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WILD MONODROMY OF THE FIFTH PAINLEVE
EQUATION AND ITS ACTION ON WILD
CHARACTER VARIETY: AN APPROACH OF
CONFLUENCE

by Martin KLIMES

ABSTRACT. — The article studies the nonlinear Stokes phenomenon at the irreg-
ular singularity of the Fifth Painlevé equation from the point of view of confluence
from the Sixth Painlevé equation. This approach is developed separately on both
sides of the Riemann-Hilbert correspondence. On the side of the Painlevé-Okamoto
foliation, the relation between the nonlinear monodromy group of Painlevé VI and
the “nonlinear wild monodromy pseudogroup” of Painlevé V (the pseudogroup
generated by nonlinear Stokes operators and nonlinear exponential torus) is ex-
plained. On the side of the associated linear isomonodromic problems, the “wild”
character variety (the space of the linear monodromy and Stokes data) of Painlevé
V is constructed through a birational transformation from the one of Painlevé VI.
Explicit formulas for the action of the “nonlinear wild monodromy” of Painlevé V
on its character variety are then obtained by transporting the description of the
action of the nonlinear monodromy of Painlevé VI on its character variety to that
of Painlevé V.

RESUME. — L’article étudie le phénoméne de Stokes non linéaire a la singularité
irréguliere de la Cinquieme équation de Painlevé du point de vue de la confluence
& partir de la Sixiéme équation de Painlevé. Cette approche est développée sé-
parément des deux cotés de la correspondance de Riemann—Hilbert. Du c6té du
feuilletage de Painlevé—Okamoto, la relation entre le groupe de monodromie non-
linéaire de Painlevé VI et le « pseudogroupe de monodromie sauvage non-linéaire »
de Painlevé V (le pseudogroupe engendré par les opérateurs de Stokes non-linéaires
et le tore exponentiel non-linéaire) est expliquée. Du c6té des problémes isomono-
dromiques linéaires associés, la variété de caractéres « sauvages » (I’espace de la
monodromie linéaire et des données de Stokes) de Painlevé V est construite par
une transformation birationnelle & partir de celle de Painlevé VI. On obtient alors
des formules explicites de I'action de la « monodromie sauvage non-linéaire » de
Painlevé V sur sa variété de caracteéres en transportant la description de l’action
de la monodromie non-linéaire de Painlevé VI sur sa variété de caracteres a celle
de Painlevé V.

Keywords: Painlevé equations, wild character variety, confluence, nonlinear Stokes
phenomenon.
2020 Mathematics Subject Classification: 34M40, 34M55, 34M56.



2 Martin KLIMES

1. Introduction

The six families of Painlevé equations Py, ..., Py; can be written in the
form of non-autonomous Hamiltonian systems

dg _ OHe(g.p,t) Ao _ OHu(apt) [,y
dt op dt dq

the solutions of which define a foliation in the (g, p,t)-space (or better, in
the Okamoto’s semi-compactification of it). By virtue of the Painlevé prop-
erty, there are well-defined nonlinear monodromy operators acting on the
foliation by analytic continuation of solutions along loops in the t-variable.
In the case of the sixth Painlevé equation Py the associated monodromy
group carries a great deal of information about the foliation and hence
about the equation. The other Painlevé equations Py, ..., Py are obtained
from Py; by a limiting process through confluences of singularities and
other degenerations. When different singularities merge, as is the case in
the degeneration Py; — Py, one loses some of the monodromy. It is known
that the lost information should reappear in some way as a nonlinear Stokes
phenomenon at the confluent irregular singularity. Roughly speaking, the
source of this nonlinear phenomenon is the existence of local normalizing
transformations above certain sectors at the singularity and therefore of
canonical 2-parameter families of solutions with well-behaved exponential
asymptotics over the sectors. This was proved originally in the works of
Takano [63, 64] and Yoshida [65, 66], and recently also by Bittmann [3].
Passing from one sector to a neighboring one the family changes — this is
encoded by nonlinear Stokes operators. The “good” analogue of the nonlin-
ear monodromy group for the equations Py, ..., Py is the, so called, “wild
monodromy pseudogroup”, which is generated not only by the nonlinear
monodromy operators but also by the nonlinear Stokes operators and non-
linear exponential tori (Lie groups of bounded sectorial symmetries) associ-
ated to each irregular singularity. This is a non-linear equivalent to the wild
monodromy group of meromorphic linear differential systems (or meromor-
phic connections over Riemann surfaces) of Martinet and Ramis [41, 55],
whose closure is the differential Galois group [54]. The main goal of this
paper is to describe in explicit terms the dynamics of this wild monodromy
pseudogroup in the case of the non-degenerated fifth Painlevé equation Py .

In the paper [33], the author has shown that in the case of confluence
of two regular singularities to an irregular one in non-autonomous Hamil-
tonian systems, such as is the case of the degeneration Py; — Py, both
the nonlinear Stokes phenomenon and the wild monodromy pseudogroup
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WILD MONODROMY OF PAINLEVE V 3

can be reconstructed from a parametric family of limit “wild monodromy
operators” to which the usual nonlinear monodromy operators accumulate
along certain discrete sequences of the parameter of confluence. We will use
this confluence approach to describe the nonlinear Stokes phenomenon in
the fifth Painlevé equation Py on the other side of the Riemann—Hilbert
correspondence: as operators acting on a “wild character variety”. This ar-
ticle provides one of the very first results in the general program of study of
such wild monodromy actions on the character varieties of isomonodromic
deformations of linear differential systems, that was sketched in [52].

The approach to Painlevé equations through a Riemann—Hilbert corre-
spondence is a well established and fruitful method based on the fact that
these equations govern isomonodromic (and iso-Stokes) deformations of cer-
tain linear differential systems with meromorphic coefficients on CP'. This
means that the usual Riemann—Hilbert correspondence between linear sys-
tems and their generalized linear monodromy representations (consisting
of monodromy and Stokes data), can be interpreted as a map between the
space of local solutions of the given Painlevé equation with fixed values of
parameters, and the space of generalized monodromy representations with
fixed local multipliers. This latter space is called the wild character vari-
ety [6]. In this setting, the Riemann—Hilbert correspondence conjugates the
transcendental flow of the Painlevé equations to a locally constant flow on
the corresponding character variety [25]. The nonlinear monodromy of the
sixth Painlevé equation Pyy is represented by an action of the a pure-braid
group B3 on the character variety of Pyy [13, 15, 26, 27].

Our goal is to use the confluence from Pyy to Py in order to describe the
action of the nonlinear wild monodromy pseudogroup of Py on the associ-
ated wild character variety of Py . In order to do that, we will need to de-
scribe the confluence procedure on both sides of the Riemann-Hilbert cor-
respondence: on the Painlevé-Okamoto foliation and on the linear isomon-
odromic problem on one side and on the associated character variety on
the other side. This obviously brings certain level technicality to this pa-
per. The part dealing with the Painlevé—Okamoto foliation has been already
treated in [33]. We will recall these results in Section 2, where we introduce
the nonlinear monodromy group of Pyy and the nonlinear wild monodromy
pseudogroup of Py, and in Section 3, where we explain the confluence and
the relation between these nonlinear monodromy (pseudo)groups.

The main part of this paper is devoted to the study of the confluence in
the associated linear isomonodromy problem, and of the dynamics on the
wild character variety. In Section 4 we recall the usual approach to Pyt as an
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4 Martin KLIMES

equation governing the isomonodromic deformations of 2 x 2 linear systems
with four Fuchsian singularities at 0,1,¢,00 € CP!, and some classical
results concerning the geometry of the character variety Syy of Pyy and the
braid group action on it. In Section 5 we will study in detail the confluence
Py — Py through the viewpoint of isomonodromic deformations. We show
that the wild character variety Sy of Py is obtained from the character
varieties of Pyy by birational changes of coordinates (in fact, a blow-down)
depending on the parameter of confluence. This part is fundamentally based
on the theory of confluence of singularities in linear systems of Hurtubise,
Lambert & Rousseau [23, 36].

An alternative approach is provided in the Appendix using isomon-
odromic deformations of 3x 3 linear systems in Birkhoff normal form with
an irregular singularity of Poincaré rank 1 at the origin (of eigenvalues
0,1,¢) and a Fuchsian singularity at infinity, where the degeneration from
Py to Py happens through a confluence of eigenvalues ¢t — 1, the descrip-
tion of which is based on the author’s work [34]. Ultimately this leads to the
same picture as the approach of Section 5 (this is not surprising since the
2x2 and 3 x 3 systems are related one to the other by a middle convolution
and a Laplace transform, or by a Harnad duality [4, 21, 22, 43]).

Using the birational transformation between the character varieties we
transfer the known actions of pure-braid group from Sy to Sy, and then
push them to the limit along discrete sequences of the parameter of conflu-
ence. This leads to our main result Theorem 6.5, which gives explicit for-
mulas for the action of the nonlinear monodromy, of the nonlinear Stokes
operators and of the nonlinear exponential torus of Py, on the wild charac-
ter variety.

It is expected that the nonlinear wild monodromy pseudogroup described
in this paper should have a natural interpretation in terms of a differential
Galois theory (e.g. the differential Galois groupoid of Malgrange [10, 39]),
perhaps in a similar way to [9], and that our results could be applied to
construct and classify certain special type solutions of Py in an analogy
with the construction and classification of algebraic solutions of Py; [4, 5,
15, 37]. However this is well beyond the scope of this paper.

While the main motivation of this paper is to describe in precise terms
the confluence Py; — Py, and to recover the nonlinear action of the wild
monodromy pseudogroup, there are several side results that are obtained
along the way which are worth of independent attention since they hint to
more general phenomena regarding the whole hierarchy of Painlevé equa-
tions. For example, it is known that the irregular singularity of Py has a
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WILD MONODROMY OF PAINLEVE V 5

special pole free solution, “tronquée” solution, on each of the two sectors
of normalizations, which correspond to the sectorial center manifold of the
saddle-node singularity of the foliation. We show is that this pair of secto-
rial center manifold solutions unfolds to a single solution in the confluent
family of Py, characterized by its asymptotics at both of the two con-
fluent singularities, and which is pole free on certain “unfolded sectorial”
domain attached to the two singularities. This solution, both in Py; and
at the limit in Py, corresponds through the Riemann-Hilbert correspon-
dence to a point on the intersection of two lines on the character variety
(which is a cubic surface containing up to 27 lines in case of Pyj, resp. up
to 21 lines in case of Py ). These kind of solutions, which seem to be new,
might be expected to play a special role in physics, similar to the one that
the “tronquée” solutions play. Another side result worth of mentioning are
Propositions 4.5 and 5.6 which give explicit formulas for all the lines on
the character varieties of Py and Py and their interpretations in terms of
the isomonodromic problem.

Finally, let us remark that our confluence approach can be well extended
to the other Painlevé equations (with increasing complexity of the descrip-
tion, the further the equation is from Py in the degeneration process), and
some of this shall be done in future works. As of now, a general theory
of confluence in linear systems has been developed only for non-resonant
irregular singularities [23], therefore allowing to deal with only about half
of the isomonodromic systems associated to Painlevé equations. However,
in the case of traceless linear 2x2 systems with resonant irregular singu-
larities, this theory has a natural generalization along the lines of [34]: this
is a subject of a paper in preparation by the author.
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6 Martin KLIMES

2. Nonlinear monodromy and Stokes phenomenon in Py;
and Py

2.1. The Painlevé equations

The Painlevé equations originated from the effort of Painlevé [50] and
Gambier [17] to classify all second order ordinary differential equations of
type ¢ = R(¢,q,t), with R rational, possessing the so called Painlevé
property which controls the ramification points of solutions:

PAINLEVE PROPERTY. — Fach germ of a solution can be meromorphi-
cally continued along any path avoiding the singular points of the equation
(fixed singularities). In other words, solutions cannot have any other mov-
able singularities other than poles.

Painlevé and Gambier [17] produced a list of 50 canonical forms of equa-
tions to which any such equation can be reduced. Aside of equations solv-
able in terms of classical special functions, the list contained six new fami-
lies of equations, Py, ..., Py, whose general solutions provided a new kind
of special functions. In many aspects they may be regarded as nonlinear
analogues of the hypergeometric equations [28].

In a modern approach to the Painlevé equations, following on Okamoto’s
works, the traditional families Py, Pir, Py are further divided to subfamilies
by specification of some redundant parameters, and are classified according
to the affine Weyl group of their Backlund symmetries [44, 49, 57], as well
as according to the type of the isomonodromic problem they control [12, 46,
53]. The equation Py is a mother equation for the other Painlevé equations,
which can be obtained through degeneration and confluence following the
diagram [46]

pPhe — PR — Pls

Py; — Py — PJ®  PIM o Py
N\ X
P, v — P IIFN
according to which also the associated isomonodromy problems degener-
ate. A good understanding of the degeneration procedures should allow to
transfer information along the diagram. The main obstacle is that as the
nature of the singularities changes at the limit, it causes the naive limit of
most local objects to diverge — this is a common rule in confluence problems.
One therefore needs to find for each of the arrows in the above diagram
a description that allows to deal with this divergence. This article studies
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WILD MONODROMY OF PAINLEVE V 7

some aspects of the confluence Py; — Py through the Riemann—Hilbert
correspondence.

Each of the Painlevé equations is equivalent to a time dependent Hamil-
tonian system

dg 0 dp 0 B
(2'1) a 8pH0(qap’t)a dr 8qH0(q’pvt)v o=1,..., VI

from which it is obtained by reduction to the g-variable [48].
The general form of the sixth Painlevé equation is [30]

0 =3 e 0 e
q(¢g—1)(g—1) 5 (t—1) o H(t—1)
+ SR [(1900 1)? 19 +19 P + (1—19t)(qt)2],

where (-) = %, and where 9 = (190,19,5,191,1900) € C* are complex con-
stants related to the eigenvalues of the associated isomonodromic prob-
lem (4.1). The Hamiltonian function Hy(q,p,t) of its associated Hamil-
tonian system (2.1) is given by

—1)(g—t 9 9 9y —1
q(¢g —1)(g—t) 2_(70_1_ Lo,V )p

t(t—1) qg q—1 q—t

(190 + 9+ — 1)2 — (1900 — 1)2:|
+ .
4q(q - 1)
The Hamiltonian system of Py has three simple (regular) singular points
on the Riemann sphere CP! at ¢t = 0, 1, co.
The non-degenerate fifth Painlevé equation Py (more precisely the fifth

Painlevé equation with a parameter 17y = —1, the general form is obtained
by scaling ¢ — ——) is

(22) Hvi=

_ 1 1 1
Py(9): ¢" = (2 + (1*71) (¢")? - ?q/
(q—1)2< 2 198) =g qlg+1)
7\ re q T2 1)

where () = d% and U = (190,1’9:,1900). It is obtained from Py as a limit
e — 0 after the change of the independent variable and a substitution of
the parameters

~ 1 1 ~
(2.3) t=1+ et, h=—-, Y =——+47,
€

which sends the three singularities to t= —%, 0,00. At the limit, the two
simple singular points —% and oo merge into a double (irregular) singularity
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8 Martin KLIMES

at the infinity. The change of variables (2.3), changes the function € - Hy;
to

conf _ (qf 1)((]7 1- 6’{) 2 @ 51 -1 (1 )
Avi t(1+ et) { <q+q—1 Jr(q* )(qlet)>p
)

(9o + 01 —1)2 — (0 001)2]
4g(q —1) ’
and the Hamiltonian system to
dq 0 ¢ ~ dp 0 ¢ ~
2.4 —HY (g, p,t), — =——H{"(q,p, 1),
(2.4) 4 ap v (g,p,t) a0 dq vit (g:p,1)

whose limit € — 0 is the Hamiltonian system of Py, Hy = lim._,qg H \C,‘}nf.

2.2. Nonlinear monodromy of Py;

Consider the foliation in the (g, p,t)-space given by the solutions of the
Hamiltonian system of P;(¢), j = I,..., VI. As general solutions may have
many poles the flow of P; on C? x (CP' \ Sing(P;)), where Sing(P;) C
{0,1,00} is the set of fixed singularities of P;(¥), is not complete.
Okamoto [47] has constructed a semi-compactification M, () of this space
in form of a fibration over CP* Sing(P;) (corresponding to the projection
(q,p,t) — t) on which the foliation is analytic and transverse to the fibers.
We will skip the details of this construction as we won’t need them. We
will denote

(2.5) M +(¥) := the Okamoto space of initial conditions of P;(¥}),

the fiber of M;(19) above a point ¢t € CP' \ Sing(P;). It is a complex
surface sitting inside a compact rational surface as a complement of some
anti-canonical divisor [47, 57|, and endowed with a symplectic structure
given by the standard symplectic form

(2.6) w = dqg A dp,

in the local coordinate (g, p).

The Painlevé property of P; means that for each path ¢y 2 ¢ in the
t-space CP' < Sing(P;) the flow induces a symplectomorphisms M ¢, () —
M+, (U) between the fibers corresponding to analytic continuation of the
solutions of (2.1) along the path (see Figure 2.1). In particular, for any given
base-point t, € CP' \ Sing(P;) the loops v € m1 (CP' \ Sing(P;), to) induce

ANNALES DE L’INSTITUT FOURIER



WILD MONODROMY OF PAINLEVE V 9

Figure 2.1. The Painlevé flow and its monodromy in case of Pyry.

a nonlinear monodromy action which is a representation of the fundamental
group of the base space into the group of symplectomorphisms of M ; (9),

71 (CP' N Sing(Pj), to) — Aut,, (M, 4, (9)),
Y 93?7( . ,to).

In case of Py; this nonlinear monodromy ;1 (CP' ~ {0,1,00},t0) —
Auty,(Myr,(9)) carries (together with the analytic invariants of the sin-
gular fibers ¢t = 0, 1, co which are determined by the parameter ¥) a com-
plete information about the foliation and thus about the equation. For
example, algebraic solutions of Pyy correspond to finite orbits of the mon-
odromy action (see e.g. [5, 15, 37])). The nonlinear monodromy also plays
an important role in the differential Galois theory: the Malgrange—Galois
groupoid of the foliation is “generated” by the monodromy. Cantat and
Loray [9] have showed the irreducibility of Py; in the sense of Malgrange
(i.e. maximality of the Malgrange—Galois groupoid), which then implies
transcendentness of general solutions [10], by studying the action of this
monodromy. The important fact on which these studies are based is that
the nonlinear monodromy of Py has a well known explicit representation
as a braid group action on an SLy(C)-character variety (more about this
in Section 4).

On the other hand, for the other Painlevé equations the nonlinear mon-
odromy operator doesn’t carry enough information: it is cyclic for Py,
Pgeg , PI%', and trivial for Py, PEN, Py, Pr. In case of the confluence
Py; — Py, the merging of the two singularities —%, oo in the confluent fam-
ily (2.4) of Pyy into a single singularity oo of Py means that an important
part of the monodromy group is lost and therefore also the information
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10 Martin KLIMES

carried by it. This lost information reappears in the nonlinear Stokes phe-
nomenon at the irregular singularity.

2.3. Nonlinear Stokes phenomenon of Py

In the local coordinate = ¢! near t = oo, the Hamiltonian system (2.1)
of Py has the form

d -
m2£q =z + (1 — a:(2190+191—1))q

+ 2 ((Wo+91 —1)¢* — 2pq + 4pg* — 2pg°),
(2.7) _
(190 + 19 — 1)2 — (1900 — 1)2
4
+a(—2(9o+01 —1)pg + p? — 4p% + 3p°°),

— (1 — x(2190+1§1—1))p

d
2= =

with an irregular singularity at « = 0.
THEOREM 2.1 (Takano [63, 64], Shimomura [61, 62], Yoshida [66]).

(i) Formal normalization: The above system (2.7) can be brought to a
formal normal form

(2.8) xzd%u = (1— (20 + 0, — 1)z + duyupx) ((1) _01) u, w= (u1> ’

Uz

by means of a formal transversely symplectic (w.r.t. the canonical
forms (2.6) and duj A dug) change of coordinates

(3) = ®(wa,00=> vt @wat,
k>0

where ¢(*0) (u) are analytic on some polydisc U = {|uy|, |uz| < 0.},
6y > 0.

(ii) Sectorial normalization: The formal series U of x is divergent
but Borel summable, with a pair of Borel sums ¥*®(u,z,0) and
WY¥(u,x,0) defined respectively above the sectors

X8(0) = {largz — 3| <7 —n, 2] < bz},
X¥(0) = {largz + §| <7 —n,|z] < bz},
for some 0 < n < § arbitrarily small and some 6, > 0 (depending

onn), and u € U. The sectorial transformations (2) = W*(u,z,0),

e = a, v, bring the system (2.7) to its formal normal form (2.8).

ANNALES DE L’INSTITUT FOURIER



WILD MONODROMY OF PAINLEVE V 11

In particular, the formal transformation \il(u,:c,O) and the sec-

torial transformations W¥*(u,x,0) satisfy the same (8%, a%)—diﬂ”er—

ential relations over the field of germs of meromorphic functions.

Figure 2.2. The sectorial domains X®(0) and X¥(0) in the x-coordinate
and the connecting transformations between the canonical solutions
( ~n A . v v . n : n
q~,p )(:U,O,c) and (q P )(a:,O,c) on the left X{'(0) and right X5'(0)
intersection sectors.

Canonical 2-parameter family of solutions

The system (2.8), which is Hamiltonian for the time-z-dependent Hamil-
tonian function

(1 — (2’!90 + ’51 — 1)$)U1U,Q + 2(“1U2)2
2

x
with respect to the standard symplectic form du; A dus, has a canonical
2-parameter family of solutions

1 5.
ui(z,0;¢) =c1e =z (200+d1—1)+derez

(2.9)

t 2
- c= (c1,c2) €C
21.904”19171)746162 ( b 2) ’

’UQ(JI,O;C):CQG%(E( ,
and an analytic first integral
(2.10) h = uius = c16o.

Let u®(z,0;¢), resp. u¥(z,0;c), be fixed branches of (2.9) restricted to
X®(0), resp. X¥(0), then we define(*)

(2.11) (Z:)(a:,();c) — 0., 2,0)0ut(2,0;¢), e =nw

(1 The notation W (-,z,0) stands for the function v — ¥*(u,z,0), i.e. ¥*(-,z,0) 0

u®(z,0;c) denotes the substitution ¥*® (u, LB,O)} “(@.050)"
u=u®(z,0;c

TOME 0 (0), FASCICULE 0



12 Martin KLIMES

as the corresponding canonical 2-parameter family of solutions to the
Hamiltonian Painlevé system (2.7). We call the parameter ¢ = ¢y, ¢y)
an initial condition.

Sectorial center manifold solutions

COROLLARY 2.2. — The system (2.7) has a unique bounded analytic
solution on each of the two sectors X*(0), ® = a, w, given by (q. ) (2,0;0) =
P

Ww*(0,x,0), corresponding to the initial condition ¢ = 0.

We call these solutions the “sectorial center manifold” solutions, since
they correspond to a sectorial center manifold of the saddle-node singularity
of the foliation. Each of them can be characterized as the pole-free solution
on its respective sector. These solutions are also known as the “bi-tronquée”
(double-truncated) solutions of Py [1].

Nonlinear exponential torus

DEFINITION 2.3. — A (fibered) symmetry of the system (2.8) is a sym-
plectic transformation u — ¢(u,x) that preserves the system.

PROPOSITION 2.4 ([33, Proposition 31]). — Any symmetry of (2.8) that
is bounded and analytic above one of the sectors z € X*(0), e = a, v, u € U,
is in fact independent of x. It is given by the time-1 flow
e (uiuz) 0 >

0 e~ a(uiuz)

(2.12) To:ur— (

of a Hamiltonian vector field

(2.13) fza(uluQ)(u 0

15— — U257 —
6u1 8uz

The Lie group of these symmetries is commutative and connected.

), with «(h) an analytic germ.

Following the terminology of the differential Galois theory of linear sys-
tems, the Lie group of symmetries (2.12) is called the nonlinear exponential
torus. Its Lie algebra of infinitesimal symmetries (2.13) is called the non-
linear infinitesimal torus.

COROLLARY 2.5. — The normalizing sectorial transformations U and
W* of Theorem 2.1 are unique up to a right composition with the same
analytic symmetry T, (u).

ANNALES DE L’INSTITUT FOURIER



WILD MONODROMY OF PAINLEVE V 13

The nonlinear exponential torus (2.12) acts on the Painlevé system (2.7)
by the sectorial isotropies

T2 (q,p,x) :==C*(-,2,0) 0 Tp(u), °e=au,
given by the time-1-flow of the vector field which is the sectorial pullback
of (2.13) by (¥*)°(~1), Its right action on the canonical solutions T (-, z)o
(g:) (z,0;¢) = (g: (z,0;-) o T,(c) is given by the corresponding action of

T, on the initial condition parameter c,

(2.14) T, :c— (ea<c1c2) 0 ) ¢, a € O(C,0).

0 e-aleren)
In particular, the nonlinear formal monodromy (monodromy of the formal
solution (-, x,0) o u(x,0;¢)), acting on the initial condition c as
eQﬂi(—2190—1§1+4{:1c2) 0 )
b

(2.15) N(c) = T27ri(—2190—1§1+1+4h)(c> :( 0 o 2mi(~200 91 +4c1 ca) c

is an element of the exponential torus.

Nonlinear Stokes operators

Let
n ™ "
X0(0) = {|arg:ﬂ| < -nlel< 5m} c X™0),

X5(0) = {|argx—|—7r| < g -,z < 51} C X¥(0),

be the left and right intersection sectors of the overlapping sectors X®(0),
X¥(0) (see Figure 2.2). The two transition maps

&1(q,p,2,0) = ¥¥(-,2,0) 0 (¥*)° D (g,p,2,0), @€ X{(0),

(2.16)
62(Q7p’ x’ 0) = W.( : 71'7 O) o (Wv)O(_l)(Q7p7 J/" 0)) x E XQ(O)’

are called the nonlinear Stokes operators of the Painlevé system acting on
the foliation (2.7) while preserving the fibers = const. They are expo-
nentially close to identity on the sectors of their definition X{'(0), resp.
X5(0). Let us remark, that unlike the monodromy, these Stokes operators
are defined only locally on the foliation. Their action on the canonical solu-
tions (2.11) is represented by a pair of transformations S;(c), Sa(c) of the
initial condition ¢ defined by

(2.17) G120 (Z:> (z,0;¢) = (Z:) (z,0;-) 0 Sy (c),
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which are symplectic w.r.t. the canonical form de; A dey and independent
of x. This pair (gl(C),gg(C)) is well defined up to a simultaneous con-
jugation by some symmetry T,. It provides a local analytic invariant of
the system (2.7) with respect to fiber-preserving transversely symplectic
transformations (e.g. [33, Theorem 36]).

Remark 2.6. — The operators §17 resp. gz, are the nonlinear Stokes
operators corresponding to the singular directions —m, resp. 0, whereas
Neo(=1) o §2 o N is the nonlinear Stokes operator corresponding to the sin-
gular direction 7.

Nonlinear monodromy operator:

Analytic continuation of solutions along a simple positive loop around
the origin in the z-coordinate acts locally on the space of solutions as the
nonlinear monodromy operator (g, p, z, 0). Its representation by its action

M* (¢) on the initial condition of either of the solutions (Z. ), °e=an,uv,

) q ooy — (N2 0oy — (€ C VNI
(2.18) M( ,x,O)o(p.)(a:,O,c) (p,)(e x,0;¢) (p.)(a?,O, JoM?*(c),
is expressed (see [33]) as the composition

(219) M“:§20§1 ON, M“:§10N0§2.

Note that 1\7[“(0) and M“(C) are conjugated, being two representations of
the same monodromy map 9(q, p, z,0).

Nonlinear wild monodromy pseudogroup

DEFINITION 2.7. — The pseudogroup action on the foliation of Py that
is generated by both the Stokes operators, the monodromy operator, and
the exponential torus

<61762a9ﬁa {Sg,i: | (S O((C,O)}>

is called the nonlinear wild monodromy pseudo-group. Its representation
on the c-space of initial conditions is generated by

<§1,§27{TQ | a € O((C,O)}>

The central problem of this paper is to relate this wild monodromy of
Py to the monodromy of Py; and to describe its dynamics.
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3. Unfolding of the nonlinear Stokes phenomenon

It is not very surprising that the only monodromy operators of the con-
fluent family of Py that converge when ¢ — 0 are those corresponding
to the loops in 7 ((CIP’l ~ {f%, 0,00}, to) that persist to the limit as loops
in m ((C]P’1 ~ {0, 00}, to), while those corresponding to the vanishing loops
diverge. In fact, for each € # 0 the nonlinear monodromy group of Pyy is
discretely generated, while for € = 0 the nonlinear wild monodromy group
of Py is generated by a continuous family. However, the author’s paper [33]
shows that generators of the wild monodromy pseudogroup can be obtained
through the accumulation of monodromy when € — 0 along the sequences
{en}nEiNv

1
— = —+n.
€n €0
In this section we will summarize the results of [33] on the confluence
Pyr — Py.

3.1. Sectorial normalization and the unfolded nonlinear Stokes
operators

In the coordinate
r=1t '+ €,
the confluent Painlevé system (2.4) is written as

dg 0 dp 0

(31) .T(l' - e)a = 87pH<q’p7l’76)’ (E("E - 6)@ = 787qH(qap,ma6)a
with
H(q,p,z,€) = —(1+ et ) H{ (¢, p, 1, )
= (17 e— (x—€)dy — :c(190+5171))qp + (22— e)(qp)2
(3.2) Do+ 01— 1)2 — (Yo —1)2
+(0+ el G ((z—€)q — x) + xYop

4

+ (z— ) (Vo +101 —1)g°p — zqp® — (x— €)g°p”.
An essential tool in understanding the relation between the monodromy
of this system for ¢ # 0 and the wild monodromy of the limit system

with € = 0 is the following theorem which is an unfolded generalization of
Theorem 2.1.
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THEOREM 3.1 ([33, Theorems 17 & 43]).

(i)

Formal normalization: The confluent Painlevé system (3.1) can be
brought to a formal normal form

(3.3) x(zfe)% = (1—e—(z—€)0g—2(Io+01—1)+2(25—€)uy us) (; j’l)u.

(3.4)

by means of a formal transversely symplectic change of coordinates

(Z) = (u,z,€) = S pED (u) atel

k>0

where ¢(*V)(u) are analytic on some fixed polydisc U = {|uy],
"LL2| < 5u}7 6y > 0.

The restriction of \il(u,x,e) to the strong invariant manifolds
z = 0: (u,0,¢) = Zl>0w(01)(u)el, and © = e U(u,e€) =
> kuso ¥ (u) €7, are convergent for (u,€) € U x {|e| < &} for
some §. > 0.
Unfolded sectorial normalization: Let n > 0 be some arbitrarily
small constant, and let 6, >> 6. > 0 denote the radii of small discs
at the origin in the x-and e-space (depending on n). Let

Er = {le| < b, |arg(xe)| < ™ — 21}

be two sectors in the e-space. For ¢ € Ey, define a “spiraling do-
main” Xy (€) (see Figure 3.1) as a simply connected ramified domain
spanned by the complete real-time trajectories of the vector fields
iwy

e'“tr(x —e)—

Ox
that never leave the disc of radius §,, where w. is varying in the
interval
max{0,arg(£e)} — § + 1 < w+ < min{0,arg(£e)} + 5 — 17,
for e # 0,

lws| < F —mn, for e = 0.
On this domain, there exists a bounded transversely symplectic
change of coordinates

(q) =W (u,x,€), uelU, xeXy(e), e € Ey,

p

analytic on the interior of the domain, which brings the confluent
Painlevé system (3.1) to its formal normal form (3.3).

When € tends radially to 0 with arge = 3, then ¥4 (u,x,€) con-
verges to Wy (u, x,0) uniformly on compact sets of the sub-domains

ANNALES DE L’INSTITUT FOURIER
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Figure 3.1. Connecting transformation between the general solutions
(q;,p;)(x,e;c) = Wy (u®(z,€¢),x,€), on the two parts X;(e),X;(e)
of the domain X4 (e).

lim 0 Xi(e) € X4 (0). The limit domain X4 (0) = X_(0) consists

arg e=/f3
of a pair of sectors X*(0), X¥(0) with a common point at 0, and the
transformation W (u,2,0) = W_(u,x,0) consists in fact of a pair
of sectorial transformations ¥*(u, z,0), ¥*¥(u, z,0) of Theorem 2.1
(it is a functional cochain in the terminology of [40]).

The transformations W (u,x,€) are asymptotic to \il(u, x,€)
when (x,€) — 0 inside the domain [[ g, Xi(€) 3, and they sat-
isfy the same (%, 8%’ %)—diﬁerentjal relations with meromorphic
coefficients.

Remark 3.2.
(1) Strictly speaking, the domains X4 (€) are defined on the universal

covering of {|z| < 0} \ {0, €}.
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(2) The definition of the domains X4 (¢) in Theorem 3.1 is such that
when x approaches a singular point x;4 (¢), where

(3.8) T1(€) =a2-(€) =0,  z1-(€) = w21.(€) =€,

from within the domain, then the corresponding components of the
general solution (3.9) tend to

ui(z,€) — 00, ug_;(x,€) = ,

Us (J?, 6)
when & — x;4 (€) along a real trajectory of (3.6).

(3) Alternatively, the form of the domains X4 (€) could be also under-
stood from the point of view of exact WKB analysis of the sys-
tem (3.1) after a change of variable z = ez.

Canonical 2-parameter family of solutions

The Hamiltonian (3.2) satisfies H o ¥ (u, z,¢) = G(u,z,€) + O(z(z—¢)),
where
(Po + 01 — 1)2 — (Poo — 1)2

Gu,x,€) = 1 x

+ (1—e—(z—e€)¥y — x(ﬁ0+51—1))u1u2 + (22— €)(uquz)?,

G(u,x,€)
z(z—e€)
The general solutions of (3.3) are of the form

and

is a time-z-dependent Hamiltonian for the normal form (3.3).

ui(z,€;¢) = c1 E(cico, , €),

(3.9) c=Yer,e9) € C2,

us(z, €;¢) = CQE(clcg,x,e)_l,
where
—141-P0+2h (4 _ \E-Po—D1+2h_ 0
xT T c , for ,
(3.10)  B(h,z,e) = { (z—¢) €7

—%x—2190—1§1+1+4h’

e for e = 0.

In order for a branch of the solution u(z,€;¢) (3.9) to have a limit when
e — 0, one needs to further cut the domains X4 (¢), € # 0, to two parts

(3.11) an upper part X7 (), and a lower part XY (e),

corresponding to the two parts X®(0) and X¥(0) of X4 (0) = X_(0), by
a cut in between the singular points 0 and € along a suitable trajectory
of (3.6) (see Figure 3.1). The two parts of Xi(e) then intersect in two
outer spiraling sectors

X (e) = {z € Xi(e) : wix + ™ (x — iy € X1(e)}, 1=1,2,
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attached to the singularities z;+ (3.8), and along the central cut between
the singularities {z1+, 224} = {0, €}.

We now take E;(h,x,e) and EY (h,x,€) as two branches of E(h,z,e¢)
(3.10) on the two parts (3.11) of the domain, that agree on the right inter-
section sector X5, and have a limit when € — 0. They determine a pair of
general solutions (3.9) of the model system

Ul(l‘,E;C), ®=nA v,

and a pair of canonical 2-parameter families of solutions of the original
system (3.1)

(312) <Zf)(xa€;c) = ‘I’i(U:t(I,E;C),I,E), e =nwv
+
Unfolded center manifold solution
COROLLARY 3.3. — The system (3.1) has a unique bounded analytic

solution on the domain X% (€), € € EL, @ = a,w, given by (Z:i)(x,e;O) =
W (0,z,€) (which agrees between X (€) and XY () along the central inter-
section). We call it the “unfolded sectorial center manifold” of the foliation.

Remark 3.4. — This kind of solution seems to be new in the literature. In
our opinion this is an analogue of the bi-tronquée solution for Py;. While we
have obtained it by the confluence, this solution is simply characterized by
the fact that it is bounded at both of the singular points when approached
along certain logarithmic spiral. Due to the overall symmetry of Py there
should be in general one such solution for every selection of a pair of singular
points together with suitable paths of approach.

Unfolded exponential torus

PROPOSITION 3.5 ([33, Proposition 31]). — For € € E1, any symmetry
of (3.3) that is bounded and analytic on (u,z) € U x X4 (€) is of the form
T, (2.12) with a.(h) analytic.

COROLLARY 3.6 ([33, Corollary 32]). — The normalizing transforma-
tions ¥ and W of Theorem 3.1 are unique up to a right composition with
the same analytic symmetry T, (u, ) where a(h, ) is an analytic germ in
(h,€) at the origin which is uniquely determined by the convergent series

~

W (u,0,€).
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Unfolded nonlinear Stokes operators

The connecting transformations between the 2-parameter families of so-

lutions (3.12) (;:i ) on the 3 intersections between X7 (¢) and XY (¢), when
represented by an action on the initial condition ¢, are as in Figure 3.1.
There, the operators Sy4(c,€), Sa1(c,€) are the representations of un-
folded Stokes operators &1( -, x,€), Sa( -, x,€), defined in the same way as
in (2.16), (2.17) on the intersection sectors X\ (€), i = 1,2, and converge

to the Stokes operators (2.17) when € — 0 in the sector Ex
Sit(c,€) — Si+(c,0) = Si(c) as Ex 3e—0.

On the other hand the formal monodromies (corresponding to the mon-
odromies of the solutions (3.9) of the formal normal form (3.3))

2mi(— L —9g42cicq)
_ _[e € 0
NO(C’ 6) - TZﬂi(_%_ﬂo+2h) (C) - ( 0 e27ri(1+1902c102)) &
(3.13)

2mi(L —9g—Dd1+2c1c0)
_ _ __|[e € 0
Ne(e,e) = Tzwi(%fﬁofﬁ1+1+2h)(c) = ( )>

0 eZWi(7%+ﬂO+1§172c1c2
diverge when ¢ — 0, except for the formal monodromy operator

(3.14) N =NooNe =Ty 29,3, +4n)"

Decomposition of nonlinear monodromy operators

For € # 0, one can represent the action of the nonlinear monodromy
operators My(q, p, z,€) and M.(q, p, x, €) around the singular points 0 and
€ in positive direction by their action on the initial condition ¢ of the general
solutions (3.12),

Mo (o (5 )wao = (5 Jma) oM (@, o=nw

Pt Py

and express it as

(3 15) Mglj: = N;(z;l) °© Sli © N’ M:C'l:t = Sli © lei’
M;H = SQi o NIQi? Mzzi = N$2i o SQia

see Figure 3.1.
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3.2. Accumulation of monodromy

We can now formulate the essential result of [33] which allows to obtain
a representation of the wild monodromy pseudogroup of the limit system
as an accumulation of the monodromy pseudogroup of the system when
e — 0.

Let {€,}nesn be sequence in Ex \ {0} defined by

1 1
(3.16) — =—+4n, €0 € Ex ~ {0}, n € £N,
€n €0

2mi
< in the formal monodromy

along which the divergent exponential factor e
(3.13) stays constant. Let

— 27i

mzii (Qapvm; "{) = ngriloo ma:ii (qvp»xv En)v Ki=¢€c<o,

and let 1\7[;1 . (¢;k) be the corresponding limit action (2.18) on the initial
conditions of the general solution (qi ) (2,0;¢). Then

Pl

M, (c;5) = Ne(+55)°C D081 0N(c), MY, (¢ 5) = Sy 0 No(c; k),

M:+(c; k) = Sy 0 N¢(¢; k), MY, (c; k) = Ne(+;k)0Sa(c),
(3.17) N N L o

M:_ (¢; k) = No(+; n)o(fl)osl oN(e), M:_ (¢c; k) = S1 0 Ne(e; k),

Mg_(c; K) = §2 o No(c; K), Mg_(c; K) = N0(~;n)o§2(0),
where

~ 12mi(=vp+2eren)

NO(C; KJ) = T27"i(_"90+2h)_10g”(c) = <Ke 0 Kc2wi(1902c162)>
(3.18)

~ 27i(—9g—"91+2cqca)
Ke 0
NG(C, K) = T27ri(—190—1§1+2h)+10gn(c) = ( 0 1e21ri(190+1§120102)> ’

and N(¢) = No(-; ) o No(c; k), are elements of the nonlinear exponential
torus. (The subscripts 0+, e+ in (3.17), (3.18) are purely symbolical and
no longer related to the parameter e.)

In order to express the nonlinear Stokes operators from the monodromy
one can substitute in (3.17) e2mi(=Yo+2e1¢2) for 1 in My, to kill the factor
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No(k), resp. e2mi(Wotdi=2c1ca) iy 1\7I'i to kill the factor N, hence e.g.

§1(c) _ Mg+(c; 627ri(7190+2h(c)))7
e ezm(190+{9'172h(c)))

(3.19) ( )
_ M;(a eQTri(ﬂo+191*2h(c)))’
(

N°(-Do S, 0 N(c) = Mg+ c; ez’ri(_ﬁﬁ%(c»),
where h(c) = cico.
PROPOSITION 3.7. — The wild monodromy pseudogroup of Py (Defi-
nition 2.7) is generated by the limit operators
<§3}0:|:(q,p7 5 ea(h.))7 Sﬂ):),vtézl:(qapa T ea(h.)) | o€ O(C7 0)>a
where h® is defined by h® o U® = uyus. Its representation on the c-space of
initial conditions over X*(0), ® = a, w, is generated by,

<M5i(c; ea(h(c))), Mzi(c; ea(h(c))) ‘ a € O(C, 0)>, where h(c) = cco.

Proof. — Let for example X§ = X:_. Then by (3.17), (3.18) both maps
M&r (c; e*™) and M:+(c; e®(") belong to the representation of the wild
monodromy pseudogroup. Conversely, one can express

T, =M, (-;e7)) o (Mf, ) (¢; M),

and S;(c), Sz(c) using (3.19). O

The vector field (018%1 - 028%2), which is in a sense an “infinitesimal
generator” of the exponential torus (2.14), is Hamiltonian vector field of
h = cyco with respect to dey A deo. It can be expressed as e.g.
c=— (/{dﬁo( . n)) o No(c; k)oY

dk

(3.20) d -
=— <HdHMg+( . /@)) o M8+(c; k)°D,
Among its Hamiltonians, which are determined only up to an additive
constant, the function h = c;jcy is characterized by vanishing on the center
manifold solution of Corollary 3.3.

4. The character variety of Py; and the nonlinear
monodromy action on it
In this section we recall the usual approach to Py; through isomon-

odromic deformations of 2x2 traceless linear systems with four Fuchsian
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singularities on CP!, the Riemann-Hilbert correspondence between Fuch-
sian systems and their monodromy representations, the character variety
of Pyr and the modular group action on it, and gather some facts that
will serve us later. Our main reference for this part are the articles of
Iwasaki [27] and of Inaba, Iwasaki and Saito [25].

Notation 4.1. — A triple of indices (i, j, k) will always denote a permu-
tation of (0,¢,1), and a quadruple (i, j, k,!) will denote a permutation of
(0,t,1,00).

4.1. Isomonodromic deformations of 2x2 systems and the
Riemann—Hilbert correspondence

The sixth Painlevé equation Py(¢) with a parameter
19 = (1907 19& 1917 1900) S (C4
governs isomonodromic deformations of traceless 2x2 linear differential
systems with four Fuchsian singularities on CP*

(4.1) o _ {Ao@) LA, Al(t)} )

dz z z—t z-—1

with the residue matrices A4; € sl3(C) having j:% as eigenvalues. In general

(if each A; is semi-simple and the system is irreducible), one can write
2 ) Yoo

Az:<v;j;192b 7%%9[.), l:O,t,l, _AO_At_Aleoo:( f) _Sﬁ)7
—a 3 2

for some functions w;(t),v;(t). The isomonodromicity of such system is

expressed by the Schlesinger equations

(4 2) dAO — [At7 AO} di‘At — [A07 At] + [Ala At] dAl _ [Ata Al}
' dt t 7 dt t t—1 7 dt t—1"
corresponding to the integrability conditions on the logarithmic connection

in variables (z,t)

(4.3) V(z,t) =d— |Ag(t)d log(z) + A¢(t) d log(z—t) + A1 (t) d log(z—1)

on the trivial rank 2 vector bundle. Denoting [A(z,t)];; the (4, j)-component
of the matrix of the system (4.1), then if the system is irreducible the 1-
form [A(z,t)]12 dz is non-null, and so it must have a unique zero at some
point z = q(t)
o) =
[Adhi2 + [A1]12
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This point is an apparent singularity of the second order linear ODE solved
by the first component of any solution ¢(z,t) of (4.1). Denoting
o Uy I
t) =[A(qg,t —
then the Schlesinger equations (4.2) are equivalent to the Hamiltonian sys-
tem (2.1) of Pyr [29, 30], whose the Hamiltonian function (2.2) is given by

Hyi(q(t), p(t).t) = tr KAO(t) + Al(t)) At(t)] Doty

t t—1

_ U
2t 2(t—-1)

The tau function Ty of Pyy is defined by

L g ri(t) = tr [(AO(t) + Al(t)) At(t)} ,

dt t t—1

which is the coefficient of - in 1 tr A(z,t)%

Choosing a germ of a fundamental matrix solution ®(z,t) of the sys-
tem (4.1) near some nonsingular point zg, one has a linear monodromy
representation (anti-homomorphism)

p:m(CP'~{0,t,1,00}, 20) — SLa(C),

such that the analytic continuation ®(z,¢) along a path « defines another
fundamental matrix solution ®(z,¢)p(y). The conjugation class of such
monodromy representation in SLo(C) is independent of the choice of ®.
The isomonodromic condition (4.2) on the system (4.1) is equivalent to the
conjugation class of the monodromy being locally constant with respect to
t, or equivalently to the existence of a fundamental matrix solution ®(z,t)
whose actual monodromy is locally independent of ¢ [7].

The Riemann—Hilbert correspondence in this setting is given by the mon-
odromy map between the space of linear systems (4.1) with prescribed poles
and local eigenvalue data i% modulo global gauge transformations (conju-
gation by SLy(C)) on one side, and the space of monodromy representations
with prescribed local exponents e, efl

(4.4) e :=e™, 1e{0,t,1,00},

modulo the adjoint action (conjugation) of SLa(C) on the other side (see [25]
for much more precise setting of the correspondence). Therefore it can be
also translated as a correspondence between solutions of Py and equiva-
lence classes of monodromy representations.
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20
0 t 1 o0

Figure 4.1. The 100ps Y0, 7,71, Voo € m1(CP ~ {0,t,1, 00}, 20).
4.2. The character variety of Py;

Given a representation (anti-homomorphism)

(4.5) p:m(CP' \{0,¢, 1,00}, 20) — SL2(C),  p(vi73) = p(73)p(m),
(where 7,7y, denotes the concatenation of paths, i.e. the path following first
v; and then ~;), let v, 7,71, Y00 be simple loops in the z-space around
0,t,1, 00 respectively such that 0771700 = id (see Figure 4.1), and denote
M; = p(;) the corresponding monodromy matrices

Moo My MMy = 1.

The conjugacy class of an irreducible monodromy representation is com-
pletely determined by its trace coordinates by a theorem of Fricke, Klein
and Vogt (cf. [38]). These coordinates are given by the four parameters

(4.6) a =tr(M;) = e, + ell = 2cos(m;), 1=0,t1, 00,

and the three variables

(4.7 Xo =tr(M1My), X =tr(MoMy), X1 =tr(M M),
satisfying the Fricke relation

(4.8) F(X,0(a)) =0,

where

(4.9) F(X,0) := XoX: X1 + X2+ X2+ X7 — 00Xo — 0: Xy — 01 X1 + O,
with

0i(a) = aiaetajar, 1 =011, O(a)= aoatalaoo—i-a%—i—af—i-af—l—ago—ll.

DEFINITION 4.2. — We call the character variety of Py; the complex
cubic surface
(4.10) Svi(f) = {X € C*: F(X,0) = 0}.

TOME 0 (0), FASCICULE 0



26 Martin KLIMES

In this setting, the Riemann-Hilbert correspondence can be seen as a
map between the Hamiltonian flow of the Painlevé system (defined on the
Okamoto fibration My(19) — CP' \ {0,1,00}) on one side and a locally
constant flow on the character variety on the other side

RHVI,t : Mv]jt(ﬁ) — SVI(Q).

Under this correspondence the Okamoto space of initial conditions Myr ()
is a minimal resolution of singularities of Syy(6) [25].

The character variety Syi(6) is equipped with a natural algebraic sym-
plectic form

dX; AdXy dXiAdX: dXoAdXy

411 = - _
(4.11) YT ToriFy, oriFx, oriFy,

where

dF
Fx.

= g = X Xe+2Xi -0

The Poisson bracket associated to —27i ws,, is the Goldman bracket
{Xi,X,} = Fx,, (i,7,k) acyclic permutation of (0,¢,1).

PROPOSITION 4.3. — The standard symplectic form w (2.6) on the
(q,p)-space corresponds through the Riemann—Hilbert correspondence to
the symplectic form (4.11).

PROPOSITION 4.4 (Jimbo’s asymptotic formula [29]). — Given a mon-
odromy representation p as above and its associated coordinate X (4.7)
on the character variety, then the solution of Pyi(9) corresponding to a
point X € Syi(0) has the following asymptotics when t — 0 in the sector
largt| < m:

g = (X, 9) + O(t7) + Ot )

_19()+’19t—0'

(4.12) L o o
30X, 1) +O0@°) 4+ O(t ),

tl—o'l

where o1 # 0 is such that 2cosmo; = X1 and 0 < Rop < 1,

o — (190 + 9 + 01)(—190 + 9 + 0'1)(1900 + U9 + 0'1) -d(Ul,ﬁ)
40’% (1900 + 9 — 0‘1) . 0(0'1,19) (a(ol,Xo,ﬁ) + b(O’l,Xl,’l?D’
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with

a= ie’ri‘” (21 sinmoy - Xg — 9,5) = i((e”iale -2)Xo — Qt),
b= 3(21 Sin’lTO'l . Xt + 90) = i((QeﬂiUl — Xl)Xt -+ 90),

F(2+190+219,,+al)F(2—190+219t+al)F(2+190¢J5191+01)F(2—ﬂoo42ri91+01)p(1 —01)?

c= 1—\(2+190—219t—o'1)l—w(2—190-‘,-2’19t—o’l)F<2+1900-‘12-191—0'1)1"(2—190042-191—01):[\(1_'_0_1)27
d _ 4Sin 7'('(190 + 'lgt — 0'1) sin 7T(—190 +’l9t — 0'1) sin ’/T(1900 —+ 191 — 0'1)
2 2 2
X sin TV + 01 = 01)
9 )

under the assumption that

Yo+ o1 -9+ o

Yo, Ui,01, V00, 5 ; 5 ;
Voo + 01 £ —Voo + 791 =
+21 01’ +21 o1 ¢7,
see [4, p. 191].
Proof of Proposition 4.3. — We will use the Jimbo’s asymptotic for-

mula (4.12). Since the point X € Sy;(6) corresponding to a given solution
(q(t),p(t)) of Pyy is locally independent of ¢, we can take limit t — 0 and
ignore higher order terms. Restricting to the subvariety where oy # 0, we

have
dO’l/\dOé XmA(da+db)
=dgAdp= =
“ 4 ap 2a 4(a+ b)wsinwoy
. _dX1 A (eTrialdXo + dXt) . dX; AdX,
N omi(emor By, — Fyx,) — 2miFx,
using that
(4.13) 4(a+0b) = €™ Fy, — Fx,,
and the identity dX%i?XO = dxg\(fxl_ O
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4.3. Lines and singularities of Sy;(6)

The projective completion of the character variety Syi(6) in CP? is a
compact cubic surface. In the classical theory of classification of cubic sur-
faces a major role is played by the configurations of complex lines inside
the surface.(?) We have:

PROPOSITION 4.5 (Lines of Syi()). — The Fricke polynomial F(X,0)
(4.9) can be decomposed as

F:(Xk—ef—ej) (ka—Xk-i-Q—i—ej:)

€4 €;

+

ooen (elXZ —+ erj — Qoo — eiejak)(ein + eri — ar — eiejaoo),
()

1 1
= (Xk—eiej—e'ev> (FXk_Xk+eiej+e'6')
1Cg 1=

1
- (eierZ— + Xj — ejaoo — €iak)(€i€ij + Xl — ejak — eiaoo),

+
eie;
e e e e
— (Xk_’f_OO> (ka—Xk+k+°°)
€00 €L €0 €k
+ (EcoXi + €r X — a; — epenca;)(enXi + ecoXj — aj — €reocty),
€LExo
1 1
= | Xi — ereoo — Fx, — Xp +eres +
€k€o €k€oo
1
(X + ereccXi — exai — 0o )(X; + epecc Xj — era; — eso;).
€k€oo

In particular, the following 24 lines (counted with multiplicity) are con-
tained in Syi(0):

{Xk: ﬁ—l—efj, eiXi—&—erj :aoo—i-eiejak},

€ €
€; €,

{Xk =—+2 eXj+eX,=ap+ eiejaoo} ,
e €
7 %

1
{Xk:eiej—l—, Xi—i—eierj :ejak—i—eiaoo},

€;€;

{Xk = €;€5 + y Xj + 61'6in = €50 + eiak} s

€i€;

(2) The author is grateful to E. Paul and J.P. Ramis for pointing out the major signifi-
cance of these lines in the theory of Painlevé equations and for illuminating discussions
on this subject.
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€k €
Xp=—+—, eooXi—l—eka:ai—i—ekeooaj},
€ €L

1
X = epes + , Xt ereoX; = ega; + ety

}
|

e e
{Xk =k 4 =, e XitewX;=aj+ ekeooai} )

1
{Xk = eptoo + PR Xj + ereoX; = era; + et
k

For each pair I,m € {0,t,1,00} each of the two planes

Xn = m 1 s ‘a .7k
(14 e1em + with (Lm.n) = (4,4, k)
‘(n = :Tln + eeT> (k,OO,k),

intersects Svyi(0) at 2 lines. The resulting 4 lines correspond to the re-
ducibility of the pair of matrices { My, M, }, i.e. to the existence of common
invariant space for the pair.

Remark 4.6. — To be more precise, if for each [ = 0,¢,1,00 the mon-
odromy matrix M; is diagonalizable, then there exists a pair of invariant
subspaces of the space of solutions of (4.1), giving rise to a basis of solu-
tions (sometimes called Levelt basis) with respect to which M; is diagonal.
When each of these basic solutions is analytically continued towards the
base-point zg of 71 (CP' \ {0,¢,1,00}, 29) along the path encircled by the
loop ~; defining the monodromy (Figure 4.1), then for every pair {M;, M, }
there are 4 different possibilities how one can form a mixed basis out of
the two pairs of solutions. Each of the 4 lines at the intersection of Sy;(6)
with the planes (4.14) correspond to the degeneracy of one of these 4 mixed
bases.

The projective completion of Sy;(#) in CP? contains 3 additional lines at
infinity, giving the total of 27 lines provided by the classical Cayley—Salmon
theorem [8, 11]. They are all distinct if and only if Sy;(f) is non-singular.

Remark 4.7. — By the classic theory of cubic surfaces, there are 45 tri-
tangent planes, i.e. containing 3 lines forming a triangle, and each line
belongs to exactly 5 of these planes. The above 12 decompositions of the
cubic corresponds to the 3 x 4 planes that contain one of the 3 lines at
infinity, the fifth plane being the plane at infinity.
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Singular points of Sy(0)

The surface Syr(6) is simply connected (cf. [9]), and it may or may not
have singular points depending on a, but it never has more than 4 singu-
lar points [45, Corollary 4.6]. The singularities that appear correspond to
unstable monodromy representations, which are of two kinds:

e Either M; = +1 for some [ € {0,¢,1,00}, hence ¢; = £1.
Ifl=i€{0,t,1}, then a; = £2, X; = +ao, X; = tag, Xi = *a;.
If | = 00, then ao, = £2, X; = £a;, i =0,t, 1.

e Or the representation is reducible, in which case M; = (" _,
1 =0,t,1, 00, for some quadruple of signs (8, d;, d1) € {£1}3, doo =1,
and

8o ,0¢ 01 — 05 8 =05 =6k
eylertelt ess =1, Xi=ejef +e; e

The surface is therefore singular if and only if

I[I (@ -9-wa=0

1€{0,t,1,00}
where
w(a) == H (ai—aj— ap+ aco) — H (@i000 — ajar)
{4,k}C{0,t,1} i€{0,t,1}
1
=0 H (egoef‘e‘flem - 1),

e
° (80,8¢,01)E{£1}3

see [26]. All the singularities of the projective completion of Syr() are
contained in its finite part, where they are situated on the intersection of
several lines.

The singular locus of Syi(#) corresponds through the Riemann-Hilbert
correspondence to so called Riccati solutions of Pyy [25].

4.4. The braid group action on Sy;(0)

The nonlinear monodromy action on the space of SLy(C)-monodromy
representations, is given by the action of moving ¢ along loops in CP*
{0,1, 00} while keeping the representation constant. When ¢ returns to the
initial position tg, the loops generating 7 (CP' \ {0,t,1,00}, z) will not
be the same as before. It induces an automorphism of the fundamental
group through which it acts on the space of monodromy representations.
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The movement of ¢ can be also seen as an action of the pure-braid group
Ps on three strands (0,t,1), generated by the pure braids 83,, 3% € Ps
(Figure 4.2). These actions were considered by Dubrovin [13, 14] and de-

0t 1 0 t 1
0 A
s oa ] D
0 t 1 0 t 1

Figure 4.2. Elementary pure braids.

scribed in detail by Dubrovin and Mazzocco [15, 42] and Iwasaki [27], and
their dynamics was further studied by Cantat & Loray [9] in connection to
the problem of transcendentness of Pyy.

It is advantageous to consider the elementary monodromy actions as
square iterates of “half-monodromy” actions, and to investigate the action
of the whole braid group Bs on three strands (0,¢,1), generated by two
braids SBo¢, i1 (Figure 4.3). However such “half-monodromy” actions don’t
act on the given Painlevé foliation, but rather on a whole set of such folia-
tions since they change the parameter 9 by permuting its components. As
such there are different possible ways how to define such actions and how
to interpret them.

Instead of the four singularities (0,t,1,00), let us consider an ordered
quadruple of distinct points (¢;,t;,t, ) in CP', where (i, ,1,m) is a cyclic
permutation of (0,t,1,00). The action of the braid 3;; consists in turning
the two points ¢;,t;, around each other by a half turn while fixing ¢;, ¢,,.

¢ttt

v %]

% t.’i ty tm

Figure 4.3. Elementary braid §;;, (4, j,1, m) is a cyclic permutation of
(0,t,1,00).
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The braids act on the fundamental group 71 (CP* ~ {t;, titi,tm}, 20) by
transforming the loops, B : v+ 7%,

20 20

ﬁij
R

Bij 1 Wi — Y =%V
Vi Yy = Vi
W=

ti by 4 tm sl — o
m m — Imy

(in the above picture we draw just the connecting paths from zg to the sin-
gularities ¢, j that are encircled by the loops v;, ;), preserving the relation

Vi Viym = id.

This in turn induces an action S, : p — p? on the monodromy represen-
tation (4.5) defined by  p?(v#) = p(v), and satisfying (88')« = B« 0 B, :
p pPP = (p%)P
(Bij)e : M; — pﬁ” (1) =

M; — p% (y;) = MyM; M; Y,
My — pPi3 () = My,
M,, — ,06”' (Ym) = M.

(4.15)

The pure braid actions of the two square iterates °2 and B are con-
jugated, and therefore induce the same action on tbe character variety.
However the braid actions of 3;; and B, are different.

Now for each of {3, j} = {%?H let k be the third finite index, {3, j, k} =

{0,t,1}. Then the map between the character varieties induced by 3;; is
given by Gij - SVI(H) — SVI(giJ‘(e))

ij o 0 — 05, Xi— Xj — Fx, Fx, — —Fx,,
0; — 0;, X;— X, Fx, — Fx, — Fyx, Xy,
(4.16) 0y, — 0Oy, X, — Xi, Fx, — Fx, — Fx, X;,
0o — O,

where the action on the trace parameters is
Gij © (ai, a5, 0k, a00) — (aj, i, Gk, Goo)-
Moreover in this notation:
gffl = Gji-
On the other hand for each of {I,m} = {{1 2l Jet k= {} be the

{o0,0}

corresponding finite index and {i,j} = {ESH the remaining two indices.
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Then the induced map by 3, between the character varieties is given by
Gim = Svi(0) = Svi(gim (0))

Gim : 0; — 0;, Xi— Xj — Fx,, Fx, — —Fx;,
0; — 0;, X; — X, Fx, — Fx, — Fx; Xy,
(4.17) O — Oy, X — Xg, Fx, — Fx, — Fx; X;,
O — O,

which is the same as g;; (4.16) except for the way it acts on a,
Gim ¢ (@i, a5, a1, am) — (G4, a5, Gm, 7).
It differs from g;; by composition with the involutive permutation
(@i, a;,ar, am) — (aj, i, G, ar)

which preserves #(a) and commutes with both g¢;; and gi,,. This subtle
difference between g;; (4.16) and g, (4.17) will be amplified during the
confluence. Nevertheless, the square iterates of both actions are equal,

95 = 9% 9 = 9%
PROPOSITION 4.8 (Dubrovin & Mazzocco [15], Iwasaki [26, 27]).

(1) For any permutation (i, j,k) of (0,t,1) the above half-monodromy
actions g;; : Svi(0) — Svi(gi;(0)) preserve the Fricke relation (4.8),
Fog,; = F, and the 2-form ws,;. The group I' = (got, g11) gener-
ated by the actions of the braids By and ;1 (generators of Bs)

is isomorphic to the modular group PSLo(Z), with the standard
generators

S=g2ogn, T= 98(71), satisfying 5°? =id = (T 0 S)°3.
(2) The action of the monodromy group of Pyr on the character variety
Svi(0) is induced by the action of the pure braids (3,, 3% € Ps on

the monodromy representations. It is isomorphic to the principal
congruence subgroup of the modular group

P(2) = (g67, 9i7) © Autug,, (Svi(0)),
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20 20
20
t 01 /N 0 1\t
( 0t 1 )9?12
................ Y @
962 t=0 t=1
20 20
t\0)1 01 /¢t

Figure 4.4. The paths around which are taken the loops g, ¢, y1 defin-
ing the monodromy representation p and therefore the coordinate X
on Syy(0) in dependence on t € CP'~. {0, 1,00}, and the corresponding
transition maps g57, go2 : Svi(6) — Svi(6).

where

957+ Xy — X; — Fx, + Xy Fx,,
X]‘ — Xj — Fij
Xk — Xk,
(4.18)
Fx, — —Fx, + XiFx;,
Py, — Fx, — XiFx, — X;Fx, + Fx; Fx, + Xp X;Fx;, — X, F%,.

while preserving the parameter a = (ag, at, a1, Goo)-

The fixed points of this I'(2)-action are exactly the singularities
of Sy, and its restriction on the smooth locus of Syi() represents
faithfully the nonlinear monodromy action on the non-Riccati locus
of space of initial conditions My, () (i.e. on the initial conditions
corresponding to non-Riccati solutions of Pyy).

As t varies in CP' \ {0,1,00} the character varieties define a fibration
above CP' . {0,1, 00} with fibers Sy7(), for which the coordinates X =
(Xo, X¢, X1) (4.7) are local trivializations. The transformation g5, gi2 are

the gluing maps when ¢ makes a round around 0 or 1, see Figure 4.4.
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5. The confluence Py; — Py and the character varieties

We will study the degeneration of the SLo(C)-isomonodromic problem
(4.1) of Pyy to the one of Py [30] using the description of confluence in linear
systems by Hurtubise, Lambert & Rousseau [23, 36] in order to understand
the degeneration of the character variety of Pyr to the wild character variety
of Py. The goal is to be able to consider the sequential limits (3.16) in the
parameter € of the braid group actions on the character varieties of Py,
in order to apply the results of Section 3.2 on their accumulation to the
generators of the wild monodromy pseudogroup of Py, which will be done
in Section 6.

The wild character variety of Py in the form of a generalized Fricke
formula was constructed by van der Put & Saito [53], as well as by Chekhov,
Mazzocco & Rubtsov [12] who also describe the confluence but from a very
different point of view. The idea of sequential limits (discretization) in
the parameter € from Py to Py was previously exploited by Kitaev [32] in
relation to the asymptotics of the corresponding Riemann—Hilbert problem
and the tau function. But our approach is different.

5.1. Confluence of isomonodromic systems

The substitution

~ 1 1 ~
(51) t:1+6t, 1925:*, 191:7*4*’[91,
€ €

in the system (4.1) with

U1 U
V= —=, U1 =——=—"U+t K,
€t €t
(52) ~UgVy — ﬂl (’UO — Hg)
ut:ﬂl, u1:ﬂ1+et — =~

U1 + et(vg — K2)

Do + U1 + Voo
where kg = ———7F——,
2
gives a parametric family (depending on the parameter €) of isomonodromic
deformations:

do _ [ Ao(@) | A(0) + (2 ~1-e) A (D)

dz | =2 (z —=1)(z —1—et)

(5.3)
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where

o

T

_20+% 04 J0tYc
2

Avgl):At"f'Al:_AO_Aoo:(

)
—vo— 0+2 = ugug >
)

uo
which then have well defined limits when € — 0. The matrix Z(lo) has
A D)+ (z—1-eD) AL ()
(z—1)(z—1—<t)
diagonalized on a uniform neighborhood of z = 1 for € small (for fixed

t #0), with eigenvalues
1 ( Al Iy

can be

eigenvalues i%, therefore the matrix function

;-ﬁ- 13{1(2 —1- 6~)
54) 4= + +0(1) =+ Z +0(1),
(54) 2\z—-1 z—t) M) 20z —-1)(z —1—et) o
which form the set of local formal invariants for the confluent pair of sin-
gularities at z =1 and z = 1 + €t.
The meromorphic connection (4.3) becomes

- A0 _
d— Az, t)dz + Adt,

t(z—1—et)
the flatness of which is the isomonodromicity condition on (5.3). The vari-
ables (g, p) of the confluent Painlevé system (2.4) are defined as before by

() iz
¢=-(1+ t)[g?]er[ng?’

o 2 d -
p=[Alg, t)]11 + o + 2 D1 + 20q—1)°

5.2. Confluence on character varieties

The confluence of singularities in linear systems has been studied by
many authors, including Garnier [18], Ramis [56], Schifke [59], Duval [16],
Glutsyuk [19, 20], Zhang [67], etc.. Here we will use a description following
from a theorem of sectorial normalization for unfolding of non-resonant
irregular singularities due to Hurtubise, Lambert and Rousseau [23, 36]
and Parise [51].

The local analytic invariants of the limit system (5.3) with e = 0 are
usually expressed in terms of a pair of Stokes matrices. The work [23, 36)
shows that one can define “unfolded Stokes matrices” also for small € # 0.
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More precisely, for € in each of the sectors E;,E_ (3.5) (the same sectors
as those for normalization of the confluent family of nonlinear Painlevé
equations!), the system (5.3) has certain privileged fundamental solution
matrix with respect to which the two monodromies M;, M7 are one upper
triangular and the other lower triangular. This allows to decompose each
of the matrices My, My as a product of a diagonal “formal monodromy
matrix” (with divergent limit ¢ — 0) and of a unipotent “unfolded Stokes
matrix” (with convergent limit e — 0).

In fact the two columns of this privileged fundamental solution matrix
form a mixed basis of solutions (cf. Remark 4.6): the first column, which
is an “eigensolution” for the eigenvalue e; of M, is characterized as a sub-
dominant solution which vanishes when z approaches ¢t = 1+ ¢t along some
suitable curve, while the second column, which is an “eigensolution” for
the eigenvalue e; of Mj, is a subdominant solution which vanishes when
z approaches 1 along some suitable curve. Here the suitable curves of ap-
proach of the singular points 1 4 et and 1 are the real time trajectories of
the vector field

€ _gulmlem1od) oy
dt t+1(z—1—¢t)

or equivalently, leaves of the horizontal foliation of the meromorphic dif-
—iw %dz which expresses the formal invariants
(5.4), where w4 is as in (3.7) (in particular, for € € {|arg(+e)| < T—n} C Ex
one can take wy = 0). When appropriately normalized, such mixed solution
basis has a well-defined limit when ¢ — 0, ¢ € EL, which is the canonical
sectorial basis of solutions at the limit irregular singularity.

For simplicity we will consider only the confluence in the sector € € E .

Then for 0 # € we have a monodromy representation

ferential form e

Py I T ((C AN {0, 1 +€£ 1}72’0) — SLQ((C)

with respect to this privileged mixed basis of solutions, which takes the
form:

M0+: (:g)a

€t €tS24
My = NeSay = (9757,

et

€1 0
My = 51N = (elsl+ i) ;

€1

—etel(a31++781+82+)—$7 erer(atysay)

s
M +6 +o - +6
L= ( erer(Bsip+os1qs24)+ o5 ece1(B 82+)) ’
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Figure 5.1. Monodromy of the system (5.3) when ¢ — 0+.

see Figure 5.1, where

S0 (o) S0 (7).

are unfolded Stokes matrices of the family (5.3), which tend to the Stokes
matrices of the limit system limg, 5.0 Si+(€) = S;(0), i = 1,2, and where

]\[i(E):(%i;)7 i:t717 N:NtN1:<8t061 ? )a

etel

with
i 3 i

e = (Myp)nn = e, er = (M) = e™—
are the formal monodromy matrices around the points ¢ = 1 + et and 1
for € # 0. Such monodromy representation is determined uniquely up to
conjugation by diagonal matrices.
The monodromy matrices are subject to the conditions
1 =det Moy = ad —vp,
ag =tr Moy = a+9,

1)
Goo =1t Mooy = v + erer(a+ Bs14 + ySap + 0814824 ),

id
€1 = e™V = [M1+Mt+]11 = €t€eq.

The trace coordinates X; (4.7) for 0 # € € E are given by
1
XO = tr(M1+Mt+) = ee1 + ; + €t€151+S2+,
te1

0
(5.6) Xo = w(Mis Mos) = er(0+ fsis) + -,

)
Xy = tr(Moy My ) = er(a + ys24) + o
¢
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Only the parameters

01
9

ag = 2 cos(mdy), €1 =ere; = e (oo = 2cos(m),

i
€

have well defined limits when ¢ — 0, while ¢, = e and el = emiti—
diverge. Therefore the coordinate X passes well to the limit, but not X;, X3
which need be replaced by new coordinates. The new coordinates should
be functions of Moy, S14, 52+, N, M invariant by diagonal conjugation
(since the decomposition (5.5) for € # 0, as well as the pair of Stokes
matrices Si4,S24 for € = 0, are determined only up to conjugation by
diagonal matrices). Following [53], we choose them as the lower diagonal
elements of M4 and Moyy:

X1 = tr(My My o) = Xo,
(5.7) Xo = [Mot]22 =6,
Xoo = [Mocy]22 = eser (o + ysa4).
A substitution in the identity

(ere1)?s14-524 (ad — By — 1) =0,

gives the Fricke relation in the new coordinates X = (X, X1, Xo0)
F(X,0()) =0,

where

(5.8) F(X.0) = KoXa Koo+ X2+ X2 oK 51 %1 — Ko 48y = 0

where 0 = (50,51, goo,gt) is a function of the parameter a = (ag, €1, a0 ),
independent of €,

(59) 50 = a0+€1aoo, 51 = gl, 500 = aoo+'éla0, gt = 1+'€1a0aoo+%?.

For ¢ = 0, the relation (5.8) for the character variety of Py was derived
in [53, Section 3.2].

DEFINITION 5.1. — The wild character variety of Py is the complex
cubic surface

(5.10) Sy(6) ={X € C*: F(X,0) =0},
where F is (5.8), endowed with the algebraic symplectic form

_ dXoAdX; dXoAdXe dX;AdXe
27T1FXOO 27TiFX1 QWiFXO
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where
~ F
FXIZ aaX —X Xo—gl,
1
= 8F
FXU = 8X0 X X +2X0 —90,
~ OF -~ ~ -
FXoo = 85{'00 :X1X0+2XOO —900.

The trace coordinates X (5.6) on the character variety Syi(0) for e # 0
and the new coordinates X (5.7) on the wild character variety Sy () are
related by the following birational transformations:

THEOREM 5.2 (e # 0). — The cubic surfaces Syi(0) and Sy (0) are
birationally equivalent through the change of variables

X :(I)-F(X)v
where
¢+('5a056t7613a00) SV( )—>SVI( )
X X
is given by
(5.12)
= X, [Fs Fy Fo [~
Xo =X, FXOO¢+=0< Xo Xoo>_ X, (Xl_et_el)
€t €1 et ete1 el et
Xo Xoo— Fy F. P
X, = 0+ Xoo’ Py, 0®, = Xo Xoo7
€1 €t €1 €t
X. X Fy, Fr. XiFs
X =—= 707 Fxloq>+_ X0+ Xoo 21X
€1 € [ el [eh

The inverse map <I>j_(_1) : Syi(0) --> Sy (6), X — X, is given by

= et Xy +e1X1 — aoo — €ete10ag

o Xo- & -8
. etel(Xo—Z—I—%—FXO)
(5.13) T e Xyt e X, —ag — ere1o
Xl = XO7
)A('OO _ 761Xt + etXl — ag — €10 — 61FX1/ ’
X -2
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and is singular on the line:

(514) Lo := {Xo = — + 7’ e1 X +e X = 50} .

€1

The two Fricke relations are related by F o &, = i(XO -t -2 F.

€1
The restriction

4t Sv(g) — SVI(Q) ~ Lo

is an isomorphism. The pull-back of the symplectic form wg,, (4.11) by @
is the symplectic form (5.11).

Proof. — From (5.6) and (5.7) by a direct calculation. O

Remark 5.3 (¢ # 0). — In the trace coordinates (4. 6) on the space of
monodromy representations, the eigenvalues e; and f of M; are inter-
changeable. On the other hand in the above confluent’ description of the
monodromy data this is no longer true for ¢ = ¢, 1. Indeed, during the con-
fluence we are fixing an appropriately normalized mixed basis of solutions
consisting of one “eigensolution” for the eigenvalue e; of M; and another for
ey of M. The general theory of confluence [23] tells us that this mixed basis
tends, when € — 0 in the sector E, to the appropriate sectorial basis at the
irregular singularity of the limit system. This means that, for small enough
€, the chosen mixed basis can never be degenerate. On the other hand, the
singular line Ly (5.14) for € # 0 corresponds by Remark 4.6 precisely to
the monodromy representations for which our mixed basis degenerates, so
there is no place for it in the confluent picture.

Remark 5.4. — A very simple way to obtain the coordinates X on the
wild character variety Sy () is by taking the following limit:

(i) When € — 0 in a sector n < arge < m — 1, n > 0, then e; — oo,
e1 — 0, hence Z—; — €1,
X X o~ -
<taX0,1) — (X07X1,Xoo)7
aq a

(7 BRI 2) — (50751750075t)7

and L F(X,0) — F(X,0).
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(ii) When ¢ — 0 in a sector —7m + 7 < arge < —n, n > 0, then e; — 0,

e; — 00, hence ‘(% — eq,

()(17‘)(0))(t_}7)(t
a¢ Q¢
01 0y 0, Oa =
( PR 2) — (9079179007915)7

b b b
ag ay a¢ Qi

) — ()?0;)}1"3500))

X Xoo — Fg_,and LF(X,0) — F(X,0).
t oo (lt

These two limits are related by the action of the half-monodromy operator
g1t = 9:1(71) (4.16) on the left side (and identity on the right side). This
limiting procedure should be related to Glutsyuk’s description of conflu-
ence [19, 20] and has been well known (for example [12]). Whenever it leads
to a convergent limit it can be used as a simple way to obtain limit formu-
las. However it doesn’t allow to treat the confluence when ¢ — 0 along the
sequences {€, tneny With ?ln = é + n, that accumulate to 0 asymptotically
tangent to R~ g, which is essential for us in order to obtain the generators
of the wild monodromy.

5.3. The monodromy action on Sy (9)

Both of the two different half-monodromy operators g;1 and gooo (4.16),
(4.17), satisfying gp? = ¢22,, and acting on the space of monodromy rep-
resentations associated to Pyy, pass well to the confluent limit if properly
interpreted. However, the action gooo (which differs from gy in how it acts
on (ag,at,a1,0x)) seems to be the one that is better suited: this has to
do with the fact that its action is on the points z = 0, oo, thus away from
where the confluence happens.

PROPOSITION 5.5.

(i) The pullback of the half-monodromy operators g;; : Svi(0) —

Svi(gi;(8)), (i,7) = (t,1),(00,0), and their inverses gj; = g:j(_l),

by the transformation ® (5.13) is given by

Gij = ‘I)i(ﬂ) 0gijo®y: Sv(0) — Sv(ﬁij(g))
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_ - 1, - ~ 1=
gi1 90>—> =, XO'—>T(X00_FXOC)7 FX0>—> —=Ix
91 91 01
~ 1 ~ ~ - -~
91}—>§f, X1P—>X1, FX] — leFX XO,
1
- b < 1< ~ 1~ ~ s
900}_>~7’ XOO’—>TX07 FXOO}—) i(FXofFX X1>,
1 61 61
~ 0,
9t>—>~t.
0
- 0o 1 ~ ~ 1, ~ ~ =
git: Og— =, Xor— =X, Fg, — T(F)"{w_FXOXl)v
91 1 01
- 1 - - -~
91P—>§*, Xl’—)Xla FX1'—> FX17FXOXOC7
1
~ 0y  ~ 1.~ =~ - 1~
0o — =, Xoor— =(Xo—Fy,), Fgx_r— —=Fx,
1 (91 ~ 91
é;'—}%.
91
G000 : 50’—>§ooa )?O'—>)~(oo_ﬁf(ma ~X0'—> _ﬁf(oc?
51}—>§1, 551*—))?1, ﬁ~ll—> ﬁj{l*ﬁ)}x;{:o,
G By, T T, Fo v Fy —Fy %
Fé/t’_>é/t~
5000: 50’—)5007 5(:0’—>5(:007 1::'-0,_> ﬁX 7F)~(0X1’
51’—)51, )?1'—)5(:1, ﬁj{l’—> ﬁXl ﬁXD)’Z“”
Ooo — 0p, Xoor— Xo—Fg,, Fg_r~— —Fg,

(ii) The pullback g3? = g%, € Autyg, (Sv(0)) of the monodromy oper-
ator g7t = 932, € Autyg (Svi(f)) by the transformation @ (5.13)
is given by the square iterate of the above operators gi1, Jooo

5230: )?0*—)&0*?_)}0+5€1ﬁ)2w,
jZl »—>)~(1,

Xoo— Xoo — Fg_,
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Fo s —Fy + %1Fs
ﬁXl — F~1—X0ﬁ)~( _)?ooﬁf(g"'ﬁf(oﬁf(x'i_jzl)?ooﬁf(m_Xlﬁ)%(xv
ﬁ)'(x — —ﬁ}"{m —)Nflﬁj(o +)?%ﬁ)_(m7

and its inverse

58201 )?0'—))?0—ﬁ)~(0,
Xl '—>j51,

X '_>X007FX +X1FX0’

oo

ﬁj{o — _ﬁf(o —Xlﬁxm +)?%ﬁ)~(0,
Fg, — Fg, —XoFg  —XooFg, +Fx Fx  +X1XoFg, - X1F%
ﬁxx — _ﬁXoo +)’ZlﬁX0.

They preserve the Fricke relation: Fo %%, = F.

The “half-monodromy” action g;; was previously described in [52], and
the monodromy action g2 = g%2, was considered in [52, 53].
Proof. — One way to obtain the action g;; is by the limiting procedure

of Remark 5.4. For example in (i), for e > 0:

Xy X ge1 X1—Fxy X
(al’XO’ al)} ( at ’X07 at)
\Le—m \Lf"o
S T T Je1 Xoo—Fy S X
(XO’Xl’XOO)} ( élxvala)éiO)ﬂ

and similarly in (ii), for Se < 0.
A different wayto obtain the action g1 is to look on how the braid (i

acts on the monodromy representation pi (5.5). After a conjugation by a

matrix PM;" the action (4.15) is written as

(Ber)w = Moy — pP*(30) = PM; ! Moy My, P,
Myt — pP () = PM14 P,
Myy — pP* (1) = PMo P,
Mooy — p%1(v0) = PMiy Mooy M4 P,
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where P = (§}), so that pt(v;) is upper-triangular, and p?¢ (7;) is lower-

triangular. Therefore g;; maps (es, e1) — (i, e%), and we have

- 1
€1 —— =,

€1
)?1 — 5(:1,
- . Xoo — Fy
Xo+— (M1+ M0+M1+)11 =a+ fs14 = Tm,

1
Xo

~ - 5
Koo (M Mo M) = o =

€t€1 €1 ’

Likewise, the formula for the action of g, can be obtained from g..g by
the limiting procedure of Remark 5.4. d

5.4. Lines and singularities of Sy (0)

PROPOSITION 5.6 (Lines of Sy(6)). — The polynomial F(X,6) (5.8)
can be decomposed as

F=(X1-8-2)Fg +a(Xeo+ 20 —ax)(X

e

);

= (X1 - eoeoe — =) Fx,
+(e0Xoo + 20 — 8y — 2 ) (X e X — & — =),
T QP
—|—(60X +eOOX0—61—eOeOO)( —I—X —gl—eoim),
= (X0 —eg)(F %o —Xo+eo)+ (XKoo — )(60X1 + X oo — €160 — aso),
= (Xo—e0)(2X1+Xo— L —Flas) + (X oo — 2)(Fg_ — Xoo + 2),
= (Xo = ) (Fx, = Ko+ &) + (Ko —E1e0) (52 + Koo = & —acc),
= (Xo- 1)( 160X1+X0—eo—elaoo)+()? —5160)(ﬁ)2 —X o +2160),
(Xoo—eoo)(FXoo—X +eso)t (XO——)(eooXl—i-XO—eleoo—ao)
(Xoo—eoo)(ele—i-X ———elao) (XO——)(F~ Xo—l-Ll)
= (Xoo — )(ﬁxwfxoﬁﬂﬂxrelem)( +Xo — 2 —ao),
= (Xoo — )(eleooXl + X oo —e1ag)

+ (Xo — elew)(ﬁ}go — XO + 61600).
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defining thus 18 lines on Sy () (note that some lines appear twice in the
above decomposition).

Remark 5.7. — Each of the monodromies My, M, (assuming diagonal-
izable) define a pair of invariant eigenspaces of solutions, while each of
the Stokes matrices Siy,S2+ (assuming nontrivial) define one invariant
eigenspace of solutions. As in Remark 4.6, the lines in Sv(g) correspond to
degeneration of some associated mixed bases of solutions. More about this
in a future work.

The projective completion of Sv(g) in CP? contains 3 additional lines
at infinity, giving a total 21 lines, and there is a singularity of type A; at
the infinity (see [8]). The surface Sy (f) can have additional singularities,
which happens if and only if some the 18 lines coincide.

PROPOSITION 5.8 (Singular points of Sy (#)). — The affine cubic variety

Sy (0) has singular points if and only if
(ag — 4)(aZ, —4)@(9) = 0,

where
~ 2 | ~2 2 ~ . ~ ~ 1
w(a) = (a5 +af + a3, — agarace —4), with @ =¢€; + =
1
1 So~ &
N )

L (60,600 )€{£1}2
(cf. [53, Section 3.2.2]). The corresponding possible singularities are the
following:

o ifag =%2: Xo =46, Xi=%ag, Xo ==,

o ifag=42: Xg =241, X;=4tao, Xoo==é1,

o 1'1(.51:68062?, (50,500)6{:|:1}2.' onego, X1 :Fevl-i-é, Xoozefg’
Setting X = (%2, %L %) the projective completion of Sv(g) in CP? has
also a singularity at the point (xg : 1 : Too : v) = (0:1:0:0) for any

value of the parameters.

Proof. — By Theorem 5.2, the surface Sy (#) is isomorphic to Sy(8)~ Lo,
one can therefore use the description of the singular points of Sy(0) given
in Section 4.3. O

5.5. The center manifold solution
PROPOSITION 5.9. — Fore € E, let X be the coordinate (5.7) on Sy (6)

which for € # 0 is given by the monodromy representation py depending
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onr = % +e= te_tl as in Figure 5.2. Then the upper “sectorial center
manifold” solution \I/:(O,x, €) of Corollaries 3.3 and 2.2 over the domain

X: corresponds to the point

~ o~ o~ 1 ~ ~
(5.15) (X0,X1,X0) = (e’ €1+ €0l — e%el, eoel>
0

for z € X:(e), ecEy.

The proof of Proposition 5.9 is based on the following reformulation of
the Jimbo’s asymptotic formula.

PROPOSITION 5.10 (Jimbo’s formula for the confluent system). — For
e € E; ~ {0} let X be the coordinate (5.7) on Sy (8) given by the mon-
odromy representation py depending on x = % +e= te_tl as in Figure 5.2.
Let (q(x), p(z)) = t(q:_ (a:),p:_ (x)) be the solution of the confluent Painlevé
system (3.1) corresponding to a point X € Sy (8) over the domain z € X:_,
which corresponds (up to analytic extension) to the upper half-plane in
Figure 5.2.

(1) Whenx — 0, x € X:L(e), e€Ey:

(i) o))

1904”(9,570’1 X o1-1
~ 1
P 20(9, X) <x—6> + 0(),

where o1, defined by X; = ™ + e~ ™ and «(X,d) are as in
Proposition 4.4, and (X,9) is related to (X, 3, €) by the birational
transformation (5.12) and (5.1).

(2) Whenx — ¢,z € X:_(e), ecEy:

1 z—e\1 !
~Y 1
T S, X7 ( o ) + 0(),

r_9 . 1—01 _ 2—201
pwa(ﬂ’7X/)190+1912+01 (m 6) + O((aﬂ 6) ),
X

x
where (X', %) = gooo(X, 0), i.e.

19/:(19007191571917190)7 X/:(X07 XI_FX17Xt)7
and (X,9) are related to (X,0,€) by (5.12) and (5.1).

Proof of Proposition 5.9. — By Proposition 5.10, in order for the solu-
tion t(q: (x),p: (2)) to be bounded at x = 0 we need to have o1 = ¥ + V¢,
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A(9,01)

o1 R, —Fg for

while (1, X) # 0, 00. Using (4.13) let us write a(9, X) =
some function A. This gives us the following condition:

1
(5.16) X1 =eper + —, eoerFx, — Fx, # 0.
€epet

Similarly, in order for the solution t(q: (x),p:_ (z)) to be bounded at x = ¢
we need to have o] = 2 — g — 91, while a(¥, X’) # 0, 00, meaning that
Y, — F)’((,) # 0. This gives us the following condition:

1
(5.17) X: = epe1 + R €0€1FX1 — FXO #0.

€p€l
By Proposition 4.5, the identity in (5.17) means that either
(a) eperXo + X1 — e1a00 — €gay =0,
(b) epe1 X1+ Xg — egtoo —e1a; = 0,

from which we have respectively

— _1 Qoo _ __1
{(a) XO T eier + eo eZeter’

0
(b)  Xo = eser + epas — €2eser.

The case (a) doesn’t satisfy neither the condition (5.16) nor (5.17). In the
case (b) using the formulas (5.13) we obtain that
1

- - ) B
Xo = o X1 =ee1 +epass — €gerer, Xoo = €perer. O
0

Proof of Proposition 5.10. — The asymptotics at x = 0 is simply the
Jimbo’s formula of Proposition 4.4, which for ¢ € R+ is defined on the
sector |arg(—x)| < 7.

The asymptotics at * = € is obtained from the Jimbo’s formula using
the Okamoto’s transformation

Yo+ 9 + 91 + Vo
T / -1 / q-( o+ t‘; 1+ —1—qp>,

19/ - (ﬁoovﬁtaﬁlv’ﬁo)v
which preserves the Hamiltonian system of Py, i.e.

190+51+1900 )
— —1—ap),

(518) 37/26_-1:, ql:q_l7 p/:q < 9

which preserves the system (3.1). This corresponds to the transformation

d=zt =t (A, AL AL AL) = (A, Ar, A, Ap),
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2 2 2
0 t 1 oo tﬁo 0(1 Jt o
id gor
................ I
z=0 T=¢ g5t = 922

20 20 20
7 ﬁ (Qm

Figure 5.2. The paths around which are taken the loops 7o,v:, 71
defining the confluent monodromy representation p; and therefore
the coordinate X on Sy (f) for € € E; ~ {0} in dependence on

< € C~ {0,€} (cf. Figure 4.4), and the corresponding tran-

sition maps g57, gooo(ezg‘) Sy (0 ) — Sy (0 )

xr =

of the isomonodromic problem (4.1). It transforms the monodromy rep-
resentation py (Figure 5.2) to p, p'(v},) = M;, j = 0,t,1,00, where for
S X: (€), € € E4, one has up to a conjugation (see Figure 5.3)
Wor =Yoo Ve =V M=V Vaor = Voo V0Veo -
This means that up to a conjugation
Mg = p'(v0) = MoMoo My,
M = p'(y) = My,
M{ = p'(m) = M,
ML, = p' (Vo) = Mo,
ie. p) = (Boco)«p+ (4.15), and hence (4.17)
X' = gooo(X) = (Xo, X1 — Fx,, X3). O

6. The wild monodromy action on Sy (0)

The only nonlinear monodromy actions (pure braid actions) on Sy (6)
that converge during the confluence are those generated by 2%, (in Propo-
sition 5.5). As was explained in Section 3.2, for the other actions we need
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OO/ t/ 1/ 0/ t/ OO/ 1/ OI oo/ 1/ t/ OI

20 20 20
g1t = 9%
................ N T T T
=0 957 ' =¢ id

OO/ t/ 1/ 0/ tl OOI 1/ 0/ OOI 1/ t/ 0/
20 20 20
12 12 1
20 20

DO/ t/ 1/ 0/ OO/ 1/ t/ O/

1

)

Figure 5.3. The transform of the Figure 5.2 by 2’ = e —z, 2’ = 2~
(0',#',1",00") = (00,t7%,1,0), showing the paths around which are
taken the loops v, 7y, 17+ Yior defining the confluent monodromy rep-
resentation p’ and therefore the coordinate X’ on x. We are only inter-
ested in the lower half-plane part of this picture. The diagrams in the
bottom row (red) are conjugated to those above (black) by moving the
basepoint from z{, to zg in order to compare with those in Figure 5.2.

instead to consider limits of their pullbacks by @, (5.12) along the se-

quences
1
(en)nEiNa —=—+4+n
€n €0

2mi

< stays constant. This amounts
to replacing e? by a new independent parameter k € C*, i.e. writing

along which the divergent parameter e? =e

(6.1) eer = 51, ﬁ = ,vi

€1 €1
The idea of taking the limit of the Riemann—Hilbert correspondence for
the isomonodromic problem (5.3) along such discrete sequences (e,) was
already considered by Kitaev [32] but with a different aim. The limit of

a nonlinear monodromy operator accumulating towards a one-parameter
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family of wild monodromy operators acting on the wild character variety
have not been studied before.

PROPOSITION 6.1. — For € # 0, let &4 be the transformation (5.12),
and let
G (5m) = 03 0 gif 0 By 1 Sv(B) — Sv(0), {inj}={01},

02

be the pullback of the monodromy action g;; ,composed with the substitu-

tion (6.1). Then

~0 ad €1
gof(~;ri): Xo— =—,
K~ =~ ~ 1 &
X1 — Xa+=—(X:1Fg XooFXOC)‘FquoF‘O—FXI —+=,
1 eq Kk €]
_ &
Xoowr— Xoo+——F%,
KX oo X
~02 v v K =
gto(';ﬁ): XO?—>XO+~7~F"1,
61X0
1 1 K
Xl}—>X1+T(X1F)_(17X0FX0)+7X0FXOO7F)~(1 7‘#5 R
el K K e]
Koo &1
Xo

They preserve the symplectic form ws,, , and change the Fricke relation by
a factor:

Fog2(Xik) = ———— a2 F(X,0).
t (X1 -2 — & — (Fx, 0 24))
Proof. — The formulas are obtained by plugging (5.12), (5.13) to g§?
and giZ (4.18), where the action of g§? fixes (e, e1), and hence also (€1, k).
Alternatively, the action (4.15) of (32,). on the monodromy representa-
tion py is
(B3e)« : Moy —> (Mg Moy )Moy (M Moy) ™",
Myy > (Myy Mot ) Myy (Myy Moy) ™",
My — My,
Moo+ — Moo+7

where by (55) Mt+Mo+ = NtSQ+MO+. Decompose 52+M0+ = LU with

a+ysaq 0 B+ésay
L = 5 B4dsoq s U= (1 atysoy ),
v Y aT sy 0 1
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and conjugate the above monodromy representation by N;L, so that the
image of Myy = N¢Soq, resp. M+ = S14+ N1, is again upper, resp. lower,
triangular:

Moy — UMy U™,

My, — UM U, Say — N, 'UN, S, U1

My — LN YM N, L, Siy — LTINS, . NLN7IN,,
Myoy — LT N7 Moo N L,

where
N = ("2 o), N=(5 ),
0 Kk 2 1
and in particular the images of M, and M, have the same diagonal parts
as M;; and Mj have. From this one can express the action of g37 (k) on
X (5.7) in terms of «a, f,%,9, s14, 82+ and then re-express it in terms of
X, 6. Similarly for the inverse G923 (k). O

The initial condition ¢ = (¢1, ¢2) of the canonical sectorial solutions of Py
of Section 2.3 define through the map (z,c¢) — “(¢™(x;¢), p™(z;¢)) (2.11)
local coordinates on the space of leaves of the Painlevé foliation over the
sector z € X®(0), |¢| < d.. Therefore, ¢ defines local coordinates also on the
Okamoto space of initial conditions My, 7 (2.5) of Py for each » = t1e
X®(0) on a neighborhood of the point which corresponds to the sectorial
center manifold ¢ = 0. The Okamoto space My, ; and the wild character

variety Sy (6) are isomorphic on some Zariski open set

My i (1) = Sy (6).

It has been conjectured in [53] that in fact My ; is a isomorphic to a
minimal strict resolution of M, if singular (for Pyr this is known to be
true, see [25] and the references there). Anyway, it means that the wild
monodromy pseudogroup of Definition 2.7 acts locally on Sv(g) near the
point (5.15). It turns out that this action is in fact global (Proposition 6.2
below). By Proposition 3.7, the wild monodromy pseudogroup is obtained
as a limit of the nonlinear monodromy group through the accumulation
along the discrete sequences (3.16) of the parameter e.

PRroOPOSITION 6.2. — For € = 0, the action of the nonlinear wild mon-
odromy operators M3+(c; k) and 1\7[:+(c; k) (3.17), which are defined lo-
cally near the point corresponding to ¢ = 0 on the Okamoto fiber My, ;
over z =t 1+ e X® (0), extend as bimeromorphic maps to the whole fiber.
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In the coordinate X (5.7) on Sy () over i1 € X*(0) the nonlinear wild
monodromy operator
. M0+(c k) corresponds to the action of §32(X;k) on Sy (6),
. ME+ (¢; k) corresponds to the action of §32 o §32(X; k) on Sy (6).

Proof. — In fact, for all 0 # ¢ € E; the corresponding action of the
nonlinear monodromy of Py;(¢) around 0, resp. €, from some base-point
o € X7 (0) on the character variety Sy (6) is given by §52(X; €2), resp. §o2. o
352(X; €2), see Figure 5.2 (compare also with the right side of Figure 3.1).
In particular, by Propositions 5.5 and 6.1 it is rational on all Sv(g). O

LEMMA 6.3. — The vector field ¢1 x> a — Cor— 8 which is Hamiltonian for
h(c) = c1co with respect to dey A deg corresponds to the vector field
1 [/~ 0 ~ 0
(62) 7 (Fusg - Feosz)
Xo 6‘X ~ 00X

on the wild character variety Sy (6). It is Hamiltonian with respect to
Wsy (5.11) for the Hamiltonian function

o 1 - 9
. Hy(X)=—logX —
(63) o(X) = 5~ log Ko + 2.

which corresponds to h.

Proof. — By (3.20) and Proposition 6.2 the vector field claicl - 628%2
corresponds to

k3 o —

X = = (nge it (o)) o TRHE )
which can be calculated as (6.2) using the formulas of Proposition 6.1
(note that the component is clearly null, and it is enough to calculate
the 8)2 component only, because then the 87
determined by the relation of tangency dF = 0).

component is uniquely

Now calculating in the local coordinate (X1,Xo0) on Sv(g) one has

d)N(O == I;XOO d)N(OO, and therefore
Xo
~ 1 F~ Fe -
dHy = —— XiqX, — 2=dX, |,
27TiFXO X() XO
so Hy (6.3) is the Hamiltonian of (6.2) with respect to &g, = %

(5.11). Such Hamiltonian is defined up to a constant, and we know that
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h(c) = c1¢o vanishes on the “sectorial center manifold” over X7 (0) (Corol-
laries 2.2 and 3.3), which is given by the initial condition ¢ = 0. So our cor-
responding Hamiltonian Hy is uniquely determined by the condition that it
vanishes on this “sectorial center manifold”, which by Proposition 5.9 cor-
responds to the point ()~(0, )~(1,J~(Oo) = (%, €1+ egaoo — €3é1, ege1). O

Remark 6.4. — The point (¢, c2) = (0,0) is fixed by cla%l - 028%2 and
correspondingly the point (5.15) is fixed by (6.2) — in fact it is easy to verify
that both ﬁf{l and ﬁXoo vanish at this point.

Using the formulas (3.19) we can now express also the Stokes operators.

THEOREM 6.5 (Wild monodromy action on Sy (6)).
(i) The time-a-flow map of the vector field (6.2), a € C, is given by
(6.4) t(X;e%) =G5 (-3e7) o g (X; 1),
It factors through the exponential o — e® € C* = C \ {0} as a
multiplicative action of C*:

t(~;e0‘): )?0'—))?0,

Xi— X1 —(1— (f”“)F{(°o +(2—e"— efa)FE(l,
(6.5) Xo X2

Koo — Xoo — (1 — )21,
Xo
The action of the nonlinear exponential torus (2.14) of Py on Sv(g)
is given by the composition of t(X;e*) with any analytic germ
a(Ho(X)) of Hy(X) (6.3). N
(ii) The action of the nonlinear formal monodromy N (2.15) on Sy (6)
is given by

(6.6) n(%) = t()?; f‘;)

where t(-; -) is as above (6.5). B
(iii) The action of the nonlinear Stokes operator N°(=1 0 S; o N (2.17)
on Sy () is given by

(6.7) 01 0% on(X) = ge(X; X3),
and the action of the nonlinear Stokes operator Sy (2.17) on Sy (6)
is given by
(¥ —or o2 v, €
(6.8) S2(X) := 905 © 916 <X; ~>,
X2
0
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where §52, §o¢ are as in Proposition 6.1, and g§2, given by (6.9) is
as in Proposition 5.5. -

(iv) The action of the monodromy operator M* = So0S; 0N (2.19) on
Sv(0) is given by

§20§1 onzﬁgio : XVO }—>)?0—ﬁ)~(0,
(6.9) X, — Xy,
)?oo — )N(OO — NXOO +X1ﬁ)~(0

(v) The action of the wild monodromy pseudogroup of Py on Sv(g) is

generated by

~02

<§8207 Joi (e a(HO)) ‘a( -) analytic germ> ,
or equivalently by
<§17 So, t(';ea(ﬁ")) ’oz( -) analytic germ>.

It fixes the singularities of Sy (6), and its restriction to the smooth
locus of Sy (0 ) represents faithfully the nonlinear action of the wild
monodromy pseudogroup on the “non-Riccati solutions” of PV(ﬂ).

Proof.

(i). — By direct calculation one verifies easily that (6.5) is indeed the
time-a-flow map of (6.2).
(ii). — From (3.14),
n(;() _ t()?; e27ri(—2190—1§1+4l§(0))7
where Hy(X) is (6.3) meaning that 2 (=200—01+4H0(X)) — %é
(iii). — From (3.19) and Proposition 6.2 and Lemma 6.3,

n°-! 08 0 n(X) =3 (X o2mi(— 190+2H0))

where e2mi(=P0+2H0(X)) — X2 ang
S2(X) = 9000 © gtooz(X 62mw°+ﬁl QHO))

27i(9o+91—2Ho (X)) _ &1
0
(iv). — We know from Proposition 5.5 that M"® = 1\7[?01\7[8 corresponds
to the monodromy operator g52, around z =t~ = 0 (cf. Proposition 6.2)

where e

and is independent of x. But let us calculate the composition S5 087 on for
the sake of clarity. From (6.4)

i (X;e®) =g (1) ot(X;e®),  Gor(Xie) =t(-;e7) 0 g (X;1),
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and plugging in (6.6), (6.7) and (6.8) we have

e~ v ~02 (v ~o2 [ ¥ ‘é% v Xé ~02/ v . v2
sz 081 on(X) = gg5.(X) 0 g X§? ot X?? ° got (X5 X7)

0 1
~02 (v ~02/( v e ,é? v 5(:3 > 1 ~02/( v
= Jo0o(X) 0950 (X5 1) 0 t{ X5 =5 J ot X; = | ot X3 =5 | 0 g7 (X51)
X5 X3
= Gon (X)),

since X o is a first integral of t. g

Appendix. Painlevé equations as isomonodromic
deformations of 3x3 systems

This section exposes first how to derive the Fricke formula (4.9) for the
character variety Syy(f) of Pyi(¢) as the space of Stokes data correspond-
ing to isomonodromic deformations of 3 x3 systems in Okubo and Birkhoff
canonical forms, and describes the braid group action on the Stokes data.
Most of this can be also found in a bit different form in the article of
Boalch [4, Sections 2 & 3]. This description is then used to study the con-
fluence of eigenvalues in these systems in order to show how the Stokes
data of the limit system for ¢ = 0 are connected with those for € # 0 (Fig-
ure A.4), providing thus another derivation of the wild character Sy (6)

variety of Py (¥) (5.8) and of the formulas of the birational change of vari-
ables &4 (5.13).

A.1. Systems in Okubo and Birkhoff forms

Aside of the 2x2 systems (4.1), the sixth Painlevé equation Py governs
also the isomonodromic deformations 3 x 3 linear differential systems in an
Okubo form

000 d
(A1) (z] (Oto)> di’: [B(t)+M]¢,
z

001

where the matrix B(t) can be written as

Jo WoUtVy — Uy  WoU1V1 — V1
vi + Ui

B(t) = | wiugvo — vo Uy wyua vy — 01 |, Wi ==
WUV — Vo W1 ULy — Uy ! o
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where ¥; are the parameters of Py, and the matrix B(t) has eigenvalues

1 1
(A2) 0, —KR1 = 5(190 +19t +191 - 1900), —Rg = 5(’[90 +19t +191 +79oo)

The isomonodromic deformation of such systems in relation to Py was
first considered in the papers of Harnad [22], Dubrovin [13, 14] and Maz-
zocco [43]. The system (A.1) can be obtained from the 2x 2 system (4.1) by
the addition of %(% + % + %1)1 to A(z,t) (this corresponds to a gauge

z—1

Yo

transformation ¢ — 272 (z — ¢ *%(z - 1)*1971@, followed by the Katz’s
operation of middle convolution mec) with a generic parameter A different
from 0, k1, k2 [21] (see also [4, 43]).

Equivalently, one may also consider the generalized isomonodromic prob-
lem for systems in a Birkhoff canonical form

d 000
(4.3) edv_ [(o : o) +sB(t>] ,

d¢ 001
with a non-resonant irregular singularity at the origin. These are dual to
the Okubo systems (A.1) through the Laplace transform

(A yO= [Tuere e ) - are(a)l < 5.

All three kinds of systems (4.1), (A.1), (A.3), and their isomonodromy
problems are essentially equivalent (at least on the Zariski open set of
irreducible systems (4.1)). Under an additional assumption that no ¥; is
an integer, the condition on (generalized) isomonodromicity of the each of
the above linear systems is equivalent to the Painlevé equation Py(¢) [21].

Notation A.1. — The entries of 3 x 3 matrices will be indexed by (0, ¢, 1)
rather than (1,2,3), in a correspondence to the eigenvalues of the matrix
000
<0 t 0). As before, the triple of indices (i, j, k) will always denote a per-

001
mutation of (0,¢,1), and (4, j, k,1) will denote a permutation of (0,t,1, c0).

A.2. Stokes matrices of the Birkhoff system

The Birkhoff system (A.3) posses a canonical formal solution
£vo 0 0
Y (&, t) =T( 1) ( 0 e fe o ) :
0 0 c‘%gﬂl

with f(f ,t) an invertible formal series in £ (with coefficients locally analytic
in t € CP' \ {0,1,00}), which is unique up to right multiplication by
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an invertible diagonal matrix, and unique if one demands that f(O,t) =
I [60]. It is well known that this series is Borel summable in each non-
singular direction « (we remind that a direction o € R is singular for the
system (A.3) if (i — j) € e!®R* for some 7,5 € {0,¢,1}, i # j). This means
that for each non-singular direction «, there is an associated canonical
fundamental matrix solution

g 0 0
(A5) Ya(f’t) = TOL (fat) < 0 e_%gﬁt 0 > ’ |a’rg(£) - O[| < T,
0 0 e‘%gl’l

where T, is the Borel sum in £ of T in the direction o given by the Laplace
integral

+ooeia
Teo=¢ [  Uebetd

where U(z,t) = 3,720 Tkl 2k is the formal Borel transform of £ T(¢,t) =

k!
;;Xé Ty, (t)€*+1. This solution does not depend on « as long as a does not

cross any singular direction [2, 24, 41].

Let us restrict to a € |—m, 7[, and suppose for a moment that 0,¢,1 are
not collinear, i.e. that there are six distinct singular rays (i — j)RT as in
Figure A.1(a). When « crosses some singular direction (in clockwise sense)
the corresponding sectorial basis Y, changes in a way that corresponds to
a multiplication by a constant (with respect to £) invertible matrix, called
Stokes matrix, of the form

(AG) Sij =1 + SijEija

where E;; denotes the matrix with 1 at the position (7,7) and zero else-
where. For the singular ray (0 — 1)R™, one needs to take in account also
the jump in the argument of £ between —7m and =, therefore the change
of l,)\asis is provided by a matrix NSy, where N is the formal monodromy
of V:

_ et 00 )
(A7) N=|[oeo |, where e;:=em%,
0 0 €2
See Figure A.1(a).

Since in general the formal transformation T'(¢,t), and therefore also the
collection of the sectorial bases Y, (£,t) (A.5), are unique only up to right
multiplication by invertible diagonal matrices, the collection of the Stokes
matrices Sj; is defined only up a simultaneous conjugation by diagonal
matrices. The obvious invariants with respect to such conjugation are

(A~8) S0tSt0,  St1S1t,  S10S01,  S0tSt1510,  S1tSt0S01,
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ST

S,

ot 310

: \
C 0 v
NSor Sto

4
Q‘L’ Stq
(a) Birkhoff system (b) Okubo system

Figure A.1. Singular directions and Stokes matrices.

where s;; are as in (A.6), subject to the relation

(A.9) S0tSt0 * S1151¢ * $10801 — SotSt1510 * S1¢S10501 = 0.

The isomonodromic condition on the family (A.3) demands that the
collection of Stokes matrices is independent of ¢ up to conjugacy by diagonal
matrices, i.e. that (A.8) are constant.

A.3. Monodromy of the Okubo system

Now let us consider the Okubo system (A.1), where we chose for sim-
plicity

A=0.
Corresponding to the canonical sectorial solutions bases Y, = (Yavlﬂ)ij
of (A.3), there are canonical sectorial solutions bases ¥, = (‘I’a,ij)ij

of (A.1), given by the convolution integral

_ 1 ’ A — — O)9itA=
Vouslot) = gy [ Va0 =07 PG

where U(z,t) = 305 T’;C(It) ¥ is the formal Borel transform of ¢T(€,t) =
220 T (t)€F (35, 58]. They are related to Y, (,t) by the Laplace trans-

form (A.4)

+ooel® .
Ya,ii(&t) = / U, ii(z,t) e €dz, i,j €4{0,t,1}.

J

S|
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The sectors on which they are defined (see Figure A.1(b)) are the different
components of the complement in C of

U @+ G-5HR") uf0,1] U [0,1.
4,7€{0,¢,1}

When crossing one of the rays i + (i — 7)R™ in clockwise sense the solution
basis ¥, (z,t) changes by the same Stokes matrix S;; (A.6) as before, except
for the ray —R*, where it again changes by N.Sp; (cf. [35]). When crossing
the segments [0, ] the basis changes by N;, and on [0, 1] by N, where

Ni =1+ (612 - I)Eiia €; = €7ri19i7

2% 0 0
is the monodromy matrix of < 0 (z=t)’* 0 ) around the point i €
0 0 (2—1)"1

{0,t,1}, and N = N1 NN (A.7). See Figure A.1(b).

Fixing a base-point zy and three simple loops g, V:,y1 in positive di-
rection around the points 0,¢,1 respectively, such that their composition
VoY1 = Y= gives a simple loop around the infinity as in Figure A.1(b),
let M;, 1 =0,t,1,00, be the associated monodromy matrices along 7;:

(A.10) Mo = NoSo1Sor, M;=Ni'SSuNN1, My = 51510N1,
determined up to a simultaneous conjugation in GL3(C). We have
tr(M;) = e? +2, i€{0,t1}.
Denoting
(M My) -1

X = ———
€€k

and s;; as in (A.6), we have

ef + e% + e%stlslt e% + e% + 6%810801

(A].l) X() = 5 Xt = 5
€t €o€1
2 2 2
X, = ey + ey + egsotSto

€0€t
The monodromy around all the three points equals
— _
M = MlMtMO - SltSIOStOSthSOISOt

eg egsm 6%801

= 63&0 €f+€(213t080t G%Stl-ﬁ‘@gstosm

2 2 2 2 2 2 2 2 2
egsi0tepsitsto  €;sittegSiosottegsitStoSor €7 +ejsitst1tegsiosor+egsitStoSol
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From (A.2), we know that its eigenvalues are 1, e 2T/ = <€ apd
e 2miR2 = gpe,eqeq. Expressing the coefficients of the linear term FE and
the quadratic term E’ of the characteristic polynomial of M ! leads to

2 2 2 2
(A.12) ere1 Xo + eper Xy + eper Xy + egs1tSi0So1 — €5 — € — €7

€o€te1

+ egeieres = E,
€co

(A.13) egetelXo + efeoelXt + e%eoetXl

2 2 2 2 2 2 2 2
— €epe1sotSt1S10 — €p€; — er el — €1€g
€p€te1 ’
= + epereress + eoet 61 =F.
o

Inserting the expression for s1:8:0501 (A.12) and for sorst1810 (A.13) into
the relation (A.9) gives the Fricke relation (4.9)
XoXi X1+ X5+ X7+ X7 —00Xo — 0,Xy — 0:X1 + 0o =
with
e2+el+FE E’
07;: J k + ) :aiaoo+ajak;
€j€L €, €€k
EF FE FE E’ E’ E’

Lt —F—+—+
€ e €1 ege el eieg

Ooc

= Apa1a1000 + a3 + a; + ai +a’ — 4.
Let us remark that for (4, j, k) a cyclic permutation of (0,¢,1), the line
{Xk = i —+ 7, 67XZ —+ erj = Ao —+ eiejak}
e €

of Proposition 4.5 corresponds to s;; = 0 in (A.13), while the line

{Xk = — + 7, ein -+ eri = ar + eiejaoo}
e e
corresponds to sj; = 0 in (A.12).

We will now derive the induced action of the braids fo; and 8y (Fig-
ure A.2) on the Stokes matrices S;;,
sition 4.8. The induced action of By, resp. i1, on the Stokes matrices is
obtained by:

providing an alternative proof of Propo-

(1) Tracing the connection matrices of the Okubo system (A.1) as the
two corresponding points turn around each other according to the
braid Sy, resp. B¢, and see how they change when the three points
0,t,1 align. See Figure A.2. We use the fact that S;; Sk = Sk Sy if

j# kandl #i.
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T ﬁS;ZSmS

e o a1
SotStNSo SN S

(a) Action of SBoz.

NSoSoSe O

-1
0tS1501

/ S1oSto St

-1 -1
St1S10St0St1S10

ﬁsﬂﬂ'1

(b) Action of B1.

Figure A.2. Braid actions on the Stokes matrices. The monodromy
along each loop stays the same as the points 0, ¢, 1 move.

(2) Swapping the names of the points 0 < ¢, resp. ¢ «» 1. This permutes
also the corresponding positions of all the matrices, i.e. acts on them

010 100
by conjugation by Py; = [ 100 |, resp. P,y = (001 |.
0

01

010

It follows from Figure A.2 that the action on the Stokes matrices is given
(up to a simultaneous conjugation by diagonal matrices) by

(Bot )« N — PyN Py, (Ber)«

Sot = PorStoFot,

Si¢ — POtStBlSltSloStoSﬂlPOt,

S10 — PotS1tPots

Sto — PorSot Pot,

Sy — POtS&lSt11v50150t]v71551p0t,
So1 +— PoeN 'Sy NPy,
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Sot — Pr1So1 P,
S1t > PSP,
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From this the corresponding action of gg;, resp. g¢1, on the invariant ele-
ments (A.8) can be easily expressed, and subsequently re-expressed in terms
of the coordinates X, X, X7 (A.11). Or equivalently, one can express the
induced action on the monodromy matrices (A.10):

(Bot)s : Mo — PorSyy M SioPot, (Be1)s : Mo — Py S5,' MoS1: Py,
My — Pyt St M, MoM; *Syo Pot, M Py Sy M1S1: Py,
My — Py Sy M1 SioPor, My +— Py Sy, My MM *S1,Py.

A.4. Confluence of the Birkhoff systems and their character
varieties

The substitution (5.1), (5.2) in the Birkhoff system (A.3) and a conju-

et 0 0 ~
gation by Q = < 01-1 ), corresponding to the change of variable y = Qy,
00 et
gives a parametric family of isomonodromic systems
di 0 0 0 ~ . 7.
(A.14) 259 _ A (o1ver | +€B@Ee)| 7,
dg 0 0 1
with
Yo et(woutve—vi) —WoUoVo—V1—Vt
B=QBQ !'= (3{("1%_'“)1)“0”0 Vo Hve—wiugvy _Elg(wt,_u’l)UOU())
W1 U0 VY — Vo et(wiugvi—ve) V1 —vi+wiusvy
Yo U101 wo—01 —ko—"0
= (—Etl 91+r2+b1o b > ,
bio t—et[01+ra+b1o] —k2—bio
where ko = —% and up, v are as in (5.2), and

v + %v-i- E%v(’l}() — Ko — 51)
ﬂlf’l;l + G?U()UO

Vg — 51 — Ko — u?g? (%v—f— 51)

[

bio = ugvg — vp,

by = uovg

w1y + 6’5’1101}0
When € # 0 the irregular singular point at the origin is non-resonant
and the local description of the Stokes phenomenon is the same as in the
precedent section with the six Stokes matrices S;; (A.6). But for € = 0 the
singularity becomes resonant and the description changes.
For |et| small, there is a formal transformation

(A.15) i=19()). @.7)ecxc?,
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written as a formal power series in & with coefficients analytic in €, that
splits the system in two diagonal blocks, one corresponding to the eigen-
value 0, other corresponding to the other eigenvalues {1 + €t, 1} (cf. [2]):

47
(A.16) 52;f§—::§ﬂoﬂﬁ

47" ~ - ¥
(A.17) de—yg = [(“5“ 1) +EB" () + 0(52)} vy,

where B” = ( g“ g“ ) is the submatrix of B = (b;;). This formal transfor-

mation f(f ,€) is Borel summable in ¢ all directions except of the coalescing
singular directions £R* and (14t )R*. Therefore it possesses Borel sums
T (&, €) on four sectors: two large sectors which persist to the limit € — 0,
and two small ones that disappear whenever ef € R. Only the Borel sums
on the large sectors will be considered.

Confluence of eigenvalues in the subsystem (A.17)

The phenomenon of confluence of eigenvalues in 2 X 2 parametric systems
at an irregular singular point of Poincaré rank 1 was studied previously by
the author [34]. This paragraph applies some of the results to the sys-
tem (A.17).

The matrix of the right side of the system has its eigenvalues equal to

2O ex® 4 \/m (mod £2),

where
ROJ A b tbn 0
2’ 5 X
- 2 . _
o_ < W _7 o lu—bn) _ =0 o 0
a <2> ; a bit + 5 et—y t—et—,

constitute the formal invariants of the system. In [34], it has been shown
that (A.17) possess a fundamental matrix solutions of the form

1
~ ERNCY O 4eam) 1 0 11 © 9
V= Rl e o e (1) 1( )C H)
0 (a(°)+§a(”) 1 1 -1 0 e”
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NO)

Rt

a(l)

Figure A.3. The inner domains |1 (white) and the outer domain O
(grey), and the connection matrices of the system (A.17). Note that
for et # the point —% # 0 is not a singularity of (A.17) thus solutions
are regular there.

where
~ 3 a(0)+<a(1)
oc.ef) = [ Y
o ¢
Va® yea® a® ) Va© féa® +v/a® 0
_ ) 3 T 2vam 08 Va® +ea™ —v/a©)’ e #0,
——2"‘:)7 e =0,

and R, e = |1, O, are invertible analytic transformations defined on certain
domains in the £-space. These domains are delimited by the so called Stokes
curves (in the sense of exact WKB analysis [31]): the separatrix curves of
the foliation by real-time trajectories of the vector field

i ¢ 9 . x o

e — =, with some wée |—— +n, — — [ >0

24/ a0 + ga(l) 1o} 2 m 2 n,n ,
emanating either from oo or from the “turning point” at £ = _%7 if e £ 0.

There are two kinds of such sectorial domains (see Figure A.3), whose shape

. . ©) 2
in the coordinate % depends only on a parameter p = % = (ﬁ) :
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e A pair of inner domains |1 for € # 0: these are sectors at 0 of ra-

dius proportionate to u ~ <, separated one from another by the

singular directions +etR*. They disappear at the limit. The con-

. . = > . 10
nection matrices between Y| and Y| are given by S, = ( ),
+ - s1t 1

"= ((1) Sil ), the submatrices of the Stokes matrices S+, Sy1 (A.6),

and needs to take into account also the formal monodromy N” =

62 —
( ot 02), the submatrix of N (A.7). See Figure A.3.
€1

e An outer domain O covering a complement of |, Ul_ in a disc of
a fixed radius with a cut in the direction Z((?)) Rt ~ €2tRT. We
are mainly interested in the limit when ¢ — 0 along the sequences
% c é 4 2N, hence the cut can be assumed to be in the direction

)_(j _Oi) with
Xo (A.11) the trace of monodromy of the subsystem (A.17) around
0. See Figure A.3.

e The connection matrices between the outer and the inner solution

bases can be expressed as

1 L 0 e1E5t1t
C// _ s1t C// — 2
+ 7 \o—i2t— )7 I R ’
€151t efSlt

Returning now to the full system (A.14), one must intersect the do-

tR*. The connection matrix on this cut is S/ =

mains |y, O with the sectors of the Borel summability of the transforma-
tion 7' (A.15). The full picture is therefore that of Figure A.4. There are
four inner Stokes matrices Si¢, Sy1 and S10St0, So150¢ (A.6) between the
canonical solutions on the inner domains, and three outer Stokes matrices
§0, §t, §1 between the canonical solutions on the outer domains of the
form:

(A.18)

_ 1 30t 801 " 10 0 _ 100 _ ez 0 0

S():(Ol 0), St=<0Xoi>, 31=<5t010>, N:<Oete10>-
00 1 0 —i 0 5100 1 0 0 ereq

The connection matrices between the canonical bases on the inner and
outer domains are provided by:

10 0 10 0
1 00 =

(A.19) Co=|°t & |, C_= Ao
0 0 —tot 0 i —t

€151t eTs1t
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C_NN-!' _a® ¢,

NO)
a®

RT

Figure A.4. The connection matrices between different canonical so-
lution bases of the confluent system (A.14) with N (A.7), S;; (A.6),
Si, N (A.18) and Cy (A.19).

LEMMA A.2. — The coefficients of the outer Stokes matrices are equal

to

~ ~ €1

Sot = Sot + S0151¢;  S01 = _Z;SOta
A.20 ¢
( ) ~ 510 ~ .€¢ 510

St0 = St0 + —, S10 = —t——.

S1t €1 S1t

Proof. — We have
§0 = Nﬁlc_NS(nSOtNilN(C_)il,
S1 = C1S10S0(Cy)7Y,

see Figure A 4. O

Remark A.3. — The inner Stokes matrices S;; are determined only up
do 0 0

to conjugation by diagonal matrices < 0d: 0 ) This corresponds through
00 dy

~ do 0 0
(A.20) to conjugation of the outer Stokes matrices S; by < 0d; 0 )
0 0 d

The monodromy matrix of an outer solution around the origin is given

by

eg eg§0t 63501
-1 _ 3 & o - o -
(A21) Moo = SlStNSO = egsto etelXo—i-egstosot —Zet,€1+6(218t0301 ,
ea810 —ierer+eddi050t e2510501
and we know that its eigenvalues are 1, e~ 271" = feLel and e 2mine —
-

€0€t€1€Eo.
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The new variables X (5.7) are defined by

(A.22) Xl = Xo, Xo = €0510501 + €0, Xoo = 1e9510501 + e

€0
They are invariant with respect to the conjugation of Remark A.3.
Expressing the coefficients of the linear and the quadratic term of the
characteristic polynomial of M7} (A.21) gives
€p€t€q

N _ o
ete1 X1 +egXo + ejsorsio = 1+ + egeteres = E,

00
€0€t€1

v v v . 9 ~ ~ 2.2 2 /
epere1 X1 Xo+epere1 X oo +1epe150t510 = +epereiesteperer = E.

Inserting these two identities into the identit;o
0= €f - SotS10 - 510501 — €5 * S0t510 * 510501
= _igotgl(](e())?m + €t€1) - §0t§t0(60)?(] - 63) =0,
gives the Fricke relation (5.8)

0=X1X0Xoo+ X2+ X2 —0,X1 — 00X — 0o X oo + 0,

with
!
~ ~ eieq FE
01 = eseq, o = —+ = Qoo t+ese1a0,
€0 €o€t€1
- / - E
0, = E+ = = 1+ere1a0000+ €262 0o = €9+ — = ap + ere1a
t — 2 — t€1U0loco tC1>» co — €0 — o tC1loo-

€0 €0
The formulas of change of variables (5.13), (5.12) of Theorem 5.2 between
(X,0) and (X, ) are obtained from (A.22), (A.20) and (A.11). As remarked
on page 61, the singular line Lo (5.14) corresponds to s1; = 0, i.e. to the
triviality of the Stokes matrix Si; (A.6).
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