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THE SCATTERING MATRIX FOR 0TH ORDER
PSEUDODIFFERENTIAL OPERATORS

by Jian WANG (*)

ABSTRACT. — We use microlocal radial estimates to prove the full limiting ab-
sorption principle for P, a self-adjoint Oth order pseudodifferential operator satisfy-
ing hyperbolic dynamical assumptions as of Colin de Verdiere and Saint-Raymond.
We define the scattering matrix for P and show that the scattering matrix extends
to a unitary operator on appropriate L2 spaces. After conjugation with natural
reference operators, the scattering matrix becomes a Oth order Fourier integral
operator with a canonical relation associated to the bicharacteristics of P. The
operator P provides a microlocal model of internal waves in stratified fluids as
illustrated in the paper of Colin de Verdiére and Saint-Raymond.

RiESUME. — Nous utilisons des estimations radiales microlocales pour prouver
le principe d’absorption limite complet pour P, un opérateur pseudodifférentiel
auto-adjoint d’ordre 0 satisfaisant les hypothéses dynamiques hyperboliques de
Colin de Verdiére et Saint-Raymond. Nous définissons la matrice de diffusion pour
P et montrons que la matrice de diffusion s’étend & un opérateur unitaire sur des
espaces L? appropriés. Aprés conjugaison avec des opérateurs de référence naturels,
la matrice de diffusion devient un opérateur intégral de Fourier d’ordre 0 avec une
relation canonique associée aux bicharactéristiques de P. L’opérateur P fournit un
modele microlocal des ondes internes dans les fluides stratifiés comme illustré dans
P’article de Colin de Verdiére et Saint-Raymond.

1. Introduction

In this paper, we study an analog of the scattering theory for certain
0th order pseudodifferential operators. We define the scattering matrix for
these operators and show the scattering matrix is unitary by proving a
boundary pairing formula. We also study the microlocal structure of the
scattering matrix.
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With motivation coming from fluid mechanics, the evolution equation
for such operators was recently studied by Colin de Verdiere and Saint-
Raymond [25]. They showed the singular formation at the attractive hy-
perbolic cycles of the (rescaled) Hamiltonian flow as time goes to infinity.
Dyatlov and Zworski [6] provided an alternative approach using tools from
microlocal scattering theory and relaxed some assumptions of [25] (vanish-
ing of the subprincipal symbol, covering the base manifold by the charac-
teristic surface). Operators with generic Morse—Smale Hamiltonian flow on
surfaces and operators on higher dimensional manifolds were investigated
by Colin de Verdiére in [24]. In this paper, we study the stationary states
of P —w.

1.1. Main results

Let M be a closed surface. Suppose P is a pseudodifferential operator
that satisfies assumptions in Section 1.2, w € R satisfies assumptions in
Section 1.3. Let AX be Lagrangian submanifolds defined in Section 1.2.
Let Kerp2(P —w) C L?(M) be the eigenspace of P with eigenvalue w and
2’| (P,w) be the orthogonal complement of Kery2(P —w) in 2'(M):

(1.1) 2/ (Pw)={ue 2" (M): (u, f)=0, for all f € Kergz(P —w)}.
Here (-,-) is the sesquilinear pairing between distributions and smooth
functions (that is it coincides with the L? pairing on functions). As we will
see in Section 11, Kerp2 (P —w) C C*°(M), hence 2/ (P,w) is well-defined.
One can see that 2/ (P,w) = 2'(M) if and only if w ¢ Spec,,(P). We
consider the equation

(1.2) (P-—wu=0, ueZ| (Pw)

where u admits a decomposition

(1.3) u=u"+u, utecl’Ad).

Here I°(AZ) is the set of Oth order Lagrangian distributions associated
to AT — see Section 1.2, Section 2.2 for definitions. We denote the set of
distributions satisfying (1.2) and (1.3) by Z(P,w). We also denote a set of
microlocal solutions in 2 (P,w) by D*(P,w):

(1.4) D*¥(Pw)={uecI’(AY): (P —w)uec C®M)}n 2 (P,w)
and put
(1.5) DE(P,w) :== DE(P,w)/ (C*(M)N 2 (P,w)).
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THEOREM 1.1. — Suppose P € WO(M), w € R satisfy assumptions in
Section 1.2 and Section 1.3. Let d be the number of connected components
of AE. Then there exist maps

(1.6) HE,: C>(Sh;CY) — DH(Pw),
(1.7) S, : (St C?) — ¢ (st; ¢
such that

(1) The maps Hio are linear and invertible;
(2) For any u € Z(P,w), there exist unique f* € C>(S'; C%) satisfying
)

w=H;,(f")+ H:,o(er);

(3) For any f~ € C*°(S';C%) there exists a unique f* € C*°(St;C4)
such that there exist u*™ = Hjo(fi) satisfying

(1.8

(1.9) u” +ut € Z(Pw);
(4) If f* € C>=(S';C?) satisty (2), then
(1.10) Su(f7)=1"

(5) The map S,, can be extended to a unitary operator on L%(S'; C%).

Remark 1.2. — The “=" in Theorem 1.1(2), (3) is undertood in the sense
of equivalence classes. We make the same convention in the rest of the

paper.
Remark 1.3. — S, is called the scattering matrix for P at w € R.

Scattering matrices are studied in various mathematical settings. Part of
the literature are listed here. The scattering matrices for potential scatter-
ing and black box scattering in R™ for n > 3, n odd, are presented in [5,
Section 3.7, Section 4.4]. Melrose [16] studied the spectral theory for the
Laplacian operator on asymptotically Euclidean spaces and showed the ex-
istence of the scattering matrix. Later Melrose and Zworski [15] proved that
the scattering matrices in this setting are Fourier integral operators and
the canonical relations are given by the geodesic flow at infinity. Vasy [20]
studied the scattering matrices for long range potentials on asymptotically
FEuclidean spaces and proved their Fourier integral operator structure in a
method that is different from the method used by Melrose and Zworski.
The spectral and scattering theory for symbolic potentials of order zero on
2-dimensional asymptotically Euclidean manifolds was studied by Hassell,
Melrose and Vasy in [9] and [10]. Connections between scattering matrix

TOME 73 (2023), FASCICULE 5



2188 Jian WANG

for asymptotically hyperbolic spaces and conformal geometry was studied
by Graham and Zworski in [7].

To see that the operator defined in Theorem 1.1 is an analog of the usual
scattering matrix, we briefly explain the scattering matrix for a compactly
supported potential on the real line. (See [5, Section 2.4]. Note that the
notation is slightly different.)

Suppose V € C2(R), Py = —92 + V(). We consider the equation

(1.11) (Po—X)u=0, XA>0.

P, is a second order differential operator with principal symbol py = £2.
The characteristic surface ¥y of Py — A? is given by & = 4\ near |z| = oc.
The Hamiltonian vector field Hp, = 2£0¢ and, near |z| = oo, the flow
generated by H,,, is

(1.12) eHro (29, 4N) = (£2Xt + x0, £)),  |zo| > 1.

We see that there are four “radial limiting points” of ¥ at the two ends
of the real line: Ly = (€100, €2)), €1,62 = +. The flow of Hp, travels
from Lg%, Ly~ to L't and Ly>~. Near |z| = oo, that is, when || is
sufficiently large, V' vanishes hence we can solve

u(z) =at e b7 e >0,
(1.13) . .
u(z) =a” ™ $bTe M 2 < —1.
Note that in phase space b~ e~ |, and a~ e* |,«_; (incoming solu-
tions) are localized near Li*~ and Ly’" where e'ro in (1.12) flows out,
while at e |51 and bt e |, | (outgoing solutions) are localized
near Lt and Ly~ where et/
then defined by mapping the data of the solution near L{"~ and Ly to
the ones near L't and Ly

a” at
(1.14) So: R? = R? (b_> > <b+).

o flows in. The scattering matrix Sy is

The map Hy : C* — Z'(R), that maps (a ) to the solution u as in (1.13),

is called the Poisson operator of Fj.

In the setting of Theorem 1.1, the rescaled Hamiltonian flow travels from
A, to A on the characteristic surface of P — w at infinity. The smooth
functions f* (analogous to (a™, b*) ) are “data” of the solutions and
Hio(fi) (“~” for incoming and “+” for outgoing) , similar to a* e** and
b* e7A are “microlocal solutions”. The “scattering matrix” S,, then maps
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the incoming data f~ to the outgoing data f*. An anology of the Poisson
operator Hy is constructed in Definition 7.3.

It is natural to ask about the microlocal structure of S,,. In the case of
scattering on the real line, the scattering matrix Sy can be written as a sum
of the identity map on S° and an operator with integral kernel in S° x S°
(see for example [5, Theorem 2.11] and the remark after [5, Theorem 2.11]).
A less trivial example is the scattering matrix for potential scattering in
R™, when n > 3 is an odd number. In this case, the absolute scattering
matrix (see [5, Definition 3.40]) S,ps(A) can be written as

(1.15) Sabs(A) =" 71T + A(N)

where A(\) : 2/(S"71) — C°°(S"~!) is a smoothing operator and J :
2'(S"1) — 2'(S"71) is defined by J f(0) = f(—0) — see [5, Theorem 3.41].
Thus S,ps(A) is a Fourier integral operator of order 0 associated to the
canonical relation given by the geodesic flow, which is also the Hamiltonian
flow of the Laplace operator, on T*S"~1\ 0 at distance 7. Another example
is the scattering matrix for a scattering metric on asymptotically Euclidean
spaces. Melrose and Zworski [15] showed that the scattering matrix, S(\),
of a scattering metric on an asymptotically Euclidean manifold X is, for
A € R\ {0}, a Oth order Fourier integral operator on 0X associated to the
canonical diffeomorphism given by the geodesic flow at distance 7 for the in-
duced metric on X . Vasy [20] generalized this result to long-range scatter-
ing metrices and showed the scattering matrices are Fourier integral opera-
tors of variable orders associated to the same canonical relation as of short-
range scattering metrices. The microlocal structures of the scattering ma-
trix on some other spaces are also studied. Joshi and Sa Barreto [14] showed
that the scattering matrix on an asymptotically hyperbolic space is a pseu-
dodifferential operators. Vasy [21] showed that the scattering matrix on an
asymptotically de Sitter-like space is an invertible elliptic Oth order Fourier
integral operator with canonical relation given by the classical scattering
map. The connection between the scattering on asymptotically hyperbolic
spaces and de Sitter-like spaces was investegated by Vasy [22]. Vasy and
Wrochna [23] studied the pairing formula on asymptotically hyperbolic and
asymptotically Minkowski spaces using radial sources and sinks structure.

For the scattering matrix S, of a Oth order pseudodifferential operator P
in this paper, the result is different but similar in spirit. For simplicity, we
assume that the subprincipal symbol of P vanishes. Let w € R be a fixed
number satisfying assumptions in Section 1.3. We omit the w subscript in
the following discussion in this subsection to simplify the notation. The be-
havior of the bicharateristics of P —w near the limit cycles (see Section 1.2)
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is complicated both because they approach the limit cycles in a fast spi-
ral manner, and because the speed they approach the limit cycles are of
different rates, when they move along the boundary of the compactified
characteristic submanifold and along the Lagrangian submanifolds associ-
ated to the limit cycles. We will use special maps to absorb the tangled
behavior of the bicharacteristics near the limit cycles. More precisely, we
define the following maps:

DEFINITION 1.4. — Let T* : C®(S';C?%) — 2'(S';C%) be two linear
maps defined by

(1.16) TEF, (k) = e FA7) £ (k).

Here S' = R/277Z and f(k) is the k-th Fourier coefficient of the 2m-periodic
function f, {)\;t }4_, C R are the Lyapunov exponents of the attractive (+)
and the repulsive (—) limit cycles.

Remark 1.5. — For each limit cycle v C X of ¢, := exp tH, its Lyapunov
exponent is defined by the formula

1 , 1
Ai=—g- max %Hiiuol.? - log|(dowom)(6)v], 6 € .

See for instance [1, Chapter 2.1]. A does not depend on the choice of 8 € ~.
In this convention, we have :i:)\ji >0,1<75<d

Remark 1.6. — The Lyapunov exponents determines the microlocal nor-
mal form of P near the limit cycles of exp tH, see [25, Section 6] or Section 8.

It turns out that TF are “not so bad” in the following sense: since
|’I{i7j(k)| = \fj(kz)\7 we know T* map C>(S'; C?) to O (St; CY), 7' (St; CY)
to 2/'(St;C4), and T* are unitary on L?(S'; C?). Another property of T
that is worth noting is that the definition of T* depends only on the Lya-
punov spectrum of the limit cycles of the rescaled Hamiltonian flow on the
boundary of the characteristic submanifold of P (see Section 1.2).

We identify distributions in 2'(S'; C%) with distributions in 2’(| |, S'; C),
where | |, S! is the disjoint union of d copies of S'. Suppose Thom =
p~Y(w) C T*M \ 0 is the characteristic submanifold of P — w, where p
is the principal symbol of P. Then in local coordinates associated to the
normal form as in Lemma 8.1,

(1.17) Yhom = I_l{(l",ﬁ) eT*(R x Sl) \NO:& /& — /\j_xl =0}.
d

As we will see in Section 8, more specifically, (8.11) and (8.14), T* gives an
identification between the restriction of the microlocal solutions to z1 = £1

ANNALES DE L’INSTITUT FOURIER
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and the restriction of the symbol to a cycle. It is then natural to identify the
cotangent vectors on | |, S with cotangent vectors in Yyom N {2z = +1}:

DEFINITION 1.7. — We define a map
(1.18) iT 77"\ 0 = Shom
d
by putting
(1.19) ity = (F1,y,m/7]n)

when £n > 0, y is on the j-th copy of | |,;S*. Here (:I:l,y,r]/)\;',n) are
cotangent vectors expressed in local coordinates associated to the normal
form in Lemma 8.1. A map j~ is defined in the same manner for the radial
source.

Now we use T to conjugate the scattering matrix.

DEFINITION 1.8. — We define an operator
Sie1 : C(S4CY) — 2/'(S";C)
by putting
(1.20) Siel == (TH)*ST™.

The complicated behavior of bicharateristics of P — w near the limit cy-
cles is now absorbed by T*. In any other region of the cotangent bundle,
P — w behaves as of real principal type (for the precise meaning, see Sec-
tion 9). Therefore one can expect S, is a Fourier integral operator and the

canonical relation is related to the bicharateristics of P — w. We describe
the microlocal structure of S, in the following theorem:

THEOREM 1.9. — Suppose P € W(M) satisfies assumptions in Sec-
tion 1.2 and the subprincipal symbol of P vanishes. Suppose w € R satis-
fies assumptions in Section 1.3. Let S,¢ be as in Definition 1.8, jjE be as in
Definition 1.7. Then

(1.21) Sial : 2'(SH;CY) — 2'(SY; CY)

is a Fourier integral operator of order 0 associated to the canonical trans-
formation

(1.22) Cs,, = {(z,(;y,n) el Jrest\ox | |T*s'\o0:
d d

i (2,¢) and j* (y,n) lie on the
same bicharacteristic of P —w [

TOME 73 (2023), FASCICULE 5
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Remark 1.10. — As one can already see from Definition 1.7, the mi-
crolocal solutions branch in the phase space. This reflects the fact that the
bicharacteristics can approach or depart the limit cycles in two different
directions. See also Lemma 8.5.

Remark 1.11. — From the canonical relation of S.., we know that the
scattering occurs only between limit cycles that “communicate to each
other”, that is, they are the attractive cycle or the repulsive cycle of the
same bicharacteristic.

1.2. Assumptions on P

Let M be a compact surface without boundary. Assume P € WO(M) is
self-adjoint for some smooth density on M. Let p € S°(T*M \ 0;R) be the
principal symbol of P such that p is homogeneous of order 0 and 0 is a
regular value of p. Thus p~1(0) C T*M \ 0 is a smooth conic hypersurface.
Notice that Ry acts on T*M \ 0 as follows

Ry x (T*M\0) > (t,2,6) v (x,t€) € T*M\ 0.

Let ¢ : T*M\0 — (T*M\0)/R; be the associated quotient map. The fiber-
radially compactified cotangent bundle of T*M is the bundle with interior
T*M and boundary (T*M \0)/Ry (see [5, Section E.1.3] for details of this
construction). The boundary of p~1(0) is then defined as ¥ = +(p~1(0)).
Since the vector field |¢|H),, where

Hp = 35p'3x *8361)'857

commutes with the Ry action, we know H := 1. (|{|H,) defines a smooth
vector field on X.
We now assume that

(1.23) The flow exptH on ¥ is a Morse-Smale flow with no fixed points.

This assumption (1.23) means that (see for instance [17, Definition 5.1.1])

(1) exptH has a finite number of hyperbolic limit cycles;
(2) every trajectory of exp tH that is not a limit cycle, has unique limit
cycles as its a, w-limit sets.
(1.23) was first introduced by Colin de Verdiére and Saint-Raymond [25]
in the study of internal waves.
We remark that under the assumption (1.23), the number of attractive
limit cycles and the number of repulsive limit cycles are the same. In fact,
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the limit cycles divide ¥ into several connected open subsets with limit cy-
cles as their boundaries. Let N1 be the number of such connected open sub-
sets. In each connected open subset, we pick a trajectory of X: vi,...,vn,.
By our assumptions, each v;,1 < j < N; has a unique attractive limit cycle
as its w-limit set. On the other hand, for each attractive limit cycle v, we
can find two different trajectories in {7;, }, 7;, such that v is the w-limit set
of v, and +;,. Therefore if d is the number of attractive limit cycles, then
2d = Nji. A similar argument shows that if d’ is the number of repulsive
limit cycles, then 2d’ = N;. Hence we have d = d’.

For w € R, let &, := +(p~1(w)). The stability of Morse-Smale flows and
the stability of non-vanishing of H implies that for 0 < § < 1, |w| < 26,
Y., satisfies (1.23). We denote the attractive limit cycles of exptH on %,
by L} and the repulsive ones by L. Then LT are the radial sink (+) and
radial source (—) for |¢|(p — w). The associated conic submanifolds

(1.24) AT =Y LE) cT*M\0
are Lagrangian submanifolds of T*M \ 0 (see [6, Lemma 2.1]). Notice that
the number of connected components of A* does not change for small w.

Remark 1.12. — Tt is not clear whether the results in Section 1.1 hold for
more general operators, for example, when M is a manifold of dimension
n, n > 3, or (1.23) is replaced by the existence of an escape function —
see [24, Section 3]. In both cases, the geometrical structure of the radial
sets can be complicated — for example, in the latter case, exptH can have
fixed points (see [24, Theorem 6.2]), and that causes extra difficulty in
proving the limiting absorption principle Lemma 3.3 and constructing the
scattering map.

1.3. Eigenvalues of P

It is proved in [25, Theorem 5.1] and [6, Lemma 3.2] that P has only
embedded eigenvalues with finite multiplicities. In order to simplify the
notations, we assume that

(1.25) 0 is not an eigenvalue of P.
Under this assumption we know
(1.26) |Spec,,,(P) N [—d,0]| < oc.

with § > 0 as in Section 1.2. We also know that there exists 0 < d§y < 9,
such that

(1.27) Spec,,,(P) N [=do,do] = 0.

TOME 73 (2023), FASCICULE 5



2194 Jian WANG

In Section 1, we assume |w| < §. In Sections 3-10, we assume |w| < dg. The
results in these sections can be generalized, without changes, to the case
where |w| < § is not an eigenvalue of P. In Section 11, we work under the
assumption that |w| < J is an embedded eigenvalue of P.

1.4. Examples

Let M = T? := R?/(277Z)? be the torus.

Example 1.13. — Consider
(1.28) P:= (D)™ 'D,, —2coszy, p(x,&) = | 1& —2cosmy,

where D,, = —i0,;, j = 1,2. For this operator, ¥y is a union of two
disjoint tori and these two tori do not cover T2. There are two attractive
cycles t(A7) for the flow of ¢, (|¢|H)) on Xg, where

AS = {(£7/2,22;61,0) : 22 € S’ £& <0}
We can also consider
_ _ 1
(1.29) P = (D) Da,, p(z,&) =[¢"& - 5 COST1,

In this case, ¥ is a union of two disjoint tori and each of the tori covers
T2. For illustrative figures of these two operators, see [6, Section 1.3].

Example 1.14. — An example of an embedded eigenvalue was constructed
by Zhongkai Tao [19, Example 2]. Tao showed that for M = T?, if
(1.30) P =(D)"'D,, — a(l — x(Ds,)¥(Dy,)) cosxq
—acosz1(l = xk(Dzy )¥(Das))
with xx(k£1) =1, ¥(¢) = 60, Xk, ¥ € C°(R), then
(1.31) P(e”**) =0, and hence 0¢ Spec,,,(P).

1.5. Organization of this paper

Throughout Section 3 to Section 10, we assume that w € R is not an
embedded eigenvalue of P. We show how to handle the case where w is an
eigenvalue in Section 11.

In Section 2, we review some useful conceptions and facts on semiclassical
analysis and Lagrangian distributions. In Section 3, we prove a version of
the limiting absorption principle for the resolvent of P. In Section 4, we
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discuss the solution to the transport equation. In Section 5, we solve (1.2)
up to smooth functions. The maps Hj,o are constructed in Lemma 5.2.
In Section 6, we prove a boundary pairing formula which is crucial for us
to define the scattering matrix S,,. This formula also shows the unitarity
of our scattering matrix. In Section 7, we construct the Poisson operator
of P — w and define S,,. We also prove Theorem 1.1 in this section. In
Section 8, we compute explicit formulas for the microlocal solutions using
microlocal normal forms of P. In Section 9, we study the propagation of
singularities of the microlocal solution. In Section 10, we prove a formula
for the conjugated scattering matrix S, up to smoothing operators. Proof
of Theorem 1.9 is presented in this section. In Section 11, the results are
generalized to embedded eigenvalues.
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2. Preliminaries

In this section we review some important ingredients of this paper: semi-
classical analysis and Lagrangian distributions.

2.1. Semiclassical analysis

Here we review the notion of wavefront sets and prove some facts that
are useful for the analysis in later sections. A complete introduction to
semiclassical analysis can be found in [26] and [5, Appendix EJ.

We first recall the definition of wavefront sets.

DEFINITION 2.1. — For s € R, we define the semiclassical relative wave-
front set WF},(u) for a family of h-tempered (see [5, Definition E.35]) dis-
tributions u = w(h) in the following way: for (zo,&) € T*M, (x9,&0) ¢
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WFEF; (u) if and only if there exists a € C°(T*M) such that a(xg, &) # 0
and ||Opy(a)ullzz = O(R*T). If u does not depend on h, we define the
wavefront set of u by

(2.1) WF?*(u) == WF} (u) N (T*M \ 0).
We also define
(2.2) WF)(u) = | WF;,(u)

seR

when u = u(h) is h-tempered and

(2.3) WF(u) = | ] WF*(u)
seR

when u does not depend on h.

Since we use the slightly non-standard semiclassical definition of WFj,
we provide the proof of the following lemma;:

LEMMA 2.2. — If u € 9'(M), then WF*(u) = 0 if and only if u €
HSt(M). Moreover, WF(u) = 0 if and only if u € C*(M).

Proof. — Suppose WF*(u) = (). Then by the definition, for any (¢, &) €
T*M \ 0, there exists a(qz,,¢,) € C(T*M \ 0) such that a(g, ¢, (2, ) #
0 in some open neighborhood By, ¢,y C T*M \ 0 of (x0,&). Suppose
{B(ay.,e0) ity is an open covering of {(z,§) € T*M \ 0 : 1 < [{| < 2}.
Let a(x,£) = D111 Gy e, then a € CX(T*M \ 0), a(x,&) # 0 when
1 < |€] < 2 and there exist 6 > 0,e > 0,C > 0 such that for any 0 < h <,
lla(z, hD)ul| 1> < Ch*T. Choose hg small enough and ag € C°(T* M) such
that C; < ag(x, &) + Z;io a(x,héf) < O, for some constants Cy,Co > 0
for any (x,&) € T*M. Then

RGEY, :
lull v 5 <C [ llao(@, Dyullzz + Y ho 27 ||a(e, ByD)ul 2
j=0
(2.4) !

<C 1+Z ha(s-ﬁ-%)i-ﬁ-(s-ﬁ-&)j —C 1+Z <h§)] < 0.
Jj=0 Jj=0
This implies u € H5*3 (M).
On the other hand, suppose u € H*"° for some § > 0. Then for any
(x0,&0) € T*M\0, let a € C(T* M) such that a(xg, &) # 0 and a(z, &) =
0 when [&|/2 < €] < 2]&]|. Then for any h > 0,

(2.5) A6 |a(z, kD)2 < C|(D)*a(z, hD)ul 2 < Cllu gets.

Hence ||a(z, hD)ul|z> < h*F0||u)| gross. O
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In the proof of Lemma 3.2 and Proposition 6.6, we will take advantage
of semiclassical analysis to analyse the operator P. Notice that P itself is
not a semiclassical pseudodifferential operator — for example, if P in (1.28)
is semiclassical, then it has full symbol p, = Wf_ﬁ — 2cosxy, which,
however, is not in the symbol class S§(T*M) for any 6 € [0,1) — see
for instance [5, (E.1.48)]. We now make P semiclassical by composing it
with some microlocal cutoff operator. More precisely, we have the following

lemma:

LEMMA 2.3. — Suppose x € C®(T*M;|[0,1]) such that x = 0 when
|€] < Ro, x = 1 when [£| > 2Ry for some Ry > 1. Then for h > 0,
the operator [P, x(xz,hD)] is a semiclassical pseudodifferential operator.
Moreover,

(1) WFy,(h~Y[P,x(z,hD)]) is a compact subset of T*M \ 0, that is,
[P, x(x, hD)] € h¥y™™" (M);
(2) on(h™H[P,x(z, hD)]) = —i{p.x}-

Proof. — By taking local coordinates we can replace M by R?. Suppose

(2.6) P =0p,(p), pre S(T*R?), p—pE SH(T*R?).
Put p, (z,€) = p(z,£/h). Then we only need to show that
(2.7) P, #X X#D, € SHT*R?).

Here the symbol class S* and semiclassical symbol class S,lf are defined
n [5, Definition E.2] and [5, Definition E.3].
By [26, Theorem 4.11] we have

(2.8) ph#x z,§)
// 2 (zn—y-C) p, (& +y,E+n)x(x+z,E+ () dydzdndc.
7Th 7 ’

Let p1 € C*(R) such that p; =1 on [0, Ry/16] and pg = 0 on [Ry/8, 00).
By integrating by parts with respect to dnp and d¢ and then use the fact
that

(2.9) pr(ln)pr (1K1 (1€]/H)x (@ + 2, +¢) =0,
we know
(210)  p,#x(z,8) = REn=v O e(p, x) dydz dydd.

with
(2.11) e(p,»x) = pr(InDpr(IC)) (1= p1(1€]/4))p, (x+y, E+n)x(z+2,E+C).
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On the supp s, we have [¢ +n| > [¢]/2, € +¢| = |€]/2, [€] > Ro/4, thus

(2.12) 020¢e(p, , x)| < cah—‘al<%>‘°‘ <.
When p has a polyhomogeneous asymptotic expansion as in the [5, Defi-
nition E.2], one can check as above that Qh#x has asymptotic expansion
as in [5, Definition E.3]. Thus we find Px(x, hD) is a semiclassical pseudo-
differential operator and [P, x(x, hD)] is a semiclassical pseudo-differential
operator as well.

Note that when [£| > 1, we have

(213) C(Bh7X) - C(X7Bh) = 07
hence WF, ([P, x(z, hD)]) is a compact subset of T*M.

The principal symbol of [P, x(z, hD)] can be computed by applying the
method of stationary phase to (2.10). O

2.2. Lagrangian distributions

Suppose M is a smooth manifold of dimension n. Let A C T*M \ 0 be a
closed conic Lagrangian manifold. There exist open conic sets {{/} which
cover A and in some local coordinates in z,

(2.14) AﬂU:{(m,f):mzaalg,fel"o}.
Here F = F(£) is homogenous of order 1 and Ty is an open conic set in
R™\ 0. For s € R, we define the space I°*(M,A) to be the space of all
u € 9'(M) such that
(1) WF(u) C A;
(2) If (z0,&0) € ANU, then there exists a € S*~ (T*M) with support
in a cone 'y C ANU, such that near (zg, &),

(2.15) u(x):/ (T O=F(©) (. €)de + r(a)
To

with WF(r) N Ty = 0.
The principal symbol of u is defined as a section of S*T™/4(A; My ®

Qi)/SS_"/‘l(A; My ® Qi), here M, is the Maslov bundle and Qi is the
half-density bundle on A.

Remark 2.4. — In our case, thanks to the microlocal normal form, the
Maslov bundle is a trivial bundle. In fact, suppose P € (M) satisfies
conditions in Section 1.2. Let A, be the Lagrangian submanifold of 7* M\ 0
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defined by (1.24). Without loss of generality, we assume that w = 0 and put
AT == A}. We can also assume AT has only one connected component. The
same argument as in [25, Lemma 6.2, Lemma 6.4] shows that there exists
a conic neighborhood Ut of A+, a conic neighborhood Uy € T*(R,, x
SN0 of Ay = {(2,6) € T*(RxS)\0: 21 =0,& =0, > 0} and
a homogeneous canonical transformation H : U — Uy such that H(AT) =
AJ. Note that A is a conormal bundle with a global generating function
wo(x,&) = x1&1, & > 0. Therefore the Maslov MA(T is trivial. Now we
only need to show that ¢(y,n) := H*po(y,n) = z1(y,n)&1(y,n) is a global
generating function of A1, that is, if we put

(2.16) Ay = {(y,ndy) : ndy = dyp,d,p =0},

then A, = A™. In fact, since x1, & are homogeneous of order 0, 1 respec-
tively, we have

(2.17) 0=ndyp = (ndyz1)&1 +21(ndnés) = 2161 = 21 = 0.
Therefore

(2.18) Ay ={(y,ndy) : ndy = & dyay, dyzy = 0,21 = 0}.
Note that

(2.19) ndy = £dx = & dyzr + & dyxr + L das.

Hence ndy = &1 dyzy and dyzy = 0 if and only if {;dze = 0, that is,
& = 0. Thus we find A, = AT,

In the local coordinates satisfying (2.14), the principal symbol of u is
(2:20) o(ulde|?) = (2m) " % " a(x, £)|d¢|

where o(x,€) = (z,€) ~ F(€). 1
Assume Q € V¥ (M; Q3,) satisfies g[y =0, ¢:=0(Q) and u € I*(M, A; Q3,),
then

(2.21) Qu e I+ (M,A; QM) . o(Qu) = (}cH + c> o (u)

1
where Ly, is the Lie derivative on the line bundle M ® 2§ along H, and
¢ is the subprincipal symbol of Q). For the definition of subprincipal symbol
and proof of (2.21), see [2, Proposition 5.2.1] and [2, Theorem 5.3.1].
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3. Limiting absorption principle

A version of the limiting absorption principle for the resolvent of P is
proved in [25, Theorem 5.1] using Mourre estimates and in [6, Lemma 3.3]
using radial estimates. Here we prove the full result as in [25, Theorem 5.1]
following the strategy in [6].

We now state the limiting absorption principle.

PROPOSITION 3.1. — Suppose P satisfies conditions in Section 1.2 and
Spec,,,(P) N [=do, do] = 0. Then for any |w| < do, [ € Hz+(M), the limit
(3.1) (wafie)’lfL%_)(wain)’lf, e— 0t
exists. This limit is the unique solution to the equation
(3.2) (P—wyu=f, WF 2(u)C A",
and the map w — (P —w —i0)~f € H~2~ (M) is continuous for w €
[—d0, do]-

In the proof of Proposition 3.1, we will use the following

LEMMA 3.2. — Suppose P, w satisfy conditions in Proposition 3.1. If
u € P'(M) and

(3.3) (P —w)u e C*™, WF_%(u) CAT, Im{(P—w)u,u) >0,
then u € H-2%(M).

Lemma 3.2 is an analog of [4, Lemma 2.3] and the proof here is a mod-
ification of the argument there. We introduce the semiclassical parameter

h and use semiclassical analysis in the proof — these allow us to use tools
developed in Section 2.1 and treat the remainder terms neatly.

Proof of Lemma 3.2. — We only need to show that for any a € C°(T*M\
0; R), there exists b € C°(T*M \ 0;R) such that
(34)  Opy(@)ullz> < Ch*[Opy(b)ullzz + O(B™*F), h—0.

In fact, fix N > 0 such that u € H=™ (M), then for any a € C°(T*M \
0;R), we have ||Op,(a)ul/z: < Ch~. By applying this uniform estimate
to Opy,(b) in (3.4) we find

(35)  [[Opyla)ullp2 = O(h~NF2) + O(h™2%) = O(h~N+3).
We then replace a by b in (3.5) and use (3.4) again and find
(3.6) |0ps(@)ullz = O(m=N*L=55Y),
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After a finite number of steps we get [|Opy,(a)ul|2 = O(h~21). By (2.1)
we have WF~2 (u) = §. Thus uw € H~3* by Lemma 2.2.
We now prove (3.4).
We first note that there exists f; € C°(T*M \ 0;R) such that
(1) f1 is homogeneous of degree 1;
(2) f1 = 0 and there exists C > 0 such that fi(x,€) > C|¢] near AT;
(3) [¢|Hpf1 = Cf1 near AT.
For the construction of f1, see [3, Lemma C.1].

Let x1 € CP(R;R), such that x; = 1 near 0, x} < 0 on [0,00) and
Xi < 0on fi(suppa). Let X, € U9 (M), such that o,(Xp) = x1(f1), and
Xj = Xp. Now we have
(3.7) Im((P — w)u, Xpu) = <%[p, Xnu, u).

Note that P is not a semiclassical pseudo-differential operator. However,

by Lemma 2.3, [P, X}] is a semiclassical pseudo-differential operator in
WP (M), and
i

(3.8) o <2h

By the assumptions we know

1
PX]) = S ()
i i
(39) Op <2h[P,Xh]> 0 and Ohp <2h
Thus we can find a; € C°(T*M \ 0;R) such that suppa; N AT = @ and
i

(3.10) —on <2h

Let b € C°(T*M \ 0;R) such that

[P, Xh]) <0on AT Nsuppa.

[Rx@+mm>01m?

i

(3.11) (WF;L <2h [P, X;L]) U supp a1 U supp a> Nsupp(l —b) = 0.

By sharp Garding’s inequality (see [5, Proposition E.34] for instance) we
have

(3.12) [|Opy(a)ulZ> < ChOp,(d)ullZz + COpy (ar)ullZ:
— A Im((P — w)u, Xpu) + O(h™).

Since suppa; N At = ), and WF_%(u) C AT, we have |Opy,(a1)ul|zz =
O(h~=%). For the commutator,

(3.13) —Im{(P — w)u, Xpu) < Im{(I — Xp)(P — w)u,u) = O(h™).
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Here we used the fact that

(3.14) (P —w)u € C=(M)
= WF,((P — w)u) NWF,(I — Xp,) C {€ =0} N (T*M \ 0) = 0.

See also Lemma 6.3.
Thus we have

(3.15) 10Dy (a)ul| 2 < ChY2(|Opy, (b)ul| 2 + O(h~5F).
This concludes the proof. O

In the proof of Proposition 3.1, we need the following estimates: for € > 0,
let u. == (P —w —ie)~1f, then
(1) For any 8 > 0, we have

(3.16) el < CIIL s + Cllucllron.
(2) If A€ UO(M) is compactly supported and WF(A) N AT = (), then
(3.17) [Aue| s < Cllfllmes + Cllucll -~
for s > —%.

The estimates (3.16) and (3.17) are obtained by using radial estimates. For
the proof of (3.16) and (3.17), we refer to [6, (3.5)] and [6, (3.6)].

Now we prove the limiting absorption principle. We modify the proof
of [6, Lemma 3.3] which in turn was a modification of an argument in [16].

Proof of Proposition 3.1. — For f € H2*, ¢ > 0, denote
(3.18) ue = (P —w—ie) L f.
By (3.16), we know u. € H~2~ and by (3.17), we know that
WF~2(u) C AT,

We first show that for any a > 0, u. is bounded in H-z—° Suppose
the contrary, then we can find e, — 0+ such that HUQHH,%,Q — o0o. Put
Wy = Ue, /|| U, HH,%,Q. We have

3+
(3.19) (P —w—iewe = fo, fo=[/lluell,-3-«r fe 25 0.

By (3.16), wy in bounded in H=%75 for any (3 if we let N = % + «a. Since
the embedding H 38y H-39 g compact for 0 < 5 < «, by passing to
a subsequence, we can assume wy — w for some w € H=37% Let £ — oo
and we find

(3.20) (P—ww=0, WF 2(w)cCAT.
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By Lemma 3.2, we have

(3.21) we H 2T (M).

Thus we can apply high regularity estimates (3.17) to P — w near A~ and
to —(P — w) near AT. And thus we have

(3.22) lwllgs < Cllwlg-~

for any s and N. This implies w € C°°(M), in particular, w € L*(M).
=1.

We conclude that wu, is bounded in H~2~% for any a > 0. Using the
compact embedding H~27F < H=3~% when B < a, we know u, converges
in H=2~° for any o > 0. By (3.16) and (3.17), and f € H2", we know the
limit u == (P —w —1i0)~'f € H™ =" satisfies

(3.23) (P—wyu=f WF 2(u)cCAt.

Hence we conclude that w = 0. This contradicts ||wg||H,%,a

Finally, we remark that the argument above can be used to show that if
€00+, We — W, |w€| < 607 then
.oN—1 H7%7 o —1
(P—we—ig)  f —— (P—w—1i0)"" f, { — 0.
This implies the continuity of (P —w —i0)~!f in w. O

The Lagrangian regularity of the distributions in the range of (P—w=i0)~!
is proved in [6, Lemma 4.1]. We record this as

LEMMA 3.3. — Suppose P, w satisfy conditions in Proposition 3.1. Let
feC>(M) and
(3.24) uF(w) = (P—wFi0)'f € H 2~ (M).

Then u*(w) € I°(M;AL).

4. Transport equations

From now on, up to Section 10, we put w = 0. We omit P and w in some
notations for simplicity if there is no ambiguity. The results in Sections 4-10
hold for any w € R that satisfies assumptions in Section 1.3 and that is not
an embedded eigenvalue of P.

Suppose Lt C 9T*M are the radial sink (+) and the radial source
(). Then A* = x~1(LF) C g = {p(z,£) = 0} are conic Lagrangian

+ on AT that are homogeneous of

submanifolds. There exist densities v
order 1 and invariant under the Hamiltonian flow by [6, Lemma 2.5]. If

_ i 7 . . .
we use v~ and e1 %" with fixed covering and generating functions (see
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Section 2.2) to trivialize the half-density bundle Q%_ and the Maslov bundle
M-, then the principal symbol of u € I*(A™) can be locally written as

(4.1) o(u) = o7 s e’ a(z, &) Vv~
for some a € S*(A). Here we recall that
(4.2) S*(A)
= {a € C*°(A) : t~°M,a is uniformly bounded in C*°(A) for t > 1}

where M; is the dilation in &, see [12, Definition 21.1.8] and [13, Sec-
tion 25.1]. We also define S™>°(A) = [, cx S*(A).
Since p vanishes on A~, by (2.21) we know Pu € I*71(A™) and if

(4.3) o(Pu) = e %% p(z, )V
for some b € S*~!(A) then
(4.4) <1Hp + V> a=b

1

here V= € C*°(A7;R) is a real-valued potential that is homogeneous of
order —1 — see [6, (4.29)].

Now we want to solve the transport equation (4.4). We first recall some
notations. Let ¢ be the radial compactification of T*M:  : T*M — B*M,
(2,8) = (2,&/(1 + (£))), where B*M is the coball bundle modeling 7 M
(see [5, Appendix E.1.3]). Let d be the number of connected components
of A*.

LEMMA 4.1. — There exist open subsets OF of A* and submanifolds
K* of A* such that
(1) «(O*) € T*M are neighborhoods of L* in t(A*) Cc T*M.

(2) 00* = K*. Here 00* are the boundary of OF in A¥;
(3) K# are diffeomorphic to | |,S';
(4) K* are transversal to the flow lines generated by H,, and each flow
line meets K+ at most once;
(5) For any (x,&) € K+ U OF, etfr(2,€) converges to L* ast — +oo.
(6) There exist smooth densities u*(z) on K* such that
(4.5) vE(EHr 2)|ox = pt(2) dt
for (z,t) € K* xR, £t > 0.

Proof. — In fact, let fo € C*°(A™;R) be the restriction of f; to A~

where f; is defined in Lemma 3.2. Recall that

(4.6) f2 is homogeneous of order 1, H,fz>¢, fa(x,&) > c|f| with ¢> 0.

ANNALES DE L’INSTITUT FOURIER



SCATTERING MATRIX 2205

We can put
(4.7 K™ ={fa=1}, O ={f2>1}.
Then K~ and O~ satisfy conditions in Lemma 4.1.

For (6): suppose v~ (etfl» 2) = a~(2,t)dz~ dt, here o= € C®°(K~ x
(—00,0)), dz~ is some fixed smooth density on K~, dt is the Lebesgue
density on (—00,0). Then

(4.8) Lp,v~ =0= 0ia” =0.

Thus a~ = a (z). Put = (2) = a~(2)dz~ and we get (4.5).
Similarly one can construct K and O by considering the radial source
for —P. O

Remark 4.2. — Let ¢* : L, S' — K% be diffeomorphisms, then the
pullbacks (¢*)* give diffeomorphisms between half-density bundles

(4.9) (¢F)" : C(KF5Q5.) — CX(85(93)7).
If we use \/p® on KT and the standard half-density v/dS on S! to trivialize

the half-density bundles, then (qﬁi)* give maps, which we still denote by
((bi)*, between smooth functions

(4.10) (pF)* : C°(K*;C) — C>=(Sh; C?).

We note that for any (x,£) € O,
(4.11) there exists a unique (z,t) € K~ x R such that (x,£) = e'fr 2.
Put

(4.12) W™ (x,€) = /0 V(e 2)ds € O°(07), (2,6) €O~

We have the following lemma:

LEMMA 4.3. — Let W~ be the function defined by (4.12), z = z(x,&)
be defined by (4.11). Then

(1) In O~ the solutions to the transport equation (4.4) with b = 0 are
(4.13) a=e" f(z), feC®K).

(2) If f € C®°(K™), a1 € C®(A~) and a; = e f(z) in O, then
a; € SO(A_)

Proof. — (1) can be checked by a direct computation.
For (2): Using the fact that [£9¢, 1H, + V] = —(1H, + V), we know

(4.14) <1Hp + V>k (€0¢)lar =0

TOME 73 (2023), FASCICULE 5



2206 Jian WANG
forany k> 1,5 > 0 and (x,£) € O~. Thus in O~

k
w1s) () (@ = () = 00)

where k,j > 0 and fj, € C*. Since H, and {0 form a frame on A™, we
have a; € S°(A™). O

We use W~ as an integral factor to solve the transport equation. The
solution to the transport equation

1
(4.16) <,Hp + V—> a=b
i
is, for (z,€) € O~ and (z,t) € K~ X R defined by (4.11),

t
a(z,§) =e " (a(z) + i/ b(er 2) W (e 2) ds>
0

(417) = efiW_ (a(z) + 1/ b(eSHp Z) eiW‘(eSHP z) ds
0
K T — (oS H
+ i/ b(e*Hr z) W (777 2) d5> .

This formula makes sense when b € S™2(A~) for then the integrand is of
order (£)~2 and the fact that |t| is comparable to |£] in O~.
From (4.17) we know

LEMMA 4.4. — Suppose a_j € STIH(A7), j >0,b_2 € ST2(A7), c_y €
S=F(A™), k > 2 satisfy the following system of equations

1
(418) (in + V_> apg = b,Q;

1
(419) (in + V) a_j = —C_j—1, _] = 1.

Then for (z,£) € O~ and (z,t) € K~ x R defined by (4.11),
(1) There exists a unique function f € C*°(K~) such that
(4.20) ag =" (f(2) +O(lg]™), €] = oo

Moreover, f depends only on the Oth order part of ag. That means
ifag € SY satisfies ag — ag € S~ and solves

1 ~
(421) (Hp + V_) ag = b_o
1
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for some 5_2 € 572 and
(4.22) G =e " (f(z) +0(E ), €l = o0,

then f = f
(2) The equations (4.19) have solutions

t
(423)  aj=—ie”™ / WD (e 2)ds, 21

Proof. — We only need to prove (1).

We can put
(4.24) f(z) = ao(2) ~t—i/0OO b_g(e*r 2) W (7 2) g5
and note that
(4.25) /t ba(eHr 2) W) 45— O(1g) ), |€] = oo
since b_y € S72(A~) and t is comparable to |£] in O~. O

5. Solutions up to smooth functions

In this section we will construct a correspondence between a set of dis-
tributions D~ := {u € I°(A7) : Pu € C®°(M)} and C®°(K~).

From now on we fix a family of open conic sets {U/;}7"; that cover A~
and fix some local coordinates (z,§) such that A~ NUY; = {(z,§) : z =
aa—?,g € I';} for some Fj that is homogencous of order 1 and some open
conic set I'; € R?\ 0. Let ¢;(z,&) = (x,€) — F;(£) be a local generating
function of A™.

We first record that

LEMMA 5.1. — If D~ = {u € I°(A7) : Pu e C>®(M)}, then
(5.1) D™ NI YA™) =C®(M).
Proof. — Suppose u € D™, then Pu € C*°(M) and WF(u) C A~. Since

u € I7Y(A) C L3(M), and P is self-adjoint, we find that Im{Pu,u) = 0.
By [6, Lemma 3.1], we conclude that u € C*°(M). O

In the next lemma, we construct microlocal solutions to (1.2), that is,
u € I°(A7) satisfying Pu € C°°(M). We build the connection between the
“initial data” and the microlocal solutions as mentioned in the Introduction.
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LEMMA 5.2. — There exist linear maps
G~ : D7 /C®(M) = C®(K7),
(5:2) H™ :C®(K~) — D™ /C®(M),
such that
(5.3) G oH™ =ldge(g-), H oG =Idp- oo -

Proof. — We first construct G~ and H~. The linearity and invertibility
of G~ and H~ can be checked from the construction.

Construction of G=. — Let u € I°(A7) be a representative of [u] €
D~ /C°(M). The principal symbol of u can be written as
(5.4) o(u) = e 8% qov/-

in A= NU; with ag € S°(A™). Since Pu € C*° we know that o_;(Pu) = 0,
that is,

1
(55) (.Hp + V_) ag =b_o
1

for some b_5 € S72(A). By Lemma 4.4, we know that there exists a unique
f € C®(K™) such that for (z,£) € O~ and (z,t) € K~ x R defined
by (4.11),

(5.6) ag=e"" (f(z) + O(IE]™)), €] = <.

Furthermore, by Lemma 4.4, f does not depend on the choice of the rep-
resentative of the principal symbol of u. The function f does not depend
on the choice of the representative of [u] as well since elements in [u] differ
only by smooth functions on M. Thus we get a map

(5.7) G : D7 /C®(M)— C>®(K™), [u]w—f.
From the construction we can check that G~ is linear.
Construction of H~. — For any f € C*(K~), put
(5.8) ag=e""" f(2)
for (z,£) € O, and (z,t) € K~ x R defined by (4.11). Let
x € C%((0,00);[0,1])

be a cut-off function such that y = 0 on (0,1] and x = 1 on [2,00). Then
the function x(f2)ag € S°(A™). Let ug be a distribution in I9(A~) with
principal symbol

(5.9) o(ug) = T %5 (fr)agVv—.

ANNALES DE L’INSTITUT FOURIER



SCATTERING MATRIX 2209

in A~ NU;. By Lemma 4.3 we know that
1 3/2 3
(5.10) ~Lo(ug) € 5~ AT My~ @ Q2)
and this implies that o_1(Pug) = 0, that is, Pug € I~2(A~). Suppose
(5.11) o_2(Pug) = e T8 o o\

then by Lemma 4.4, we can find a_; € C*°(O7) such that x(f2)a_1 €
S=1(A7) and

1
(512) (al =+ V_) (a,_]_) = —C_2,
in O~ N{f2 >2}. Let u_; be in I~1(A™) with
(5.13) o 1(u_y) =T N (f)a_ Vi

Then o_o(P(ug +u—1)) = 0, that is, P(ug +u_1) € I73(A7).

Continue this procedure and we get a symbol sequence {x(f2)a—;}52,
such that x(f2)a_; € S77(A7),  =0,1,.... By [8, Proposition 1.8], there
exists a € S°(A™) such that

(514) ama0+a71+a72+....
Now we have

(5.15) (1H + v) aeS™A7), a=e(f(z)+ 00 ).

Let w be a distribution defined by (2.15) in A~ NU; for any j, then
u € I°(A7) and Pu € C*®°(M), that is, u € D~. Let [u] be the equivalent
class of u in D~ /C°°(M). Now we get a map

(5.16) H™:C®(K~) — D~ /C®(M), f [u].

We now show that H~ is linear. In fact, let g1,g2 € C°(K ™), ¢1,¢9 € C.
Then from (5.8) we know

(5.17) o(H ™ (c191 + c292)) = o(c1H ™ (g1) + coH ™ (g2))-
Put
(5.18) wi=H™(c1g1 + c292) — (ctH (91) + caH ™ (g2)).

Here H~ (-) should be understand as arbitrary representatives in the equiv-
alence class. Then w € I"Y(A~), Pw € C*°(M). Thus by Lemma 5.1 we
findwe D" NI"YHA")=C>(M),ie., w=0in D~ /C®(M).

The identities in the lemma are clear from the construction of G~
and H™. O
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Remarks 5.3.

(1)
(2)

(5.19)

(5.20)

For any f € C*(K~), H (f) is a microlocal solution of (1.2).

In the construction (which is similar to Borel’s Lemma — see [11,
Theorem 1.2.6]) of a in (5.14), the map from f to @ is nonlinear.
Hence it is not obvious that H is in fact linear. However, the nonlin-
earity — which is caused by the lower order terms in the asymptotic
expansion of a —is “killed” by taking the quotient space of D~ with
respect to C°°(M), which is D~ N I~1(A~) by Lemma 5.1.

We can define DT, G, HT in a similar way.

Using the maps (¢*)* constructed in the remark below Lemma 4.1,
we can then identify microlocal solutions with smooth functions on
circles. We define

GE = (¢F)* o GF : DF/C™(M) — C>(S};CY),
Hy = H* o ((¢*)*)" : C>(S";C%) — D*/C>(M).
By the definitions, GE and Hi are linear and

G oHy =1d, Hi oGF =1d.

6. The boundary pairing formula

In this section, we prove a boundary pairing formula for microlocal solu-
tions to (1.2). For that, let (-, -) be the pairing of distributions and smooth
functions with L? convention, i.e., (u,v) = [uvdm if u,v € C*°(M). Here
dm is a smooth density on M such that P is self-adjoint (see Section 1.2).
We consider microlocal solutions to (1.2):

(6.1)
Put
(6.2)

Puj € C*(M), wuj=u; —|—u;L7 u;t e I°(AY), j=1,2.

B(uy,us) = (Puy,us) — (u1, Pusg).

Our goal is to compute B using G* constructed in Lemma, 5.2.
We first clarify the assumption (6.1) and the definition of 5.

LEMMA 6.1. — Suppose u; € 2'(M), j = 1,2, satisty (6.1). Then

(1)
(2)
(3)

In the decomposition of u; = u; —|—uj, uji is unique up to C*°(M);
In fact we have PujE € C™(M);

If uy or ug is smooth, then B(uy,us) = 0.
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Proof.

(1). — In fact, suppose u; has another decomposition
(6.3) wy =y + U7, ur e I°(A%),
then

(6.4) up —uy; = —(uf —uf) e IY(AT)NI°(AT) Cc C=(M).
(2). — Note that Pu; = —Pu;r + C>°(M). Hence

(6.5) WF(Pu; ) = WF(Pu;')

However we know

(6.6) WF(Puy) C A*, A nAYT =0.

Thus Puf e C>.

(3). — This follows from the definition of B and the fact that P is
self-adjoint. O

Remark 6.2. — The last claim in Lemma 6.1 shows that B is defined for
equivalent classes in (D~ @& D) /C>®(M).

First we note that
LEMMA 6.3. — Ifu(h) € 2'(M), f(h) € C*°(M) are h-tempered and
(6.7) WE(u(h)) O WEL(f(R)) = 0.
Then we have
(6.8) (u(h), f(h)) = O(h>), h—0.
Proof. — Let A € U9 (M) such that
(6.9) A =1 near WF,(f(h)), A=0near WF(u(h)),

“—="

where means microlocal equivalence — see [5, Definition E.29] and [5,
Proposition E.30]. Then we have

(6.10) (I—-A)f(h)=0Mh"®)cx, A"u(h)=0(h>)c~.
Thus
(6.11) (u(h), f(h)) = (u(h), Af(h)) + O(h*)
= (A%u(h), f(h)) + O(h*) = O(h™).
This concludes the proof. O
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LEMMA 6.4. — Suppose Q(z, hD) € h¥;""P(R?) satisfies that

Q(:U, hD) = Oph(Qh(xv 5))’
ess-spt(qn) is a compact subset of T*R*\ 0 and qi = qn,0 + O(h?)s-1(7+r2)
as h — 0. Suppose
(6.12) u(z) = /ei“x’f)_F(f)) a(€)d¢

where F' € C°°(R?) is homogeneous of order 1, a is supported in some conic
subset of Ty and a € S~2(A). Let F be the Fourier transform. Then for
§ €T,
(6.13) F(Q(z,hD)u)

= (2m)? e (g1 0(Oc F(€). h&)a(OcF (), §) + R(h, &) + O(hI¢| ™))

5

with R(h,€) = O(h2) and R =0 if |¢| < h/C or |¢| = Ch, C > 1, N > 1,
as h — 0, [¢] — oc.

Proof. — By the definition we have
(6.14)

F(Q(z,hD)u) (&) = ﬁ //// I P@vCmE) ¢ (1) h¢)a(y,n) dzdy d¢ dn
with
(615) (P(xvya Cﬂ?;f) = *<£L',§> + <l’ - ya<> + <y777> - F(’?)

Let v € C°(R™\0) and () = 1 when C~! < |0| < C for sufficiently large
C, then by integration by parts

(6.16)  F(Q(w, hD)u)(€) = ﬁ / / / / (AP.CE)

Xy (|g|) ~ (|g|) gn(z, h¢)a(y,n) dz dyd¢ dn

up to a term of order O(h|¢|™°) as h — 0, || — oo. Replace (£,¢,n) by
(A&, A, An) with A > 0, and suppose 1/2 < |¢| < 2, we have

(6.17)  F(Q(z, hD)u)(\E) = (;: E / / / / A (@.0.C1)

‘r (é) y <|Z|> an (2, IAC)a(y, M) de dy d¢ dy

up to a term of order O(h|&|~°°). Note that
(6-18) va:,y7C717(I) = (C—§777—C7$—yay—anF(77))~
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The critical point of @ is

(6.19) r=y=0F(&), ¢(=n=¢&
At this critical point & = —F(¢) and
0 O 1 0
0 0 I 1
2 —
(6.20) V2,en®= 17 .

0 I O —8§2F(§)
By the method of stationary phase we find as A\ — +oco, h — 0,
(6.21)  F(Q(z, hD)u)(AE)
= (2m)? e (u (e F(€), hAE)a(OeF (), A) + R(h, A§) + O(hA™™))

where R(h,\¢) = O(h®/?) and R = 0 if |A\| < h/C or |A| = Ch, N > 1.
Hence as || — 00, h — 0,

(6.22)  F(Q(z, hD)u)(€) = (2m)2 e~ 1F(©)
X (4h0(0F(€), hE)a(BeF (), €) + R(h, ) + O(hle] ™). O

LEMMA 6.5. — Suppose that Q(z, hD) € h¥;°"P(R?) satisfies assump-
tions in Lemma 6.4. Let u,v € I°(A) for some Lagrangian submanifold
A C T*R2. Then

(6.23) (Q(z, hD)u, v) = (27)2 /A a0 h)o (o (0) + O(h)

where o (u),0(v) € S7 /572 (A; My ® Q%\) are the principal symbols of the
Lagrangian distributions v and v.

Proof. — By Parseval’s formula, we have
(6.24) (Q(z, hD)u,v) = (F(Q(z, hD)u), F(v)).

Suppose F' € C*°(R?) is homogeneous of order 1 and A = {(z,§) : z =
e F(£),€ € To} for some open conic subset I'y C R2. Then there exist
a,be S—3 (A) and a, b are supported in some conic subset of 'y such that

(6.25) u(z)= / ! (@O=FQ) gz €)de, v(z)= / ! (O=FE) (g £) de.

By Lemma 6.4,

(6.26) F(Q(z, hD)u)(€) = (2m)* e (g0 (0 F (), h€)a(DeF (€), €)
+ R(h,€) + O(hlg|™Y)).
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Similarly
(6.27)  F)(©) = 2m)2e  TOB@F(€),€) + O(¢|#)).

Thus

628 (Q(.hD)u,v) = (20" [ gnolsh)ablae o ¢ + OB
By (2.20),

o(u) = (2m) e T ¢ gz, €)]dg|?,
o(v) = (2m) " e ¥ ¢ b(z, €)|dg[?
with op(z, &) = (x,€) — F(£). Thus

Nl

(6.29)

(6.30) (Q(x,hD)u,v) = (27T)2/Aqh,0(-,h-)0(u)a(v) + O(h).

Note that formula (6.30) holds for any representatives of the principal sym-
bols since the integral of lower order terms can be absorbed in the remainder

O(h). O

PROPOSITION 6.6. — Suppose P satisfies assumptions in Section 1.2,
uj, j = 1,2 satisfy assumptions (6.1), B is defined by (6.2), GZ are maps
defined in Lemma 5.19. Then

(631) Bl = [ (GFh) - GF () = Gy () - Gy (u7)) s

o
(2m)?
where - is the Hermitian product on C%, dS is the standard density on S*.
Proof.
Step 1. — Let x € C>®(T*M;[0,1]) such that y = 0 when |¢| < Ry,
X = 1 when |{] > 2Ry for some Ry > 1. Note that
(6.32) WEF(Puy) " WF(x(hD)uy) C{£=0}N{|§]| = Ry} = 0.
By Lemma 6.3, we know for h > 0
(633)  (Pur,x(hD)uz) = O(h), {x(hD)uy, Puz) = O(h*)
as h — 0. Thus we have
B(uy,uz) = (Pus, (1 = x(hD))uz) — (1 —=x(hD))u1, Puz) + O(h>)
= ([P, x(hD)]u1, u2) + O(h™).
Here we used the fact that P is self-adjoint and (I — x(hD))u; € C*(M).

From Lemma 2.3 we know that [P, x(hD)] is a semiclassical pseudo-differ-
ential operator that satisfies assumptions on Q(x, hD) in Lemma 6.4.

(6.34)
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Since u; can be decomposed as in the assumption (6.1), we know
(6-35)  Blur,uz) = Bui',uz) + Bluy ,up ) + Bluf,uy) + Bluy s uy)-
For the term
(6.36) B(uf,uy) = ([P, x(z, hD)]uy , uy ) + O(h*°),

we observe that

(6.37) WEL([P, x(z, AD)]uy) € A* N {I¢] > Ro},
WEy (u3) € A~ U {€ =0},

hence

(6.38) WF ([P, x(x, hD)Jui) N WF,(uy ) = 0.

Again by Lemma 6.3, we have

(6.39) B(u,uy) = O(h™).

Let h — 0 and we find

(6.40) B(uf,uy) =0.

A similar argument shows that B(u] ,uj) = 0. Thus we get

(6.41) B(uy,uz) = B(ui,ug) + B(uy ,uy ).

Step 2. — Now we analyse the term
(6.42) Blug ,uz ) = ([P, x(w, hD)Juy ,uz ) + O(h*).
As in Section 2.2, we assume U;, j = 1,2,...,m are open conic subsets

of A~ such that they cover A~ and in U;, distributions in I°(A~) can be
expressed in local coordinates as (2.15). Let ¢; € C°(U;), 7 =1,2,...,m
be a partition of unity of A™, i.e., Zj 1; = 1 on A™, then ¢;(z, hD)
is a microlocal partition of unity of A~ — see [5, Proposition E.30]. Let
Jj € C(U;) such that zzj =1 on supp ;. Then we have

(6.43) Bluy,uy) =D (;(w, hD)[P, x(@, hD)Juy , 13w, hD)uz) + O(h).

J

We can now compute the summand in local coordinates, using the Fourier
transform defined in local coordinates. By Lemma 6.5, we have

(644) <¢]($,hD)[P,X(I,hD)]UI,iZj(JZ, h’D)u2_>

= i(2nh [ e Bl ) o (i) (. €) + OB
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Thus we get
(6.45)  B(uy,uy)

—1(27T)2h/A_ {p. x} (@, he)o(uy ) (z,§)a(uy ) (2, €) + O(h).
Note that by the definition of G~ — see Lemma 5.2, we have

(6.46)  o(uy)(w,§)a(uy)(,€) = (G (ug)G(uz) + O((€)) v

By Lemma 4.1, v~ |p- = p~ (2) dt. A direct computation shows that

h{p, x}(z, h&) = Hpxn(z,§)
with xp(z, &) = x(x, h€). Hence for 0 < h <« 1,

(6.47) B(uj,uy)

i(2m) / HyxnG ™ (u7)G (uy )p~ () dt + O(h)
_ / (/ prhdt) ~(up)G (a3 )~ (2) + O(h)
—i(2n)? / G ()G (g ) () + O(h).

Here we used the fact that

0 0
049 [ Hpalndi= [ a0 d =0l =1

— 0o

Similarly we have

©49)  Bluf.uf) = ~iCn? [ GG hut () + Olh).
Combine (6.41), (6.47), (6.49) andil(et h — 0 and we get

(6.50) B(uy,usz)

sien? ([ et ahE et - [ 66T )

K-

—i)? [ (G5 h) -G ) ~ Gy () -Golu)) as. D

7. The scattering matrix

As in the Introduction, we denote the solution space that we are consid-
ering by Z:

(7.1) Z={ucP'(M): Pu=0,u=u"+u",ut c I°(A%)}.
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Lemma 6.1 allows us to define

DEFINITION 7.1. — For any u € 2'(M) satisfying (6.1), we define
(7.2) G*:z s o=(shcd), uwe GE([ut)).

Here [u™] is the equivalent class of u™ in D*/C(M). In particular, G*
is defined on Z.

As an immediate corollary of Proposition 6.6, we have

COROLLARY 7.2. — Ifu; € Z, G* are as in Definition 7.1, then

(7.3) / (G+(u1) -G (uz) — G (uy) - G*(UQ))dS =0,
Sl

where - is the standard Hermitian product on C%, dS is the standard density
on S*.

DEFINITION 7.3. — Let H* be an operator from C*(S*; C%) to 2'(M)
defined by the formula
(7.4) H*(f) = Hy (f) — (P £i0)"'(PHy (f)).
Here HE(f) is an arbitrary representative of Hy (f) € D*/C>®(M).

By Lemma 3.3, we know for any f € C(S';C?), H*(f) € Z. The

following lemma shows that the maps H* are well-defined and in fact each
one of H* produces all solutions in Z.

LEMMA 7.4. — Let GT and HT be as in Definition 7.1 and Defini-
tion 7.3. Then
(1) HE(f) do not depend on the choice of the representative of Hy (f);
(2) G*, H* are linear and

(7.5) G*oH* =Idow(sicey, HTFoGF =1dz.
Proof. — We only check for G7, H™.
(1). — Suppose uj, u; are two representatives of Hy (f). Put uy =
u; — Uy , and
(7.6) ug = uy +ud, ug =—(P—i0)"'(Puy).
We only need to show that ug = 0. Note that
(77) ug € 2, Gf(uo) =0.

Put u; = uz = ug in (7.3) and we find

(7.8) /S G+ ()2 dS = 0 = G+ (ug) = 0.
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By the definition of G* we know
(7.9) ui € C®°(M) = ug € C®(M).

Since 0 is not an eigenvalue of P we find ug = 0.

(2). — Weonly show H oG~ = Idz. Others follow from the definitions.
Suppose u € Z, f = G~ (u). Then

(7.10) u=Hy (f)+u®, uteI’AT).

Thus

(7.11) u—H"(f) € ZNI°(AT).

Again by (7.3) we get GT(u—H(f)) =0. Thus u —H™ (f) € C>*(M) =

u—H (f)=0,ie, H oG (u) =u. O
DEFINITION 7.5. — We define

(7.12) S: =Gt oH™ :C>®(S';C?% — (S CY).

We also identify S with a map between half-density bundles on | |;S' by
using the standard density on S!.

By (7.5), we know
LEMMA 7.6. — Suppose u € Z, then
(7.13) SoG ™ (u) = G"(u).

Lemma 7.6 is the reason why we call S the scattering matrix — it maps
the “incoming” part G~ (u) of a solution to the “outgoing” part G (u).

Put u; =H™(f;), with f; € C>=(S; C?), j =1, 2, we can now rewrite (7.3)
as

(7.14) [ str-stryas= [ fi-paas.

As a result of (7.14), we find

PROPOSITION 7.7. — The operator S extends to a unitary operator
(7.15) S: L*(S';c?) — LA(Sh;cd).

We can now prove Theorem 1.1 when w is not an embedded eigenvalue.

Proof of Theorem 1.1 away from embedded eigenvalues. — Let HOi be
defined in (5.19), S be defined in Definition 7.5.

(1). — See Lemma 5.2 and the remark below Lemma 5.2;

(2). — This follows from (1) and Lemma 6.1.
(3). — See Definition 7.3 and Lemma 7.4.
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(4). — See Lemma 7.6, Definition 7.1, and the remarks after Lemma 5.2.
(5). — See Proposition 7.7. O

8. Normal forms and microlocal solutions

In this section we review the normal forms for the operator P derived by
Colin de Verdiére and Saint-Raymond [25, Lemma 6.2, Lemma 6.4, Propo-
sition 7.1]. From now on we make the assumption that the subprincipal
symbol of P vanishes.

We first define a operator Py, which is a reference operator for the radial
sink, on the space | |; (Rs, x SL,). We put

(8.1) po()\Jr%fC,ﬁ) =& /& — Ay,
in the open cone
(8.2) Uf = {(2,6) e T*(R x SH\ 0: |&] < c&1}

with small constant c¢. Then let Py be a pseudodifferential operator on
Ll; (R x S') of order 0 with full symbol py ()\;f, -,+) in the j-th copy of U™
and elliptic outside | |, Uy

Now we assume that {7;_}?:1 C OT*M are the attractive cycles with
Lyapunov spectrum {/\j}?zl. For any 1 < j < d, let U;‘ C T*M be a
conic open neighborhood of 'y]‘-”' and Ut =JU j+ . Then we know

LEMMA 8.1 ([25, Lemma 6.2, Lemma 6.4, Proposition 7.1]). — If P sat-
isfies assumptions in Section 1.2 and the subprincipal symbol of P vanishes,
then there exists a homogeneous canonical transform H : Ut — | |, Uy and
Fourier integral operators A : 7'(| |, (R x S*)) — 2'(M), B : Z'(M) —
7', (R x S')) with WF'(A) C graph(H), WF'(B) C graph(# '), such
that

(1) H*(ply+) = po()\;', -,+), where H* is the pullback of H;

J
(2) WF'(AB-DN(U, Uy x L, Uy ) =0, WE' (BA-I)N(UFTxUT) =0;
(3) BPA € W°(M) and WF'(BPA — Py) N[, U = 0.

Thus the operator P is conjugated to the reference operator Py by Fourier
integral operators A and B, and microlocally near the limit cycles, Py has
explicit expression. We will call the coordinates (z,£) € ||, T*(R x S*)\ 0
the local coordinates associated to the normal form.

Now we find microlocal solutions by using the microlocal normal forms.
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Let A;‘ = /i’l(fy;f) be the Lagrangian submanifold associated to ’yj‘. By
Lemma 8.1, in the local coordinates associated to the normal form, we have

1
(8.3) Hy|p+ = 56“ + A0,
To trivialize the half density bundle on AT, we put
1
(8.4) vt ez, vt = |daadéy |3

Then v is homogeneous of order 1 and invariant under the Hamiltonian
flow H,, that is, Ly,vT = 0. Suppose a(x2,&)vT solves the transport
equation

1
(8.5) TLH” (av™) =0,
then we find
(8.6) a|A+ x9,&9) = Zaj 1k//\ elfrz
kEZ

Let JT be the parametrization of A* using bicharacteristics of the Hamil-
tonian vector field, that is,

(8.7) T (8" xR) = AT, (2,1) = 2 (0, 2,1,0).
d

Since the bicharacteristics on A;r are
(8.8) xo(z,t) — ()\j)_l Iné&;(z,t) =2z mod 27Z,

and the pullback of the density

(8.9) (JT)*(dwzdéy) = (AF) " dzdt,

we find

(8.10) (JH)*( (Zaj 1k2> (\))"%|dzdt]?
keZ

on the j-th copy of | |,(S! xR). Therefore the half density y* in Lemma 4.1
and the function f in Lemma 4.4 are now

(8.11) pHE) = (D], f) = Y ay (k) et

kEZ
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on the j-th copy of | |, S!. On the other hand, from the half density avt,
we can construct a microlocal solution

oo —ik/2T .
U(I) = E X]‘f‘/ elz1én § aj(k)gl k/A; JRUED d¢
J 0 k€EZ
(8.12)

— Z X;r Z a(k/)\j)aj(k;)(xl + io)fl+ik/)\;f eikwz
J kezZ

where XJT" € WO(M) satisfies that WF(X;”) is contained in a small neigh-
borhood of U, and WF(I — X;5) N U, = 0, and

a(z) =il(1 —iz)e? =: |a(z)| @, z € R, § € R/27Z,

(813) Ja(@) =¥ || = (V2rlal + O(2| 7)) ez = o0

sinh 7z

O(x) =zln|z| —z+7/24+O0(z|™') mod 27Z, x — co.

Here we used the following result in [11, Example 7.1.17]
oo B4l
/ TP de=T(f+1)e = (2 +i0)"17# Ref > —1
0

and Stirling’s formula for the gamma function — see for instance [18, Ap-
pendix A, Theorem 2.3].
Restrict the microlocal solution in U j+ to z1 =1, we get

i + ikxo
(8.14) > lalk/X))| 905D a(k) etkez
kEZ

Combine (8.11), (8.12) and (8.14), we now construct microlocal distri-
butions using functions on cycles near the limit cycles.

DEFINITION 8.2. — We define a linear map
(8.15) Rt :c°shcd) — 2'(M)
by the fomula
(8.16) RYf =) XIR]f,
J
where
617 RSf() = Y lalk/ADIF (k) +i0) 7 oo
kEZ

in the local coordinates associated to the normal form in Lemma 8.1. We
define X ; » R7 in a similar way for the repulsive cycles.

We remark that
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LEMMA 8.3.
(1) The map R™ extends to distributions, that is,

(8.18) R*: 2'(sh;C? — 2/(M).
(2) For any f € 2'(S';C%), we have
(8.19) WF(PRTf)NUT = 0.

The proof of this lemma is the same as the proof of [25, Lemma 7.4].

Proof. — We only need to prove the lemma for R;'.
Apply Fourier transform to R;‘ f with respect to x1, we get the following
series:

(8.20) Z —i0(k/A}) ]?( )£—1+1’f//\ k2
ke
Therefore RY f € 2'(M) if and only if f;(k) = O(kY) for some N € Z,
that is, f € 2'(Sh).
(2) can be checked by a direct computation using the normal form of P
in Lemma 8.1. U

We now record a useful fact:

LEMMA 8.4. — Let a be as in (8.13), A > 0 is a constant, S' = R/27Z.
We define u € 9'(S*) b

(8.21) = Ja(A7'k)| e

kEZ
Then u € I3/4(Z) where = := {(0,¢) : ¢ > 0}. The principal symbol of u is
(8:22) o(uld=| #)() = Fu(Q)ld¢*

where ¢ € C*(S') is supported in a small neighborhood of z = 0 and
¢ =1 near z = 0.

Proof. — We first show that v € C°°(S' \ {0}). In fact, if z # 0, then

i(k+1)z k=
(8.23) e =
Thus
u(z) = Z (A Gk H1)z _ gikz)
(8.24) . hez ,
= —(* =) Y AW (oA (k) e*2
kEZ
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with
AD (JaAT)) (k) = [aAT (k +1))] = [a(A k)| = O(k| ).
Use (8.23) again and we find
(8.25) u(z) = (=1)%(e* =1)72 3" AP (Ja(AT)[) (k) 2
keZ
with A®(la(A 1) )(k) = AD a1k + 1) — AD(a(A 1)) (k) =
O(|k|~%). By induction we find that
(8.26) u(z) = ()N (e® =1)7V Y AN (ja(AH) ) (k)
kEZ
with AM (|a(A~1))) (k) = O(|k|z~N), for any N € N. Thus u € C°°(S! \
{0})

Now we pick a function ¢ € C°°(S!) that is supported near in a small
neighborhood of z = 0 and ¢ = 1 near z = 0. Now we have

(8.27) =D [aATR)IBEC k)
keZ

where @u is the Fourier transform on R and we identify supp ¢ as a subset
of (—m,m) C R. Suppose —2¢ < ¢ < —¢ for some large £ € N.

(828)  |gu(¢) (Z >+ Z) (¢ — k)

|k|</2  k>e/2  k<—€/2

When |k| < (/2 we have |¢ — k| > £/2, hence
8290 > JaT'RBC-R)I<C D VIE(/2)TN = 0@V,
k|<t/2 [k|<t/2

When k > ¢/2, we have | — k| = |(] + k, hence
Yo 1aQATRIBE-RI<C D0 VR + k)Y

k>£/2 k>0/2

< Y ENTE = o),

k>e/2

(8.30)

For the last partial sum,

(831) X aOTWIBE-RI< Y e M = o)

k<—£/2 k<—£/2

with dp > 0 depends only on A. Finally we get
(8.32) za(Q)) = o(¢I™)
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for any N as ( — —oo. Hence
(8.33) WF(u) C E.

One can show that u is in fact a symbol of order 1/2 in Z using the same
method. Thus u € I3/4(Z). Note that o(u|dz|2) does not depend on the
choice of . Suppose ¢ is another smooth function on S! that is supported
in a small neighborhood of 2z = 0 and @ = 1 near z = 0, then p — ¢ €
C2°(S*\ {0}). Since u(z) € C*°(S*\ {0}), we know (¢ — p)u € C>(S!)
thus (cp/f-s)u decays rapidly. O

LEMMA 8.5. — Suppose X € WO(M) and WF(X ) Cc Ut \ A*. Then

X*R™ is a Fourier integral operator of order 1/4 associated to the canon-
ical relation

Cx+r+ = {(l’,f;y,?’]) : (.”L',f) € WF<X+)7 (1‘,5) Nj+(ya77)777 # O}

(8:34) cT*M\0 x| |18\ 0.
d

Here ~ means two points lie on the same bicharacteristic of P. A similar
result holds for X "R ™, where X~ € V9(M), WF(X~) CU \A~ and U~
is a conic neighborhood of A~ .

Proof. — We only need to show that if x € C°(R,, \ {0} x S,) and
—1+i T ik(za—
(8:35)  RI(z,y) =x(2)Y_ alk/\])|(x1 +10) 7 THAT ethlza=v),
kEZ

then R; is a Lagrangian distribution of order 1/4 with

(8.36) WF'(R]) C{(x,&y,m) : w €supp x, (,€) ~ (£1,y,n/A;,n),£n> 0}

In fact, since WF(XT) C U™\ AT, there exists x € C2°(R,, \ {0} x S,),
where x1, zo are the local coordinates associated to the normal form, such
that x = 1 on WF(X ). By [5, Proposition E.32], there exists Y+ € WO(M)
such that WF(Y*) € WF(X™) and Y*x = Xt + ¥=°°(M). Therefore
XtTRT =Y yR" + ¥~>°(M) and we find

(8.37) WF'(XTR™) c WF'(Y ) o WF'(xRT) € WF'(XT) o WF'(xR™).

Now we study R;’, which is, modulo smooth functions, the integral kernel
of XR;-' in the coordinates associated to the normal form of P. When
+x; > 0, we have

(838)  Rf(z,y) =2y (@)Y la(xk/Ah)| k@ utOD  nla),
kEZ
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We first consider

ik(xo— -1 nx *
(8:39)  w(@y) = la(k/A])]F v TRE) — (Fry)(z,y)
keZ

with v as in Lemma 8.4 and F* is the pullback of the map
(8.40) F:RogxS'xS' = SY  (21,20,y) = 20 —y + ()\j)_llnml.
By [8, Corollary 7.9], we find

(8.41) WF(v) C £ (z,9,&,n) € T*(Rso x S* x S\ 0:

there exists ( > 0, such that

xo—y+ (/\j)_1 Inz; =0,

51 - ()\j_)ilml_lc, 52 - 4377 = 7C
Therefore

(8.42) WF'(v)
C{,&ym) oo+ (M) T inay = y,&/86 = A a1, & =n,n > 0}
C T*(Rso x SY)\ 0 x T*S*\ 0.

On the other hand, the bicharacteristics of P in U;‘ \*y;r are given by

(8.43) T2 + (Aj)_l Inzy = const mod 27Z, &/& — A1 =0

in the coordinates associated to the normal form. Therefore

(5.44) WF'(v) € {(z,&y,n) : (,€) ~ (Ly,n/A],n),n > 0}

' C T*(Rsg x SY)\ 0 x T*S'\ 0.

Similarly, if we put
i — )" 1in 1
(845) 'U)(x,y) — Z'a(_k/)\j)‘ek(OUZ y+(AJ) 1 \x b}
keZ
Then w is a Lagrangian distribution with
WF'(w) C {(2,&y,n) : (z,€) ~ (=L,y,n/X],n),n < 0}

(8.46) : i
CT*"ReopxSH\0OXT*S™\ 0.

Since xflx(x) is a smooth function with support contained in x; # 0, our
proof is completed by applying [8, Theorem 7.11]. O
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9. Propagation of singularities

As one can see from Lemma 8.3, when f is merely a distribution rather
than a smooth function, PR;|r f has singularities (that is, it has non-empty
wavefront set). To study the microlocal structure of the scattering matrix,
we need to study the propagation of singularities of the equation Pu = 0.

9.1. Real principal type propagation

We first recall the definition of real principal type operators. We refer
to [13, Section 26.1] for detailed discussion.

DEFINITION 9.1 ([13, Definition 26.1.8]). — Let P € ¥™(X) be a prop-
erly supported pseudodifferential operator. We shall say that P is of real
principal type in X if P has a real homogeneous principal part p of order m
and no complete bicharacteristic strip of P stays over a compact set in X.

We also need

DEFINITION 9.2 ([13, Definition 26.1.10]). — If P is of real principal
type in X we shall say that X is pseudo-convex with respect to P when
the following condition is satisfied: for every compact set K C X there is
another compact set K’ C X such that every bicharacteristic interval with
respect to P having end points over K must lie entirely over K'.

Now we recall a classical result by Duistermaat and Hormander [2]:

ProPOSITION 9.3 ([13, Theorem 26.1.14]). — Let P € ¥™(X) be of
real principal type in X and assume that X is pseudo-convex with respect
to P. Then there exist parametrices ET and E~ of P such that

(9.1) PE* =1+ 07°(M)
and
(9.2) WF/(Ef)=A*uCt, WF/(E")=A*UC~

where A* is the diagonal in (T*X \ 0) x (T*X \ 0), C* is the forward
(backward) bicharacteristic relation. We also have

(9.3) Et—E €l ™(X x X,C")

and ET — E~ is non-characteristic at every point of C’', where C is the
bicharacteristic relation.
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Now we assume the operator P satisfies assumptions in Section 1.2. We
show that P has parametrices away from the limit cycles. More precisely,

LEMMA 9.4. — For any small open conic neighborhoods U,V of A :=
A~ UA™T such that V C U, there exist linear maps EY,E~ : C>*(M) —
2'(M) such that

(9.4) PE* =T + (M)

with T € WO(M), WF(T)NV =0 and WF(I — T)NU = (). We also have
(9.5) WF/(ET) C (A*UCT)\(AxA), WF'(E™)C (A*UCT)\(AxA)
and

(9.6) Et—E~ €I3(M x M,C"\ (A x A)).

Proof. — The proof of this lemma is a modification of the argument in
the proof of [13, Theorem 26.1.14].

Let m# : T*M — M, w(xz,£) = x be the natural projection from the
cotangent bundle to the manifold. Let Wy == (T*M \ 0) \ V, Wy =
(T*m(U) \ 0) \ U. Then Wy, W5 is an open covering of (T*M \ 0) \ U.
Let T1,Ty € W°(M) be a microlocal partition of unity associated to W;
and WQ, that is WF(Tl + 15 — I) C V, WF(T1) C Wl, WF(TZ) C Ws.

The bicharacteristics of P in W7 and W5 satisfy the condition in Defini-
tion 9.1: no complete bicharacteristic strip of P stays in a compact set in
Wi or Wy. This is because that by our assumptions in Section 1.2, every
bicharacteristic of P converges to A* as t — +oo. Since A* is contained
in U,V, the bicharacteristics extends to the exterior of Wi, W5 by the
definition of Wy, Ws.

Since P is of real principal type on M \ 7(A), by Proposition 9.3, there
exist parametrices EljE of P on M \ n(A) satisfying conditions in Propo-
sition 9.3 with M replaced by M \ m(A). Let X; € WO(M) such that
WF(X1)NA=0, WF(X; —I)NW; = 0. Then

(9.7) PX\EfT, = [P, X\|Ef T, + X, PEFT,

Since WF([P, X1]) N WF(T}) = 0, we know [P, X,|EfTy € I72(M x M,
C’\ (A x A)). We also have X, PET, = X, T} = T} over T*M \ 0. Thus

(9.8) PX\EfTy =Ty + Ry, Ry €I 3(MxM,C'\ (A x A)).

For W5 and T5, we can not project W5 to the base manifold directly, since
T*7(W3)\0 has closed bicharacteristics. Let W be a conic subset of T* M \0

such that the closure of x(W2) is contained in x(W3). Since x(W3) is a
disjoint union of cylinders where the bicharacteristics is of real principal
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type, P has microlocal normal form D; on P := R,, x S!, by an argument
that is similar to the proof of Lemma 8.1. P, is of real principal type, hence
by Proposistion 9.3, it has forward and backward parametrices. Thus P also
has forward and backward parametrices E2i over Wj. Let Xo € WO(M) such
that WF(X3) ¢ W3, and WF(X3 — I) C Wa. Then as (9.8), we have

(9.9) PXoEfTy =Ty + Ry, Ro €I 3(Mx M,C'\ (A x A)).

If we put

(9.10) T:=T1+Ty, ET:=X\EfT\+XoEfTy, R:= R+ Ry,
then

(9.11) PEf =T+R, Rel *(MxM,C"\(AxA)).
The proof of this lemma is then completed by applying Lemma 26.1.16
of [13]. O

9.2. Propagation of singularities near radial sets

We now focus on the propagation of singularities near radial sets. We
have the following

LEMMA 9.5. — Suppose f € 2'(M) and WF(f) N A* = (), then (P +
i0)~1f is a tempered distribution. Moreover, WF((P +1i0)~f) is a subset
of the union of AT and backward (forward) bicharacteristics of WF(f).

Proof. — We only prove for (P —i0)~!, and the other case is proved in

the same way.
Put u := (P —i0)~! f. Suppose g € C°°(M), then

(9.12) (u,g) = (f.(P +i0)""g)

By Proposition 3.1, WF((P +i0)~1g) € A~. Since WF(f) N A~ = 0, we
know that the pairing is bounded by ||g||e for any g € C*°(M), by an
estimate similar to (3.17), for (P + i0)~! and the radial sink. Therefore
u€ 2'(M).

Suppose A, B € ¥W°(M) such that WF(A) and WF(B) both have empty
intersection with forward bicharacteristics of WF(f) and the backward
bicharacteristics starting from WF(A) is contained in ell(B). Then by 6,
(3.2)] and [6, (3.4)], we have

1
(9-13) [Aulls < ClIBflls+1 + Cllull-n, s> —3.
Since Bf € C*°(M), we find Au € C°(M). Therefore WF(u) is contained
in the union of A™ and the forward bicharateristics of WF(f). O
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10. Microlocal structure of the scattering matrix

In this section we derive a fomula for the conjugated scattering matrix
up to smoothing operators. Our approach is an analog of the argument
used by Vasy in [20]. We then show that the conjugated scattering matrix
is a Fourier integral operator.

Let U%,V* be small open conic subsets of A* such that V* ¢ U®,
U~ NU*t = . Suppose operators E* and T € ¥V satisfy conditions in
Lemma 9.4 with U,V replaced by V™ U V™ and an open conic subset of
V- UVt Let X* € ¥O(M) such that

(10.1) WF(X*) cU%, WF(I - X%H)nvVE=40.
LEMMA 10.1. — Assume U*, V*, X ¥ satisfy the conditions above. We
define
(10.2) Q* : 2'(st; ¢t — 7' (M)
by the formula
(10.3) Q* = (I - XTET[P, XF|R* — X*R*.
Then
(10.4) PQ* = —[P, XT|ET[P, X¥]R* + U~°(M).

where W~°°(M) is the set of smoothing operators on M. In particular, we
know that for any distribution f,

(10.5) WF(PQ*(f)) c VT,
Proof. — We only prove for Q~ since conclusions for Q* can be proved

in the same way.
Suppose f € 2'(S';C?), then we have

(10.6) PX "R (f)=[P,X R (f)+ X~ PR (f)
Since WF(PR™(f))NU~ = 0, we know
(10.7) PX R (f) =[P, X R (f) + C(M).

Since WF([P, XJR™(f)) N V* = (), we can use the forward parametrix
E* to propagate the microlocal solution and get

(10.8) (I-XHET[P, X TR (f).
Now we compute
(10.9) P(I - XHE'[P, X R (f
=[P, XTIET [P, X R (f)+ (I - XT)PET[P, X R (f).
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Note that
(10.10) (I — XT)PET[P, X R (f)
— (I = X)YT[P. X" TR~ (f) + C=(M)
— (I = X)[P, X R™(f) + C=(M)
— [P, XTJR(f) + C=(M),
Here we used the fact that PET = T4+ ¥ ~°°(M) and WF(I-T)NV~ = .
Now we find
(10.11) P(I - XTET[P, X R (f)
= —[P,XTIET[P, XT]R™(f) + [P, XTJR™(f) + C*(M).
Combine (10.7) and (10.11), we get (10.4). O
By Lemma 9.5,
(10.12) (P —i0)"'PQ (f) € 2'(M), WF((P —i0)"'PQ (f)) c V™ .

Thus by the definition of Q™ and the definition of R ™, the Poisson operator
H™ satisfies

(10.13) HT =Q —(P-i0)"'PQ".

For f,g € C>®(S';C%), G* be as in Defintion 7.1, we have

(1014) G HT (/=T (f), GH T (f)=ST (/).
and

(10.15) G Q'(9) =0, G'Q*(g)=T*(y).

Now we apply the boundary pairing formula, Proposition 6.6, with
(10.16) ur =H"T(f), u2=Q"(9),

and we get

(10.17) -G (). P @) = (ST (1).T" (9).

Thus we find
(10.18) Sy = (TT)*ST™ = —

i .~ oy _

5 (PQT)(Q™ — (P —-i0)"'PQ").
(2m)
We now study the microlocal structure of S;. To simplify the for-

mula (10.18), we need the following

LEMMA 10.2. — Suppose A, B: ' (M) — 2'(M) are linear maps. If for
any u,v € 9'(M), WF(Au)NWF(Bv) = ), then B*A : 9'(M) — C>(M),
that is, B* A is a smoothing operator.
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Proof. — Let u,v € 2'(M). Since WF(Au) N WF(Bv) = ), we can find
X € WO(M), such that

(10.19) WF(X)NWF(Bv) =0, WF({I —X)NWF(Au) = 0.
Then we have

(10.20) (B* Au,v) = (Au, Bv) = (I — X)Au, Bv) + (Au, X* Bv).
Since (I — X)Au € C*°(M), X*Bv € C*, we know that

(10.21) (B*Au,v) < o0.

This is true for any u,v € 9'(M), hence we conclude that B* A is a smooth-
ing operator. O

Suppose X+ € WO(M) satisfy
(10.22)  WF(X%) c U\ AT, WF(I - X*)nWF([P, X%]) = 0.
Then we have

LEMMA 10.3. — The operator S,q is defined for distributions, that is,

(10.23) Sia : 2'(SH;CY — /(ST C?)
and
(10.24) Spe1= ——— ([P, X"JE"[P, XT]XTRT)* X~ X "R~ +¥~=(M).

(2m)?

where (M) is the set of smoothing operators on M.

Proof. — Suppose f,g € 2'(S';C%). Then by (10.12) and Lemma 10.1
we have
(10.25) WF((P —i0)"'PQ™(f)) c VT,WF(PQ't(g) Cc V™.
Thus by Lemma 10.2 and (10.18), we know

1

10. = - Q- - .
( 0 26) Srel (27‘(’)2 (PQ ) Q + W (M)
Note that the wavefront set of
(10.27) (I - XTHET[P,X R (g9)

is a subset of the forward flow-out of WF ([P, X ~]R~(f)) which has empty
intersection with V'~ hence by Lemma 10.2, we find

1

(10.28) Siel = 2n)? (PQT)*X R~ + U~>°(M).
That is
(10.29) S, = — (2;)2 ([P, X JE~[P, X RY)* X R~ + U~°(M).
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Note that

(10.30) WF([P, X JE" [P, XTR"(g9)) Cc WF([P, X))
while

(10.31) WEF((I— X)X "R (f)) nWF([P,X"]) = 0.

Again by Lemma 10.2, we have
i
(2m)?
Finally we get (10.24) since [P, X | X+ = [P, X*+] + U°°(M). O

(10.32) Sy = — ([P, X JE"[P,XTIRT)* X X R~ + U ~°(M).

We can now prove Theorem 1.9 when w is not an embedded eigenvalue.

Proof of Theorem 1.9 away from embedded eigenvalues. — By Lemma 8.5
we know that X~ X "R~ and X TR are Fourier integral operators of order
1/4 associated to the canonical relations

~

C)/(\ffo— = {($7§; yﬂ?) : ((E,f) Nj_(?/aﬁ)? (l',f) EWF(X_)W#O}
CT*M\0x| |T*s"\0,
d

(10.33) _
Coips =1@,&2,0): (2,6 ~j*(2,0), (z,6) e WF(XT),n# 0}

CT*M\0 x| |T*s"\0.
d

By Lemma 9.4, [P, X JE~[P,X*] is also a Fourier integral operator of
order 1/2 — 2 = —3/2 with canonical relation

(10.34) Co = C N (WF([P, X7]) x WF([P,X™]))

where C' is the bicharacteristic relation.
We claim that the intersection of

(1035) S = Co x Co

Sipy and Sy = T*M\ 0 x Ag-ppyo X |_|T*S1 \ 0

d

is clean with excess e = 1. To see this, we only need to show that
(1036) TS NTS, CT (Sl N Sg) on S; N .Ss.

Suppose (z',&";x,&x,&y,m) € S1N Sa. Since (2/,¢) ~ (z,8), (x,§) ~
jT(y,m), there exists Ty, T) € R such that (2/,¢") = eTofr(2.€), (2,€) =
ety j¥(y,n). Let eTofr eTtHyo . T* N\ 0 — T*M \ 0 be diffeomorphisms
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generated by the Hamiltonian flow at time Ty and 77. Then one can check
that any tangent vector, V', of S; has the form

(10.37) V= (coHp(a:/,gl)Jr(eT“Hp)*(x/,f/)('u), v,
e1Hy(w,€) + (7). (2,) (w), w)

with w € T(y’n) (l_ld T*St \ O), v E T(M)Ehom, co,c1 ER.IfV €TS5, then
we have

(1038) v = Cal(fE,f) + (eTal)*(xag)(w)'

Now let A(t) = (y(t),n(t)) be a curve in | |, T*S*\ 0, Ty (t), T1 (t) be smooth
functions on R, such that

6(0) (yvn)a 6/(0) = w, TO(O) =T,

(10.39) T} (0) = ¢ Ti(0) =Th, Ti(0) = c1.

Then the curve

(10.40)  ~(t)
= (eToOFTHy 5+ (3(1)); e O Hr 57 (5(1)); 1Y O Hr 55 (B(1)); B(1))

is a curve in S N Sy with

(10.41) Y(0) = (2,52, 62,8 y,m), A(0)=V.

Hence the intersection of S; and S, is clean with excess e = codim S +
codim S — codim S1NS; =7+4—-10=1.

By [13, Theorem 25.2.3], [P, X JE~[P,XT]XTR* is a Fourier inte-
gral operator of order —3/2 4+ 1/4 + 1/2 = —3/4 with canonical relation
CooCg R4 A similar clean intersection argument shows that
([P, X~ JE-[P,XT]XTRT)*X X R~ is a Fourier integral operator of or-
der —3/4+1/441/2 = 0 with canonical relation

(1042) Cs,,, ={(z.Gy,n) 1§ (,Q)~iT(,m}c| |T*s"\0x| |T*s"\o0.
d d

By the dynamical assumption in Section 1.2 we know that for any (y,7n) €
L, T*S*'\0, there exists a unique (z,¢) € | |; 7*S*\0 such that (z,¢;y,n) €
Cs,.,- Therefore Cg , actually defines a canonical transformation. This
concludes the proof. O
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11. The scattering matrix for eigenvalues

In this section we study the case where w satisfies assumptions in Sec-
tion 1.3 and is an embedded eigenvalue of P. The proof of Theorem 1.1 and
Theorem 1.9 are done by projecting P to the orthogonal complement of the
eigenspace. The key fact that makes this possible is that the eigenfunctions
of P are smooth, thus the microlocal structures are preserved.

Proof of Theorem 1.1 and Theorem 1.9 at embedded eigenvalues.

Step 1. Project away the eigenvalue. — Assume wy satisfying assump-
tions in Section 1.3 is an embedded eigenvalue of P. Without loss of gen-
erality, we assume wq is of multiplicity 1 with an eigenvector ug € L?(M),
lluoll2(ary = 1. By [6, Lemma 3.2], ug € C°°(M). We omit the subscript
wp in this proof to simplify the notation.

Let 2 (P,wo) be the orthogonal complement of the eigenspace with
eigenvalue wy as in (1.1), and

(11.1) : 92" (M) — ' (P,wy), Ilv :=v — (v,up)ug

be the projection onto 2/ (P,wy). Here (-,-) is as at the beginning of Sec-
tion 6. We consider the operater

(11.2) Py = PIL: 9'(M) — 7' (P,w).

Since ug € C*°(M), we know the integral kernel of II — I is a smooth
function on M x M, which implies I — I € ¥~°°(M). Therefore

(11.3) P — P e U®(M).

This shows that P, € WO(M) satisfies the assumptions in Section 1.2.

Although 0 is an eigenvalue of P, because P, ug = 0, we note that wy is
not an eigenvalue of P . In fact, suppose v € L?(M) and P, v = wyv. Since
Piv € 2 (P,wp), we find v € 2 (P,wp). Now we know ITv = v, hence
Pv =P, v=uwyv. If v#0, then v is an eigenvector with the eigenvalue wy.
This however contradicts the fact that v € 2 (P,wp). Thus we find v = 0
and we conclude that wy is not an eigenvalue of P, .

Step 2. Construct the operators in Theorem 1.1. — We can now apply
the proof of Theorem 1.1 and of Theorem 1.9 in the case where w is not an
embedded eigenvalue of P, with (P,w) replaced by (P, —wp,0). Let Hgl,
S be the operators satisfying conditions in Theorem 1.1 for (P, — wy, 0).
We show that Theorem 1.1 holds for (P,w) with

(11.4) Hy =THy,, S:=8,.
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We first clarify the definition of Hgt. By the definition of II, we know II
induces a map between quotient spaces, which we still denote by II,

(11.5) T : DE(PI — wy,0)
— DE(PI — w,0) N 2 (P,w)/C>®(M)N P (P,w).

For the meaning of the notations, see Section 1.1. One can check by the
definition that the latter sets are in fact D¥ (P, wp). Thus we get operators

(11.6) Hy =TIHy | : C=(S";C) — D*(P, wy).

Step 3. Proof of Theorem 1.1. — We now check the conclusions in The-
orem 1.1.

(1). — The linearity of HOi is clear. To see that HOi are invertible, it
suffices to show that the map II defined in (11.5) is invertible. Since II
is induced by the projection map, we know II is surjective. If u € 9'(M),
II([u]) = 0, then IT(u) € C*°(M). Hence u = II(u)+ (up®uo)(f) € C°(M),
that is, [u] = 0. This shows that II is injective.

(2). — We first remark that
(117) Z(PJ_ — (UO,()) = Z(P,WQ)

where Z is the set of solutions defined in Section 1.1. In fact, suppose
u € Z(PL — wy,0), then

(11.8) (P —wo)u=0=u=wy ' Pruc 2 (P,wy) = (P —wp)u = 0.

Hence u € Z(P,wp). The inclusion Z(P,wy) C Z(PL — wy,0) is clear by
the definition.

Now if u € Z(P,wp), then there exists unique f* € C°°(S';C?) such
that

(11.9) we Hy  (f7)+Hy  (fF)
Apply II to (11.9) and note that ITu = u, we have
(11.10) we Hy (f7)+ Hy (f7).

The uniqueness of the decomposition follows from the invertibility of IT
defined in (11.5).

(2). — Suppose Ha_, f*, uF satisfy conditions in (3) for (PII — wy,0),
then similar to (2) and (2), one can check that HE, f*, Tlu* satisfy con-
ditions in (3) for (P,wp).

(4) and (5). — Follow from the proof of (1), (2) and (3).
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Step 4. Proof of Theorem 1.9. — Recall (11.3): P, — P € ¥~>°(M).
This implies that the characteristic submanifold, the bicharacteristics, the
limit cycles for (P — wp,0) is the same as for (P,wp). Since Theorem 1.9

applies to S, we conclude that the same results hold for S. O
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