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TRIVIALIZATIONS OF MOMENT MAPS

by Mathieu BALLANDRAS (*)

ABSTRACT. — We study various trivializations of moment maps. First in the
general framework of a complex reductive group G acting on a smooth affine variety.
We prove that the moment map is a locally trivial fibration over a regular locus
of the center of the Lie algebra of H a maximal compact subgroup of G. The
construction relies on Kempf-Ness theory and Morse theory of the square norm of
the moment map studied by Kirwan, Ness-Mumford and Sjamaar. Then we apply
it together with ideas from Nakajima and Kronheimer to trivialize the hyperkédhler
moment map for Nakajima quiver varieties. Notice this trivialization result about
quiver varieties was known and used by experts such as Nakajima and Maffei but
we could not locate a proof in the literature.

RESUME. — Plusieurs trivialisations d’applications moment sont étudiées. Tout
d’abord dans le cadre général de 'action d’un groupe réductif sur une variété affine
lisse. Nous prouvons que ’application moment est une fibration localement triviale
au dessus d’un lieu régulier du centre de ’algebre de Lie d’un sous-groupe compact
maximal. Les constructions reposent sur la théorie de Kempf-Ness et sur la théorie
de Morse du carré de la norme de ’application moment étudiée par Kirwan, Ness—
Mumford et Sjamaar. Ces constructions sont ensuite appliquées avec des idées de
Nakajima et de Kronheimer pour trivialiser ’application moment hyperkéhler pour
les variétés de carquois de Nakajima. Ce résultat concernant les variétés de carquois
était connu et utilisé par des experts comme Nakajima et Maffei mais nous n’avons
pu trouver de preuve dans la littérature.

1. Introduction
1.1. Symplectic quotients and GIT quotients of affine varieties

Consider a complex reductive group G acting on a complex smooth
affine variety X. For x € X*(G) a linear character, X* is the associ-
ated semistable locus. Mumford’s geometric invariant theory [20] provides
a quotient

X% — X%//G.

Keywords: moment map, hyperkdhler moment map, Nakajima quiver varieties.
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The affine variety X can be embedded in an hermitian vector space
W such that the G-action is linear and restricts to a unitary action of a
maximal compact subgroup H C G. The hermitian norm on W is denoted
by ||...]. We study the associated real moment map

w:X —h

with b the Lie algebra of H. Its definition relies on the choice of a non
degenerate scalar product (-,-) on b invariant under the adjoint action of
H. The real moment map satisfies for all Y € b

1d
. 2),Y) == —|lexp(itY).z|?
(1) (wle). V) = 5 gyllexplio )]

Thanks to the invariant scalar product, to a linear character x is asso-
ciated an element 0 in Z(h), the center of the Lie algebra f, such that for
allY € b

<0, Y> = dXId(iY)-

This mapping between X*(G) and Z(bh) is injective. The character associ-
ated to some element § € Z(h) is denoted by x?. From now on, to remember
the dependence on a choice of character, the semistable, respectively stable
locus are denoted by X%~ respectively X?-3.

For a pair (x?, #), Kempf-Ness theory [12] relates the symplectic quotient
(defined by Meyer [18] and Marsden—Weinstein [17]) to the GIT quotient,
it gives an homeomorphism

W O)/H < X0 /G

We study trivialization of the moment map over a regular locus in the
center of the Lie algebra b. First, in Section 2, we study the general frame-
work of a unitary action of a compact group on a smooth affine variety.
After a reminder of Migliorini’s version of Kempf-Ness theory [19], a reg-
ular locus in Z(h) is defined. Over this locus the moment map is proved
to be a locally trivial fibration. The case of a torus action was treated by
Kac-Peterson [11]. The construction of the regular locus uses the negative
gradient flow of square norm of the moment map studied by Kirwan [14],
Ness—-Mumford [22], Sjamaar [27], Harada—Wilkin [7] and Hoskins [10].

Nakajima quiver varieties introduced in [21] are particular instances of
the symplectic quotients studied in Section 2. Moreover they are hyper-
kéhler quotients as defined by Hitchin—Karlhede-Lindstrom—Rocek [9], the
construction of those varieties is recalled in Section 3. In Section 4, the
idea of Kronheimer [15] and Nakajima [21] of consecutive use of different
complex structures are applied together with techniques from the previous
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sections to prove that the hyperkdhler moment map is a locally trivial fi-
bration. This implies in particular that the cohomology of the fibers forms
a local system. This later result is used by Nakajima in [21, Section 9]
to construct a Weyl group action on the cohomology of quiver varieties.
Maffei pursued this construction in [16]. I was informed by Nakajima that
the property of the cohomology of the fibers can also be obtained by gen-
eralizing Slodowy argument from [28] to quiver varieties. Similar results
concerning cohomology of the fibers also exist in the framework of deforma-
tions of symplectic quotient singularities in Ginzburg—Kaledin [5]. Finally
Crawley-Boevey and Van den Bergh [3] trivialize the hyperkdhler moment
map for Nakajima quiver varieties over complex lines. Nakajima explained
to us how to extend their result to quaternionic lines minus a point thanks
to the theory of twistor spaces see Theorem 4.16.

In the remaining of the introduction the results are stated and the various
steps of the constructions are outlined.

1.2. Real moment map for the action of a complex reductive
group on an affine variety

In Section 2, H C G is a maximal compact subgroup acting unitarily on
a smooth affine variety X embedded in an hermitian vector space. The dif-
ferential geometry point of view from Kempf-Ness theory allows to extend
the definition of f-stability for elements x? € X*(G)F := X*(G) @z R. The
correspondence between linear characters and elements in the center of the
Lie algebra b thus extends to an isomorphism of R-vector spaces between
X*(G)E and Z(b).

In Section 2.4 we prove a Lie group variant of Hilbert—Mumford criterion
for f-stability. It is adapted to the differential geometric point of view of
Kempf-Ness theory and the use of real parameters § € X*(G)®. Similar
criteria are discussed by Georgoulas, Robbin and Salamon in [4].

THEOREM 1.1 (Hilbert—-Mumford criterion for stability). — Let 6 €
X*(G)® and x € X. The following statements are equivalent
(i) « is O-stable.
(ii) For all Y € b, different from zero, such that lim; ;. exp(itY).x
exists we have (6,Y) < 0.

This theorem is applied in 3.2 to generalize a result of King [13] charac-
terizing 6-stability for quiver representations.

TOME 74 (2024), FASCICULE 1
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The regular locus B™# is introduced in 2.5. Its construction relies on the
study of the negative gradient flow of the square norm of the moment map
from Kirwan [14], Ness-Mumford [22], Sjamaar [27], Harada—Wilkin [7] and
Hoskins [10]. B™# is an open subset of Z(h) such that for § € B™#, one has
X0=ss = X095 £ () and for all z € X%~ the stabilizer of x is trivial. Over
the regular locus, the moment map is a locally trivial fibration. A similar
fibration when G is a torus follows from a result of Kac-Peterson [11]. Let
us also mention that with the flow of the norm square in the hermitian
space W, Sjamaar [27] constructed a retraction of the O-stable locus to the
fiber over 0 of the moment map.

THEOREM 1.2. — Let 6y in B**%, and let Uy, be the connected com-
ponent of B8 containing 0. There is a diffeomorphism f such that the

following diagram commutes
to) "(Us,)

Ug, x
Uy,

Moreover f is H equivariant so that the diagram goes down to quotient

Uy x =" (60) /H ——= p~(Up,)/

\ l

To prove this theorem, first we prove that for any 6 € Uy, and z € X fo—s
there exists a unique Y (6, ) € b such that exp(iY (6,z)).z € p~1(). This
is achieved thanks to Migliorini’s version of Kempf—Ness theory [19] which
applies to affine varieties and real parameters x? € X*(G)®. Then the map
f is defined by

0

f0,z) :==exp (iY(0,2)) .x

and similarly for its inverse

(@) = (u(x), exp (iY (0o, 7)) ) .
The smoothness of f and its inverse is proved in 2.6 with the implicit
function theorem.

1.3. Nakajima quiver varieties and hyperkihler moment map
The quiver varieties considered in this paper were introduced by Naka-

jima [21]. Let I" be a quiver with vertices 2y and edges €21, fix a dimension
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vector v € N The space of representations of I' with dimension vector
v is
Rep(T @ Matc (Vn(4)s Ve(y))-
YED
with A(7) € € the head of the edge v and ¢(7) € Q its tail. The cotangent
bundle T* Rep(T, v) is also a space of representation Rep(I', v) of a doubled
quiver T obtained from T by adding a reverse arrow to each element of €2;.
This space is acted upon by the group

Gy =< (g7)jeqn € J] GLo,| [T det(gy) =

jEQO jEQU

This action is described in 3.1, it restricts to a unitary action of the maximal
compact subgroup

Uy =S (99)je00 € [] Uny| TT detlsy) =

J€Q0 J€Q0

with U,, the group of unitary matrices of size v;. Denote by u, the Lie
algebra of U,. This is a particular instance of the general situation of Sec-
tion 2: a unitary action of a compact group on a smooth complex affine
variety. Let § € Z such that ;0305 = 0. Define x? a linear character of
G, by

(1.2) X’ ((95)5e00) : H det(g;) )%
JEQo

For quiver representations, the correspondence between linear characters
and elements in the center of u, is easily described: to the character x?
is associated the element (—if;Id,,)jeq, € Z(u,). This element is still
denoted by 0, and Z(u,) is identified in this way with a subspace of R,

A well-known theorem from King [13] gives a characterization of 6-
stability for quiver representations. In 3.2 this result is generalized to real
parameters corresponding to elements y? € X *(G)R.

THEOREM 1.3. — For § € R®% such that D ie
ciated element x? € X*(G,)®, a quiver respresentation (V, ¢) is §-stable if
and only if for all subrepresentation W C V.

0;v; = 0 and the asso-

> 6;dim W, < 0.
JEQ

unless W =V or W = 0.

TOME 74 (2024), FASCICULE 1
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The space T* Rep([',v) = Rep(f,v) admits three complex structures
denoted by I,J and K, they are detailed in Section 4.1. There is a real
moment map for each one of this complex structure, they are denoted by
wr, vy and pg. They are defined as in equation (1.1), for instance

ar(e),Y) = 5 G lexp(t.LY ).l

t=0

and

(), Y) = IIGXP(t JY).a|?

2 dt —o

Together they form the hyperkdhler moment map pug = (ur, s, px ), it
takes values in u®3.
Nakajima quiver varieties are constructed for (07,0;,0x) € Z(u,)®? as

quotients of fibers of the hyperkéhler moment map.

m,(07,07,0x) = pg' (01,07,01)/U,
The hyperkéhler regular locus in Z(u,)®3 is defined by:

DEFINITION 1.4 (Hyperkéhler regular locus). — For w € N a dimen-
sion vector

Hy =X (01,0,,0K) € (R?)? Zwﬂ“ Zwﬂm - ijeK’j =0
J J

The regular locus is

(1.3) Hi® = H,\ ] Hy

w<v

the union is over dimension vector w # v such that 0 < w; < v;.

In Section 4.3 various trivializations of the hyperkéhler moment map are
discussed. We prove that the hyperkdhler moment map is a locally triv-
ial fibration by consecutive use of constructions of Theorem 1.2 for each
complex structure and the associated moment map. The idea of consecu-
tive use of different complex structures comes from Kronheimer [15] and
Nakajima [21].

THEOREM 1.5 (Local triviality of the hyperkdhler moment map). —
Over the regular locus H°®, the hyperkdhler moment map pg is a locally
trivial fibration compatible with the U,-action:

ANNALES DE L’INSTITUT FOURIER
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Any (01,0;,0K) € HL*® admits an open neighborhood V', and a diffeo-
morphism f such that the following diagram commutes

VX,MH (9179J79K *> /LH
\ lld«lﬂ

Moreover f is compatible with the U,-action so that the diagram goes down
to quotient

VX#H (01,05,0k)/U, HﬂH V)/Us

A similar trivialization of the hyperkdhler moment map over lines is
described in [3, Lemma 2.3.3]. In Theorem 4.16 we provide an extension of
their result using twistor spaces as suggested by Nakajima.

Denote by 7 the map obtained by taking quotient of the hyperkahler
moment map over the regular locus

pg () /Uy = HPE.

Consider H'm,Q;, the cohomology sheaves of the derived pushforward of the
constant sheaf. As a direct corollary of the local triviality of the hyperkahler
moment map, those sheaves are locally constant. Moreover as H}°® is simply
connected, those sheaves are constant. They provide the local system of the
cohomology of the fibers.
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2. Kempf-Ness theory for affine varieties

Kempf-Ness [12] relate geometric invariant theory quotients to symplec-
tic quotients. In this section we recall Migliorini’s version of this theory [19]
which applies to affine varieties and real parameter x? € X*(G)®. Then we
prove that the real moment map is a locally trivial fibration over a regular
locus.

G is a connected complex reductive group acting on a smooth affine
complex variety X. The action is assumed to have a trivial kernel.

2.1. Characterization of semistability from a differential
geometry point of view

For x? € X*(G) a linear character of G, a regular function f € C[X] is
f-equivariant if there exists a strictly positive integer r such that f(g.z) =
xX?(g)" f(x) for all z € X,

DEFINITION 2.1. — A point ¢ € X is 0-semistable if there exists a 0-
equivariant regular function f such that f(x) # 0. The set of §-semistable
points is denoted by X?7s5.

A point x € X is §-stable if it is §-semistable and if its orbit G.x is closed
in X%% and its stabilizer is finite. The set of #-stable points is denoted
by X9-s.

The GIT quotient as defined by Mumford [20] is denoted by X%~ —
X0=s5//G. A point of this quotient represents a closed G-orbit in X955,
When working over the field of complex numbers, such quotients are related
to symplectic quotients. The affine variety X can be embedded as a closed
subvariety of an hermitian space W with hermitian pairing denoted by
p(+,+). The embedding can be chosen so that the action of G on X comes
from a linear action on W and the action of a maximal compact subgroup
H C G preserves the hermitian pairing, p(h.u, h.v) = p(u,v) for all h € H
and u,v € W. Then G can be identified with a subgroup of GL(W). The
hermitian pairing induces a symplectic form on the underlying real space

(2.1) w(+,-):=Rep(i-,-)
with i a square root of —1 and Re the real part. The hermitian pairing on
the ambient space induces an hermitian metric on X. As X is a smooth

subvariety of W, its tangent space is stable under multiplication by ¢, hence
the non-degeneracy of the hermitian metric implies the non degeneracy of
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the restriction of the symplectic form w to the tangent space of X and the
symplectic form on W restricts to a symplectic form on X. Then the action
of G on X induces a symplectic action of H on X.

For x € X introduce the Kempf-Ness map

"G — R

g+ |lg-z|* —log (Ix°(9)?)

with || -] the hermitian norm.

THEOREM 2.2 ([19, Theorem A.4]). — A point zy € X is 6-semistable
if and only if there exists in the closure of its orbit a point x € G.xg such
that ¢%® has a minimum at the identity.

Remark 2.3. — Let X*(G)® := X*(G) @z R, the definiton of ¢?* makes
sense not only for linear characters but for any x? € X*(G)¥. It provides the
following generalization of the definition of #-semistability and #-stability
for any x¥ € X*(G)R.

DEFINITION 2.4 (Semistable points). — Let x € X*(G)¥, a point xg is
-semistable if there exists x € G.xq such that ¢** has a minimum at the
identity.

A point x is O-stable if it is O-semistable, its orbit is closed in X~ and
its stabilizer is finite.

In the following of the article, #-stability and 6-semistability as well as
the notations X?~% and X%~ always refer to this definition.

2.2. Correspondence between linear characters and center of
the Lie algebra of H

The Lie algebra of G is denoted by g and the real Lie algebra of H is b.
Fix a non-degenerate scalar product (-, -) on b invariant under the adjoint
action.

PROPOSITION 2.5 (Polar decomposition). — For all g € G there exists
a unique (h,Y) € H x b such that g = hexp(iY') such an expression is
called a polar decomposition. This implies for the Lie algebra g = b & ib.

Proof. — It follows from [23, Theorem 6.6]. O

The first step in Kempf-Ness theory is to associate to a character x? €
X*(G) an element in the center Z(h) of the Lie algebra h. As H is compact,
its image under a complex character lies in the unit circle. Consider the

TOME 74 (2024), FASCICULE 1
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differential of the character at the identity, it is a C-linear map dxfd g —
C. The inclusion x?(H) C S implies for the Lie algebra dx{,(h) C iR. By
C-linearity, dxled(ih) C R and the following map is R-linear

dx$i(Gi...):h —R

22) Y —s dx%,(iY).

The invariant scalar product on b identifies this linear form with an element
of h denoted by 6 satisfying for all Y € §

(0,Y) = idx{s(Y).

Moreover, as the scalar product is invariant for the adjoint action and so
is the character x?, the element 6 lies in the center of §. This construction
is Z-linear so that it extends to an R-linear map

L XNG)E — Z(b)
X — 0

PRrROPOSITION 2.6. — The R-linear map ¢ is an isomorphism from
X*(GQ)R to Z(b).

Proof. — As G is a complex reductive group G = Z(G)D(G) with Z(G)
its center and D(G) its derived subgroup. Then X*(G) identifies with the
set of linear characters of the torus Z(G). Hence X*(G) is a Z-module of
rank the complex dimension of Z(G) so that dimg X*(G)® = dimg Z(h).
It remains to prove that ¢ is injective. Let xY be a linear character such
that dx?,(iY) = 0 for all Y € h. By C-linearity and polar decomposition
dx?, = 0. Hence for any g € G the differential at g is also zero dXZ =0. As
G is connected, x? is the trivial character. O

Remark 2.7. — This isomorphism justifies the notation x? for elements
in X*(G)®, such elements are uniquely determined by a choice of § € Z(b),
moreover

NN

2.3. Correspondence between symplectic quotient and GIT

quotient
DEFINITION 2.8 (Real moment map). — The real moment map i : X —
b is defined thanks to the invariant scalar product {-,-) by
1d

(wla). V) = 5 gyllexptio )l
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TRIVIALIZATIONS OF MOMENT MAPS 317

for allY € b and x € X. In this section the real moment map is just called
the moment map. Later on complex and hyperkdhler moment maps are
also considered.

Assume the compact group H is a torus 7. The ambient space decom-
poses as an orthogonal direct sum W = B, . Wy~ with x® linear characters
of T and

Wya ={z € Wtz = x*(t)w for all t € T'}
Similarly to 2.2, a character x® is uniquely determined by an element « in
t the Lie algebra of T such that

idxG(Y) = (. Y).

Let A be the finite subset of elements « € t such that W, # {0}. Let us
compute pr the moment map for the torus action. Let . = 5
W, for Y in t the Lie algebra of T
1d
Y)y=- —

(@) V) = 5 & B

= > idx ()2

a€cA

- <z |xxan2a,y>

acA

acA Ty 1IN

||exp(itY).J:||2

Therefore the non-degeneracy of the scalar product implies prp(z) =
> vea llzxe |2c. In particular the image of u7 is the cone C'(A) C t spanned
by positive coefficients combinations of elements o € A. This example
proves to be useful later on.

PROPOSITION 2.9 (Guillemin-Sternberg [6]). — d,u the differential of
the moment map at x is surjective if and only if the stabilizer of x in H is
finite.

Proof. — A computation using the definition of the moment map and
the symplectic form gives for v € T, X a tangent vector at z and Y € f

t=0

This relation is often taken as a definition of the moment map. By non

(depp(v),Y) =w <§texp(tY).:17

degeneracy of the symplectic form w it implies that Y is orthogonal to the
image of d,u if and only if the stabilizer of x contains exp(tY) for all t € R.
Hence the differential of the moment map is surjective if and only if the
stabilizer of x is finite. O

TOME 74 (2024), FASCICULE 1
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LEMMA 2.10. — Let x? € X*(G)¥ and x € X, then ¢ has a minimum
at the identity if and only if pu(xz) = 6.

Moreover if ¢*® has a minimun at the identity and at a point hexp(iY)
with h € H and 'Y € b, then exp(iY).x = x.

Proof. — Up to a shift in the definition of the moment map, this result
is [19, Corollary A.7]. The proof is recalled as it is useful for the next
proposition.

Forallhe Hand g€ G

¢"* (hg) = ¢"*(g)

so that the differential of ¢%® at the identity vanishes on h. For Y/ +iY €
h @ ibh this differential is

@ ‘ @ d , , ——5 o
dogi" (V! +iY) = doii (1Y) = T lexp(itY).*]  —dxfa(iY) — dxfy(iY)
t=0

last equality follows from the definition of the moment map p and the
discussion in Section 2.2 defining # and proving the reality of dxfd(iY).

So far we proved that ¢%® has a critical point at the identity if and
only if u(x) = 6, it remains to prove that this critical point is necessarily a
minimum. Let ¢?* be critical a the identity and g € G written in polar form
g = hexp(i1Y). The action of 7Y is hermitian so that it can be diagonalized
in an orthonormal basis (e;) such that iY.e; = \je; with \; € R.

¢? " (hexp(iY)) — ¢**(1d) = ¢ (exp(iY)) — ¢**(1d)
= Z lexp(A;)p(ej, z)|* — log Hexp(%m)
- bl P

with r; real parameters determined by x? € X*(G)R. As ¢97 is critical at
the identity:

_ i 0,z -
0= " (exp(it))

= (2)‘3‘ Ip(ej,z)[* = 2rj)\j) _

t=0 j

Combining the two previous equations

¢"" (hexp(iY)) — "*(1d) = Y (exp(2X;) — 2X; — 1) |ple;, ).

J
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So that ¢%*(hexp(iY)) — ¢%*(Id) > 0 with equality if and only if
exp(iY).xz = x. Hence when ¢?* has a critical point at the identity, it
is necessarily a minimum. O

PROPOSITION 2.11. — Let x% € X*(G)R then p=1(0) € X?~%. More-
over, a point g is f-stable if and only if the orbit G.xq intersects u=1(6)
exactly in a H-orbit.

Proof. — The first statement follows from Definition 2.4 of stability and
Lemma 2.10.

Assume zq is f-stable, then its orbit is closed in X%~ and G.xoNp ()
is not empty. Let x lies in this intersection, then ¢?* has a minimum at
the identity. For all g,¢' € G

079 (g') = 6" (g'g) +1og (|x"(0)[")

Hence ¢%9%(g') is minimum for ¢ = ¢g~!. Now if ¢ € G verifies g.x €
p~1(0) by Lemma 2.10, ¢%9-%(¢') has a minimum not only at ¢’ = ¢g~!
but also at the identity. By the second statement of the previous lemma,
g ' = hexp(iY) with h € H and exp(iY).z = x. As z is stable, its stabilizer
is finite so that exp(iY) = Id and g~! € H. Moreover for any h € H,
the map ¢?"® has a minimum at identity hence h.z € p~'(f) so that
G.zoNu1(0) = H.x.

Conversely suppose G.xo N pu~1(0) = H.x. First x( is f-semistable. By
Migliorini [19, Proposition A.9], the orbit G.z is closed in X?~. It remains
to prove that the stabilizer of x( is finite. By Lemma 2.10 the map ¢% is
minimum at the identity. Let Y € § such that exp(¢Y’) is in the stabilizer of
z. Then |x? (exp(iY))| = 1, otherwise either ¢* (exp(iY)) < ¢?*(Id) or
%" (exp(—iY)) < ¢?*(1d). Hence ¢?(exp(iY)) = ¢**(Id) and exp(iY) €
H so that Y = 0 and the stabilizer of x is finite. O

Remark 2.12. — For x? € X*(G) such that #-stability and §-semistability

coincide. The last proposition implies that the inclusion p=1(0) c X9
goes down to a continuous bijective map

pt(0)/H = X7/ /G.
This result is a particular instance of Kempf—Ness theory, it gives a natural

bijection between a symplectic quotient and a GIT quotient. Hoskins [10]
proved that this map is actually an homeomorphism.
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2.4. Hilbert—Mumford criterion for stability

The next theorem is a variant of the usual Hilbert—-Mumford criterion
for stability. It applies to real parameters x? € X*(G)® not only to linear
characters. Instead of algebraic one-parameter subgroups it relies on one-
parameter real Lie groups defined for Y € § by

R—G
t — exp(itY)
Many variants of Hilbert—Mumford criterion for one-parameter real Lie

groups are given in [4]. Before proving the criterion, two classical technical
lemmas are necessary.

LEMMA 2.13. — Let X’ € X*(G)R and Y € b, fort € R
log ’XQ(exp(itY))|2 =2(0,Y)t.
Proof. — We prove it for x? € X*(G) and deduce for elements in X*(G)®
by R-linearity.

d 2 1 d
—|  log|x’(exp(itY))|]” = ——M—M—— —
i, e D] = e F @
d
dt

X’ (exp(itY))

X’ (exp(i(t — 5)Y))|

t=s

d ; )
— tYy
3| ey

= 2dx74(iY)
By the construction of the element 8 € Z(h) from 2.2 we conclude that

‘ 2

2

| 2

=l log I\’ (exp(itY))|* = 2(6,Y)

t=s
and )
log |X9(exp(itY))|
LEMMA 2.14. — Let g € X% such that ¢%®° is minimum at the
identity. Let Z € b and decompose xq in a basis of eigenvectors of the

Tro — E l‘g
A

=2(0,Y)t. O

hermitian endomorphism 17

with
exp(iZ)xf = exp(\)al.
Then either (0, Z) < 0 or there exists A > 0 with 29 # 0.
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Proof. — By Lemma 2.10 and Proposition 2.11, as xg is 6-stable, the
Kempf Ness map ¢?%° reaches its minimum exactly on H. For Z € §
consider the map fz defined for ¢ real by

F2() = 6% (exp(iZt))

fz reaches its minimum only at ¢ = 0. We can compute fz(t) using the
decomposition of xg in eigenvectors of ¢Z and Lemma 2.13

(2.3) f2(t) =Y expN)[3]* - 2(0. 2)t.
A

Its second derivative is
7(t) = > 4N exp(2t\) [,
A

Then fz is convex, moreover it reaches its minimum only at ¢ = 0 so that
li = .
A f2(0) = Foo

Looking at equation (2.3) this implies either (6, Z) < 0 or there exists A > 0
with 2§ # 0. 0

THEOREM 2.15 (Hilbert—-Mumford criterion for stability). — Let 6 €
X*(G)} and x € X. The following statements are equivalent
(i) x is G-stable.
(ii) For all Y € b, different from zero, such that lim; ;. exp(itY).x
exists then (0,Y) < 0.

Proof.

not (i) implies not (ii). — Let z € X \ X5, Then if ¢?* admits a
minimum, the stabilizer of x is not finite and this minimum is reached
on an unbounded subset of G. Thus there exists an unbounded minimizing
sequence for ¢%*. By polar decomposition and H invariance we can assume
it has the following form (expiYy), .y With (Yy,)nen € hN unbounded. The
hermitian space W admits an orthonormal basis B™ = (e}, ..., e}) made
of eigenvectors of iY,, with associated eigenvalues A7, ..., \}.

exp(iYy).ep = exp(A})er.

This basis allows to compute:

d
¢ (expiYy,) =Y exp (2A}) [|l=p]|* — 26, V7))
k=1

with 2! = p(z, e}})e} the components of x in the basis B". By compactness
of the set of orthonormal frames, we can assume the sequence of basis
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(B™)nen converges to an orthonormal basis B = (eq,...,ex). Let xp =
p(z, er)ex be the components of « in the basis B. Then lim,,, o 2} = 2.
Let

As (Y,)nen is unbounded, up to an extraction of a subsequence, we can
assume that lim,,, 1 2, = 400 and that the following limit exist and are
finite:

Y := lim —
and

Akiz lim —=%.

Now one can bound from bellow the values ¢ (expiY;,) of the minimizing
sequence

0 (expiYy,)

> > exp () R —2(6,Ya).
{klzk#0}

> Y exp 2 +0(1) ) (Jlzk]® +o(1)) = 2((6,Y) +0(1))
{k|zr7#0}

with o(1) some sequences going to zero when n goes to infinity. As the
left-hand side is the value of a minimizing sequence, it cannot go to plus
infinity. Hence (0,Y) > 0, moreover if z # 0 Then A\ < 0. We conclude
as Y satisfies lim;_, 1o exp(itY).x exists and (6,Y) > 0.

(i) implies (ii). — Let x € X?~% by Lemma 2.10 and Proposition 2.11
there exists g9 € G such that for xyp = gg.z, the Kempf-Ness map
¢%*0 reaches its minimum exactly on H. Now let Y € b such that
lim; 4 oo exp(itY).z exists then lim,, o exp(inY’).z exists. For all n € N
polar decomposition provides unique h,, € H and Z,, € b such that

exp(inY’) = hy, exp(iZy,)go.

Then Z,, is unbounded. Proceed as in the first part of the proof, 17, is an

hermitian endomorphism denote by A7,..., A} its eigenvalues and let
d
k=1
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We can assume that lim,,_, 1 o, ¥, = 400 and that the following limits exist
and are finite:

Z
Z = lim —
and

)\k = lim

Then denoting by z{ the components of zo in an orthonormal basis of
eigenvectors of 12

¢ (exp(iZn)go) = D exp(2(M +0(1)) Tn) ([|lzall* + o(1))
{klzk#0}
2
~2({6,2) + 0(1)) Ty, + log [x”(g0) |
By Lemma 2.14 either (4, Z) < 0 or there exists Ay > 0 with 29 # 0. In
any case

lim ¢%% (exp(iZ,)go) = +oc.

n—-+oo
Then the relation (2.4) defining Z,, implies
(2.4) lim ¢ (exp(inY)) = +oc.
n——+0oo

Decompose z in a basis of eigenvectors of the hermitian endomorphism 7Y
T = E T\
A

then
¢ (exp(inY)) = Y exp(2n)|zr]|* — 2(0,Y) n.
A

As the limit lim,_, . exp(inY’).z is assumed to exist, A < 0 if )\ # 0.
Then the condition (2.4) implies (f,Y) < 0. O

2.5. Regular locus

In this subsection the closed subvariety X is not relevant, the action of G
and H on the ambient hermitian vector space W is studied. First note that
the moment map can be defined not only on X but on the whole space W.
Let T C H a maximal torus. As in 2.3 the ambient space W decomposes
as an orthogonal direct sum W = @@ Wy« with x® characters of T' and

Wya ={z e Wltx =x“(t)z forallt € T}.
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Denote by A the finite subset of elements «a € t such that for the character
x* the space Wy« is not zero then

W= @
a€cA
As before the link between linear characters and elements in t is through

the invariant pairing (-, -)

idxia(B) = (o, B) -
Hence if 8 is orthogonal to the R vector space spanned by A

x“(exptf) =1

for all & € A so that exptf is in the kernel of the action of H on W. From
the beginning this kernel is assumed to be trivial, hence the vector space
spanned by A is t. As in Remark 2.3, the image of pp, the moment map
relative to the T-action, is the cone spanned by positive combinations of

A. For any A’ finite subset of t the cone spanned by positive combinations
of A’ is:

cA) = { Z an 0

acA’

a(X}OforaHaeA’}.

For any S € t

(), B) = < lexp(itd).all?] _,
= (ur(2), B).

Hence, as noted by Kirwan [14], if u(x) € t then p(z) = pr(x). For A a
finite subset of t we denote by dim A’ the dimension of the vector space
spanned by A’.

LEMMA 2.16. — Let 2 € W such that for all A’ C A with dim A’ <
dim t, the value of the moment map pur(z) does not lie in C(A’). Then the
stabilizer of x is finite.

Proof. — Decompose z according to its weight © =) ., 24 then

pr(a) = 3 e

Denote by A, the set of elements « such that x, # 0. The hypothesis about
pr(z) implies that dim A, = dimt. Now for 8 € t

exp(Bt).x = Z X% (exp Bt)x .

aEA,
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Hence if exp 5t is in the stabilizer of z, for all a € A, the pairing with 3
vanishes (o, 8) = 0. As A, spans t this implies that 8 = 0 and the stabilizer
of z in T is finite. O

The previous lemma justifies the introduction of the following nonempty
open subset of t

cyeE=cA)\ [ C@).

A'CA
dim A’ <dim t

As all maximal torus of H are conjugated, the set C(A4)™8 N Z(h) is inde-
pendent of a choice of maximal torus 7.

PROPOSITION 2.17. — For 0 € C(A)"*¢NZ(h), every §-semistable points
are @-stable, W95 = W9~ and in particular X?=% = X095,

Proof. — Let x € W9~ then G.x meets u~1(6). But G.2\G.x is a union
of G-orbits of dimension strictly smaller than G.z, points in those orbits
has stabilizer with dimension greater than one. By the previous lemma
every point in = () has a finite stabilizer. Thus G.z N p~1(#) # 0 and
the stabilizer of z is finite so that x is §-stable. O

Kirwan [14], Ness-Mumford [22], Sjamaar [27], Harada—Wilkin [7] and
Hoskins [10] studied a stratification of W. It relies on the Morse theory of
the following map. For 6 € Z(h)

hg W —R
2 () - O]
with || the norm defined by the invariant pairing (-,-) on h. A critical
point of a smooth map f is a point x where the differential vanishes d, f = 0.
A critical value of f is the image f(z) of a critical point z. The gradient

of hy is the vector field defined thanks to the hermitian pairing p(-,-) for
reWand v e T, W by

p(grad, hg,v) = dyhe.v
For x € W the negative gradient flow relative to hy is the map
fyz ‘R — W
t— 72(t)
uniquely determined by the condition

dy;(s)
ds = —grad,oy) hs-

s=t
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and 79(0) = x. By [7] and [27] it is well defined and for any z the limit
lim; 4 o0 79 (t) exists and is a critical point of hg. S? is the set of point
x € W with negative gradient flow for hy converging to a point where hy
reaches its minimal value 0:

0 ._ : 0 -1
SY = {x € W‘t_lgnoo'yz(t) En (9)}

This is the open strata of the stratification, Sjamaar called it the set of
analitically semistable points. When the stability parameter is a true char-
acter i.e. X! € X*(G), Hoskins [10] proved that this strata coincides with
the f-semistable locus. Here we want to consider any x? € X*(G)E, the
proof of the inclusion S¢ C WY is the same and it is enough for our
purpose.

PROPOSITION 2.18. — 89 is a subset of W?—ss.
Proof. — The flow ~,(t) belongs to the orbit G.z hence lim;_, 4 V2 (t) C
G.z. Therefore if z € S? then G.x N p=1(0) # 0. O

An important feature of the map hy is that its critical points lie in a
finite union

U v (H.8(4,0))

A'CA
indexed by the subsets of the finite set A. With S(A’, ) the projection of
6 to the closed convex C(A’) and H.3(A’,0) the adjoint orbit of S(A’,6).

LEMMA 2.19. — By definition of the projection to a closed convex in an
euclidian space, the distance between 6 and the cone C(A’) is |3(A’,0) — 0].
Define
(2.5) dg= inf [B(A,0)—06

A'cA
B(A”,0)#0

then dg > 0 and hy " [0,dg[ C S?.

Proof. — For any h € H by invariance of the scalar product under the
adjoint action and as 6 € Z(h)

h.B(A",0) — 0] = |B(6, A") — 0]”.

Hence if x is a critical point of hg not in p=1(6), then x € u=(H.5(A’,0))
for some B(A’, ) different from 6 and

(x) = 0 = 18(6, &) = 6" > d.
So that the only critical value of hg, in the intervalle [0, dg] is O.
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Now for any x € W, the map t — hy (’yg(t)) can only decrease, and
it converges to a critical value. Therefore if = € hgl [0,dg| the negative
gradient flow converges necessarily to a point lim;_, , o v?(¢) which belongs
to hy ' (0) = p~1(0) so that x € S°. O

THEOREM 2.20. — Let 0y € C(A)™¢ N Z(b), there is an open neighbor-
hood Vy, of 6y in C(A)**® N Z(b) such that for all § € Vy,, 0-stability and
0o-stability coincide W —ss = J}/0—ss,

Proof. — Let € > 0 such that B(6y, €) the ball of center 6, and radius €
in t is included in C'(A)™8. Then when 6 varies in B(fg, €) it does not meet
any frontier of a cone C'(A’) with A’ C A. So that for § € B(6y, ¢), for all
A" C A, B(0,A") £ 0 if and only if 5(6p, A") # 0. Thus the subset indexing
the infima defining dy and dp, in (2.5) are identical. As the projection
to closed convex is a continuous map, the map 6 — dy is continuous on
B(0y, €). Therefore one can chose € > 0 such that

o dy > %o for all 0 € B(fy, ).
Moreover ¢’ can be chosen to satisfy the following conditions

e B(by,e) C C(A)ee

o %< d%
Let 6 in B(o,€')NZ(b), we shall see that W9=55 = 1% =55, First note that
6 € C(A)™e N Z(h) and Proposition 2.17 implies W9=55 = W95,

For x € W9 = W%, by Proposition 2.11 there exists g € G such
that g.z € p=1(6). Then |u(g.w) — o] < d% and g.z € h;ﬂl [0,dg,[. By
Lemma 2.19, g.x € S% and by Proposition 2.18 g.z is fy-semistable so
that o € W0o—ss,

Similarly for 2 € W%=sS there exists g € G such that g.x € p='(6p).
Then |u(g.2) — 6)* < d% and as d% < dp, the point g.x lies in hy ' [0,d[
therefore x is #-stable. d

Considering again the closed subvariety X C W one defines the regular
locus:

DEFINITION 2.21 (Regular locus). — The regular locus B™¢ is the set
of elements § € C(A)**8 N Z(h) such that for all z € X%~ the stabilizer of
x in G is trivial and X975 #£ ().

PROPOSITION 2.22. — The regular locus B™® is the union of some con-
nected components of C(A)™& N Z(h).

Proof. — By Theorem 2.20, if § and ¢’ are in the same connected compo-
nent of C'(A)*8 N Z(h) then WO=s5 = W =5, Hence if § € C(A)™8 N Z(h)
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is such that for all « € X% the stabilizer of z in G is trivial and
X0=ss £ (), the same holds for #’ in the same connected component of

C(A)e N Z(b). O

Remark 2.23. — Note that the regular locus B can be empty, for in-
stance if the center Z(h) is a subset of a cone C(A’) with dim A’ < dim t.
Fortunately it is non-empty for the application to Nakajima quiver varieties
of the next sections.

In the next subsection we prove that the real moment map is a locally
trivial fibration over the regular locus B*8.

2.6. Trivialization of the real moment map over the regular
locus

The next construction follows ideas from Hitchin—Karlhede—Lindstrom—
Rocek and is illustrated in [9, Figure 3 p. 348].

PROPOSITION 2.24. — For x? € X*(G)® and = a 0-stable point with
trivial stabilizer, there exists a unique Y* € b such that exp (iY %) .z €
pu~1(#). Moreover for h € H the adjoint action of h on Y%7 satisfies

(2.6) hYy%e = yohe
Let 0 = p(z) and 2’ = exp (iY?*) .z, then
(2.7) Yo = _y e,
Proof. — As x is f-stable, by Proposition 2.11 the orbit G.z intersects
pu~1(0) exactly on a H-orbit. There exists g € G such that g.x € u=*(6).

Apply the polar decomposition to this element g = hgexp (iYa’“”) with
ho € H and Y%® € . Then

p~H0) NG = H.oexp (iY?") 2
Take Y’ such that exp (iY') .z € p~*(0) then
exp(iY').x = hexp(iY%%).x

for some h in H. By the triviality of the stabilizer of x and the uniqueness
of polar decomposition Y’ = Y?* hence Y?* is uniquely determined. Let
us check H-equivariance, for h € H

1= H(0) 3 hexp(iY?").x = exp (ih.Y?") .h.a
by uniqueness Y?"¢ = h. Y% Equation (2.7) is clear. O
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Remark 2.25. — The assumption that x has a trivial stabilizer can be
relaxed. Then there exists Y €  such that

{Y eb|exp(iY).x € u*(0)} = (Staby z) yoe

The right-hand side is the orbit of Y% under the adjoint action of the
stabilizer of z in H. For applications to quiver varieties we only need to
consider the case of a trivial stabilizer.

LEMMA 2.26. — Let 6 € Z(h) and xo a 0-stable point with trivial sta-
bilizer. There exists an open neighborhood Uy ., of (6,x¢) in h x X and a
smooth map

Y: U‘g’i0 —b

0, 2") — Y (0, 2")
such that p (exp (Y (¢',2")) .a") =0'.

Proof. — Note that when 0 € Z(h) necessarily Y (0, z) is equal to the
Y% introduced in the previous proposition. Let Y?%0 such that = :=
exp (iY‘g’wO) .xp is in the intersection G.zo N pu~1(). Consider the map

f:hxhxX —h
(Y',0,2") — p(exp(iY’).x") — 0’

in order to use the implicit function theorem on a neighborhood of
(Y9,900707x0) we first prove that the differential of f with respect to Y’
at (Y%7 @ x4) is invertible. As x has a finite stabilizer, the embedding of
tangent spaces T, H.x — T, G.x identifies with the embedding

(2.8) h =2 TigH — TiaG = hPib.

By Proposition 2.9, du is surjective so that p=1() is a smooth manifold
and kerdu, = T,u~'(#). Proposition 2.11 implies p=1(§) N G.x = H.z.
Restricting d,. u to the tangent space of the G-orbit we obtain the following
short exact sequence

da:.u‘TT,G.m
_—

0—=T,Hx— T,G.x h—0.

the surjectivity follows from dimension counting and the identification of
the tangent spaces with (2.8). Thus we obtain the expected invertibil-
ity of the differential with respect to Y’ of f at (Y% 6 z0), the map
dy’ f(yo.w0,0,00), identifies with an invertible map i — b. The implicit
function theorem applies and gives the existence of Up,, C h x X an
open neighborhood of (6, xy) and the expected smooth map Y(-,-). O

TOME 74 (2024), FASCICULE 1



330 Mathieu BALLANDRAS

The next theorem is a first result concerning local triviality of the mo-
ment map, over the regular locus B™® the real moment map is a locally
trivial fibration.

THEOREM 2.27. — Let 6y in B™%, and let Uy, be the connected com-
ponent of B8 containing 0y. There is a diffeomorphism f such that the
following diagram commutes

Usy x 1" (00) —5— 1~ (Us,)

Moreover f is H equivariant so that the diagram goes down to quotient

Ugo 90 /H *> ,u U@U

Proof. — For 0 € Uy, we know from 2.5 that X9~ = X%=5 =£ (). Define
f by
f(0,x) :=exp (Y (0,2)) .@

It follows from Proposition 2.24 that it is invertible with inverse

FH@") = ('), exp (iY (60, 2")) .2') .

Lemma 2.26 implies that f is a diffeomorphism. Equivariance follows from
equation (2.6) so that f(6,h.z) = h.f(0,2) and f goes down to a diffeo-
morphism between quotients. O

In the next sections Nakajima quiver varieties are considered, they admit
an additional hyperkéhler structure. A similar trivialization is established
in this hyperkéhler context.

3. Quiver varieties and stability
3.1. Generalities about quiver varieties

The quiver varieties considered in this paper were introduced by Naka-
jima [21]. Let T' be a quiver with vertices {0y and edges ;. For an edge
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v € 3 we denote t(y) € Qp its tail and h(y) € Qp its head, we define the
reverse edge 7 such that ¢(37) = h(v) and h(F) = t(v).

t(7) o o(7)

v
f\j/
Y

Let Q; := {F|v € O} and Q = Q; UQ;. For 7 € Q, we set 5 := 7 to
obtain an involution on Q. The doubled quiver [ is obtained by adding an

inverse to all edges in €21, its set of vertices is 2y and its set of edges is Q.
Let € : Q@ — {—1,1} be the map

1 ifyeM
() = L=
-1 lf’YEQl

We fix a dimension vector v € N0 A representation of the quiver I with
dimension vector v is a pair (V,¢) with V' = @,.q, V; a graded vector
space with dim V; = v; and ¢ = (¢)yeq, a collection of linear maps ¢., :
Vi(y) = Vi(y)- A subrepresentation is a subspace W C V with a compatible
Qp-grading and preserved by ¢. The set of quiver representations with
dimension vector v is identified with

Rep(T', v) @ Matc (v (y)s Ve(y))-
YEQ

For construction of Nakajima quiver varieties it is interesting to consider
representations of the doubled quiver I’

Rep(F v) @Matc (Vn(y)» Ve())-
'yEQ

This space is in fact the cotangent bundle T* Rep(T',v). It is a complex
vector space, the complex structure considered in this section is

I-(Qb'y),yeﬁ = (iﬁbw)yeﬁ
The group GL, := [[;cq, GLy, (C) acts linearly on Rep(T, v)

9-(97) e = (ghm%g{@))%ﬁ

The diagonal embedding of C* in GL,, acts trivially so that it is enough to
consider the action of:

Gy =S (97)jeqq € GLy | ] det(g;) =
JE€Q
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Note that G, is isomorphic to a Levi subgroup of a parabolic subgroup of
a special linear group, therefore it is reductive. The Lie algebra of GL,,
respectively G, is gl, = ®j690 al,, (C) respectively.

9o = $ (%)) jeq, € 0l, ZtrxJ—O
JE€EQo

The center of g, is

Z(go) = 4 (&1, )jen, | (&)jen, € (C)F with > 06, =0
J€Q0

Let 6 € Z% such that 3 ._o v;0; = 0, define x? a character of G,, by

JEQo

(3.1) x? ((95)jeq0) H det(g;)~%.
J€Q0

The 6-semistable locus, respectively @-stable locus in the sense of Mum-
6—ss

ford’s Geometric Invariant Theory [20], are denoted by Rep(L,v)? =5, re-
spectively Rep(I',v)?~*.

DEFINITION 3.1 (Complex moment map). — The complex moment map
is defined by
C :REp(fav)__%gv
(#4),c > D €107
765
it is G-equivariant for the adjoint action on g,.

This complex moment map will be related to the real moment map of
Definition 2.8 in the next section.

DEFINITION 3.2 (Nakajima quiver variety). — For £ € Z(g,), the set
et (€) is an affine variety in Rep(T',v), it inherits a G, action. Nakajima
quiver varieties are defined as GIT quotients:

M) = ' (€) NRep(T, )"~/ /G

Those varieties are interesting from the differential geometry point of
view and have an hyperkédhler structure. We are interested in the family
formed by those varieties when the parameters £ and 6 are varying.
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3.2. King’s characterization of stability for quiver
representations

As in Section 2 the geometric invariant theory has a symplectic counter-
part. Rep(I",v) is an hermitian vector space with norm

1(¢+) »YGQ Z tr ¢7¢T
'yGQ

The G,-action restricts to a unitary action of the maximal compact sub-
group

Uv = (gj)jéﬂo S H Uvj H det(gvj) =1
JEQo JEQo

The Lie algebra of U, is

U, = (75)jeq, € GB Uy, Z tra; =0
JE€Q JE€Q
with U, , respectively u,,, the group of unitary matrices, respectively the
space of skew-hermitian matrices of size v;. The real moment map p; for
the U, action satisfies

1
aa).Y) = gyllesp(iey)al?|
for Y € u,. The pairing is defined for Y = (Y}),eq, and Z = (Z;),eq, by
52) v.2) = Y uviz).
J€Q0

As in 2.2, to the character x? defined by (3.1) is associated the following
element of the Lie algebra u,

(33) 0 = (—iﬁj Idvj)jEQo € Uy.

Indeed for Y = (Y}),cq, in the Lie algebra u,, by the usual differentiation
of the determinant map at identity

dxfa(iY;) = = Y b tr(Y;) = (0,Y).
JE€EQ

We recall here an important result from King giving a characterization
of f-stability for quiver representations.

TOME 74 (2024), FASCICULE 1



334 Mathieu BALLANDRAS

THEOREM 3.3 (King [13, Proposition 3.1]). — Let § € Z such that
> 0;v; =0 and x? the associated character defined by (3.1).

(1) A quiver representation (V,¢) € Rep(T,v) is O-semistable if and
only if for all subrepresentation W C V
JEQ
(2) A quiver representation (V,¢) is a 0-stable if and only if for all
subrepresentation W different from 0 and (V, ¢)
Z Hj dim Wj < 0.

JEQ

The symplectic point of view allows to consider real parameters § € R
satisfying the equation ) e v;0; = 0. They are associated to elements
x? € X*(G,)® with well-defined modulus:

X ((9))je00)| = H |det(gj)|79j _

J€Q0

The set of #-stable points in Rep(f, v) is defined by Definition 2.4. The end
of this section is devoted to a generalization of the second point of King’s
theorem for real parameters § € R such that Y 0;v; = 0.

Let Y = (Y}),cq, € U, the iY; are hermitian endomorphisms of V3. For

A € R denote by Vé , the subspace of V7 spanned by eigenvectors of 1Y
with eigenvalues smaller than A then define

— J
Vo = P V.
J€Q0o

We need the following well-known lemma.

LEMMA 3.4. — Let 2 = (V,¢) in Rep(I',v) and Y € w,. The limit

lim exp(itY).x

t——+oo

exists if and only if for every A real, V¢ defines a subrepresentation of (V, ¢)

Proof. — For all j € Q take a basis of V7 formed by eigenvectors of iY
and assume the eigenvalues repeated according to multiplicities are ordered

Y j
N <M< <N
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In those basis of eigenvectors, for v € T one can write the matrix of @7 and
compute the action of exp(itY)

h(v) t(7v)

Y t(A - Y

e )(/51,1( ) et 2 )¢1,2
h t(y

s TN gy

(eXP(ZtY)QS)V = : o eto\g(w),)\z(w))qﬁz ,

h(v) _yt()
JQWH>A1)¢V

Vh(y)sl

the limit exists if and only if the matrix is upper triangular i.e. p(Vgy) C
Vea and Vg, defines a subrepresentation of (V) ¢). O

The next result is the generalization of King’s theorem relative to 6-
stability of quiver representations for a real parameter . Its proof relies
on the previous lemma and the Hilbert—Mumford criterion for real one-
parameter Lie groups 2.15.

THEOREM 3.5. — Let 0 € R such that > jeq, 9jv; = 0 and x? the
associated element in X*(G,)®. A quiver representation (V,¢) is §-stable
if and only if for all subrepresentation W C V different from 0 and (V, ¢)

> 6;dimW; < 0.
J€Q0

Proof. — Let « = (V,¢) in Rep(f, v)?~% a @-stable point. By
Hilbert-Mumford criterion (Theorem 2.15), for all ¥ € u, such that
limy_, 4 o exp(itY’).x exists then (6,Y) < 0.

Let W be a subrepresentation of (V, ¢) different from 0 and (V, ¢). For all
J € Qg define Yj in u,, such that W is an eigenspace of 7Y; with eigenvalue
A1 and WjL the orthogonal complement of W is an eigenspace of 1Y; with
eigenvalue Ay and Ay > A;. By the previous lemma lim; o exp(itY).x
exists.

(0,Y) ==Y 0; (A1 dim W + Xp (dim V; — dim W)
JEQ
- Z ()\1 — )\g)ﬁj dim Wj
JE€RQ
because ) 6;v; = 0. Then Hilbert-Mumford criterion implies (6,Y) < 0,
hence ;g 0; dim W; < 0.
Conversely let = (V,¢) a quiver representation such that for all sub-

representation W ¢ V' different from 0

Z Gj dim Wj < 0.
J€Q0
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Let Y = (Y})].GQU € u, different from zero. The set of eigenvalues of Y}

is ordered /\ji < < )\éj. The set of all eigenvalues for all j € Qg is also
ordered

{/\i} sean = A2 A
1<k<d;

with Ax < Ag41. For convenience add an element Xy < Ay, If
limy_,— exp(itY').x exists, by the previous lemma Vi is a subrepresenta-
tion of (V, ¢). Moreover

dj
O.Y)==>"0;> A (dim Vix,ﬁ — dim Véxil)

jeEQy k=1
=3 oY A (dm v, - damVZ, )
JE€Q0 k=1
m—1
== 0; > (k= Aep)dimVZ, =N, Y 60;dimVZ,
J€Q0 k=1 JEQo

The last summand vanishes as ) 6,v; = 0,
0.Y)==> (A —Xex1) Y 0;dimVZ,
k=1 J€Q0

AsY #0, it has at least two distinct eigenvalues. Then V¢, is a subrep-
resentation different from zero and V' and

—(Mo—A1) Y 0;dimVZ, <0
J€Q0
so that (6,Y) < 0. O

This result is useful in the next section to characterize a regular locus
for the hyperkéhler moment map.

4. Nakajima quiver varieties and trivialization of the
hyperkdhler moment map

After some reminder about the hyperkéhler structure of Nakajima quiver
varieties, trivializations of the hyperkdhler moment map are discussed.
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4.1. Hyperkéhler structure on the space of representations of a
doubled quiver

The space Rep(f7 v) is endowed with three complex structures

1. (¢, d5) = (i¢y, id5)
T 6y, 65) = (—¢L, 81)
K. (¢, d5) = (—igl, ipl)
satisfying quaternionic relations
(4.1) P=r=K=1JK=-1

and a norm

|| ¢’Y 'YEQ Ztr (b’Y(bT
'yEQ

For each complex structure, polarisation identity defines an hermitian pair-
ing compatible with |- ||. For example the hermitian pairing compatible
with the complex structure I used in the previous section is

1 . .
pr (u,v) = 1 (Hu—i—v||2 —JJu— v||2 +z||u—|—].v\|2 —illu — I.v||2)

ps(-,-) and pg(-,-) are similarly defined. One expression is particularly
simple

pr ((01), e (), c5) = D tr(dyesd).
vEQ

Remark 4.1. — Even if the hermitian metric relies on the choice of com-
plex structure, by the polarisation identity the real part remains the same,
it is the hyperkahler metric

g(-,-):==Repr(-,-) =Reps(-,-) =Repx(-,-).

DEFINITION 4.2 (Real symplectic forms). — As in equation (2.1) we
define a real symplectic form for each complex structure

Notation 4.3. — I-linear means C-linear with respect to the complex
structure I and similarly for J-linear and K-linear.
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PROPOSITION 4.4 (Permutation of complex structures). — Consider the
map N N
¥ : Rep(T',v) — Rep(T,v)

1
v s (1+1+J+K)a

It is an isomorphism from the hermitian vector space Rep(ﬁv) with the
complex structure I and hermitian pairing p; to the hermitian vector space
Rep(T',v) with the complex structure J and pairing p;.
More generally it cyclically permutes the three complex structure I, J, K
U(l.x)=JY(z)
(4.2) U(Jz)=K¥(x)
U(K.x)=1.9(x).

Such a map is sometimes called an hyperkéhler rotation.

Proof. — Relations (4.2) follow from a computation with the quater-
nionic relations (4.1). To prove the compatibility with the hermitian struc-
tures it is enough to check that ||¥(x)| = ||z]|.

A+T+J+K)z|P=g(Q+T+J+K)a,(1+1+J+K).x).

The expected result is obtain after cancellations from the identity
g(I.u,u) = 0, similar relations for the other complex structures and quater-
nionic relations (4.1). O

In Section 3.1 an [-linear action of G, is described. The hyperkéhler
rotation W provides the following construction for J-linear and K-linear
actions. This three actions coincide when restricted to the compact sub-
group U,,.

DEFINITION 4.5 (Complexification of the action). — Thanks to polar
decomposition, to define a linear action of G, compatible with the complex
structure J it is enough to define the action of exp(i.Y) for Y € u,. To
highlight the complex structure used, this action is written exp(J.Y)...
and defined by

exp(JY).x := ¥ (exp(i.Y). 0~ (2))
with the element exp(i.Y') of G, acting by the natural I-linear action pre-
viously described. Similarly

exp(K.Y).x := U~ (exp(i.Y).¥(z)).

Remark 4.6. — A point z is 6-(semi)stable with respect to the I-linear
action if and only if W(x) is #-(semi)stable with respect to the J-linear
action.
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4.2. Hyperkihler structure and moment maps

By Proposition 4.4 the various G-actions previously described are com-
patible with the hermitian metrics so that the constructions of Section 2
apply. They provide a moment map for each complex structure.

(ur(@), V) = 5 Sllexp(t.LY) )

t=0

(), ¥) = 3 L llexp(t.1Y ).l

t=0
<MK (.’ﬁ), Y> =

The pairing is defined by (3.2).

N~ N~ N

%Hexp(t.K.Y).:)cH2

t=0

DEFINITION 4.7 (Hyperkdhler moment map). — Those three real mo-
ment maps fit together in an hyperkédhler moment map py : Rep(I,v) —
w, O, O, defined by pg = (p1, pr, firc)-

The moment map uc defined in Section 3.1 by

(4.3) pe ((01),e5) = 3 cNéror

YEQ

can be expressed from the real moment maps

pe = pg + K.
it is a polynomial map with respect to the complex structure 1.

Remark 4.8. — By cyclic permutation of the complex structure, pg +iuy
is polynomial with respect to the complex structure J and puy + iy is
polynomial with respect to the complex structure K.

Take (GJJ)jeQO and (9[()]‘)]‘690 in RQO such that Zj vaJ,j = Zj vaK,j =
0. Associate to each of them an element in the center of the Lie algebra u,

9] = (—Z'HJ,]‘ Idvﬂ')jeﬁo

9}{ = (—Z'OKJ‘ Idvj)jeﬂo .

Then 6; + i@k defines an element in the center of g, = u, ® iu,. Hence
171 (05) N pt (0x) = pe' (05 + i0x) is an affine variety embedded in the
vector space Rep(f, v) endowed with the complex structure I and stable
under the G,-action. Section 2 does not apply directly to this situation as
/14(51(9] + i0k ) might be singular. However it applies to the action of G,
on the ambiant space Rep(L, v). For §; € R® such that > ieq, Vi =0
consider the associated element X% € X*(G,)R.
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DEFINITION 4.9 (Hyperkéhler regular locus). — For w € N a dimen-
sion vector

Hy =X (01,0;,0k) € (R%)? ijeufzwjehfzwjemfo

The regular locus is

(4.4) Hie = H,\ ] Hy

w<v

the union is over dimension vector w # v such that 0 < w; < v;.

Remark 4.10. — This regular locus is empty unless the dimension vec-
tor v is indivisible, then H}®® is the complementary of a finite union of
codimension 3 real vector space.

Thanks to Kempf-Ness theory, Nakajima quiver varieties can be con-
structed as hyperkédhler quotients. The underlying manifold of the variety
MO (05 4 i0k) (see Definition 3.2) is

m,(07,07,0K) = pg' (01,05,0K) /U,

4.3. Trivialization of the hyperkidhler moment map

We study the family of Nakajima quiver varieties when the parameters
(0r,07,0K) are varying. Nakajima proved by consecutive uses of different
complex structures that for 6 and 6" in H!°® the manifolds m,(0;,6,,0k)
and m, (07, 8}, 0% ) are diffeomorphic [21, Corollary 4.2]. We use this idea of
consecutive uses of different complex structures to prove that those mani-
folds fit in a locally trivial family over the regular locus H,;%. First let us
highlight relevant facts about the regular locus.

LEMMA 4.11. — Let (07,0;,0k) € H® and x € p;'(05) N ug' (Ok).
Then x is @;-stable if and only if it is 6;-semistable.

Proof. — If xy € uﬁl(GIﬁJﬁK) its stabilizer in G, is trivial. Indeed
Malffei proved that the differential of the moment map at z is surjective [16,
Lemma 48], then Proposition 2.9 implies the triviality of the stabilizer of x.

Let « € ;' (05) N px' (0x) a Or-semistable point. Then Gz N ;' (67)
is not empty. As u;'(05) N pg' (0x) = pe' (05 + i) is G, stable, the
closure of the orbit G,.z meets ,uHEI(HI,HJ,GK) at a point xy. This point

necessarily has a trivial stabilizer, hence x¢y € G,.x and x is 6;-stable. [
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Let (0;,05,0Kk) € H.® and consider first the complex structure I. By
the previous lemma and King’s characterisation of stability (Theorem 3.5),
for 6} in an open neighborhood of 6, stability with respect to 6 is the
same as stability with respect to 6;.

Now consider the complex structure J. Thanks to Remark 4.6 on the
affine variety py'(0x) N p;'(0r) all f-semistable points are 6;-stable.
Moreover for ¢’; in an open neighborhood of 0, stability with respect to
¢, is the same as stability with respect to 6;. Similarly for the complex
structure K.

Assume that the dimension vector v is a root of the quiver so that the
moment map is surjective, see [2, Theorem 2|. Consider the diagram

pg' (HI®) —— Rep(T',v)

| Iz

H)® —— u, Qu, Du,.

THEOREM 4.12 (Local triviality of the hyperkdhler moment map). —
Over the regular locus H°®, the hyperkdhler moment map ppy is a locally
trivial fibration compatible with the U,-action:

Any (01,05,0k) € HL*® admits an open neighborhood V', and a diffeo-
morphism f such that the following diagram commutes

VX,MH (QI,QJ,GK *> M]HI
\ lMH

Moreover f is compatible with the U,-action so that the diagram goes down
to quotient

V x my(GI,GJ,GK 4) /J,H

Proof. — The method is similar to the proof of Theorem 2.27 applied
consecutively to the three complex structures. The idea of using different
complex structures comes from [15] and [21]. Take (07,60;,0k) € H.® and a
connected open neighborhood Uy x Uy x Uk such that for 6} € Uy, any = €
17 (U) Nt (Uk) is -semistable if and only if it is 67-stable. Similarly
for Uy and Uk. For any x with ug(z) = (07,6;,0%) € Ur x Uy x Uk, by
Proposition 2.24 applied to the I-linear action of G, on Rep(f, v), there
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exists a unique Y7(0;,x) € u, such that
exp (I.Y](ej, .13)) T € Mﬁl(ej, f], QIK)

Then by exchanging the three complex structures with hyperkéhler rota-
tions, there exists unique Y;(6;,z) and Yk (0k,x) such that

exp (J.Y;(0,2)) exp (1.Y;(0r,2)) @ € pyg' (01,05,0%)

and
exp (K. Yk (0k,x))exp (J.Y;(0;,2))exp (I.Y;(01,2)) .x € uﬁl(t%, 01,0K).
This defines the map f~!

F @) = ((07,07,0%), exp (K.Y (0, x)) exp (LY (07, )
x exp (1.Y7(01,)) .z).
Lemma 2.26 implies the smoothness of f~!. This map induces a diffeomor-

phism, indeed exchanging 6 and €' in the previous construction produces
the expected inverse

f (@, (07,07,0%))
1= exp (IYI(G/D ’I)) exp (JYJ(efla I)) exp (KYK(GlKa x)) -z
It follows from equation (2.7) that the maps are inverse of each others. The
exchange in the order of appearance of the complex structures I, J and K

in the definition of f and f~! are necessary as the exponentials do not
necessarily commute. The U,-equivariance follows from equation (2.6). O

Similarly one can consider the complex moment map puc = py + ijx

instead of py. The complex regular locus is C}® := C,, \ U, ., Cw With
Co=QE€C®| > wi& =0
J€Q0
THEOREM 4.13. — The complex moment map is a locally trivial fi-

bration over C;°¢. Any £ € C}° admits an open neighborhood V', and a
diffeomorphism f such that the following diagram commutes

V x MC *> ,u(c
\ J{NL
Proof. — The proof is similar to the hyperkdhler situation. O
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Denote 7 : pg (HI8) /U, — H:® the map obtained taking the quotient
of pugr. Consider the cohomology sheaves Him,Q, of the derived pushforward
of the constant sheaf and the cohomology sheaves H'm@Q; of the derived
compactly supported pushforward of the constant sheaf.

COROLLARY 4.14. — The sheaves H'm,Q, and H'p/Q, are constant
sheaves over H 8.

Proof. — By Theorem 4.12 those sheaves are locally constant. H®® is a
complementary of a finite union of codimension 3 real vector spaces, hence
it is simply connected so that the locally constant sheaves are constant. [J

Nakajima explained to us that this corollary can also be obtained by
generalizing Slodowy’s construction [28] to quiver varieties.

Remark 4.15 (Comparison with a construction by Crawley-Boevey, Van
den Bergh [3]). — Crawley-Boevey, Van den Bergh constructed a triviali-
azition of the complex moment map over complex lines. It is obtained after
fixing some generic stability parameter denoted by A in [3] and by 6; with
our notations. Then the base of their trivializations are affine lines in the
regular locus H}® containing (6;,0,0) and with first coordinate fixed and
equal to #;. They use this trivialization to prove that the cohomology of
Nakajima quiver varieties is pure. Moreover, together with the appendix by
Nakajima, they prove that the quiver varieties over this line have the same
number of points over finite fields (for sufficiently large characteristic). Us-
ing two lines, all the quiver varieties over Z(u,)®? with first parameter 6;
generic also have the same number of points. Notice that there is nothing
particular about the complex structure I, same results can be obtained
after any hyperkahler rotation.

Finally we extend the trivialization of the hyperkdhler moment map over
lines constructed by Crawley-Boevey and Van den Bergh [3] using twistor
spaces as told to us by Nakajima.

Denote by H, respectively Hy, the set of quaternions, respectively the
set of purely imaginary quaternions and H = Hy \ {0}. The space u®3 is
identified with Hy ®g 11,,. Then the hyperkédhler moment map reads

ur=Iu+Jou;+Keug.

Once an orthonormal basis of R? is fixed, the triple of complex struc-
tures I, J and K is fixed and we write ugr = py, puc = pg + ipg. The
hyperkéhler moment map is assumed to be surjective and the dimension
vector indivisible. Then H}°® is the open subset of generic parameters in
Hp ®r Z(uy). For 6 € H.8 a generic parameter and S a contractible subset
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of Hf, Crawley-Boevey and Van den Bergh constructed a trivialization of
the hyperkéhler moment map over S ® 6, see [3, proof of Lemma 2.3.3] (in
the statement of this lemma S is chosen to be a complex line). The assump-
tion contractible is relaxed in the next theorem. It relies on the theory of
twistor spaces developped by Penrose [24], Atiyah—Hitchin—Singer [1] and
Salamon [25, 26]. The main point is the compatibility between hyperkéahler
quotients and twistor spaces from Hitchin—Karlhede-Lindstrom—Rodek [9,
p. 560], see also Hitchin [8]. The following Theorem as well as its proof was
told to us by Nakajima.

THEOREM 4.16. — For 6 generic in Hy ®g Z(u,) define
H5.0 ={h®0|hecHj}.
There exists a diffeomorphism f such that the following diagram commutes

i (H.0) /U, —L— 15(0) /U, x H;.0
\ i

the vertical arrow is the projection to H.0.

Proof. — Consider the quaternionic vector space Rep(f7 v) and the pro-
jection
Rep(T,v) x 8 — 82
With S? the 2-sphere of imaginary quaternions with unit norm

:{al—l—bJ—FCK‘aQ—!—bQ—i—cQ:l}.

82 is given the usual complex structure of the projective line. The twistor
space associated to Rep(f, v) is the manifold Rep(f, v) x 82 endowed with
a complex structure such that the fiber over I, € 82 is Rep(f7 v) seen as a
vector space with complex structure I,,.

As detailed in [3], the group of quaternion of unit norm, identified with
SU(2), acts on H ® Z(u,) by

h.(W ®60)=hh'h 0.

with al +bJ +cK +d = —al —bJ — cK + d. Let 6 be a generic parame-
ter, up to the choice of orthonormal basis of R® we can assume 6 = I ® 6;.
The SU(2) orbit of # thus identifies with S? as

(4.5) SU22).0 ={I,®0|1, € S*}.
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The twistor space of the hyperkdhler manifold uﬁl(ﬂ) /U, is a complex
manifold 7~ with an holomorphic map p to S?

T —— S%

The underlying differential manifold of the twistor space is just a product
and p the projection to the second factor

g (0)/U, x 82 —— S2.

The twistor spaces construction is compatible with hyperkéahler quotients as
explained in [9, p. 560]. Thus the fiber of p over I, is ug"(#)/U, endowed
with the complex structure inherited from the complex structure I, on
Rep (f,v). Namely if I, ® 0 = (0},6';,0%) then the fiber of the twistor
space over I, is the complex manifold

pHIu) = pg (05 +ib) N (07) /U,
Thus fibers of p are exactly fibers of uy and the twistor space provides
trivialization of the hyperkidhler moment map over the orbit SU(2).6:

pzt (SU(2).0) /U, 2 T —2— 1z (0) /U, x S?

| A

SU@2).0 — = 82

« is defined thanks to (4.5), the map § is the identity on the fibers and
v forgets the complex structure. This diagram traduces the equivalence
between, on the right, varying complex structure on a fixed fiber juy Le)/u,
and on the left varying the fiber for a fixed complex structure I.

The construction is similar to Crawley-Boevey and Van den Bergh’s con-
struction except that the twistor space formalism allows to obtain a trivi-
alization over the non-contractible space SU(2).6.

As in [3], the trivialization can be extended thanks to the Rsq action.
Note that for ¢ a positive real number uy(tz) = t?pug(z). Then identifying
8§? x Ry with Hj we obtain the trivialization

p ' (H.0) /Uy —— g (0)/U, x H

| |

H;.6 H;

The SU(2)-action on the base of this trivialization traduces the variation
of complex structure on the hyperkihler manifold ' (6)/U, whereas the
R+ action traduces the rescaling of the metric. O
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