Université Grenoble Alpes

ANNALES DE
LINSTITUT FOURIER

Francois MOTTE

Hilbert irreducibility, the Malle conjecture and the Grunwald
problem

Tome 73, n° 5 (2023), p. 2099-2134.

Article mis & disposition par son auteur selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 3.0 FRANCE
[@)sv-no |

.4 Les Annales de [Institut Fourier sont membres du
» Centre Mersenne pour I'édition scientifique ouverte

>

e-ISSN : 1777-5310
MERSENNE


https://doi.org/10.5802/aif.3567
http://creativecommons.org/licenses/by-nd/3.0/fr/
https://www.centre-mersenne.org/

Ann. Inst. Fourier, Grenoble
73, 5 (2023) 2099-2134

HILBERT IRREDUCIBILITY, THE MALLE
CONJECTURE AND THE GRUNWALD PROBLEM

by Francois MOTTE

ABSTRACT. The central result is a new version of the Hilbert Irreducibil-
ity Theorem which provides explicit bounds for the number of specializations of
bounded height of two-variable polynomials over number fields K. As an applica-
tion, starting from a regular finite Galois extension F/K(T') of group G, we can
count the number of specialized extensions Fy,/K retaining the full Galois group
G and that are of bounded discriminant norm NK/Q(dFtO ). Consequently, we con-
tribute to the Malle conjecture on the number N (K, G, y) of finite Galois extensions
E of some number field K, of group G and of discriminant norm NK/@(dE) < y.
For every number field K containing a certain number field Ko (depending on G),
we establish this lower bound: N(K,G,y) > y*(&) for y > 1 and some specific
exponent a(G) depending on G. We can also prescribe the local behaviour of the
specialized extensions at some primes. We deduce new results on the local-global
Grunwald problem, in particular for some non-solvable groups.

RESUME. — Le résultat central est une nouvelle version du théoréme d’irréduc-
tibilité de Hilbert qui fournit des bornes explicites pour le nombre de spécialisa-
tions de hauteur bornée d’un polynéme a deux variables sur un corps de nombres
K. Comme application, en démarrant d’une extension galoisienne finie réguliére
F/K(T) de groupe G, nous pouvons compter le nombre d’extensions spécialisées
Fiy/K conservant le groupe G et dont la norme du discriminant de I’extension
NK/Q(dFtO) est majorée. En conséquence, nous contribuons & la conjecture de
Malle sur le nombre N(K, G, y) d’extensions finies galoisiennes E sur un corps de
nombres K, de groupe G et de norme de discriminant N /q(d ) < y. Pour chaque
corps de nombres K contenant un certain corps de nombres Ko (dépendant de G),
nous établissons cette minoration : N(K,G,y) > (@ pour y > 1 et pour un
exposant spécifique a(G) dépendant de G. Nous pouvons aussi décrire le compor-
tement local des extensions spécialisées en certains premiers. Nous déduisons ainsi
de nouveaux résultats sur le probléme local-global de Grunwald, en particulier pour
certains groupes non résolubles.

Keywords: Galois extensions, Inverse Galois theory, Malle conjecture, Grunwald prob-
lem, Algebraic covers, Specialization, Diophantine geometry.
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1. Introduction

This paper is concerned with three classical topics: Hilbert’s Irreducibil-
ity Theorem, the Malle conjecture and the Grunwald problem. There has
been some progress in the recent years on each of these topics and our main
results contribute to these developments. The three subsections below elab-
orate on this and give some references. Though of independent interest, the
three topics are linked together through their role in Inverse Galois Theory.
We start below with this surrounding aspect which was our original moti-
vation. More explicitly, Theorem A and Theorem B describe our results on
the Malle conjecture and the Grunwald problem. We present next Theo-
rem C and its corollary on Hilbert’s Irreducibility Theorem, which may be
seen as the core achievement responsible for the other advances. We also
refer to the figure at the end of the introduction that shows the hierarchy
between the main statements of the paper.

1.1. The Malle conjecture

In inverse Galois theory, the Malle conjecture is about the number, say
N(K,G,y), with K a number field, G a finite group and y a positive num-
ber, of Galois extensions E/K (in a fixed algebraic closure K of K), with
Galois group G and with ideal discriminant dg/x of norm Nk q(dg/x)
bounded by y. It is well-known that this number is finite. The following
conjecture is due to Malle [22]:

CONJECTURE 1.1. — There exists a constant a(G) > 0, depending only
on (G, such that for every € > 0, we have

a1y D < N(K,G,y) < eoy™ D7 forall y > yo

for positive constants ¢; (depending on G, K) and cq, yo (depending on G,
K, e).

Malle also predicts the value of the expected exponent: a(G) = (|G|(1 —
1/1))~! where [ is the smallest prime divisor of |G|.

This conjecture is known, with the Malle exponent, for abelian groups,
thanks to some work of Wright [33]. Malle worked on the solvable case [22],
[23], Kliiners and Malle proved the conjecture (also over Q) for nilpotent
groups G using the Shafarevich result on the existence of at least one
extension of group G [19]. Kliiners also proved the lower bound part for
dihedral groups of order 2p where p is an odd prime [18]. In this paper, we
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are also interested in the lower bound part, in particular for non solvable
groups, for which the conjecture is wide open. The following definition
captures what we aim at.

DEFINITION 1.2. — We say that a Malle type lower bound holds for G
over K if there exists a(G) > 0, depending only on G, such that

N(K, G,y) p cly"‘(G) for all y > yo
for some positive constants ci,yo depending on K, G.

Obviously, this implies a positive answer to the inverse Galois problem
for G over K.

Recall that G is said to be a regular Galois group over K| if there is a
Galois extension F//Ko(T) of group G that is Ko-regular (i.e. FNKg = Kj).
Over Q, regular Galois groups include S,, (n > 1) and many simple groups:
A, (n 2 5), many PSLy(F,), the Monster group, etc. Our contribution is
the following result, valid for any finite group G.

THEOREM A. — Let G be a finite group. There exists a number field
K such that a Malle type lower bound holds for G over every number field
K containing K. More precisely, the field Ky can be any number field for
which G is a regular Galois group over K.

Our exponent a(G) will be given explicitly. It is smaller than a(G); we
explain why in Remark 2.4. There is a more general conjecture for not
necessarily Galois extensions; see Section 2.5 where we explain what our
approach gives in this situation.

Remarks 1.3.

(1) Theorem A generalizes a result of Débes [8, Theorem 1.1] who
proved the special case K = Q and when G is supposed to be a regu-
lar Galois group over Q. An important tool of his proof is an explicit
version of Hilbert’s Irreducibility Theorem due to Walkowiack [31,
Theorem 3]. A central part of this paper is to generalize Walkowiak’s
result, originally proved for K = Q, to any number field K; see
Corollary C in Section 1.3.

(2) In addition to the Malle type quantitative estimates given by The-
orem A our approach makes it possible to impose some local con-
straints to the extensions E/K that we count. This “local” aspect
of our contribution is shown in Theorem B that we present below in
Section 1.2. In this introduction, we have preferred to present the
two aspects: quantitative and local, in two separate statements. The
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2102 Frangois MOTTE

two aspects can however be conjoined. We refer to Theorem AB in
Section 2.2, which unifies Theorem A and Theorem B, but is more
involved.

(3) Regarding the quantitative aspect, similar conclusions to ours can
also be drawn from a 2018 paper of Bilu [2]: based on an older pa-
per of Dvornicich-Zannier [12], Bilu counts, for a cover X — PL
of curves over a number field K (which is Q in [12]), the num-
ber of distinct residue fields when going through fibers of points of
bounded height < B [2, Corollary 1.4]. Combined with some ver-
sion of Hilbert’s Irreducibility Theorem (different than ours), he
can show that most of these fibers are irreducible [2, Corollary 4.4],
thus providing, when the original cover is Galois of group G, many
different Galois extensions F/K with group G. We leave the reader
check that counting extensions by discriminant is essentially equiv-
alent to counting them by height as in [2] and so that conclusions
a la Malle can be deduced from his approach.

(4) We also follow a specialization approach. The reason why we obtain
some further local conclusions comes from our chosen version of the
Hilbert Irreducibility Theorem to construct irreducible fibers of a
Galois cover X — PL: the basic argument is “to go to finite fields”;
this provides some control of the Frobenius at some places in the
specialized extensions (see Theorem 2.1).

1.2. The Grunwald problem

For every prime p of a number field K, the completion of K is denoted
by K. The completion of E is then the compositum EK,, (with respect to
any prime P above p). The Grunwald problem asks whether the following
is true:

(). — Given a finite set S of primes of K and some finite Galois exten-
sions (L¥ / Ky), . g with Galois group embedding into G, there is a Galois ex-
tension E /K of group G whose completion EK, /K, at p is K,-isomorphic
to L /K, for every p € S.

Such an extension F/K is called a solution to the Grunwald problem
(G, (L /Ky )pes).

The case of abelian, and more generally of solvable groups, has been stud-
ied by Grunwald, Wang [32] and Neukirch [25]: in particular, the answer is
positive if G is of odd order. By a result of Saltman [26, Theorem 5.9], it is
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also known to be positive for every group possessing a generic Galois exten-
sion; this includes some non-solvable groups, e.g., the symmetric group Sy
(d = 5). But in general, some Grunwald problems exist with no solution,
for example, if G is cyclic of order 8 and if S contains a prime of K lying
over 2 [32]. Nowadays, it is expected that there should be an exceptional
finite set Sexc of primes such that (%) holds if the set S of primes is disjoint
from Sgye. Several works have been devoted to this weak form [10, 11, 14].
It was recently established for supersolvable groups (e.g. nilpotent) over
any number field [15]. For non solvable groups, a result due to Débes and
Ghazi [10, Theorem 1.2] shows that any Grunwald problem (LP/K,)pcs
(with S N Sexe = 0), additionally assumed to be unramified, always has a
solution if G is a regular Galois group over K.

Our result on this topic needs the following terminology from [10]. If
(G, (L?/Kp)pes) is a Grunwald problem over K and M/ K is a finite Galois
extension, denote by Sy, the set of primes of M obtained by choosing one
prime P of M over each p € S. Denote by (G, (L*Mp/Mp)pes,,) the
Grunwald problem over M induced by the base changes Mp/K,, p € S.
The base changed problem does not depend on the choice of the primes P.

Note next that if M/K is totaly split at each p € S then Mp = K,
and LPMp/Mp = LY /K, (p € S). A solution E/M of the base changed
Grunwald problem (G, (L?/K,)pes,,) will be said to be an M-solution of
the (original) Grunwald problem (G, (L? /K )pes)-

THEOREM B. — Let G be a finite group and K be a number field.

(1) There exists a finite set Sex. of primes of K with the following
property: if (G, (L?/K,)pes) is any unramified Grunwald problem
over K with SN Sex. = 0, then there exist a finite Galois extension
M/K, totally split at each p € S and an infinite set of M-solutions
E/M to the Grunwald problem (G, (L? /K, )pes).

(2) Furthermore, one can take M = K if G is a regular Galois group
over K, and the number of solutions E /K to the Grunwald problem
which satisfies Ni,o(dg k) < y is at least c1y®©) for all y > o
(where a(G) is the number that appears in Theorem A) and for
some positive constants c1, depending on K, G and yy depending
on K, G, S.

In particular, for all non solvable groups known to be regular groups over
Q, any unramified Grunwald problem has a large set (in the sense above)
of solutions over Q.
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2104 Frangois MOTTE

Remark 1.4. — Conclusions (1) and (2) of Theorem B respectively com-
pare to Theorem 1.3 and Corollary 1.5 of [10]. The gain is quantitative in
that we provide an estimate on the number of solutions to the Grunwald
problems, which are merely asserted to exist in [10]. We again refer to The-
orem AB, which is the strongest and most precise result regarding Inverse
Galois Theory.

1.3. Diophantine results

We will start with a regular Galois extension F'/K(T') of group G and
will use the set of extensions Fy, /K obtained from F/K(T) by specializing
T to to € K (V. From the Hilbert Irreducibility Theorem, these specialized
extensions are still Galois of group G for a large number of .

The idea is, one one hand, to count the number of these specialized
extensions and on the other hand, to show that some local conditions can
be prescribed to these extensions. We will follow a method developed in [10]
and [8] over Q and which has an important diophantine part.

A major tool will be an estimate, given an irreducible polynomial P(T,Y),
of the number Nz (P, B) of specialization points ¢ of bounded height such
that P(¢,Y) has a root in K. This is a classical problem related to the
Hilbert Irreducibility Theorem. In this context, the first totally explicit
versions of Hilbert’s Irreducibility Theorem were given in [6] and [29]. They
were then improved in [31] by Walkowiak who obtained the best known
bounds to our knowledge for N (P, B).

We will prove the following result, which extends Walkowiak’s result
to any number field and is interesting for its own sake. Theorem C and
Corollary C may in fact be the main contribution of the paper: they are
indeed the main source of improvements in the previous results; and as an
explicit version of Hilbert’s Irreducibility Theorem, valid over any number
field, Corollary C has some potential for other applications.

Denote by Ok the ring of integers of K. We will use the following height
for elements x € Ok, sometimes called the house of x:

H(z) = max(|z1],...,|zd|)

where x1,...,24 are the Q-conjugates of x (see Section 3 for more on
heights).

() Definition of specialized extensions is recalled in Section 2.
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Consider a polynomial P(T,Y) € Og[T,Y], irreducible in K[T,Y] and
monic in Y. For B > 1, let Np(P,B) be the number of ¢ € Ok with
H(t) < B and such that P(¢,Y) has a root in K.

COROLLARY C. — There exist some positive constants ai,...,as de-
pending on K such that for all suitably large B (depending on K ), we
have:

Nr(P, B) < a; deg(P)? (log H)% BIE:Q/ deey (P) (1og )4
where H = max(e¢, H(P)) and H(P) is the height of P. )

The constant e appears for technical reasons in the proof of Corollary C
in Section 3.4.

Recall that the total number of ¢t € Ok with H(t) < B is asymptotic to
B0l (up to some multiplicative constant and a log B factor) [1, 28].

We stated this result as a “Corollary” as we will obtain it from a result in
a more general context. Theorem C is about the following number N (P, B)
that we define for a polynomial P(X;, X5) € Og[X1, Xs] irreducible and
monic in X9 as

N(P,B) = #{(x1,72) € O% : P(x1,22) =0, H(z;) < B, H(z2) < B}.

Bombieri and Pila introduced a determinant method in 1989 to give
uniform bounds over K = Q [3]. In 2002, Heath-Brown improved on this
method and obtained strong results which were refined, also over Q, by
Walkowiak who gave totally explicit bounds for the number N (P, B) over
Q [31]. Our Theorem C is inspired by Walkowiak’s work but has to deal
with several new phenomena occuring on an arbitrary number field: e.g.
using prime ideals, Chebotarev density Theorem, norm, height on number
field. Having such estimates available for any number field is crucial for our
applications.

THEOREM C. — If B is suitably large (depending on K ), we have
N(P, B) < cdeg(P)* (log B)* B:Ql/ des(P)
where c is a constant depending on K.
Remark 1.5. — Extending Heath-Brown’s original result to arbitrary
number fields has also been considered by other authors. Broberg [4] and
Chen [5] notably obtained estimates that can be compared to ours. We note

that Broberg’s ones are not as explicit as Chen’s and as our Theorem C
and that, compared to Chen’s Corollary 4.3, we replace a term B¢ by a

(2) see Section 3 for more details on the height H(P).
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positive power of log B. Recall however that Heath-Brown, Broberg and
Chen also have results in higher dimension.

The paper is organized as follows. In Section 2.1, we present two key
results about specialization: Theorem 2.1 and Theorem 2.2. They are inter-
mediate between the pure diophantine statements (Theorem C and Corol-
lary C) and our applications (Theorem A and Theorem B). How we use
them to obtain the applications is done in 3 steps and explained in Sec-
tion 2. In Section 2.2, Theorem AB is stated. In Section 2.3, Theorem AB is
shown to imply Theorems A and Theorem B. In Section 2.3, Theorem AB
is proved assuming Theorems 2.1 and 2.2. Section 3 is dedicated to the
proof of Theorem C and Corollary C. Finally, Theorems 2.1 and 2.2 are
proved in Section 4.

The following figure summarizes the structure of our approach.

Th C ~ Cor C

Acknowledgement

This work was done during my PhD. I would like to express my deep
gratitude to my PhD supervisor, Pierre Déebes. I am also grateful to the
referees of my thesis, Arno Fehm and Lior Bary Soroker, and the anonymous
referee of this paper for their valuable remarks.

2. Two specialization results and their applications
Both Theorem 2.1 and Theorem 2.2 deal with specializations of a regular

Galois extension F'/K(T) of group G. The first one is a version of Hilbert’s
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Irreducibility Theorem: it explicitely produces many ty such that the spe-
cialized extention Fi, /K is of group G. The second one shows that not so
many of these specialized extensions Fy, /K can be isomorphic.

We retain the following notation. Fix for the whole Section 2 a number
field K of degree p = [K : Q)], a finite group G and a K-regular Galois
extension F//K(T') of group G. Denote by r the number of branch points
of F/K(T) (or equivalently of the associated cover f : X — P!) and the
genus of F' (or of X) by g. For a prime p of K, the prime number lying
below p is denoted by p, and we have p N Z = p,Z.

Given a point ¢y € K (or t = c0), the specialization of F'/ K (T') at t¢ is the
residue extension of the integral closure of the localized ring K[T]p_y,) in
F at an arbitrary prime above (T — ty). Denote it by Fy, /K. If P(T,Y) €
Ok[T,Y] is what we call an affine model of F/K(T), i.e. the minimal
polynomial of some primitive element of F//K(T) integral over O[T}, then
for all ¢y € K not in the finite list of roots of the discriminant Ap(T") of
P with respect to Y, the specialization F},/K is also the splitting field of
P(ty,Y) € K[Y].

2.1. Statements of Theorems 2.1 and Theorem 2.2

Theorem 2.1 below gives a lower bound for the number of ’good’ special-
ization points ¢y of bounded height.

Our statement also involves some local conditions that the specialized
extensions should satisfy. Given a set .S of prime ideals of O, one defines
a Frobenius data on S as a collection Fg = (Fp)pes of subsets F, C G,
each F, being a non-empty union of conjugacy classes of G. The set S is
said to be over the interval [a,b] if S is the set of all prime ideals over the
prime numbers p € [a,b]. Requiring that for each p € S, the Frobenius
Frob, (Fy,/K) lies in F, will be the form of our local prescription to our
specializations Fy /K. For example, if F, = {1} for every p € §, it is that
F;,/K should be totally split at each prime p € S.

Choose

e a prime number p_1 > 7 and such that every prime number p
which is ramified in K/Q is < p_; and

e a prime number py such that the interval |p_1,pg[ has at least as
many prime numbers as there are conjugacy classes in G.

292

The primes p_; and pg depend on K,r, g and K,r,g,G respectively. For
B > 1, let Sp be the set of primes of K over the interval [pg, log(B)/2].
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THEOREM 2.1 (Hilbert type). — There exists a number ¢ > 0 (depend-
ing on F/K(T)) such that if B is suitably large (depending on F/K(T)),
if Fg = (Fp)pesy Is any Frobenius data on Sg, the number of ty € Ok of
height H(ty) < B such that

e the specialized extension Fy, /K is of group G,
e for every p € Sp, Fy,/K is unramified and Frob, (F;,/K) € F,.
Br

is at least ————.
clog B/ loglog B

In the spirit of the Malle conjecture, we have to count not just the number
of good specialization points tg but the number of different corresponding
extensions Fy, /K. Here enters the Hilbert—Malle type Theorem 2.2 below.
The special case K = Q was proved by Débes [8, Theorem 1.3]. We gener-
alize it to arbitrary number fields.

THEOREM 2.2 (Hilbert-Malle type). — Let B > 1 be a real num-
ber. Let H C Ok be a subset consisting of ty such that Gal(Fy,/K) =
G and H(ty) < B. Denote by N (B,H) the number of corresponding spe-
cialized field extensions Fy /K when ty € H. There exist E,y > 0 de-
pending only on F/K(T) such that if B is suitably large (depending on
F/K(T)), we have

H| - E
N(B,H) > BIE:Q/IGl(log B)Y"

Results in the same spirit, over Q, can be found in [34], which itself is
inspired by a paper of Dvornicich and Zannier [12]. In [34], Zannier gives
various upper bounds for the number of ¢ty € Z with |tg| < B giving the

same specialized field extension; these upper bounds should be compared
to the denominator in the right-hand side of our inequality.

2.2. A unified version of Theorem A and Theorem B

Retain the notation and assumptions of Section 2. Fix an affine model
P(T)Y) € Ok[T,Y] of F/K(T); note that P is monic in Y. If Ap(T) is
the discriminant of P relative to Y, set dp = deg(Ap(T)). Fix § > dp. As
in [8, §4], one can take ¢ = 3r|G|*log(|G|).

Given a finite set S of primes of K and a Frobenius data F on S, let
N(F/K(T),y,F) be the number of distinct Galois extensions Fy /K of
group G obtained by specialization from F/K(T) at some ty € K, with
discriminant of norm N K/Q(dpto /i) < y and such that for every p € S,
F,/K is unramified in p and Frob, (F,/K) € F,.
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We say that a prime p of K is good for F/K(T) if p does not divide
|G|, the branch divisor t = {t;,...,,}(®) is étale at p and there is no
vertical ramification at p. We say that p is bad otherwise (we refer to [10,
§4] and [21, Definition 2.6] for precise definitions). We will use that there
exist only finitely many bad primes.

The constant py in Theorem AB below is the one that appears in Theo-
rem 2.1.

THEOREM AB. — For every number y > 0, consider the set S, of primes
p of K over some prime p € [po, 13%’] that are good for F/K(T). If y is

suitably large (depending on F/K(T), ¢), then for every Frobenius data
Fy on Sy, we have

N(F/K(T),y, Fy) =y =D,

Theorem AB is a generalization of Theorem 1.1 in [8] in that the base
field is an arbitrary number field (and not just K = Q as in [8]).

2.3. Proof of Theorem AB assuming Theorems 2.1 and 2.2

Theorem 2.1 produces many “good” specialization points tg with ar-
bitrarily bounded height H(ty). We explain below how to bound H(t¢)
in terms of some given number y > 0 to fullfill the required condition
Nk oldr,, k) <y

Set 6~ = 2422 (we have dp < 6~ < §) and B = y'/»".

PROPOSITION 2.3. — For y suitably large, the specializations Fy, /K of
F/K(T) at tg € Ok such that Ap(tg) # 0, H(tg) < B and F;, /K is Galois
of group G satisty NK/@(dFtO/K) <.

Proof. — The polynomial P(tq,Y) is in Og[Y] (as ty € Ok), is monic,
irreducible in K[Y] and of degree |G|. Hence, if yo € K is a root of P(tg,Y),
then 1, 4o, ... ,y(‘)G‘_1 is a K-basis of F},/K consisting of elements in Or,,-

Thus
. |Gl-1
dlsc(l,yo,n-’yo ) € dFto/K'

As disc(1, yo, - - - ,y,ljclfl) = disc(P(tg,Y)) =discy (P(T,Y)) 7=, = Ap(to),
we deduce

Nijoldr,, k) < [Nirg(Ap(to))l-

(3) Formally, t should be seen as the divisor t1 + - - - + t,.
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Straightforward estimates involving norms and height show next that
[Nk jo(Ap(to)| < CBPr

for some constant C' > 0 depending on P and K; these estimates are
detailed in Section 3.1. Hence we obtain:

Nk jodr,, k) < CBP7,

The log of this last term is
1
log[CB°P?] ~ pé—l_) logy when y — oc.
P

As 0p < 07, conclude that for y suitably large in terms of F//K(T) and 4,
we have

Nkjoldr,, /x) <y O

We will apply Theorem 2.1 with B = y/?*" and Theorem 2.2 with the
following choice of the set H: the set of tg € Ok satisfying the conclusions
of Theorem 2.1 with B = y'/?%" . We can now proceed to the proof of
Theorem AB.

As 67 < 4, by the choice of B, we have [po, 13%’] C [po, logQB]. Fix a

Frobenius data F, on S, and extend it in an arbitrary way to a Frobenius

data on Sp O Sy of all the primes of K over the interval [po, “52].

According to Theorem 2.1, we have |H| > clogB/B%. From Theo-

rem 2.2, there exist E, v > 0 depending on F'/K (T such that for y suitably
large,

H| - E
B > -
N( 77-[) BP/‘G|(10g B)"/
Br—r/IG| E

Z (log B)? dos B/1o1oe B~ Bo/l0l(log B)Y”
Denote the last lower bound by f(B). The logarithm of f(B) is asymp-
totic to p(1 — 1/|G]) log B. From the choice of B, we finally obtain
log(/(B)) ~ - log(y*~/16/%).
Because § > §~, we obtain that for y suitably large
log(f(B)) > log(y"' /1)

and so
N(B.H) > y1-1/16D/s.
The inequality N(F/K(T),y,F,) > N(B,H) concludes the proof of
Theorem AB.
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2.4. Proof of Theorems A and B assuming Theorem AB

Concerning Theorem A, one proceeds as follows. The starting point is
that every finite group G is known to be a regular Galois group over Q, and
so over some number field, say K. This is a classical result that goes back
to the Riemann Existence Theorem; this is explained e.g. in [30, §6.3], or
in [7] (see §12 for the final descent from C to Q).

If K is a number field containing Ky, G is still a regular Galois group over
K. Clearly N(K,G,y) from Section 1.1 is bigger than N(F/K(T),y,Fy)
from Theorem AB. Thus Theorem A, with «(G) = (1 — 1/|G|)/4, follows
immediately from Theorem AB.

Remark 2.4. — Our counted extensions are obtained by specialization of
one single regular extention F/K(T'). There may be other extensions E/K
(not coming from F/K (T) by specialization) satisfying the same conditions.
This explains why our constant a(G) is smaller than the Malle constant
a(@G) (see [8, Lemma 4.1]).

To prove Theorem B, suppose first that G is a regular Galois group over
K and fix a K-regular Galois extension F/K(T) of group G. Consider an
unramified Grunwald problem (G, (L?/K,)pes). For each p € S, let F,
be the conjugacy class in G of the Frobenius of L /K, (which generates
Gal(LP/K,)). Then for a Galois extension L/K of group G, unramified at p,
we have LK, /K, = L* /K, if and only if Frob,(L/K) € F,. Theorem B(2)
then follows from Theorem AB.

Namely, the set Sexe can be chosen as the set of primes p of K such that
either p is over some prime number p € [2, po[ @ or p is bad for F/K(T).
Here pg is the prime number defined in Section 2.1 from the group G, the
branch point number r of F/K(T) and the genus g of F. Given a set S of
primes of K such that SN Sex. = ), take y suitably large so that the inter-
val [po, i‘;%] contains all prime numbers under all primes of S. Applying
Theorem AB with letting y go to oo yields infinitely many extensions L/K
that are solution to any Grunwald problem (G, (L* /K, )pes).

Consider now the general case (1) of Theorem B, i.e., G is not necessar-
ily a regular Galois group over K. The definition of Scy. relies on results
from [10]. A constant ¢(G) is defined there, for which the following lemma
is true.

(4) This interval does not depend on the Grunwald problem (G, (LP/Kyp)pes)-
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LEMMA 2.5. — Given a finite group G and a number field K, there exist
non negative integers r and g such that with

Sexc = {p prime of K |p, | 6|G| or p, < max(po,c(G))}

the following holds. For every finite set S of primes of K with SN Sexe = 0,
there exists a finite Galois extension M /K totally split at each prime p € S
and an M-regular Galois extension F/M (T') of group G such that F/M(T)
has r branch points, the genus of F is g and each prime P of M over a
prime p € S is good for F/M(T).

Here pg = po(r, g,G) is the prime number defined in Section 2.1 from
K, G and the integers r, g from the statement.

A proof of this lemma is given in [10, §5].

As in Theorem B, let then (G, (L?/K,)pes) be an unramified Grunwald
problem over K with S N Sexe = 0. Let M/K be the extension given by
Lemma 2.5 for this S. Consider next the Grunwald Problem over the field
M deduced by the base changes Mp/K,, p € S. The first case applied
with (G, (L Mp/Mp)pecs,,) produces an infinite number of M-solutions
to the Grunwald problem (G, (L?/K,)pes). More specifically, note that if
P € Sy, then P is unramified in M/Q, pp > po(r,g9,G) = po(F/M(T))
(because SN Sexe = 0) and P is good for F/M(T) (from Lemma 2.5): thus
if P € Sp, P is not in the exceptional set of the first case for F/M(T).
This proves Theorem B.

2.5. Using Theorem AB for not necessarily Galois extensions

Denote by S,, the permutation group on n letters 1, ..., n. For an exten-
sion E/K of degree n, we denote by E/K its Galois closure. The Galois
group Gal(E/K) acts transitively on the n embeddings E — K. Fix a
transitive subgroup G of S,, and let G(1) C G be the stabilizing subgroup
of the element 1. We say that the extension E/K has Galois group G C S,,
if G is the Galois group of E/K and E is the fixed field of G(1) in E.
Consider the number

Nkjolde/k) <y
Theorem AB provides the following lower bound for N(K,G C S,,,y).

N(K,G C Spyy) = # {E/K

E/K of Galois group G C Sn,}

(xx). — If G is a regular Galois group over K, then
N(K,G C Sp,y) =y~ for every suitably large y
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where oo = (1 — 1/|G|)/6 with 6 > dp and P(T.,Y) is an affine model of
some K-regular Galois extension F'/K(T') of group G.

(Indeed, to every Galois extension N/K of group G corresponds one in-
termediate extension E/K which satisfies E = N¢(1) and E = N. Further-
more, this extension is of degree n. The Galois extensions N/K provided by
Theorem AB provide as many extensions F/K as requested in the general
case; and we have Nk q(dg/kx) < Nk /o(dn/k)-)

It would be desirable to prove the version of (xx) for which P(T,Y) is
an affine model of a degree n extension F/K(T) whose Galois closure is
a K-regular Galois extension of group G. This would make the parameter
dp smaller and so the exponent a bigger in the main inequality. Dealing
directly with not necessarily Galois extensions F'/K(T') seems natural but
this has led us to technical difficulties and we have not pursued in this
direction: for example, the Galois assumption is important in Theorem 4.4,
which is a main tool in our approach.

3. Proof of the diophantine Theorem C and Corollary C

In this section, we prove Theorem C and Corollary C. We work over a
fixed number field K of degree [K : Q] = p.

3.1. Basic data and generalized Heath-Brown result
3.1.1. The height

Recall that My is the set of places of K and for v € Mg, denote by
K, the completion of K for v, by O, its valuation ring, and by Q, the
completion of Q for v (Q, for a finite place and R for an archimedean
place). The places are normalized in such a way they are equal to the usual
absolute value on Q,. We denote by p, the degree [K, : Q,].

The height of 2 € Ok is H(x) = max_ . 7z |0(z)] = max,enry |2]o.

We generalize the height to tuples and polynomials as folloqszv(siO

o forx = (21,...,2,) € OF, H(z) = max, /o Hy,(z), where H,(z) =
max (|1 ]y, - [Tnlv)s

e the height of a polynomial P with coefficients ci,...,c, in Ok is
H(P)=H(ey,...,cn). We also define H,(P) = Hy(cq,...,cp).
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Remark 3.1. — The reason why we prefer to use H rather than more
usual heights like the Weil height Hw(z) = [],cy;, max(1, ||, )P/P (for
x € K) is mostly technical. The two heights compare well over Ok: for
z € Ok, we have H(z)"/? < Hw(z) < H(z).

3.1.2. Preliminary lemmas

The following notation and properties are used all along this section. For
Theorem C, we consider a polynomial P(X1, Xs) € Og[X1, X3].
For Corollary C, we prefer to denote the indeterminates by 7" and Y, as
they do not play the same role.
Both polynomials are assumed to be irreducible over K. We let
e m be the degree of P in X; (or in T),
e n be the degree of P in X5 (or in Y),
e d be the total degree of P (we may and will assume that d > 2).

The following statement collects different properties used in this paper.

PROPOSITION 3.2. — Let = (1,...,%,) be a n-tuple in O% (n € N),
let Q(X) € Ok|X] = Ok[X1,...,Xy] be a polynomial in n variables with
1 non-zero coefficients. Let o : K — Q be a field morphism. Then we have

(1) H(z) = H(o(z)).
(2) H(z;) < H(z) < H(xz1) - -H(xy,). (i=1,...,n).

(3) HQ(z1,...,2,)) <I-H(Q) M8 where M =max;—1__, H(z;).
Proof.
(1). — Tt is clear.
(2). — Using the definition, we have
H(x;)= m/aX max(|z;],) < Ir}ax max(|z1]vs -+ [Tn|o) < H Ir;ax max (|2;]y).
/o0 v/ i=1 V)OO
(3). — We write Q(X) = Y paX® = > Doy, X1 ... X3 and set
d = deg(Q).
For every archimedean place v, we have
Q)| <1- mgx(|p£|v)Md.
Whence
H(Q(z)) = fg}g(l@(z)h)
< 1-max H(Q)M?. O

v/oco
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IDEALS IN Og AND NORM. — The norm of an ideal J C Oy is the
cardinality of the quotient ring Ny q(J) = #OKk/J (see [27, §3.5] for
more details). For a € Ok, a # 0,

Ni/o(aOx) = [Ngjgla)l = [ lo(a)l < H(a)".
o K—Q
We can now prove the inequality
[Ni/o(Ap(to))] < CBPF if H(ty) < B
stated in the proof of Proposition 2.3.

Proof. — Using the inequality between norm and height, we obtain:

INk/o(Ap(to))| < H(Ap(to))”

Then, as Ap is a polynomial of degree dp and has at most 1 4 dp non-zero
coefficients, Proposition 3.2(3) yields

INija(Ap(to))| < [(1+68p)H(Ap)H (t)’"]?
< (1+6p)PH(Ap)PBO?P. O
We will also use the following result.

LEMMA 3.3. — Let a € Ok. The number of primes p of K which divide
the ideal aOf is less than or equal to plog,(H (a)).

Proof. — Let p1,...,p, be the prime ideals of Ok dividing aOf. As Ok
is a Dedekind domain, we have aOg = pJ*...p%", where a1,...,q, are
positive integers. Then

H(a)” > [Niso(a)l = [ [ Nxsolp)™.
i=1
As Ngjg(pi) =2 2,4 =1,...,n, we obtain H(a)” > 2", thus proving the
lemma. Il

3.1.3. A generalized Heath-Brown result

For every real number B > 1, set
R(P,B) = {(z1,22) € O% | P(x1,25) =0, H(z,) < B, H(xz2) < B},
and
N(P,B) = #R(P, B).
Our approach for bounding the number N (P, B) follows an idea of Heath-
Brown [16] which Walkowiak made effective (both in the case K = Q). We
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generalize to the case of an arbitrary number field K. The method consists
in splitting the set R(P, B) in k subsets, each being the zero set of some
polynomial P; € Og[X1, X5 relatively prime with P, ¢ = 1,...,k. The
Bezout theorem then yields the desired bound for N(P, B). An important
point is to have a good upper bound for the number k& of polynomials P;. To
this end, we prove the following effective generalized Heath-Brown result.

THEOREM 3.4. — Let P(X;,X5) € Ok[X1,X2] be a polynomial, irre-
ducible in K[X1, X5 of degree d, let B be a suitably large real number
(depending on p, d) and let D > d be an integer. There exist a number
k > 1 and some polynomials Py,..., P, € Og[X1, X5] relatively prime
with P in K[X1, Xs] and of degree deg(P;) < D, such that every point
(x1,22) € R(P, B) is a zero of at least one of Py, ..., Py. Furthermore, the
integer k is bounded from above by:

¢y d3log® (243 H(P)B4~1) (B4 460 1yp
where ¢y is a constant depending only on K.

Remark 3.5. — This theorem is true for all integers D > d. In the proof
of Theorem C, we will use it with D = [dlog(B) + 1] (where [.] is the
integral part of a real number).

Theorem 3.4 can be compared to Theorem 4.2 of [5] which is more in-
volved but has interesting features (see [5, Remark 4.4])

3.2. Proof of Theorem 3.4

Fix D > d and B > 1. The condition that B should be suitably large
appears in Section 3.2.3. We explain below how to construct the polyno-
mials P, ..., Pg, that appear in Theorem 3.4. As P is irreducible, we have
d > 1. Up to exchanging X; and X, one may assume that degy (P) > 1.

We take one of the polynomials P;, i =1,...,k to be 59—)1()1; it is relatively
prime to P and of degree < d. So we may next focus on the subset

oP
s(P.5) = {z € R B)| (@) # 0} < R B,
00X,
and look for k' polynomials P; to cover this subset. The number k in The-
orem 3.4 will be equal to 1+ &'
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3.2.1. First step: constructing subsets S(P, B,p) C S(P, B)

Let p be a prime ideal of Ok and

oP

S5 ={ze s 5w ¢ v}

We have
S(P,B)= | S(P.Bp).
p prime of K
The following lemma shows that one can take finitely many primes p in the
previous union and that these primes can be chosen to be totally split in

K/Q.

LEMMA 3.6. — Let P be an integer, h(B) = log,(2d3H(P)B%~1) and
r = [ph(B)] + 1. Then for P suitably large (depending on K), there
exist r totally split prime ideals p1,...,p, of K such that S(P,B) =
U._, S(P, B,p;) and for which we furthermore have

P P
o N 2 _ 7
P < Nijo(pi) < Cih(B) log P log <10g7’>

for a constant C; depending on K.

Proof. — Fix z = (z1,22) € S(P, B); we have 38—)2@) # 0. The number
of prime ideals p of Ok such that 5—;@) € p is at most plog, (H(aa)f1 (2)))
from Lemma 3.3. The height of %(g) can be estimated using Proposi-
tion 3.2: the number [ of the non-zero monomials of aa—)}; is bounded by
d(d+1)/2 < d?, its degree by d — 1 and its height by dH (P), whence

oP oP
H l-H B < d*H(P)BY.
<8X (Il’“)) (axl) (P)

Consider the Galois closure K /Q of K/Q and its Galois group I'. Denote
by 713 (x) the number of primes p < =, totally split in Oz

Fix an integer P > 0. We choose = > 0 such that

(%) 1y () = h(B) + 14 713 (P).
More specifically, we take = as follows: x = 2aloga with

a = 6L h(B) m(1}(P).

We have a > 6 |T| 7T{1}( ) and for P suitably large, depending on K, it is

easily checked that -*— > a and so, as h(B) > 1,
x
_*  >3nB > h(B)+1 .
STz > 3 M) w0 (P) > h(B) + 1+ 701y (P)
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This implies that 7y1y(2) > h(B) + 1+ 7y13(P) as from the Chebotarev
density Theorem and the Prime Number Theorem, we have m¢y(z) >
2|F\+gz’ for z suitably large.

From (x), there exist at least [h(B)] + 1 prime numbers p € |P,z] that
are totally split in K/Q. Every such prime number p provides p primes
of K of norm equal to p. Hence we have p[h(B)] + p distinct prime ideals
totally split in K and of norm < z. Furthermore, this number p[h(B)] + p
is >rasr=[ph(B)]+1.

We choose 7 of these ideals which we denote by p1,...,p,. By Lemma 3.3
the number of ideals which divide g—;(xl,xg) in Ok is < ph(B) < r.
Then there exists an ideal, say p; (i € {1,...,7}), such that 6‘9—;(9617362) ¢
p;, which means that (z1,z2) € S(P,B,p;). Thus we obtain S(P,B) =
U::l S(P7 B7pi)'

Now, also from the Chebotarev Theorem, 73 (P) <
ably large depending on K. So for i =1,...,7,

2p op

MTiog® logP for P suit-

We conclude that for some constant C'; depending on K we have

P P
Nk o(pi) < C1h(B )21 gPl g (log’P> . L

3.2.2. Working on S(P, B,p) for a fixed p € {p1,...,p+}

For the next steps, we choose a monomial X7 X2"? such that the cor-
responding coefficient in P is non-zero, m; + mo = d and m; is maximal.
We let then £ be the following set of monomials

E={X7"X3?|e;>0,1=1,2, e <my or e < ma, €1 +ea < D}.

We sometimes identify a monomial X7'X5* and the corresponding pair
(e1,e2) of integers.

Fix p € {p1,...,p,}. Recall from Lemma 3.6 that Nk ,g(p) = p > P
and D > d. Let F, = Og/p be the residue field of p. For every zero
t = (t1,t2) € F2 of P modulo p such that 5’—)};(@ # 0 mod p, consider then
the following subset of S(P, B, p):

S(L):{([EMIQ)GS(PaBap):xi:ti mOdp7 7':132}

We have S(P, B,p) = U, S(t) where t ranges over the points that satisfies
2 (t) # 0 mod p. Fix such a t. We have —( ) # 0 mod p. The goal

8X1
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now is to construct one polynomial (one of those in Theorem 3.4) that
vanishes at all points of S(t).

Denote by z; = (zi1,®i2), @ = 1,..., L, the elements of S(¢) (with L =
card(S(t))).

Set E = #& and let M be the L x E matrix

M = (z%)1<i<L, cee-

More specifically, if £ = { X4, ... XE}

€1 .. €E €11 ,.€12 .. €E1 .€E2
1= [ L11 T2 T11 T12
€1 .. €E €11 ,.€12 .. €E1 .€E2
Zo— Lo—= Lai Tz Ta1 Toa
M = =
€1 eR €11 ,,.€12 €E1 ,,.€E2
LL— TL— LriZrps 0 Tp1 Tpg

Finally set B/ = Zil(eu + €i2).

PROPOSITION 3.7. — Assume that PEE-1/2 > (EEBE"Yr Then we
have the following.
(1) The rank of M is < E —1,
(2) There exists a polynomial Pi[X1,X5] € Og[X1, X5] of degree < D
such that
e P(z) =0 for all z € S(t),
e P, and P are relatively prime in K[X1, X»].

The proof uses the following lemma which is some version of Hensel’s
lemma and reduces the problem from two to one variable. We refer to [31]
Lemma 1.2 for a proof (mod p™ there just has to be replaced by mod p).

LEMMA 3.8. — Let P(X;,X5) € @/[Xlgg] be a polynomial in two
variables with coeﬂﬁcieg@ in the completion Ok of Ok for the prime ideal
p. Let u = (u1,us) € Ok such that P(u) = 0 and 59—)2(@) ¢ p. For every
integer m > 1, there exists f,,(Y) € Og[Y] such that if P(z) = 0 for a
certain x = (x1,22) € (’9\;2 withx = u mod p, then x1 = f,,(x2) mod p™

(for every m > 1).

Proof of Proposition 3.7. — First, note that (2) easily follows from (1).
As the rank of M is < E—1, there exists a non-zero matrix C' = (c.) € O,
such that M C = 0. We use this matrix to construct our polynomial F;:

Pi(X1, X2) = ) X7 X52.
eeé

This non-zero polynomial is of degree < D and P;(x) = 0 for every x € S(t).
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Furthermore, assume that there exists some polynomial ) such that
P, = PQ. Denote by d’ the degree of Q. There exists a monomial X{* X352,
with non-zero coefficient in @, such that g; + g = d’ and ¢; is maximal.
Then the monomial X" "9 X[*2%92 in PQ has a non-zero coefficient. As
mi1 + g1 = mq and mg + go > ms, this monomial is not in £. This proves
that P and P, are relatively prime.

Proof of 1. If L < E the result is clear. Suppose that L > F and consider
a minor, say A, of order . Up to permuting the lines and columns, one
may assume that A = det[(2:%)1<i<k, cce], or more specifically

it 7

Zp™ Lot
A =

TR e

We will show that A = 0. To do this, we will show that the norm of A
is divisible by a big power p” of p and the height of A is bounded by a
number A such that A? < p” and use the inequality N(a) < H(a)? for
every a € Ok.

For each i = 1,..., E, the pair z; = (1,2;2) is in S(¢), in particular
z; =t mod p. Furthermore, we have assumed that aa—;(;) ¢ p. So we have
oP
73)(1(&) ¢pand P(z;) =0 (i =1,...,E).

We apply Lemma 3.8 with P, u = (uj,us2) € 61;2 taken to be a lift of
t = (t1,t2), and with z taken to be z; (1 = 1,..., E). Conclude that with
fm(Y) the polynomials from Lemma 3.8, we have x;1 = f,,(2;2) mod p™
(for every m>1landi=1,..., E).

Set

w; = (wz‘hwn) = (fm($i2)7$¢2)7
consider the matrix My = (wi%)i1<i<E, cce and set Ag = det(My). For
every m > 1, we have
A=Ay mod p™.

Because of the definition of S(t), z;2 = t2 mod p. Thus x;2 can be
written as z;2 = us + y;2 where uy is independent of ¢ and y;2 € p for all
i=1,...,E.

For e € &€, we then have

W% = fr (U2 + Yi2) (u2 + ¥i2)®® = ge(¥i2)

for some polynomial g.(Y) € OxlY).
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Next, we study the divisibility by p of the norm of Ag. Every column of
My corresponds to a polynomial g.(Y). We claim that we can make some
substitutions and 5;(—1inear combinations on the columns, without chang-
ing the determinant of My (up to the sign), in such a way to organize the
columns by strictly growing Y-adic valuation. First, reorder the columns
by growing Y-adic valuation. If some columns correspond to polynomials
with the same Y-adic valuation, say ¢, reorder the columns in such a way
that the p-adic valuations of the coefficient of the monomial with valuation
& grow. Next if a is the smallest degree of some monomial, in first column,
the degree a monomial can be removed in every other column by adding to
it a @—multiple of first column. Iterating this process proves the claim.

In the end, after substituting y;» for Y in row ¢, column [ has only
elements in p'~! because it consists of polynomials in 7;5 where the first
term is of degree > [ —1 and y;2 € p. Thus, the norm N /g(Ao) is divisible
by pPF=1/2 By choosing m > E(E — 1)/2, we obtain that Ng g(A) is
divisible by pFE-1/2,

Next, we estimate the height H(A). We have H(z;;) < B,i=1,...,E,
j = 1,2. Denote by Sg the permutation group of E elements and for
o € Sg, ¢(o) the signature of 0. We have

B
A= Z S(U)H&g'

cESE
For v an archimedean place,
|Al, < E! glj?%<XE(|xj1|in|xj2|ilz) X X lglj?gXE(|ij1|iEl|ij2|zE2)
< E! B€11+€12 N, B€E1+€E2.
We obtain, if A # 0:
H(A) = max|A|,
v /o0
< E! Be11+e12 X - X BeEl“l‘eEQ.
To summarize, Nx o(A) is divisible by pP(F=1/2 but
[Nic/a(A)| < H(A) < (B¥BF)r.

We have then proved that under the condition pZ#E-1/2 > (EEBEI)”7 we
have A = 0. As p > P and A is an arbitrary minor of M, we conclude that,
under the assumption of the statement, the rank of M is < F — 1. O
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3.2.3. Technical conclusion of Theorem 3.4

In order to apply Proposition 3.7, P should satisfy the condition

(*) P> (EMlBM2)p.
where M; := (E2f1) and My = E(E 1) We refer to [31, §1.3.5] for the
following estimates of M7 and Ms:
2 2 1 6
M M. -+ —.
1Sgp Tpr At s gt

This leads to this sufficient condition for (x):
() P> (E2(dD)_1+2D_2Bd_1+6D_1)p'

Note that ' < 2dD and, by an elementary study of function, we have
(QdD)Q(dD)_1+2D_2 < e,
Choose
P =1+[(BY 0],

The number P satisfies (+#) and we have P < (2¢8B4 +6D7")p.

To finish the proof of Theorem 3.4, it remains to estimate the number
k. We have P > B¢ ' thus we assume that B is suitably large so that P is
large enough to apply Lemma 3.6.

From Lemma 3.6 and Proposition 3.7, k =1+ k' =14 >/_, k. where
k; is the number of sets of type S(t) in S(P, B,p). Using the Lang-Weil
bound [20, Theorem 1], [13, Theorem 5.4.1], we obtain

ky <d(p+1+(d—1)(d—2)yp) < 2d°p.
Conjoining this with the upper bound for p = Ng g (p) from Lemma 3.6,

we obtain: P »
k < kid®h(B)?——1
! (B) log P 8 (10g73>

where k; is a constant depending on K.
As log P > log(P/logP), we have,

k < kid®*h(B)*P
< ead®logd (23 H(P) B4 1) (B ' +60 " ye

where ¢y is a constant depending on K.

3.3. Proof of Theorem C

Let P(X7, X5) monic in X5 and B as in Theorem C. We keep the notation
of Section 3.1.1.
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3.3.1. Non absolutely irreducible case

If P is not absolutely irreducible, the following statement directly pro-
vides a bound for N(P, B).

PROPOSITION 3.9. — Let P(X1,X32) € Og[X1, Xa] of degree d, irre-
ducible in K[X1, X3] and not absolutely irreducible. Then N (P, B) < 4d*.

Proof. — We will count the number of x; € Ok such that there exists
x9 € Ok with P(x1,29) = 0. The same argument for xo will allow us to
conclude.

Let (21, 72) be a zero of P. Consider the factorization of P in K[X7, X3].
If P(xy,22) = 0 for (z1,22) € O% then ¢(z1,72) = 0 for some irreducible
factor ¢ in K[X1, Xz], also monic in X3 and of degree < d (as P is not
irreducible in K[X1, X3]). We deduce that 1(z1,z2) = 0 for a K-conjugate
¥ of ¢ over K distinct from ¢ (or else P(X7, X2) would not be irreducible
in K[X;, Xs]). Furthermore, ¢ and v are not associated: if they were, as
they are monic in X5, they would be equal.

Conclude that the product ¢y divide P. Thus z; is a double root of the
polynomial P(X7,z2). The number of such x; is bounded by the number
of roots of the polynomial discx, (P) which is of degree < (2d — 1)d < 2d>.

With the same argument for xo, we can say that the total number of
points (z1,22) € O% such that P(z1,72) = 0 is at most 2d%.2d*> = 4d*.
Hence N(P, B) < 4d*. O

3.3.2. The absolutely irreducible case

We assume P(X7, X3) is irreducible in K[X7, X5] and is monic in X,.
For our applications, we need a bound for N (P, B) which does not depend
on the height H(P) of P. We will use the following Siegel lemma for which
we refer to [24, Chapter 6].

LEMMA 3.10 (Siegel lemma). — Let K be a number field and N, M two
integers such that 1 < M < N. Let Hy be a positive number and a;; € K,
1<i< N, 1< j< M, some algebraic numbers, not all zero, with height
at most Hy. Then there exists a vector x € ON\{0} such that:

N
Zaijl‘izo,j:L...,M
i=1

and with max;<;<n H(w;) < C(CNHy)M/(N=M) where C is a constant
depending only on K.
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The constant C' that appears below is the constant that appears in
Lemma 3.10.

PROPOSITION 3.11. — Let P(X1, X2) € Ok[X1, X2] be an irreducible
polynomial in K[X1, Xs] of degree d and monic in Xo. Then

N(P,B) < d*+3 or H(P) < CO% 98¢ g8¢° pid®

Proof. — Assume that N(P,B) > d?> + 3. Set R = d*> +4, N =
(d+1)(d+2)/2 and let x1,...,zr be R zeroes of P such that H(z;;) <
B(Gi=1,...,R, j=1,2).

The total number of monomials of degree < d in the indeterminates
X1,X5is N. Let A = (a;;) be the R x N matrix of which the ¢-th line is
composed of these N monomials evaluated at z;1,2;2 7 = 1,..., R. The one
column matrix ¢ € OF, consisting of the coefficients of P is a non trivial
solution of the system AX = 0.

As Ac = 0, the rank of A, say M, is < N. Up to re-numbering the lines,
we may assume that the system AX = 0 is equivalent to its M first lines.

It follows from Lemma 3.10 that the system has a non-zero solution
¢ € OF satisfying

max H(gg) < C(CNBH)M/(N=M)

,,,,,

(note that H(a, ;) is bounded by B4, 1 <i< R,1<j < N).

Let Q(X7,X2) be the polynomial whose coefficients are the elements of
. Q is a non-zero polynomial of degree < d, its coefficients are in O, and
it satisfies Q(zi1,2i2) =0 (1 =1,..., R).

By construction, the polynomials P and Q have at least d? + 4 zeroes
in common and are both of degree < d. By the Bezout theorem, these two
polynomials are not relatively prime in K[X;, X5]. As P is irreducible and
of degree d, we have ) = aP for some a € K. Furthermore, as P is monic
in Xy, then ¢ € O and H(P) < H(Q). Thus we have

H(P) < H(Q) < max H(c}) < C(CNBHM/WN=M) < c(CNBH)N.

1<i<N
Note finally that N < 4d?. Hence

H(P) < (5% 98d? j8d* pad® 0
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We can now finish the proof of Theorem C. We deduce from Theorem 3.4,
combined with the Bezout theorem that

Zdeg ) deg(P;) < kdD

< c2d4Dlog (d3H(P)B=1)(BY ' +60 e,

We recall that D has to be chosen > d. We take D = [dlog(B) + 1]. We
have B6(@108(B)™" < 29 We obtain:

N(P, B) < kyd®log®(2d* H(P)BY1)B*/%10g(B)

where k1 depends on K.
The bound H(P) < 54 98¢ g8d” B4d” fro1m Proposition 3.11 gives:

N(P, B) < c3d® log®(2d3C54° 984" 84° pad® pd—1)(pr/d1g( B)).
Finally we obtain:

N(P,B) < csd"*(log B)*B/4,

3.4. Proof of Corollary C

We work now with a polynomial P(T,Y) € Ok[T,Y] monic in Y and
irreducible in K[T,Y]. We will estimate the number Ny (P, B) of t € Ok
such that H(t) < B and the specialized polynomial P(t,Y’) has a root y in
K (or, equivalently, in Ok as P(T,Y") is monic in Y'). We recall that m,n
and d are respectively the degree in T, Y and the total degree of P.

The following lemma based on the Liouville inequality, shows how to
bound H (y).

LEMMA 3.12. — For all t € Ok, the height of any y € Ok such that
P(t,y) =0 is bounded by 2(m + 1)H(P)H (t)™.

Proof. — We will use the Liouville inequality given in this form: if Q €
Ok|[X] is monic and x € Ok with Q(z) = 0, then H(z) < 2H(Q). In-
deed, the result is trivial if £ = 0. For = # 0, we will show that for ev-
ery archimedean place v, |z|, < 2H,(Q). Fix v an archimedean place. If
||, = 1 it is trivial, else we write Q(X) = X" +a; X" 1 +--- +ag and we
deduce from " + a1z" ' + -+ + ag = 0 that

jaly < Ho(Q)(Jaly ™" + -+ |alo + 1),
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As |z|, > 1 and H,(Q) > 1, we deduce

1 1 H,(Q)

(s L) 10
|z, [} |zl —1

This yields |z|, < H,(Q) + 1 < 2H,(Q) and thus H(z) < 2H(Q).

Write P(T,Y) =Y" + a1 (T)Y" ! + -+ 4 a,(T). Clearly we have
deg(a;(T)) < mand H(a;(T)) < H(P), i=1,...,n
For t € Ok, the height of every solution y € Ok of the equation P(t,Y) =0
satisfies:

H(y) < 2H(P(t,Y)).
We have H(P(t,Y)) = H(ao(t),...,a,(t)) = maxigic<, Max, /o0 |ai ()]s
and for an archimedean place v,
jai(®)lo < (m + 1) max (Jaglo)[]"
< (m+ D H,(P)[t;"
This yields

< m
jpax max lai(t)]v < (m+1) max H,(P) max [t]

<(m+1D)H(P)H(t)™.
This concludes the proof. O
Lemma 3.12 gives Ny (P, B) < N(P,B’) with B’ = 2(m + 1)H(P)B™.
However, in order to obtain the right conclusion, we will apply this inequal-

ity, not to P, but to some polynomial () deduced from P by some change
of variables. More precisely, we proceed as follows.

Proof of Corollary C. — Recall that H = max(e®, H(P)). Let L; =
log(H) and Ly = log(log(H)) > 1. We have Ly > 1. As P(T,Y) is monic
in Y, we have d < n+m — 1. We may and will assume that m > 1 and
n > 1. In particular d < mn < mnLi/Ls.

Consider the polynomial

Q(T,Y)=P(T,TF +Y)

where E = [mn LQ] + 1 < 2mnL;. This polynomial is of degree d' €
[nE,nE + m] and we have Np(P,B) = Np(Q, B).
Using the inequality
H(a+0b) < H(a) + H(b),
for every zero (t,y') of Q such that H(t) < B, we have for suitably large B,
H(y') <2(m+1)HB™ + B¥ < 3(m + 1)HB".
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Thus, defining B” = 3(m + 1)HB¥, we have
Nr(Q,B) < N(Q, B").
Now use Theorem C with Q and B":
N(Q, B") < csd™*log*(B")(B" )"/
< es(nE +m)*log?(3(m + 1)HBE)(3(m + 1)HBE)P/"E
< es(nE +m)*log*(3(m + 1)HBE)(3(m + 1)H)P/"E BB/,

We have E < 2d%log Hlog B, and as 1/nE < Ly/Li, we have H/"F <
log(H). Thus

N(Q,B")
< ¢5(3d° log H log B)'* (4d® log H log B)*(3d” log” H)log” BB*/™.
Finally, we obtain

Nr(P,B) < cﬁd54+p(log H)18+po/n (log B)lS-&-p. 0

4. Proof of Theorem 2.1 and Theorem 2.2
4.1. Proof of Theorem 2.1

Return to the situation of Section 2.1: a regular Galois extension F//K (T')
of group G is given. Fix a good prime p for F/K(T) and an associated
union F, of conjugacy classes of G. The following result generalizes [8,
Proposition 5.1], proved in the case K = Q. We say that ¢ty ¢ t modulo p
if ¢y does not meet any of the branch point of Fy, /K modulo p.

ProproSITION 4.1. — The set
T(]:p) = {to € Ok | to ¢ t mod p, FI‘Obp(FtO/K) S ]:p}
is a union of cosets modulo p and the number v(F,) of these cosets satisfies

v(Fy) 'fé] < (q+1— 29\~ |Cl(r + 1))

T
v(Fy) < ||C;| x (¢g+1+29/q)

where ¢ = Nk g(p)-
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We omit the proof which merely consists in changing the prime number
p to the prime ideal p in the proof of [8, Proposition 5.1]. From classical
results due to Grothendieck-Beckmann (e.g using the form given in [21]), if
to ¢ t mod p then p is unramified in Fy /K. This last statement is needed
to prove Theorem 2.1 and is also used in the proof of Proposition 4.1.

Consider the prime numbers pg and p_; given in Section 2. Let x > 0 be a
real number. Let Sy, , be the set of all primes of K over the interval [po, 7]
and let F,, ) be a Frobenius data on Sjp, 1. Next, with S}, | [ consisting
of the prime ideals over the interval Jp_1, po[, set Si = Sppg.] U Sjp_ pol-

Consider the Frobenius data F, on S, obtained by adding to the Frobe-
nius data F,, ) some local conditions over the primes of K over the interval
|p—1, po[ in this manner: to every conjugacy class of G, we associate a prime
p € S)p_, po[ in such a way that every conjugacy class of G appears in the
Frobenius data F; for the other ideals in S}, | ., We take F, = G (F,
can be chosen arbitrary). Set I = Hpesz p and denote by {pi,...,pn} the
set of prime numbers in the interval |p_1, z].

LEMMA 4.2. — We have I =[], ;¢ (piOKk) and INZ = (p1 -+ pn)Z.

Proof. — The set S, is the set of all prime ideals of K over pi,...,py,.
Using that all primes p € S, are unramified in K from the definition of
p_1, we obtain

I= Hp H p=(p10k)--- (PnOk).
p/p1 p/pn
For i € {1,...,n}, we have p;Ox NZ = p;Z. The next argument shows
that
(P10k) -+ (PnOk) NZ = (p1- - pn)Z.

Inclusion D is obvious: p1 ...p, € (11Ok) ... (PnOk)NZ. As Z isa P.I.D,
the ideal (p10k) ... (pnOk) NZ is of the form aZ for some a € Z. From
(P OK) ... (pnOk)NZ C p;Ox NZ, we deduce that p; |a,i=1,...,n. As
D1, .., P are distinct, p; ...p, | @ whence the desired inequality. g

Denote the intersection (,cq 7(Fp) by 7(Sz, Fz). It follows from the
Chinese remainder Theorem that 7(S,F,) contains N(S;, Fy) =
Hpe s, V(Fp) cosets modulo I. The following proposition is a more precise
and more technical form of Theorem 2.1. It involves the following notation.

e for a Frobenius data Fs = (Fp)pes, as in Section 2.1, the density
of Fg, denoted by x(Fs), is the product of all |F,|/|G| for p € S,

e for a positive real number z, the number 7(z) is the number of
primes < z and II(z) is the product of all prime numbers p < z.
Recall that 7(z) ~ z/logx and log(II(z)) ~ x when x — +o0.
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e for a set S of prime ideals in K, the number II(S) is the product of
all primes numbers p such that p = p,, for some prime ideal p € S ®)

PROPOSITION 4.3.
(1) If tg € Ok is any representative of one of the cosets modulo I in
7(Ss, Fz) then Gal(F,,/K) = G and tg € 7(F,) for each p € S,.
(2) If x is suitably large,

II(z)” 1 pr(@)
N(Sy, Fr) = x(Fr) X ><< ) .
(5o 7 205 a1, < i
(3) Fix a Z-basise = (ey,...,e,) of Ok and denote by H(e) the height
of e. For every coset modulo I in 7(S,, F,), there exists a represen-

tative to € O of height H(to) < r?g(i))l_[(x).

Proof.

(1). — From the definition of 7(S;, F,), we have that Frob,(F},/K) €
Fp for every p € S,. From the Frobenius condition on the primes of
Sip_1.po] C S, the subgroup Gal(Fy,/K) C G meets all conjugacy classes
of G, so it is the whole group G by a lemma of Jordan [17].

(2). — Using Proposition 4.1, we have, for ¢ = N(p) with p € S,.
N(Sz, Fo) = H v(Fp)

PES,
> 1 |Lp‘><(q+1—2g\/—\G|(r+1))

pESs |G|

e Lo 14550,

PES PESy

As in [8], using that g < r|G|/2—1 (if |G| > 1; from the Riemann—Hurwitz
formula) and that ¢ > r?|G|? for each p € S, (from the choice of p_1), we

have
1+}_27g_ (r+1)|G] S 1 .
7 Vi q 2r|Gl
As all primes p € |p_1, z] are unramified, we have [[,. g N(p) =11(5,)” =

P
( 1(z) ) and card(S;) < pm(x). Hence, we obtain

I(p—1)
(T1(x))” L\
M 2223 1 (i)

(5) Recall that pp denote the prime number such that p N Z = pZ.
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(3). — We have Og ={>F_ mi-e; | myeZi=1,...,p} and so

Ok/I = {Zmez

=1

miEZ/ZﬂIi—l,...,p}.

From Lemma 4.2, Z/ZNI = Z/11(S,,)Z. Every coset modulo I in 7(Sy, ;)
has a representative t = > ©_, m;.e; in O such that 1 < m; < II(S,),
1=1,...,p.

Next we have for each archimedean place v,

P

= i€ < e .

[t]o ;mz ei| < pl(Sy) 12?é(p(|el|va ) |€p|u)
Whence H(t) < pll(S:)H(ey, ..., e,) = L TI(w). O
Proof of Theorem 2.1. — For a positive number B, we let z = pg be the

biggest prime number such that II(pg) - pp < B. Denote by ¢p the next
prime number. As II(¢g) = II(pp) - ¢, we have

pell(pp) < B < q31l(pp) < 4p31l(ps);

the last inequality uses the classical estimate qp < 2pp.
Taking the log of these terms yields
log([I(ps)) |, logpn _ log B _ log(Tl(ps) , 2log2ps
PB bB pbB bB PB
which shows that

pp ~log B when B — oo.

Take a number B which satisfies the following conditions:

° logB <pp < 2logB,

® pp = (p_1)’
e 7(pp) < 2log B/loglog B,
e pp is large enough so that Proposition 4.3 can be applied with
r =DpPB.
It suffices to take B suitably large depending on K, H(e), II(p_1).

As in Theorem 2.1, let Sp be the set of primes of K over the inter-
val [po, log B/2]. The interval [po, logQB ] is contained in the interval [po, pg]
of Proposition 4.3. Let Fg be a Frobenius data on Sg. Extend it to a
Frobenius data F, = F,, on the set S, = S,, of primes over the in-
terval [p_1,pB] (by defining F, arbitrarily for every p over some prime
in [bgB,pB]). The Frobenius data is extended to primes over |p_1, po] as
explained above Lemma 4.2.
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Next, use Proposition 4.3 with z = pp, the set S,, and the Frobenius
data F,,. Note that the upper bound for H(ty) in Proposition 4.3(3) is
< ppll(pp) and so < B. Conclude from Proposition 4.3 (2) that the number
N of ty € Ok such that Gal(F;,/K) = G, H(tp) < B and for all p € Sg,
Frob, (Fy, /K) € F, satisfies

pm(pB)
N = x(Fpp) ¥ en) X( ; ) .

(I(p-1))?  \2r|G|
Furthermore, we have
| Fpl 1 1
Fpp) = — > > .
KT pGI;[ 1G] 7 |G|ISes! = |Gl ee)
PB
and
_ (4pET(pE))” BP
o Il(pp)” = p(gp;))i Z @pp)2r>
o (2pp)?r < (EB/1BI8B ¢ o constant ¢; depending on F/K(T).
Finally, using that m(pg) < 2plog B/loglog B, we obtain
Br
2 clog B/ loglog B
for a constant ¢ depending on F'/K(T). O

4.2. Proof of Theorem 2.2

The proof combines the diophantine results of Section 3 with the follow-
ing result.

THEOREM 4.4. — Let F//K(T) be a regular Galois extension of group G.
There exists an integer N < |Aut(G)| and some polynomials P, ..., Py €
Ok[U,T,Y], irreducible in K(U)(T)[Y], of degree degy (P;) = |G|, monic
inY and a finite set ¢ C K such that the following holds:

e all the affine curves P;(U,t,y) = 0 (over K(U)) are of the same
genus g,
o for every ug € O \e, Pi(ug, T,Y) is irreducible in K(T)[Y] and the
affine curve é—(uo,t,y) is of genus gp, i =1,..., N,
o for every to € Og which is not a branch point of F//K(T),
F, /K = F,,JK < Jie{l,...,N},3y, € K : Pi(uo,to,40) = 0.

This result is the special case of [9, Theorem 2.16] for which F/K(T) =
L/K(T). Each polynomial P; is an affine model of the K (U)-regular cover
fi: X; — P}((U) that appears there and is obtained somehow by twisting
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fi by itself (i = 1,...,N). Except for a finite number of them, the K-
points on )Z'AUO that appear in [9] correspond to the zeroes (to,yo) of the
polynomial ]Si(uo,T, Y),i=1,---N. That N < |Aut(G)| is explained in
the proof of [9, Theorem 2.16].

DIOPHANTINE ESTIMATES. — The constants ¢; below, i = 1, 2,3 depend
only on the extension F/K(T). We have for ug € Ok such that H(ug) < B
and fori=1,...,N:

. deg(é—(uo,T, Y)) < deg(]g) <c

o degy (P,(u0, T,Y)) = degy (P) = |G
] H(Pi(UO,T, Y)) < CQH(UO)CS < 02B53.

For real numbers g, D, H, B > 0 and dy > 2, consider all polynomials
Q € Ok|[T,Y] monic in Y and irreducible in K (7T)[Y] such that

degy (Q) = dy

deg(@) < D

HQ) < H

the curve Q(t,y) = 0 is of genus < g.

For each such polynomial @), the number of t € Ok of height H(t) < B
and such that Q(t,y) = 0 for some y € Ok is finite. Denote by
Z(g,D,dy, H, B) the maximal cardinality of all these finite sets when Q
ranges over all polynomials satisfying the above conditions.

As in Theorem 2.2, let B be a positive number and H C Ok be a
subset consisting of ¢¢ such that Gal(F,,/K) = G and H(ty) < B. From
Theorem 4.4, for every ug € H, the number of ty € H such that Fy, /K =
F.,/K is < N Z(gr,c1,|G|,c2B%,B). Let E be the cardinality of ¢ of
Theorem 4.4, we obtain

HI-E
> .
NZ(gF, cy, |G|, coBes, B)
From Corollary C, we have for suitably large B

Z(gr,c1,|G|,c2B®, B) < C5BP/‘G|(log B)s,

N(B,H)

and so finally, we obtain

|H| - E
2> =
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