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SETS, GROUPS, AND FIELDS DEFINABLE IN
VECTOR SPACES WITH A BILINEAR FORM

by Jan DOBROWOLSKI (*)

ABSTRACT. — We study definable sets, groups, and fields in the theory of
infinite-dimensional vector spaces over an algebraically closed field of any fixed
characteristic different from 2 equipped with a nondegenerate symmetric (or al-
ternating) bilinear form. First, we define a notion of dimension of a definable set,
which enjoys many properties of Morley rank in strongly minimal theories. Then,
using this dimension notion as the main tool, we prove that all definable groups
are (algebraic-by-abelian)-by-algebraic. We conclude that every definable field is
definably isomorphic to the field of scalars of the vector space. We derive some
other consequences of good behaviour of the dimension, e.g. every generic type in
any definable set is a definable type; every set is an extension base; every definable
group has a definable connected component.

‘We also prove analogous results working over real closed fields.

RESUME. — Nous étudions des ensembles, des groupes et des corps définissables
dans la théorie des espaces vectoriels de dimension infinie sur un corps algébrique-
ment clos de caractéristique différente de 2 munis d’une forme bilinéaire symétrique
(ou alternée) non dégénérée. Tout d’abord, nous définissons une notion de dimen-
sion d’un ensemble définissable, qui posséde de nombreuses propriétés de rang de
Morley dans les théories fortement minimales. Ensuite, en utilisant cette notion de
dimension comme outil principal, nous prouvons que tous les groupes définissables
sont (algébriques-par-abéliens)-par-algébriques. Nous concluons que tout corps dé-
finissable est définissablement isomorphe au corps des scalaires de ’espace vectoriel.
Nous déduisons d’autres conséquences du bon comportement de la dimension, par
exemple chaque type générique dans tout ensemble définissable est un type défi-
nissable ; chaque ensemble est une base d’extension ; chaque groupe définissable a
une composante connexe définissable.

Nous démontrons également des résultats analogues en travaillant sur des corps
réels clos.

1. Introduction

There are two kinds of motivation for the study undertaken in this paper.

Keywords: Bilinear form, definable group, definable field.
2020 Mathematics Subject Classification: 03C60, 03C45.
(*) The author was partially supported by DFG project BA 6785/2-1.
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The first is improving our understanding of definable sets and other defin-
able objects (such as groups and fields) in classical mathematical structures.
There is a variety of this kind of results in numerous contexts; we mention
few of them. In algebraically closed fields there is a very well-behaved no-
tion of dimension on definable sets (given by the algebraic dimension of
the Zariski closure of a set, which coincides with a more general notion of
Morley rank) and the following well-known description of definable groups
and fields follows from results by Weil, Hrushovski, and van den Dries
(see [1, 6, 7, 22]).

Fact 1.1. — Let K be an algebraically closed field. Then:

(1) The groups definable in K are precisely the algebraic groups over K.
(2) Every field definable in K is definably isomorphic to K.

Variants of these statements for separably closed fields were proved in [17].
In the real closed fields and their o-minimal expansions, again, there is a
very nice notion of dimension, and Pillay’s Conjecture provides a link be-
tween definable groups and Lie groups. Moreover, the following was proved
in [18].

Fact 1.2. — Every infinite field definable in an o-minimal structure is
either real closed or algebraically closed.

There are many more results on groups definable in fields and in their
expansions such as differential fields, fields with a generic automorphism,
or valued fields. In a different flavour, it was proved in [2] that there are no
infinite fields definable in free groups. Groups definable in ordered vector
spaces over ordered division rings were studied in [10].

Our second motivation is understanding certain phenomena in NSOP;
structures - a very broad class of “tame” structures studied intensively in
recent years, with the vector spaces with a generic bilinear form being one
of the main algebraic examples. This motivation is addressed most directly
in Section 8, which, however, relies on our study of dimension in earlier
sections.

A systematic study of vector spaces with a bilinear form was first under-
taken in [11]. Several fundamental results concerning completeness, model
completeness, and quantifier elimination were established there. As finite-
dimensional vector spaces with a bilinear form are definable in the under-
lying field of scalars, only the infinite-dimensional case goes really beyond
the (model-theoretic) study of the field. The main focus in [11] was on
the theory T, of infinite-dimensional vector spaces over an algebraically
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closed field of any fixed characteristic different from 2 with a nondegen-
erate symmetric (or alternating) bilinear form (this is a slight abuse of
notation, as this means in fact considering a family of different theories,
depending on whether the form is assumed to be symmetric or alternat-
ing, and also on the characteristic of the field of scalars, all of which are
denoted by T.,). A certain independence relation J/F on models on T,
was constructed there, and it was proved that it shares many nice proper-
ties with forking independence in stable theories (forking independence is
a central notion in model theory generalising linear independence in vector
spaces and algebraic independence in algebraically closed fields to abstract
contexts). These results were later used in [4] to prove that T, is NSOP;.
Too was further studied in [14], where the canonical independence relation
in NSOP; theories called Kim-independence (and denoted | *) was intro-
duced, and described in particular in T, (some corrections are needed in
that description, see Proposition 8.12 and the discussion preceding it). It
was then deduced in [14] that \LF is strictly stronger than LK.

In [3] it was proved that (the completions of) the theories of vector
spaces with a nondegenerate bilinear form over an NIP (another tameness
property studied extensively in model theory) field satisfy a generalisation
of NIP called NIPy; in particular, Th, and TEF (see the paragraph below)
are examples of NIPy theories which are not NIP.

In this paper, we study the theory (strictly speaking, the theories) T,
and the theory (two theories) TRCF
over a real closed field equipped with a nondegenerate alternating bilinear
form or a nondegenerate symmetric positive-definite bilinear form (RCF
stands for the theory of real closed fields). In the final chapter of [11] (12.5)
it was asked whether every group definable in T, is finite Morley rank-
by-abelian-by finite Morley rank, which we confirm in Section 7. We also
prove that finite Morley rank quotients of groups definable in T, by de-
finable normal subgroups are definable in T, and hence they are algebraic
(by “algebraic” we mean definably isomorphic to an algebraic group over
the field of scalars), thus obtaining that all groups definable in T4, are
(algebraic-by-abelian)-by-algebraic. This conclusion is optimal in the sense
that none of the three components in “(algebraic-by-abelian)-by-algebraic”
can be omitted (see Remark 7.4). Using our theorem about groups, we
deduce that every field definable in T, is finite-dimensional, and hence

of infinite-dimensional vector spaces

either finite or definably isomorphic to the field of scalars. We also prove
analogous results about groups and fields definable in TR“F. As our main

tool, we develop a notion of dimension on sets definable in T, and TRCF,

TOME 73 (2023), FASCICULE 5
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whose good behaviour has several other consequences which may be of
independent interest.

Most of the arguments in the paper are carried out simultaneously for
Ts, where we use Morley rank to define dimension, and for TRCF  where
we use a topological dimension (called o-minimal dimension) for this pur-
pose. Except Section 8 where we focus on model-theoretic properties of Ty,
the only significant difference between the two cases is that in T, every
definable set has finite multiplicity with respect to our dimension notion,
which does not hold in TRF. Because of this, we need separate arguments
for T, and TECF in the proof of Corollary 6.4. Our proof of finiteness
of multiplicity in T, implies in particular that given a system of finitely
many equations using the linear space operations and the bilinear form, the
algebraic varieties obtained by intersecting the set of solutions of the sys-
tem with finite-dimensional nondegenerate linear subspaces have uniformly
bounded number of irreducible components of maximal dimension in the
sense of algebraic geometry (cf. Theorem 6.3(1)).

The paper is organised as follows. In Section 2 we recall some basic facts
about Morley rank and the o-minimal (topological) dimension, and about
model theory of vector spaces with bilinear forms.

In Section 3 we review the notions of dimension and codimension of a
definable subset of the vector sort V introduced in [11], filling a gap in the
construction.

In Section 4 we extend the notion of dimension to arbitrary definable
sets and types in Th, and TRCY  and we prove that it has properties similar
to those of Morley rank in strongly minimal theories (Corollary 4.13).

In Section 5 we prove an analogue of Lascar’s equality for T, and TOPC“)CF,
and we relate our notion of dimension to the linear dimension.

In Section 6 we define multiplicity of a definable set in analogy with
Morley degree, and we prove that every set definable in T,, has finite
multiplicity. Using this, we prove that a quotient of a group definable in
T~ by a definable normal subgroup is algebraic provided that it has finite
Morley rank (and, using some additional argument, an analogous result for
TRCF) We also derive another consequence of finiteness of multiplicity in
Ts: in every definable set there are only finitely many complete generic
types (over any fixed model), and each of them is a definable type.

In Section 7 we first observe that every group definable in T, has a
definable connected component, and then we prove the main results of this
paper: every group definable in T, is (algebraic-by-abelian)-by-algebraic,
and every field definable in T, has finite dimension, hence is either finite
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or definably isomorphic to the field of scalars K. Simultaneously, we prove
the corresponding results for TRCF.

In Section 8 we prove that every set of parameters in Ty, is an extension
base (i.e. T satisfies the existence axiom for forking independence) and we
give a description of Kim-independence in T, over arbitrary sets, correcting
in particular the description of Kim-independence over models in T, given
n [14]. Finally, we prove that in every group G definable in Ty, the J/F—
generics are precisely the generics in the sense of dimension (in particular
J/F—generics exist in G), and that the additive group (V,+) of the vector
sort does not have any \LK—generics over any set.

All sections except the last one (Section 8) require only a very basic un-
derstanding of first-order logic, and should be accessible to readers familiar
with concepts such as a model, a complete theory, a type (i.e. a consistent
set of formulas), and quantifier elimination.

The author thanks Ehud Hrushovski for pointing out Example 7.1(2)
to him, Nick Ramsey for a discussion about Kim-independence in Ty, the
logic group in Leeds for helpful comments during his seminar talk reporting
on this work, and the anonymous Referee for very careful reading of the
paper and helpful suggestions.

2. Preliminaries

2.1. Morley rank and the o-minimal dimension

Let T be a complete theory, and let M = T.

DEFINITION 2.1. — The Morley rank of a formula ¢ over M defining

a set S, denoted RM(¢) or RM(S), is an ordinal or —1 or oo, defined by

first recursively defining what it means for a formula to have Morley rank
at least o for some ordinal a:
e RM(S) > 0iff S # 0.

e If « = f+ 1 is a successor, then RM(S) > « iff for every n € w

there are disjoint sets (X;)ie1,... ny definable in some elementary

extension N of M such that RM(X;) > 8 and X; C ¢(N) for each

ie{l,...,n}.
e If X is a limit ordinal then RM(S) > X iff RM(S) > « for every
a < A

Finally, RM(S) = « when RM(S) > « and for no § > «a one has
RM(S) = B. Also, we set RM(S) = oo if RM(S) > « for every a € Ord.

TOME 73 (2023), FASCICULE 5
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If RM(S) € Ord, then the Morley degree of S, denoted by DM(S), is the
maximal number of definable sets of Morley rank RM(S) into which S can
be partitioned.

If M = (F,+,-,0,1) is an algebraically closed field (which is essentially
the only case in which we consider Morley rank in this paper), passing to
an elementary extension N of M in the above definition is not necessary -
the sets X; may be chosen to be definable in M.

A one-sorted structure M (or its theory Th(M)) is called strongly mini-
mal if RM(x = x) = DM(z = ) = 1 where « is a single variable of the only
sort of M. Equivalently, every definable subset of any model € = Th(M) is
either finite of co-finite. Any algebraically closed field is strongly minimal.
For p equal zero or a prime number, ACF,, denotes the (complete) theory
of algebraically closed fields of characteristic p.

FacT 2.2 ([16]). — An infinite field has finite Morley rank if and only
if it is algebraically closed (if and only if it is strongly minimal).

If K is an algebraically closed field and X is an algebraic subset of K™ for
some n € w, then RM(X) is the dimension of X in the sense of algebraic
geometry, and DM(X) is the number of irreducible components of X of
maximal dimension.

In real closed fields Morley rank of any infinite set is equal to oo, but
there is another useful notion of dimension (having various equivalent def-
initions).

DEFINITION 2.3. — Let (R, +,, <) be a real closed field (or, more gen-
erally, an o-minimal structure). For a nonempty definable X C RF the
(topological) dimension of X, denoted by dim;(X), is the greatest number
n such that a nonempty definable open (in the order topology) subset of
R™ embeds definably into X. We also put dim(()) = —1.

Again, for algebraic subsets of R™ where R = RCF, dim; coincides with
the dimension in the sense of algebraic geometry.

DEFINITION 2.4. — We say an S-valued (where S is any set) rank rk
on the collection of all sets definable in T is definable (over @) if for any
formula ¢(z,y) over O, n € S, and € =T the set {a € € : 1k($(x,a)) =n}
is definable over ().

For the following properties of Morley rank and the topological dimension
consult e.g. [21, Section 6.2] and [8, Section 4.1]; for (6) see [13, Lemma 3].

ANNALES DE L’INSTITUT FOURIER
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Fact 2.5. — Let rk be either Morley rank in a strongly minimal theory,
or the topological dimension in a real closed field (or in any o-minimal
theory). Suppose X1 and X» are definable. Then:

(0) rk(X1) € wU{—1} and rk(X;) = 0 iff X; is finite and nonempty.

(].) Ile Q XQ, then I'k(Xl) < I‘k(XQ)

(2) rk(X; U X3) = max(rk(Xy),rk(X2)).

(3) If there is a definable bijection between X1 and X, then rk(X;) =
I‘k(XQ)

(4) More generally, if f : X1 — X is a definable surjection and there is
d € w is such that tk(f~!(y)) = d for each y € X, then rk(X;) =
rk(Xs2) + d unless X is empty.

In particular, if ) # Z CY x X and there is d € w such that
tk({x € X : (y,x) € Z}) = d for every y € Y, then 1k(Z) =
rk(Y) 4+ d.

(5) rk is definable over ().

Additionally, in any algebraically closed fields RM satisfies defin-
able multiplicity property:

(6) For any n,d € w and a formula ¢(x,y) the set

{a € €: RM(¢(x,a)) =n,DM(¢(z,a)) = d}

is definable over (), and only for finitely many pairs (n,d) this set
is nonempty.
In any strongly minimal theory we also have:
(7) If RM(X;1) < RM(X3), then DM(X; U X5) = DM(X>).
(8) DM(X; U Xs5) < DM(X;) + DM(X>)
(9) If f : X — Y is a definable surjection such that DM(Y) =m € w
and there are s,m’ € w such that

RM(f~(y)) = s and DM(f~"(y)) < m/
for every y € Y, then DM(Y) < DM(X) < mm/.

(9) above can be proved in the same way as Proposition 6.2(4).

Finally, let us mention that if K is an algebraically closed field or a real
closed field, then it admits (uniform) elimination of imaginaries (EI), that
is, if F is any definable equivalence relation on K™ then the quotient K" /E
is in a definable bijection (in the structure K with the sort K™/F added)
with a definable subset of K™ for some m. However, the theories Ty, and
TECY considered in this paper do not admit EI, hence we will need some
extra care when dealing with quotients there.

TOME 73 (2023), FASCICULE 5



1802 Jan DOBROWOLSKI

2.2. Generic bilinear forms

We start by recalling some notation from [11]. Let L be the two-sorted
language with sorts V' (vectors), and K (scalars), containing constant sym-
bols Oy, Ok, and 1k, as well as binary function symbols: +v, +x, ok, 7,
[+, ], which we shall interpret as: vector addition, field addition, field mul-
tiplication, scalar multiplication, and a bilinear form on the vector space.

We fix p to be 0 or a prime number different from 2, and we let Ty =
ACF), the (complete) theory of algebraically closed fields of characteristic
p. As the value of p does not play any role in the paper (and in the results
of [11]), it is omitted in the notation below.

DEFINITION 2.6. — Let m € w U {oo} and Ty be either ACF, or RCF.
By sTTo [respectively, 4T°] we denote the L-theory expressing that the
sort K is a model of Ty, the sort V' is an m-dimensional vector space over
K, and that [-,-] is a nondegenerate symmetric [respectively, alternating]
K-bilinear form on V, and additionally sTRXCY says that [-,-] is positive-
definite. We will write T to mean either sTX0 or ATX0. We will also
simply write T, to mean T,%CF‘“, which is consistent with [11, Chapter 12],
and Ty to mean either TQCF” or TRCF,

If m € w then gTX0 is consistent only when m is even, so below we will
always assume that m = oo or m is even in the symmetric case.

DEFINITION 2.7. — For any n < w let 6,,(X1,...,X,,) be the L-formula
saying that the vectors X1, ..., X, are linearly independent. Let Ly be the
expansion of L obtained by adding to L a symbol 0,, for each n (which we
shall interpret as the relation given by the formula 6,,).

For any n € {1,2,...} let F,, : V"1 — K™ be a definable function
sending any tuple (v1,...,v,41) with vq,...,v, linearly independent and
Unt1 € Ling (v1,...,v,) to the unique tuple (a1,...,a,) € K™ such that
Upt1 = a1v1 +- - -+ a,v, (and any other tuple to (O, ...,0x), say). In [11,
Corollary 9.2.3] Granger claimed that T/2° has quantifier elimination in the
language LyUL, where L is any language on K bidefinable with (K, +, -)
in which K has quantifier elimination. D. MacPherson has later pointed out
that there is a problem with this result, unless one adds function symbols for
each F), to the language: for example, working over an algebraically closed
field, if « is a scalar transcendental over the prime field and v # 0 is a vector
with [v,v] = 0, then the tuples (v, av, a?v) and (v, av, a®v) have the same
Ly U Lr-quantifier-free type, where Ly is the language of rings, but they do
not have the same type, as the formula ¢(z,y,2) = Ju(y = uxr A z = u?z)

is satisfied by (v, av, a?v) but not by (v, av, a3v).
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A. Chernikov and N. Hempel have proved that indeed T2 eliminates
quantifiers in Ly U L U {F,, : n € w}. Let us remark here that, in the
symmetric positive-definite case over a real closed field, the functions F,
are equal to some terms in the language Ly, hence adding the F},’s to the

language is necessary only in the alternating case. For let vy,...,v, € V
be linearly independent, and v,+1 = Zign a;v; for some ay,...,a, € K.
Let A be the n x n-matrix ([v;,v;])ij<n and note that A(ay,...,a,)? =
([v1,vns1ls- -+ s [Un, vni1])T. Note that if by, ..., b, is such that

A(blv e 7b’n)T = ([U17 vn+1]7 ) [Un7 UTL+1])T
then (b1,...,b,) = (a1,...,a,) as otherwise X;<,(a; — b;)v; would be a
non-zero vector orthogonal to v1,...,v,, hence orthogonal to itself, which

is a contradiction. So the equation

Alzy, .. 20)T = ([v1, vn41)s -+ o [Vn, Vns]) T
has exactly one solution (z1,...,2,) = (a1,...,a,), and so A is a non-
singular matrix and
F(vi,...,0n41) = (a1,...,an) = A (o1, vn41], -+, [Vn, vng1 )T,
hence F'(v1,...,vn4+1) is equal to a term in Ly. Summarising, we have:

Fact 2.8. — Put L} == Ly U{F, : n € w} and let Ty be a comple-
tion of the theory of fields admitting quantifier elimination in a language
Lx. Then, for every m € w, the theories T and 4T have quantifier
elimination in Lg ULgk.

In particular, for every m € wU{w} (with m even in the alternating case)
the theories sT,, and AT, have quantifier elimination in Lg , sTECY hasg
quantifier elimination in Ly U {<} (by the discussion above) and sTECF
has quantifier elimination in LY U{<}, where < is a binary relation symbol
interpreted as the unique field ordering on K in the real closed case.

The following fact follows from the proof of [11, Corollary 9.2.9]: al-
though in the case T, = sTRY it does not formally follow from [11, Corol-
lary 9.2.9] as in a real closed field not all elements have square roots, this
condition is only used to transform a normal basis to an orthonormal basis
(see the proof of [11, Proposition 9.1.5]), which clearly can be done over
any real closed field if [-, -] is positive definite.

FacT 2.9. — For any m € w U {oo} the L-theory T}, is complete.

For a set or a tuple A, by V(A) we mean the set of vectors belonging
to A, and acl(A) [respectively, dcl(A)] denotes the model-theoretic alge-
braic [definable] closure of A, that is, the set of elements whose type over
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A has finitely many realisations [only one realisation]. The following fact
easily follows from quantifier elimination (cf. [11, Proposition 9.5.1, Propo-
sition 12.4.1]).

FacT 2.10. — Let M = (V,K) ETZ% and A C M. Then:

(1) For any v € V\Ling (A) the type tp(v/A) is implied by p, 4(x) =
{lz,a] = [v,a] : a € V(A)} U{[z,z] = [v,0]} U{On(a1,...,a,) —
Ons1(at,...,an, ) ay,...,a, € V(A)}.

(2) acl(A) C Ling (V(A)).

Proof.

(1). — Suppose w = py,a)- Then v,w ¢ Ling(V(A)), so there is a
K-linear isomorphism g : Ling (V(A) U {v}) — Ling(V(4) U {w}) fixing
Ling (V(A)) pointwise and sending v to w. Then g preserves [-, ], so gUidg
is an elementary map by quantifier elimination. In particular, tp(w/A) =
tp(v/A).

(2). — By finite character of acl we may assume that A is finite. Now,
if v ¢ Ling (V(A)) then for any v € V which is orthogonal to V(A) U {v}
we have by (1) that tp(v + u/A) = tp(v/A), so in particular tp(v/A) has
infinitely many realisations, i.e. v ¢ acl(A). O

3. Dimension on V

This section is in a large part a review of the results from [11, Subsec-
tion 12.4], where the notions of dimension and codimension of a definable
subset of the vector sort V' in T, were introduced. However, the definition
of codimension there uses a false claim (see Remark 3.11 below), so we
provide an argument fixing it.

In the rest of this paper, T% means either T, in which case we put
rk = RM, or TECF  in which case we put rk = dim; (see Definition 3.4
below). When we write X C V' we mean that X is a set of single elements
of the sort V, but when we write X C M where M is a model [or when
we say that X is definable in M|, we mean that X is a [definable] set
of arbitrary finite compatible tuples in M. We will be working in a fixed
Ng-saturated model € = T | which means every type in a single variable
over a finite subset of M is realised in M. By Fact 2.10 it is easy to see
that this is equivalent to saying that the field of scalars K (€) has infinite
transcendence degree over its prime subfield (we will need Ng-saturation
only to choose generic elements in the proof of Theorem 7.3).
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As in [11], we deal with the case of a symmetric bilinear form unless
stated otherwise, and the alternating case can be treated analogously by
replacing an orthonormal basis by a symplectic basis. We will occasionally
point out the main differences between the symmetric and the alternating
case. In fact, the alternating case tends to be easier, as the condition [z, ] =
[v,v] in the type p, a(z) implying tp(v/A) (see Fact 2.10(1)) is trivially
satisfied by any vector x, so it can be omitted.

The following definition was introduced (in a more general version) in [11,
Section 12.1].

DEFINITION 3.1. — If M = (K(M),V(M)) = T% and V(M) is count-
ably dimensional over K (M), then an approximating sequence for M is a
sequence (N,)re., of substructures of M with K(N,) = K(M) such that
N, Ty, M =J,c, Nr, and N, C N/ for all v < r’.

In the alternating case, an approximating sequence is a sequence
(Ni)req2,4,...} satisfying analogous properties.

We will write M = |J. N, to mean that (N,), is an approximating
sequence for M (so in particular, M = T%).

The following fact follows by, for example, the proofs of Theorem 1 and
Corollary 1 in [12, Chapter I1.2].

FacT 3.2. — If M | sT% and V(M) has dimension Xy over K(M),
then M has an approximating sequence (N,).c., and for any such se-
quence we can find by the Gram—Schmidt process an orthonormal basis
(€i)ie{1,2,..} for V(M) over K(M) such that V(N,) = Lingp(e1, ..., er)
for each r € w. Similarly, in the alternating case, if V(M) is countably di-
mensional over K(M) then we can find an approximating sequence
(Ni)req2,4,...} for M and a symplectic basis (e;, fi)ic., for V(M) over K(M)
such that Ty, = Lingap (€1, f1,. .., e, fr) for every r € w. In both cases,
given an orthonormal [symplectic] basis B for some N, withr € w [r €
{21 : 1 € w}], we can find such an orthonormal [symplectic] basis for M (or
for any N, with r' > r) which extends B.

Moreover, both in the symmetric and the alternating case, if vy, ..., vy €
V(M), then there is a K(M)-linear subspace Vo of V(M) such that
Viy...,0m € Vg and (K(M),Vy) |= Tam, and there is an approximating
sequence (N,), for M with Nay, = (K (M), Vp).

By (the proof of) [11, Lemma 10.1.3] and quantifier elimination we have:
FacT 3.3. — Let r e wU {0} and N = (V,K) = T.

(1) If r € w, then the structure N is definable (over some parameters)
in the pure field (K, +,-).
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(2) For any n € w, all definable [}-definable] in N subsets of K™ are
definable [}-definable] in the pure field (K, +,).

DEFINITION 3.4. — Let N = (V,K) = TRY for some m € w. For
any set X definable in N we put dim,(X) = dim/ (f[X]) where f is any
definable bijection between X and a subset of K™ for some n (note that
f[X] is definable in (K,+,-) by Fact 3.3(1)). This does not depend on the
choice of f, because for any other definable bijection g between X and a
subset of K™, the sets f[X] and g[X] are in a K-definable bijection by
Fact 3.3(2).

The following was stated in [11, Corollary 12.4.2] for definable subsets of
V and T% = T, but exactly the same proof works for definable subsets of

any VF and T, € {T., TRCF} using quantifier elimination and definability
of rk (Fact 2.5(5)).

Remark 3.5. —Ift M = |JiN,, M’ = Ui N/, R € w and X is a set
definable over N N Ny, then rky, (X N N;) = rky/ (X N N]) for all » > R.

Remark 3.6. — If X is a set definable in T7% over a model M = JI' N,
and X (M) C Ng for some R € w, then for any r > R we have

I‘kNT(X n NT) = I‘kNR(X ﬂNR).
If * =ACF), then also rky, (X N Ng) = RMum (X (M)).

Proof. — If + =ACF,, then, as the definable subsets of X (M) = X N
N, = X N Ng in the sense of Ng, N, and M all coincide by Fact 3.3, we
get I‘kNT (X N Nr) = I‘kNR(X n NR) = I‘kM(X(M))

If * =RCF, then the equality rky,(XNNg) = rky, (XNN;) = rky, (XN
N,.) follows directly from Definition 3.4, as an Ng-definable bijection be-
tween X N N, and a set definable in K is in particular N,-definable. O

For a tuple of parameters [tuple of single variables, respectively] a, by
I(a) we will mean the number of vectors [vector variables] in a.
By Fact 2.10(1) we have:

Fact 3.7. — Let M be a countably dimensional model of g1, with an
orthonormal basis (€;)icq1,2,...1 and put N, = (K(M), Ling p(e1, ..., e.))
for every r € w. Suppose R € w and a € V(M)\V (Ng). If we put §8; = [a, €]
fori=1,...,eg and v = [a, a], then tp(a/Ng) is isolated by the formula

Ga,r(T) = /\ [x,e;] = Bi N[z, 2]) =y AOgyi(er,... e, x)
i=1,..,R
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(note that if + = RCF then the formula Ory1(e1,. .., er, z) can be omitted
here, asy # >, R 32 since a ¢ Ng, so N1 glr,es] = Bi N[z, 2] =~
implies Opy1(e1, ..., eRr,x)).

Remark 3.8. — Suppose n € w and M = (K, Vp) is a model of g7 (i.e.

a model of sT;r " or of sTRCF). Let ¢ € K and assume ¢ > 0 in the real
closed case. Then

tkyr({fv € Vo i [v,v] =¢}) =n —1,

and if M = ST and n > 3, then we also have DM({v € Vp : [v,v] =
c})=1.

Proof. — Choose an orthonormal basis (eq,...,ey,) of Vo over K. Then
> xie; — (x1,...,Ty) gives a definable bijection between {v € Vp : [v,v] =
c} and {(z1,...,2,) € K" : 23 +--- + 22 = ¢}, which has dimension n — 1

when * =ACF,, and topological dimension n — 1 when * = RCF (and
¢ > 0), hence tk({v € V; : [v,v] = ¢}) =n — 1. Assume now M |= STmCF™.

If ¢ # 0 then the sphere {(z1,...,2,) € K" : 23 +---+22 = ¢} is known to
be irreducible for any n > 2. Also {(z1,...,7,) € K" : 23 + -+ + 22 = ¢}
is known to be irreducible for any n > 3 (this can be deduced, for example,
from the Eisenstein criterion). Hence, DM({v € Vj : [v,v] = ¢}) = 1 for
any n > 3 and any c € K. a

COROLLARY 3.9. — With the notation of Fact 3.7, for any r > R with
a € N, we haverky, (¢q,r(Ny)) =r—R—1and, if x =ACF, and r > R+3,
then DMNT(QSU.,R(NT)) =1.

Proof. — Put Vp := Ling ) (er+1,- -, er). Then clearly (K(M),Vy) =
sT’_p. Let ap be the projection of a on V(NR) Then w — w — ag gives a
definable bijection between ¢, r(N,) and {v € V} : [v,v] = [a, a] — [ag, ao]}-
Hence the conclusion follows by Remark 3.8 (note that if * = RCF then
[a,a] — [ag,ap] # 0 as a ¢ V(Ng)). O

PRrROPOSITION 3.10. — Suppose M = Urew N, and X CV is a set de-
finable by a formula ¢(x, a) which is not contained in any finite-dimensional
subspace of V. Let R € w be minimal such that R > 4l(a)+1 and a C Ng.
Then there is d < 2l(a) + 1 such that for any r > R we have

tky (X NN,) =r—d.

By Fact 3.5, d does not depend on the choice of M and (N;.)rey,-
Moreover, if ¥ =ACF, and r > R+2 for R as above, then DM(X NN,.) =
DM(X N Npa).
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Proof. — By modifying N,’s for r < R (using Fact 3.2), we may assume
that a C Ny;(4). Choose an orthonormal basis (eg, e1,...) for M such that
N, = Ling (e, ..., e) for every r € w.

CLAIM 1. — There is d € {0,1,...,2l(a) + 1} such that for any r >
2l(a) + 1 we have rky, ((X\Nayq)) N N;) =1 —d.

Proof of the claim. — For any v € (X\Ny,)) N N, there is at least
one, and at most two vectors in ¢y, Ny, (Nai(a)+1) (as defined in Fact 3.7).
Namely, if v = vg + v where vg € Ny (,) and vy is orthogonal to Nyj(a),
then w must be of the form vy + v where v] € Ling () (e2i(a)+1) and
[v],v]] = [v1,v1]. Clearly there are two possibilities on such a v} in case
v1 # 0, and they are additive inverses of each other, and one such vector if
v1 = 0. Thus we have a definable surjection

foray1 + (X\Naia)) N Ny = (X \Nayay) N Nayay11/ ~

sending v € (X\Ny)) N N, to the at most two-element set
®v,Noy(ay (NV21(a)+1), Where ~ is the relation identifying vo +v1 with vg —v;
for vo € Nyj(q) and vy € Ling(ar)(€2(a)41). Put

l= rkNQl(a)+l (im(fgl(a)Jrl)) = rkNZl(a)+l ((X\NQl(a)) N NQl(a)Jrl/ N)

(~ above actually does not change the rank by Fact 2.5(4), as all ~-
classes are finite, and hence of rank 0). Clearly ¢ < 2I(a) 4+ 1. Now, for any
w € (X\Nay(a)) N Nay(a) 41 Wwe have that (f3;,)41) " ([W]~) = duw, Ny (V)
which, by Corollary 3.9, has rank r—2I(a)—1, and degree 1 when * = ACF,,
and r > R+ 2. Hence, by Fact 2.5(4) we get that

tky, (X\Ny@) "N,) =7 =2l(a) —1+t=r—d

for d .= 2l(a) + 1 —t. As t did not depend on r, neither does d, so we are
done. O

As XNN, = ((X\Ngl(a))ﬂNr)U(XﬂNgl(a)) and I‘k(XﬂNQl(a)) < 2l(a) <
r—d for r > 4l(a)+1, we conclude by Fact 2.5(2) that rky, (XNN,) =r—d
for every r > 4l(a) + 1.

Now assume that * =ACF, and r» > R + 2. We have RM((X\Nyq)) N
N;) > RM(X N Ny(q)), which, by Fact 2.5(7), implies that

DM(X N NT) = DM((X\NQZ(G)) N NT) = DM((X\NQl(a)) N N2l(a)+1/ N)
= DM((X\NQZ(G)) N NR+2) = DM(X n NR+2)

where the second and third equalities follow by Fact 2.5(9) applied to
f51(ay1 and to fg‘(tjﬂ, respectively. 0
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Remark 3.11. — Proposition 12.4.1 from [11] uses the claim stated in the
paragraph preceding it which says that for X and (N, ),c. as above (with
* =ACF)), then one has RMy, (X N N,) < RMy,,, (X N Npy1) + 1 for
every r. This is not true even if we assume that X is definable over N,.: for
example, if X = V\Ling(e1,...,e,), then RMy, (X N N,.) = RM(0) = —1,
but RMy,, (X N Npjq) =7+ 1.

r+1

Remark 3.12. — If [, -] is alternating rather than symmetric, then in the
setting of Proposition 3.10 we get that there is d < 2I(a) such that for any
R > 2l(a) for which a C Nap we have rky,, (X N Nog) = 2R — d and if
% = ACF,, then DMy, (X N Ny,.) =1 for any r > R. The argument is very
similar to that in the symmetric case: First, by Fact 3.2 we can find a sub-
structure N = T34y of N2g containing a with K(N) = K(M), so we may
assume that a C Nyj(q). Next, we choose (e;, fi)icw, such that (e;, fi)i<r is a
symplectic basis for Nap for every R and let 7w : Nag — Nyj(q) be the projec-
tion with respect to the basis (e;, f;);. Then for any R > [(a) we have that
XN Nap = (XN Nyy(a)) U((m(X N Nor) @Ling(ar) (€, fi)ia)<i<r)) \Nai(a))
has rank 2R —2l(a) +rk(7(X N Nar)) = 2R —2I(a) +rk(m(X N Na(i(a)+1)));
so we can put d = 2l(a) — rk(7(X N Ny((a)+1)), and the second assertion
follows as in the symmetric case.

Below we continue working with the symmetric case, the arguments in
the alternating case being virtually the same.

Having Proposition 3.10, the rest of the arguments from [11, Subsection
12.4] go through unchanged.

Fact/DEFINITION 3.13 ([11, Proposition 12.4.1, Corollary 12.4.2, Defi-
nition 12.4.3]). — Let X C V be non-empty and definable in Tw, over a fi-
nite tuple a. Then there exists d < 2l(a)+1 such that whenever M = | J& N,,
and R € w is such that a C N and R > 4l(a) + 1, then:

tky, (X NN,) =d foralln > R orrky, (X N N,,) =n—d for alln > R.

In the first case, we write Dim(X) = d and Codim(X) = oo, and in the
second case we write Dim(X) = oo and Codim(X) = d. In the first case d
can be chosen not greater than 2l(a).

Fact 3.14 ([11, Theorem 12.4.5]). — Let X be a definable subset of the
vector sort V. Then:

(1) Exactly one of Dim(X) and Codim(X) is finite.
(2) If ¢(z,y) is a formula with = a single variable, then there are for-
mulas without parameters (V¥ (y))new and (Xn(y))new such that,
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for each n € w, one has Dim(¢(x,b)) = n <= | ¥,(b) and
Codim(¢(z,b)) =n <= = xn(b).

(3) Dim(X) is finite iff X is contained in a finite-dimensional subspace
of V, and in this case rk(X) = Dim(X).

Remark 3.15. — It is clear from the above result that there are formu-
las 9an(y) and xan(y) such that Dim(¢(z,b)) € w <= = ¥aa(b) and
Codim(¢(z,b)) € w <= = X6n(b)-

4. Dimension on all definable sets

In this section, we define a notion of dimension of an arbitrary set defin-
able in T, and we study its properties. On definable subsets of V' it is going
to distinguish between infinite-dimensional sets of distinct codimensions, so
formally it is not an extension of Dim. Thus we are going to denote it by
dim rather than Dim to avoid confusion. We continue working in 7™ with
* € {ACF,,RCF}.

Let I = {f € (Z,4)¥ : f(n) = 0for almost all n € w} < (Z,+)“.
Consider the quotient group:

S = (Z,+)“/I.

For a function f : w — Z we will write [f] to mean f/I, and when f
is a given by a linear function over Z, i.e. there are dy,d; € 7Z such that
f(n) = do + din for every n € w, we shall identify f with the linear
polynomial dy + dyn in variable n. For example, [n] denotes the class of the
function g : w — Z given by g(n) = n for any n. Now put

Slin == {[do + dl’l’L] 2 dy,dy € Z} <S.
We will write [f] < [g] if f(k) < g(k) for almost all k¥ € w. For a partial

function f : w - Z with domain co-finite in w, by [f] we will mean [f] for
any f:w — Z extending f.

Remark 4.1. — (Syin, +, <) is an ordered abelian group isomorphic to
(Z X Za +7 <l61)~

We will write [f] < [g] when [f] < [g] but [f] # [g]-

DEFINITION 4.2. — Suppose X is a non-empty set definable in T over
amodel M = J; N;. Let fx a(n,)c. : W — Z be given by fx a(N,),c., =
rky. (X N N,) for each r. Put

dim(X) = [fx,m,(N,) o] €S-
We also put dim(f) = —1.
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In the alternating case we define dim(X) to be the class of the function

with respect to being equal except finitely many points. However, we will
see in Theorem 4.10 that the dimension of any definable set is given by a
linear function (both in the symmetric and the alternating case), so, having
Theorem 4.10, we can naturally identify dim(X) with an element of S,
also in the alternating case.

Remark 4.3. — By Remark 3.5, if X is also definable over M’ = J, N/,
then [fx ar,(n,),c.] = [fx, 007, (V7). )5 0 the definition of dim(X) is inde-
pendent of the choice of the model M and the approximating sequence
(N’I')T'EUJ'

We now aim to prove that the dimension of any set definable in 77
belongs to Sy, (so in particular the dimensions of the definable sets are
linearly ordered). This will be proved first for definable subsets of V* by
induction on k simultaneously with some other statements. In particular,
we define below a family of finite sets Dy ; C Sj;, which will turn out to
contain the dimension of any subset of V* definable over a set containing
at most [ vectors.

DEFINITION 4.4. — For any k,l € w put
[d0+d1n]:0<d1 <I€
Dy, = C Siin.
' and —di(2l4+1)—k(k—1)<do < (k—d1)2l+k(k—1)

The following property of the sets Dy, ; will be used in the inductive proof
of Theorem 4.10.

Remark 4.5. — Dy + D1 41 C Dy, for any I,k € w.

Proof. — Suppose [do+din] € Dy and [dj+din] € Dy ;. Then clearly
dy+d} <k+1and

—d1(20+1) —k(k—1) <do < (k—dp)2l + k(k—1)
as well as
—di(2k+21+1) <dj < (1—dy)(2k +20)
SO
—di(2l+1) —k(k—1)—d}(2k+ 21 + 1)
<do+dy < (k—d)2l+ k(k—1)+ (1 —dy)(2k + 21),
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which gives what we need, as

—di(2l+1) —k(k—1) —d}(2k + 20+ 1)
=—(d1+d}) 20+ 1) —2d1k — k(k — 1)
> —(dy+d})2l+1) — 2k —k(k—1)
=—(dy +d})2l+1) —k(k+1)

and, similarly, on the right-hand side:

(k —dp)2l + k(k — 1) + (1 — d})(2k + 21)
=(k+1—dy —d)2l+k(k—1)+ (1 —d})2k
<(k+1—dy —d)2+k(k+1).

Hence [do + dln} + [d6 + d’ln] = [do + d6 + (d1 + d’l)n] € Dy11,- O

DEFINITION 4.6. — Let o : w? — w be any function such that:

o a(k,l) > 2kl + 21+ 2k* + 1 for any k,l € w.
o alk+m,l) > a(k,l+m) and a(k+m,l) > a(k,l) for any k,l,m € w.

Clearly, such a function can be constructed recursively on k. We will say
that a definable set X C V* is nice, if X = () or for each a over which X
is definable one has dim(X) = [do + din] € Dy, j(q), and whenever M =
Urew Ney R > a(k,l(a)), and a C Ng, then we have

I‘kNR(X N NR) =dpy + di R.

In the above situation, we know by the definition of dim that if dim(X) =
[do + d1n] then the equality rky,, (X N Ng) = do + d1 R holds for sufficiently
large R, but the niceness property, saying that it holds for any R with
R > a(k,l(a)) and a C Ng, allows us to choose R uniformly when we
work with a uniformly definable family, which will be crucial in the proof
of Lemma 4.9(3) below.

Note that by Fact 3.13 we have that any definable X = ¢(€,a) C V is
nice: If Dim(X) = dy € w, then 0 < dy < 2I(a) and dim(X) = [dy], so the
inequalities —d; (2l(a) + 1) < dp < (k — dy)2l(a) are satisfied as d; = 0 and
k=1.If Codim(X) € w, then dim(X) = [dy + n] for dy = —Codim(X), so
dy =1 and —2l(a) — 1 < dy < 0, so again the required inequalities hold. In
both cases the equality rk n, (XNNg) = dp+d;i R holds for any R > 4l(a)+1
with a C Ng, hence for any R > «(1,1(a)), as a(1,l(a)) = 4l(a) + 1.

We will eventually see in Theorem 4.10 that all sets definable in T are
nice.
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LEMMA 4.7. — If[do+din], [dy+din] € Dy and [do+din] > [dy+din],
then do + dyr > d, + dir for any r > a(k,1).

Proof. — If dy = djj then dy > dj,, and the inequality is obvious, so as-
sume dy > dj. Then, by the inequalities in the definition of niceness we get:
do + dyr — (dgy + dyr)

=doy—dy+ (dy — d})r
> —dy(21+1) —k(k—1) — (k—d})2l + k(k — 1)) + (dy — d})a(k, 1)
= (d} — d1)2l — 2kl — dy — 2k(k — 1) + (d1 — d})a(k,1)
= (dy — d))(a(k,1) — 21) — 2kl — 2k(k — 1) — dy
> a(k,l) — 21 — 2kl — 2k? > 0,
so do + dir > diy + dyr. a

LEMMA 4.8. — If M = J» N, and 0 # X = ¢(M,a) for some formula
é(z;y), then X NN, # O for any r > 2l(zvy) such that a C N,.

Proof. — This is similar to the proof of Fact 2.10(1). Let ¢ € X and

put [ := l(a). We can find ey, ..., e, €y ,..., €, such that (er,...,e,) and
(e1,...,€21,€5 1, -.,€,.) are orthonormal sequences,

V(a) C Lingan (e, -, ea),

V(c) C Lingap(er, - - L €20, 1,5 €p)
and

V(Ny) = Ling () (er, - - ., €r).

Then letting f = idg(ary U F where F' is a K (M)-linear function sending

(€1,...,€21,€5 1,---,€) to (e1,...,e.), we see by quantifier elimination
that tp(f(c)/a) = tp(c/a). In particular, f(c) € X N N,. O
LEMMA 4.9.

(1) If X CY then dim(X) < dim(Y)
(2) If X1, Xo C V¥ are nice then

dim(X; U X5) = max(dim(X7), dim(X3)).

If additionally X1 and X, are definable over every tuple of param-
eters over which X is definable, then X, U X5 is also nice.

(3) Let m : V™ — V* be the projection on the last k coordinates
(where m > 1). Suppose X C VE+tm js definable and non-empty,
all sections X, = {x € V™ : (z,y) € X} with y € n[X] are
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nice and they all have same dimension s, and w[X] is nice. Then
dim(X) = s 4 dim(7[X]).

If additionally m = 1 then X is nice.

Proof.

(1). — Suppose X = ¢(C,a), Y =9(€,b), M = ., Ny and a,b C Ng
for some R € w. Then for any r > R we have X NN, C Y N N,, so
rky (X N N;) < tky, (Y N N,.) by Fact 2.5(1). Hence dim(X) < dim(Y).

(2). — Suppose X1 = ¢(€,a), Xo = (€, b), dim(X1)] = [do + din],
dim X, = [dy, + din], M = U, Nr, and R > a(k,max(l(a),1(b))) is such
that a,b C Nr. We may assume dim(X;) > dim(Xs). For any r > R we
have by Fact 2.5(2) that

tky, (X1 UX2) N N,) =rky, (N, N X71) U (N, N X3))
= max(rky, (X1 N N,), rky, (X2 N N;)),

which equals dy + dir for almost all » € w, and hence dim(X; U X5) =
[do + din] = max(dim(X), dim(X3)).

Suppose additionally that X; and X5 are definable over any tuple of
parameters over which X; U X5 is definable, and consider any ¢ such that
X1 UX> (so also X7 and X5) is definable over ¢. Then the above remains
true for any r > a(k,l(c)) with ¢ C N,.. For any such r, we know by niceness
of X7 and X, that rky, (X1NN,.) = do+dir and rky, (X2 NN,) = djy +d)r.
By Lemma 4.7 we have do + dir > df, + djr, so rky, (X7 U X2) N N,.) =
max(dg + dir,dj, + djr) = dyp + dyr, and hence X; U X5 is nice. Assume
X = ¢(€,a) and put | = l(a). Let dp,d; € w be such that s = [dy + din];
as the sections of X are nice, we have that [dy + din] € Dy, k1. Consider
any M = e, Nr, and r > a(k 4+ m, 1) with a € N,.. Put Y = n[X].

For any y € Y NN, we have (XNN,), = X,NN,, so, asr > a(k+m,l) >
a(m,l+ k) = a(m,l(ay)) and X, C V™ is a nice set definable over ay, we
get

I‘kNT((X N N,)y) =dy + dyr.

Note also that if y € ¥ = 7[X] then X, is a non-empty set definable
over ay, so as, r = a(k +m,l) > 2(k + m + 1), it must meet N, by
Lemma 4.8. Thus, Y N N, = 7[X N N,]. Hence, by Fact 2.5(4), we have
tky, (X N N,) = tkn, (Y N N,;) +do + dir. As Y is nice and r > a(k +
m,l) = a(k,l), we get that tky (Y N N,.) = df, + dyr for dj,,d} such that
dim(Y') = [dy +din] € Dy;. Sorkn, (X NN,) = do +df,+ (d1 +dj )r. Hence
dim(X) = [do + df, + (d1 + d})n] = s + dim(Y).
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If, additionally, m = 1, then dim(X) € Dg; + D1 g41 € Dr11, by Re-
mark 4.5, so X is nice. O

THEOREM 4.10. — We work in T .

(1) For any k € w, every non-empty definable subset of V* is nice. In
particular, dim(X) € Dy, ) for any X C V* definable over a finite
tuple a.

(2) Suppose k € w, © = (x1,...,x) where each x; is a variable of
the sort V', and y is an arbitrary tuple of variables. Then for any
formula ¢(x;y) over () and any s € Dy, the set

Do).s = {a € €: dim(¢(z;a)) = s}
is O-definable.

Proof. — We will prove (1) and (2) simultaneously by induction on k.

When &k = 1, we know that (1) and (2) both hold by Section 3.

Suppose now k > 1 and (1) and (2) are true for 1,2, ..., k. Consider any
formula ¢(z;y) over § with x = (x1,...,Try1), where each x; is a variable
of the sort V.

Consider any a € € compatible with y, and write X, = ¢(¢;a) C VF+1,
For b € V¥ put

Xpo =¢(C;b,a) C V.

For any s € D1 g4y let xs(22,...,2x41;y) be a formula over () such
that
= Xs(v2, s Vk1s W)
<— dim(¢(€;va, ..., V541, w)) = s for all vy, ..., V41, w € €,

(such a formula exists, as (2) holds for £k = 1). Put X,, = {b € V :
dim(Xp 4) = s} = x(€; a).

Then letting 7 : VF*1 — V¥ be the projection on the last k coordinates,
we have for each s € D1 y4y(y) and each b € X, , that dim((7]x,) (b)) =
dim(Xp,) = s and X;, is nice by the inductive hypothesis, as is X, 4.
Thus, by Lemma 4.9(3), we get that (m|x,) '[Xs,q] is nice. Now

Xo= | @lx) '[Xedl
€D kt1(y)

and (7| x,) '[Xs,q] is nice for each s € Dy 4(y), so by Lemma 4.9(2) we
conclude that X, is nice, which proves part 1 of the theorem for k + 1.
Lemma 4.9 gives us also that

dim(X,) = _max dim((rlx,)” [Xe)
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and
dim((7]x,) [ Xs.a]) = s + dim(Xs,q).
Hence, putting
I'= Dy pyigy) X Dy,
we get that for any a € € compatible with y we have

dim(¢(z1,...,zp41;0)) € {s+1t: (s,t) € I}.

So fix any (so,to) € I, and put I 1+, = {(s,t) € I : s+t =59+ to} and
I>80+t0 = {(S,t) el:s+t>sp —|—t0} Then

dim(¢(x1,...,2p4150)) = 50 + Lo

= \/ dim(xs(x2,...,Thy150)) =1
(s,t)€l=sg+to

A /\ —dim(xs(xe, ..., Try150)) =1

(Sut)el>so+t0

By the inductive hypothesis, for any (s,t) € I the condition

dim(xs(za, ..., Tr41;0)) =1t

is definable (in the variable a), so, by the above equivalence, the condition
dim(¢(x1,...,xxr1;a)) = So + to is definable as well. This proves that (2)
holds for k + 1. g

Remark 4.11. — If there is a definable bijection f between X C V* and
Y C V¥ then dim(X) = dim(Y).

Proof. — If X, Y and f are all definable over Ng, where M = [ J* N, and
R € w, then for any r > R we have that f[XNN,] C YNN, as dcl(N,) = N,
by Fact 2.10, so XNN,. C f~1[YNN,], and similarly f~![YNN,] € XNN,.
Hence

rky (X NN,) =rtky, (f 1Y N N,]) = tky, (Y N N,)
by Fact 2.5(3), so dim(X) = dim(Y). O

We now extend the definition of dimension to all sets definable in T.

DEFINITION 4.12. — If X is any set definable in T, so X C VF x
K™ for some k,m € w, then we let dim(X) = dim(X’), where X' is any
definable subset of V¥' for some k' € w for which there is a definable (with
parameters) bijection between X and X'. Such an X' always exists, as

we have a definable injection fj, ( : VFE x K™ — VF*L given by

elv-wem)
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fk7(el7,_,em)(v, al, ..., am) = (v,a1e1 + -+ + amen,), where (e1,...,en,) Is
any fixed linearly independent tuple of vectors from V.
Moreover, dim(X) is well defined by Remark 4.11 above.

Now we summarise the properties of dim following from what we have
proved so far.

COROLLARY 4.13. — We work in T

(1) dim is 0 definable.

(2) If X CY are definable then dim(X) < dim(Y").

(3) dim(X; U X3) = max(dim(X;),dim(X3)) for any definable X, and
Xo.

(4) If f : X — Y is a definable surjection such that dim(f~(y)) = s
for each y € Y, then dim(X) = dim(Y) 4+ s unless Y is empty.

Proof.

(1). — Consider any formula ¢(z,y; z) where x is a variable of the sort
Vk and y is a variable of the sort K™, and any s € Sy,. Let 2’ be a variable

of the sort V**! and put
7/)(37/; Zy€1y ey em) = (IL’/ S im(fk,(el,...,em)) A (b(f];(lel

o (@):2)),

where e1, ..., e, are some linearly independent vectors from V. By Theo-
rem 4.10(2) there is a formula xs(z,e1,...,e,) such that, for any z,

,,,,,

Exs(z,e1,...,6m) < dim(y(2';z,e1,...,6m)) = s
— dim(¢p(z,y;2)) = s.

As this holds for any linearly independent vectors ey, ...,€e,,, we may re-
place the formula x,(z, €1, ..., en) by the L(0)-formula

Ty oo Om (V15 U0m) A Xs (2,01, -0, Um))
(2). — Suppose X CY CV¥*x K™. Then
fk,(el,...,e,,,L)[X] C fk,(el,...,em)[y}v

S0
dim(X) = dim(fi, (e; ,....e) [X]) < dIM(fr (ey .. e [Y]) = dim(Y)

by Lemma 4.9(1).

(3). — This follows by Lemma 4.9(2) using the injection f (e, ... e.)
again.
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(4). — As any subset of V¥ x K™ is in a definable bijection with a
subset of V¥ x K™ for any k' > k,m/ > m, we may assume (by modifying
X, Y and f) that there are k and m such that X, Y C V¥~ x K™ Then
applying fi—1 (e,,....e,,) We may assume X,Y C VE. Put

Z ={(z,y) e X xY :y= f(x)},

andlet 1 : X XY — X and 5 : X XY — Y be the projections. Note that
dim(X) = dim(Z) as m|z : Z — X is a definable bijection. Moreover, for
any y € Y we have X, = f~!(y) has dimension s. Thus, by Lemma 4.9(3)
we have dim(X) = dim(Z) = dim(m2[Z]) + s = dim(Y") + s. O

Note the above properties correspond to the main properties of Morley
rank in strongly minimal theories (and of the topological dimension in RCF)
listed in Fact 2.5. However, a major difference is that the set of values of
dim is not well ordered. Nevertheless, if we work with a fixed finite tuple of
variables and a fixed finite tuple of parameters, the set of possible values
of dim is finite.

Remark 4.14. — If X C V* is definable in T then dim(X) € w if and
only if X C (Vp)* for some finite dimensional K (€)-linear subspace Vj
of V. Moreover, if these equivalent conditions hold and * =ACF, then
dim(X) = [RM(X)].

Proof. — The implication from right to left follows from Remark 3.6.

Assume dim(X) = [d] € w. Then, for each i € {1,...,k}, the projection
7;(X) of X on the i-th coordinate must have finite dimension (bounded by
d), so, by Fact 3.14(3), there is some finite dimensional V; < V such that
7(X) C V;. This means that X C (%;V;)* so we can put V; == %;V;.

The “moreover” clause now follows by Remark 3.6 again. O

Finally, we define the dimension of a type. As the set of values of dim in
T is not well ordered, in general we need to use its Dedekind completion

Slin~

DEFINITION 4.15. — Let 7(x) be a partial finitary type (i.e. x is a finite
tuple of variables) in T over a set A. We put
dim(7(x)) == inf dim(¢(x)) =

m(@)-o(r) L) r@r o T € Sin

(the two infima are equal by Corollary 4.13(2), as any formula implied by
7(x) is implied by a conjuction of finitely many formulas from 7(z)). Note
that dim(w(x)) € Sun if A contains only finitely many vectors, as in this
case the dimension of any formula in x over A belongs to the finite set

Dia),i(a)-
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PROPOSITION 4.16. — Let 7(x) be a partial finitary type in T over
A. Then there exists p(z) € S(A) with dim(p(z)) = dim(7(z)).

Proof. — Put
po(x) = 7(z) U{=¢(z) € L(A) : dim(¢(x)) < dim(mw(x))}.

We claim that po(x) is consistent. For if not, then there is a finite my(z) C
m(x) and formulas ¢1(z), ..., ¢,(z) such that dim(¢;(x)) < dim(w(x)) for
every i and A mo(z) A (A\;¢;<, ~¢i(z)) is inconsistent. Then = A mo(z) —
Vicicn ®i(2). But, by Lemma 4.9(b),

dim(mp) = dim (/\m))/\ \/ ¢i(x)

1<i<n

= ax, dim (7o A ¢i(z)) < dim (7(x)),

which is a contradiction.
Hence pg is consistent, and we can take p to be any completion of pg. O

Notation 4.17. — For s,s" € Sj;, we will write:
o s~sifs—s e€{[d:deZ},
e s<sifs~s ors<éd,
e sk s ifs<s and ~(s~ ).
DEFINITION 4.18.
(1) We write dim(a/b) to mean dim(tp(a/b)). By the discussion in Def-
inition 4.15, if a and b are finite, then dim(a/b) € Sy,.
(2) If X is a set (type)-definable over a and b 2 a, then we say that an

element ¢ € X is generic [quasi-generic] in X over b if dim(¢/b) =
dim(X) [dim(¢/b) ~ dim(X)].

By Proposition 4.16, for any X definable over a and any b O a there
exists a generic in X over b (in some model of T containing b). If b is
finite, then such a generic can be found in €, as we are assuming that € is
Ng-saturated.

5. Lascar’s equality and the connection between dim and
dimLin

The following additivity property is an analogue of Lascar’s equality,
which holds, for example, for Morley rank in strongly minimal theories (and
more generally, for Lascar U-rank assuming the the ranks in the statement
are finite).
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ProposITION 5.1 (Lascar’s equality for dim). — If a,b,c € € are finite
tuples, then dim(ab/c) = dim(a/bc) + dim(b/c).

Proof. — First, we will show that dim(ab/c) > dim(a/bc) + dim(b/c).
Consider any formula ¢(z,y) € tp(ab/c). Then ¢(z;b,¢) € tp(a/be), so
s = dim(é(z;b,¢)) > dim(a/be). Now, by Corollary 4.13(1) there is a
formula x(y; ¢) over ¢ such that

 x(d50) = dim(@(z; ;) = s
for any d compatible with y. Then x(y;c) € tp(b/c), so t := dim(x(y;¢)) >
dim(¢p(b/c)). Now, by Corollary 4.13(4) applied to ¢(z,y;c) A x(y; ¢) and
the projection on the y-coordinate, we get that
dim(é(z, y; ¢)) = dim(gp(z, y;¢) A x(y;¢)) = s+t > dim(a/be) + dim(b/c).
This shows that dim(ab/c) > dim(a/be) + dim(b/c).
Now, choose a formula ¥ (z; b, ¢) € tp(a/bc) such that
s = dim(y(z; b, c)) = dim(a/bc).
Again by Corollary 4.13(1), there is a formula x(y; ¢) over ¢ such that
= x(dic) <= dim(¢(z;d,c)) = s
for any d compatible with y. Clearly x(y;c) € tp(b/c) so if we choose
E(y;¢) € tp(b/c) such that ¢’ == dim(£(y; ¢)) = dim(b/c), then we also have
x(y;¢) NE(y; ¢) € tp(b/c), hence dim(x(y; ¢) A&(x;¢)) = . Now applying
Corollary 4.13(4) to the formula
8(z,y;¢) = ¥(z,y;¢) Ax(y;e) AE(ys o)
and the projection on the y-coordinate, we get dim(6(z,y;¢)) = s +1t'. As
0(z,y;¢) € tp(ab/c), we conclude that dim(ab/c) < s’ +t' = dim(a/bc) +
dim(b/c). O

PROPOSITION 5.2. — If a,b are finite tuples and dim(a/b) = [dy + din],

then d; is equal to the linear dimension dimp;, (a/b) of V(a) over V(b), that

is, the size of a maximal subset of V(a) which is K-linearly independent
over Ling (V' (b)).

Proof. — Put [ := dimp;,(a/b) and let (aq,...,ax) be all vectors in a,
and let (c1,...,¢n,) be all scalars in a. We may assume (ag,...,q;) is a
maximal subtuple of ¢ which is K-linearly independent over Ling (V' (b)).
Write V(b) = {b1,...,b,}. Let ¢(x1,...,2x) be a formula over b express-
ing that x;41,..., 2, € Ling(V(b),21,...,2;), and let f : ¢(€) x K™ —
Vix K™ x K#=DU+P) he a map sending a tuple (21, ..., 2k, Y1, .- Ym) t0
(1, oy T Y1, - -+ Ym, A) where A is an (I 4 p) x (k — [)-matrix such that
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A(x1y ..oy, b1y bp)T = (241, ..., 2). Then f is a b-definable injection
of ¢(€) x K™ into V! x K™tE=DU+P) As (ay,...,a1) = ¢(z1,..., 1), we
get

dim(a/b) < dim(¢(€) x K™)

<
< dim(V! x KmTE=0EEP)Y = [ 4 (k= 1)(1 4 b) + In).

This shows that dy < I = dimp,;,(a/b).

It is left to prove that d; > dimpi,(a/b), which we do by induction
on dimpy(a/b). If dimpiy(a/b) = 1 then dim(a/b) > dim(ay/b) and ay ¢
Ling (V (b)) so dim(aq/b) is infinite by Fact 3.14(3), i.e. d; > 1. For the
inductive step, assume dimp,(a/b) = [+ 1 and (without loss of generality)
that (ai,...,a;4+1) is K-linearly independent over Ling (V' (b)). By the in-
ductive hypothesis, dim(ay,...,a;/b) 2 [In] and dim(a;4+1/bay,...,a;) 2
[n], so by Lascar’s equality we get dim(a/b) > dim(ai,...,a;4+1/b) =
dim(aq,...,a;/b) + dim(a;41/bay, ..., a1) 2 [(I + 1)n], as required. O

COROLLARY 5.3. — For any finite tuples a,b,¢ we have dim(a/b) ~
dim(a/bc) if and only if Ling (V (ab)) N Ling (V(be)) = Ling (V (b)).

Proof. — If Ling (V' (ab)) N Ling (V(bc)) = Ling(V (b)) then any tu-
ple (a1,...,aq) of elements of V(a) which is K-linearly independent over
Ling (V (b)) is also linearly independent over Ling (V (be)), so dim(a/b) ~
dim(a/bc) by Proposition 5.2.

Conversely, assume dim(a/b) ~ dim(a/bc) and let (aq,...,aq) be a max-
imal tuple of elements of V' (a) which is K-linearly independent over V (bc).
By Proposition 5.2 and the assumption, (aq,...,aq) is also maximal K-
linearly independent over V'(b). Hence, any element of Ling (V(ab)) N
Ling (V (b)) is of the form

Zaiai +bi =0

i<d
for some o; € K, by € Ling (V/(b)), and ¢ € Ling (V(be)), so >,y ia; =
c1 — by € Ling(V(be)). As (ai1,...,aq) is linearly independent over

Ling V' (be), we get that Zigd a;a; = 0and X,¢qoa,4+b = by € Ling (V (D).
Thus,
Ling (V(ab)) N Ling (V(be)) = Ling (V (b)). O
6. Finiteness of multiplicity and its consequences

In this section we will define multiplicity of a set definable in T, in
analogy with Morley degree and we will prove that the multiplicity of any
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set definable in Tt is finite. We will deduce that any group interpretable
in T, which has finite Morley rank is definable in T,,, and hence is an
algebraic group over K (we will also prove an analogous result for TRCF),
as well as some other consequences of finiteness of multiplicity, including
definability of generic types in Txo.

DEFINITION 6.1. — Let X be definable in T,,. We let the multiplicity
of X, written MIt(X), be the maximal number m € w such that there are
pairwise disjoint definable sets X1,...,X,, with X; C X and dim(X;) =
dim(X) for eachi € {1,...,m} if such a number m exists, and co otherwise.

PROPOSITION 6.2. — We work in Tw.

(1) If X CY and dim(X) = dim(Y") then MIt(X) < Mlt(Y).

(2) If dim(X,) < dim(Xs), then MIt(X; U X5) = MIt(Xy).

(3) If dim(X;) = dim(Xs3) = s then Mtl(X; U Xy) < MIt(X;) +
MIt(X5), and equality holds when dim(X; N X3) < s.

(4) If f : X — Y is a definable function such that MIt(Y) = m € w
and there are s € Sy, and m’ € w such that dim(f~1(y)) = s and
MIt(f~1(y)) < m’ for every y € Y, then MIt(X) < mm/.

(5) If dim(X) € w then Mlt(X) = DM(X).

Proof. — (1), (2), and (3) follow easily from the definition of Mlt and the
properties of dim (Corollary 4.13) and (5) follows from Proposition 4.14.

Let us prove (4). Let Y1,...,Y,, be sets partitioning Y with dim(Y;) =
dim(Y). By (3) applied to the sets f=1[Y7],..., f~![V;,] we may assume
that m = 1 and Y; = Y. Suppose for a contradiction that there are
pairwise disjoint X1,..., Xpm41 € X with dim(X;) = dim(X). For each
i€ {l,...om' +1}put Z; = {y € Y : dim(f~(y) N X;) = s} C Y.
Then each Z; is definable by Corollary 4.13(1) and dim(Z;) = dim(Y)
by Corollary 4.13(4) applied to f and to f|x,. As Mlt(Y) = 1, using in-
duction and (2) we easily get that dim(;c(y, i1y Zi) = dim(Y). In
particular, there exists y € ﬂie{l,...,m’+1} Z; and we have that (f~1[y] N
Xi)ief1,...,m'+1} are pairwise disjoint subsets of f~1(y) of dimension s, a
contradiction to MIt(f~1(y)) = m'. O

THEOREM 6.3. — We work in T,,.

(1) For every formula ¢(x;y) over () there exists my(y,) € w such
that for every R € w and every N = Tg containing a we have
])h/[]\]((b(g7 a) N N) < m(z,(m’y)

(2) Every formula in Tw, has finite multiplicity.
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Proof. — Using the functions fge,,. . ., (see Definition 4.12), we may
assume that x is a tuple of k vector variables for some k € w. We will now
prove the statement by induction on k.

For any fixed Ry € w, by quantifier elimination in Tr, and Fact 2.5(6)
we easily get a bound on DMy (¢(€;a) N N) with a C N = T, depending
only on ¢(z;y) and on Ry. Also, we know by the proof of Proposition 3.10
that if dim(¢(¢;a)) € w then ¢(M,a) C Ny(q) for some M = |J; N,
with a C Nyj(q). Hence we may restrict ourselves to considering only R >
a(l(z),l(y)) and a such that dim(¢(€;a)) ¢ w.

First, assume k = 1 so z is a single vector variable. If R > «(1,1(y))
(so R > 4l(a) +3), a € N = Tr and Dim(4(€;a)) ¢ w, then by Propo-
sition 3.10 (with R there equal to 4l(a) + 1 here), DMy (¢(€;a) N N) is
equal to DM/ (¢(€;a) N N') for any N’ |= Tyq)+s containing a with
K(N) = K(M) and N’ C N. This, in turn, is bounded independently
from a and N by quantifier elimination in Tyi(a)+3 and Fact 2.5(6), which
completes the proof when k = 1.

Now, assume that & > 1 and we have numbers my(q,, . 2;:y)
satisfying the assertion for each ¢(xq,...,2;;y) with zq,...,2; being
single variables of the sort V and i < k. Consider any ¢(z;y) with
x = (x1,...,%k+1), where each x; is a single variable of the sort V. As
every definable set is nice, there are at most D := | Dy j1(y)| possibilities
51,.+,8D € Dy i) on tk(@(z1;v2, .., Vg1, w)) for va, ... vpr1,w € €
with ¢(z1;v2, ..., 0641, w) # 0. For each i < D let xq, (wa, ..., Tkt1,y) be
a formula over () such that

E xs, (Vo o g1, w) <= dim(p(x1;v2, ..., Vkt1, W) = S;.
Put
Me(x1,...Thr1sy) — Z(m¢(m1;m2 ..... zpt1,y) Mxs, (22, zk+1;y))
i<D

(the numbers on the right-hand side are already defined by the inductive
hypothesis). Consider any R > a(k + 1,1(y)), N = Tg, and a C N com-
patible with y. As a(k + 1,1(y)) > a(1,k 4+ I(y)), for every i < D there is
t; € w such that for every vg,...,vp41,w € N, if = xs, (v2, ..., vpp1, W)
then RMy (¢(€; v, ..., V41, w) N N) = t;.

Let m : VF*1 — V¥ be the projection on the last k coordinates. Put
X = ¢(€;a) and X, == X N7 L[y, (€;a)] for each i < D.

By Lemma 4.8 we get (as in the proof of Lemma 4.9(3)) that [ X, NN]| =
[ Xs,] NN = x5, (€;a) N N. Also, for any va,...,vp41 € 7[(Xs, N N)| we
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know that

DM((7 ) v, Vke 1))
=DM(N Nrlx,, " (v2,.. ., Vks1))
:DM<N0¢(¢7 ’U27...,’Uk+1,a)) < md,(zl;mz ..... zk+1,y)'

Thus, by Fact 2.5(8) and by Fact 2.5(9) applied to the functions 7|x, nn
we have

DMy (X NN) <Y i < DDMy(X,, NN)

< Z(m¢(I1;I2,...,Ik+1,y)DMN(XSi (Q; a’) m N))
i<D

< Z(qu(xl;arg,...,ackJrl,y)mxsi(gcQ,...,xk+1;y))»
i<D

as required. This completes the induction.

Let’s now prove (2). Choose M = |Ji N, containing a. Let m = mgy(yy)
be the number given by (1). We claim that Mlt(¢(x, a)) < m. If not, then
there exist pairwise disjoint sets Xi,..., X;nt1 C ¢(M,a) =: X definable
in M over some finite b C M. Let R > «a(I(z),l(ab)) be such that each
X; is definable over Nz and ab C Ng. Then, as X and all X;’s are nice,
we have RMy,(X; N Ngr) = RMpy, (X N Ng) for every i < m + 1, so
DMnp, (X N Ng) > m, which contradicts the choice of m. O

COROLLARY 6.4. — If G is a group definable in T} and H <G is a
definable normal subgroup such that dim(G) — dim(H) € w, then G/H is
definably isomorphic to a group definable in T7 of finite dimension.

Proof. — Put d := dim(G) — dim(H) € w. Let a be a finite tuple over
which H and G are definable in a variable z, and choose M = [J N, and
R > a(l(z),l(a)) such that a € Npg. Then, by niceness of H and G, we
have rky, (G N N,) =1ky, (H N N,) +d so tky ((GNN,)/(HNN,)) =d
for every r > R. Note that H N N,. <G N N,. for every r > R as each N, is
dcl-closed.

CrLAmM 1. — There is 1y > R such that for every r > ry the definable
embedding of groups

hror: (GN Ny )/(HNN,,) = (GNN,)/(HNN,)
given by g(H N N,,) — g(H N N,) is surjective.

Proof of the claim.
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Case 1: * = ACF,. — By Theorem 6.3 we know there is m such that
DMy, (GNN;) < m for every r € w, so also DMy, ((GNN,)/(HNN,)) <m
for any r > R by Fact 2.5(9). If b, ;41 is not surjective for some r > R, then
hrr+1[(GNN)/(HNN,)] = (GNN,)/(HNN,41) is a proper subgroup of
the group (G N Nyy1)/(H N Nygq) of the same dimension d, so

DMy, ((GNN;)/(HNN;)) =DMy, ,,((GNN,.)/(H N Nyy1))
< DMy, ,((GNNyy1)/(H N Npy1)),

so, by boundedness of DMy, ((GNN,)/(H N N,)) (by m) there is o > R
such that for every r > 7y the embedding h,,41 is surjective, and so is
hrg,r = hrfl,rhrfzrfl cee hro,ro+1~

Case 2: x = RCF. — We claim that ry := R works. For any r > ro we
have that dim;((GNN,.)/(HNN,)) =d = dim((GN Ng)/(H N Ng)) =
dim((GN Ng)/(H N N,)), so, by Fact 2.5(0) and (4), the index

[(GAN,)/(HNN,): (GANR)/(HNNg)] = [GNN, : (GNNg) - (HNN,)]

is finite. Note that the group G N Ng normalises H N N, so Gy = (G N
Ng)-(HNN,)={z-y:2 € GNNg,y € HNN, } is a definable subgroup of
GNN,.. Now for any g € GNN, the coset gGy € (GNN,.)/G is algebraic in
N, over Ni. As RCF eliminates imaginaries and algebraic closure coincides
with definable closure in RCF, this implies that the coset g- Gy is definable
over Ng, hence also over IN,,. Also, g - G is definable over a,g, so, as
ro = 4l(z) + 2{(a), we get by Lemma 4.8 that g- Gy N N,, # (. This shows
that h,, , is surjective, which completes the proof of the claim. O

By the claim, for every g € G(M) there is ¢’ € GN N,, with gH = ¢'H.
As M < €, we must also have that for every g € G(€) there is ¢’ €
G N Ling(¢)(Ny,) with g/H = ¢'/H, so

G/H = (GmLIDK(Q:)(NTO))/(HﬂLan(g)(NTO))

is definable in K (€) (by elimination of imaginaries in K'), and hence it is
definable in € and has finite dimension. 0

Remark 6.5. — If X is definable in T, and F is a definable equivalence
relation on X such that RM(X/E) < w (in € expanded by the sort X/E
and the quotient map X — X/FE), then for every s € Sy, for which there
is x € X with dim(zg) = s we have dim(X;) — s € w, where X; = {x €
X :dim(zg) = s}.

Proof. — Put | :== RM(X/E), and let M = J;.,, N, with X and F
definable over some finite b C Ny for some R > a(l(x),l(x) + (b)), where
x is a variable in which X is definable. If dim(X;) = [dp 4+ din] and s =
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[df + dyn], then for every r > R we have dim(zg) NN, = d{, + d}r for each
x € X N N, by niceness of the zb-definable set zg. But, as RMy, (X5 N
N,/E) < RM(X/E) = I, we get by Fact 2.5(4) applied to the quotient map
Xs NN, = (Xs N N,)/E that

RMy, (Xs N N;) =dy + dir + RMy, ((Xs " N,)/E) < 1+djy + dyr,

(note (XsNN,)/E is definable in N, by elimination of imaginaries in ACF},).
This shows that dim(X,) < [dy +din+ ] =s+1,sodimX; —s<l. O

COROLLARY 6.6. — Let G be a group definable in T} and let H<G be
a definable normal subgroup. Then, the following are equivalent:

(1) dim(G) — dim(H) € w.

(2) G/H is definably isomorphic to a definable in T group of finite
dimension (hence to an algebraic group over K if x =ACF,, and to
a semialgebraic group over K if x = RCF).

If x =ACF,, then these conditions are also equivalent to:
(3) RM(G/H) < w.

Proof. — (1) implies (2) by Corollary 6.4. (2) implies (3) by Remark 4.14
and it implies (1) as well by Corollary 4.13(4) applied to the quotient
map G — G/H (where we identify G/H with a definable group definably
isomorphic to it). (3) implies (1) by Remark 6.5 applied to the equivalence
relation F on G given by: F(g,¢') < gH = ¢'H. O

From finiteness of multiplicity in T.,, we also conclude definability of
generic types.

PROPOSITION 6.7.

(1) Let X be definable in T, over a model M. Put m = Mlt(X). Then
there are exactly m complete generic types in X over M.

(2) Let M = T and let p(x) € S(M) be such that dim(p(x)) € Siin.
Then p(x) is definable. Hence, each generic type in every definable
set is definable.

Proof.

(1). — Suppose first that there are m + 1 distinct generics
Dls-sPmt1 € S(M) in X. Let ¢(x) be a formula over M defining the set
X. Choose pairwise inconsistent formulas ¢;(x) € p; for i < m + 1. Then,
as ¢;(z) A ¢(z) € p; for each i, we must have dim(¢;(x) A ¢(z)) = dim(X)
as each p; is generic in X. This shows that Mlt(X) > m, a contradiction.

On the other hand, by definability of dim (Corollary 4.13(1)) we can find
pairwise disjoint X1, ..., X;, C X definable over M with dim(X;) = X for
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each ¢, and choose a generic p; € X, for each ¢. Then p;’s are pairwise
distinct generics in X.

(2). — As dim(p(x)) € Sin, we can choose ¢(z) € p(z) such that
dim(¢(x)) = dim(p(z)).

By definability of dim there are formulas ¢;(x),..., ¢, (x) over M of di-
mension dim(¢(z)) which partition ¢(z), and one of them must belong to
p(z). So we may assume MIt(¢(z)) = 1. Now consider any formula ¢ (z;y).
Then for any a C M compatible with y we have that ¥(x,a) € p(z) iff
dim(1(z; 0)AG(x)) = dim(¢(z)): 1 $(z, 0) € p(x) then ¥(z; a)Ad(2) € p(x)
so dim(¢(x; a) Ap(x)) = dim(p(x)); conversely, if the latter holds, then the
generic type in ¥(z;a) A ¢(x) over M is also generic in ¢(z), so is equal to
p(z) by (1), as Mlt(¢(z)) = 1. Thus ¥ (z;a) € p(z).

As the condition dim(¢(z;a) A ¢(x)) = dim(p(x)) is definable by Corol-
lary 4.13(1), we get that p(x) is a definable type. O

7. Definable groups and fields

In this section we will prove our main results about groups and fields
definable in T7 . Let us start with some examples. Clearly, any algebraic
group over the field of scalars K is definable in T,, and any semialgebraic
group over K is definable in TRCF. Another class of examples is obtained
from the natural actions of linear algebraic groups over K on Cartesian
powers of the (infinite-dimensional) vector space V:

Example 7.1. — Let M = (V, K) be a model of T and k € w.

(1) Suppose H < GLi(K) is a linear algebraic group. Consider the
semidirect product G = V* x H, where the action of H on V*
is induced by scalar multiplication. Then G is definable in M in a
natural way, with its universe being a definable subset of V¥ x K k?
consisting of pairs (v, A) with v € V¥ and A € H.

(2) Let (G,-) be the Heisenberg group of [, -], that is, G =V x V x
K and (v,w,a) - (V,w',ad') = (v+v,w+w,a+a + [v,w]) for
(v,w,a), (v, w',a’) € G. Then (G, -) is definable in M (in an obvious
way).

We say a definable group G is connected if it has no definable subgroup
of finite index.

Remark 7.2. — Every group definable in T, has a connected component,
that is, a definable connected subgroup of finite index.
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Proof. — Let M be a model over which G is definable. By Proposition 6.7
there are only finitely many generic types in G in S(M). Let p1, ..., pm be
all of them. Then for any i < m and g € G(M) we have that g - p;(z) =
{p(g7 1) : ¢p(z) € pi(x)} € S(M) is also a generic in G, so G acts naturally
onps,...,pm- Let Gy be the kernel of this action. Now, if we choose pairwise
inconsistent ¢;(z) € p;(x) of dimension dim(G) and multiplicity 1, then
Go = {9 € G : \,dim(¢;(z) A ¢i(¢7" - )) = dim(G)} (cf. the proof of
Proposition 6.7), so Gq is definable by Corollary 4.13. As [G : Gy] < w,
we must have dim(Gp) = dim(G). Now only one of the types pi,...,pm
contains the formula “x € Gy”, as otherwise we would have some g; €
GoNg;(M) and g; € GoNeg;(M) for i # j, so gig;1~pj = p;, a contradiction,
as gig;1 € Gy. Hence Gy has only one generic type, and so MIt(Gp) = 1
by Proposition 6.7. This clearly implies that GGy is connected. O

By a [semi] algebraic group in our context we mean a group interpretable
in T% which is definably isomorphic to a [semi] algebraic group over the
field of scalars K. Thus, for example, although the group (V,+) might be
abstractly isomorphic to the group (K,+) in a particular model (K,V) |
Tso, it is not an algebraic group in our sense, as there is no definable
bijection between V' and any set definable in K. Accordingly, we say that
a definable group G is ([semi] algebraic-by-abelian)-by-[semi] algebraic, if
there are definable N <« G and Ny <« N such that Ny and G/N are [semi]
algebraic and N/Nj is abelian.

Let g, h € G where G is a group. We will usually write the product of g
and h as gh omitting the multiplication symbol. To avoid confusion with
a pair, below we will use commas in tuples. By g" we mean the conjugate
hgh~! of g by h, and by [g, h] we mean the commutator ghg=*h~! of g and
h. By G’ we denote the commutator subgroup of G, that is, the subgroup
of G generated by the set {[z,y] : z,y € G}.

THEOREM 7.3. — Let G be a group definable in T} . Then G is
(algebraic-by-abelian)-by-algebraic when * =ACF,, and (semialgebraic-by-
abelian)-by-semialgebraic when x =RCF.

Proof. — Let G be a group definable in T, [or in TRF] over some
finite tuple a. We may assume that G C V* for some k € w and that a is
a subtuple of any element of G.

Put

N ={z € G : dim(Cg(z)) ~ dim(G)}.

CLAIM 1. — N <G and N is a-definable.
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Proof of the claim. — First, we show that N is a subgroup of G. Take
any g1,92 € G. Let M = J?., N, and R € w be such that g, g2,a C Ng.

rew

Consider any r > R. Note that Cg(g1) N N, = Cann, (91) and Cg(g2) N
N, = Cgnn, (g2) are both subgroups of the group GN N, < G, as N, is
definably closed by Fact 2.10(2). Hence (G N N,)/(Ca(g1) N Ca(g2) N N,)
embeds N,-definably into ((GNN;)/(Ca(g1) N Ny)) x (GNN;)/(Calg2)N
Ny)) by

9(Cc(g1) N Ca(g2) N Ny) = (9(Ca(g1) N Ny), 9(Ca(g2) N Ny)).

So
rky, ((GNN;)/(Calgr) N Calg2) N Ny))

< rky, ((GNNy)/(Calgr) N Nr)) + 1k, (GO N;)/(Calg2) N Ny)).
By Fact 2.5(4) applied to the corresponding quotient maps, this means that
I'kNr(G N Nr) — I"kNT (Cg(gl) N CG(QQ) N NT)
< rky, (GNN,) —tky, (Ca(g1) NN,) +tky, (GNN,.) —tky, (Ca(g2) NN,.).
As this holds for any r > R, we get that

dim(G) — dim(Cg(g1) N Ca(g2))
< dim(G) — dim(Cg(g1)) + dim(G) — dim(Cg(g2)) € w.

As Cg(g1 - g2) 2 Ca(g1) N Ca(gz), we conclude that dim(Cg (g1 - g2)) ~
dim(G), so g1 - g2 € N and N is a subgroup of G. Also, for any g € G
and h € N we have that dim(Cg(h9)) = dim((Cg(h))?) = dim(Cg(h)),
as (Cg(h))? and Cg(h) are in a definable bijection. This shows that N is

normal in G. Finally, N is a-definable by Corollary 4.13(1). O
Let h be a generic in G over a and let g be a generic in G over a, h.
Write h = (wyq,...,wg) and ¢ = (Wgt1, ..., wak) (where w; € V for each
i < 2k). Let jq,...,5 € {1,...,2k} be such that w;,,...,w; is a basis of
W = Ling (w1, ..., wq) over K.
For any © = (v1,...,v,) € G there are iy,...,i,, € {1,...,k} such
that (vi,,...,v;,,,wj,,...,wj) is a basis of Lin(W,v1,...,v;). As this is

expressible by a formula ¢(x) with parameters h,g and there are only
finitely many possibilities on the tuple (i1, ...,%m) € {1,...,k}™ (withm <
k), by Corollary 4.13(3) there must be some such tuple for which the set

X {CE: (V1,..., k) EG:(vm...7v¢m7wj1,...7wﬁ)}

is a basis of Ling (W, vy,...,vg)
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is generic in G. We may assume (i1,...,%,) = (1,...,m). Notice that for
any = (v1,...,v;) € X we have
gz € del(x, g, h) C Ling (wi,, ..., Wi, V1, -+, Um),

so we can define a function let f : X — KF(U+™) guch that for every
T = (vl,...,vk) e X
if f(x) =Y = (1/1,}/2) with Y] € Mlxk(K),)/g S mek(K)
then gl‘h = }/1 . (wil, T ,U}il)T + YQ . (’Ul7 e ,’Um)T.

As f is a definable function and dim(im(f)) < [k(I + m)], by Corol-
lary 4.13(4) there must be some C = (Cy,Cy) € K*(+™) guch that

dim(f~1(0)) ~ dim(G).
Then for z = (v1,...,v;) € f1(C) we have
gr" =C1 - (wiy, ..., w;,) +Co- (v1,...,0m).

By Lemma 4.16 we can choose g1 € f~(C) such that dim(g;/C, h, g,a) =
dim(f~1(C)) ~ dim(G), and g5 € f~1(C) such that dim(g2/C, h, g, g1,a) ~
dim(G). Write g1 = (v1,...,vx) and g2 = (v],...,v}). So

gg? = Cl : (wilﬂ"'awil)T +CQ : (vla"'avm)T

and

ggg:cl'(wi1a-~-awil)T+02'(Ui""’vl )T'

m

Sot =01 (w,...,w,)T =gght —Cq- (v1,...,vm)T €dcl(g1,99% C,a),
hence

ggg =t+ CQ ! (vlla N 7U;n)T € dcl(ghgg?ug% 07 CL).
Thus,
(91 '92)" = (991) " 995 € del(g1, 99", 92, C, a).
So, choosing h; to be a generic in tp(h/g1,9g%, g2,C,a) over
ha ghggilﬂ 92, Ca @, We get
(911 92)" = (g7 'g2)",
hence

g7 go € Ca(hyth).

Cram 2. — dim(hy*h/g7 g2, a) ~ dim(G).
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Proof of the claim. — By Lascar’s equality (Proposition 5.1) we have
(7.1) dim(h/C,a) = dim(h, C/a) — dim(C/a)
> dim(h/a) — dim(C/a) ~ dim(G)
as h is generic in G over a and dim(C/a) € w. Also
(7.2) dim(g1/h, C,a) ~ dim(G)
by the choice of g;. Now, as gy is quasi-generic over g, h, a we have that
dim(g1, g, h/a) = dim(g1/g, h, a) + dim(g/h, a) + dim(h/a) ~ 3dim(G)
by Lascar’s equality, but also
dim(g1,g,h/a) = dim(g/g1, h,a) + dim(g1, h/a),
so dim(g/g1, h,a) ~ dim(G) as dim(g1, h/a) < 2dim(G). Hence

(7.3)  dim(ggt'/g1,h,C,a)
~ dlm(gg?/glv ha a) = dlm(g/gla h, a) ~ dlm(G)v
where the equality follows by invariance of dim under definable bijections.
We also have
(74) dim(g2/997, g1, h, C; a) ~ dim(G)
by the choice of go. Now, by (1), (2), (3),(4), and Lascar’s equality we have
dim(g2a gg{]? 91, h/Cv a‘) ~ 4dlm(G) But
dim(g27 ggila 91, h/C7 a) = dlm(h/gQa gg{b’ g1, C> a) + dlm(g27 ggila 91, Ca a)7
S0
dim(h/gs, 99, 91,C, a) ~ dim(G)

as dim(gz, 997, 91, C, a) <3dim(G). As hy is generic in tp(h/g1, gg%, g2, C, a)
over (h,g1,99%, g2, C, a), it follows that

dlm(hl_lh/h7 91, gg?a 92, 07 a) = dlm(hl/ha g1, gg?a 92, Ca a) ~ dlm(G),
so also dim(h;'h/g; " ga,a) ~ dim(G) which completes the proof of the
claim. 0

As hi'h € €a(gytg2) and dim(hy h/gy ' ga,a) ~ dim(G) by Claim 2,
we get dim Cg(g; 'g2) ~ dim(G). This shows that g;'gs € N, so, as
dim(g; 'ga/a) ~ dim(G) and N is definable over a, we conclude that
dim(N) ~ dim(G), so G/N is an algebraic [semialgebraic] group by Corol-
lary 6.6.

It is left to show that IV is algebraic-by-abelian [semialgebraic-by-abelian].

For any x € N we have that all fibers of the map G — [z, G] = {[z,y] : y €
G} given by y — [z, y] are cosets of Ci(x) and hence they have dimension
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dim(G¢(x)) ~ dim(G). So, by Corollary 4.13(4) we get that dim([z, G]) €
w. Thus, for z1,z2 € N the commutator [z, x2] has finite dimension over
a,r1 and over a,zs, so by Proposition 5.2 [z1,z9] € (Ling(V(a,z1)) N
Ling (V(a,22)))*. If additionally dim(z;/x9,a) ~ dim(z1/a) then, by
Corollary 5.3 we get that

Ling (V(a,z1)) NLing (V(a,z2)) = Ling (V(a)) =: A,

so [z1,x2] € A.

Now, for arbitrary y1,y2 € N, as dim(ys2 - Ca(y1)) = dim(Ca(y1)) ~
dim(G), we can find ¢4 € yo - Ca(yr) with dim(y5/y1,a) ~ dim(G), so
[y1,¥2] = [y1,y5] € A by the above paragraph. This shows that Ny =
{ly1,92] : y1,y2 € N} C A. Put Ny := NN A. As A is definably closed by
Fact 2.10(2), we get that N; is a definable subgroup of N. So, as N1 2 Ny,
we conclude that N; D N’. Finally, put

Ny = ﬂ (N1)¢
geEN
and note that Ny is a definable normal subgroup of N and N’ < N», so
N/Nj is abelian. Also, Ny < N; C A. But, as a is finite, we have that A is
finite-dimensional, so Nj is algebraic [semialgebraic] over K () by Corol-
lary 6.6. Hence N is [semi]algebraic-by-abelian, and G is ([semi]algebraic-
by-abelian)-by-[semilalgebraic. O

Remark 7.4. — Examples 7.1(1) and (2) show that the conclusion in
Theorem 7.3 cannot be strengthened to “G is [semi] algebraic-by-abelian”,
nor to “G is abelian-by-[semi] algebraic”. Indeed, in Example 7.1(1), taking
H := K* acting naturally on (V,+), we get that the commutator group
[G,G] = V x {1} is infinite-dimensional, so G is not [semi] algebraic-by-
abelian. On the other hand, the Heisenberg group (G,-) = (V xV x K, -)
in Example 7.1(2) is not abelian-by-[semi] algebraic. Indeed, working for
example in STOAQCF”, if N <G is a normal definable subgroup such that
G/N is [semi] algebraic, then, by Corollary 6.6 we get that dim(N) ~
dim(G) = [2n + 1]. Hence, if M = [J: N, and R € w are such that
G and N are definable over Np, then we can find (v,w,a) € N(M)
with v ¢ Ngr and w ¢ Ling ) (Ng,v). Let vo,v1,wo, w1 € V(M) be
such that v = vg + v1, w = wop + w1, vo,wy € V(Ng) and vy,w; L
V(Ng). As [-,-] is nondegenerate and v; ¢ V(Ng), there is z € V(M)
with [v1,2] # 0 and z L V(Ng). Now we can choose v',w” € V(M)
with v, w” L vy, wy,z,V(Ng), [v',v] = [v1,v1], and [v/,w"] = [v1,w1].
Take any eg € V(M) with ey L vy, wy, 2,0 ,w”, V(Ng) and [eg, eq] = 1.
Let @« € K(M) be such that [aeg + w” + z,aep + w"” + 2] = [wy,w1].
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Then putting w’ = aeg + w” + z we have [w',w'] = [wy,wq], [v/,V] =
[v1,v1], [V, w'] = a[v/,eq] + [V, w"] + [V, 2] = [V/,w"] = [v1,w], and
v, w1, v ,w’ L V(Ng). Thus tp(v',w'/Ng) = tp(v1,w1/Ng) and hence
tp(vg + v, w1 + w'/Ngr) = tp(v,w/Ng) so we can choose b € K with
tp(vo +v', w1 +w',b/Ng) = tp(v,w,a/Ng). As N is definable over Ng and
(v,w,a) € N, we must have (vg+v', wop+w’,b) € N as well. Now, the com-
mutator [(v, w, a), (vo+v’, wo+w', b)] equals (0,0, [v, wo+w']—[vo+v', w]) =
(0707 [Uo,wo] + [Ulvw/] - ([UvaO] + [U/vwl])) = (0707 [UvaO] + [vl,aeo] +
[v1, w"]+][v1, 2] —[vo, wo]) = (0,0, [v1,2]) # (0,0,0). Hence N is not abelian,
and G is not abelian-by-[semi] algebraic.

Now we conclude from (the proof of) Theorem 7.3 that all fields definable
in T have finite dimension.

THEOREM 7.5. — Every field definable in T7, is finite-dimensional, and
hence definable in the field of scalars K. In particular, there is no definable
field structure on V* for any k < w.

Proof. — Suppose F is an infinite-dimensional field definable in T} . Put
s = dim(F).

Let G = (F*,-) x (F,+) be the affine group of F, that is, G consists of
pairs (a,b) where a € F* and b € F with multiplication given by:

(a,b)(c,d) = (ac,b+ ad).
Notice that for any (a,b)(c,d) € G the commutator
[(aa b)ﬂ (C, d)} = (CL, b) (Cv d) (av b)il(cv d)il

is equal to (1,(a — 1)d + (1 — ¢)b). Hence, if a # 1 and (¢,d) € Cg((a,b))
then d = £1b, so dim(Ce((a,b))) < s, whereas dim(G) = 2s by Corol-
lary 4.13(4) applied to projection on either of the coordinates of the Carte-
sian product F*x F. Hence, if we put N := {g € G : dim(G)—dim(Cg(g)) €
w}, we get that N C {1} x F. This implies that the set {(a,0) : a € F*}
embeds definably in G/N, so dim(N) < dim(G) which contradicts the

proof of Theorem 7.3. d
By Fact 1.1(2) we conclude:

COROLLARY 7.6. — Every infinite field definable in Ty, is definably iso-
morphic to the field of scalars K.

By Fact 1.2 we also get:

COROLLARY 7.7. — Every infinite field definable in TRCY is either al-
gebraically closed or real closed.
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8. Independence relations and generics

In this section we relate our notion of dimension in T,, to two inde-
pendence relations, J/F introduced in [11, Definition 12.2.1] for T, and
Kim-independence (denoted J/K) defined for any theory in [14], and hav-
ing good properties over models in NSOP; theories, and over arbitrary sets
in NSOP; theories satisfying existence.

We will work in a monster model € = T, that is, a R-saturated, &-
strongly homogeneous model of T, for some sufficiently large . All pa-
rameter sets considered will be small, that is, of size less than &.

We say that a set A is an extension base if no formula (or equivalently,
type) over A forks over A. We say that a theory T satisfies the existence
axiom (or simply existence) if every set of parameters is an extension base.
It was asked in [5, Question 6.6] whether any NSOP; theory satisfies exis-
tence, and a list of positive examples was given in [5, Fact 2.14]. Here we
show that T, also satisfies it:

PROPOSITION 8.1. — T, satisfies existence.

Proof. — Let ¢(x,a) be a formula over A. Let p(z) be a global generic
type in ¢(z,a). As any conjugate of p(x) over A is also a generic type
in ¢(x,a), we get by Proposition 6.7(1) that there are only finitely many
conjugates of p(x) over A. As p(x) is definable by Proposition 6.7(2), this
implies that it is definable over acl®(A); in particular, p(x) does not fork
over acl®¥(A), so it does not fork over A, so ¢(z, a) does not fork over A. [

FacT 8.2 ([11, Theorem 12.2.2]). — Let M |= T. Then the relation
J/F on subsets of M given by I'-forking is automorphism invariant, sym-
metric, transitive, satisfies the finite character and extension axioms, and
types over models are stationary.

Below, if p(z) € S(B) is a complete type in To, and B C Ni = Tg, then
we say that p(z) forks in Np over some A C B if its quantifier-free part
in the language L} (which is equivalent to p(z) in Tk) forks in Ny over
A. Likewise, RMy,, (p(z)) means Morley rank of the quantifier-free part of
p(z) in the sense of Ng.

Fact 8.3 ([11, Proposition 12.2.3]). — Let M = Tw, let AC BC M
and let p(x) € S(B). Let (N, : r € w) be some approximating sequence for
M. Then the following are equivalent:

(1) p(x) does not I'-fork over A;
(2) Given any formula ¢ = ¢(z,b) € p(z) there is Ry € w such that
&(z,b) does not fork over AN N, in the structure N, for allr > Ry;
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(3) For each finite b C B there is Ry € w such that p(x)|n.nab does not
fork over AN N, in N, for allr > Ry.

COROLLARY 8.4. — Let M E T, let A C B C M with A finite,
and let p(x) € S<,(B). Then p(z) does not I'-fork over A if and only if
dim(p(z)) = dim(p|a(z)).

Proof. — Assume dim(p(z)) = dim(p|(z)). We will verify that the con-
dition (3) in Fact 8.3 holds for p(z) and A. Consider any finite b C B and
M = |J;' N, containing Ab. Let R > a(l(z),1(Ab)) be such that Ab C Ng.
Consider any r > R. Note that dim(¢(z)) € Dy, Ab) for any formula
¢(x) with parameters in Ab. Hence, as dim(p(z)) = dim(p|4(x)), we have
by Lemma 4.7 that

RMy, (plas(7)) = RMy, (p|la(x)),

50 p|ap(z) does not fork over A in N, and by Fact 8.3 we get that p|ap(x)
does not I'-fork over A, as required.

Similarly, if dim(p(z)) < dim(p|a(x)) then there is a finite b such that
dim(p|ap(z)) < dim(p|a(z)), and if M = [J* N, and R > a(I(z), (Ab)) are
such that Ab C Npg, then we have by Lemma 4.7 that RMy, (p|as(z)) <
RMuy, (pla(x)), so, by Fact 8.3, p|ap(z) I'-forks over A. O

DEFINITION 8.5 ([9, Definition 1.11)). — Let AC B C € =T for some
theory T, and let G be a group definable in € over parameters A. Suppose
" is an invariant ternary relation between small subsets of €. We call an
element g € G a (left) generic over B, if

for every h € G such that g | h we have h-g | B, h.
B A

We call a type p(x) € Sg(B) (left) generic in G if every (equivalently, some)
its realisation is a generic in G over B.

This notion of a generic was first studied in groups definable in stable
(e.g. [20]), and more generally, simple theories (e.g. [19]), with | * being
the forking independence. In [9] it was studied in rosy theories mainly with
" being thorn-independence. In the (non-first order) setting of Polish
group structures a useful notion of a generic is obtained by taking | * to
be the non-meagre independence ([15]). Below we examine this notion in
Too for | *= | Tandfor | *= | *

To avoid confusion, we will say “dim-generic” to mean generic in the
sense of Definition 4.18.
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PROPOSITION 8.6. — Suppose A C B C € | T, where A is finite, and
G is a group definable over A. Then for any p(x) € S(B) we have that p(x)
is \Lr—generic in G if and only if p(x) is dim-generic in G.

Proof. — Suppose first p(z) is dim-generic in G (i.e. dim(p(x)) = dim(G))
and fix any ¢ = p and h € G such that g J/ll; h. Then by Corollary 8.4
dim(tp(g/B, h)) = dim(tp(g/B)) = dim(p(z)) = dim(G). As dim is pre-
served by definable bijections and every formula in ¢ := tp(h - g/B,h) is a
translate of a formula in tp(g/B, h), we conclude that dim(¢(x)) = dim(G).
On the other hand, ¢|4 F G(x), so dim(¢|a(z)) < dim(G), so we must have
dim(g(x)) = dim(g|a(z)). By Corollary 8.4 again, this gives that ¢(x) does
not I'-fork over A, i.e. h-g \J/i B, h.

Now suppose p = tp(g/B) is a | "-generic in G. By Proposition 4.16
we can find h € G with dim(h/B, g) = dim(G). In particular, g Llj; h. As
g is generic in G over B, we have h - g J/i B,hsoh-g J/ll; h. Using this
together with Corollary 8.4 in the second equality below, we get:

dim(g/B) > dim(g/B,h) = dim(h - g/B,h) = dim(h - g/ B)
> dim(h - g/B,g) = dim(h/B, g) = dim(h/B) = dim(G).

Clearly dim(g/B) > dim(G) implies that
dim(g/B) = dim(G),
as tp(g/B) F G(z). O

COROLLARY 8.7. — For any group G definable in T, over a finite set A
and any B O A there exists a J/F-generic over B element in G, and being
J/F—generic does not depend on the choice of the finite set A over which G
is definable.

Kim-independence was introduced and studied extensively in [14] over
models in NSOP; theories. It was proved there, among other results, that
J/K is symmetric and satisfies the independence theorem over models,
which was later extended in [5] to arbitrary sets in NSOP; theories satis-
fying existence.

DEFINITION 8.8 ([5, Definition 2.10]).
(1) We say a formula ¢(z,a0) Kim-divides over A if for some Morley
sequence (a; : i < w) in tp(ag/A), {p(z,a;)| i <w} is inconsistent.
(2) A formula ¢(z; a) Kim-forks over A if p(x;a) =\, ) ¥i(x; b;) where
;(x; b;) Kim-divides over A for all i < k.
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(3) Likewise we say a type p(x) Kim-forks or Kim-divides over A if it
implies a formula that Kim-forks or Kim-divides over A, respec-
tively.

(4) We write a J/f: b to denote the assertion that tp(a/Ab) does not
Kim-fork over A.

FacT 8.9 ([5]). — Suppose T is NSOP; and satisfies existence. Then:

(1) Kim’s Lemma holds for J/K, that is, if a formula ¢(x,ag) Kim-
divides over A then for every Morley sequence {(a; : i < w) In
tp(ag/A), {¢(x,a;)| i < w} is inconsistent

(2) A formula Kim-forks over A if and only if it Kim-divides over A

(3) | is symmetric

(4) The independence theorem for Lascar types for J/K holds over any
set.

The following folklore fact follows as in [14, Corollary 5.17], using the
fact that, for any set C, a sequence is Morley over C iff it is a Morley
sequence over acl(C).

Fact 8.10. — Suppose T is an NSOP; theory satisfying existence, and

let A, B, and C be any sets. Then A \Lg B <= acl(4) \Lfd(c) acl(B).

Also, it follows from the definition of J/K that A J/g B implies A Lg BC.

We will now give a description of Kim-independence in Ty, over arbitrary
sets. The proof of it will be essentially the same as in the description of Kim-
independence over models given in [14, Proposition 9.37], but the statement
there requires two corrections (even when working over a model), which we
now explain. If A C € |= T, put (A) := Ling(¢)(V(A)) and let Ag =
ANK(€). By acl(A) x we mean (acl(A))x, where acl is the model-theoretic
algebraic closure.

By quantifier elimination the structure on the sort K induced from T4,

is just the pure field structure, so the relation J/K restricted to the sort

K coincides with forking independence J/ACF

field K, that is, with algebraic independence in the sense of field theory.
As for algebraically closed A,B 2 M [ T, the condition AN B = M
does not imply that K(A) J/?(((j;[)
in [14, Proposition 9.37].

Also, the following example shows that the condition A N B = M for
algebraically closed sets A, B and a model M, does not imply that (A) N
(B) = (M) (even if K4 = Kpg = K)), which is also implicitly used in

in the algebraically closed

K (B), the latter is a missing condition
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the proof of [14, Proposition 9.37], and which clearly follows from A LJ\IZ B
(see the proof of Proposition 8.12 below).

Example 8.11. — Let M = (Vy, Ko) = sT» and choose an orthonormal
pair (eg,e1) with eg,e; € M+. Put A := (Ling, (M, eg, e1), Ko). Clearly
A = acl(A). Let t € K(€)\Kp and let ¢ be such that t? + ¢? = 1. Put
f = teg +t'e; and B = (Ling,(M, f),Ko). As [f,f] =1 and f € M+,
we have B = acl(B). Clearly (A) N (B) = (B) # M, but AnNB = M:
any element of AN B is of the form aeqg + be; + mg = ¢f + my for some
a,b,c € Ky and mg, m; € V(M). Then, as {eg,e1, f) C M+, we have

aeg +bey = cf = cteg + ct'eq

soa =ctand b = ct’. As t,t' ¢ K, this implies that a« = b = 0, so
aeg +bey +mg =mo € M. Hence ANB =M.

PROPOSITION 8.12. — Let A,B,E C € = T, be small algebraically
closed sets with E C A, B. Then A | . B if and only if (A) N (B) = (E)
ACF
and K(A) J/K(E) K(B).

Proof. — Suppose first that A \Lg B. As already pointed out above, this

implies that K (A) \L?(((jg) K (B) and it is left to show that (4)N(B) = (E).
Suppose this is not the case, so there are vectors ai,...,a,, € A and
b1,...,br € B such that {a1,...,am) N (by,...,bg) is not contained in
(E). By the assumption and [5, Proposition 4.5] there is an A-indiscernible
Morley sequence (d;)ic. in tp(bi,...,bx/E). In particular, the subspaces
(d;), i < w are linearly independent over (E), so (a1,...,a,) can intersect
at most m-many of them outside of (E), which contradicts indiscernibility.
Hence the implication from left to right is proved.

Let us now assume that (4) N (B) = (F) and K(A) J/IA(((JE) K(B). There
are only two problems with the proof of Proposition 9.37 in [14] (with
E = M a model). First, as shown by Example 8.11, the assumptions there
do not imply that (A) N (B) = (M), which is used in the construction
of the structure N in that proof. This is, however, assumed here. Sec-
ondly, in the last paragraph of the proof in [14], the map o' : By — B;
need not be elementary over K(A’) = K(A) on the sort K. However, as-

suming that K(A) L;f;) K(B) we have that K(B;) ¢2ff4) K(A") and

K(By) Lﬁfﬂ) K(A’), so the map idg(ary U o x(p,) : K(A) U K(By) —
K(A") U K(B;) is elementary by stationarity of tp(K(By)/K(M)). Thus
idgan U ai|K(30) extends to an isomorphism p : K — L onto some alge-

braically closed field L, hence, by the construction of A’, the map id 4 Uo?

ANNALES DE L’INSTITUT FOURIER



GROUPS DEFINABLE IN VECTOR SPACES 1839

extends to an isomorphism between Lin; (A’ U By) and Liny (A’ U B;). By
quantifier elimination this isomorphism is an elementary map, so in partic-
ular A’By = A’B;, and hence tp(A/B) does not Kim-divide over M.

When E is an arbitrary algebraically closed set (not necessarily a model),
the only difference is that the vector spaces we obtain may be finite-
dimensional, which does not cause any problems, as an isomorphism of
finite-dimensional vector subspaces of € is still elementary in T, by quan-
tifier elimination. Hence the implication from right to left holds. d

By [11, Proposition 9.5.1] acl(AC) g is the field-theoretic algebraic clo-
sure of dcl(AC)k and (acl(AC)) = (AC) for any sets A and C, so by
Fact 8.10 we conclude:

COROLLARY 8.13. — Let A,B,C C € = T, be any small sets. Then
K p - .
A | B if and only if or
(AC)N(BC) = (C) and dcl(AC)k | dcl(BC)k.
dCl(C)K

As J/K does not satisfy base monotonicity, it is not obvious whether
in the definition of J/K—genericity over B of an element g € G with G
definable over A it is more reasonable to require that h - g LiB,h (as
is done in Definition 8.5) or that h - g J/g h, provided that g Lg h. In
either case, it turns out that (V,+) does not have any | *-generics over

any set of parameters. Below we prove it for LK—genericity in the sense of
Definition 8.5, and exactly the same argument works for the other sense.

PROPOSITION 8.14. — The (-definable in T,, group (V,+) does not
have any LK—generic type over any set B.

Proof. — As usually we consider the symmetric case, the alternating
case being very similar. By Fact 8.10 being \LK—generic over B is the same

as being | ®-generic over acl(B), so we may assume that B = acl(B) =
(Vo, Ko); in particular, Ky is an algebraically closed field. Consider any
v € V and put (V1, K1) = acl(B,v) and a = [v,v]. We will show that v is
not a J/K—generic in (V,+) over B. If v € (Vp) then for any w # v with
v J/g w we have that 0 £ w+v € (w+v)N(Vo, w), so w+v J.* B,w hence
v is not a | ®-generic in (V,+) over B. So let us assume that v & (V).
Let ¢ € K(€)\Ko be such that Ky | " ¢,

CrLamM 1. — We may assume there exists w € V such that w 1 Vj,
[w,w] =t, [w,v] = —3a and (Vo,v) N (Vo,w) = (Vp).
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Proof of the claim. — As v ¢ (Vp), by compactness and the Gram-—
Schmidt process we can easily find some f € V with f L Vj and [f,v] =
—1a. Let e; € V be orthogonal to (Vi, f) with [e1,e;] = 1. Now we can
find 3 € K(€) such that [f, f] + 82 = t. Then putting w = f + Be; we get
[w,w] = [f, f] + B? =t and [w,v] = [f,v] = —%a. By possibly modifying ¢
we may assume that 5 # 0, so (Vo,v) N Vo, w) = (Vo). O

Let w be as in the claim. Then [w+ v, w +v] = [w, w] + [v,v] + 2[w,v] =
t+a—a=1t=|w,w],sow+wv LKB,w. On the other hand, as w L Vj, we
have by [11, Proposition 9.5.1] that dcl(B,w)x = dclacr (Ko, t). As K1 =
acl(B,v)k, this gives us that dcl(B,v)x J/?(SF dcl(B,w)k by the choice
of t. As we also know by the choice of w that (Vp,v) N (Vo,w) = (Vo), we
conclude that v J/g w. Hence v is not a | "-generic in (V,+) over B. O

QUESTION 8.15. — Is there a useful notion of a generic element in a
group definable in an NSOP; theory with existence?
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