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CONNECTED ALGEBRAIC GROUPS ACTING ON
ALGEBRAIC SURFACES

by Pascal FONG (*)

ABSTRACT. — We classify the maximal connected algebraic subgroups of Bir(X),
when X is a surface.

REsuME. — Nous classifions les sous-groupes algébriques connexes maximaux
de Bir(X), quand X est une surface

1. Introduction

In this text, varieties are reduced and separated schemes of finite type
over an algebraically closed field k. Unless otherwise stated, curves are also
assumed to be smooth, irreducible and projective. If X is a variety, we de-
note by Bir(X) the group of birational transformations of X. A subgroup
G C Bir(X) is algebraic if there exists a structure of algebraic group (i.e. a
smooth group scheme of finite type) on G such that the action G x X --» X
induced by the inclusion of G into Bir(X) is a rational action (see Defini-
tion 2.1). Moreover, G is a maximal algebraic subgroup of Bir(X) if there
is no algebraic subgroup G’ of Bir(X) which strictly contains G. If X is a
projective variety, then the subgroup Aut(X) C Bir(X) of automorphisms
of X is a group scheme (by [21]); and the connected component of the iden-
tity Aut®(X) is an algebraic subgroup of Bir(X). In this paper we answer
in Theorem D the following question when Char(k) = 0.

QUESTION 1.1. — Wohat are the maximal connected algebraic subgroups
of Bir(X), when X is an algebraic surface (or equivalently, when X is a pro-
jective surface)?
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The maximal connected algebraic subgroups of Bir(P?) have been studied
by Enriques in [9]: the maximal connected algebraic subgroups of Bir(IP?)
are conjugate to Aut®(P?) or to Aut®(F,) for some n € N\ {1}, where F,,
denotes the n-th Hirzebruch surface (i.e. the P'-bundle over P! having a
section of self-intersection —n). Furthermore, any connected algebraic sub-
group of Bir(IP?) is contained in a maximal connected algebraic subgroup.
We will show in Theorem A that if S is a P'-bundle over a curve C of
genus g > 1, it is not always true that Aut®(S) is contained in a maximal
connected algebraic subgroup of Bir(S). Our approach to prove Theorem A
uses elementary tools like blowups and contractions, and a classification of
automorphisms of ruled surfaces due to Maruyama in [20)].

THEOREM A. — Let S be a non trivial P!-bundle over a curve C of genus
g. We assume that g > 2, or that g = 1 and S admits a section of negative
self-intersection number. Then there exists a family (Sp)n>1 of P!-bundles
over C with birational maps ¢, : S --+ S,, such that:

Aut®(S) C ¢t Aut®(S1)d1 € -+ C ¢ Aut®(S,)n C - .

is not a stationary sequence. In particular, the connected algebraic sub-
group Aut®(S) of Bir(S) is not maximal.

Then we study the connected algebraic subgroups of Bir(C x P!) when
C is a curve of genus 1. So assume in this paragraph that C is an elliptic
curve. We denote the Atiyah’s ruled surfaces by <% ¢ and 4 ¢ (see The-
orem 2.19) and if 21,22 € C are distinct points, we denote by S, ., the
ruled surface P(Oc(z1) ® Oc(z2)). A geometrical description of these sur-
faces via sequences of blowups and contractions from C x P! is given in
Section 2.4. Then we show that their automorphism groups are maximal
connected algebraic subgroups. With Theorem A, this leads to Theorem B:

THEOREM B. — Let C be a curve of genus g and G be a maximal con-
nected algebraic subgroup of Bir(C x P!). If g > 2 then G is conjugate
to the maximal algebraic subgroup Aut®(C x P'), and if g = 1 then G is
conjugate to one of the following:
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The algebraic subgroups in (1), (2), (3), (4) are all maximal and are pairwise
not conjugate. Moreover in case (2), two algebraic subgroups Aut®(S., .,)
and Aut®(S.; .,) are conjugate if and only if there exists f € Aut(C) such

that f({z1,22}) = {21, 24}

We have Aut®(C x P!) ~ Aut®°(C) x PGLy, which is isomorphic to
C x PGLs if g = 1, or isomorphic to PGLy if g > 2. Hence the struc-
ture of Aut®(C x P!) as algebraic group is simple to understand. In The-
orem 3.22, we describe the other maximal connected algebraic groups of
Theorem B as extensions of an elliptic curve by a linear group. The struc-
tures of Aut®(</,c) and Aut’(< c) as extensions in Theorem 3.22 are
actually a direct consequence of Maruyama’s theorem, and it has already
been proven in a more general setting in [15, Theorem 4.2, 2.(b) and 2.(c)].
However, our approach only uses elementary techniques of birational geom-
etry to compute the kernel of the morphism Aut®(S) — Aut®(C) induced
by Blanchard’s Lemma (2.4), when S is isomorphic to @4 c or S, ., for
some z1, 22 € C. Moreover, we prove the extension of Aut’(«4 c) by giving
an explicit construction of the surface o7 c.

Combining Theorems A and B with general arguments from the theory
of algebraic groups, we show the following equivalence:

THEOREM C. — Let X be a surface. Then every connected algebraic
subgroup of Bir(X) is contained in a maximal one if and only if X is not
birationally equivalent to C x P! for some curve C of genus g > 1.

Finally, we answer the question when the characteristic of k is 0, by
giving the classification of all maximal connected algebraic subgroups in
dimension 2 (Theorem D). If the characteristic is positive, we have a partial
classification, see Proposition 3.25 and Remark 3.26.

THEOREM D. — Let X be a surface over a field k of characteristic 0. We
denote by E the set of surfaces of the form (C x Y)/F where C is an elliptic
curve, Y is a smooth curve of general type, and F is a finite subgroup of
Aut®(C) acting diagonally on C x Y. The pairs (X, Aut®(X)) are classified
as following:

TOME 74 (2024), FASCICULE 2
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Representative
of the birational Aut®(X)
class of X
Maximal if and only if X is isomorphic to P?

Rational surface

or F,, with n # 1. Else Aut®(X) is conjugate

to an algebraic subgroup of a maximal one.

Ruled surface

(over a curve C

of positive
genus)

Maximal if and only if X is isomorphic to
Cx P!, or o, or @ c, orS,, ., with
21,29 € C (the three last cases happen only
when C is an elliptic curve). Else Aut®(X) is
not maximal and fits into an infinite chain of
strict inclusions.

Abelian surface

Aut®(X) ~ X if and only if X is an abelian
surface; and in this case Aut®(X) is maximal.
Else, Aut®(X) is trivial and is not maximal.

K3 surface
Enriques
surface

Aut®(X) trivial and maximal.

Bielliptic
surface

Aut®(X) =~ C is an elliptic curve if and only if
X ~ (C x Y)/F where C,Y are elliptic curves
and F is a finite group acting on C by
translations, and acting also on Y not only
by translations (equivalently, Y /F ~ P! and
X is a bielliptic surface). In this case,
Aut®(X) is maximal. Else, Aut®(X) is trivial
and is not maximal.

Properly elliptic
surface

Aut®(X) =~ C is an elliptic curve if and only if

X ~ (CxY)/F where Y is a smooth curve of

general type and F is a finite group acting on

diagonally on C x Y and by translations on C

(i.e. X € E). In this case, Aut®(X) is
maximal.

If X is birational to an element of E but

X ¢ E, then Aut®(X) is trivial and not

maximal. Else Aut®(X) is trivial and

maximal.

Surface of

Aut®(X) trivial and maximal.

general type
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2. Preliminaries
2.1. Equivariance and maximality

In this section we reduce the question to the maximality of the automor-
phism groups of minimal surfaces, i.e. smooth projective surfaces without
(—1)-curves. The idea has already been used in the rational case to study
algebraic subgroups of Bir(P?) (e.g. see [4], and [23] when k = R).

DEFINITION 2.1. — Let G be an algebraic group, X be a variety and
a: G — Bir(X) be a group homomorphism.

(1) The map « is a rational action of G on X if there exists an open U
of G x X such that:
(a) The map G x X --» X, (g,z) — a(g)(x) is regular on U,
(b) For all g € G, the open subset U, = {z € X,(g,z) € U} is
dense in X and «a(g) is regular on Uy,.
(2) The map « is a regular action of G on X if the map G x X — X,
(g,x) — «a(g)(x) is a morphism of varieties.

If G C Bir(X) is an algebraic subgroup and ¢: X --» Y is a birational
map, there exists a unique rational action of G on Y which is induced by ¢
and such that the following diagram commutes:

Gx X --—--- » X
ldx¢>3 K2
GxY ---—-- > Y

A powerful and classical result on rational actions of algebraic groups is
the Regularization Theorem due to Weil. A modern proof has been given
in [28] (see also [14]).

THEOREM 2.2 ([27]). — For every rational action of an algebraic group
G on a variety X, there exists a variety Y and a birational map X --» Y
such that the induced action of G on Y is regular.

TOME 74 (2024), FASCICULE 2
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We recall in Lemma 2.4 the powerful Blanchard’s Lemma.

DEFINITION 2.3. — Let G be an algebraic group acting regularly on
varieties X and Y. A birational map ¢: X --+ Y is G-equivariant if the
following diagram is commutative:

LEMMA 2.4 ([8, Proposition 4.2.1]). — Let X and Y be varieties and
¢: X — Y be a proper morphism such that ¢.(Ox) = Oy. Let G be a
connected algebraic group acting regularly on X. Then there exists a unique
regular action of G on Y such that ¢ is G-equivariant.

In this text, we will use Blanchard’s Lemma in the case where X and Y are
smooth projective surfaces or smooth curves (and more precisely, ¢ will be
the contraction of (—1)-curves or the structure morphism of a P!-bundle).
Then ¢ induces a morphism of algebraic groups ¢, : Aut’(X) — Aut°(Y).
The following proposition is a classical result (see also [17, Proposition 3.11]
for a modern proof using actions on CAT(0) cubes complexes):

ProproOSITION 2.5. — Let X be a surface and G be a connected alge-
braic subgroup of Bir(X). Then G is conjugate to an algebraic subgroup
of Aut®(S), where S is a minimal surface i.e. a smooth projective surface
without (—1)-curves.

Proof. — First we can apply the Regularization Theorem of Weil on
X to get a surface Y birationally equivalent to X and equipped with a
regular action of G. Replace Y by its smooth locus and from [6, Theorem 1],
there exists a non empty open subset U of Y which is G-stable and quasi-
projective. Then from [6, Theorem 2], the open U admits a G-equivariant
completion into a projective variety Y which can be desingularized ([16]).
From [16, Remark B p. 155], there exists a birational morphism §: Y=Y
such that Y is a smooth projective variety and ¢ is obtained by successive
blowups of singular points and normalizations. Hence the action of G over Y
lifts to Y so that 4 is G-equivariant. The contraction of (—1)-curves of Y is
G-equivariant from Blanchard’s Lemma, so we conclude that G is conjugate
to an algebraic subgroup of Aut®(S), where S is a minimal surface. O

Apply Proposition 2.5 to a surface X birationally equivalent to CxP! with
C a curve. Then from [12, Examples V.5.8.2, V.5.8.3 and Remark V.5.8.4],
the minimal surface S is either P? or a ruled surface over C. The following
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CONNECTED ALGEBRAIC GROUPS ACTING ON ALGEBRAIC SURFACES 551

lemma will be useful to check if Aut®(S) is a maximal connected algebraic
subgroup of Bir(S).

LEMMA 2.6. — Let S be a projective surface and G be a connected
algebraic subgroup of Aut(S). Then the following hold:

(1) The algebraic subgroup G is maximal if and only if for every pro-
jective surface T and G-equivariant birational map ¢: S --» T, we
have ¢Gp~1 = Aut®(T).

(2) For every projective surface T and G-equivariant birational map
¢: S --» T, there exist §: X — S and k: X — T compositions of
blowups of fixed points of the G-action such that ¢ = k~'.

(3) Assume moreover that S is a minimal surface and Aut®(S) acts on
S without fixed points, then every Aut®(S)-equivariant birational
map ¢: S --» T with T projective, is an isomorphism. In particular
Aut®(S) is maximal.

Proof.

(1). — If ¢: S --» T is a G-equivariant birational map, we have pGgp~* C
Aut®(T) (see Definition 2.3). Since G is maximal, the inclusion is an equal-
ity. Conversely assume by contraposition that G is not maximal, then it
is strictly contained in a connected algebraic subgroup H of Bir(S). From
Proposition 2.5 there exists a minimal surface T and a birational map
¢ :S --» T such that H is conjugate to a connected algebraic subgroup of
Aut®(T), i.e. pGop~1 C Aut®(T).

(2). — Every birational map ¢: S --» T can be decomposed as ¢ = k3~*
with f: X = S and k: X — T compositions of blowups of smooth points,

and we can assume that x and 8 do not contract the same (—1)-curves in
X. Then for all g € G:

Bs(¢) = Bs(g~'¢g) = Bs(¢g) = g~ ' (Bs(¢)).

Therefore, the base points of ¢ are fixed points for the G-action, so [
consists in the blowup of fixed points of the G-action, which is G-equivariant
by the universal property of the blowup. Similarly, the morphism « is also
G-equivariant.

(3). — Because S is minimal, there is no contraction and since Aut®(S)
has no fixed point, there is no Aut®(S)-equivariant blowup. Therefore, every
Aut®(S)-equivariant map from S to a projective surface T is an isomorphism
from (2). From (1), Aut’(S) is maximal.

O

TOME 74 (2024), FASCICULE 2



552 Pascal FONG
2.2. Generalities on ruled surfaces

First we want to classify algebraic subgroups of Bir(C x P!) as stated
in Theorem B. Then Proposition 2.5 suggests studying the maximality of
Aut®(S) when S is a minimal surface birationally equivalent to Cx P!, i.e. a
geometrically ruled surface. Since this object will play an important role,
we recall in this subsection the definition and some basic properties.

DEFINITION 2.7. — A geometrically ruled surface, or simply ruled sur-
face, is a surface S equipped with a morphism ©: S — C where C is a
smooth curve, and such that all fibers of 7 are isomorphic to P'. A section
of S is a morphism o: C — S such that wo = id. We will also call a sec-
tion the image of o, that is a closed curve D = o(C) such that mp is an
isomorphism.

Notice that Definition 2.7 is equivalent to the definition of geometrically
ruled surface given in [12, Section V.2], since Hartshorne mentions that the
existence of a section is provided by Tsen’s theorem.

DEFINITION 2.8. — A Pl-bundle S over a curve C is a morphism
m: S — C endowed with an open cover (U;); of C with isomorphisms
gi: mY(U;) — U; x PY, such that for all i the following diagram commutes:

oY U;) —L— U; x P!

\/

where p, denotes the projection on the first factor. The morphism 7 is called
the structure morphism and the open cover (U, g;); is called a trivializing
open cover of C. We denote by U;; the open subset U;NU; and the transition
maps are 7;; € PGLy(Oc(Ui;)) so that gigj_1 is equal to:
Uij X ]Pl — Uij X ]Pl
(2, [ s v]) > (2, 755(@) - [u: o).
Let y: Sy — Cand ma: So — C be P!-bundles over C. A C-isomorphism (or
an isomorphism of P'-bundles) f: S; — So is an isomorphism of varieties
such that w1 = mwo f. If moreover S; = So then f is called a C-automorphism

of S. We denote by Autc(S) C Aut(S) the subgroup of C-automorphisms
of S.

From Definition 2.8, we see that a P*-bundle over C is also a ruled surface
over C. Conversely, ruled surfaces 7: S — C are also P*-bundles over C (see

ANNALES DE L’INSTITUT FOURIER



CONNECTED ALGEBRAIC GROUPS ACTING ON ALGEBRAIC SURFACES 553

e.g. [12, Proposition V.2.2]). If V is a vector bundle of rank 2 over C, we
denoted by P(V) the P'-bundle over C obtained by projectivization of V
and moreover, all P'-bundles over C are obtained by projectivization of a
vector bundle of rank 2 over C (see e.g. [12, II. Exercise 7.10]).

DEFINITION 2.9. — Let V be a vector bundle of rank 2. We say that V
is decomposable if V ~ L; @ Ly, for some Ly and Ly line subbundles of V. If
V is not decomposable, we say that V is indecomposable. We also say that
P(V) is decomposable (resp. indecomposable) if V is decomposable (resp.
indecomposable).

LEMMA 2.10. — Let S be a P!-bundle over a curve C and let 01, 02, 03
be sections of S. The following hold:

(1) There exists a trivialization of S such that oy is the infinite section:
i.e. for all U; trivializing open subset of C we have that o1y, (7) =
(z,[1:0]) and the transition maps of S are upper triangular matri-
ces:

Uij — PGLQ(Oc(Uw))

N {aij(f) Cij(x)} .
(2) If o1 and o9 are disjoint then there exists a trivialization of S such
that o1 is the infinite section and o9 is the zero section, i.e. for
all U; trivializing open subset of C we have o9y, (z) = (z,[0 : 1]).
Moreover, the transition maps of S are diagonal matrices:
Uij — PGLQ(O(;(U”))
A4 (ZC) 0 :|
0 bi(x)
(3) If 01, 02, 03 are pairwise disjoint then there exists a trivialization
of S such that: oy is the infinite section, oy is the zero section, and

o3 is the section defined on all U; trivializing open subset of C as
o3jp, (x) = (z,[1: 1]). Moreover, S is isomorphic to C x P'.

-~

Proof.

(1). — Let (U;); be a trivializing open cover of C. For all i, we have
that o1y, (v) = (2, [u1i(z) : vi;(z)]) with ui;,v1; € Oc(U;). If uy; and vy,
both vanish at z € U; with respectively multiplicities m,, and m,,, and f is
a local parameter at z, then o1y, (z) = (x, [u1:(x)/ f(x)™ : vii(x)/ f(z)™])
where m = min(m,,, m,). We can assume that u;; and vy; do not vanish
simultaneously and by refining the open cover (U;);, we can also assume
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that either uy; € Oc*(U;) or vi; € Oc*(U;). Then one can compose o1y,
and the charts on the left by the automorphisms of U; x P!:

(=) ] o] it wste) 20 on o,
(“"’ [—vgw Ulil(x)] ' M) if v15(x) # 0 on Us.

Under this trivialization of S, the section oy is the infinite section and [1 : 0]
is preserved by the transition maps, which have to be upper triangular

(z,[u:v]) —

matrices.

(2). — First apply (1) so that oy is the infinite section. Write o), (z) =
(z, [ugi(x) : v2i(x)]), we also can assume vy; € OF(U;) as in (1) if needed.
Then we compose by the following automorphisms of U; x P!:

)]

Under this trivialization of S, the section ¢; remains the infinite section
and oy is the zero section. Moreover, [1 : 0] and [0 : 1] are preserved by the
transition maps, which have to be diagonal matrices.

(3). — First apply (2) so that oy is the infinite section and oy is the
zero section. On the trivializing open subset U;, we can write o3(x) =
(x, [ugi(z) : v3;(x)]) with us,,v3; € OF(U;) as in (1). Then we compose by
the following automorphisms of U; x P!:

et (o502 L)

Under this trivialization of S, the sections o7 and o9 remain respectively
the infinite section and the zero section; and o3 is the constant section z +
(z,[1 : 1]) on every trivializing open subset of C. It implies that the tran-
sition maps of S are the identity matrices i.e. S is trivial. g

LEMMA 2.11. — Let P(V) be a P!-bundle over a curve C, and o be a
section of P(V) given locally by:
oi: Uy — U; x P!
For all i, we define L; = {(z, (\u;(z), \i(x))) € U; x A2, X € k} ~ U; x Al

and the line subbundle 7: L(c) — C of V such that 7= (U;) = L;. Then
the following hold:

(1) The map o — L(0o) is a bijection between the set of sections of P(V)
and the set of line subbundles of V over C.

ANNALES DE L’INSTITUT FOURIER
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(2) Two sections o1 and o9 are disjoint if and only if P(V) is C-isom-
orphic to P(L(o1) @ L(02)).

Proof.

(1). — If L is a line subbundle of V, we have for all i an embedding
Ly, = V|uy, which induces by projectivisation an embedding o;: U; —
U; x P, Since the family (Ljv, )i glues into L, the morphism (o;); glue into
a section o of P(V). This construction is the inverse of the map o — L(0).

(2). — Let 01 and o3 be disjoint sections of P(V). From Lemma 2.10(2),
we can assume that o is the infinite section and o9 is the zero section, and
the transition maps of P(V) are:

a;j(x) 0

0 bi(x)]
The coefficients a;; and b;; don’t vanish on U;;, and we can choose z +—
a;j(z) as the transition maps of L(cy) and = + b;;(z) as the transi-
tion maps of L(o2), i.e. P(V) ~ P(L(01) & L(02)). Conversely if we have
P(V) ~ P(L(c1) ® L(o2)), one can choose a trivializing open cover so that

-~

the transition maps are given by diagonal matrices. Under this choice, the
section oy is the zero section and o5 is the infinite section, thus they are
disjoint. 0

2.3. Segre invariant

In this subsection we recall the Segre invariant and its properties. This
invariant has already been used by Maruyama in his classification of ruled
surfaces [19]. One can also check that the Segre invariant corresponds to
—e, where e is the invariant defined in [12, V. Proposition 2.8]. If ¢ and
¢ are curves in a smooth projective surface S, we denote by c¢ - ¢’ their
intersection number and if ¢ = ¢/, we denote it by 2.

DEFINITION 2.12. — Let S — C be a ruled surface. The Segre invariant
S(S) of S is defined as the quantity:

min{o?, o section of S}.
A minimal section of S is a section o of S such that 0% = &(S).

The Segre invariant is well-defined since all ruled surfaces are obtained
from Cx P! by finitely many elementary transformations and &(CxP!) = 0
(see Lemma 2.14).

TOME 74 (2024), FASCICULE 2
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DEFINITION 2.13. — A line subbundle M of a vector bundle V is maxi-
mal if its degree is maximal among all line subbundles of V.

One can use Riemann—-Roch theorem to show that the degree of line
subbundles is bounded above, but it follows also from Proposition 2.15 and
the fact that the Segre invariant is well-defined.

In explicit computations, we will often use that the group of divisors up
to numerical equivalence of a ruled surface S is generated by the class of
a section o and a fibre f, and they satisfy f2 =0 and o - f = 1 (see [12,
Proposition V.2.3]). The next lemma is partially contained in [12, Exer-
cise V.2.4].

LEMMA 2.14. — Let C be a curve of genus g and o be a section of C x P!
defined as C % C x P!, o (2, gy (x)) where g, : C — P! is a morphism.
Then:

o? = 2deg(g,),
and in particular, each section of C x P! has an even and non negative
self-intersection number. In particular, &(C x P') = 0. Moreover, if g > 0
then there is no section of self-intersection 2, and if g = 1 then there exist
sections of self-intersection 4.

Proof. — Sections of C x P! are of the form C % C x P!, z + (z, g, ())
where g, : C — P! is a morphism. Moreover, the group of Num(C x P!)
is generated by the class of a constant section o, and the class of a fiber
f (see [12, Proposition V.2.3]). Therefore, any section o of C x P! is nu-
merically equivalent to ao. + bf for some integers a, b. Intersecting o with
f and with o, one finds respectively that a = 1 and b = o, - 0. Since all
constant sections are linearly equivalent, and for a general constant section
the quantity o, - o corresponds to deg(g,), we get that o = o, + deg(g,) f.
Consequently, we have 02 = 2deg(g,) > 0. Because constant sections have
self-intersection 0, it follows that G(C x P!) = 0. If moreover g > 0 then
there does not exist a morphism C — P! of degree 1 and it implies that
there is no section of self-intersection 2 in C x P'. But if g = 1 then there
exist morphisms C — P! of degree 2, hence there exist sections of self-
intersection 4 in C x P!, O

In [19, Lemma 1.15] has been stated Corollary 2.16 which provides an
alternative way to compute the Segre invariant of a ruled surface. How-
ever, it is a consequence of the more general and useful statement given
in Proposition 2.15, which also follows from Maruyama’s proof. We give
a simple proof of Proposition 2.15 based on a direct computation in local
charts.
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PROPOSITION 2.15. — Let 7: P(V) — C be a P'-bundle and o be a
section. Then the following equality holds:

o? = deg(V) — 2deg(L(0)),
where deg(V) is the degree of the determinant line bundle of V.

Proof. — From Lemma 2.10(1), we can assume that ¢ is the infinite
section and the transition maps of P(V) are upper triangular matrices. Let
(Uo, go) be a trivializing open subset of V, and let oy and f be defined as
below:

oo: Uy — Uy x P? fo: Uy x Pl ——5 k
x— (z,[0:1]), (z,[u:v]) — %

The morphism o extends to a section defined over C which is disjoint from
o on Uy, and fy extends to a rational function f over P(V). We have:

le(f) =09— 0+ Z I/ﬂ'_l(Z)(f) 'W_l(z)a

zeC\Uop

where v, —1(.y denotes the valuation of the fiber 7-1(2). In consequence:

(2.1) o’ =0-00+ Z V=102 (f)-

z€C\Ug

The subset C\ Uy has finitely many points and for each z € C\ Uy, we can
choose a trivializing open neighborhood (U, g.) of z and we denote by 79,
the transition map defining gog; ':

TOz - UOz — PGLQ(OC(UOZ))

ao () COZ(x)]

The coordinates of the section oy above Uy, C U, are solutions of the
equation 7o, () - [u(z) : v(x)] = [0 : 1], ie. g.go ‘oo(x) = (2, [—cos(2) :
agz(z)]). The rational map = +— [—co(x) : aps(x)] extends to U, and if
we denote by v, the valuation in Oc ., then the two sections ¢ and og
intersect above z if and only if v,(cp,) < v;(ao,). When they intersect, the
intersection number equals v, (ag. ) — v, (co): this quantity is independent of
the choice of the trivializing open subset U, and of the choice of ay., by, o -
It implies that:

(2.2) 000 = Z max (v, (ag,) — V2 (coz), 0).
z€C\Uog

-
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Moreover, we have fiy_(z,[u: v]) = fo (z,70:(z) - [u:v]) = W
since the following diagram is commutative:

—1
gog
Up, x Pt —2= 5 Uy, x P!

~ -
~ -
~ -

fio. Sy w7 fo
k.
Let » = min(v,(ag:),v.(coz)) and s = v,(by,). If t is a generator of the
maximal ideal mc , C Oc . then there exist EOZ,EOZ,EOZ € Oc(Uy,) with
gOz € Oé)z and ag, or ¢y, in Oé’z, such that ag, = t"ag,, cp, = t"¢p, and
bo.(z) = tSEOZ. We obtain:

ags (2)u + coz(x)v>

Vn1()(f) = Va1(2) < bo- (z)v

aoz(z)u + EOZ(SC)U>

EOZ(x)v

= (r — S) + Vrp=1(z) (

and VP(W) = 0 for a general point p € 7~ !(z). Therefore:

(2.3) Vri-1(z)(f) = r — s = min(v.(ao.), vz (coz)) — vz (boz),

which is also independent of the choice of the trivializing open U, and of
the choice of ag,bo., co». Then by substituting (2.2) and (2.3) in (2.1),
we get:
o? = Z v, (agz) — vz (boz)-
z€C\Uog

Since o is the infinite section, the line subbundle L(o) of V is defined by
{(x,()\,0)) € U x A2 X\ € k} on every trivializing open subset U. Hence
we can choose the transition map of L(o) on Uy, as x — ag.(z) and the
transition maps of V/L(o) on Uy, as z — bp,(z). Let a: C — L(o) C V and
b: C = V/L(0o) be the rational sections defined by:

a: Uy — L(o)u, b: Up — (V/L(0))15,
z— (z,1), z— (z,1).

Up to a multiple, we have that agy,' and by." are respectively the coordinates
of the sections a and b on U,. Finally we have that 0% = > _v.(b) —
v.(a) = deg(V/L(c)) — deg(L(0)). Using the additivity of the degree on
the short exact sequence 0 — L(o) -V — V/L(c) — 0, we deduce that

0? = deg(V) — 2deg(L(0)). O
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Propositions 2.11 (1) and 2.15 imply that ¢ is a minimal section of P(V)
if and only if L(¢) is a maximal line subbundle of V. In particular, we have
the following corollary that can also be found in [12, Proposition V.2.9]:

COROLLARY 2.16. — Let S = P(V) be a P'-bundle over a curve C and
M be a maximal line subbundle of V. Then the following equality holds:

S(S) = deg(V) — 2deg(M),
where deg(V) is the degree of the determinant line bundle of V.

The main use of the Segre invariant is given in Proposition 2.18, which is
partially stated in [19, Corollary 1.17] without proof, and partially proven
in [12, Theorem V.2.12].

LEMMA 2.17. — Let S be a P'-bundle over a curve C. Two sections of
S having the same self-intersection number are numerically equivalent.

Proof. — Let 07 and o9 be sections of S having the same self-intersection
number. Let Num(S) be the group of divisors classes up to numerical equiv-
alence. Then Num(S) ®z Q is generated by Ks and a fiber f (see [12,
Proposition V.2.3]), and from the arithmetic genus formula:

1 1

§(K5 +o01)-01+1=¢9(C) = §(K5 +039) 09+ 1,
it implies that Ks - 01 = Kg - 09. In particular, the sections oy and oy are
numerically equivalent. O

PROPOSITION 2.18. — Let S = P(V) be a P'-bundle over a curve C.
The following assertions hold:

(1) if &(S) > 0 then S is indecomposable.
(2) if 6(S) < 0 then S admits a unique minimal section.
(3) if 6(S) =0 then:
(a) any two distinct minimal sections of S are disjoint,
(b) S is indecomposable if and only if S has a unique minimal
section,
(¢) S is decomposable and not trivial if and only if S has exactly
two minimal sections,
(d) S is trivial if and only if S has at least three minimal sections.

Proof.

(1). — Assume that V ~ L ®L, is decomposable and let M be a maximal
line subbundle of V. Then deg(V) = deg(L1)+deg(L2) < 2deg(M) and from
Corollary 2.16: &(S) = deg(V) — 2deg(M) > 0 which is a contradiction.
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(2). — We assume that S admits two distinct minimal sections o7 and
o9. From Lemma 2.17, the sections o1 and o9 are numerically equivalent
and therefore &(S) = 02 - 01 > 0 and it is a contradiction.

(3). — We assume S(S) = 0:

(a). — Let o1 and o2 be distinct minimal sections. Since they are nu-
merically equivalent from Lemma 2.17: 0 = &(S) = 0% = 0y - 03 i.e. o1 and

o9 are disjoint sections.

(b). — Assume by contraposition that S has two minimal sections: since
they are disjoint from (a), it implies that S is decomposable. To prove
the converse we assume by contraposition that S is decomposable, i.e. C-
isomorphic to P(L(0o1) @ L(o2)) for some sections o1 and o3, and then we
have 0 = &(S) = deg(L(01)) + deg(L(o2)) — 2 deg(M). It implies that L(o1)
and L(o3) are maximal line subbundles i.e. 01 and o9 are disjoint minimal
sections of S. By Lemma 2.11, S is decomposable.

(¢). — If S is decomposable then S admits at least two minimal sec-
tions from (b). Assume that S has three distinct minimal sections then
they are pairwise disjoints from (a) and it implies that S is trivial from
Lemma 2.10(3). So if S is decomposable and non trivial then S has exactly
two minimal sections. Conversely, assume that S has exactly two minimal
sections o7 and os: it follows again from (a) and Lemma 2.11(1) that S is
C-isomorphic to P(L(o1) @ L(02)) which is decomposable. Since the trivial
bundle has infinitely many minimal sections, S cannot be the trivial bundle.

(d). — Tt follows from the equivalences of (b) and (c). O

2.4. Construction of some ruled surfaces with elementary
transformations

Let C be a curve and 21,22 € C. We denote by S, ., the ruled surface
P(Oc(z1) ® Oc(z2)). If C is an elliptic curve, we denote by 2% ¢ and 4 ¢
the Atiyah P!-bundles defined in Theorem 2.19. The classification of vector
bundles over an elliptic curve given in [1] is much more general than the
statement we need for ruled surfaces, and the reader can also find it in [12,
Example V.2.11.6 and Theorem V.2.15]:

THEOREM 2.19 ([1, Theorems 5, 6, 7, 10 and 11]). — Let C be an elliptic
curve and p € C. There exist two indecomposable vector bundles Fy ¢ and
Fi,c of rank 2 and respectively of degree 0 and 1, which fit into the exact
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sequences:

0 — Oc — Fo,c — Oc — 0,
0— Oc — Fic — Oc(p) — 0.

Moreover, the isomorphism class of P(F; c) does not depend on the choice
of p, and the Atiyah P'-bundles < c := P(Foc) and o c = P(Fic)
are exactly the two C-isomorphism classes of indecomposable P'-bundles
over C.

A ruled surface S — C is birationally equivalent to C x P!, In this subsec-
tion, we give explicitly birational maps C x P! --s S when S is isomorphic
to ¢, @ c or S, ., for some 21,25 € C. We also deduce the Segre in-
variant of the Atiyah P!-bundles and of S,, ., for all 21,22 € C. Let S be
a P'-bundle over a curve C, let p € S and f, the fiber containing p. We
denote by 3, : BL,(S) — S the blowup of S at p and by E, the excep-
tional divisor. The strict transform of f, under the birational map 3, lisa
(—1)-curve and we denote by &, : BL,(S) — T its contraction. The elemen-
tary transformation of S centered on p is the birational map €, = 0, 1
If p1,p2 € C x P! are distinct points such that p; and p, are not on the
same fiber, we denote by €, », the blowups of p; and p; followed by the
contractions of their respective fibers.

PROPOSITION 2.20. — Let C be an elliptic curve and 7: C x P* — C
be the projection on the first factor. Let p;,ps € C x P!, we denote by
z1 = 7(p1) and zo = w(p2). The following hold:

(1) The surface €, (C x P') is isomorphic to P(Oc(z1) & Oc) and
S(P(Oc(z1) ® Oc)) = —1. Moreover, the base point g of €, ! is the
unique point where all the sections of self-intersection 1 meet.

0 1

CxPt P(Oc(21) ® Oc)

(2) Assume moreover that py and p, are not in the same fiber and not
in the same constant section. Then the surface €, ,, (C x P!) is
isomorphic to P(Oc(z1) @ Oc(22)) and it has exactly two disjoint

sections of self-intersection 0. We have &(P(Oc(z1) @ Oc(z2))) =0
-1

p2,p1’
intersection 2 passing through ¢, also passes through gs.

and if q1, qo are the base points of € then every section of self-
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RN S S—;] —— 0
qa
----»
— 0 €papy —T——0

D1 q2

Cx P! P(Oc(z1) ® Oc(22))
Proof.
(1). — Up to a C-automorphism of C x P! we can assume that p; =

(z1,[1 : 0]) and let Uy be an open neighborhood of z;. Let f € k(C)* which
has a zero of order 1 at z;, we can also assume that U; does not contain
any zeros and poles of f except at z1. Let Uy = C\ 21, we define:

¢o : Uy x P — Uy x P* ¢1: UL xPL -5 Uy x P!
(z,[u:v]) — (z,[u:v]) (x,[u:v]) — (z,[f(x)u:v]).

The domains of ¢g, @1 glue into C x P! and the codomains glue into a
P'-bundle over C through the transition map:

UynU; — PGLQ(OC(UO N U1))

flz) 0
- [ ‘ J |
So ¢ and ¢; glue onto a birational map ¢: CxP! --» P(Oc(z1)®Oc¢). Since
¢ has p; as unique base point of order 1, one can check by describing the
blowups in local charts that ¢ is the elementary transformation €,, . More-
over, the strict transform by ¢,, of the infinite section is the unique section
of self-intersection number —1 and all the other sections in P(O¢(z1) & Oc¢)
have self-intersection number at least 1, so S(P(Oc(z1) ® Oc)) = —1. Be-
cause C is an elliptic curve, there is no section of self-intersection 2 in C x P!
from Lemma 2.14 and the sections of self-intersection 1 in P(Oc(z1) ® Oc)
are exactly the strict transform by €,, of the constant sections of C x P!,
so they all pass through ¢; and it is their unique common intersection.

(2). — Similarly we can assume p; = (21,[1 : 0]) and ps = (22,[0: 1]).
Let U; and U, be open trivializing neighborhoods of z; and z. Let f,g €
k(C)* having a zero of order one respectively at z; and at zo. We can
assume that U; does not contain z; and any zeros or poles of f except z1,
and similarly we can assume that U does not contain z; and any zeros or
poles of g except z2. Let Uy = C\ {21, 22} then we take ¢p and ¢ as in (1)
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and we define:
¢2:U2XI[D1 ——<)U2><P1
(x, [u:v]) — (2, [u: g(x)v]).

The maps ¢g, ¢1, p2 glue into a birational map ¢ : C x P! ——» P(Oc(z1) @
Oc(z2)). Since ¢ has exactly two base points p; and ps of order 1, one can
check by local equations of blowups that ¢ equals €, p, . From Lemma 2.14
there is no section of self-intersection 2 in C x P!, so the strict trans-
form by €, p, of the infinite section and of the zero section of C x P! are
the only sections of self-intersection number 0 in P(Oc(z1) ® Oc(z2)), and
all the other sections have self-intersection number at least 2. Therefore
S(P(Oc(z1) ® Oc(#2))) = 0. Finally, a section o of self-intersection 2 pass-
ing through ¢ is the strict transform of a constant section in C x P! which
also intersects the fiber of po. Thus o also passes through g¢o. O

PROPOSITION 2.21. — Let C be an elliptic curve. Let p; € C x P such
that (p1) = z1 and let €,, : C x P! -5 P(Oc(21) & Oc). We denote by ¢
be the unique base point of €, 11. Then the following hold:

(1) Forallps € P(Oc(z1)®0Oc) in the same fiber as q1, such that ps # ¢1
and ps does not belong to the unique (—1)-section of P(Oc(z1) ®
Oc), the surface €p, €, (C x P') is C-isomorphic to ) c. Moreover,
2 c has a unique section o of self-intersection number 0 and all the
other sections have self-intersection number at least 2. In particular
S(e,c) =0.

(2) For all p3 € A c \ 00, the surface €p, (4 c) is C-isomorphic to < ¢
and 6(;271’(;) =1.

B(Oc(21) © Oc) o

Proof. — We prove (1) and (2) simultaneously. Let ps € P(Oc(z1) ® Oc)
be as in the statement of the proposition. Because P(Oc¢(z1) @ Oc¢) has a
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unique (—1)-section which does not contain py and all sections of self-
intersection number 1 pass through g, the strict transform under ¢,
of the unique (—1)-section is the unique section og of self-intersection
number 0 and all the other sections have self-intersection at least 2. In
particular, &(ep,€ep, (C x P1)) = 0 and €p,€p, (C x P!) is indecomposable
from Proposition 2.18(3)(b). Then for all p3 € €p,€p, (C x P1) \ 09, we
have & (€py€py€p, (C X P1)) = 1 50 €p,€p,6p, (C x P) is indecomposable
from Proposition 2.18(1). At this stage, we know that €p,€,, (C x P1) and
€ps€pr€py (CX PL) are the Atiyah P!-bundles defined in Theorem 2.19. More-
over, we know that @ ¢ = P(Fo,c) and the indecomposable vector bundle
Fo,c of rank 2 and degree 0 satisfies:

0— Oc — Foc — Oc — 0.

From Corollary 2.16, we have that &(# c) = deg(Foc) — 2deg(M) =
—2deg(M) where M is a maximal line subbundle of Fy ¢. Since Oc is a line
subbundle of Fy ¢, it follows that deg(M) > 0 and &(% c) < 0. Therefore
€ps€p, (C X P1) >~ oy c and €, 6p,€p, (C X P1) ~ o7 . O

3. The classification
3.1. Infinite inclusion chains of automorphism groups

In this subsection, we prove Theorem A. Let S be a P'-bundle over a
curve C of genus g. If g > 2, it is known that Aut®(C) is trivial (see e.g. [12,
Exercise 1V.2.5]) and it implies that Aut’(S) is a subgroup of Autc(S).
When g = 1 and &(S) < 0, it is still true that Aut®(S) is a subgroup of
Autc(S) by the following result:

LEMMA 3.1 ([20, Lemma 7]). — IfS is a P'-bundle over an elliptic curve
C with &(S) < 0 then the image of Aut(S) — Aut(C) is a finite group.

In [20, Theorem 2|, the C-automorphism groups of ruled surfaces over C
are classified. We will not need the entire classification but we will use:

LEMMA 3.2 ([20, Theorem 2(1) and case (b) p. 92]). — Let S = P(V)
be a P'-bundle over a curve C, let o be a section of S and L(c) be the line
subbundle of V associated to o (see Lemma 2.11). We choose trivializations
of S such that o is the infinite section (Lemma 2.10(1)). The following holds
true:

(1) If &(S) > 0, then Autc(S) is finite.
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(2) If&(S) < 0 and v € I'(C,det(V)~! @ L(0)?), then the local isomor-
phisms:

U; x P! — U; x P!

(z, [u:v]) — (x B VH ' [ZD

glue into a C-automorphism f. of S.

Remark 3.3. — The automorphism f, plays a crucial role in the proof of
Theorem A, hence we recall Maruyama’s construction. First we write the
transition maps of S as s;;: U; x Pt -—» U; x P, (2, [u : v]) = (2, [a;ju +
¢i;v : bijv]) where a;; are the transition maps of the line bundle L(¢). Then
b;j are the transition maps of the line bundle det(V) @ L(o)~!. The local
isomorphisms f., : U; x P! — U; x P1, (2, [u : v]) = (@, [u + v;v : v]), where
7i € Oc(U;), glue into a C-automorphism of S if and only if s;; f,, = f5,5i,
and a direct computation shows that it is equivalent to the condition
aijbi_jlvj = ;. In particular, (;); defines a section of the line bundle
det(V)~! @ L(o)2.

Proof of Theorem A. — Assume first that g > 2 and &(S) > 0, then it
follows from Lemma 3.2(1) that Aut®(S) is trivial. If g > 2 and &(S) =0
then from Lemma 2.18(3)(b) and (c), we know that S has at most two
minimal sections because S is not trivial. Let p be a point on a minimal
section, then every automorphism of Aut®(S) has to fix p because Aut’(S) is
connected and Aut®(C) is trivial. Therefore the elementary transformation
€p : S --» T is Aut®(S)-equivariant, i.e. e, Aut®(S)e, ' € Aut®(T), and we
have &(T) = —1. So when g > 2, it suffices to prove the theorem when
S(S) < 0. In the statement of Theorem A, we suppose that g > 2, or g =1
and &(S) < 0. From now on we assume that &(S) < 0 and g > 1. Then
from Lemma 2.18(2), the ruled surface S has a unique minimal section o
and from Lemma 3.1, the algebraic group Aut®(S) is a subgroup of Autc(S).
So any point py of o is fixed by the action of Aut®(S) and it implies that
€po : S --» S1 is Aut®(S)-equivariant. By induction, there exist P!-bundles
S, having a unique minimal section o, and p,, on oy, such that €, : S, --»
Spt1 is Aut®(S,)-equivariant. By denoting ¢, = €p, , ... €p, €p,, We get a
sequence:

Aut®(S) C o7t Aut®(S1)p1 C - C ¢, L Aut®(S,)én C ...

and it remains to prove that the obtained sequence is not stationary. Sup-
pose S, 11 = P(Vy41), we define L, 11 = det (V1) 1@ L(0,41)2. Let g, be
the unique base point of €, ! and we can assume that ¢, = (z,[0 : 1]) over a
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trivializing open subset. If n is large enough then deg(L,,+1) = —&(S,41) is
large enough, and it implies that h*(C, L,,11) = h*(C,L,51—2) = 0 by Serre
duality. From Riemann-Roch theorem: h®(C, L, 11 — 2z) = deg(L,11) — g <
deg(L,y1) — g+ 1 = h°(C,L,41), and therefore z is not a base point of
the complete linear system |L,,+1|. Then there exists v € I'(C, L,,4+1) such
that v(z) # 0, i.e. f, defines an automorphism of S,,; which does not fix
gn- In consequence, the automorphism f, defined in Lemma 3.2(2) does
not belong to €, Aut®(S,)e, ! and €, Aut®(S,)e, ! # Aut®(S,11) when n is
taken large enough. O

3.2. Maximal connected algebraic subgroups of Bir(C x P!)

In this subsection, we prove Theorem B. From Theorem A, we know
that a maximal connected algebraic subgroup of Bir(C x P!) is conjugate
to Aut®(C x P*) ~ PGL; if g > 2 (and it is maximal from Lemma 2.6(3)),
or Aut®(S) for some ruled surface S with &(S) > 0 if g = 1. The following
lemma determines the remaining cases when g = 1:

LEMMA 3.4. — Let S be a ruled surface over an elliptic curve C. If
S(S) = 0 then S is isomorphic to one of the following:
(1) Cx P,
(2) %,C7
(3) “c,
(4) S, .2, for some distinct points z1,z2 € C.

Let 21,22 € C be distinct points, then the surfaces C x P!, o ¢, @4 ¢ and
S.,,z, are pairwise non-isomorphic.

Proof. — If S is indecomposable, it follows from Theorem 2.19 that S
is isomorphic to @ c or 7 c, and their Segre invariant is non-negative
(Proposition 2.21). If S is decomposable and &(S) > 0, it follows from
Proposition 2.18 that &(S) = 0 and S is C-isomorphic to P(L(o1) @ L(o2))
where o1 and o9 are disjoint minimal sections. Tensoring L(c1) @ L(02) by a
line bundle with degree (— deg(L(c1))+1), it follows that S is C-isomorphic
to P(L; & L2) where Ly and Ly are line bundles of degree 1. Since C is an
elliptic curve, the line bundles L; and Lo are respectively isomorphic to
Oc(z1) and O¢(z2) for some z1, 22 € C. Indeed, a line bundle of degree 1 over
C corresponds to a divisor of degree 1 on C, and its complete linear system is
a unique point by Riemann—Roch formula. If z; = z5 then S is isomorphic
to C x P!, otherwise S is isomorphic to S, .,. Finally, the Atiyah ruled
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surfaces are not isomorphic to each other from Theorem 2.19, and they
cannot be isomorphic to a decomposable P!-bundle. Since the surface S, .,
has exactly two sections of self-intersection 0 from Proposition 2.20(2), it
cannot be isomorphic to C x P?. O

If S is isomorphic to C x P! with C an elliptic curve, then Aut®(S) ~ C x
PGLs, is a maximal algebraic subgroup of Bir(CxP!). From Proposition 2.5,
Lemma 3.4 and Theorem A, we are left with studying the maximality of
Aut®(S) when S is o ¢, @A c and S, , for 21,20 € C.

LeEMMA 3.5. — Let C be a curve of genus g > 1, let 7: S — C and
7m': S’ — C be ruled surfaces. Then an isomorphism from S to S’ induces
an automorphism of C. If S = S’, we have a morphism of group schemes:

s Aut(S) — Aut(C).

The restriction of 7, to the connected components of identity coincides
with the morphism of algebraic groups Aut®(S) — Aut’(C) induced by
Blanchard’s Lemma.

Proof. — 1f g: S — S’ is an isomorphism and f is a fiber in S, then 7'g, ¢
is a morphism from f ~ P! to C. Hence it is constant and the image of f
by g is a fiber f’ in S’. Then the isomorphism ¢ induces an automorphism
of C. If S = S/, we get a morphism ,.: Aut(S) — Bij(C), where Bij(C)
denotes the set of bijections of C. Let o be a section of 7 and g € Aut(S).
Then m.(g) = mgo, and in particular m,(g) is a morphism. Since g is an
automorphism, it follows that 7. (g) is also an automorphism and the image
of 7, is contained in Aut(C). The restriction of m, induces a morphism
of algebraic group Aut®(S) — Aut®(C). Then = is Aut®(S)-equivariant,
with Aut®(S) acting on C by (g, ) — m.(g)(x). In particular, . coincides
with the morphism induced by Blanchard’s Lemma by the unicity part of
Lemma 2.4. g

The following proposition will be useful.

PROPOSITION 3.6. — Let C be a curve and m: S — C be a P'-bundle.
Then Aut(S) is an algebraic group.

Proof. — Since S is a ruled surface, the adjunction formula gives —Kg -
f = 2 for all fibers f. In particular, —Ks is m-ample and if A denotes an
ample divisor on C, then the divisor D = —Kg + mn*(A) is ample for m
positive and large enough (see e.g. [26, Lemma 0892 (1)], but it is also a
consequence of Nakai ampleness criterion). Moreover, the numerical class of
D is fixed by Aut(S) since Ks and 7*(A) are fixed. From [7, Theorem 2.10],
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the group scheme Aut(S) has finitely many connected components and thus
it is an algebraic group. O

We will use the following proposition to show that the automorphism
groups of the Atiyah’s ruled surfaces are maximal.

PrOPOSITION 3.7. — Let C be an elliptic curve and m: o, c — C be
the structure morphism. For i € {0,1}, the morphism of algebraic groups
induced by Blanchard’s Lemma (or by Lemma 3.5):

Tyt Aut®( c) — Aut®(C)
is surjective.

Proof. — Let g € Aut(C). Then the pullback 7*: ¢*(#% c) — C is an
indecomposable P'-bundle over C. Since the Atiyah bundles are unique
up to C-isomorphism from Theorem 2.19, it follows that ¢*(<7 ¢) is C-
isomorphic to .27 ¢, so the following diagram is commutative:

In particular, there exists g € Aut(<% c) such that 7.(g) = g, i.e. the
morphism m,: Aut(#%c) — Aut(C) from Lemma 3.5 is surjective. Let
H = (m) ' (Aut®(C)), then we can write H = ;s Hj where Hj are
the connected components of H and J is finite from Proposition 3.6. Be-
cause H contains Aut® (< ¢), we can assume that Hy = Aut®(«7 c). Then
m«(Hp) is a connected algebraic subgroup of Aut®°(C) ~ C and hence
it has to be Aut®(C) or a point. If 7, (Hp) is a point then m,(H;) is
also a point because h; - Hy = H; for all h; € H;. Then m,(H) is fi-
nite and it is a contradiction because Aut®(C) is infinite. In consequence
7« (Hp) = Aut®(C) i.e. m, induces a surjective morphism of algebraic groups
Aut® (o c) — Aut®(C). O

We will use Proposition 3.9 to show that for distinct points 21,29 € C,
the algebraic subgroup Aut®(S., .,) is maximal. To prove Proposition 3.9,
we first prove the following lemma:
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LEMMA 3.8. — Let C be an elliptic curve and f € k(C)* such that
div(f) = y1 + 21 — Y2 — 22 with y1,ys, 21, 22 distinct points of C. We define:

¢ Cx Pt -5 Cx P!
(@, [u:v]) — (z, [f(z)u 2 0]).

Then ¢y is the birational map consisting in the blowup of C x P* at p; =

(yla [1 : O]),(h = (Zla [1 : O])ap2 = <y27 [0 : 1])7q2 = (Z2a [O : 1])7 followed by
the contraction of the strict transform of their fibers.

Proof. — First ¢y is birational because ¢J71 = ¢1,5- The base points of
¢y are exactly p1, ¢1, p2 and g2 and have all order 1, so one can check by
blowups in local charts that ¢; corresponds to the blowups at pi, p2, ¢1,
g2 followed by the contraction of the strict transform of their fibers. g

PROPOSITION 3.9. — Let C be an elliptic curve, let z1, zo € C be distinct
points and t be a translation of C. Then S, ., is C-isomorphic t0 Sy(2,) ¢(z,)
and moreover, the morphism of algebraic groups induced by Blanchard’s
Lemma (or by Lemma 3.5):

7ot Aut®(S,, 2,) — Aut®(C)

is surjective.

Proof. — As z; — z» is linearly equivalent to t(z1) — t(22), there exists
[ € k(C)* such that div(f) = 21+t(22)—t(21)—22. We define ¢pp: CxP --»
CxP! as in Lemma 3.8, and we know that of = kB!, where 3 is the blowup
B: X = CxPrat py = (21,[1:0]),q1 = (t(21),[1:0]),p2 = (22,[0: 1]),q2 =
(t(22),[0:1]) and k: X — C x P! is the contraction of the strict transform
of their fibers. Let Eg, and Eg, be the exceptional divisors from respectively
the blowups of ¢; and ¢s, and let f p and f »» be strict transforms under 31
of the fibers f,, and f,, containing respectively p; and ps. We denote by
&: X — S the contraction of E4, , Eg,, fpl and fpz, i.e. €y, p, = B L. Denote
by p1,D2,q1, G2 the base points of ¢JI1, respectively from the elementary
transformations centered at pi,pa2, g1, g2. Similarly, we have €5, 5, = &k
and the following diagram is commutative:
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€p1,p2 / \ €41,G2
/ \
1 \
1 \
I 1
I I
| I
1 I
\ 1
Q11 |7|7
o—o | |
A AARN
Cx P! Cx P!

Therefore the surfaces S, S, ., and Sy(.,)(z,) are C-isomorphic. It im-
plies in particular that every translation of C can be lifted to an auto-
morphism of S, .,. Therefore, we have a morphism of algebraic groups
et Aut(S,, 2,) — Aut(C) such that Aut®(C) is contained in the image
of m,. The proof ends in the same way as the proof of Proposition 3.7.
Let H = (m,) ' (Aut®(C)), then we can write H = ey H; where H;
are the connected components of H and J is finite from Proposition 3.6.
The image of Aut®(S,, .,) by 7. cannot be a point because it would im-
plies that the image of H is finite and it is a contradiction, therefore

7o (Aut®(S;, 2,)) = Aut®(C). O

Unlike the ruled surfaces % ¢ and @4 ¢ which are unique up to C-
isomorphism, the surfaces S, ., depend on the choice of the points z1, 22 €
C. In Lemma 3.10, we determine the C-isomorphism classes in the family
{S:21.20 }21,20ec. In Lemma 3.11, we determine the isomorphism classes in
the family {S., ., },.2.ec and the conjugacy classes in the family
{Aut®(S., ,2,) }21,20cc as algebraic subgroups of Bir(C x P!).

LEMMA 3.10. — Let C be an elliptic curve and z1, 2}, 22,25, € C such
that z1 # z2 and 21 # zy. Let m: S, ., — Cand n': S,/ ., — C be the
structure morphisms. Let o1 and oy be the two disjoint sections of self-
intersection 0 in S, ,,; and let o} and o} be the two disjoint sections of
self-intersection 0 in Szivzé‘ The following hold:

(1) Let g1 € o1. Then every section of S, ., of self-intersection 2 pass-
ing through q; also passes through the unique point q2 € oo such
that m(q2) — 7(q1) = 22 — 21.
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(2) Let q1,q2 €S., 2, as in (1). If there exist ¢ € o1, g5 € o such that
7'(q3) —7'(q1) = 22 — 21 and if there exists a section of S, ., of self-
intersection 2 passing through ¢} and ¢}, then Szé,zé is C-isomorphic
to S, z,-

(3) The ruled surfaces S, ., and S, ., are C-isomorphic if and only if
there exists t € Aut®(C) such that t({z1,22}) = {2}, #4}.

Proof.

(1). — Let p1 € o1,p2 € o2 such that 7w(p1) = 21 and 7(p2) = za.
Let g1 € 01,92 € 02 and assume there exists a section o of S, ., of self-
intersection 2 passing through ¢; and ¢o. The translation of C sending
m(q1) to 2 lifts to f € Aut®(S;, .,) (Proposition 3.9), and since o7 is
Aut®(S;, -, )-invariant, f sends ¢; to p;. Then the section f(o) of self-
intersection 2 passes through p;, and hence it also passes through ps from
Proposition 2.20(1). Therefore, the automorphism f sends g2 to py and
m(q2) — m(q1) = 22 — z1. In particular, all sections of self-intersection 2
passing through ¢; also pass through g¢s.

(2). — It follows from (1) that 25 — 2] = 2o — z1. Let ¢ be the translation
of Cby 2] — z1. Then t(z1) = 2} and #(z2) = 2}. From Proposition 3.9, the
surfaces S;, ., and S, ., are C-isomorphic.

(3). — Assume that S, ., is C-isomorphic to S./ .,. From Proposi-
tion 3.9, there exists f € Aut®(S.; .;) such that m.(f) is the translation of C
sending z; to z1, and S/ ., is C-isomorphic to S, .» where 25 = m.(f)(23).
From (1), we have that zJ = 2o and this proves the direct implication. Let
t € Aut®(C) such that t({z1,22}) = {21, 22}. Without lost of generality, we
can assume that 2z = t(z1) and z5 = t(22). Then S,, ., is C-isomorphic to
S.; 2 from Proposition 3.9. O

LEMMA 3.11. — Let C be an elliptic curve. Denote by m: C x P* — C
the projection on the first factor and let zq, 21, 22, 2z, € C such that z; # 23,
21 # 2. Let p1,p}, p2, py € Cx P! with p1,p} on the zero section, pa, ph on
the infinite section and such that m1(p1) = 21, m(p}) = 21, m1(p2) = 22,
m1(ph) = zb. Then the following assertions are equivalent:

(1) There exists f € Aut(C) such that f({z1,22}) = {2}, 2}

(2) The surfaces S, ., and S, ., are isomorphic.

(3) The algebraic subgroups Aut®(S, .,) and Aut®(S.; .;) are conju-
gate.

Proof.

(1) = (2). — Assume there exists f € Aut(C) such that f({z1,22}) =
{#,25} and 7:S,, ,, — C is the structure morphism. Then the ruled
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surface fm : S,, ., = C has 0 as Segre invariant and is decomposable,
thus it has two disjoint minimal sections o; and os. Let ¢1 € 01,q2 € 09
such that fm(q1) = 2] and frw(g2) = 2}, then there is a section of self-
intersection 2 passing through ¢; and go. From Lemma 3.10(2), the ruled
surfaces fm: S, ., — C and 7': Szi’zé — C are C-isomorphic, and the
following diagram is commutative:

~
521,22 > Szi,zé

1k

C4f>C.

Hence the surfaces S, ., and S,/ ., are isomorphic.

(2) = (1). — From Proposition 3.9, there exists f € Aut®(S;, .,) such
that 7. (f) is the translation from z; to zj. We can then assume that z; = z].
From Lemma 3.5, an isomorphism from S;, ., to S;, .; induces an auto-
morphism of C. From Proposition 2.20(2), this automorphism of C sends zo
to 24 and fixes 21, i.e. a group map with z; taken as the neutral element of
the elliptic curve. Therefore, an isomorphism from S, ., to S,/ ., induces
an automorphism of C sending z; to z{ and z3 to z5.

(2) = (3). — If¢:S;, 2, = Sz 2y is an isomorphism then
¢ Aut®(S,, .,)¢ " equals Aut®(S; .1 ).
(3) = (2). — Let ¢ : S;, -, = S.; ., be a birational map such that

¢ Aut®(S:, -,)¢~ " = Aut®(S.; ., ). Because Aut®(S., .,) induces a transitive
action on the base curve C from Proposition 3.9, the action of Aut®(S;, .,)
on S, ., has no fixed points and it follows from Lemma 2.6(3) that ¢ is
an isomorphism. O

Proof of Theorem B. — Let S be a ruled surface over C. If g(C) > 2 or
g(C) =1 and &(S) < 0, Theorem A implies that every maximal connected
algebraic subgroup of Bir(S) is conjugate to Aut®(C x P!) which is isomor-
phic to PGL, if g > 2, and isomorphic to C x PGLs is g = 1. Therefore,
the algebraic subgroup Aut®(C x P') is maximal from Lemma 2.6 (3). We
have proved in Lemma 3.4 that it remains to consider the case g = 1 and
show the maximality of Aut®(S) when S is isomorphic to 2% c, or 44 c, or
S., .z, for distinct points z1, 22 € C. Assume S is one of these surfaces, then
from Propositions 3.7 and 3.9, there is a surjective morphism of algebraic
groups Aut®(S) — Aut’(C). Lemma 2.6(3) implies that Aut®(S) is maxi-
mal. Moreover, for distinct points z1, 29 € C, the surfaces Cx P!, o ¢, @4 ¢
and S, ., are not isomorphic to each other from Lemma 3.4. Hence the
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algebraic groups Aut®(C x P'), Aut®(«,c), Aut®(# c) and Aut®(S., .,)
are not conjugate to each other from Lemma 2.6 (3). Finally, Lemma 3.11
tells us that Aut®(S, .,) is conjugate to Aut®(S.; .;) if and only if there
exists f € Aut(C) such that f({z1,22}) = {#1,2}. O

3.3. Description of the maximal connected algebraic subgroups
of Bir(C x P!) as extensions

In this subsection, the curve C always denotes an elliptic curve and we
prove Theorem 3.22.

3.3.1. The algebraic groups Aut®(S,, »,)

PRrOPOSITION 3.12. — Let C be an elliptic curve and z1, z3 be distinct
points in C. The group homomorphism m, of Lemma 3.9 gives rise to an
exact sequence of algebraic groups:

0 — G, — Aut®(S,, .,) — Aut®(C) — 0.

Proof. — From Proposition 3.9, it suffices to prove that ker(m,) ~ G,,.
Let p1,p2 € Cx P! respectively on the fibers of z; and 2, such that p; is on
the zero section and ps is on the infinite section; and let €,, p,: C x P! --»
S., .z, be the blowups of p;, ps followed by the contractions of their fibers.
We denote respectively by ¢; and g2 the base points of 6;11,;)2 which belong
to the fibers of z; and z5. The automorphisms ¢, with a # 0 defined by:

$o: Cx P! — C x P!
(z,[u:v]) — (z,[au:v]),
form a subgroup of Aut(C x P!) which we denote by Autg ... Since p;
and py are fixed by Autg ~, the birational map €, ,, is Autg -equivariant
i.e. Gy, C ker(m,). Conversely, let f € Aut®(S,, ,) be such that . (f) = id.
Then f fixes g1 and g2 because they belong to one of the two minimal

sections. Hence €, ! fe,, ,, is a C-automorphism of C x P! which fixes p
and po, so it equals ¢, for some a € G,,. Therefore ker(m,) ~ Gyy,. O

3.3.2. The algebraic group Aut® (< c)

LEMMA 3.13. — Let C be an elliptic curve, m: C x P* — C be the
projection on the first factor and oo, be the infinite section in C x P'. For
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all p,p’ € 04, there exists a section o such that 0®> = 4, 0 Nos = {p,p'}
and they intersect transversely at p and p’. Suppose o is such a section,
then a section o’ satisfies the same properties if and only if there exist
a € G, and v € G, such that ¢’ is the image of o by the automorphism:

P Cx Pt — Cx P!
(z,[u:v]) — (z, [au+ v : v]).

Moreover ¢, ~ is the unique C-automorphism of C x P* which sends o to o’.

Proof. — Let z = m1(p), 2’ = m1(p’) and D = z+2'. From Riemann—Roch
theorem and Serre duality, we have dim(I'(C, D)) = 2. Because 1 € I'(C, D),
there is a section o € T'(C,D) with exactly two poles of order 1 at z and
Z', i.e. o intersect transversely oo at p and p’, and {1,0} is a basis for
I'(C,D). Since o is given by a morphism g, : C — P!, we know from
Lemma 2.14 that 0% = 2deg(g,) = 4. Let ¢, be an automorphism of
C x P! defined as in the statement, then the section ¢, (o) intersects
transversely oo at exactly p and p/, and ¢, (0)? = 4. Conversely if ¢’ is a
section which satisfies the same properties, then ¢’ € T'(C, D). In particular
if o: ¢ — (x,[u(z) : v(z)]), then there exist a,y € k such that o'(z) =
(z, [au(z) + yv(z) : v(z)]) = Pa,y (o(x)). Finally, the C-automorphisms of
C x P! fixing the infinite section are of the form ®a, for some o € Gy, and
v € G, and the image of o uniquely determines a and 7. Therefore ¢, -
is the unique C-automorphism of C x P! sending o to o’. O

The group of all automorphisms ¢, is denoted Aut,, and it is isomor-
phic to G, X G,,. In particular, Aut, is connected.

LEMMA 3.14. — Let C be an elliptic curve, oo, be the infinite section
in C x P! and B,: BlL,(C x P') — C x P! be the blowup of p = (z,[1 : 0]).
Let 04 and fp be the strict transforms under 3, L of respectively o and
the fiber f, containing p in C x P'. Then ﬁp_l is Auts.-equivariant and
B, ! Autes B, induces a simply transitive action of Gy, on Ep \ {7o, fo}-
More precisely, the following hold for all b € o \ E:

(1) There exists e € E, \ {fp, 00} and a section o C BL,(C x P') of
self-intersection 3 passing through b and e.

(2) For all ¢ € E, \ {fp,500} there exists a unique a € G, such that
the sections of self-intersection 3 and passing through b and ¢’ are
the image of o by the automorphism Bp_l@w,ﬁp for some v € G,.
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Proof.

(1). — Let ¢ = 5,(b) and from Lemma 3.13, there exists a section s
of self-intersection 4 passing with multiplicity 1 through ¢ and p. Then o
. 1 it is a section of self-intersection 3
passing through b and some point e € E,, \ {fp, Ooo )

(2). — Let U be an open neighborhood of z and V = U x (P*\ [0: 1]) C
CxP! Forall a € G,, and v € G, the automorphisms ¢, restricted on V
gives an isomorphism V' — ¢, o(V), (2,t) — (z,t/(a + yt)); which extends
to an isomorphism q~5a77 = ,BI,_lgbaﬂBp defined on BL, V' = {(z,t),[u : v] €
V x P! tu=vf(z)}, with f a local parameter of Oc ., as:

be the strict transform of s under

bar: Bl,V — Bly(¢a~(V))

(2, 1), [u:v]) — <<337 M) s Jula +9t) U]) )
In particular, the restriction of aow on E, is obtained by substituting (z, t)
by (z,0) and we get:

E, — E,

[u:v] — [ua: o).

The automorphisms ¢, induce an action of G,, on the exceptional divisor
E,, with only fixed points [0 : 1] and [1 : 0] which correspond to the
intersection of E, with fp and 0. So G,, acts simply transitively on
Ep\ {fp, Too b In particular if o’ is a section of self-intersection 3 passing
through e’ € E,, \ {fp, T and b, then there exists a unique o € G, and
there exists v € G, such that ¢’ is the image of o by &Fw. d

LEMMA 3.15. — Under the same notations as in Lemma 3.14, let p, €
Ep \ {fp: 000}, Bpy: Bly, (BL,(C x P)) — BL,(C x P') be the blowup of
BL,(C xP') at p1 and 8 = B, Bp. Let E,, be the exceptional divisor of 3, ,

~

let E;, and 0o be the strict transforms under 3, 1 of respectively E, and
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0o Then we have a simply transitive action of G, on Ep, \Ep and more
precisely for all d € T \Ep:
(1) Thereexistse € Ep, \Ep and a unique section o of self-intersection 2
passing through d and e.
(2) For all ¢ € E,, \ Ep, there exists a unique v € G, such that
[3*1¢177,8(0) is the unique section of self-intersection 2 passing
through d and €’.

Proof.

(1). — Let b = Bp, (d) and from Lemma 3.14(1), there exists a section
s of self-intersection 3 passing through b and p;. Then the strict transform
o of s under 3, 1 is a section of self-intersection 2 passing through d and a
point e € Ep, \Ep.

(1). — From Lemma 3.14, we know G, acts transitively on Ep\{fp, Too}
so we can assume p; has coordinates ((z,0),[1 : 1]) in Bl, (V). We choose
an open subset W of BL,(V) = {(z,t),[u : v] € V x P! : tu = vf(x)}
containing p; and such that v # 0. By the change of variable v — v/u, we
have t = vf(x) and the isomorphism (Elﬂ restricted on W gives:

W — 61,(W)
(3.1)
(ot = (o =2500) - [ )
Since W is isomorphic to an open subset of A? by the map (z,v) ~
((x,(v+1)f(x)),[1: v+ 1]) which sends (2, 0) to p;, we can rewrite (3.1) as:

(2,0) —> ( v+1 1)
x,v x, -1),
L+vf(z)(v+1)
which sends (z,0) to (z,0). The isomorphism gz~51,V extends to Bl oy (W)

by:
— 1 — 1
(@), [ur - wa]) s ((x, v—f(@)(v+ )> 7 [U1 Uz —uy(v+1) D 7
L+~f(x)(v+1) L+7yf(z)(v+1)
and restricted on E(, o) one gets: [u; : ug] = [u1 : uz — u1y]. In particular
G, acts on the exceptional divisor E, o) and the action has a unique fixed
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point [0 : 1] which is the intersection of E,, with Ep. Therefore the action
of G, on Ep, \Ep is simply transitive. In consequence, if ¢’ € E,, \Ep then
there exists a unique v € G, such that B’lgﬁlﬁﬁ(o) is the unique section
of self-intersection 2 passing through d and €’. O

LEMMA 3.16. — Let C be an elliptic curve and oy be the unique minimal
section of < c. For all a € 09, b € e \ 09 with a and b not in the
same fiber, there exists a unique section o passing through a and b such
that 0 = 2. Moreover the subgroup {¢1 - }~ec, of Aute, induces a simply
transitive action of G, on f \ oo, where f is any fiber of < c.

Proof. — Let ¢ = oo(n(b)) and ¢;: ¢ --» P(Oc(m(q)) & Oc) be an
elementary transformation centered on a. From Proposition 2.20 (1), there
is a unique point ¢ € P(Oc(n(q)) ® Oc) where all the sections of self-
intersection 1 meet and we have ¢, : P(Oc(n(q)) & Oc) --» C x PL. Let
1 = €q, €, then p = 1(b) belongs to the same constant section as ¢ = ¥(a).
Up to an automorphism of C x P! we can assume that ¢ and p lie on the
infinite section and apply Lemmas 3.14 and 3.15. Then using the notation
of Lemma 3.15, the contraction Bl,, (Bl,(C x P')) — % c of Ep and of
the strict transform fp of fp is Ge-equivariant, so there exists a unique
section o of self-intersection 2 passing through a and b. Moreover for all
b € f, \ oo, it also follows from Lemma 3.15 that there exists a unique
v € G, such that 1"'¢; ,1(0) is the unique section of self-intersection 2
passing through a and ¥'. O

PROPOSITION 3.17. — Let C be an elliptic curve. Then Autc(% c) is
isomorphic to G, and the following sequence of algebraic groups is exact:

0 — Gy — Aut®(# c) — Aut®(C) — 0.

Proof. — From Lemma 3.16, we know that G, is one-to-one to a sub-
group of Autc (% c). Conversely, let a € gg, b € %% ¢ \ 0o with a and b not
in the same fiber. Then an automorphism f € Autc (%% c) sends a section of
self-intersection 2 passing through a and b to a section of self-intersection 2
passing through a and a point &’ in the same fiber as b. Let 1, p, and ¢ be as
defined in the proof of Lemma 3.16, then the automorphism 1! fi sends
a section in C x P! of self-intersection 4 passing through p and ¢ to another
section of self-intersection 4 passing through p and ¢. From Lemma 3.13, it
follows that ¢~* fi) = ¢1 ., for some v and therefore Autc( c) is isomor-
phic to G,. Since G, is connected, we get the exact sequence given in the
statement. O
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3.3.3. The algebraic group Aut®(« c) when Char(k) # 2

In this paragraph we assume that the characteristic of k is different than
2. Let A ={1,d;,ds,ds} be the subgroup of two torsion points of C which
is isomorphic to (Z/27)?. Then A acts on C by translation and on P! in
the following way:

1: [u:v] — [u: o],
dy: [u:v])— [—u ),
do: [u:v]— [v: ul,
ds: [u:v] — [—v:u).

We denote by & the quotient of (C x P!)/A given by the diagonal action:
Ax (CxP)— CxP!
(di, (x, [u:v]) — (d; + x,d; - [u: v]).

LEMMA 3.18. — Let A be a finite group acting on a irreducible variety
X. Then k(X)? is isomorphic to k(X/A).

Proof. — Since G is finite, we can find an affine A-invariant open subset
U C X. Because Ox(U)? C Ox(U), we have an extension Frac(Ox(U)?) —
Frac(Ox(U))2. Let f/g € Frac(Ox(U))?, write A = {do,dy,...,d,}
where dj is the neutral element and consider ¢’ =[]\, d; - g. Then f/g =
(f9')/(gg’) and g¢' are A-invariant, hence fg' as well. Thus
Frac(Ox(U)?) ~ Frac(Ox(U))?, i.e. k(X/A) is isomorphic to k(X)2 by
definition of the quotient. O

LEMMA 3.19. — Let C be an elliptic curve. Then the following hold:

(1) The surface € is a P-bundle over C/A with the following structure
morphism:
7:&— C/A
(z,[u: v]) mod A — z mod A.

(2) If i : C — C/A is the quotient map for the action of A on C
by translations of order 2, then the pullback bundle i*(£) is C-
isomorphic to C x P!.

Proof.

(1). — First one can check that 7 is well-defined. Let d: C x P! — & be
the quotient map for the diagonal action of A on C x P!, then the following

ANNALES DE L’INSTITUT FOURIER



CONNECTED ALGEBRAIC GROUPS ACTING ON ALGEBRAIC SURFACES 579

diagram is commutative:

CxP 45 ¢

’”l Jﬂ

C—— C/A.

Every fiber of 7 corresponds to the gluing of 4 disjoint fibers of C x P! —
C/A. Since every fiber of 7 is isomorphic to P!, it follows that 7: & — C/A
is a ruled surface.

(2). — Since the diagram in (1) is commutative, there exists a: CxP! —
i*(€) such that the following diagram is commutative:

Cx P! d
NN
(&) 25 &
AN
C

— C/A.

From Lemma 3.18, we have that k(£) ~ k(C x P1)® and hence A is the
Galois group of the extension d*: k(€) — k(C x P') (see e.g. [13, Theo-
rem 4.7]). In particular, [k(C x P1) : k(£)] = #A = 4. Since py is 4-to-1,
it follows that a* is a k-isomorphism i.e. « is a birational morphism. Be-
cause « is also bijective, it follows from Zariski’s main theorem (see e.g. [11,
Corollary 18.12.13]) that « is an isomorphism. O

LEMMA 3.20. — The ruled surface £ is isomorphic to an Atiyah bundle
over C.

Proof. — Let ¢ : C — C/A and assuming that £ admits two disjoint
sections o1 and og, we will derive a contradiction. For k € {1,2}, the
pullback sections i*oy, defined as:

C—1i"(&)

x — (z, 0 (z mod A))
induce two disjoint sections a~*(i*oy) of Cx P! since Cx P! is C-isomorphic
to i*(€) by Lemma 3.19(2). Then it implies that a~!(i*o1) and a~1(i*03)
are constant sections. Then for k € {1, 2}, there exists a constant [u : v] €
P! such that a=1(i*oy,) is defined as C — Cx P!, z + (=, [u : v]). It implies
that oy, is given by C/A — &, x mod A — (z, [u : v]) mod A, which is not
well-defined. Therefore, constant sections of C x P! are not obtained by
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pulling back sections of w. Thus, there are no disjoint sections of 7 and £
is an indecomposable P!-bundle over C/A. Finally A is the kernel of the
multiplication by 2 in C, hence C is isomorphic to C/A, so £ is isomorphic
to /) c or 4 c. O

PRrROPOSITION 3.21. — The following sequence is exact:
0— A — Aut®(€) — Aut’(C/A) — 0.
In particular, the ruled surface £ is C-isomorphic to </ c.

Proof. — First we have an injective morphism of algebraic groups
Jjr Aut®(C) — Aut®(&), t — ((z,[u : v]) mod A — (t(z), [u : v]) mod A)
such that the following diagram commutes:

Aut®(C) d Aut®(€)

S A

Aut®(C/A).

In particular the morphism m,.: Aut®(€) — Aut®(C/A) is also surjective.
Let i: C — C/A then ker(m,) is a subgroup of Aut(i*(€)) by the embedding
[+ (id, f). Moreover i*(€) is isomorphic to CxP! from Lemma 3.19(2) and
the automorphism (id, f) of Aut®(i*(£)) corresponds to a C-automorphism
of CxP!, i.e. of the form (id, M) where M € PGLy. For such automorphism
to be compatible with the A-action, it has to send an orbit to an orbit for
the action of A and a direct computation shows that M belongs to one the
following matrices:

IR R i R

and conversely they all define automorphisms of €. It follows that ker(r,)
is isomorphic to A and we get the exact sequence in the statement. Since
Aut®(€) is a 1-dimensional algebraic variety and £ is an Atiyah bundle
(Lemma 3.20), and we know from Proposition 3.17 that Aut®(< c) is 2-
dimensional algebraic group, it follows from Theorem 2.19 that &£ is C-
isomorphic to .2 . O

3.3.4. Description of the maximal automorphism groups

We have reproved the following theorem of Maruyama:
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THEOREM 3.22 ([20, Theorem 3]). — Let C be an elliptic curve. Then
for all distinct points z1,z9 € C, we have the following exact sequences of
algebraic groups:

0 — Gy, — Aut®(S;, ) — C — 0,

0— G, — Aut’(#c) — C— 0,

Moreover, the surfaces Aut®(S,, .,) and Aut®(< c) are commutative al-
gebraic groups and Aut® (e c) is not isomorphic to a semidirect product
Go x Aut®(C). Finally, if the characteristic of k is different than 2 and
if A ~ (Z/27)? denotes the subgroup of 2-torsion points of C, then the
following sequence of algebraic groups is exact:

0— A — Aut’(HAc) — C—0.

Proof. — The three exact sequences in the statement are proven in
Propositions 3.12, 3.17, 3.21. Moreover, the algebraic groups Aut’(% c)
and Aut®(S,, .,) are commutative from [24, Corollary 2 p. 433]. Because
there is no non-trivial morphism from C to Aut(G,) ~ k* (or because
Aut® (e, c) is commutative), the algebraic group Aut® (4 c) is not isomor-
phic to G, x Aut®(C). O

Remark 3.23.

(1) From [25, VII.16, Theorem 6] (see also [8, Example 1.1.2]), the
extensions of C by G,, are classified by C itself. Let 21,20 € C be
distinct points and G be the G,,-bundle defined as the complement
of the zero section in Oc¢(z1 —22). Then we have a morphism 7: G —
C with kernel G,,, i.e. an exact sequence:

0—G,, —G-C—0.

Let S be the quotient of (G x P!) by G,,, given by the following
action of G,, on G x P': t-(g,[u:v]) — (g-t~%, [g-u,v]). Then this
gives a morphism S — G/G,,, ~ C which endows S with a structure
P'-bundle over C. One can check by computing in local charts that
S — C is C-isomorphic to S, ., — C, hence the extension 0 —
Gy, — Aut®(S;, 2,) = C — 0 corresponds to the point z; — 25 € C.

(2) From [25, VII. 17, Theorem 7] (see also [8, Example 1.1.2]), the
extensions of C by G, are classified by H'(C,Oc) ~ k. Since the
extension 0 - G, — Aut®(% c) — C — 0 does not split, it corre-
sponds to a non zero element of k.
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(3) Serre shows in [25, VII. 15, Theorem 5| that the algebraic groups

Aut® (e c) and Aut®(S., .,) are respectively endowed with a canon-
ical structure of G,-principal bundle and G,,-principal bundle over
C. From [20, Theorem 3.(3)], the reduced component of Aut® (< c)
is isomorphic to % c \ 0o, where og is the unique minimal sec-
tion of o c. From [20, Theorem 3.(2)], the reduced component of
Aut®(S., ,) is isomorphic to S,, ., \ {01, 02}, where o1, 09 are the
two minimal sections of S, .,. A natural problem is to describe
geometrically their group laws, and a formula has been computed
explicitly for the group law of <% c \ oo when k = C in [18, Sec-
tion 3.3 p. 251].

3.4. Proof of Theorems C and D

ProPOSITION 3.24(1), — Let X be a surface and G = Aut®(X). If X is
not birationally equivalent to C x P!, for some curve C, then G is an abelian
variety and exactly one of the following cases holds:

(1) G is an abelian surface and G ~ X.
(2) G is isomorphic to an elliptic curve and moreover, there exist a not

necessarily reduced curve Y which is connected, a finite subgroup
scheme F of G and a G-equivariant isomorphism:

X ~ (G x Y)/F.

The quotient (GxY)/F is given by a diagonal action of F over GxXY,
flgy) = (g7 Fv).

(3) G is trivial.

In case (2), if the characteristic of k is zero then F is reduced and Y is

smooth.

Proof. — From Chevalley’s structure theorem (see e.g. [8, Thm. 1.1.1]),

there exists an exact sequence 0 —- L —+ G — A — 0 where L is a linear

algebraic group and A is an abelian variety. If L is not trivial, it contains

a G4 or a G,, and this implies that X is birationally equivalent to C x P!

for some curve C (see [5, Proposition 2.5.4]). Thus L is trivial, i.e. G is

isomorphic to A.

First suppose that G has an open orbit O in X which is isomorphic to

G/ Stab(z) for some = € O. Since G is commutative and acts faithfully on

(1 The idea of the proof is due to Michel Brion.
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0, it follows that Stab(x) is trivial and hence O ~ G. Because O is also the
image of the projective morphism G — X, g — ¢ - x, then O is closed in X.
Therefore, we have G ~ O = X and G is an abelian surface acting on itself
by translation.

Otherwise suppose that G has an orbit O of dimension 1 and then for all
x € O, the subgroup Stab(z) is finite (see [8, Proposition 2.2.1]). There-
fore G is an elliptic curve. From [8, Theorem 2.2.2 and the paragraph fol-
lowing the theorem]|, there exist a positive integer n and a G-equivariant
isomorphism h: X — (G x Y)/G,, where G,, denotes the finite subgroup
scheme of n-torsion points of G and Y is a closed subscheme of X of dimen-
sion 1. The projection to the first factor G x Y — G induces a morphism
g: (GxY)/G, — G/G,, which is G-equivariant. The Stein factorization of
f = gh gives morphisms u: X — Z and v: Z — G/G,, such that u has
connected fibers, v is finite and f = vu. From Blanchard’s Lemma, there
exists an action of G on Z such that u is G-equivariant. Since u is also sur-
jective and f is G-equivariant, it follows that v is G-equivariant. Moreover,
Z is a curve because v is finite, hence it is an orbit of the G-action and the
stabilizer F of a point is finite. Therefore Z ~ G/F and u: X - Z ~ G/F
is a G-equivariant morphism. From [6, Section 2.5, paragraph following
Lemma 2.10] (see also [8, Paragraph following Example 6.1.2]), X is iso-
morphic to the F-torsor (G x Y)/F where Y = =1 (F/F) is connected and
the quotient is given by the diagonal action f - (g,y) — (g- f~1, f -y) for
all g € G, f € F,y € Y. Since X is a surface, it implies that Y is a not
necessarily reduced curve in positive characteristic. In characteristic zero,
G,, is reduced because the multiplication by n is an étale endomorphism of
G, and it follows that the finite subgroup scheme F of G,, is also reduced.
Hence G x Y — (G x Y)/F ~ X is an étale finite morphism from [22, The-
orem in Section 2.7, p. 63]. Because X is smooth, it follows that Y is also
smooth.

Finally if the orbits of G have dimension 0 then G is trivial. g

Proof of Theorem C. — Let C be a curve of genus g > 1. From Theo-
rem A, not every connected algebraic subgroup of Bir(C x P!) is contained
in a maximal one. If X is rational, then every connected algebraic sub-
group of Bir(X) is contained in Aut®(P?) or some Aut®(F,) for n # 1. If
X is not a ruled surface and is not rational, then Proposition 3.24 implies
that Aut®(X) is contained in a maximal connected algebraic subgroup of
Bir(X). O
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ProposiTION 3.25. — Let X be a surface over k and G be a maximal
connected algebraic subgroup of Bir(X). If X is birationally equivalent to
Cx P! with C a curve of genus g, then G is conjugate to one of the following:

(1) Aut(P?) or Aut®(F,) withn # 1, ifg = 0.
(2) Aut®(C x PY), or Aut®(ehc), or Aut®(#4 c), or Aut®(S,, ,) for
some z1,29 € C, ifg = 1.
(3) Aut®(C x PY), ifg > 2.
If X is not birationally equivalent to C x P! then up to conjugation we have
G = Aut®(X) and one of the following holds:
(4) G is isomorphic to X, which is an abelian surface.
(5) G is isomorphic to an elliptic curve and moreover, there exist a not
necessarily reduced curve Y which is connected, a finite subgroup
scheme F and a G-equivariant isomorphism:

X ~ (G x Y)/F.

The quotient (Gx Y)/F is given by a diagonal action of F over GxY,
f' (g7y) = (gf_lvfy)
(6) G is trivial.
In case (5), if the characteristic of k is zero then F is reduced and Y is
smooth.

Proof. — Let X be a surface and G = Aut®°(X) a maximal algebraic
subgroup of Bir(X). From Proposition 2.5, G is conjugate to Aut®(S) with
S a minimal surface birationally equivalent to X.

If X is birationally equivalent to C x P! with C a curve, it follows that
S is P2 or a ruled surface over C from [12, Examples V.5.8.2, V.5.8.3
and Remark V.5.8.4]. If X is rational then G is conjugate to Aut®(P?) ~
PGLj3 which is maximal from Lemma 2.6(3), or to Aut®(F,) for some
integer n # 1. From [4, Section 4.2] there exists a surjective group homo-
morphism Aut®(F,) — PGLs, and hence Aut®(F,) is also maximal from
Lemma 2.6 (3). If X is not rational, the statement follows from Theorem B.

Otherwise X is not birationally equivalent to C x P! and the statement
follows from Proposition 3.24. O

Proof of Theorem D. — Assume that k is a field of characteristic 0, the
first two columns of the table are given by the classification of algebraic
surfaces. For the last column, the case k(X) = —oo follows from Proposi-
tion 3.25 and Theorem A.

Assume that X is a surface isomorphic to (C x Y)/F, where C is a elliptic
curve, Y is a smooth curve and F is a finite subgroup of Aut’(C) acting
diagonally on Cx Y (in particular, F acts on C by translations). First notice
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that we have a morphism X — C/F with fibre Y, because the pullback of
X — C/F by the quotient morphism C — C/F is C x Y. Moreover, the
curve C/F is an elliptic curve because F is a finite subgroup of Aut®(C).
If Y ~ P!, then X is a ruled surface over C/F. If Y is an elliptic curve,
it follows that X is a quotient of an abelian surface by a finite group. If
Y/F ~ P!, then X is a bielliptic surface [2, Definition VI.19]. Else F acts
on Y only by translations, then F is an abelian subgroup of (C x Y) and
X is again an abelian surface. If Y is a smooth curve of general type, then
k(X) = k(Y)+ &(C/F) =1 [10, Theorem 6.1.1]. Because Aut’(C) acts on X
on the left factor, it is an algebraic subgroup of Aut®(X) and X cannot be
a surface of general type. Thus x(X) = 1.

We denote by E the set of all surfaces of the form (CxY)/F, where C is a
elliptic curve, Y is a smooth curve of general type and F is a finite group of
Aut®(C) acting diagonally on C x Y. We have shown that F is included in
the set of surfaces of Kodaira dimension 1. Let X’ be a surface of Kodaira
dimension 1 which is not in E, then Aut®(X’) is trivial by Proposition 3.25
(6). If the minimal model X of X’ is an element of E, then Aut®(X’) is not
maximal since it is conjugated to the trivial subgroup of Aut®(X). Else,
Aut®(X") is maximal.

If X is an abelian surface, then Aut®(X) ~ X is maximal. If X’ is not
an abelian surface but is birationally equivalent to an abelian surface X,
then Aut®(X') is trivial by Proposition 3.25(6) (since we have also shown
that X’ does not correspond to a surface given by Proposition 3.25(5)),
i.e. Aut®(X’) is conjugated to the trivial subgroup of Aut®(X) and is not
maximal.

Let X = (C x Y)/F be a bielliptic surface, with C,Y elliptic curves, and
F a finite group acting on C as a group of translations and acting also on
Y not only by translations. Then Aut®(X) ~ C [3, Section 3] is maximal.
Else assume that X’ is not a bielliptic surface but is birational to a bielliptic
surface X, then Aut®(X’) is trivial by Proposition 3.25(6) and is conjugated
to the trivial subgroup of Aut®(X). Thus Aut®(X’) is not maximal.

From Proposition 3.25(6), if X is an Enriques surface, or a K3 surface, or
a surface of general type, then Aut®(X) is trivial. Moreover, it is maximal
since Aut®(X’) is also trivial for any representative X’ of the birational class
of X. O

Remark 3.26. — Let X be a surface and G be a maximal connected al-
gebraic subgroup of Bir(X).

(1) In positive characteristic, Proposition 3.25(1), (2), (3), (4), (6) still
provides pairs (X, Aut®(X)) where Aut®(X) is maximal.
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(2) In Proposition 3.25(5) is given a list of candidates X which could
satisfy Aut®(X) =~ G. To give the pairs (X, Aut’(X)) such that
Aut®(X) is maximal, it remains to determine for which curve Y and
finite group scheme F we have X ~ (G x Y)/F and Aut’(X) ~ G.
To the extent of the author’s knowledge, it is not known if there
exists an example of non-reduced curve Y and non-reduced finite
subgroup scheme F such that the quotient (G x Y)/F which occurs
in Proposition 3.24 (2) and Proposition 3.25 (5) is a smooth surface.
If such surfaces do exist then the ones such that Aut®(X) is an el-
liptic curve complete the classification of pairs (X, Aut®(X)) with
Aut®(X) maximal in positive characteristic.
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