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CIRCUMCENTER EXTENSION OF MOEBIUS MAPS
TO CAT(—1) SPACES

by Kingshook BISWAS

ABSTRACT. — Given a Moebius homeomorphism f : X — dY between bound-
aries of proper, geodesically complete CAT(—1) spaces X, Y, we describe an exten-
sion f: X — Y of f, called the circumcenter map of f, which is constructed using
circumcenters of expanding sets. The extension f is shown to coincide with the
(1,log 2)-quasi-isometric extension constructed in a previous paper of the author,
and is locally 1/2-Holder continuous. When X,Y are complete, simply connected
manifolds with sectional curvatures K satisfying —b? < K < —1 for some b > 1
then the extension f: X — Yisa (1,(1— %) log 2)-quasi-isometry, and is surjective.
Circumcenter extension of Moebius maps is natural with respect to composition
with isometries.

RESUME. — Soit X,Y des CAT(—1) espaces propres et géoésiquement com-
pletes, et soit f : 0X — O0Y un homéomorphisme qui préserve le birapport. Nous

décrivons une extension f : X — Y de f, que nous appelons ’extension circoncentre
de f, et qu’on construit a ’aide des circoncentres des ensembles agrandissants. On

montre que I'extension f coincide avec I'extension (1, log 2)-quasi-isométrique déja
construit par auteur dans un article précédent. Quand X,Y sont des variétés rie-
manniennes simplement connexes a courbures dans 'interval [7b2, —1], 'extension

f:X = Yestun (1,(1 — %) log 2)-quasi-isométrie surjectif. L’extension circon-
centre est naturelle par rapport & composition avec des isométries.

1. Introduction

Let X be a CAT(—1) space. There is a positive function called the cross-
ratio on the space of quadruples of distinct points of the boundary at
infinity 0X of X, defined for £,&,n,n' € 0X by

[67 5/7 777 ’r]/]

exp <; (d(a,b) +d(a’,b’) —d(a,b') — d(d’, b))>

im
a—§,a’ =& b—n,b—n’
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236 Kingshook BISWAS

(where a,a’,b, b’ € X converge radially towards £,£’,n,7’). A map between
boundaries of CAT(—1) spaces is called Moebius if it preserves cross-ratios.
Any isometry between CAT(—1) spaces extends to a Moebius homeomor-
phism between their boundaries. A classical fact which turns out to be
crucial in many rigidity results including the Mostow Rigidity theorem is
that a Moebius map from the boundary of real hyperbolic space to itself
extends to an isometry. More generally Bourdon showed ([5]) that if X is
a rank one symmetric space of noncompact type with maximum of sec-
tional curvatures equal to -1 and Y a CAT(—1) space then any Moebius
embedding f : 0X — 0Y extends to an isometric embedding F': X — Y.
In [2] the problem of extending Moebius maps was considered for gen-
eral CAT(—1) spaces, where it was shown that any Moebius homeomor-
phism f : X — 0Y between boundaries of proper, geodesically complete
CAT(—1) spaces X,Y extends to a (1,log2)-quasi-isometry F : X — Y.
The proof of this theorem uses an isometric embedding of a proper, geodesi-
cally complete CAT(—1) space into a certain space of Moebius metrics on
the boundary of the space. A nearest point projection to the subspace of
visual metrics is used to construct the extension. We show that this near-
est point is unique, and can be constructed as a limit of circumcenters of
certain expanding sets. The extension constructed in [2] is thus uniquely
determined. We call the extension the circumcenter map of f. It is read-
ily seen to satisfy naturality properties with respect to composition with
isometries. We have:

THEOREM 1.1. — Let X,Y be proper, geodesically complete CAT(—1)
spaces, and f : 0X — 9Y a Moebius homeomorphism. Then the circum-
center extension f: X = Y of f is a (1,log2)-quasi-isometry which is
locally 1/2-Holder continuous:

o~ ~

d(f(x), F(y) < 2d(, )"/
for all z,y € X such that d(z,y) < 1.

When the spaces X, Y are also assumed to be manifolds with curvature
bounded below we have the following improvement on the main result of [2]:

THEOREM 1.2. — Let X,Y be complete, simply connected Riemannian
n-manifolds with sectional curvatures satisfying —b?> < K < —1 for some
constant b > 1. For any Moebius homeomorphism f : 0X — 9Y, the
circumcenter extension f of f isa (1,(1— %) log 2)-quasi-isometry f : X —

Y. Moreover the circumcenter extension f : X — Y is surjective.
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THE CIRCUMCENTER EXTENSION 237

We mention that one of the motivations for considering the problem of
extending Moebius maps is the marked length spectrum rigidity problem.
This asks whether an isomorphism ¢ : 7 (X) — 71(Y) between fundamen-
tal groups of closed negatively curved manifolds which preserves lengths
of closed geodesics (recall that in negative curvature each homotopy class
of closed curves contains a unique closed geodesic) is necessarily induced
by an isometry F' : X — Y. Otal ([7]) proved that this is indeed the case
in dimension two. The problem remains open in higher dimensions. It is
known however to be equivalent to the geodesic conjugacy problem, which
asks whether the existence of a homeomorphism between the unit tangent
bundles ¢ : T'X — T'Y conjugating the geodesic flows implies isometry
of the manifolds. Hamenstadt ([6]) proved that equality of marked length
spectra is equivalent to existence of a geodesic conjugacy.

Bourdon showed in [4], that for a Gromov-hyperbolic group T with two
quasi-convex actions on CAT(—1) spaces X,Y, the natural I'-equivariant
homeomorphism f between the limit sets AX, AY is Moebius if and only
if there is a I'-equivariant conjugacy of the abstract geodesic flows GAX
and GAY compatible with f. In particular for X , Y the universal covers
of two closed negatively curved manifolds X,Y (with sectional curvatures
bounded above by —1), the geodesic flows of X,Y are topologically conju-
gate if and only if the induced equivariant boundary map f : 90X — 9Y
is Moebius (here topologically conjugate means that the conjugacy is a
homeomorphism). Thus an affirmative answer to the problem of extending
Moebius maps to isometries would also yield a solution to the equivalent
problems of marked length spectrum rigidity and geodesic conjugacy.

Finally we remark that in [3] it is proved that in certain cases Moebius
maps between boundaries of simply connected negatively curved manifolds
do extend to isometries (more precisely, local and infinitesimal rigidity re-
sults are proved for deformations of the metric on a compact set).

2. Spaces of Moebius metrics

We recall in this section the definitions and facts from [2] which we will
be needing.

Let (Z,po) be a compact metric space with at least four points. For
a metric p on Z we define the metric cross-ratio with respect to p of a
quadruple of distinct points (£,¢&',n,7') of Z by

SUAPES o(&, ) (€ 1)
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238 Kingshook BISWAS

(cf. the comment after Lemma 3.4, where it is clarified that this definition
of cross-ratio reduces to the definition given in the Introduction of cross-
ratio on the boundary X of CAT(—1) space X, for a particular choice of
metric on 90X called a visual metric). We say that a diameter one metric p
on Z is antipodal if for any £ € Z there exists n € Z such that p(&,n) = 1.
We assume that py is diameter one and antipodal. We say two metrics
p1, p2 on Z are Moebius equivalent if their metric cross-ratios agree:

166 |5, = [6€"m ]
for all (£,&',n,7"). The space of Moebius metrics on Z is defined to be

p is an antipodal, diameter one metric}

M(Z, po) = {p'

"on Z Moebius equivalent to pg
We will write M(Z, py) = M. We have the following from [2]:

THEOREM 2.1. — For any pi1,p2 € M, there is a positive continuous
function g—gf on Z, called the derivative of ps with respect to p1, such that

the following holds (the “Geometric Mean Value Theorem”):
dpg dpg
2 _ 4p2 . dpP2 2
p2(&m)” = 3 ()3 mpn (& m)
forall&,n e Z.
Moreover for p1, p2, p3 € M we have

dps _ dps dps
dpl dpg dp1
and
d d
do2 ) (p1> ,
dp1 dpg
The reason for the terminology “derivative” for the function S—Z? and

the name “Geometric Mean Value Theorem” for the identity in the above

Theorem is that the function S—Zi satisfies

dp2 oy _ iy P2(EM)
—_ = 11m
dp1 n—¢ p1(€,m)

for all non-isolated points £ of Z (we remark however that the function g—gf

is also defined at the isolated points of Z, but not by the above formula at
such points).

LEMMA 2.2.
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THE CIRCUMCENTER EXTENSION 239

Moreover ifg—z’;‘ attains its maximum at £ and p1(£,n) = 1 then g—Zf attains
its minimum at 7, and p2(&,m) = p1(&,n) = 1.

Proof. — Let A, u denote the maximum and minimum values of dp"’

respectively, and let £, &’ € Z denote points where the maximum and mln—
imum values are attained respectively. Given i € Z such that p1(&,n) = 1,
we have, using the Geometric Mean-Value Theorem,

- dp2 dp2

2
> paln)? = 2O

while choosing 7' € Z such that p3(£',n') = 1, we have

plea? =1/ (L2 L0 ) > 1/0m)

m=Ap

hence A - p=1.
By the above we have

Ly <1/ L2 =1/x=u

dp1 dp1
hence 352 (n) = p. By the Geometric Mean Value Theorem this gives
dpg dpg
.n)? .M L= =1-N-p=1. O
p2(&.m)* = p1(€&,m)? o — (&) d n) It
For p1,ps € M, we define
dpo
d = 1
(p1, p2) = maxlog - = o (&) -

From [2] we have:
LEMMA 2.3. — The function dq defines a metric on M. The metric

space (M, d ) is proper, i.e. closed and bounded balls are compact.

3. Visual metrics on the boundary of a CAT(—1) space

Let X be a proper CAT(—1) space such that X has at least four points.

We recall below the definitions and some elementary properties of visual
metrics and Busemann functions; for proofs we refer to [4]:

Let x € X be a basepoint. The Gromov product of two points £,&' € 0X
with respect to z is defined by

AN . 1 n o /
€1€)e = Jim  5(dr.a)+d@.a) - da.d))
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240 Kingshook BISWAS

where a,a’ are points of X which converge radially towards £ and &’ re-
spectively. The visual metric on 0X based at the point z is defined by

pr(&€) = e
We remark that the triangle inequality for the metric p, is a consequence
of the upper bound —1 on the curvature, i.e. the CAT(—1) condition. The

distance p, (&, &’) is less than or equal to one, with equality iff = belongs to
the geodesic (£¢').

LEMMA 3.1. — If X is geodesically complete then p, is a diameter one
antipodal metric.

The Busemann function B : X x X x 0X — R is defined by
B(J?, Y, E) = lim d(l’, G,) - d(y7 CL)
a—&
where a € X converges radially towards &.

LEMMA 3.2. — We have |B(z,y,§)| < d(z,y) for all £ € 0X,z,y € X.
Moreover B(x,y,&) = d(z,y) iff y lies on the geodesic ray [x,&) while
B(x,y,&) = —d(x,y) iff « lies on the geodesic ray [y, §).

We recall the following Lemma from [4]:
LEMMA 3.3. — Forxz,y € X,€,n € 0X we have
PulE)? = pal€n)? B Bz
An immediate corollary of the above Lemma is the following:

LEMMA 3.4. — The visual metrics p,,x € X are Moebius equivalent to
each other and d
Py B(z,y,
T%(f) — B@w)
It follows that the metric cross-ratio [££'nn'],, of a quadruple (&, &', n,7n’)
is independent of the choice of z € X. Denoting this common value by
[€€'mm'], it is shown in [5] that the cross-ratio is given by

1
lim exp (= (d(a,b) +d(a’,b') —d(a,b') —d(a',b )
(a,a’,b,b")—(§,€" ,m.m") p(Q( (a.0) ( ) ( ) ( )

where the points a,a’,b,b € X converge radially towards &,&',n,n € 0X
(this can also be easily verified using the definitions of the visual metrics
and the Gromov inner product).

We assume henceforth that X is a proper, geodesically complete CAT(—1)
space. We let M = M(0X, p,.) (this space is independent of the choice of
z € X). From [2] we have:

[£€m'] =
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LeEMMA 3.5. — The map
ix: X —>M
T = Pz

is an isometric embedding and the image is closed in M.

For k > 0 and y, 2 € X distinet from 2 € X let Z(~F)yzz € [0, 7] denote
the angle at the vertex ¥ in a comparison triangle Tyz in the model space
H_,2 of constant curvature —k2.

LEMMA 3.6. — For n,{ € 0X, the limit of the comparison angles
4(’k2)ymz exists as y, z converge to 1, along the geodesic rays [z,n), [z, ()
respectively. Denoting this limit by 4(*’“2)7]1( , it satisfies

/(=k?)
sin (277%) = pa(n, O .

Proof. — A comparison triangle in H_ ;= with side lengths a =d(x,y),b=
d(x,z),c=d(y,z) and angle § = 4(_’“2)yxz at the vertex corresponding to
x corresponds to a triangle in H_; with side lengths ka, kb, kc and angle
0 at the vertex opposite the side with length kc. By the hyperbolic law of
cosine we have

cosh kc = cosh ka cosh kb — sinh ka sinh kb cos 6 .

As y — n,z — (, we have a,b,¢ — 00, and a + b — ¢ = 2(9|(), thus
cosh ka cosh kb cosh kc

sinh kasinh kb sinh ka sinh kb
31— 22k

cosf =

hence the angle 6 converges to a limit. Denoting this limit by 4(’}“2)77x§,
by the above it satisfies

cos(£LMInaC) = 1= 2p,(n, )"

(—k?)
sin (%) = pa(n, Q" . O

and hence

LEMMA 3.7. — For z,y € X, € € 0X and k > 0, the limit of the com-
parison angles 4(*’“2)3451:2 exists as z converges to & along the geodesic ray
[x,€). Denoting this limit by 4(*k2)yz§, it satisfies

FBWe8) — cogh(kd(x,y)) — sinh(kd(z, y)) cos(£F yzg) .

TOME 74 (2024), FASCICULE 1
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Proof. — A comparison triangle in H_ ;= with side lengths a =d(x,y),b=
d(x,z),c=d(y,z) and angle § = Z/“F)yzz at the vertex corresponding to
x corresponds to a triangle in H_; with side lengths ka, kb, k¢ and angle
# at the vertex opposite the side with length kc. By the hyperbolic law of
cosine we have

cosh k¢ = cosh ka cosh kb — sinh ka sinh kb cos 6 .

As z — &, we have b,c — o0, and ¢ — b — B(y, z, &), thus

cosh ka cosh kb cosh kc

sinh kasinh kb sinh ka sinh kb

coshka eFBw=8)

sinhka  sinhka

hence the angle 6 converges to a limit. Denoting this limit by 4(_k2)§xn,
by the above it satisfies

FBW-28) — cogh(kd(z,y)) — sinh(kd(z, y)) cos(£LTF yzg) . O

gzz ast=d(z,y) =0
and the point y converges radially towards x along a geodesic. For functions
F; on 0X we write Fy = o(t) if || Ft|lco = 0(t). We have the following formula
from [2], which may be thought of as a formula for the derivative of the

map ix along a geodesic:

cosf =

We now consider the behaviour of the derivatives

LEMMA 3.8. — Forz € X and £ € 0X, as y € X converges to x along
a geodesic we have

log dpy (€) = tcos(£Vyat) + o(t)

where t = d(z,y) — 0.

4. Conformal maps, Moebius maps and geodesic
conjugacies

We start by recalling the definitions of conformal maps, Moebius maps,
and the abstract geodesic flow of a CAT(—1) space.

DEFINITION 4.1. — A  homeomorphism between metric spaces
f:+ (Z1,p1) — (Za,p2) with no isolated points is said to be conformal
if for all € € Z;, the limit

i 2.1 )
Afppu(€) = lim £2 00

ANNALES DE L’INSTITUT FOURIER



THE CIRCUMCENTER EXTENSION 243

exists and is positive. The positive function df,, ,, is called the derivative
of f with respect to pi,ps. We say f is C' conformal if its derivative is
continuous.

Two metrics p1, p2 inducing the same topology on a set Z, such that Z
has no isolated points, are said to be conformal (respectively C'* conformal)
if the map idz : (Z, p1) — (Z, p2) is conformal (respectively C' conformal).

In this case we denote the derivative of the identity map by %'
DEFINITION 4.2. — A homeomorphism between metric spaces

f: (Z1,p1) = (Za,p2) (where Zy has at least four points) is said to be
Moebius if it preserves metric cross-ratios with respect to pi,ps. The de-
rivative of f is defined to be the derivative Ljpz of the Moebius equivalent
metrics f*pa, p1 as defined in section 2 (where f*ps is the pull-back of po
under f).

From the results of section 2 it follows that any Moebius map between
compact metric spaces with no isolated points is C' conformal, and the
two definitions of the derivative of f given above coincide. Moreover any
Moebius map f satisfies the geometric mean-value theorem,

p2<f<£)a f(n))2 =M (6; 77)2 dfphpz (5) dfp1,P2 (6) :
DEFINITION 4.3. — Let (X,d) be a CAT(—1) space. The abstract ge-

odesic flow space of X is defined to be the space of bi-infinite geodesics
in X,
GX ={y:(—00,+00) = X|vy is an isometric embedding}

endowed with the topology of uniform convergence on compact subsets.
This topology is metrizable with a distance defined by

doxnm) = [ A (0. 7(0) S5t
We define also two projections
p:GX - X
v = 7(0)
and
T:GX = 90X
v = y(4o0) .

It is shown in Bourdon [4] that p is 1-Lipschitz.

TOME 74 (2024), FASCICULE 1
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For x € X, the unit tangent sphere T: X C GX is defined to be

T'X =p(x).
The abstract geodesic flow of X is defined to be the one-parameter group
of homeomorphisms
o1 GX — GX
AR’

for t € R, where ; is the geodesic s — (s +t).
The flip is defined to be the map

F:GX —-GgX
timael
where 7 is the geodesic s — v(—s).

We observe that for a simply connected complete Riemannian manifold
X with sectional curvatures bounded above by —1, the map
GX - T'X
7= 7'(0)
is a homeomorphism conjugating the abstract geodesic flow of X to the
usual geodesic flow of X and the flip F to the usual flip on T X.

Let f : 0X — 9Y be a conformal map between the boundaries of
CAT(—1) spaces X,Y equipped with visual metrics. Then f induces a
bijection ¢; : GX — GY conjugating the geodesic flows, which is defined
as follows:

Given v € GX, let y(—o0) = &, y(4+00) = 1,2 = 7(0), then there is a
unique point y on the bi-infinite geodesic (f(), f(n)) such that df,, ,, (n) =
1. Define ¢¢(y) = v* where v* is the unique geodesic in Y satisfying
7 (=00) = f(§),7"(+00) = f(n),7"(0) = y. Then ¢y : GX — GY is a
bijection conjugating the geodesic flows. From [2] we have:

PROPOSITION 4.4. — The map ¢y is a homeomorphism if f is C! con-
formal. If f is Moebius then ¢ is flip-equivariant.

5. Circumcenters of expanding sets and FK-convex
functions

Let X be a proper, geodesically complete CAT(—1) space. Recall that
for any bounded subset B of X, there is a unique point x which minimizes

ANNALES DE L’INSTITUT FOURIER
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the function

z > supd(z,y) .
yeEB
The point x is called the circumcenter of B, and the number sup, ¢ 5 d(z, y)
is called the circumradius of B. We will denote these by ¢(B) and r(B)
respectively.

Given K < 0, a function f : X — R is said to be FK-convex if it is
continuous and its restriction to any geodesic satisfies f”/ + K f > 0 in the
barrier sense. This means that f < g if g coincides with f at the endpoints
of a subsegment and satisfies ¢” + Kg = 0 (where the parametrization of
the geodesic segment is unit speed). If f restricted to the geodesic segment
is smooth, this just means f” + K f > 0 on the geodesic in the classical
sense. We have the following from [1]:

PrROPOSITION 5.1. — Let y € X, £ € 0X. Then:

(1) The function x — cosh(d(z,y)) is F(—1)-convex.
(2) The function x — exp(B(z,y,§)) is F(—1)-convex.

PROPOSITION 5.2. — Let f be a positive, proper, F(—1)-convex func-
tion on X. Then f attains its minimum at a unique point © € X.

Proof. — Since f is continuous, bounded below, and proper, f attains
its minimum at some x € X. If 2’ # x is another point where f attains
its minimum, let v : [—d,d] — X be the geodesic joining x to =’ where
d=d(z,2")/2 > 0. Then g(t) = f(z) cosht/ cosh d satisfies g’ — g = 0, and
agrees with f at the endpoints of v, hence f(v(0)) < ¢g(0) = f(x)/coshd <
f(z), a contradiction. O

PROPOSITION 5.3. — Let f,, f be positive, proper, F(—1)-convex func-
tions on X such that f, — f uniformly on compacts. If x,,x denote the
points where f,, f attain their minima, then x,, — x.

Proof. — We first show that {z,} is bounded. If not, passing to a sub-
sequence we may assume d(x, z,) — +oo. For n sufficiently large we have
fu(x) < 2f(x). Thus fr(z,) < fu(z) < 2f(z) as well. Let v, : [—dy, d,] —
X be the unique geodesic joining z to x,,, where d,, = d(z, x,,)/2. Then the
function

1
9(t) = sinh(2d,,)
X [(sinhdy,)(fn(x) + frn(zy))cosht + (coshd,)(fn(xn) — fn(x))sinh ]

TOME 74 (2024), FASCICULE 1
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satisfies ¢ — g = 0, and agrees with f,, at the endpoints of ~,. Thus for
any s > 0, for n large such that s < d,,, letting y,, = v, (—d,, + s), we have

fn(yn) < g(=dn + 5)
1
2sinh d,, cosh d,,
x [(sinh d,, cosh(d,, — s))(4f(x)) + cosh d, sinh(d,, — s)(4f(x))].

<

Since d,, — +oo this implies that for n sufficiently large we have

Fulom) < 37 (14 0(1)(85(x)) < f(2)/2

for s > 0 large enough. Fixing such an s, the points y, = v,(—d, + ) lie in
the closed ball B of radius s around x, so passing to a subsequence we may
assume that y, — y € B. Since f, — f uniformly on B, f,(y.) — f(y),
hence f(y) < f(x)/2 < f(x), a contradiction.

Thus the sequence {z,,} is bounded. To show x,, — z, it suffices to show
that the only limit point of {x,} is z. Let K be a compact containing
{zn}. Suppose x,, — y. Then f,, (zn,) < fn, (z) for all k. Since f,, — f
uniformly on K, letting k tend to infinity gives f(y) < f(x). By the previous
proposition this implies y = x. O

Let K be a compact subset of GX. Define the function ug : X — R by

uk (z) = sup exp(B(z,p(7),7(7))) -
yeK

PROPOSITION 5.4. — The function uy is a positive, F (—1)-convex func-
tion. It is proper if m(K) C 0X is not a singleton.

Proof. — For each v € K, the function z — exp(B(z,p(y),n(7))) is
F(—1)-convex. Thus ug, being the supremum of a family of F(—1)-convex
functions, satisfies the F(—1)-convexity inequality. It remains to show that
ug is continuous.

Let z, — z in X. Define functions h,,h : K — R by

hn(7) = B(zn, p(7), 7(7)), h(7) = B(z,p(7), 7(7)) -
Then |h,(y) — h(7)| = |B(zn, 2, 7(7))| < d(2n, 2), s0 hy, — h uniformly on
K. It follows that
uk (2n) = [[€" [loo = [ " oo = urc(2) -

Thus ug is continuous.

Now suppose 7(K) is not a singleton, so there exist 71,72 € K such
that the endpoints & = 7(y;),4 = 1,2 are distinct. Let x,, be a sequence
in X tending to infinity. Suppose ug(x,) does not tend to +oo. Passing
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to a subsequence we may assume ug (z,) < M for all n for some M > 0.
Passing to a further subsequence we may assume z, — £ € 0X. We can
choose a §; # . Let = p(v;), then by Lemma 3.7 we have

exp(B(xy, 2, &)) = cosh(d(zy, 2)) — sinh(d(z,, ) cos(£ TV x,z6)

4(71) n 1
= e UEn®) 49 sinh(d(z,,, x)) sin? (; 28 )
— +00

since £V, 28 — £Véxg; > 0. Hence ug (zn) = exp(B(xn,x,&)) —
400, a contradiction. This shows that ug is proper. O

We remark that if 7(K) C X is a singleton {¢}, then the properness
of the function ux does not hold, in fact ug(x) — 0 as = converges to &
along a geodesic.

DEFINITION 5.5. — Let K be a compact subset of GX such that m(K) C
0X is not a singleton. The asymptotic circumcenter of K is defined to be
the unique x in X where the function ug attains its minimum. We denote
the asymptotic circumcenter by & = coo(K).

The reason for the name ‘asymptotic circumcenter’ is explained by the
following proposition:

PROPOSITION 5.6. — Let K be a compact subset of GX such that w(K)
is not a singleton. Define for t > 0 bounded subsets A; of X by A, =
p(¢¢(K)), where ¢ denotes the geodesic flow on GX. Then

c(At) = coo(K)

ast — +o0, i.e. the circumcenters of the sets A; converge to the asymptotic
circumcenter of K.

Proof. — Let u = ug, and for ¢t > 0 define u; : X — R by

u(z) = (sup cosh(d(z,y))) 2e7t
YyEA:
It is easy to see that w; is a positive, proper, F(—1)-convex function, and
that the circumcenter of A; is the unique minimizer of the function wu;.
Since ¢ (K) is the unique minimizer of u, by the previous proposition it
suffices to show that u; — u uniformly on compacts as t — oc.
Note

up(z) = (sup cosh(d(z,v(t)))) 2e7t

yeEK
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Now for z in a compact ball B and ~ in the compact K,

as t — +oo uniformly in z € B,y € K. It follows that

cosh(d(z,7(t))) - 2e~" — exp(B(z, p(7),7(7)))

as t — 4oo uniformly in z € B,y € K. Since the convergence in z,~ is
uniform, the supremums over v € K converge, uniformly for z € B:

uy(2) = (Sup Cosh(d(zﬁ(f)))> +2e”" — sup exp(B(z,p(v), 7(7))) = u(2)
yeK yeK

uniformly in z € B. O

6. Circumcenter extension of Moebius maps and nearest
point projections

Let f: 0X — 0Y be a Moebius homeomorphism between boundaries of
proper, geodesically complete CAT(—1) spaces X,Y, and let ¢ : GX —
GY denote the associated geodesic conjugacy.

DEFINITION 6.1. — The circumcenter extension of the Moebius map f
is the map f : X — Y defined by

F(@) = coo (¢ (TIX)) €Y

(note that (¢ (T2 X)) = OY is not a singleton, so the asymptotic circum-
center of ¢ (T X) C GY exists).

In [2], a (1,log 2)-quasi-isometric extension F' : X — Y of the Moebius
map f is constructed as follows. Since f is Moebius, push-forward by f
of metrics on 90X to metrics on Y gives a map between the spaces of
Moebius metrics f. : M(0X) — M(JY), which is easily seen to be an
isometry. For each p € M(JY), we can choose a nearest point to p in the
subspace of visual metrics iy (Y) C M(JY). This defines a nearest-point
projection ry : M(9Y) — Y. The extension F is then defined by

F=ryof,oix.

We show below that if p € M(JY') is the push-forward of a visual metric
on 0X, p = fup, for some x € X, then in fact there is a unique visual
metric p, € M(JY) nearest to p, given by y = f(m), the asymptotic
circumcenter of ¢¢(Tt X). It follows that the extension F defined above is

uniquely determined and equals the circumcenter extension f
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PROPOSITION 6.2. — Let x € X and let p = fip, € M(JY). Then

y = f(x) is the unique minimizer of the function z € Y — dam(p, p.). In
particular, f = F, so f is a (1,log 2)-quasi-isometry.

Proof. — Fixa z € Y. Given ¢ € 90X, let v € T} X be such that v(+o00) =
¢ Let ¢ =p(é5(7)) € Y. Then by definition of ¢, we have

dfips

Bl () =1

Pq

It follows from the Chain Rule for Moebius metrics that
dfspa _ dfsps ~dpg
SR = SEE @) L)

= exp(B(z,q, f(£)))
= exp(B(z,p(¢r (7)), (95 (7))))-

Moreover, for any v € T2 X, the same argument shows that if £ = y(+00),

then
exp(B(z,p(¢ (7)), m(¢£(7)))) = %(f(&)) -
Thus d
sup SELE(f(E) = sup  exp(B(zp(x), 7(7)
ceox  dpz YED(TLIX)

which gives, using the definition of the metric d,

exp(dam(p, p2)) = uk (2)
where K = ¢¢(T1X). Since the unique minimizer of uk is given by y =
f(m), it follows that the function z — daq(p, p,) also has a unique minimizer
given by ]?(x) d
The circumcenter extension has the following naturality properties with
respect to composition with isometries:

PROPOSITION 6.3. — Let f : 9X — JY be a Moebius homeomorphism.

(1) If f is the boundary map of an isometry F' : X — Y then f: F.
(2) IfG: X - X,H :Y — Y are isometries with boundary maps g, h,
then

— ~

hofog=HofoG

Proof. — Let z € X.
(1). — If f is the boundary map of an isometry F, then f.p, = pr(s),

so the nearest point to fip is pp(s), S0 by the previous proposition f(z) =
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~

(2). — Note figs«pe = fepa(a)- Let z = f(G(x)), so p. is the near-
est point to fi.pg(s). Since h, : M(JY) — M(9Y) is an isometry which
preserves the subspace of visual metrics, h.p. = pg(;) is the nearest
point to h.fipg@) = (h o f o g).ps, hence by the previous proposition

—

H(z)=ho fog(x), and H(z) = H(f(G(z))) so we are done. O
The key to Theorem 1.2 is the following proposition:

ProrosITION 6.4. — Let X be a proper, geodesically complete
CAT(—1) space. Given p € M(0X), if * € X minimizes z € X
dpm(p, p2), then for any y € X U0X distinct from x, there exists n € 0X
maximizing ¢ € 0X — %(C) such that £ Vyxn > m/2.

Proof. — Let K C 0X be the set where dd—p’; attains its maximum value
eM where M = dp(p,ps), and suppose there is a y € X U X such
that Z/(=Vyan < 7/2 for all € K. Then we can choose ¢,6 > 0 and a
neighbourhood N of K such that Z/(~Vyzn < 7/2 — € for all n € N, and
such that logdd—p‘; <M—-56on0X — N.

Let z be the point on the geodesic ray [z,y) at a distance ¢ > 0 from
x. Ast — 0, for n € N we have, noting that Z(=Vzan < £ZYyzn, by
Lemma 3.8,
dp
dp

dp
dp,

(n) — log %Zi(n)

<M —tcos(£ 5V zzn) + o(t)
< M — teos(£TVyan) + o(t)
< M —tsine + o(t)

<M

(n) = log

log

for t small enough depending only on e, while for n € X — N we have
dp dp dp.

] =1 1

%%, (n) =log . (n) —log . (n)
< (M —06)+t
<M

for t < §, thus for ¢ > 0 small enough we have da((p, p.) < M = dm(p, pz),
a contradiction. O

Theorem 1.1 now follows from the following proposition:

PROPOSITION 6.5. — Let f: 90X — 9Y be a Moebius homeomorphism
between boundaries of proper, geodesically complete CAT(—1) spaces X,Y .
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Then the circumcenter extension f: X — Y satisfies

cosh(d(f(x), f(y))) < ™)

for all x,y € X. In particular fis locally 1/2-Holder continuous:

o~ ~

d(f(x), f(y)) < 2d(z,9)"/?

for all x,y € X such that d(x,y) < 1.

~ ~

Proof. — Given z,y € X, let 2’ = f(x),y’ = f(y). We may assume =’ #
y' (otherwise the above inequality holds trivially), and also (interchanging
x,y if necessary) that

dM(f*szpm/) Z dM(f*pyapy’) .

Let p = fipz € M(JY). By Proposition 6.2, ' minimizes z € Y
dam(p, p.). Hence by the previous Proposition 6.4, there exists n € 9Y
maximizing ( € 9Y +— %(() such that Z(=Yy/z'n > 7/2. By Lemma 3.7,
we have

BT = cosh(d(2',y)) — sinh(d(z',y')) cos(£ Dy z'n)
> cosh(d(z’,y)) .

Also,

B(y',a'm) _ dpa
eBW ' m) — @(77)
_ dpa dfsps dfspy
B df*pz 7 df*py ! dpy'
dpa
dp,

N

exp(—dpm (fupas o)) 5—(F 1 (0) exp(dpa(frpy, py'))

dpzzz —1
< I
7o)
_ eB(y,xyf’l(n))

< ed@y)

thus
cosh(d(z',y")) < e¥@¥)

as required.
It follows easily that f is locally 1/2-Holder:
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Since ¢! <1+ 2t for 0 <t < 1, for x,y € X, if d(x,y) < 1 we have

~ ~

14+ WDIOE < cona o), Fion)
< @)
< 14 2d(z,y)
hence
d(f(x), F(y)) < 2d(z.y)"/. O

Let X be a complete, simply connected Riemannian manifold with sec-
tional curvatures K satisfying —b? < K < —1 for some b > 1. For x € X
and £,n € 90X, let Z&xn € [0, 7] denote the Riemannian angle at « between
the geodesic rays [z,&) and [z, 7).

LEMMA 6.6. — We have

pa(&m)? < sin (ng}

) < pz(€m) -

Proof. — Since the sectional curvature of X is bounded above and below
by —1 and —b?, we have

£ ey < Lean < LV ean
hence by Lemma 3.6

pz(€,m)" = sin <N2)§"m7> < sin (4529577)

. 4(71) x
can(£25) e m

We now come to the proof of Theorem 1.2:

Proof. — Let f : 0X — 0Y be a Moebius homeomorphism between
boundaries of complete, simply connected manifolds with sectional curva-
tures K satisfying —b% < K < —1.

Let x € X, and let y = f(z). Let M = dpm(fips, py)- Let K C Y be

the set where dﬁ;p” attains its maximum value e, and let 1; € K. Then
Y

by Proposition 6.4, there exists 7o € K such that Z(=Vpyny > /2, so
py(m, 1) = 1/V2.
Let & = f~1(m;) € 0X,i = 1,2. Let n, € Y be the unique point such

that py(n:,7;) = 1,7 =1,2. Then by Lemma 2.2, dg;pz attains its minimum
Y

value e at n},7n5, and the points & = f~1(n}) satisfy p.(&,€) = 1
t =1,2. The Geometric Mean Value Theorem gives

)

pa(&1,&2) = e py(n1,m2), P2 (€1, 5) = e™™M p, (), mb) -
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Noting that Z&x&s = Z& x€l and Lniyne = £njynh, by Lemma 6.6 we
have

po(€,€) > sin (

= sin (451;52)

> pa(&1, &)

L8 28
2

and

< py (1, m2) .

Using the above two inequalities in the equality

pz(§1,62) o2M py(n1,m2)

gives
1 2M 1-1/b
— 7 =€ pylm,n .
pz(€1,&2)01 a )
Thus
1> e®™ p,(&,6) oy (1, me) 0
— e2M e(b—l)M py<771;772)(b_1)+(1_1/b)
e(+1)M
Z \/Qb—l/b
hence
1b—1/b 1
< = log2=—-(1—-1/b)log?2 .
5 o1 082= g~ 1/b)log
Thus

1
dM(f*PmPf(z)) < 5(1 - 1/b) 10g2
for all x € X. Then for any x,y € X,
@), Fw) — )] = 1oz 07,
S dp(fapws pfi,) + dra(Fepy, Py
<(1-1/b)log2

) = dm(fepus fepy)]
)

)
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thus f is a (1, (1 —1/b)log 2)-quasi-isometry. As in [2] it is straightforward
to show that the the map of f : X — Y extends to a continuous map
F:XUdX — YUY such that Fjogx = f: 0X — 9Y, so that fis an
extension of f.

The surjectivity of f: X — Y then follows from a simple topological
argument using the fact that the map fis continuous (being locally Holder
continuous), and the fact that the boundary map f : X — 9Y is a
homeomorphism. The compactified spaces X UJX, YUY can be identified
homeomorphically with the closed unit ball B"US™ !, where B™ is the open
unit ball in R™ and S™~! the unit sphere in R”. The map F : X UdX —
Y UQY is then identified with a continuous map G : B*US™ ! — B"US™!
such that Gjgn—1 =g : S"~!' = §"! is a homeomorphism.

If GG is not surjective, then there is a point x € B™ which is not in the
image of G. Now (B"US"~!)—{z} retracts onto S" !, and we can compose
G with this retraction to get a continuous map H : B"US"~! — §"~1 such
that Hgn-1 = G|gn-1 = g. Since g = Hjgn-1 : "1 — §"! extends to
the continuous map H : B U S"~! — §7~1! it follows that g is homotopic
to a constant (the explicit homotopy is g;(z) = H(tz),z € S"~1,t € [0,1]),
a contradiction to the fact that g : S"~! — S"~! is a homeomorphism.
Thus ]?: X — Y must be surjective. O
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