if 244 = Ty and Tjpr = T

(3) There is a cluster containing x;; and xy if and only if fy;, = 0.

(4) A cluster x, contains x;, if and only if entries of the kth row of P
are all 0.

Remark 3.4. — Because of Proposition 2.18, it suffices to show Theo-
rem 3.3 in the case of cluster algebras with principal coefficients. In fact,
for example, we assume that Theorem 3.3(1) holds in principal coefficient
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cases and there is a cluster algebra A;(B) with coefficients in P; which
does not satisfy Theorem 3.3(1). Then, there is a non-initial cluster vari-
able z(1) whose f-vector is zero. Then, for any 4, we have z(1) # z;(1) in
A1 (B). Since f-vectors are independent of coefficients, we have a cluster
variable z whose f-vector is zero in Ae(B) such that for any 4, we have
x # x; by Proposition 2.18. This is a contradiction. Therefore, we assume
A(B) = A(B) in the proof of Theorem 3.3.

The first statement implies there are no cluster variables whose expan-
sions in the initial cluster variables are Laurent monomials except for the
initial cluster variables, and this is a generalization of [25, Corollaries 3.2,
4.2]. The second statement is important for defining the compatibility de-
gree in the next section. We prove Theorem 3.3 in the rest of this section.

To prove Theorem 3.3(1), we use the following two lemmas.

LEMMA 3.5 ([8, Lemma 2]). — Let A(B) be any cluster algebra, and
we fix any cluster variable x of A(B). If, for all i € {p+1,...,n}, there
exists a cluster containing x and x;, then there exists a cluster containing
x and all the initial cluster variables xp41,...,%Tn.

LEMMA 3.6 ([8, Theorem 10]). — Let A(B) be any cluster algebra. We
fix any subset X of a cluster. Then, all seeds which have a cluster containing
X form a connected component of the exchange graph of A(B).

Proof of Theorem 3.3(1) . — The “if” part is clear. We prove the “only
if” part by proving the contraposition of the statement. Since f;;; = 0 and
by Proposition 2.14, we have Fj;(y) = 1. Then we have z;; = []; x?”
by the separation formula (2.26). We note that d;;; coincides with —g;,;.
According to Theorem 3.2(1) , we have g;,; € ZZO or g;;; = €;. We assume
8iit € L. Without loss of generality, we can assume that

-
gi;t:(ala"'vakaov"'uo) EZ’%O, a’l?"'aak<0’

By Theorem 3.2(3) and Lemma 3.5, there exists a cluster x such that
x contains xz;; and all the initial cluster variables zjy1,...,z,. We set
X = (Tist, 225 - - - » 2> Tht 1, - - - , Tn ). By the sign-coherence of the G-matrices
(Theorem 2.12), the first k& components of g-vectors of z,...,z; lie in
Zgp. Then G-matrix associated with x is a partitioned matrix [f Efﬁ . ],
where each column of G lies in Z’%O. We consider the cluster algebra A’ by
freezing all the initial cluster variables xj1, ..., 2z, of A(B). One can show
that the G-matrix of the cluster X = (@, 22,...,2;) of A" is G. We note
that columns of G are linearly independent because of det G = +1. Then,
according to Lemma 2.26, each column of G is —e; and we have k = 1. Thus
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we have g;;; = —e; and x;;; = 1/x1. We note that d;;; = e; and thus there
exists a cluster x’ such that x' = {1/z1,2z3....,2,} by Theorem 3.2(1)
again. However, by Lemma 3.6, clusters containing {zs,...,x,} are the

initial cluster or a cluster which is obtained by mutating the initial cluster
in direction 1. Clearly, x’ is not the initial cluster. Since the numerator of
x’ does not have any initial cluster variables, the entries of first column
and the first row of B are all 0. In this case, p1(z1) = (y1 + 1)/x1. Thus
x' # p1(xy,). This is a contradiction. Therefore, we have g;.; = —d;.x = ;.
Because of Theorem 3.2(1), we have z;;; = x;. This finishes the proof. O

Next, we prove Theorem 3.3(2). This statement follows from the fact
that the (¢,7) entry of an F-matrix is invariant by mutations in direction
k such that k # j and by initial-seed mutations in direction ¢ such that
£ # i. We prepare a lemma. This gives a recursion of the F-matrices by an
initial-seed mutation.

Before describing the lemma, we introduce some notations. Let J; denote
the nxn diagonal matrix obtained from the identity matrix F,, by replacing
the (¢,¢) entry with —1. For an n x n matrix B = (b;;), let [B]; be the
matrix obtained from B by replacing every entry b;; with [b;;]1. Also, let
B** be the matrix obtained from B by replacing all entries outside of the
kth row with zeros. Similarly, let B** be the matrix replacing all entries
outside of the kth column. Note that the maps B + [B], and B +— B*®
commute with each other, and the same is true for B + [B]; and B ++ B**,
so that the notations [B]X® and [B]%* make sense.

LEMMA 3.7 ([22, Theorem 3.9]). — We set pur(B) = By and € € {£1}.
We have

(3.2)  FPU" = (Jx + [eBF)EP + [—sG;B;tO}T + [thB?tO]’_j‘.

Proof of Theorem 3.3(2). — Since x;;; = s, according to Lemma 3.6,
there exists a permutation o of indices such that o(k) = i and a vertex
so € T, such that the seed X, is the permutation of 3¢ by the permutation
o, that is

Tuzs = To(u);sor Yuss = Yo(u);soo bu’u;s = bo‘(u),o’(v);sO

for all v and v. Moreover, the seed X, is connected with ¥; by a
{1,...,n}\{i}-sequence.

By definition of f-vectors, for any cluster variable z, the f-vector of z
with respect to the seed X, is the permutation of the f-vector of z with

respect to the seed X4 by o. In particular, f,fj;f = 5,580,;80. On the other
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hand, si = have foU! = fBu! By L 3.7, the initial
and, since x;,v = g5, we have f;,'; = f,;%/. By Lemma 3.7, the initial-
seed mutation at m only change the mth row of F-matrices. Therefore, we
Bsg ;s B, . .
have f,,’0"" = Mfs’f. Putting all of these together, we obtain

;S -
Byt _ gBs;s
fij;t’ - Jkes' O

Let us prove Theorem 3.3(3). The following fact is known.

LeMMA 3.8 ([8, Lemma 5.2]). — Suppose that A(B) is an arbitrary
cluster algebra of rank n, and (X, Xy ) is a g-pair associated with {xy}.
Let Gf";t’ = (g;;) and dfg';t/ = (dy,---,d,)" be the d-vector of z;; with
respect to xy. We have that

(1) g;; > 0 if and only if dj, = —1, and if and only if z;; € x4 and
Tist = Tkyt! -

(2) g;; = 0 if and only if dj, = 0, and if and only if z;4 € xy¢ and
List 7é Tt -

(3) g5; <0 if and only if dj, > 0, and if and only if z;; ¢ xy.
We consider a similar lemma to Lemma 3.8 for the f-vectors:

LEMMA 3.9. — Suppose that A(B) is an arbitrary cluster algebra of
/;t/

= (gi)
and fi;Bt";t = (f1,--, )T be the f-vector of x;; with respect to x;. We
have that

rank n, and (x¢,Xy) is a g-pair associated with {xy}. Let Gf

(1) g;; = 0 if and only if f; =0, and if and only if x;; € xy.
(2) g;; <0 if and only if f;, > 0, and if and only if x; ¢ xy.

Let us prove Lemma 3.9. While Lemma 3.8 describes the relation between
the d-vectors and the g-vectors, Lemma 3.9 describes the relation between
the f-vectors and the g-vectors. The H-matrix gives some relation of the
f-vectors and the g-vectors.

DEFINITION 3.10. — Let B be an initial exchange matrix at ty. Then,
for any t, the (i, j) entry of HP" = (hgio) is given by

h'B>;t0 B; —04 - —Oin
wligt = Fj;tt()"n'op(u)(u[ b 1]+’ couTh L ul™t ]Jr)7

where u~! in the ith position. The matrix HtB‘t0 is called the H-matrix
at t.

LEmMMA 3.11 ([22, Theorem 3.7]). — For any t € T,,, we have the fol-
lowing relation:

(3.3) HP" = ~[-G"]..
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Proof of Lemma 3.9. — By Lemma 3.8, it suffices to show that g}, <0
implies f; > 0. By Lemma 3.11, g;, < 0 implies thi:f' < 0. Then, we have
f7. > 0 by definition of the H-matrix. O

Proof of Theorem 3.3(3). — Weset I = {1,...,n}\{k}. First, we prove
the “only if” part. Let x be a cluster such that x, contains both ;.
and zj. Then, according to Lemma 3.6, x4 is connected with x;, by an

I-sequence. We set xy = p(Xy,). If we regard x4 as the initial cluster,
then ,ﬁ-?;;t = 0. We can change the initial cluster from xy to x¢, by

initial-seed mutation induced by p~!. Then, by Theorem 3.3(2), we have
frie = f,ﬁ?;;t, = 0. Second, we prove the “if” part. Let x5 be a cluster
containing the cluster variable x;. By Theorem 2.29, there is a cluster x,/
such that (x,,x,) is a g-pair associated with {zx}. Then zy,s = x4 holds
because x is connected with x4, by an I-sequence. Since fi;;; = 0 implies
f,ift';s/ = 0 by Theorem 3.3(2), we have x;; € xy by Lemma 3.9. This
finishes the proof. O

To prove Theorem 3.3(4), we use the following theorem:

THEOREM 3.12 (][22, Theorem 3.10]). — For any exchange matrix B
and to,t € T,,, we have

(3.4) (BP0 = pE,

We call this property the self-duality for the F-matrices. Theorem 3.12
implies the rows of the F-matrices are the f-vectors of another cluster
algebra.

Proof of Theorem 3.3(4). — The “only if” part follows from the “only if”
part of Theorem 3.3(3). We prove the “if” part. By Theorem 3.12, the trans-
position of the F-matrix FtB‘tU is another F-matrix th:;t. By assumption,
the kth column of th::'t is the zero vector. By Theorem 3.3(1), a cluster
variable of A(B,") associated with this column is an initial cluster variable.
Then, by Theorem 3.3(3), there is a j € {1,...,n} such that all entries of
the jth row of F)f:;t are 0. This implies the jth column of FtB;tO is the zero
vector. Therefore, all entries of the jth column and the kth row of FtB;t0
are all 0. By Theorem 3.3(1), x; has at least one initial cluster variable.
We show that one of these initial cluster variable is x. We assume that
xk € x¢. Then, x; has an initial cluster variable which is not x;. We assume
that this cluster variable is zy/. Then by Theorem 3.3(3), the k’th column
of Ffr;t is the zero vector. In the same way as the previous argument,

there exists a j' € {1,...,n} such that the j'th column of F;>% is the zero
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vector. Since cluster variables in a cluster are algebraically independent, we
note that j # j'. Therefore, all entries of the j, 7/th columns and the k, ¥’th
rows of FtB;t0 are all 0. By Theorem 3.3(1) again, x; has at least two initial
cluster variables. By assumption, x; has a cluster variable which is neither
T nor xy . By repeating this argument, we have FtB;tO = 0. Therefore by
Theorem 3.3(1), x¢ = Xy,. This conflicts with the assumption. O

Theorem 3.3 plays a fundamental role in Section 4 to define the compat-
ibility degree and to prove its properties.
By these theorems, we have the following corollary:

COROLLARY 3.13. — For any cluster algebra A(B), f;j: = 0 if and only
jfdij;t =0or—1.

Proof. — Tt follows from Theorem 3.2(1), (3) and Theorem 3.3(3). O

The property of d-vectors corresponding to Theorem 3.3(4) has not been
known. However, we obtain it by using Theorem 3.3(4) and Corollary 3.13.

COROLLARY 3.14. — For any cluster algebra A(B), all entries of the
kth row of Df o are all non-positive if and only if x, contains xj.

Proof. — The “if” part follows from Theorem 3.2(3). We show the “only
if” part. By Corollary 3.13, the kth row of FtB;tO are all 0. By Theo-
rem 3.3(4), x; contains z. This finishes the proof. O

4. Compatibility degree and its properties

The classical compatibility degree was introduced to define the gener-
alized associahedron. This is a function on the set of pairs of roots, and
the generalized associahedra are simplicial complexes whose simplexes are
sets consisting of roots such that each classical compatibility degree of a
pair of roots is 0. In this section, we generalize it to a function on pairs
of cluster variables in a different way from [8] by using f-vectors and give
some properties of the generalized one, the compatibility degree.

4.1. Classical compatibility degree and generalized associahedra

In this subsection, we explain the classical compatibility degree and the
generalized associahedra introduced in [18]. Let ® be a root system of
finite type. We denote by ®>_; the set of almost positive roots, that is, the
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union of all negative simple roots and all positive roots. Let C'g be a Cartan
matrix corresponding to ® and I's be a Dynkin graph corresponding to ®.
Denote by I the set of vertices of ' and (I_,I;) the bipartition of I'e.
Next, we define ¢4 which are compositions of simple reflections as follows:

(41) tJr = H Siy t_ = H S;.
i€l iel_
We define transformations 74 : ®>_; — ®>_; as follows:

if o = —aj, j€I_;
(4.2) N S
t; (o) otherwise,

ifa=—q;, jely;
(4.3) (@) =14 RAT T IS
t_ (a) otherwise.

For k € Z and i € I, we abbreviate
(4.4) alkii) = (r-74)*(~a).

In particular, a(0;7) = —a; for all 7 and «(+1;i) = «; for i € Iy

Let h be the Coxeter number of ® and w, be the longest element of
the Weyl group of ®. Let ¢ — ¢* denote the involution on I defined by
—a+ = wo(ay). It is known that this involution preserves each of the sets
I, and I_ when h is even, and interchanges them when A is odd.

PROPOSITION 4.1 ([18, Proposition 2.5]).
(1) Suppose h = 2e is even. Then the map (k,i) — «(k;1) restricts to
a bijection

(45) [076] x I — @271.

Furthermore, a(e + 1;i) = —ay+ for any i.
(2) Suppose h = 2e + 1 is odd. Then the map (k,i) — «a(k;i) restricts
to a bijection

(4.6) ([0, + 1] x I_) U ([0, €] x I1) — ®5_1.

Furthermore, a(e + 2;i) = —ay= fori € I_, and a(e + 1;9) = —ay»
forie I;.

By this proposition, we can express any root § € ®>_; with 8 = 7(—a;),
where 7 is a composition of 7 and 7_, and —aq; is a negative simple root.
We consider a function (- || -)a: ®>_1 X ®>_1 — Zx( characterized by the
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following property: For any negative simple root —a; and any root 3, we
have

(4.7 (=i | B)a =[(B: i)+,
and for any roots «, 3, we have
(4.8) (@l B)a = (re(@) [| 7=(B))a,

where (3 : a;) is the coefficient integer of «; in the expansion of 3 in simple
roots, and € € {£1}. This function is well-defined by Proposition 4.1. It is
called the classical compatibility degree. In [18], the classical compatibility
degree is called simply the compatibility degree, but we adopt this name
in imitation of [9] to distinguish it from the other forthcoming degrees. For
o, € &5 _1, we say that o and § are compatible if (a || £)a = (B || @)a =
0.

By using the classical compatibility degree, we define the generalized
associahedra.

DEFINITION 4.2. — For a root system ®, we define the generalized as-
sociahedron A(®) as a simplicial complex whose simplexes are subsets of
almost positive roots such that their elements are pairwise compatible.

Example 4.3. — We consider the root system of type As. We give a
generalized associahedron of type Ay in Figure 4.1. We remark that this
complex is isomorphic to the cluster complex given in Example 2.21. We
introduce the correspondence between cluster complexes and generalized
associahedra in Theorems 4.4 and 4.5.

aq

—Qu @1 + Qo

(&)

-

Figure 4.1. Generalized associahedron of type As
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The function (- || -)e can be regarded as a function on cluster variables
of a cluster algebra in the following way: We fix a root system ® and the
sign of vertices I = I, U I_ of I's. We denote by B(Cs) = (b;;) a skew-
symmetrizable matrix obtained from the Cartan matrix Ce = (Cj;) by the

following equation:
0 if i = j,
bij = {

—sCij if ¢ ;éj and i € I..
We call A(B(Cg)) the cluster algebra induced by ®.

THEOREM 4.4 ([17, Theorem 1.9]). — For a root system ®, there is a
unique bijection o — z[a] from ®>_4 to the set X of all cluster variables
in A(B(Cs)), such that, for any a = )", a;a; € ®»_1, the cluster variable

x[a] is expressed in terms of the initial cluster x1,...,x, as
P(xla"'axn)
(4.9) zla] = W’
where P(x1,...,x,)is a polynomial over ZP which is not divisible by any

x;. Under this bijection, x[—«;] = x;.
The bijection in Theorem 4.4 is natural in the sense of the following.

THEOREM 4.5 ([17, Theorem 1.12]). — Under the bijection of Theo-
rem 4.4, the cluster complex A(A(B(Cs))) is identified with the simplicial
complex A(D).

By Theorems 4.4 and 4.5, we can identify almost positive roots in ®>_,
with the d-vectors of cluster variables of A(B(Cg)). By abusing of notation,
we use (- || -)a as a function on X x X. We denote by ®" the dual root
system of ®, and for any o € ®, we denote by o € ®" the coroot of a.
By definition, it is clear that A(B(Csv)) is A(B(Cg)") or A(~B(Cg) ")
(depending on the choice of I;). We remark that the classical compati-
bility on X x X depends only on root systems, therefore we can assume
A(B(Cgv)) = A(—B(Cs) ") without loss of generality.

The classical compatibility degree satisfies the following property:

PROPOSITION 4.6 ([18, Proposition 3.3]). — We fix ® and an induced
cluster algebra A(B(Cs)).
(1) We have (z[a] || z[B])a = (z[8Y] || z[a¥])a for every a, B € P> _;.
In particular, if ® is simply-laced, then (z[a] || z[5])a = (z[5] |
z[a])ar-
(2) If (z[a] || «[B])a = 0, then (z[f] || z[a])a = 0.
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(3) If o and 8 belong to ®(J)>_1 for some proper subset J C I, then
their compatibility degree with respect to the root subsystem ®(J)
is equal to (z[a] || z[f])a-

We call (1) the duality property, (2) the symmetry property, and (3) the
embedding property respectively. Moreover, the classical compatibility de-
gree satisfies the following two properties, the compatibility property and
the exchangeability property:

PROPOSITION 4.7. — Let ® be a root system and A(B(Cs)) be an
induced cluster algebra by ®. For any set of cluster variables X, there exists
a cluster x such that x contains X if and only if the classical compatibility
degrees of any pairs of cluster variables in X are 0.

Proof. — It follows from Theorem 4.5 immediately. O

PROPOSITION 4.8. — Let ® be a root system and A(B(Cs)) be an
induced cluster algebra by ®. For any z[a],z[f], there exists a set X of
cluster variables such that X U z[a] and X U z[3] are both clusters, if and
only if (z[a] || 2[])a = (2[6] || z[a])a = 1.

Proof. — The exchangeability of almost positive roots is proved by [11,
Lemma 2.2] and [17, Corollary 4.4]. The proposition is shown by combining
it with Theorem 4.5. O

We consider a natural generalization of the classical compatibility degree
preserving these properties in the next subsection.

4.2. Compatibility degree

We introduce the compatibility degree. This is defined by using compo-
nents of f-vectors. In this subsection, we prove that compatibility degree
preserves the results of Proposition 4.6 and Proposition 4.7.

DEFINITION 4.9. — Let A(B) be a cluster algebra. We define the com-
patibility degree (- || -): X x X — Zxo of A(B) as follows: For any two
cluster variables x and o', if v = z;; and @’ = xj,;7, then

(4.10) (x || ') = £2.

175t
When we want to emphasize that this function is defined by f-vector, we
use (z || ')y as the notation.
We remark that the choice of 4, j, t,t’ satisfying © = x;;; and 2’ = xj,p is
not unique, but the compatibility degree is well-defined by Theorem 3.3(2).
This function is a generalization of the classical compatibility degree.
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THEOREM 4.10. — We fix any root system ® and its induced cluster
algebra A(B(Cg)). For any cluster variables x and x', we have

(4.11) (@ || 2')a = (z || ).
To prove the theorem, we introduce d-compatibility degree defined by [8].

DEFINITION 4.11. — Let A(B) be a cluster algebra. We define the d-
compatibility degree (- || -)a: X X X — Zso of A(B) as follows: For any
two cluster variables x and o', if x = x;4 and ' = xj,/, then

/ _ Byt
(4.12) (@l e = [d] |

In [8], the compatibility degree is not defined by [dﬁ't,} but dﬁ‘;’f We
adopt this definition for simplicity of the notation. The followmg theorem

is essential for the proof of Theorem 4.10:

THEOREM 4.12 ([9, Corollary 3.2]). — We fix any root system ® and
its induced cluster algebra A(B(Cg)). For any cluster variables x and z’,
we have

(4.13) (@ || 2")ar = (z || 2")a.

Proof of Theorem 4.10. — Since A(B(Cs)) is of finite type, it follows
from Theorem 3.1 and Theorem 4.12. O

Remark 4.13. — Theorem 4.10 can be generalized from the classical com-
patibility degree to c-compatiblity degree, which is a function of the set of
pairs of almost positive root in finite root system, defined by [40, Proposi-
tion 7.2]. This fact follows from [9, Corollary 3.3] and Theorem 3.1.

We will show that the compatibility degree satisfies properties which are
analogous to Proposition 4.6 and Proposition 4.7. First, we consider the
following proposition, which is an analogue of Proposition 4.6.

PROPOSITION 4.14. — We fix any cluster algebra A(B) of rank n. For
any x = x;,, we denote by xV the ith cluster variable in the cluster at t of
A(-BT).

(1) For any two cluster variables z,z’, we have (z || ') = ((z")¥ || V).
In particular, if B is skew-symmetric, then (z || ') = (2’ || x).

(2) If v = x;4 and ' = x;,4,, we have (z || 2') = s; 's; (2" || x), where
s; Is the ith entry of skew-symmetrizer S of B. In particular, if
(x || ') =0, then we have (' || ) = 0.
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(3) Let J = {ki,...km} beasubset of {1,...,n} and By be the subma-
trix of B such that By = (bgx,;). For any pair of cluster variables
x,z’ of A(By), which we regard as a pair of cluster variables of
A(B) by embedding, (z || ') on A(By) equals to (z || 2') on A(B).

To prove Proposition 4.14, we prepare two lemmas:

LEMMA 4.15 ([22, Theorem 2.8]). — For any exchange matrix B and
to,t € T,,, we have

(4.14) FBito — phito,
LEMMA 4.16. — For any exchange matrix B and tg,t € T,,, we have
(4.15) FPto = g=1pBlitog,

Proof. — By (2.25), we have a recursion of the F-matrices
(4.16) FEZto
= F/%J+ max([CF)Y + P [BY, [-C/ )Y + B [-Bi)Y).
By [37, (2.7)] and definition of S, for any ¢, we have
(4.17) cPto = 5o P,
(4.18) B; = S7'(-B/)S.

We prove (4.15) by induction on the distance from ¢y to t. If ¢ = #o,
then (4.15) holds clearly because th;to is the zero matrix. When we as-
sume (4.15) holds at ¢, we have (4.15) holds at ¢ by substituting (4.16)
with (4.17) and (4.18). O

Proof of Proposition 4.14. — First, we prove (1). By Theorem 3.12 and
Lemma 4.15, for any ¢ and ¢/, we have

B, -t —BT't/ T
(4.19) FBt = (Ft )
Thus, we have
By; 7B—,C;t/
(4.20) fij;t’t = Jjia" -
This implies the first statement of (1). Furthermore, if B is skew-symmetric,

then we have By, = —B,} . This implies the second statement of (1). Second,
we prove (2). By (1) and Lemma 4.16, for any ¢t and t/, we have

_BT. T 7 T N T
a2y w = (50) < (st s (s s
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Thus, we have

(4.22) Fh = st p i

This implies (2). Finally, we prove (3). Without loss of generality, we can
assume J = {1,...,m}. It suffice to show that F;?’
principal submatrlx of Ft 1o for any to € T,, and t € T,,, where T,, is
the m-regular graph whose labels of edges are 1,...,m and which is a
connected component of T,, containing t3. We prove (3) by induction on

the distance from g to t. The base case t = tg is immediate as Ff;t" =0

equals the m x m

and F,f‘”to = 0. Let C27" = (&;,) and we abbreviate FB “(y) = Fiy
and F, Zﬁl ito (y) = Fi.t. We have the following fact by direct calculationz By,
equals the m x m principal matrix By, F;y = 1foralli € {m+1,...,n},

and the left side m x n submatrix of CZ™ is [CtB(')’;t“ } By these facts and

the inductive assumption, for ¢ t' , we have

Fi;t’ = F'~t = Fi't == Fi't/ 1fZ 7é f

m

[T e T FPe+ el TT Fl-Diewl+
11 H R+ H o T F

Fé;t/ = =1 F =1
4t
n
H lejet] HF iest]+ + H y[cjz itl+ HFi[;bz‘e;t]Jr
j=1 = i=1
N Fé;t
- FE;t’~

Therefore, F; Bt oquals the m x m principal submatrix of F; Bito O

Remark 4.17. — We can prove the second statement of (1) by using the
first statement of (2) because when B is skew-symmetric, then s; 1sj is

always 1.

Next, we consider the compatibility property, which is an analogue of
Proposition 4.7.

THEOREM 4.18. — For any cluster algebra A(B) and any set X of clus-
ter variables, there exists a cluster x such that x contains X if and only if
the compatibility degrees of any pairs of cluster variables in X are 0.

Proof. — It follows from Theorem 3.3(3) and Lemma 3.5 immedia-
tely. O
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Let us compare the compatibility degree with the d-compatibility degree.
It is proved by [8] that d-compatibility degree also has the similar property
of Theorem 4.18.

THEOREM 4.19 ([8, Theorem 7.4]). — For any cluster algebra A(B) and
any set X of cluster variables, there exists a cluster x such that x contains
X if and only if the d-compatibility degrees of any pairs of cluster variables
in X are 0.

However, the d-compatibility degree does not satisfy the similar property
of the duality and symmetry properties (Proposition 4.14(1),(2)). Actually,
if these properties hold for d-vectors, the D-matrices must satisfy the fol-
lowing equation when B is skew-symmetric:

(4.23) (DB)T = p; Bt = pBt,

However, this equation does not hold generally unlike the F-matrices.
For the class of cluster algebras arising from marked surfaces, [42] gave
a complete classification of marked surfaces whose corresponding cluster
algebras satisfy (4.23).

THEOREM 4.20 ([42, Theorem 2.4]). — The equation (4.23) holds for
the cluster algebra arising from a marked surface if and only if the marked
surface is one of the following.

(1) A disk with at most one puncture (finite types A and D).

(2) An annulus with no punctures and one or two marked points on
each boundary component (affine types 411,1, Avg’l, and 22,2).

(3) A disk with two punctures and one or two marked points on the
boundary component (affine types Ds and 54).

(4) A sphere with four punctures and no boundary components.

(5) A torus with exactly one marked point (either one puncture or one
boundary component containing one marked point).

According to Theorem 4.20, for example, cluster algebras arising from a
disk with three punctures and one marked point on the boundary compo-
nent do not satisfy (4.23). Let us see a concrete example.
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Example 4.21. — We set P = {1} the trivial semifield and consider a
seed (x, B), where

0 0 -1 0 1 0 0
0 0 -1 0 1 0 0
1 1 o -1 -1 1 0
x = (21,2, T3, %4, T5,26,27), B=]0 0 1 o 0 -1 1
-1 -1 1 0 0 1 1

Moreover, we set
/ ! / / / !
x' = (w1, 7y, 3, Ty, Ts, Te, T7) = firfispafizpi2(X)-

Then, we have (zy || 24)a = 2, (x5’ || #¥)q = (& || 22)a = 1. Let us see
this fact by using marked surface and their flips (cf. [14] or Section 6.4 in
this paper). A(B) is a cluster algebra arising from the marked surface in
Figure 4.2.

Figure 4.2. Marked surface corresponding to B

We consider flipping the marked surface in Figure 4.2 at 2,3,4,5,7. The
relative position of arc corresponding to x2 and 2% is as in Figure 4.3.

7

;

Figure 4.3. Relative position of arc corresponding to xo and %

As mentioned in [14, Example 8.5], considering the intersection num-
ber ([14, Definition 8.4]), we have (z2 || 27)q = 2,(a% || x2)q = 1. This
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example implies (- || )4 does not satisfy the similar property of Proposi-
tion 4.14(1),(2).

Next, we consider a generalization of Proposition 4.8. The following state-
ment is clear:

THEOREM 4.22. — For any cluster algebra A(B) and any pair of its
cluster variables x and z’, if there exists a set X of cluster variables such
that X Ux and X Uz’ are both clusters, then (x || ') = (&' || z) = 1.

Proof. — We take a seed whose cluster is X U x as the initial seed and
consider a mutation such that it changes cluster from X Uz to X Uz’. By
Lemma 3.6, there is a mutation satisfying this condition. The statement
is followed by definition of the cluster mutation (2.7) and of the f-vectors
(Definition 2.15). O

The converse of Theorem 4.22 is still open:

CONJECTURE 4.23. — For any cluster algebra A(B) and any pair of its
cluster variables x and «', if (x || ') = (2’ || ) = 1, then there exists a set
X of cluster variables such that X Ux and X Ua’ are both clusters.

We call Theorem 4.22 and Conjecture 4.23 the exchangeability property.
In the case of finite type, Conjecture 4.23 is correct:

THEOREM 4.24. — For any cluster algebra A(B) of finite type and any
pair of its cluster variables x and «, if (x || ') = (2’ || ) = 1, then there
exists a set X of cluster variables such that X Ux and X U 2’ are both
clusters.

Proof. — It follows from Proposition 4.8 and Theorem 4.10. g

Also in the case of rank 2, we can prove Conjecture 4.23 by using de-
scriptions of the F-matrices.

THEOREM 4.25. — For any cluster algebra A of rank 2 and any pair of
its cluster variables x and ', if (x || ') = («’ || ) = 1, then there exists a
set X of cluster variables such that X Uz and X U a’ are both clusters.

Proof. — If A is of finite type, the result follows from Theorem 4.24. We
assume that A is not of finite type. Let ¥ = (x,y, B) be a labeled seed of
A which contains the cluster variable 2. Without loss of generality, we may
assume that B = [fc 8] for some b, ¢ € Z>( such that bc > 4.

We name vertices of Ty by the rule of (2.10) and fix a cluster pattern
tn — (Xt,,¥t,, Bt,) by assigning the seed ¥ to the vertex to. We abbreviate
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Xy, (resp., ¥t,, Bt,,2t,) to X, (resp., ¥n, Bn, £5). We also abbreviate
cluster variables, f-vectors and F-matrices in the same way.

Let us consider the case x = w10, the case x = x5, can be proved
similarly. In this case, it suffices to prove that z’ € {x1.2,21.-1}.

A direct computation show that

. 0 0 Bt 0 0
4.24 FBito — FBito — )
( ) 0 |:0 0:|7 1 |:0 1:|

By descriptions of D-matrices of rank 2 [34, (1.13)] and Theorem 3.1, if
n > 0 is even, then we have

-Sn—2 + Sn-s bSn_s
(4.25) FBito — ng2 (u) + Saza () nza(u) ,
cSnz (u) Suz(u) + Snza(u)
and if n > 1 is odd, then we have
_Sn73 + Sn-s bSn_s
(4.26) FBito — 253 (W) + Snzs (u) 253 (v) ,
cSnT_s(u) SnT—l(u)—f—SnT—s(u)

where u = be — 2 and Sp(u) is a (normalized) Chebyshev polynomial of the
second kind, that is,

(4.27) S_1(u) =0, Sp(u)=1, Sp(u)=uSp_1(u)— Sp—2(u) (p € N).

When n < 0, FBio is the following matrix:

_BT fﬁBT
Bito _ i e
(4.28) E = fQ—QBTn fz—lBTn‘| )
12;—n 11;—n
_BT . .. —B Tt
where f;; 7 is the (i, j) entry of F_;” ™. For any p > 0, we have Sp(u) —

Sp—1(u) > 0. Indeed, we have Sp(u) — S_i(u) = 1 > 0. Assume that
Sq(u) — Sq—1(u) > 0, then Sgi1(u) — Sy(u) = (u — 1)S4(u) — Sg—1(u) > 0.

In particular, for any p € Z>_,, we have
(4.29) o> Spg(u) > Sp(u) > - > So(u) =1>S5_1(u) =0.

We claim that (21,0 || Zin) (@i || £1,0) > 1 for ¢ € {1,2} whenever n > 4
or n < —3. As a consequence, ¥’ # x;., forany n >4 and n < —3 and 2’ €
U_2<n<3 Xn- Recall that according to Proposition 4.14(2), (21,0 || #4n) = 0
if and only if (2., || 1,0) =0. For i =1 and n > 4,

(331;0 || xl;n)(xl;n ” xl;O) = fﬁ’f;? (-Tl;n H 1‘1;0)
2 (S1(u) + So(w) (@1 [| 210) by (4.25)(4.26)
> 1. by (4.29)
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For i =2 and n > 4,

(@10 || T210) (@25m | T10) = FH (T2 || T1,0)

= b(xg;n || xl;o) by (425)(426)

= b(xyy || 23.,) by Proposition 4.14(1)
—pfpl

> be > 4. by (4.25)(4.26)

This completes the proof of the claim for n > 4. For n < —3, one can prove
the statement by using (4.28) similarly and we omit the proof.
According to the cluster pattern, we have

€r2,—2 = X2;-3, T1;—2 = T1;,-1,T2;—1 = T2;0, L1;,0 = T1;1,

T2;1 = T2;2, T1;2 = T1;3, L2;3 = T2;4-

By the above claim, we conclude that =’ # x9._o and x’ # z2,3. By Theo-
rem 4.18, we have

(z1:0 I 150) = (@150 || ¥200) = (T130 || T251) =0

since there is a cluster containing =z, and z;, for (i,n) €
{(1,0),(2,0),(2,1)}. It follows that =’ € {x1,_1,21,2}. This finishes the
proof. O

Remark 4.26. — In the case of finite type or rank 2, the d-compatibility
degree also has the exchangeability property. However, it is not correct in
general. See Section 6.5.

In the last section, we prove Conjecture 4.23 in some more cases.

5. Exchangeability property of 2-Calabi—Yau categories

Let k be an algebraically closed field and D = Homy(—, k) the usual
duality over k. Let T be a Krull-Schmidt category over k and M an object
of 7. Denote by add M the full subcategory of T consisting of objects which
are direct summands of finite direct sums of copies of M. Denote by |M]|
the number of non-isomorphic indecomposable direct summands of M.
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5.1. Reminder on cluster-tilting theory in 2-Calabi—Yau
categories

Let C be a 2-Calabi—Yau triangulated category over k with suspension
functor X. In particular, for any X,Y € C, we have the following bifuncto-
rially isomorphism

Home (X,Y) = D Home (Y, ¥2X).

An object M € C is rigid if Home (M, X M) = 0. It is maximal rigid if it
is maximal with respect to this property, i.e. Homec(M @Y, XM XY ) =0
implies that Y € add M. An object T' € C is a cluster-tilting object if T is
rigid and Hom¢ (T, YY) = 0 implies that Y € add T Tt is clear that cluster-
tilting objects are maximal rigid objects, but the converse is not true in
general. For 2-Calabi—Yau categories with cluster-tilting objects, we have
the following.

LEMMA 5.1 ([47, Theorem 2.6]). — Let C be a 2-Calabi-Yau triangu-
lated category with cluster-tilting objects. Every maximal rigid object is a
cluster-tilting object.

Let T be a basic cluster-tilting object of C. According to [30], for any
M € C, we have a triangle

™ -1 - M - xTM,
where TM , TM € addT. The index of M with respect to T is defined to
be the class in Go(add T'):

indr(M) = [15"] - [17],
where Go(addT) is the split Grothendieck group of add T and [#] stands
for the image of * in Go(add T"). The following has been proved in [12].

LEMMA 5.2 ([12, Theorem 2.6]). — Let C be a 2-Calabi-Yau triangu-
lated category with cluster-tilting objects. For any basic cluster-tilting ob-
ject T and T" of C, we have |T| = |T"|.

Let T = M @ T be a basic cluster-tilting object with indecomposable
direct summand M. It was shown in [28] that there exists a unique object
M* % M such that pp(T) :== M* @ T is again a cluster-tilting object of C.
Moreover, M* is uniquely determined by the exchange triangles

ML B v = s M and M* LS B L M= s
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where g, ¢’ are minimal right add T-approximations. The cluster-tilting ob-
ject par(T) is called the mutation of T' at the indecomposable direct sum-
mand M. In this case, (M, M*) is called an exchange pair. A basic cluster-
tilting object T” is reachable from T if T is obtained from T by a finite
sequence of mutations. A rigid object M is reachable from T if it lies in
addT” for a cluster-tilting object T" reachable from T. The cluster-tilting
graph or exchange graph of C has as vertices the isomorphism classes of
basic cluster-tilting objects of C, while two vertices T and T” are connected
by an edge if and only if 7" is a mutation of T'. If the exchange graph of C is
connected, then every rigid object is reachable from a given cluster-tilting
object T'.

Let C be a 2-Calabi—-Yau triangulated category with cluster-tilting ob-
jects. For a given rigid object U € C, we define the full subcategory Z(U)
of C as follows

ZU)={X €C| Home(U,XX) =0} CC.

By definition, we have U € Z(U) and hence we can form the additive
quotient

Cu=ZU)/ladd U].
It has the same objects as Z(U) and for X,Y € Z(U) we have
Home, (X,Y) = Home(X,Y)/[add U](X, Y),

where [addU](X,Y) denotes the subgroup of Hom¢(X,Y) consisting of
morphisms which factor through objects in add U.

For X € Z(U), let X — Ux be a minimal left add U-approximation. We
define X (1) to be the cone

X —->Ux — X(1) = XX.

THEOREM 5.3 ([28, Theorems 4.7, 4.9]). — The category Cy is a 2-
Calabi-Yau triangulated category with suspension functor (1). Moreover,
there is a bijection between the set of cluster-tilting objects of C containing
U as a direct summand and the set of cluster-tilting objects of Cy .

We refer to Cy the Iyama—Yoshino’s reduction of C with respect to U.

5.2. Reminder on categorification via 2-Calabi—Yau categories

For a quiver @ without loops nor 2-cycles, denote by Qo = {1,...,n}
its vertex set. We define a skew-symmetric matrix B(Q) = (b;;) € M, (Z)

ANNALES DE L’INSTITUT FOURIER



COMPATIBILITY DEGREE OF CLUSTER COMPLEXES 701

associated to @), where

b — 0 =7
v [{arrows i — j}| — [{arrows j — i}| i # j.

On the other hand, for a given skew-symmetric integer matrix B, one can
construct a quiver ¢ without loops nor 2-cycles such that B = B(Q).

Let C be a 2-Calabi-Yau triangulated category with cluster-tilting ob-
jects. The category C has no loops nor 2-cycles provided that for each basic
cluster-tilting object T, the Gabriel quiver Q1 of its endomorphism alge-
bra End¢(7T) has no loops nor 2-cycles. The category C admits a cluster
structure [3] if

e for each basic cluster-tilting object T', the Gabriel quiver Qr of its
endomorphism algebra End¢ (7)) has no loops and no 2-cycles;

o if T =M @ T is a basic cluster-tilting object with M indecompos-
able, then B(Q,,,(r)) is the Fomin-Zelevinsky’s mutation (2.5) of
B(Qr) at the vertex corresponding to M.

According to [3, Theorem I1.1.6], if C has no loops nor 2-cycles, then C has
a cluster structure.

Let C be a 2-Calabi-Yau triangulated category with cluster-tilting ob-
jects. Let T' = @?:1 T; be a basic cluster-tilting object of C with indecom-
posable direct summands T71,...,T,. For any M € C, the cluster charac-
ter [38] CCp(M) of M with respect to T is defined as follows:

CCr(M) = xndr (M) Z X(Gr.(Home (T, ZM)))XB(QT)e € Z[m{t, el

where

e foravectora = (ay,...,a,)" €Z"ora =31, a;[T;] € Go(add T),
we write x® = ' - - -z,

e Home(T,XM) is a right End¢(T)-module and Gr.(Home (T, XM))
is the quiver Grassmanian of Home (T, ¥ M) consisting of submod-
ules with dimension vector e, which is a projective variety.

e Y is the Euler—Poincaré characteristic.

PROPOSITION 5.4. — Let C be a 2-Calabi-Yau triangulated category
with a cluster-tilting object T'. Assume that C admits a cluster structure.
Denote by Ar = A(B(Qr)) the cluster algebra associated to T'.

(1) The map M — CCr(M) induces a bijection between the set of
indecomposable rigid objects reachable from T and the set of cluster
variables of the cluster algebra Ar.
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(2) The bijection of (1) induces a bijection between the set of basic
cluster-tilting objects reachable from T and the set of clusters of
Ar. Furthermore, the bijection is compatible with mutations.

Proof. — The surjectivity of M — CCr(M) follows from [38], and we
refer to [21, Proposition 2.3] for a proof. The injectivity of the map has
been proved by [10, Corollary 3.5] in a general setting. O

Remark 5.5. — In the above proposition, in order to categorify the clus-
ter algebra Ap, the condition that C admits a cluster structure can be
weakened. Namely, it suffices to assume that each basic cluster-tilting ob-
ject which is reachable from T satisfies the conditions in the definition of
cluster structure.

THEOREM 5.6. — Let C be a 2-Calabi—Yau triangulated category which
admits a cluster structure. Let T be a basic cluster-tilting object of C such
that B(Qr) is of full rank. For any indecomposable rigid objects L, N
reachable from T, we have

(CCT(L) || CCT(N)) = diIIl;C HOIIlc(L7 ZN)

Proof. — Denote by |T'| = n. We fix a cluster-tilting pattern for cluster-
tilting objects which are reachable from T'. Namely, for each vertex ¢t €
T,, we assign t a basic cluster-tilting object T; = €. _, Ti; reachable
from T such that the basic cluster-tilting objects assigned to ¢ and ¢’
linked by an edge labeled j are obtained from each other by mutation
at the jth indecomposable direct summand. For each ¢ € T,, we denote
by B; = B(Qr,), which is the exchange matrix of the labeled cluster
x¢ = (CCr(T14),...,CCr(T,+)). We abbreviate By, = B.

Let to and s be two vertices of T,, such that L € add T}, and N € add 7.
Without loss of generality, we may assume that IV = T ;. We consider the
cluster algebra A(B) with principal coefficients at the rooted vertex tg
and set x¢, = (z1,...,%,) and yt, = (Y1, -, Yn)-

Let z == 25 %0 be the first cluster variable of A,(B) associated to the
vertex s € T,. Let F,(y) = Ff;,t”(y) = > penn ¥’ € Zly1,--- ,yn] be
the F-polynomial of the cluster variable z, where ¢, € Z. By definition, it

suffices to prove that

F.(y) =Y x(Gre(Home(Ty,, N)))y".

Denote by g, € Z™ the g-vector of z. By the separation formula (2.26), we
have

z = ngFZ(gla s a@\n)7
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where 7; = y; H?Zl xgji;to for 1 < i < n. Note that we also have

CCr, (N) = 2|y, =..=y, =1-
Consequently,

x"47eo (N) ZX (Gre(Home (T3, XN)) = x9* Zc xPB

It follows from [12, Section 4] and [13, Theorem 1.7] that g, = indr, (N)
by identifying Z"™ with Go(add T}, ). Hence we have

E:XjGQﬁHmnCH%,EAT }:cv

As note that the rank of an exchange matrix is invariant under mutations,
by the condition that B(Qr) is of full rank, we know that rank B = n.
Therefore, Be # Bf whenever e # f € Z™. It follows that

PP (y) = F.(y) = Y x(Gre(Homc(Ty,, BN)))y*”. O

5.3. The exchangeability property of 2-Calabi—Yau categories

The aim of this subsection is to establish the exchangeability property
of 2-Calabi—Yau categories. We begin with the following special case.

LEMMA 5.7. — Let C be a 2-Calabi—Yau triangulated categories with
cluster-tilting objects. Let X be an indecomposable rigid object such that
Home (X, X) 2 k and X = ¥2X. Then (X,¥X) is an exchange pair of C.

Proof. — Since C is 2-Calabi—Yau, we know that the suspension functor
3} coincides with the Auslander—Reiten translation of C. By the condition
that Home (X, X) & k and X = ¥2X, we conclude that

sx Lo x ox2xox

is the Auslander-Reiten triangle ending at X. Let T be an object such
that T @ X is a basic cluster-tilting object of C. In particular, we have
X ¢ addT. Such a T exists by Lemma 5.1, namely, X can be comple-
mented to a basic maximal rigid object. By definition of AR triangles, each
morphism from X to X7 factors through the morphism f. In particu-
lar, Home (XX, XT) = 0. Consequently, XX & T is rigid. By X = %2X
and Home(X,XT) = 0, we deduce that XX ¢ addT. It follows that
|IX & T| = |SX & T|, we conclude that XX @ T is a cluster-tilting ob-
ject by Lemma 5.1 and Lemma 5.2. O
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The following is the main result of this subsection, which generalizes [5,
Theorem 7.5] for cluster categories associated with hereditary algebras.

THEOREM 5.8. — Let C be a 2-Calabi—Yau triangulated category with
cluster-tilting objects. Let L, N be two indecomposable rigid objects of C. If
dimy, Hom¢ (L, XN) = 1, then (L, N) is an exchange pair. Assume moreover
that C admits a cluster structure, then dimy Home (L, XN) = 1 if and only
if (L, N) is an exchange pair.

Proof. — Let h € Hom¢(N,¥L) and ¢ € Home(L,XN) be non-zero
morphisms. We consider the triangles determined by h and t:

(5.1) LLMS NS
and
(5.2) NS M 35 LYL %N

If both h and ¢ are isomorphisms, then we are in the situation of Lemma 5.7
and we are done. Now suppose that at least one of A and ¢ is not an
isomorphism. In particular, at least one of M and M’ is non-zero.
Applying Home(—,XL) to the triangle (5.1), we obtain a long exact
sequence
Home (XL, XL) LN Home (N, XL) — Home(M,XL) — Home (L, XL).

As note that h*(1xr) = h # 0, hence h* is non-zero. Since
dimg Home (N, XL) = 1, we conclude that h* is surjective. On the other
hand, by Hom¢(L,XL) = 0, we deduce that Home(M,XL) = 0. By the
2-Calabi—Yau duality, we obtain

Home(M,¥XL) = 0 = Home (L, XM).

Similarly, by applying the functor Home (371N, —) to the triangle (5.1),
one can show that

Home (N, XM) = 0 = Home (M, XN).
Now applying the functor Home(—, X M) to the triangle (5.1), we have
Home(M,XM) = 0.

In particular, we have proved that L & M and N & M are rigid objects of
C. Similarly, one can show that L & M’ and N @& M’ are rigid.
By applying Hom¢(—, X M) to the triangle (5.1), we obtain

Home (N, XM") — Home (M, XM') — Home (L, S M').
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In particular, we have Hom¢ (M, XM’) = 0. By the 2-Calabi-Yau duality,
we obtain Home (M, ¥M) = 0.

Let R be a basic rigid object such that add R = add M & M’. In particu-
lar, RO L and RO N are rigid objects. It follows that L, N ¢ add R. Indeed,
if L € add R, then by Home (N, XR) = 0, we deduce that Hom¢ (N, X L) =
0, a contradiction. It remains to show that there exists an object P € C
such that P@ R® L and P ® R@® N are cluster-tilting objects.

We consider the Iyama—Yoshino’s reduction Cr of C with respect to R.
It is routine to check that

e f and r are minimal left add R—approximations of L and N respec-
tively;
e g and s are minimal right add R—approximations of N and L re-
spectively.
Consequently, we have L = N(1) and N = L(1) in Cg. Furthermore,
L = L(2) in Cr. Applying the functor Hom¢ (L, —) to the triangle (5.2), we
obtain a long exact sequence

Home (L, N) — Home(L, M) “ Home (L, L) 5 Home (L, EN) = k.
Since s is a right add R-approximation of L, we deduce that
Home, (L, N(1)) = Home¢, (L, L) 2 Home (L, L)/ im s* 2 k.

Applying Lemma 5.7 to the 2-Calabi—Yau category Cr and the object L,
we conclude that there is an object P € Cg such that L& P and L(1)® P =
N @ P are cluster-tilting objects of Cg. Now by applying Theorem 5.3, we
conclude that P@® L @ R and P & N & R are cluster-tilting objects of C.
This completes the proof of the first statement.

Now assume moreover that C admits a cluster structure. It remains to
show that if (L, N) is an exchange pair, then Home (L, X N) = k. Let T be a
rigid object such that T® L and T@ N are cluster-tilting objects. Denote by

No>USL >SN

one of the exchange triangles associated with L and N. By definition of
cluster structure, we know that C has no loops. In particular, each non-
isomorphism u : L — L factors through v. Applying Hom¢ (L, —) to the
triangle yields that

Home(L,XN) 2 Home(L, L)/ imv* 2 k,

where the last isomorphism follows from the fact that Home (L, L) is a local
algebra. 0
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6. Exchangeability property for three classes of cluster
algebras

In this section, we prove Conjecture 4.23 for
e acyclic cluster algebras of skew-symmetric type;
e cluster algebras arising from weighted projective lines;
e cluster algebras arising from marked surfaces.

Our approach depends on the existence of additive categorification by 2-
Calabi-Yau categories.

6.1. Reminder on cluster categories associated with hereditary
categories

Let H be a hereditary abelian category with tilting objects. Let D°(H)
be the bounded derived category of H. Denote by 7 : D?(H) — Db(H) the
Auslander-Reiten translation and X the suspension functor of D?(#). The
cluster category Cy of H is defined as the orbit category DY(H)/7 o %
of DY(H) [5] (cf. [6] for the A, case). Keller [29] proved that Cy; admits a
canonical triangle structure such that the projection functor 7 : D*(H) —
Cy is a triangle functor. Moreover, Cy is a 2-Calabi—Yau triangulated cat-
egory. Let T be a tilting object of H, it was proved in [5, Theorem 3.3 and
Proposition 3.4] that (T is a cluster-tilting object of Cy.

Let @ be a finite acyclic quiver and k@ its path algebra. The category
mod k@ of finitely generated right k@Q-modules is a hereditary abelian cat-
egory with tilting objects. In particular, the free module k@ is a tilting
object. Another important class of hereditary abelian categories with tilt-
ing objects comes from weighted projective lines introduced by Geigle and
Lenzing [23]. According to Happel’s classification theorem [27], each con-
nected hereditary abelian category with tilting object is derived equivalent
to mod k(@ for the path algebra of an acyclic quiver @ or to the category
coh X of coherent sheaves over a weighted projective line X. We remark
that if H and H' are hereditary abelian categories with tilting objects
such that DY(H) = DP(H'), then Cy = Cy. By Happel’s result, we may
unify [4, Theorem 1.3 and Proposition 3.2] and [2, Theorem 3.1] as follows.

THEOREM 6.1. — Let ‘H be a hereditary abelian category with tilting
objects. The cluster category Cy admits a cluster structure.

As a consequence, for each basic cluster-tilting object T' of C4, we have
a skew-symmetric integer matrix B(Qr). The cluster algebra A(B(QT))
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is an acyclic cluster algebra if H = mod kQ for an acyclic quiver Q. If @’
is mutation equivalent to an acyclic quiver @), then there exists a cluster-
tilting object T in Cy such that Q' = Qr. Therefore, if the initial matrix
B(Q') is obtained from @', then A(B(Q’)) is an acyclic cluster algebra. We
refer to A(B(Qr)) a cluster algebra arising from weighted projective line
whenever ‘H = coh X for a weighted projective line X.

The connectedness of cluster-tilting graph of Cy4 plays a key role in
our approach to the exchangeability property of cluster algebras arising
from Cy.

THEOREM 6.2 ([20, Theorem 1.2]). — Let H be a hereditary abelian
category with tilting objects. The cluster-tilting graph of Cy; is connected.

6.2. Acyclic cluster algebras of skew-symmetric type

This subsection aims to establish Conjecture 4.23 for acyclic cluster al-
gebras of skew-symmetric type.

THEOREM 6.3. — Conjecture 4.23 holds for acyclic cluster algebras of
skew-symmetric type.

Proof. — According to [10, Corollary 5.5], the exchange graph of a skew-
symmetric cluster algebra only depends on its initial exchange matrix. On
the other hand, the definition of f-vectors does not depend on the coeffi-
cients. It suffices to prove this statement for acyclic skew-symmetric cluster
algebras with principal coefficients. Furthermore, since a compatibility de-
gree is not depend on the initial matrix (or quiver), we can assume the
initial quiver @ is acyclic.

Let @ be an acyclic quiver and Ae(B(Q)) the cluster algebra with prin-
cipal coefficients. We are going to show that Conjecture 4.23 is true for
Ad(B(Q)). Let Qo = {1,...,n} be the vertex set of ) and @)y the arrow
set of @. We introduce a new acyclic quiver @ as follows

e the set of vertices @0 =QoU{i* |Vie Qo)

e the set of arrows Q1 == Q1 LI {i* — i | Vi € Qo}-
In particular, A, (B(Q)) is a subalgebra of the cluster algebra A(B(Q)) with
trivial coefficients. We fix a cluster pattern of A(B(Q)) (resp. As(B(Q)))
by assigning the initial seed to the rooted vertex ty € Ta, (resp. ¢, € T,).
By identifying the vertex t{, with ¢, the cluster pattern of A4 (B(Q)) can be
identified with a subgraph of Ts,,. Let C@ be the cluster category associated

to mod k@ For each vertex i € @0, denote by P; the indecomposable
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projective k@—modules associated to i. Set T = ®ie§o YP;. It is known
that T' is a basic cluster-tilting object of C@. According to Theorem 6.1,
Theorem 6.2 and Proposition 5.4, the cluster character CCr(?) yields a
bijection between the set of indecomposable rigid objects of C@\ and the set

~

of cluster variables of A(B(Q)). Denote by U := @,cq, LFi+ and define
Z(U) = {X €5 | Home(U,%X) = 0}.
Q

Let L be an indecomposable rigid object of C o The cluster variable CCr (L)
belongs to Ae(B(Q)) if and only if L € Z(U).
Now let L, N € Z(U) be indecomposable rigid objects of C@ such that

(CCr(L) || CCr(N))a,B(@)y) = (CCT(N) || CCr(L))a,(B(Q)) = 1,

where the subscript is to indicate the compatibility degree of Ae(B(Q)).
By Proposition 4.14(3), we have

(CCr(L) | CCr(N)) CCr(N) || €Cr(L)) 4 =L

AB@) = ( (B(Q))

~

Note that, as the exchange matrix B(Q) is of full rank, we have
dimy, Home (L, XN) = 1 by Theorem 5.6. Denote by C = Z(U)/[add U]
Q

the Iyama—Yoshino’s reduction of C 5 with respect to U. In particular, L, N
belong to C. Let

NL B N1 5 EN
be a triangle of Cé\, where f is a minimal left add U-approximation. By
applying Home. (L, —) to the triangle yields a long exact sequence
Q

Home_ (L. N) EAN Home (L, B)
— Homca(L, N(1)) — Homca(L, ¥N) — Homca(L7 ¥B) =0.
By definition of C, we obtain that
Home (L, N (1)) & Home_(L, £N).
Hence
dimy, Home (L, N(1)) = 1.

By Theorem 5.8, (L, N) is an exchange pair of C. In other words, there is a
rigid object M € C such that L& M and N @ M are cluster-tilting objects of
C. According to Theorem 5.3, L& M &U and N ® M @ U are cluster-tilting
objects of C@' Now the statement follows from Proposition 5.4. g
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6.3. Cluster algebras arising from weighted projective lines

Fix a positive integer ¢ > 2. A weighted projective line X = X(p, A)
over k is given by a weight sequence p = (p1,...,p:) of positive integers,
and a parameter sequence A = (A1,...,\;) of pairwise distinct points of
the projective line Py (k). We always assume that p; > 2 for all 1 <14 < ¢.
Denote by coh X the category of coherent sheaves over X. We refer to [23]
for the construction of cohX. It has been proved in [23] that cohX is a
hereditary abelian category with tilting objects. In this case, we denote by
Cx the cluster category associated with coh X.

For a weight sequence p = (p1,...,p:), we introduce a quiver Qp in
Figure 6.1.

Figure 6.1. Quiver Qp.

The following fact can be founded in [2, Section 8].

LEMMA 6.4. — Let X(p,A) be a weighted projective line. There is a
basic cluster-tilting object Ty, such that its Gabriel quiver Qr,, coincides
with Qp.

The following is an easy observation and we left the proof as an exercise.

LEMMA 6.5. — Let p = (p1,...,p:) be a weight sequence. If p; > 3 and
(2,p;) =1 for all 1 < i < t, then the skew-symmetric matrix B(Qp) is of
full rank.

THEOREM 6.6. — Conjecture 4.23 holds true for cluster algebras arising
from weighted projective lines.

Proof. — According to Theorem 6.2 and Lemma 6.4, it suffices to prove
the result for a cluster algebra with initial exchange matrix B(Qp) for
a weighted sequence p. Similar to Theorem 6.3, it suffices to prove the
statement for a particular choice of coefficients.
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Let p = (p1,-..,Dt) be a weight sequence such that
Di =3, i =2p;and (2,p;) =1 forall 1 <i<t.

In particular, the matrix B (QS) is of full rank by Lemma 6.5. We identify
Qp as a full subquiver of QS' We label the vertices of Qﬁ by {1,...,n,n+
1,...,m} such that {1,...,n} are precisely the vertices of Qp. In this way,
B(Qy) —C7
B(Qg) = { o4 } :

where C' = (cij) € M(m—n)xn(Z) and A € M,,_,(Z). By Lemma 6.4,
there is a basic cluster-tilting object Ty, = @:’;1 T; of Cx. such that it
Gabriel quiver Qr is Q;. Here we label the indecomposabll)e direct sum-
mand 7T; according to the vertex i. Let .A(B(QB)) be the cluster alge-
bra with trivial coefficients and initial seed (x = (zq,... 7at:m),B(QB))
and A(B(Qp)) the cluster algebra over P := Trop(zyn41,...,Ty) with ini-
tial seed (z = (21,...,2n),y = (I[ie " 25, - iy " 25,), B(Qp)). In
particular, As(B(Qp)) is a subalgebra of A(B(QS)). Similar to Proposi-
tion 4.14(3), we identify the cluster pattern of A(B(Qp)) with a subgraph
of the cluster pattern of A(B (QB))' We are going to prove the statement
for the cluster algebra A(B(Qp)).

Applying Theorem 6.1, Theorem 6.2 and Proposition 5.4, the cluster
character CCr(?) yields a bijection between the set of indecomposable
rigid objects of Cx. and the set of cluster variables of A(B (QE))' For an

indecomposable rigpid object L € Cx., the cluster variable CC'r(L) belong

to A(B(Qp)) if and only if L € Z(U), where U = @, T; and Z(U) =
{X € Cx| Home, (U,£X)=0}.

Now assume th;t L,N € Z(U) are indecomposable rigid objects such
that

(CCr(L) || CCT(N))a(y)) = (CCT(N) || COr(L)) aB(@,)) = 1-

By Proposition 4.14(3), we have
(CCr(L) | €Cr(N)) oy = (CCT(N) || CCT(L) Aoy =1
Note that, as B (QS) is of full rank, we deduce that

dimk HOchA (L, EN) =1

by Theorem 5.6. Now the remaining proof is the same as the one of Theo-
rem 6.3. O
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6.4. Cluster algebras arising from marked surfaces

Let (S,M) be a marked surface, i.e. S is a connected compact oriented
Riemann surface with (possibly empty) boundary and M a non-empty finite
set of marked points on S with at least one marked point on each boundary
component if S has boundaries. A marked point in the interior of S is a
puncture. For technical reasons, (S,M) is not a monogon with at most
one puncture, a digon without punctures, a triangle without punctures nor
a sphere with at most three punctures (cf. [14]). The tagged arc, tagged
triangulation and their flips of (.S, Ml) were introduced in [14]. The exchange
graph Eg ) of (S, M) consists of tagged triangulations as vertices, while
two vertices T and T” are connected by an edge if and only if 7" is obtained
from T by a flip.

For a given tagged triangulation T of (S,M), Fomin, Shapiro and
Thurston constructed a quiver Q7 without loops nor 2-cycles associated
to T. Hence a cluster algebra A(B(Qr)) can be associated with a tagged
triangulation T'. We refer to [14] for the precise definition and construction.
A cluster algebra A with exchange matrix B(Qr) for some tagged triangu-
lation over certain marked surface (S, M) is called a cluster algebra arising
from marked surfaces.

THEOREM 6.7 ([14, Theorem 7.11] [15, Theorem 6.1]). — Let (S, M) be
a marked surface and T' a tagged triangulation. Denote by Ep the connected
component of £ gy containing T'.

(1) If (S,M) is a closed surface with exactly one puncture, then &g
has precisely two isomorphic connected components: one in which
all ends of tagged arcs are plain and one in which they are notched.
Otherwise, it is connected, i.e. any two tagged triangulation of
(S,M) are connected by a finite sequence of flips.

(2) There is a bijection between the set of tagged arcs which belong to
tagged triangulations contained in Ep and the set of cluster variables
of the cluster algebra A(B(Qr)). It induces a bijection between the
set of tagged triangulations lying in Er and the set of clusters of
A(B(Qr)). Moreover, a flip of tagged triangulations corresponds to
a mutation of clusters.

Let T be a tagged triangulation and Q1 the associated quiver. It follows
from [31, 32, 33, 43] that there is a non-degenerate potential Wr on Qr
such that the associated Jacobian algebra J(Qr, Wr) is finite-dimensional.
By applying Amiot’s construction of generalized cluster category [1], we
obtain a 2-Calabi-Yau category C(q, w,) With cluster-tilting objects. In
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particular, the tagged triangulation T" induces a basic cluster-tilting object
I' in C(g,,wy)- Moreover, the generalized cluster category C(q, wy) is in-
dependent of the choice of the triangulation 7', which we will denote it by
Cispy-

By applying Proposition 5.4 and Remark 5.5, the cluster character
CCr(?) induces a bijection clp between the set of indecomposable rigid
objects reachable from I" and the set of cluster variables of the cluster al-
gebra A(B(Qr)). Combining the bijection in Theorem 6.7 with the inverse
of clp, we obtain a bijection ¢ from the set of tagged arcs which belong to
triangulations lying in &7 and the set of indecomposable rigid objects reach-
able from I'. We remark that the bijection ¢, induces a bijection between
the set of triangulations lying in &r and the set of cluster-tilting objects
reachable from I which commutes with flips and mutations. If (S, M) is not
a closed surface with exactly one puncture, we know that the cluster-tilting
graph of C(g ) is connected by [45, Corollary 1.4] and the exchange graph
of (S,M) is also connected by Theorem 6.7. In particular, ¢ = ¢, is a
bijection from the set of tagged arcs of (S, M) to the set of indecomposable
rigid objects of C(g -

Let us assume that (S, M) is a closed surface with exactly one puncture.
In this case, by [45, Corollary 1.4], the cluster-tilting graph of C(g ) has
precisely two connected components: Gr and Gyr, where G, stands for the
connected component containing *. On the other hand, the exchange graph
of £(s,m) also has two connected components which we denote by &1, == &r
and &p_. Similar to the construction of ¢, there is a bijection ¢_ from the
set of tagged arcs which belong to triangulations lying in &r_ to the set of
indecomposable rigid objects reachable from XT' (cf. [45, Section 3 and 4]).
Now for any tagged arc [, we define

o(l) = ¢4 (1) if [ belongs to a triangulation lying in &7, ;
¢_(1) ifl belongs to a triangulation lying in Er_;

The following result is a refinement of [45, Corollary 1.4 and Sections 3.2,
4.2] (cf. [39] for marked surfaces with non-empty boundary).

PROPOSITION 6.8. — Let (S, M) be a marked surface. The map ¢ is a
bijection from the set of tagged arcs of (S, M) to the set of indecomposable
rigid objects of C(s)- It induces a bijection between the set of triangula-
tions of (S, M) and the set of basic cluster-tilting objects of C(g ) which
commutes with flips and mutations.
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Proof. — There is nothing to prove if (S, M) is not a closed surface with
exactly one puncture. Let us assume that (S, M) is a closed surface with
exactly one puncture. It remains to show that ¢ is a bijection. We fix a
triangulation T" of (S, M) and denote by I the induced basic cluster-tilting
object in C(g -

By [45, Corollary 1.4], each indecomposable rigid object of Cg uy is either
reachable from I' or reachable from XT'. It follows that ¢ is a surjection by
definition. To prove that ¢ is a bijection, it suffices to show that there
does not exist an indecomposable rigid object M which is reachable from
I' and XT'. Otherwise, there exists a basic cluster-tilting object Tps (resp.
T},) containing M as a direct summand which is reachable from I'(resp.
YT'). By applying the inverse of the suspension functor ¥, we know that
¥71T}, is reachable from I'. Consequently, X =T, is reachable from T)y.
Let 7" be the triangulation corresponding to £ 71T}, and A(B(Q7)) the
associated cluster algebra. Denote by x s the cluster variable of A(B(Qr))
corresponding to M. It follows from [12, Section 4] and [13, Theorem 1.7]
that the g-vector g(xar) of za is indg-19y (M) = —[X~1M] by identifying
Z™ with Go(add ©71T7%,). Applying [45, Theorem 1.2] to the triangulation
T, we obtain a contradiction. This completes the proof. O

As a byproduct, we obtain

COROLLARY 6.9. — Let (S,M) be a closed surface with exactly one
puncture. Let T and T" be two cluster-tilting objects of C(g ). If add T N
addT" # {0}, then T is reachable from T".

The f-vectors for cluster algebras associated to marked surfaces with
principal coefficients have been investigated in [44]. Combining [44, Theo-
rem 1.8], Theorem [39, Theorem 1.1] and [46, Theorem 3.4], one obtains
the following result:

THEOREM 6.10. — Let T be a tagged triangulation of a marked surface
(S,M). Let Ae(B(QT)) be the cluster algebra associated to T with prin-
cipal coefficients. Let x,z be two cluster variables and X,Z € C(g the
corresponding indecomposable rigid objects, then

(z || ) = dimg Home ¢, (X, 27).
Remark 6.11. — Let T be a tagged triangulation of a marked surface
(S,M) and A(B(Qr)) the cluster algebra associated to T'. Let x5 and

be the cluster variables of A(B(Q)) corresponding to the tagged arcs &
and 7, respectively. We have

(5 || ) = Tnt(6,7),
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where Int(d,+) is the intersection number of § and v in the sense of [39]
(cf. [44, Theorem 1.8]).

The following is the main result of this subsection.

COROLLARY 6.12. — Let (S,M) be a marked surface and T a tagged
triangulation. Let A be the cluster algebra with initial exchange matrix
B(Qr) associated to T. Then Conjecture 4.23 holds true for A.

Proof. — Denote by I' the induced cluster-tilting object in C(g -

Assume that (S, M) is not a closed surface with exactly one puncture. Ac-
cording to Proposition 6.8 and Theorem 6.7, the cluster character CCr(?)
yields a bijection between the set of indecomposable rigid objects of C g
and the set of cluster variables of A. Now the result is a direct consequence
of Theorem 5.8 and Theorem 6.10.

Let us assume that (S, M) is a closed surface with exactly one puncture.
In this case, the cluster character CCp(?) induces a bijection between the
set of indecomposable rigid objects reachable from I' and the set of cluster
variables of A(B(Qr)). Let x, 2’ be two cluster variables of A(B(Qr)) such
that

(@] 2) = @ | 2) = L.

Denote by X (resp. X') the corresponding indecomposable rigid objects of
x (resp. «’). In particular, there is a basic cluster-tilting object T, (resp.
T,) reachable from I" which admits X (resp. X’) as a direct summand. Let
us rewrite T, as T, = T @ X. By Theorem 6.10, we obtain that

dimg Home (X, XX') = 1.

It follows from Theorem 5.8 that (X, X') is an exchange pair. In particular,
there is a basic rigid object M such that both M @& X and M@ X’ are cluster-
tilting objects of C(s ). We conclude that M & X is reachable from I' by
Corollary 6.9 and we are done. O

6.5. Counterexamples of exchangeability property for the
d-vectors

The d-compatibility degree does not satisfy the analogous property of
Conjecture 4.23. Let us see some examples.
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Example 6.13. — We set P = {1} the trivial semifield and consider a
seed (x, B), where

0 1 0 -1 0
-1 0 1 1 -1
x = (x1,®0, 23, 24,25), B=[0 -1 0 1 0
1 -1 -1 0 1
0 1 0 -1 0

This is of type 134. Moreover, we set

x' = (), 25, x5, x4, T5) = papapiop ().

Then, we have (21 || 2})q = (2} || x1)a = 1 and (z1 || ) = (2} || 1) = 2.
Let us see this fact by using marked surface and their flips. A(B) is a cluster
algebra arising from the marked surface in Figure 6.2.

Figure 6.2. Marked surface corresponding to B

We consider flipping the marked surface in Figure 6.2 at 1,2,3,4. The
relative position of arc corresponding to z; and zj is as in Figure 6.3.

Figure 6.3. Relative position of arc corresponding to x1 and x;

Considering the intersection number induced by the d-vector ([14, Defini-
tion 8.4]), we have (1 || 2)qa = (2} || #1)a = 1. On the other hand, consid-
ering the intersection number induced by the f-vector ([44, Section 1]), we
have (z1 || ) = (2} || 1) = 2. Therefore, by Corollary 6.12, z1 and 2, are
not exchangeable. This example implies (- || -)4 does not satisfy the similar
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property of Conjecture 4.23. We remark that A(B) satisfies the similar
property of Proposition 4.14 for the d-vectors because of Theorem 4.20(3).

Example 6.14. — We set P = {1} and consider a seed (x, B), where

0o 2 -1
X = ($1.$2.l‘3), B=|-2 0 1
1 -1 0
We fix a cluster pattern by assigning 3;, = (x, B) to the rooted vertex tg
of Ty. The cluster algebra A(B) is acyclic (type As). Let

t03t12t21t3

be a subgraph of T3. According to [21, Example 6.7], we have

1 1
Bt B,t
fri’ =1, di’ = |1
2 1

Therefore (x5 || z14,) = (X145 || ©3) = 2 by Proposition 4.14(2). Hence
x3 and z1;, are not exchangeable by Theorem 6.3. On the other hand, a
direct computation shows that

Bigits
3,to -

— = =

Hence (z3 || ®1.45)a = (®1,45 || 3)¢ = 1. In particular, (- || -)4 does not
satisfy the similar property of Conjecture 4.23.
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