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A YAU–TIAN–DONALDSON CORRESPONDENCE ON
A CLASS OF TORIC FIBRATIONS

by Simon JUBERT

Abstract. — We establish a Yau–Tian–Donaldson type correspondence, ex-
pressed in terms of a single Delzant polytope, concerning the existence of ex-
tremal Kähler metrics on a large class of toric fibrations, introduced by Apostolov–
Calderbank–Gauduchon–Tonnesen-Friedman and called semi-simple principal toric
fibrations. We use that an extremal metric on the total space corresponds to a
weighted constant scalar curvature Kähler metric (in the sense of Lahdili) on the
corresponding toric fiber in order to obtain an equivalence between the existence
of extremal Kähler metrics on the total space and a suitable notion of weighted
uniform K-stability of the corresponding Delzant polytope. As an application, we
show that the projective plane bundle P(L0 ⊕ L1 ⊕ L2), where Li are holomorphic
line bundles over an elliptic curve, admits an extremal metric in every Kähler class.

Résumé. — Nous établissons une correspondance du type Yau–Tian–Donaldson,
exprimée en terme d’un polytope de Delzant, concernant l’existence de métriques
Kähler extrémales sur une large classe de fibrations toriques définie par Apostolov–
Calderbank–Gauduchon–Tonnesen-Friedman et appelée semi-simple principal to-
ric fibrations. Nous utilisons qu’une extrémale sur l’espace total correspond à une
métrique à courbure scalaire constante pondérée (dans le sens de Lahdili) sur la
fibre torique correspondante pour obtenir une équivalence entre l’existence des
métriques extrémales sur l’espace total et une notion appropriée de K-stabilité
uniforme pondéree du polytope de Delzant correspondant. En tant qu’application,
nous montrons que le fibré en plan projectif P(L0 ⊕ L1 ⊕ L2), où les Li sont des fi-
brés holomorphes au dessus d’une courbe elliptique, admet une métrique extrémale
dans chaque classe de Kähler.

1. Introduction

1.1. Motivation

A central problem in Kähler geometry, proposed by Calabi [15] in the
1980’s, is to find a canonical Kähler metric in a given cohomology class of
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2568 Simon JUBERT

a compact Kähler manifold. Calabi suggested looking for extremal Käh-
ler metrics, characterized by the property that the flow of the gradient of
the scalar curvature preserves the complex structure [16]. Constant scalar
curvature Kähler (cscK for short) metrics and the much studied Käh-
ler–Einstein metrics are particular examples of such metrics.

The existence of an extremal Kähler metric in a given Kähler class is con-
jecturally equivalent to a certain notion of stability through an extension
of the Yau–Tian–Donaldson’s (YTD) conjecture, introduced [62, 63] for
the polarized case and [31] for a general Kähler class. This conjecture, its
ramification [62, 63] and extension [8, 27, 46, 49, 62, 63, 61] have generated
tremendous efforts in Kähler geometry and have led to many interesting
developments during the last decades.

The question has been settled in some special cases, especially on smooth
toric varieties [20, 21, 32, 43, 55, 66] where the relevant stability notion
is expressed in terms of the convex affine geometry of the corresponding
Delzant polytope, and is referred to as uniform K-stability of the polytope.
Other special cases include Fano manifolds (see e.g. [13, 22, 23, 24, 56, 64]),
total spaces of projective line bundles over a cscK base [6, 7] and certain
varieties with a large symmetry group [28]. In general, though, the YTD
conjecture is still open and it is expected that the relevant notion of stability
would be the one of relative uniform K-stability, see e.g. [13, 30, 62, 63].

In [5], the authors introduced a class of fiber bundles, called semi-simple
rigid toric bundles, which have toric Kähler fibers. They are obtained from
the generalized Calabi construction [5, 7] involving a product of polarized
Kähler manifolds, a certain principal torus bundle and a given toric Kähler
manifold. In this paper, we are interested in the special case of semi-simple
principal toric fibration. Namely, this is the case when the base is a global
product of cscK Hodge manifolds, and there are no blow-downs, see [7] or
Remark 3.2 below. Examples include the total space of the projectivisa-
tion of a direct sum of holomorphic line bundles over a compact complex
curve, as well as the P1-bundle constructions over the product of cscK
Hodge manifolds originally used by Calabi [15] and generalized in many
subsequent works (see e.g. [6, 37, 44, 45, 47, 59, 65]). On any semi-simple
rigid toric fibration, the authors of [5] introduced a class of Kähler metrics,
called compatible Kähler metrics. A Kähler class containing a compatible
Kähler metric is referred to as a compatible Kähler class. For any com-
patible Kähler metric on M , the momentum map of the toric Kähler fiber
(V, ωV , JV ,T) can be identified with the momentum map of the induced
T-action on (M,J, ωM ), so that the momentum image of M is the Delzant
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polytope P of (V, ωV , JV ,T). In [7], the authors made the following conjec-
ture:

Conjecture 1.1 ([7]). — Let (M,J, ω,T) a semi-simple rigid toric fi-
bration and P its associated Delzant polytope. Suppose [ω] is a compatible
Kähler class. Then the following statements are equivalent:

(1) (M,J, [ω]) admits an extremal Kähler metric;
(2) (M,J, [ω]) admits a compatible extremal Kähler metric;
(3) P is weighted K-stable.

In the third assertion, the notion of weighted stability is a weighted
version of the notion of K-stability introduced in [32] (see Section 7.5) for
appropriate values of the weight functions, and asks for the positivity of a
linear functional defined on the space of convex piece-wise linear functions
which are not affine-linear over P .

1.2. Main results

Our purpose in this paper is to solve Conjecture 1.1 for semi-simple
principal toric fibrations.

Theorem 1. — For M a semi-simple principal toric fibration, Conjec-
ture 1.1 is true if we replace condition (3) with the notion of weighted
uniform K-stability, see Definition 7.8.

In the above statement, in order to define uniform (weighted) K-stability
(see Definition 7.8), we use normalized continuous convex functions which
are smooth in the interior of P and the usual L1-norm of P . By C0 density
and continuity, this is equivalent to the uniform (weighted) K-stability of
P , defined in terms of normalized convex piecewise linear functions and the
L1-norm.(1)

We split Theorem 1 in two statements: Theorem 2 and Theorem 3 below.
Theorem 2 corresponds to the statement “(1) ⇔ (2)” in Conjecture 1.1.

Theorem 2 (Theorem 6.1). — Let (M,J, ωM ,T) be a semi-simple prin-
cipal toric fibration with fiber (V, JV , ωV ,T). Then, the following state-
ments are equivalent:
(1) After the submission of the first version of our article on the arXiv, we have been
contacted by Yasufumi Nitta who kindly shared with us his manuscript with Shunsuke
Saito in which the authors establish, in the case of a polarized toric variety, the equiv-
alence between various notions of uniform K-stability of P . In particular, their result
gives a strong evidence and establishes in a certain case the equivalence between the
uniform weighted K-stability and and a suitable notion of weighted K-stability of P in
Conjecture 1.1(3).
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2570 Simon JUBERT

(1) there exists an extremal Kähler metric in (M,J, [ωM ],T);
(2) there exists a compatible extremal Kähler metric in (M,J, [ωM ],T);
(3) there exists a weighted cscK metric in (V,JV , [ωV ],T) for the weights

defined in (3.11) below.

In the third assertion, the notion of weighted cscK metric is in the sense
of [49], see Section 2 for a precise definition. The equivalence (2) ⇔ (3),
established in [5], is recalled in Section 3. The main idea behind the proof
of (1) ⇒ (2) is to use that [20, 21, 42] the existence of an extremal Kähler
metric implies a certain properness condition of the corresponding relative
Mabuchi functional (see Theorem 5.2 below for a precise statement) and
then shows that the continuity path of [19] can be made in the subspace of
compatible Kähler metrics in [ωM ]. The deep results [20, 21, 42] then yield
the existence of an extremal Kähler metric in [ωM ] given by the generalized
Calabi construction of [5].

Recently, building on the proof of Theorem 2, a similar statement was
established in [9] for a larger class of fibrations associated to a certain
class of principal T-bundles over products of cscK Hodge manifolds, whose
fiber is an arbitrary compact Kähler manifold containing T in its reduced
automorphism group.

Theorem 3 below corresponds to the statement “(1) ⇔ (3) ” in Conjec-
ture 1.1 and provides a criterion for verifying the equivalent conditions of
Theorem 2, expressed in terms of the Delzant polytope of the fiber and
data depending on the topology of M and the compatible Kähler class.

Theorem 3 (Theorem 7.12). — Let (M,J, ωM ,T) be a semi-simple
principal toric fibration with fiber (V, JV , ωV ,T) and denote by P its asso-
ciated Delzant polytope. Then there exists a weighted cscK metric in [ωV ]
if and only if P is weighted uniformly K-stable, for the weights defined
in (3.11). In particular, the latter condition is necessary and sufficient for
[ωM ] to admit an extremal Kähler metric.

The strategy of proof of the above result consists in considering the
extremal Kähler metrics on the total space (M,J,T) as weighted (v,w)-
cscK metrics on the corresponding toric fiber (V, JV , ωV ,T) via Theorem 2.
We then use the Abreu–Guillemin formalism and a weighted adaptation of
the results in [17, 32, 66] to establish the equivalence on (V, ωV , JV ,T): in
one direction, namely showing that the existence implies that polytope is
weighted uniformly K-stable, the argument follows from a straightforward
modification of the result in [17], which appears in [53]. To show the other
direction, we build on [32, 66] to obtain in Proposition 7.9 that the uniform
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weighted K-stability of the polytope implies a certain notion of coercivity
of the weighted Mabuchi energy. We then show that the latter implies the
properness of the Mabuchi energy of M , and we finally conclude by invoking
again [20, 21, 42].

Finally, we will be interested in a certain class of almost Kähler metrics
on a toric manifold (V, ω,T). They are, by definition, almost Kähler metrics
such that the orthogonal distribution to the T-orbits is involutive (see [51])
and we will refer to such metrics as involutive almost Kähler metrics. The
idea of studying such metrics comes from [32] (see [5] for the weighted case),
where it was conjectured that the existence of a weighted involutive csc al-
most Kähler metric is equivalent to the existence of a weighted cscK metric.

Proposition 1 (Proposition 8.2). — Let (V, ω,T) be a toric manifold
associated to a Delzant polytope P . Then, for the weights defined in (3.11),
the following statements are equivalent:

(1) there exists a weighted cscK metric on (V, ω,T);
(2) there exists an involutive weighted csc almost Kähler metric on

(V, ω,T);
(3) P is weighted uniformly K-stable.

As an application of the above result, we study the existence of extremal
Kähler metrics on the projectivisation P(L0 ⊕ L1 ⊕ L2) of a direct sum
of line bundles Li over a compact complex curve Sg of genus g. In [7,
Proposition 4], the authors established the existence of involutive weighted
csc almost Kähler metrics on P(L0 ⊕ L1 ⊕ L2), depending on the degrees
of the line bundles, the genus of the basis and the Kähler class. Combining
with Proposition 1, we deduce the following:

Corollary 1. — Let M = P(L0 ⊕ L1 ⊕ L2) −→ Sg be a projective
P2-bundle over a complex curve Sg of genus g. If g = 0, 1, then M is a
Calabi dream manifold, i.e. M admits an extremal Kähler metric in each
Kähler class. Furthermore, the extremal Kähler metrics are given by the
generalized Calabi ansatz of [5].

When g = 0, the existence part of Corollary 1 was already obtained
in [50]. We prove in addition that these extremal metrics are given by the
Calabi ansatz of [5].

1.3. Outline of the paper

Section 2 is a brief summary of the notion of weighted (v,w)-scalar cur-
vature introduced by Lahdili [49]. In Section 3, we recall the construction
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and key results of semi-simple principal toric fibration established in [5, 7].
In Section 4, we introduce weighted distances, weighted functionals and
weighted differential operators. Section 5 gives a brief exposition of the ex-
istence result of [20, 21, 42]. We explain why their argument works equally
when the properness is relative to a maximal torus of the reduced group of
automorphism (and not only a connected maximal compact subgroup). In
Section 6, our main result, Theorem 2, is stated and proved. In Section 7
we review the basic facts of toric Kähler geometry and give the proof of
Theorem 3. In Section 8, we show Corollary 1.

Acknowledgements

This paper is part of my PhD thesis. I am very grateful to my advisors
Vestislav Apostolov and Eveline Legendre for their immeasurable help and
invaluable advices. I would also like to thank Abdellah Lahdili for his careful
reading and constructive criticism in the earlier versions, Yasufumi Nitta for
his interest and to shared with me his manuscript with Shunsuke Saito, and
the referee for their careful reading of our work and thoughtful suggestions
that greatly improved the text. I am grateful to l’Université du Québec
à Montréal and l’Université Toulouse III Paul Sabatier for their financial
support.

2. The v-scalar curvature

In this section, we review briefly the notion of weighted v-scalar curvature
introduced by Lahdili in [49]. Consider a smooth compact Kähler manifold
(M,J, ω). We denote by Autred(M) the reduced group of automorphisms
whose Lie algebra hred is given by the ideal of real holomorphic vector fields
with zeros, see [36]. Let T be an ℓ-dimensional real torus in Autred(M) with
Lie algebra t. Suppose ω0 is a T-invariant Kähler form and consider the
set of smooth T-invariant Kähler potentials K(M,ω0)T relative to ω0. For
φ ∈ K(M,ω0)T we denote by ωφ = ω0 + ddcφ the corresponding Kähler
metric. It is well known that the T-action on M is ωφ-Hamiltonian (see [36])
and we let mφ : M −→ t∗ denote a ωφ-momentum map of T. It is also
known [11, 39, 49] that Pφ := mφ(M) is a convex polytope in t∗ and we
can normalize mφ by

(2.1) mφ = m0 + dcφ,

in such a way that P = Pφ is φ-independent, see [49, Lemma 1].
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Definition 2.1. — For v ∈ C∞(P,R>0) we define the (weighted) v-
scalar curvature of the Kähler metric ωφ, φ ∈ K(M,ω0)T, to be

Scalv(ωφ) := v(mφ) Scal(ωφ) + 2∆ωφ

(
v(mφ)

)
+ Tr

(
Gφ ◦ (Hess(v) ◦mφ)

)
,

where ∆ωφ
is the Riemannian Laplacian associated to gφ := ωφ(·, J ·),

Hess(v) is the Hessian of v viewed as bilinear form on t∗ whereas Gφ is
the bilinear form with smooth coefficients on t, given by the restriction of
the Riemannian metric gφ on fundamental vector fields and Scal(ωφ) is the
scalar curvature of (M,J, ωφ).

In a basis ξ = (ξi)i=1···ℓ of t we have

Tr
(
Gφ ◦ (Hess(v) ◦mφ)

)
=

∑
1⩽i,j⩽ℓ

v,ij(mφ)gφ(ξi, ξj)

where v,ij stands for the partial derivatives of v in the dual basis of ξ.

Definition 2.2. — Let (M,J, ω0) be a compact Kähler manifold, T ⊂
Autred(M) a real torus with normalized momentum image P ⊂ t∗ associ-
ated to [ω0], and v ∈ C∞(P,R>0), w ∈ C∞(P,R). A (v,w)-cscK metric is a
T-invariant Kähler metric satisfying

(2.2) Scalv(ωφ) = w(mφ).

The motivation for studying (2.2) is that many natural geometric prob-
lems in Kähler geometry correspond to (2.2) for suitable choices of v and
w.For example, for T a maximal torus in Autred(M), v ≡ 1 and wext a cer-
tain affine-linear function on t∗, the (1,wext)-cscK metrics are the extremal
metrics in the sense of Calabi. Another example, which will be the one of
the main interest of this paper, is the existence theory of extremal Kähler
metrics on a class of toric fibrations, which can be reduced to the study
of (v,w)-cscK on the toric fiber for suitable choices of v and w. Weighted
Kähler metrics have been extensively studied and related to a notion of
(v,w)-weighted K-stability, see for example [8, 9, 10, 46, 49].

3. A class of toric fibrations

3.1. Semi-simple principal toric fibrations

Let T be an ℓ-dimensional torus. We denote by t is Lie algebra and by
Λ ⊂ t the lattice of the generators of circle subgroups, so that T = t/2πΛ.
Consider πS : Q −→ (S, JS) a principal T-bundle over a 2d-dimensional
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product of cscK Hodge manifold (S, JS , ωS) =
∏k

a=1(Sa, Ja, ωa). Let θ ∈
Ω1(Q) ⊗ t be a connection 1-form with curvature

(3.1) dθ =
k∑

a=1
π∗

Sωa ⊗ pa pa ∈ Λ ⊂ t.

The connection 1-form θ gives rise to a horizontal distribution H := ann(θ)
and the tangent space splits as

TQ = H ⊕ t,

where, by definition, Hs

dsπS∼= TsS for all s ∈ S. The complex structure JS

acts on vector fields in H via the unique horizontal lift from TS defined
via θ.

Now consider a 2ℓ-dimensional compact toric Kähler compact manifold
(V, JV , ω,T) with associated compact Delzant polytope P [29]. We will
consider various actions of T in this paper. In order to avoid confusion, we
specify on which T acts as a subscript, e.g. TQ acts on Q. The interior P 0 is
the set of regular value of the moment mω : V −→ P ⊂ t∗ of (V, ω,T) and
V 0 := m−1

ω (P 0) is the open dense subset of points with regular TV -orbits.
Introducing angular coordinates t : V 0 → t/2πΛ with respect to the Kähler
structure (JV , ω) (see e.g. [2]), we identify

(3.2) V 0 ∼= T × P 0 and TxV
0 ∼= t ⊕ t∗.

for all x ∈ V 0. Notice that the first diffemorphism is T-equivariant.
We consider the 2n = 2(ℓ+ d) dimensional smooth manifold

M0 := Q×T V
0,

where the TQ×V 0 -action is given by γ ·(q, x) = (γ ·q, γ−1 ·x), q ∈ Q, x ∈ V 0,
and γ ∈ T. Using (3.2) we identify

(3.3) M0 ∼= Q× P 0.

We will still denote by πS : M0 −→ S the projection. At the level of the
tangent space we get

(3.4) TM0 = H ⊕ V,

where, for all s ∈ S, Vs := ker dsπS
∼= t ⊕ t∗ is referred to as the vertical

space. Since V 0 compactifies to V , the smooth manifold M0 compactifies
to a fiber bundle with fiber V

M := M0 = Q×T V.

By construction, M0 is an open dense subset of M consisting of points with
regular TM -orbits.
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One can show that the almost complex structure JM := JS ⊕ JV on M0

is integrable and extends on M as JV extends to V . In other words, M is
a compactification of a principal (C∗)ℓ-bundle πS : (M0, J) −→ (S, JS).

3.2. Compatible Kähler metrics

Following [7], we introduce a family of Kähler metrics compatible with
the bundle structure. In momentum-angular coordinates (mω, t), the Käh-
ler form ω of (V, JV ,T) is writen on V 0

(3.5) ω = ⟨dmω ∧ dt⟩,

where the angle bracket denotes the contraction of t∗ and t. By (3.3), we
can equivalently see θ on M0 = Q ×T V

0 which satisfies θ(ξM ) = ξ and
θ(JξM ) = 0, where ξM is the fundamental vector field defined by ξ ∈ t.
Then, ⟨dmω ∧ θ⟩ is well defined on M0 and restricts to ⟨dmω ∧ dt⟩ on the
fibers. Thus, we define more generally

ω := ⟨dmω ∧ θ⟩.

We choose the real constants ca, 1 ⩽ a ⩽ k, such that the affine-linear
functions ⟨pa,mω⟩ + ca are positive on P , where, we recall the elements
pa ∈ Λ are defined by (3.1). We then define the 2-form on M0

(3.6) ω̃ =
k∑

a=1
(⟨pa,mω⟩ + ca)ωa + ⟨dmω ∧ θ⟩,

which extends to a smooth Kähler form on (M,J) since ω does on (V, JV ).
In the sequel, we fix the metrics ωa, the 1-form θ and the constants ca,
noting that pa ∈ t are topological constants of the bundle construction. The
Kähler manifold (M,J, ω̃,T) is then a fiber bundle over S, with fiber the
Kähler toric manifold (V, JV , ω,T), obtained from the principal T-bundle
Q. Following [7], we define:

Definition 3.1. — The Kähler manifold (M,J, ω̃,T) constructed above
is referred to as a semi-simple principal toric fibration and the Kähler metric
given explicitly onM0 by (3.6), is referred to as a compatible Kähler metric.
The corresponding Kähler classes on (M,J) are called compatible Kähler
classes and, in the above set up, are parametrized by the real constant ca.

Remark 3.2. — Let (M,J, g̃, ω̃) be a compact Kähler 2n-manifold en-
dowed with an effective isometric hamiltonian action of an ℓ-torus T ⊂
Autred(M) and momentum map m : M → t∗. Following [7], we say the ac-
tion is rigid if for all x in M R∗

xg̃ depends only on m(x), where Rx : T → T·x

TOME 73 (2023), FASCICULE 6
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is the orbit map. This action is said semi-simple rigid if moreover, for any
regular value x0 of the momentum map, the derivative with respect to x of
the family ωS(x) of Kähler forms on the complex quotient (S, JS) of (M,J)
is parallel and diagonalizable with respect to ωS(x0).

By the result of [4, 5, 7], semi-simple principal toric fibrations (M,J, ω̃,T)
correspond to Kähler manifolds with a semi-simple rigid torus action, such
that the Kähler quotient S is a global product of cscK manifolds, and there
are no blow-downs.

The volume form of a compatible Kähler metric (3.6) satisfies

(3.7) ω̃[n] = ω
[d]
S ∧ v(mω)ω[ℓ] =

k∧
a=1

ω[da]
a ∧ v(mω)ω[ℓ]

where v(mω) :=
∏k

a=1
(
⟨pa,mω⟩+ca

)da , da is the complex dimension of Sa

and ω[i] := ωi

i! for 1 ⩽ i ⩽ n. It follows from [5] and [49, §6] that the scalar
curvature of a compatible metric is given by

(3.8) Scal(ω̃) =
k∑

a=1

Scala
⟨pa,mω⟩ + ca

+ 1
v(mω) Scalv(ω),

where Scala is the constant scalar curvature of (Sa, Ja, ωa) and Scalv(ω) is
the v-weighted scalar curvature of (V, JV , ω,T), see Definition 2.1.

3.3. The extremal vector field

We now recall the definition of the extremal vector field on a general
compact Kähler manifold M . To this end, we fix a maximal torus T ⊂
Autred(M) and a Kähler class [ω̃0]. Given any T -invariant Kähler metric
ω̃ ∈ [ω̃0], we consider the L2

ω̃-orthogonal projection

Πω̃ : L2
ω̃ −→ PT

ω̃

where PT
ω̃ is the space of ω̃-Killing potentials, which, by definition, is the

space of function f ∈ C∞(M)T such that the hamiltonian vector field X :=
ω̃−1(df) is holomorphic. Futaki and Mabuchi [35] showed that Πω̃

(
Scal(ω̃)

)
does not depend on the chosen T -invariant Kähler metric ω̃ in [ω̃0]. There-
fore, with respect to the normalized moment map mω̃ : M −→ Lie(T )∗,
see (2.1), one can write

(3.9) Πω̃

(
Scal(ω̃)

)
= ⟨ξext,mω̃⟩ + cext =: ℓext(mω̃)

where ξext ∈ Lie(T ), cext ∈ R and ℓext ∈ Aff
(
Lie(T )∗). See [49, Lemma 1]

for more details.
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Assume now (M,J, ω̃,T) is a semi-simple principal toric fibration. Then
by [7, Proposition 1], the extremal vector field is tangent to the fibers, i.e.
ξext ∈ t.

Proposition 3.3. — Let (M,J) be a semi-simple principal toric fibra-
tion and TS be a maximal torus in the isometry group of gS :=

∑k
a=1 ga,

where ga is the Riemannian metric of ωa. Any compatible Kähler metric
ω̃ on (M,J) is invariant by the action of a maximal torus T ⊂ Autred(M)
such that there exists an exact sequence

(3.10) Id −→ TM −→ T −→ TS → Id,

where TS is a maximal torus in Autred(S). Moreover, the extremal vector
field ξext belongs in the Lie algebra t of TM .

As shown in [7], we get from (3.8) and (3.9):

Corollary 3.4. — A compatible Kähler metric ω̃ on (M,J) is ex-
tremal if and only if its corresponding toric Kähler metric ω on (V, JV ) is
(v,w)-cscK in the sense of Definition 2.2, where the weights are given by

(3.11)

v(x) =
k∏

a=1

(
⟨pa, x⟩ + ca

)da

w(x) = v(x)
(
ℓext(x) −

k∑
a=1

Scala
⟨pa, x⟩ + ca

)
,

where ℓext ∈ Aff(P ) is defined in (3.9).

3.4. The space of functions

Any TM -invariant smooth function on M pulls back to a TQ × TV -
invariant function on Q × V, and therefore descends to a TV -invariant
smooth function on S × V (see Section 3.1). This gives rise to an iso-
morphism of Fréchet spaces

(3.12) C∞(M)T ∼= C∞(S × V )TV ,

which we shall tacitly use throughout the paper. Moreover, by (3.3) we get

C∞(M0)T ∼= C∞(S × P 0)

Given f ∈ C∞(M)T, for any s ∈ S, we denote by fs ∈ C∞(V )T the
induced smooth function on V with respect to the identification (3.12).
Similarly, for any x ∈ V , we denote by fx ∈ C∞(S) the induced smooth

TOME 73 (2023), FASCICULE 6



2578 Simon JUBERT

function on S. It follows that on C∞(M)T, the differential operator d splits
as d = dS + dV , where dS and dV , is the exterior derivative on S and V

respectively. We get

(3.13) C∞(V )T ∼= {f ∈ C∞(M)T | dSfx = 0 ∀x ∈ V },

showing that C∞(V )T is closed in C∞(M)T for the Fréchet topology.

3.5. The space of compatible potentials

We fix a reference Kähler metric ω̃0 on (M,J), its corresponding Kähler
metric ω0 on (V, JV ) and the weights (v,w) given by (3.11). We denote by
K(V, ω0)T the space of smooth Kähler potentials on V relative to ω0 and
denote by ωφ = ω0 + dV dc

V φ the corresponding Kähler metric on (V, JV ).
Similarly, we denote by K(M, ω̃0)T the space of smooth T-invariant Kähler
potentials on (M,J) relative to ω̃0 and we denote by ω̃φ = ω̃0 + ddcφ the
corresponding Kähler metric. The following Lemma is established in [7,
Lemma 7].

Lemma 3.5. — Let ωφ = ω0 + dV dc
V φ be a T-invariant Kähler metric

on (V, JV ) and denote by mφ the moment map which satisfies normaliza-
tion (2.1). Then the compatible Kähler metric ω̃φ induced by ωφ on M

is given by ω̃φ = ω̃0 + ddcφ, where φ is seen as a smooth function on M

via (3.12).

It follows that K(V, ω0)T parametrizes the compatible Kähler metric on
(M,J) given explicitly by (3.6) and will be referred to as the space of com-
patible Kähler potentials. It follows from Proposition 3.3 and Lemma 3.5:

Corollary 3.6. — There is an embedding of Frechet spaces

K(V, ω0)T ↪→ K(M, ω̃0)T .

4. Weighted distance, functionals and operators

4.1. Weighted distance

Thanks to the work of Mabuchi [57, 58] it is well-known, that K(M, ω̃0)T
is an infinite dimensional Riemannian manifold when equipped with the
Mabuchi metric:

⟨φ̇0, φ̇1⟩φ =
∫

M

φ̇0φ̇1ω̃
[n]
φ ∀φ̇0, φ̇1 ∈ TφK(M, ω̃0)T.
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Furthermore, a path (φt)t∈[0,1] ∈ K(M, ω̃0)T connecting two points is a
smooth geodesic if and only if

(4.1) φ̈t − |dφ̇t|2φt
= 0.

The following result is proven in [9, Lemma 5.6] in the more general
context of semi-simple principal fiber bundles and follows easily from the
expression (3.7) of the volume form of a compatible Kähler metric.

Lemma 4.1. — Let φ ∈ K(V, ω0)T and f ∈ TφK(V, ω0)T, also viewed as
an element of TφK(M, ω̃0)T. Then

|df |2ω̃φ
= |df |2ωφ

.

In particular, K(V, ω0)T is a totally geodesic submanifold of K(M, ω̃0)T with
respect to the Mabuchi metric.

In [38], Guan showed the existence of a smooth geodesic between two
Kähler potentials on a toric manifold. The same argument shows the geo-
desic connectedness of two elements φ0, φ1 ∈ K(V, ω0)T ⊂ K(M, ω̃0)T.

Remark 4.2. — On a general compact Kähler manifold (M,J, ω0), Dar-
vas [26] introduced the distance d1 as

(4.2) d1(φ0, φ1) := inf
φt

∫ 1

0

∫
M

|φ̇t|ω[n]
t ,

where ω[n]
t is the volume form associated to the metric ωt = ω + ddcφt

and the infimum is taken over the space of smooth curves {φt}t∈[0,1] ⊂
K(M,ω0)T joining φ0 to φ1. In the above formula, φ̇t is the variation of φt

with respect to t. It is showed in [29] that d1(φ0, φ1) equals to the length
of the unique (weak) C1,1 geodesic [18] joining φ0 and φ1.

Lemma 4.3. — The distance d1 restricts (up to a positive multiplicative
constant) to the distance d1,v on K(V, ω0)T, defined by

(4.3) dV
1,v(φ0, φ1) := inf

φt

∫ 1

0

∫
V

|φ̇t|v(mt)ω[ℓ]
t .

We refer to [9, Corollary 5.5] for the proof. It follows also directly
from (3.7) and the smooth geodesic connectedness of K(V, ω0)T.
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4.2. Weighted functionals

We consider the Mabuchi energy on K(M, ω̃0)T relative to T, character-
ized by its variation

(4.4) dφMT(φ̇) = −
∫

M

φ̇
(
Scal(ω̃φ) − Πω̃φ

(
Scal(ω̃φ)

)
ω̃[n]

φ , MT(0) = 0.

When restricted to K(V, ω0)T ⊂ K(M, ω̃0)T, this functional is a special case
of the weighted Mabuchi functional introduced in [49]. In our case, the
following lemma, established in [7], follows directly from (3.8) and (3.11).

Lemma 4.4. — The restriction of the Mabuchi relative energy MT to
K(V, ω0)T is equal (up to a positive multiplicative constant) to the weighted
Mabuchi energy, defined by

(4.5) dφMv,w(φ̇) := −
∫

V

(
Scalv(ωφ) − w(mφ)

)
φ̇ω[ℓ]

φ , Mv,w(0) = 0,

with weights (v,w) given by (3.11), and where φ ∈ K(V, ω0)T and φ̇ ∈
TφK(V, ω0)T. In particular, compatible extremal Kähler metrics in [ω̃0] are
critical points of Mv,w : K(V, ω)T −→ R.

The Aubin–Mabuchi functional I : K(M, ω̃0)T −→ R is defined by

dφI(φ̇) =
∫

M

φ̇ω̃[n]
φ , I(0) = 0,

for any φ̇∈TφK(M, ω̃0)T. By (3.7), its restriction to K(V, ω0)T ⊂ K(M, ω̃0)T
is equal to (up to a positive multiplicative constant)

(4.6) dφIv(φ̇) :=
∫

V

φ̇v(mφ)ω[ℓ]
φ , Iv(0) = 0

for any φ̇ ∈ TφK(V, ω̃0)T. We define the space of I-normalized relative
Kähler potentials as

(4.7) K̊(M, ω̃0)T := I−1(0) ⊂ K(M, ω̃0)T.

It is well known, see e.g. [36, chapter 4], that this space is totally geodesic
in K(M, ω̃0)T. Similarly, we define

(4.8) K̊v(V, ω0)T := I−1
v (0) ⊂ Kv(V, ω0)T.

It follows from (4.6) that we also have K̊v(V, ω0)T ⊂ K̊(M, ω̃0)T.
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4.3. Weighted differential operators

Following [7], we introduce the v-Laplacian of (V, JV , ω) acting on smooth
function

∆V
ω,vf := 1

v(mω)δ
(
v(mω)dV f

)
,

where δ is the formal adjoint of the differential dV with respect to ω[ℓ].
This definition immediately implies that ∆V

ω,v is self-adjoint with respect
to v(mω)ω[ℓ]. Moreover, it follows from the computations in [7, Lemma 8]
that ∆V

ω,v can be alternatively expressed as

(4.9) ∆V
ω,vf = ∆ωf −

k∑
a=1

dadc
V f(pV

a )
⟨pa,mω⟩ + ca

for any f ∈ C∞(V ), where ∆ω is the Laplacian with respect to ω and pV
a is

the fundamental vector field on V defined by pa ∈ t. As in [49], we introduce
the v-weighted Lichnerowicz operator of (V, JV , ω) defined on the smooth
functions f ∈ C∞(V ) to be

(4.10) LV
ω,vf :=

δδ
(
v(mω)(D−dV f)

)
v(mω) ,

where D is the Levi–Civita connection of ω, D−dV denotes the (2, 0) +
(0, 2) part of DdV and δ : ⊗pT ∗V −→ ⊗p−1T ∗V is defined in any local
orthogonal frame {e1, . . . , e2n} by

δψ := −
2n∑

i=1
ei⌟Dei

ψ

where ⌟ denotes the interior product. The operator δδ is the formal adjoint
of D−dV with respect to ω[ℓ]. Hence, the v-weighted Lichnerowicz operator
is self-adjoint with respect to the volume form v(mω)ω[ℓ]. Let ω̃ be the
compatible Kähler metric on (M,J) corresponding to ω. We denote by
ωS(x) the Kähler form on (S, JS) induced by ω̃:

ωS(x) :=
k∑

a=1

(
⟨pa,mω(x)⟩ + ca

)
ωa.

The following is etablished in the proof of [7, Lemma 8].

Proposition 4.5. — Let f be a T-invariant smooth function on M ,
seen as a TV -invariant function on V ×S via (3.12). We denote by ∆ω̃ the
Laplacian of (M,J, ω̃) and by ∆S

x , respectively LS
x , the Laplacian, respec-

tively the Lichnerowicz operator, of (S, JS , ωS(x)). We then have

∆ω̃f = ∆V
ω,vfs + ∆S

xfx
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Furthermore, the corresponding Licherowicz’s operators Lω̃, LV
ω,v and LS

x

are related by

(4.11) Lω̃f =LV
ω,vfs+LS

xfx+∆S
x

(
∆V

ω,vfs

)
x
+∆V

ω

(
∆S

xfx

)
s
+

k∑
a=1

Qa(x)∆afx

where ∆a is the Laplacian with respect to (Sa, Ja, ωa) and Qa(x) is a
smooth function on V .

We fix a compatible Kähler metric

χ̃ =
k∑

a=1
(⟨pa,mχ⟩ + ca,α)ωa + χ

corresponding to a Kähler metric χ on (V, JV ), where mχ is a moment
map with respect to χ and ca,α are constants depending on α := [χ̃] such
that ⟨pa,mχ⟩ + ca,α > 0. Hashimoto introduced in [41] the operator Hχ̃

ω̃ :
C∞(M)T −→ C∞(M)T defined by

(4.12) Hχ̃
ω̃f := gω̃

(
χ̃,ddcf

)
+ gω̃

(
dΛω̃χ̃, df

)
.

According to [41, Lemma 1], Hχ̃
ω̃ is a second order elliptic self-adjoint dif-

ferential operator with respect to ω̃[n]. Furthermore, the kernel of Hχ̃
ω̃ is the

space of constant functions. We define the v-weighted Hashimoto operator
Hχ

ω,v : C∞(V )T → C∞(V )T by

Hχ
ω,vf := gω

(
χ,dV dc

V f
)
+gω

(
dV Λωχ, dV f

)
+ 1

v(mω)gω

(
χ,dV v(mω)∧dc

V f
)
.

Proposition 4.6. — Let f be a T-invariant smooth function on M ,
seen as a TV -invariant function on V × S via (3.12). The Hashimoto oper-
ator admits the following decomposition

Hχ̃
ω̃f = Hχ

ω,vfs +
k∑

a=1
Ra(x)∆afx,

where Ra(x) is a smooth function on V depending on χ and α.

Proof. — For simplicity, we denote by m the moment map of ω and

q(m) :=
k∑

a=1

da

(
⟨pa,mχ⟩ + ca,α

)
⟨pa,m⟩ + ca

.

Let K ∈ C∞(V )T ⊗ t∗ the generator of the TV -action. By definition
dc

V f(K) is a smooth TV -invariant t∗-valued function on V and induces a
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smooth TM -invariant t∗-valued function on M via (3.12). It is shown in the
proof of [7, Lemma 8] that on M0

(4.13) ddcf = ⟨dV (dc
V fs(K))s ∧ θ⟩ + ⟨dS(dc

V fs(K))x ∧ θ⟩

+
k∑

a=1
dc

V fs(pV
a )ωa + dSdc

Sfx + ⟨dc
S(dc

V fs(K))x, Jθ⟩.

First, we recall the general identity

(4.14) gω̃(ddcf, χ̃)ω̃[n] = −ddcf ∧ χ̃ ∧ ω̃[n−2] − ∆ω̃fΛω̃(χ̃)ω̃[n].

From the expression of χ̃ and ω̃, we can see that

(⟨dS(dc
V fs(K))x ∧ θ⟩ + ⟨dc

S(dc
V fs(K))x, Jθ⟩) ∧ χ̃ ∧ ω̃[n−2] = 0.

A straightforward computation gives

(4.15) Λω̃(χ̃) = Λω(χ) +
k∑

a=1

da

(
⟨pa,mχ⟩ + ca,α

)
⟨pa,m⟩ + ca

.

From Proposition 4.5, (4.15) and (4.14) we have

(4.16) gω̃(ddcfs, χ̃) = gω(dV dc
V fs, χ) +

k∑
a=1

dadV fs(pV
a )(⟨pa,mχ⟩ + ca,α)

(⟨pa,m⟩ + ca)2 .

Using (4.15) we get

(4.17) gω̃

(
dΛω̃(χ̃), dfs

)
= gω

(
dV Λω(χ),dV fs

)
+ gω

(
dV q(m),dc

V fs

)
.

To summarize, we have shown

(4.18) Hχ̃
ω̃fs = gω(dV dc

V fs, χ) + gω

(
dV Λω(χ),dV fs

)
+ gω

(
dV q(m),dc

V fs

)
+

k∑
a=1

dadV fs(pV
a )(⟨pa,mχ⟩ + ca,α)

(⟨pa,m⟩ + ca)2 .

Using (3.11) we have

(4.19) 1
v(m)gω

(
χ, dV v(m) ∧ dc

V fs

)
= gω

(
dV q(m),dc

V fs

)
+

k∑
a=1

dadV fs(pV
a )(⟨pa,mχ⟩ + ca,α)

(⟨pa,m⟩ + ca)2 .

From (4.18) and (4.19) we get

Hχ̃
ω̃fs = Hχ

ω,vfs.

The term Hχ̃
ω̃fx is obtained via similar computation. □
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Remark 4.7. — Proposition 4.5 implies in particular that the restriction
of Hχ̃

ω̃ to the Frechet subspace C∞(V )T ⊂ C∞(M)T coincides with Hχ
ω,v. It

follows that Hχ
ω,v is a self-adjoint (with respect to v(mω)ω[ℓ]) second order

elliptic operator.

5. An analytic criterion for the existence of extremal
Kähler metrics

In this section we recall the existence results of extremal Kähler metrics
in a given Kähler class, proved by Chen–Cheng [20, 21] in the constant
scalar curvature case and extended by He [42] to the extremal case.

We fix a compact complex manifold (M,J), a maximal compact con-
nected subgroup K of Autred(M) and a K-invariant Kähler metric ω0. Let
ξext denotes the corresponding extremal vector field, as explained in 3.3.
Since the extremal vector field ξext is central in the Lie algebra of K, it
generates a group Text in the center of the complexified group G := KC

of K. As in [42], we consider the space of Text-invariant Kähler potentials
K(M,ω0)Text . The groupe G acts on K̊(M,ω0)Text via the natural action
on Kähler metrics in [ω0] and the normalization (4.7). We introduce the
distance d1,G relative to G

(5.1) d1,G(φ1, φ2) := inf
γ∈G

d1(φ1, γ · φ2),

where d1 is defined in (4.2). Let MText be the Mabuchi energy relative to
Text, see (4.4). We recall the following definition from [27]:

Definition 5.1. — The relative Mabuchi energy MText is said proper
with respect to d1,G if

• MText is bounded from below on K(M,ω0)Text ;
• for any sequence φi ∈ K̊(M,ω0)Text , d1,G(0, φi) → ∞ implies that

MText(φi) → ∞.

Theorem 5.2. — The Text-relative Mabuchi energy MText restricted
to K(M,ω0)K ⊂ K(M,ω0)Text is d1,G-proper if and only if there exists
an extremal Kähler metric in (M,J, [ω0]) with extremal vector fields ξext.
Moreover, the same assertion holds by replacing Text by a maximal torus
T ⊂ Autred(M) in the maximal compact group K and G = KC by the
complexification TC of T .

The first assertion is established in [42, Theorem 3.1]. We can directly
modify the argument to obtain the second. Indeed, in the one direction,
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suppose that MT is TC-proper, in the sense that MT is bounded from be-
low on K(M,ω0)T and for any sequence φi ∈ K̊(M,ω0)T , d1,TC(0, φi) → ∞
implies that MT (φi) → ∞. Since T ⊂ K is a maximal torus it must con-
tain the center of K, i.e. Text ⊂ T . Hence, MT |K(M,ω0)K = MText |K(M,ω0)K ,
where K(M,ω0)K ⊂ K(M,ω0)T is the subspace of K-invariant ω0-relative
Kähler potentials. As any TC-orbit of an element of K(M,ω0)K belongs to
its G-orbit, the d1,TC-properness of MT implies that MText is d1,G-proper
when restricted to the subspace K(M,ω0)K . By [42, Theorem 3.1], this
implies the existence of a K-invariant (and hence T -invariant) extremal
Kähler metric in [ω0].

Conversely, suppose [ω0] admits a T -invariant extremal Kähler metric.
Then the proof of [42, Theorem 3.7] yields the TC-properness of MT , should
one have the uniqueness of the T -invariant extremal Kähler metrics modulo
TC. Generalizing the result of Berman–Berndtsson [12] and Chen–Paun–
Zeng [25], Lahdili showed, in the more general context of (v,w)-weighted
metrics [48, Theorem 2, Remark 2], that the T -invariant extremal metrics
are unique modulo the action of TC.

6. An analytic criterion in the case of semi-simple
principal toric fibrations

This section is devoted to prove of the following result (where we use
notation of Section 3).

Theorem 6.1. — Let (M,J, ω̃0,T) be a semi-simple principal toric fi-
bration with Kähler toric fiber (V, JV , ω0,T) and let (v,w) be the corre-
sponding weight functions defined in (3.11). Then, the following statements
are equivalent:

(1) there exists an extremal Kähler metric in (M,J, [ω̃0],T);
(2) there exists a compatible extremal Kähler metric in (M,J, [ω̃0],T);
(3) there exists a (v,w)-cscK metric in (V, JV , [ω0],T).

The statement (2) ⇔ (3) is established in Corollary 3.4 whereas the
statement (2) ⇒ (1) is clear. We focus on (1) ⇒ (2).

We follow the argument of He [42] by restricting the continuity path of
Chen [19] to compatible Kähler metrics. We consider the continuity path
for φ ∈ K(V, ω0)T ⊂ K(M, ω̃0)T given by

(6.1) t
(
Scalv(ωφ) − w(mφ)

)
= (1 − t)

(
Λωφ,v(χ) − n

)
, t ∈ [0, 1],
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for some Kähler metric χ ∈ [ω0] that we will wisely choose in (6.5). In the
above formula

Λωφ,v(χ) := Λωφ
(χ) +

k∑
a=1

da

(
⟨pa,mχ⟩ + ca

)
⟨pa,mφ⟩ + ca

is a smooth function on V equal to Λω̃φ
(χ̃). By definition, a solution φt at

t = 1 corresponds to a compatible extremal metric on (M,J) or equivalently
to a (v,w)-cscK on (V, JV ). For t1 ∈ (0, 1], we define

(6.2) St1 := {t ∈ (0, t1] | (6.1) has a solution φt ∈ K(V, ω0)T}.

We need to show that S1 is open, closed and non empty.

6.1. Openness

Proposition 6.2. — S1 is open and non empty.

For a compatible Kähler form ω̃ on (M,J) corresponding to a Kähler
metric ω on (V, JV ), we denote by C∞(M, ω̃)T the space of TM -invariant
smooth functions with zero mean value with respect to ω̃[n] and by
C∞

v (V, ω)T ⊂ C∞(M, ω̃)T the space of TV -invariant smooth functions with
zero mean value with respect to v(mω)ω[ℓ]. The following is an adaptation
of [42, Lemma 3.2].

Lemma 6.3. — S1 is non empty.

Proof. — Let ω a Kähler metric on (V, JV ) and ω̃ its associate compatible
Kähler metric on (M,J) via (3.6). Since ∆V

ω,v is self-adjoint with respect
to v(mω)ω[ℓ], it follows from the proof of Proposition 6.4 below that

(6.3) ∆V
ω,v : C∞

v (V, ω)T −→ C∞
v (V, ω)T

is an isomorphism. Denote by f ∈ C∞(M, ω̃)T the unique solution of

(6.4) ∆ω̃f = Scalv(ω) − w(mω).

By (6.3), f ∈ C∞
v (V, ω)T. Now we choose

(6.5) χ̃ := ω̃ − ddc f

r
.
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Since f is a TV -invariant smooth function on V , χ̃ is both Kähler and
compatible for r sufficiently large by Lemma 3.5. We denote by χ its cor-
responding Kähler metric on (V, JV ). Then

∆ω̃f = r∆ω̃f
1
r

= −rΛω̃ddc f

r

= rΛω̃

(
ω̃ − ddc f

r
− ω̃

)
= r
(
Λω,v(χ) − n

)
.

Now let us write r = t−1
0 − 1, for t0 ∈ (0, 1) sufficiently small. Then (ω, t0)

is solution of (6.1). □

Now we show that S1 is open. We fix (ωt0 , t0) the solution of (6.1) given
by Lemma 6.3. Let ω̃t0 = ω0 + ddcφt0 be its associated compatible Kähler
metric on (M,J), with φt0 ∈ K(V, ω)T. Let π : C∞(M)T −→ C∞(M, ω̃t0)T
be the linear projection:

π(f) := f − 1∫
M
ω̃

[n]
t0

∫
M

fω̃
[n]
t0
.

We consider
R : K̊(M, ω̃0)T × [0, 1] −→ C∞(M)T,

defined by

R(φ, t) := t
(
Scal(ω̃φ) − Πω̃φ

(
Scal(ω̃φ)

)
− (1 − t)(Λω̃φ(χ̃) − n).

The linearization of the composition π ◦R at (φt0 , t0) is given by

(6.6) D(π ◦R)(φt0 , t0)[f, s]
= π

(
Lω̃t0

f + s
(
Scal(ω̃t0) − Πω̃t0

(
Scal(ω̃t0)

)
+ Λω̃t0

(χ̃) − n
))
,

where
Lω̃t0

= −2t0Lω̃t0
+ (1 − t0)Hχ̃

ω̃t0
.

Above we used the notation
Lω̃t0

f := δδD−df

= 1
2∆2

ω̃t0
f + gω̃t0

(
ddcf,Ric(φt0)

)
+ 1

2gω̃t0

(
df, d Scal(φt0)

)
,

where D−d and δ is introduced in (4.10) and and Hχ̃
ω̃t0

is introduced
in (4.12). Since Lω̃t0

is a self-adjoint operator with respect to ω̃[n]
t0

we get

D(π ◦R)(φt0 , t0)[f, s] = Lω̃t0
f.
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By Proposition 4.5 and Proposition 4.6, the restriction of Lω̃t0
to C∞(V )T

is equal to LV
ωt0 ,v, where

(6.7) LV
ωt0 ,v := −2tLV

ωt0 ,v + (1 − t)Hχ
ωt0 ,v.

In the above equality, ωt0 is the Kähler metric on (V, JV ) corresponding to
ω̃t0 . By Proposition 4.5 and Proposition 4.6 we obtain

(6.8) Lω̃t0
f = LV

ωt0 ,vfs + t0LS
xfx + t0∆S

x

(
∆V

ωt0 ,vfs

)
x

+ t0∆V
ωt0 ,v

(
∆S

xfx

)
s

+
k∑

a=1
Ua(x)∆afx

for all f ∈ C∞(M)T, where Ua(x) is a smooth function on V . By [42,
Lemma 3.1] the operator Lω̃t0

extends to an isomorphism between Hölder
spaces

(6.9) Lω̃t0
: C4,α(M, ω̃t0)T −→ C0,α(M, ω̃t0)T,

where C4,α(M, ω̃t0)T is the space of TM -invariant functions with regu-
larity (4, α) with zero mean value with respect to ω̃

[n]
t0

and similarly for
C0,α(M, ω̃t0)T. By (6.7), the restriction of the operator Lω̃t0

to the space
C4,α

v (V, ωt0)T is equal to LV
ωt0 ,v, where C4,α

v (V, ωt0)T is the space of TV -
invariant functions of regularity (4, α) with zero mean value with respect
to v(mt0)ω[ℓ]

t0
.

Proposition 6.4. — The differential operator LV
ωt0 ,v : C4,α

v (V, ωt0)T −→
C0,α

v (V, ωt0)T is an isomorphism.

Proof. — Since LV
ωt0 ,v is the restriction of an injective operator, it is

enough to prove the surjectivity. We proceed analogously to the proof of [7,
Lemma 8].

We denote by L2
0,v(V )T the completion for the L2-norm of C0,α

v (V, ωt0)T.
We argue by contradiction. Assume LV

ωt0 ,v : C4,α
v (V, ωt0)T → C0,α

v (V, ωt0)T

is not surjective. Then, there exists ϕ ∈ L2
0,v(V )T satisfying

(6.10)
∫

V

LV
ωt0 ,v(f)ϕv(mt0)ω[ℓ]

t0
= 0

for all f ∈ C4,α
v (V, ωt0)T. We claim it implies

(6.11)
∫

M

Lω̃t0
(f)ϕω̃[n]

t0
= 0
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for all f ∈ C4,α(M, ω̃t0)T, which contradicts the surjectivity of Lω̃t0
:

C4,α(M, ω̃t0)T −→ C0,α(M, ω̃t0)T established in [42, Lemma 3.1]. There-
fore, it is sufficient to show “(6.10) ⇒ (6.11)”. For this we argue similar to
the proof of [7, Lemma 8] using that the image of LV

ωt0 ,v is L2-orthogonal
to the subspace of constant functions with respect to v(mt0)ω[ℓ]

t0
. □

By the Implicit Function Theorem applied to LV
ωt0 ,v : C4,α

v (V, ωt0)T −→
C0,α

v (V, ωt0)T, we get a sequence of solutions {φti
}i∈N of (6.1) of regular-

ity C4,α. By a well-known bootstrapping argument, any solution of (6.1),
of regularity C4,α is in fact smooth. This concludes the proof of Proposi-
tion 6.2.

6.2. Closedness

Proposition 6.5. — S1 is closed

Proof. — By hypothesis, there exists an extremal Kähler metric in [ω̃0].
By Theorem 5.2, the relative Mabuchi energy MT is d1,TC -proper. Let
{φi}i∈N ⊂ K(V, ω0)T be a sequence of solutions of (6.1) given by Propo-
sition 6.2 with ti → t1 < 1. By Corollary 3.6, the sequence {φi}i∈N lies
in K(M, ω̃0)T . Consequently, the same argument as in [42, Lemma 3.3]
shows the existence of a smooth limit φt1 ∈ K(M, ω̃0)T . Moreover, it fol-
lows from (3.10) and (3.12), that K(V, ω0)T is closed in K(M, ω̃0)T for the
Frechet topology. Then, the Kähler potential limit φt1 belongs to K(V, ω)T.
In particular ω̃φt1

is a compatible Kähler metric.
Let φ̃ti

∈ K̊(V, ω0)T (see (4.8)) be the solution of (6.1) at ti for ti increas-
ing to 1. By Theorem 5.2, MT is d1,TC -proper. Then, by Corollary 3.6, we
get a bound with respect to d1,TC , that is

sup
i∈N

d1,TC(0, φ̃ti) < ∞.

By definition of d1,TC , there exists γi ∈ TC and φti
∈ K̊(M, ω̃0)T such that

ωφti
= γ∗

i ωφ̃ti
, and

sup
i∈N

d1(0, φti
) < ∞.

By definition γi preserves J . Moreover, the form ω̃φti
is not compatible

in general since the connection form θ and the base Kähler metrics ωa may
change by the action of γi. However, by Proposition 3.3, the TC-action
commutes with the TM -action. Then, for each ti, the TM -action is still
rigid and semi-simple (see Remark 3.2). According to [5], ω̃φti

is given by
the generalized Calabi ansatz, with a fixed stable quotient S =

∏k
a=1 Sa
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with respect to the complexified action TC
M . Thus, there exists a connection

1-form θQ,ti
with curvature

dθti =
k∑

a=1
π∗

S(ωa,ti) ⊗ pa,ti pa,ti ∈ Λ

such that ω̃φti
is given by

ω̃φti
=

k∑
a=1

(⟨pa,ti
,mφti

⟩ + ca,ti
)π∗

S(ωa,ti
) + ⟨dmφti

, θti
⟩.

Since ω̃φti
∈ [ω̃0], ca,ti

= ca and pa,ti
= pa. By [42, Theorem 3.5], ω̃ti

con-
verge smoothly to an extremal metric ωφ1 . Furthermore, by Propositon 3.3,
the extremal vector field ξext of [ω̃0] relatif to T is in the Lie algebra t of
TM . Then, by Corollary 3.4 and the smooth convergence of ω̃φti

to ω̃φ1 ,
we get

(6.12) ⟨mφ1 , ξext⟩ + cext =
k∑

a=1

Scal(ωa,1)
⟨pa,mφ1⟩ + ca

+ 1
v(mφ1) Scalv(ωφ1),

where ωφ1 is the Kähler metric on (V, JV ) corresponding to ω̃φ1 . Taking
the exterior differential dSa on Sa in (6.12) we get dSa Scal(ωa,1) = 0 for
all 1 ⩽ a ⩽ k, i.e. ωa,1 has constant scalar curvature. Yet, [ωa,1] = [ωa],
showing that Scal(ωa,1) = Scala. By definition of w ∈ C∞(P,R), we get

Scalv(ωφ1) = w(mφ1). □

Corollary 6.6. — In a compatible Kähler class, the extremal metrics
are given by the Calabi ansatz of [5]. Equivalently, in a compatible Kähler
class, the extremal metrics are induced by (v,w)-cscK metrics on (V, JV )
via (3.6) for a suitable connection θ and suitable Kähler metric ωa.

Proof. — Suppose there exists an extremal metric ω1 in [ω̃]. By a result
of Calabi [16], ω1 is invariant by some maximal torus T ⊂ Autred(M).
Conjugating if necessary, we can assume that TM ⊂ T . By Theorem 6.1,
there exists a compatible extremal metric ω2 in [ω̃]. By Lemma 3.6, ω2
is T -invariant. Then, by unicity of extremal Kähler metrics invariant by a
maximal torus of the reduced automorphism group [12, 25, 49], there exists
γ ∈ TC such that ω1 = γ∗ω2. Since TM ⊂ T , the action of T on (M,J, ω1)
is still rigid and semi-simple, see Remark 3.2. Thus, according to [5], ω1 is
given by the Calabi ansatz. □
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7. Weighted toric K-stability

7.1. Complex and symplectic points of view

In view of Section 8, where we will consider almost Kähler structures
on toric varieties, we briefly recall the well-known correspondence between
symplectic and Kähler potentials of toric Kähler manifolds, established and
widely used over the years, notably in [4, 5, 32, 40]. We use the notation
and conventions of [3], which differ in places from those used in [1, 32].

Let (V, ω0,T) be a toric symplectic manifold classified by its labelled
integral Delzant polytope (P,L) [4, 29], where L = (Lj)j=1...k is the col-
lection of non-negative defining affine-linear functions for P , with dLj be-
ing primitive elements of the lattice Λ of circle subgroups of T. Choose a
Kähler structure (g, J) on (V, ω0,T) and denote by (m0, tJ) the associated
moment map, i.e. m0 : V −→ t∗ is the moment map of (V, ω0,T) and
tJ : V 0 −→ t/2πΛ is the angular coordinates (unique modulo an addi-
tive constant) depending on the complex structure J (see [5, Remark 3]).
These coordinates are symplectic, i.e. ω0 is given by (3.5) for its respective
moment-angular coordinates. The Kähler structure (g, J) is defined on V 0

by a smooth strictly convex function u on P 0 via

(7.1) g = ⟨dm0,G,dm0⟩ + ⟨dtJ ,H,dtJ⟩ and J dm0 = ⟨H,dtJ⟩,

where G := Hess(u) is a positive definite S2t-valued function and H is
S2t∗-valued function on P 0 and inverse of H (when seen H : t −→ t∗

and G : t∗ −→ t in each point in P 0) and ⟨·, ·, ·⟩ denote the point wise
contraction t∗ ×S2t×t∗ or its dual. It is shown in [5, Lemma 3], that for two
T-invariant Kähler structures on (V, ω0,T), given explicitly on V 0 by (7.1)
with the same matrix H, there exists a T-equivariant Kähler isomorphism
between them.

Conversely, smooth strictly convex functions u on P 0 define T-invariant
ω0-compatible Kähler structures on V 0 via (7.1). The following Proposition
established in [5] gives a criterion for the metric to compactify.

Proposition 7.1. — Let (V, ω,T) be a compact toric symplectic 2ℓ-
manifold with momentum map mω : V → P and u be a smooth strictly
convex function on P 0. Then the positive definite S2t∗-valued function
H := Hess(u)−1 on P 0 comes from a T-invariant, ω-compatible Kähler
metric g via (7.1) if and only if it satisfies the following conditions:

• [smoothness] H is the restriction to P 0 of a smooth S2t∗-valued
function on P ;
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• [boundary values] for any point y on the codimension one face Fj ⊂
P with inward normal uj , we have

(7.2) Hy(uj , ·) = 0 and (dH)y(uj , uj) = 2uj ,

where the differential dH is viewed as a smooth S2t∗ ⊗ t-valued
function on P ;

• [positivity] for any point y in the interior of a face F ⊆ P , Hy(·, ·)
is positive definite when viewed as a smooth function with values in
S2(t/tF )∗, where tF ⊂ t the vector subspace spanned by the inward
normals uj in t to the codimension one faces F .

Definition 7.2. — Let S(P,L) be the space of smooth strictly con-
vex functions on the interior of P 0 such that H = Hess(u)−1 satisfies the
conditions of Proposition 7.1.

Remark 7.3. — In the above Proposition and Definition, we use as a
model metric the Guillemin Kähler metric (g0, J0) [40], given by (7.1) for
the symplectic potential

u0 := 1
2

d∑
j=1

Lj logLj ,

where Lj , j = 1, . . . , d are the affine-linear functions defining the polytope.
This introduces a discrepancy of a factor 1/2 with respect to the normal-
ization used in [32], which in turn will result in some obvious modification
of the formula for the (weighted) Futaki invariant in Section 7.3.

Thus, there exists a bijection between T-equivariant isometry classes
of T-invariant ω0-compatible Kähler structures and S2(t∗)-valued smooth
functions H = Hess(u)−1, where u ∈ S(P,L).

We fix the Guillemin Kähler structure J0 on (V, ω0,T). Consider another
ω0-compatible Kähler structure Ju defined by a symplectic potential u ∈
S(P,L) via (7.1). Donaldson shows that [33] there is a biholomorphism
Φu : (V, Ju) ∼= (V, J0). Let ωu := Φ∗

u(ω0) and ϕu and ϕu0 be the Legendre
transforms of u and u0, respectively. By [40], we have that

(7.3) ωu = ω0 + ddc
J0
φu, φu(y0) := ϕu(y0) − ϕu0(y0),

where y0 = ∇u0 are the pluriharmonic coordinates with respect to J0.
Conversely, using the dual Legendre transform, any T-invariant Kähler

potential φ ∈ K(V, ω0)T gives rise to a symplectic potential u ∈ S(P,L)
through (7.3). The key point of this correspondence is that, as show in [38],
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the path φut
∈ K(V, ω0)T corresponding to a path ut ∈ S(P,L) satisfies

(7.4) d
dtut = − d

dtφt.

7.2. Generalized Abreu’s equation

Thanks to Abreu [1], the scalar curvature Scal(u) associated to a sym-
plectic potential u ∈ S(P,L) is expressed by

(7.5) Scal(u) =
ℓ∑

i,j=1
−(Hu

ij),ij ,

where the partial derivatives and the inverse Hessian (Hu
ij) = Hess(u)−1 of

u is taken in a fixed basis ξ∗ of t∗.
From [49, §6] and the computation of [10, §3], the v-scalar curvature

associated to a symplectic potential u ∈ S(P,L) and a positive weight
function v is given by

(7.6) Scalv(u) = −
ℓ∑

i,j=1
(vHu

ij),ij .

Let v ∈ C∞(P,R>0) and w ∈ C∞(P,R). According to Definition 2.2, a
Kähler structure (Ju, gu) on (V, ω0,T), associated with a symplectic poten-
tial u ∈ S(P,L), is (v,w)-cscK if and only if it satisfies

(7.7) −
ℓ∑

i,j=1
(vHu

ij),ij = w.

This formula generalizes the expression (7.5) and is referred to as the
generalized Abreu equation. This equation has been studied for example
in [7, 52, 53, 54].

7.3. Weighted Donaldson–Futaki invariant

Following [32, 49, 52], for v ∈ C∞(P,R>0) and w ∈ C∞(P,R), we intro-
duce the (v,w)-Donaldson–Futaki invariant

(7.8) Fv,w(f) := 2
∫

∂P

fv dσ −
∫

P

fw dx,

for all continuous functions f on P , where dσ is the induced measure on
each face Fi ⊂ ∂P by letting dLi ∧ dσ = −dx, where dx is the Lesbegue
measure on P .
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Convention 7.4. — The weights v > 0 and w ∈ C∞(P,R) satisfy

(7.9) Fv,w(f) = 0

for all f affine-linear on P .

Integration by parts (see e.g. [32]) reveals that (7.9) is a necessary con-
dition for the existence of (v,w)-cscK metric on (V, ω0,T).

Remark 7.5. — Notice that in the case of semi-simple principal toric
fibrations, the weights given by (3.11) satisfy (7.9) above.

7.4. The weighted Mabuchi energy

The volume form ω
[ℓ]
0 on V is pushed forward to the measure dx via the

moment map m0. Seen as functional on S(P,L) via (7.4), the weighted
Mabuchi energy Mv,w satisfies

duMv,w(u̇) =
∫

P

(
−

ℓ∑
i,j=1

(
vHu

ij

)
,ij

− w
)
u̇dx.

From [10, Lemma 6] (see also Lemma 7.6 below) we get

duMv,w(u̇) = Fv,w(u̇) −
∫

P

ℓ∑
i,j=1

vHu
ij u̇,ij dx,

where Fv,w is the Donaldson–Futaki invariant defined in (7.8). Using that
the derivative of tr H−1dH is d log det H, we get

Mv,w(u) = Fv,w(u) −
∫

P

log det Hess(u) Hess(u0)−1v dx.

We denote by CV∞(P ) the set of continuous convex functions on P

which are smooth in the interior P 0. Using the same argument than [32,
Lemma 3.3.5], since v is smooth and P compact, we get:

Lemma 7.6. — Let H be any smooth S2t∗-valued function on P which
satisfies the boundary condition (7.2) of Proposition 7.1, but not necessarily
the positivity condition. For any v ∈ C∞(P,R>0) and f ∈ CV∞(P ):

(7.10)
∫

P

ℓ∑
i,j=1

(
vHij

)
f,ij dx =

∫
P

( ℓ∑
i,j=1

(
vHij

)
,ij

)
f dx+ 2

∫
∂P

fv dσ.

In particular,
∫

P

∑ℓ
i,j=1

(
vHij

)
f,ij dx < ∞.
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The following result and proof are generalizations of [32, Proposi-
tion 3.3.4].

Proposition 7.7. — Let v ∈ C∞(P,R>0) and w ∈ C∞(P,R). The
Mabuchi energy Mv,w extends to the set CV∞(P ) as functional with val-
ues in (−∞,+∞]. Moreover, if there exists u ∈ S(P,L) corresponding to a
(v,w)-cscK metric, i.e. which satisfies (7.7), then u realizes the minimum
of Mv,w on CV∞(P ).

Proof. — The linear term Fv,w is well-defined on CV∞(P ). We then focus
on the nonlinear term of Mv,w. Let u ∈ S(P,L) and h ∈ CV∞(P ). Suppose
det Hess(h) ̸= 0. By convexity of the functional − log det on the space of
positive definite matrices, we get:

− log det Hess(h) + log det Hess(u) ⩾ − Tr
(
Hess(u)−1 Hess(f)

)
,

where f = h− u. Turning this around and multiplying by v, we obtain:

v log det Hess(h) ⩽ v log det Hess(u) + v Tr
(
Hess(u)−1Hess(f)

)
.

By linearity of (7.10), the equality still holds when we replace f by a differ-
ence of two functions in CV∞(P ). In particular, this shows that the function
v Tr

(
Hess−1(u) Hess(f)

)
is integrable on P and hence, by the previous in-

equality, v log det Hess(h) is integrable too. Now if the determinant of h
is equal to 0, we define the value of Mv,w(h) to be +∞. Then Mv,w is
well-defined on CV∞(P ). Suppose u satisfies (7.7). If det Hess(f) = 0, then
we trivially get Mv,w(u) ⩽ Mv,w(f). Now, admit det Hess(f) ̸= 0 and
consider the function g(t) = Mv,w(u + tf). The function g is therefore a
convex function. Moreover, g is differentiable at t = 0 with

g′(0) = −
∫

P

 ℓ∑
i,j=1

(vHu
ij),ij − w

 f dx,

which is equal to 0 by hypothesis on u. Then Mv,w(u) ⩽ Mv,w(f) by the
convexity of g. □

7.5. Properness and (v,w)-uniform K-Stability

Following [32, 60] (see also [3, Chapter 3.6]), we fix x0 ∈ P 0 and consider
the following normalization

(7.11) CV∞
∗ (P ) := {f ∈ CV∞(P ) | f(x) ⩾ f(x0) = 0}.
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Then, any f ∈ CV∞(P ) can be written uniquely as f = f∗ + f0, where f0
is affine-linear and f∗ = π(f) ∈ CV∞

∗ (P ), where π : CV∞(P ) −→ CV∞
∗ (P )

is the linear projection.

Definition 7.8. — A Delzant polytope (P,L) is (v,w)-uniformly K-
stable if there exists λ > 0 such that

(7.12) Fv,w(f) ⩾ λ∥f∗∥1

for all f ∈ CV∞(P ), where ∥ · ∥1 denotes the L1-norm on P .

Proposition 7.9. — Suppose (P,L) is (v,w)-uniformly K-stable. Then
there exists C > 0 and D ∈ R such that

Mv,w(u) ⩾ C∥u∗∥1 +D

for all u ∈ S(P,L).

Proof. — This result when v = 1 is due to [32, 66]. The proof is an
adaptation of the exposition in [3].

Let u0 ∈ S(P,L) be the Guillemin Kähler potential. We consider Fv,w0

where w0 := Scalv(u0). For any f ∈ CV∞
∗ (P ) there exists C > 0 such that

|Fv,w(f) − Fv,w0(f)| ⩽ 2C∥f∥1.

Since (P,L) is (v,w)-uniformly stable we get

|Fv,w0(f) − Fv,w(f)| ⩽ C1Fv,w(f) − C∥f∥1,

where C1 is a positive constant depending (7.12). We deduce that

(7.13) Fv,w0(f) ⩽ C̃Fv,w(f) − C∥f∥1,

where C̃ := C1 + 1. By Proposition 7.7, the Mabuchi energy extends to
CV∞

∗ (P ). Then, by (7.13) and (7.9), for any u ∈ S(P,L),

Mv,w(u) = Fv,w(u∗) −
∫

P

v log det Hess(u∗) Hess(u0)−1 dx

⩾ C̃Fv,w0(u∗) + C∥u∗∥1 −
∫

P

v log det Hess(u∗) Hess(u0)−1 dx

= Mv,w0(C̃u∗) +
∫

P

v log det Hess(C̃u∗) Hess(u∗)−1 dx+ C∥u∗∥1

= Mv,w0(C̃u∗) + n log C̃
∫

P

v dx+ C∥u∗∥1.

The Mabuchi energy Mv,w0 reaches its minimum at the potential u0 ∈
S(P,L), which is solution of

Scalv(u0) = w0.
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In particular, Mv,w0 is bounded from below on CV∞(P ) by Proposition 7.7.
Letting D := infCV∞ Mv,w0 + n log C̃

∫
P

v dx we get the result. □

7.6. Existence of (v,w)-cscK is equivalent to (v,w)-uniform
K-stability

The following is established in [53, Theorem 2.1] and is due to [17] when
v = 1.

Proposition 7.10. — Suppose there exists an (v,w)-cscK metric in
[ω0], i.e. (7.7) admits a solution u ∈ S(P,L). Then P is (v,w)-uniformly
K-stable.

We now focus on the converse. We consider the space of normalized
Kähler potentials (4.8) and normalized symplectic potentials

(7.14) S̊v(P,L) :=
{
u ∈ S(P,L)

∣∣∣∣ ∫
P

uv dx =
∫

P

u0v dx
}
.

Lemma 7.11. — For any ůt ∈ S̊v(P,L), the corresponding Kähler po-
tential φt = φůt

obtained via (7.3) belongs to the space of normalized Käh-
ler potential K̊v(V, ω0)T defined in (4.8). Conversely, any path in K̊v(V, ω0)T
comes from a path ůt in S̊v(P,L).

Proof. — By [14, Lemma 2.4], the functional Iv defined in (4.6), is also
characterized by its variation for general weights v ∈ C∞(P,R>0). Then, a
path φt ∈ Kv(V, ω0)T starting from 0 belongs to K̊v(V, ω0)T if and only if

(7.15)
∫

V

φ̇tv(mφt
)ω[ℓ]

t = 0

for all φ̇t ∈ TφtKv(V, ω0)T. By pushing-forward the measure ω[ℓ]
t via mωφt

and using (7.4) we get that (7.15) is equivalent to∫
P

u̇tv dx = 0,

where ut is the path corresponding to φt via (7.3). The conclusion follows
from the convexity of S(P,L). □

Theorem 7.12. — Let (M,J, ω̃0,T) be a semi-simple principal toric
fibration with Kähler toric fiber (V, JV , ω0,T). Let (v,w) be the weights
defined in (3.11) and denote by P the Delzant polytope associated to
(V, ω0,T). Then there exists a (v,w)-weighted cscK metric in [ω0] if and
only if P is (v,w)-uniformly K-stable. In particular, the latter condition is
necessary and sufficient for [ω̃0] to admit an extremal Kähler metric.
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Proof. — Suppose there exists a (v,w)-cscK metric in [ω0]. By Proposi-
tion 7.10, P is (v,w)-uniformly K-stable.

Conversely, suppose P is (v,w)-uniformly K-stable. We are going to show
that there are uniform positive constants Ã and B̃ such that

(7.16) Mv,w(φ) ⩾ Ã inf
γ∈TC

dV
1,v(0, γ · φ) − B̃,

where dV
1,v is defined in Lemma 4.3 and Mv,w is the weighted Mabuchi

energy of the Kähler toric fiber (V, JV , [ω0],T), see (4.5). For all φ ∈
K̊(V, ω0)T, there exists γ ∈ TC such that the symplectic potential uγ·φ
corresponding to γ · φ satisfies dx0uγ·φ = 0. By Lemma 7.11 and the in-
equality in [3, (66)], we have

(7.17) dV
1,TC(0, γ · φ) ⩽ A

∫
P

|u∗
φ − u∗

0| dx ⩽ A∥u∗
φ∥1 +B,

for some uniform constants A > 0 and B > 0, where dV
1,T is the d1 distance

relative to TC (see (5.1)) on K(V, ω0)T, uφ ∈ S(P,L) is the symplectic po-
tential corresponding to φ and u∗

φ is its normalization in S(P,L)∩CV∞
∗ (P ),

see (7.11). Since v > 0 on P , we have for the weighted distance dV
1,v ⩽ CdV

1 .
Then (7.16) follows from (7.17) and Proposition 7.9.

Let T be the maximal torus in Autred(M) containing TM and satis-
fying (3.10). By Lemma 4.4, and our choice of normalization (4.8), the
Mabuchi energy MT restricts to Mv,w on K̊v(V, ω0)T. We denote by d1,TC

the d1 distance relative to TC on K(M, ω̃0)T . Since any TC
M -orbit lies in a

TC-orbit, by (7.16) and Lemma 4.3, MT is d1,TC -proper on K̊v(V, ω0)T in
the sense of Definition 5.1.

In the proof of Theorem 6.1 “(1) ⇒ (2)”, we have used the d1,TC -
properness only on sequences included in K(V, ω0)T. It allows us to obtain
the existence of a (v,w)-cscK metric by the same argument.

The last assertion follows from Theorem 6.1. □

8. Applications

8.1. Almost Kähler metrics

As observed in [32], for fixed angular coordinates dt0 with respect to
a reference Kähler structure J0, one can use (7.1) to define a T-invariant
almost-Kähler metric on V , as soon as H satisfies the smoothness, bound-
ary value and positivity conditions of Proposition 7.1, even if the inverse
matrix G := H−1 is not necessarily the Hessian of a smooth function. We
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shall refer to such almost Kähler metric as involutive. One can further use
such involutive AK metrics on V to build a compatible metric g̃H on M ,
by the formula

g̃H =
k∑

a=1

(
⟨pa,m⟩ + ca

)
ga + ⟨dm,G, dm⟩ + ⟨θ,H, θ⟩.

It is shown in [7] that g̃H is extremal AK on M in the sense of [51] (i.e.
the hermitian scalar curvature of g̃H is a Killing potential) if and only if H
satisfies the equation

(8.1) −
∑
i,j

(
vHij),ij = w,

for (v,w) defined in (3.11). We shall more generally consider involutive AK
metrics satisfying the equation (8.1) weight functions v > 0 and w. For
such AK metrics we say that (V, JH, , gH, ω,T) is an involutive (v,w)-csc
almost Kähler metric.

The point of considering involutive (v,w)-csc almost Kähler metrics is
that (8.1) is a linear indeterminate PDE for the smooth coefficients of H
(which would therefore admit infinitely many solutions if we drop the pos-
itivity assumption of H), which in some special cases is easier to solve ex-
plicitly, as demonstrated in [7]. On the other hand, it was observed in [32]
(see [7] for the weighted case) that the existence of a (v,w)-csc almost
Kähler metric implies that Fv,w(f) ⩾ 0 with equality iff f = 0, and it was
conjectured that the existence of a (v,w)-csc almost Kähler metric is equiv-
alent to the existence of a (v,w)-cscK metric on (V, ω,T). E. Legendre [50]
observed that the existence of an involutive extremal almost Kähler metric
implies the stronger yet uniform stability of P , and thus confirmed the con-
jecture in the case where v = 1 and w = ℓext, see Section 3.3. Our additional
observation is that the same arguments as in the proof of Proposition 7.10
show the following.

Proposition 8.1. — Let (V, ω,T) be a toric manifold associated to
Delzant polytope P . Let v ∈ C∞(P,R>0) and w ∈ C∞(P,R) such that w
satisfies (7.9). Suppose there exists an involutive (v,w)-csc almost Kähler
metric on (V, ω,T), i.e. there exists H satisfying the smoothness, boundary
value and positivity conditions of Proposition 7.1 and equation (8.1). Then
P is (v,w)-uniformly K-stable.

Combining this result (for the special weights (v, w) associated to a semi-
simple principal torus bundle via (3.11)) with Theorem 7.12, we deduce:
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Proposition 8.2. — Let (V, ω,T) be a toric manifold associated to
Delzant polytope P . Let (v,w) be weights defined in (3.11). Then the fol-
lowing statements are equivalent:

(1) ∃ a (v,w)-cscK metric on (V, ω,T);
(2) ∃ an involutive (v,w)-csc almost Kähler metric on (V, ω,T);
(3) P is (v,w)-uniformly K-stable in the sense of Definition 7.8.

8.2. Proof of Corollary 1

Let (S, JS) be a compact complex curve of genus g and Li −→ S an
holomorphic line bundle, i = 0, 1, 2. We consider (M,J) := P(L0 ⊕L1 ⊕L2).
Since the biholomorphism class of M is invariant by tensoring L0 ⊕L1 ⊕L2
with a line bundle, we can suppose without loss of generality that (M,J) =
P (O ⊕ L1 ⊕ L2), where O −→ S is the trivial line bundle and pi :=
deg

(
Li

)
⩾ 0, i = 1, 2. Suppose p1 = p2 = 0, then by a result of Fujiki [34]

(M,J) admits an extremal metric (see also [7, Remark 2]) in every Kähler
class. If p2 = p1 > 0 or p2 > p1 = 0 and g = 0, 1, there exists an
extremal metric in every Kähler class by [6, Theorem 6]. We then suppose
p2 > p1 > 0.

Suppose S is of genus g = 0, i.e. (S, JS) = CP1. Then M is a toric vari-
ety. Using the existence of an extremal almost Kähler metric of involutive
type compatible with any Kähler metric on M (see [7, Proposition 4]) and
the Yau–Tian–Donaldson correspondence on toric manifold, it is shown
in [50] that there exists an extremal Kähler metric in every Kähler class of
P(O ⊕ L1 ⊕ L2) −→ CP1. Observe that by applying Proposition 8.2 and
Theorem 6.1 we obtain that these extremal metrics are given by the Calabi
ansatz of [5].

Now suppose that (S, JS) in an elliptic curve, i.e. g = 1. The com-
plex manifold (M,J) is not toric. However, it is shown in [7] that (M,J)
is a semi-simple principal toric fibration. By the Leray–Hirch Theorem
H2(M,R) is of dimension 2. In particular, up to scaling any Kähler class
on (M,J) is compatible. It is shown in [6, Proposition 4], that M admits
an extremal almost Kähler metric in any compatible Kähler class. Then,
using Proposition 8.2 and Theorem 7.12, we conclude that there exists
an extremal Kähler metric in every Kähler class. Furthermore, by Theo-
rem 6.1, the extremal Kähler metrics are of the form of (3.6), i.e. are given
by the generalized Calabi ansatz.

Remark 8.3. — We conclude by pointing out that if g ⩾ 2, it is shown
in [7, Theorem 2] that there exists an extremal Kähler metric in sufficiently
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small compatible Kähler classes. On the other hand, by [7, Proposition 2],
if g > 2 and p1,p2 satisfying 2(g − 1) > p1 + p2, there is no extremal
Kähler metric in sufficiently big Kähler classes.
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