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SUBCRITICAL WELL-POSEDNESS RESULTS FOR THE
ZAKHAROV-KUZNETSOV EQUATION IN DIMENSION
THREE AND HIGHER

by Sebastian HERR & Shinya KINOSHITA (*)

ABSTRACT. — The Zakharov—Kuznetsov equation in space dimension d > 3 is
considered. It is proved that the Cauchy problem is locally well-posed in H*® (Rd)
in the full subcritical range s > (d — 4)/2, which is optimal up to the endpoint. As
a corollary, global well-posedness in L?(R3) and, under a smallness condition, in
HY(R4), follow.

RESUME. — On considére ’équation de Zakharov—Kuznetsov en dimension d >
3. On établit que le probléme de Cauchy est localement bien posé dans H® pour tout
exposant sous-critique s > (d — 4)/2. Ceci est optimal jusqu’au cas limite. Comme
corollaire, il s’ensuit que 1’équation est globalement bien posée dans L2(R3) et,
sous une hypothése de petitesse, dans H!(R%).

1. Introduction

We consider the Zakharov—Kuznetsov equation with the quadratic non-
linearity

Opu + 0 Au = 9pu® in (=T, T) x R?

(1) u(0,-) = ug € H*(R?)

where u = u(t,z,y) is real-valued and A denotes the Laplacian with re-
spect to (z,y) € R x R?~!, The equation (1.1) arises as an asymptotic
model wave propagation in a magnetized plasma [4, 32]. It was introduced
in [33] in d = 2,3, see also [23] for a formal derivation. More recently, it
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1204 Sebastian HERR & Shinya KINOSHITA

was rigorously derived from the Euler—Poisson system as a long-wave and
small-amplitude limit, see [24, Section 10.3.2.6]. The Zakharov—Kuznetsov
equation (1.1) generalizes the Korteweg-de Vries equation (which is the
case d = 1). In particular, it has solitary wave solutions. Recently, their
asymptotic stability has been proven in [10].

Real-valued solutions of (1.1) conserve the L2-norm and the energy

1 1
*/ Vs yU(t,m,y)Ided.YJr*/ u(t, z,y)® dzdy.
2 Rd ’ 3 ]R’i

If u is a solution, then for any A > 0 the function
ux(t, z,y) = N2u(\3t, Az, \y)

also solves (1.1). This implies that s. := (d—4)/2 is the critical Sobolev reg-
ularity for (1.1) in the sense that the corresponding (homogeneous) Sobolev
norm is invariant under the rescaling described above.

In this paper, we will focus on the case of spatial dimensions d > 3 and
prove local well-posedness of the Cauchy problem associated with (1.1) in
the full sub-critical range. Let H*(R?) denote the Sobolev space of tem-
pered distributions on R¢ all derivatives up to order s in L?(R%), see Sub-
section 2.1 for a precise definition.

THEOREM 1.1. — Letd > 3. For any s > (d—4)/2, the Cauchy problem
for (1.1) is locally well-posed in H*(R?).

Note that the energy-subcritical dimensions are d < 5, and the L2-
subcritical dimensions are d < 3. From the conservation laws mentioned
above and the Gagliardo-Nirenberg inequality we deduce

COROLLARY 1.2. — If d = 3, the Cauchy problem for (1.1) is globally
well-posed for real-valued initial data in L?(R3). If d = 4, the Cauchy prob-
lem for (1.1) is globally well-posed for real-valued initial data in H'(R*)
with sufficiently small L*(R*)-norm.

Previous results

The Cauchy problem for the Zakharov—-Kuznetsov equation and the so-
called generalized Zakharov—Kuznetsov equation

Oiu + O, Au = 8xuk+1, (k e N),

have been studied extensively. In dimension d = 2 and for the quadratic
nonlinearity (k = 1), Faminski [11] proved global well-poseness in H!(R?),
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Linares and Pastor [25] proved local well-posedness for s > 3/4, Griinrock
and Herr [16] and Molinet and Pilod [29], proved local well-posedness for
s > 1/2, and recently the second named author [21] proved local well-
posedness for s > —1/4, which is optimal up to the end-point. In dimension
d = 2 and for the cubic nonlinearity (kK = 2) Biagioni and Linares [7]
proved global well-posedness in H'(R?), Linares and Pastor [25] proved
local well-posedness for s > 3/4 and [26] global well-posedness for s >
53/63, Ribaud and Vento [30] proved local well-posedness for s > 1/4,
and recently Bhattacharya, Farah and Roudenko [6] proved global well-
posedness for s > 3/4, and the second named author [20] proved local
well-posedness for s = 1/4. In dimension d = 3 and for the quadratic
nonlinearity (k = 1) Linares and Saut [27] proved local well-posedness for
s > 9/8, Ribaud and Vento [31] proved local well-posedness for s > 1 and in
By (R3), and Molinet and Pilod [29] proved global well-posedness for s >
1. In dimension d > 3 and for the cubic nonlinearity (k = 2) Griinrock [15]
proved local well-posedness in the full sub-critical range s > d/2 — 1 and
the second named author [20] proved small data global well-posedness at
the scaling critical regularity s = d/2 — 1. For more results in the case
k > 3, we refer to the papers [12, 14, 26, 30].

Strategy of proof

Theorem 1.1 will be proved by a contraction argument in Fourier re-
striction spaces X*°, which is based on the bilinear estimate provided in
Theorem 3.1 below. Since the general strategy of proof is standard, we refer
to [13, Section 2] for details and precise formulations and focus on the key
bilinear estimate.

In the low-regularity analysis of the Korteweg-de Vries equation, the set
of time-resonances plays a crucial role, see [8, 19]. It is the set of spatial
frequencies allowing the product of two solutions to the homogeneous equa-
tions to form another solution to the homogeneous equation. In the case of
the KdV equation, it is the set

{(fagl) € Rz : 35(5 - 51)51 = 0}7

while in the case of the ZK equation it is significantly more complex. More
precisely, it is the set

{(€&m,&omy) € R*:3¢(E = )& +Eml” = &alm [ = (€= &) In —m,[* = 0},
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1206 Sebastian HERR, & Shinya KINOSHITA

First well-posedness results [16, 29] did not rely on the structure of this set.
Recently, the second author [21] established well-posedness of the Zakharov—
Kuznetsov equation in d = 2 for s > —1/4, which turned out to be op-
timal within the purely perturbative regime (up to the endpoint). The
key observation is that the bulk of frequencies close to the resonant set
are transversal. This allows to invoke the Loomis—Whitney inequality [28],
more precisely a nonlinear generalization thereof [3, 5, 22]. This strategy
has been used previously in the case of the low-dimensional Zakharov sys-
tem, see [1, 2], in which case the resonant set is easier to understand.

Outline of the paper

In Section 2 we will discuss preliminaries concerning notation, Strichartz
and transversal estimates. The key bilinear estimate is stated as Theorem
3.1 in Section 3 and first reductions are performed. The proof of Theo-
rem 3.1 is then split into cases, which are treated in the following Sec-
tions 4-6. In an appendix we include a proof of the well-known transversal
L? estimate from Section 2.

2. Preliminaries
2.1. Notation

We write A < B if there exists C > 0 such that A < CB and A < B
if A < ¢B for some small enough ¢ < 1. Also, A ~ B means A < B and
B < A.

Let N, L > 1 be dyadic numbers, i.e. there exist ni, no € Ny such
that N = 2" and L = 2", and ¢ € C§°((—2,2)) be an even, non-negative
function which satisfies 1 () = 1 for |t| < 1 and letting ¢ (t) == P(tN~1)—
Y(2tN 1), 91 (t) = 1(t), the equality > 5 5 () = 1 holds. Here and in the
sequel we use the convention that capitalized summation indices run over
2N Let d > 3. We distinguish the first and the other spatial variables.
To be precise, (z,y) € R x R%~1 denotes the space variables. Similarly,
(¢,m) € R x R?~! denotes the frequency variables of (z,y).

Let u = u(t,z,y). Fiu, Fyyu denote the Fourier transform of w in
time, space, respectively. F; , yu = U denotes the Fourier transform of v in
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space and time. For s € R define H*(R?) to be the space of all tempered
distributions f = f(z,y) on R? satisfying

e = ([ (04168 + PP sem dgan) < o
We define frequency and modulation projections Py, Qy, as
(FePru) = (- )Pyt
Qrulr,&m) = v — €€ + [nf)ir & m).

Let B,.(p) C R? denote the open ball with radius 7 > 0 and center p € R¢,
and define the spatial Fourier multiplier Pp () f = F; 315, (p)Fa,yf, where
1p, (p) denotes the characteristic function of B,.(p).

We now define X*?(R*1) spaces. Let s,b € R. Define X**(R4*1) as
the space of all f € S’(R%+1) such that

1/2

||f||Xs,b = J;N2SL2b||PNQLf||%fymﬁy(Rd+1) < +00.

For convenience, we define the set in frequency as
G, = {(1.&n) € R 9o (m = &€ + ) vn (& m)]) # 0.}

A simple calculation shows X%? = X%? and (X*b)* = X%t for s,
beR.
Define the propagator for the linear Zakharov—Kuznetsov equation

U(t) = e 1924
and the one-dimensional Fourier multiplier

1021° = Fy HE|° Fa

2.2. Strichartz type estimates and transversal estimates

We start with a Strichartz or (dual) restriction type estimate, where
curvature properties of the characteristic set of the differential operator
are used.

PROPOSITION 2.1. — Let d > 3 and 0 < s < 1/4. Then, for all p € R?
and r > 0 we have

LEL I
11921 U () Pe, iy Fllzs | S 7T+ Po, ) fllzz, -

TOME 73 (2023), FASCICULE 3
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Proof. — It suffices to show the endpoint cases s = 0 and s = 1/4. We
follow the proof of the Strichartz estimates of the KP-II type equations on
cylinders, see Theorem 2 in [17] and [15]. The Littlewood—Paley theorem
implies that it suffices to show the claim under the condition

(2.1) supp Foy f C {(&,m) 2" < €] <251} N B, (p),

where k is an arbitrary integer. Let ¢ : R%~1 — C. We recall the classical
(non-endpoint) Strichartz estimate of the Schrédinger equations on RI~1,
ie.

[ Yllprre S 1Yz,

where (p,q) is an admissible pair satisfying 2 < p < oo and 2/p = (d —
1)(1/2 — 1/q). Let (4,qo0) be admissible. Since f satisfies (2.1), if we fix
£ € R, by using the Sobolev inequality and the above Strichartz estimate,
we easily get

. a-3 _1 i
€ Fu (e, sy < Tl IS Fuf €, ) po

(2.2) us X
< e HIF 6 oz

Therefore, it follows from Plancherel’s theorem in z, Holder’s inequality,
we get

1T ) P, ) fIILs
(U (t) P, ) ))U ) Pp, ) f)ll L2

t,x,y

/RH(eit(f—f’)Ay Fof (€ —€,) (€D Fo (e, .))‘

Now, we use (2.2) and continue with

N

’
L? df

ty

2
LE

N

/R e Y Fof(6 = &) [l €2y Fuf (€)1 1a A€

2
L&

s H/RUE —ENE DA NFf (€ € Mg | Fof (€)1 A€’

2
L&

S T% H/]R | Faf(€— ¢, )”Lf,”fanf(gl’ )HL?, d¢’

oo
L£

43
<r || fllzs-
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This completes the proof for s = 0. Here we used 2F < |¢/| < 2+ and
2F L€ — ¢’ < 2R, Similarly, we have
0.1 U () P, F1I3s
= (101" *U (t) Pp, () /) (10:]*U (£) P, () ) 2

t,x,y

S H/R 1Fef (€ =€)zl Faf (€, )2 €’

L
o | 17t - €lig I € g o
R Ly
ST AR,
where we used (2.1) again. O

Next, we recall the standard bilinear estimate which exploits transver-
sality, see e.g. [9, Lemma 2.6] for a proof with a general phase function and
for references. We also provide a proof in the appendix.

PROPOSITION 2.2. — Let d > 2, No < Ny, p(&,m) = £(|€> + [n]?).
Suppose that
supp aNl,Ll C GN1,L1 N (R X Br(p))’ SuppﬁNzlzz C GN2,L27
and there exists K which satisfies K 2 rNy and

IVe(§rm) — Ve(&,m0)| 2 K,
for all (£1,m4), (€2,m5) In the spatial Fourier support of un, 1, and vn, L,,
respectively. Then, we have

(23) ”uNl,Ll ,UNZ’L2||L3J_,1y

d—
ST KT LL) un, n ez v allzz -

In particular, if Ny < 273N; and
supp a1\717L1 C GN17L17 supp §N27L2 C GNz,sz

we have

(24) ||U/N1,L1 UN27L2||L%,m,y

1At 1
/S Nl 1]\]2 : (L1L2)2 ||uN1,L1 ||L2 ||UN27L2HL2

t,z,y ta,y

A trilinear estimate based on transversality is the following generalization
of the classical Loomis—Whitney inequality, which is Corollary 1.5 in [3],
see also [5, 22].

TOME 73 (2023), FASCICULE 3
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PROPOSITION 2.3. — Assume that for i € {1,2,3} the surface S; C R?
is an open and bounded subset of S} which satisfies the following three
conditions:

(1) For a convex U; C R? such that dist(S;, Uf) > diam(S;) we have
Sf={NeU; | ®;(N\)=0,VP; #0,8; € CHH(Uy)}.
(2) The unit normal vector field n; on S} satisfies the Holder condition

(A —m(A)] L [ = X))

sup + S
aves: A= A= N2
(3) There exists § > 0 such that diam(S;) < § and the matrix
N(A1, A2, A3) = (n1(A1),n2(A2),n3(A3)) satisfies the transversality
condition

0 < |detN()\1,)\2,)\3)| < 1, for all ()\1,)\2,/\3) S ST X S; X S;:

Then, for functions f € L*(S1) and g € L?(Sz), the restriction of
the convolution f * g to S is a well-defined L?(S3)-function which
satisfies

If *gllzzcss) S 072 fllz2esllgllLz¢s,)-

3. The key bilinear estimate

The main contribution of this paper is the following:

THEOREM 3.1. — For any s > (d — 4)/2, there exist b € (3,1) and
b € (b—1,0), such that

(3.1) 10 (uo) | o0 S Nlullxsellvll xs 0.

The remainder of the paper will be devoted to its proof. By a duality
argument and dyadic decompositions, we observe that

/w@x (uv) dt dz dy

We will use the shorthand notations

(382) (31) < < el ol oo ol e,

WN,, Lo = QroPnow, un,,n, = Qr, PN, U, VN,,1, = QL,PN,v.

Obviously, (3.2) follows from

(33) Z ‘/ (awaO,Lo)uNuLfUN%Lz dtdxd}"
Nj,Lj
(=0,1,2)

S Nl ellvllxs e llwll x . -o-

ANNALES DE L’INSTITUT FOURIER
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For brevity, we write
LgY5* = max(Lo, L1, L2),
N§E© == max(Np, N1, Na),
NS = min(Ng, Ny, Na).

3.1. Reductions

Here, we prove (3.3) in the following relatively simple cases:
(1) L§ys 2 (N§55)?,
(2) N3t~ 1 and LEE < (Ngi59)°?
We will use Propositions 2.1 and 2.2, respectively.
We first assume LEE< > (NJ5%)3 and show

(3.4)

/wNmLo UNy,Ly UN3, Ly dtdx dy

1 1
<V (V) LE T (L Lo funy a2 o o 22 0o 22

for some small € > 0. Clearly, this inequality gives (3.3). Here we only
consider the case Lo = (N$5%)2. The other two cases Ly > (N§a¥)3 and
Ly 2 (NBax¥)3 can be treated similarly. By the almost orthogonality, we
may replace up, r, and vn, 1, by Ppun,, 1, and Ppvn,, 1, where Pg and
Ppg denote the spatial frequency localization operators for some fixed balls
B and B’ with radius NJ}5', respectively. It follows from the Hélder’s in-
equality and Proposition 2.1 that

’/ WNy, Lo (PBUN,,L,) (PBIUN,,1,) dt dz dy
Slwne, Lol z2 | Puny i | L4 PBron, 1, || e

1 1
S V) T (NS L (L L) s a2 on o 22 o ol 2,

which completes the proof of (3.4).
Next we deal with the case NJi3' ~ 1 and L% < (Ng1a¥)3. If 1 ~ Ny ~
Ny ~ Na, by using the L* Strichartz estimate, we get

‘/ WN,,Lo UNy, L1 UNs,L, dt dz dy

S ”wNo,Lo ”L2 ||uN11L1 ”L4 HUN2,L2 ”L4

1
S (LLa)?[luny Ly |22 l|ons, Lo ez [ wn, ol 22,

TOME 73 (2023), FASCICULE 3
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which implies (3.3). Thus, by symmetry, we only need to consider 1 ~
Ny < Ni ~ Ny and 1 ~ Ny <« Ny ~ Np. The both cases are treated
by Proposition 2.2. First we assume 1 ~ Ny < N; ~ Ny and show the
following.

(35) ‘/wNO,LO UN,,L; UNy, Lo dtdxdy

— 1
S/ Nl 1(L0L1)2 HuNl,Ll ||L2||UN2,L2HL2||7~UN0,L0||L27

which immediately yields (3.3) since —2s < 4 —d < 1 and Ly < N5. We
deduce from Ny ~ 1 and the almost orthogonality, we can replace un, 1,
by Ppup,,, with a fixed ball of spatial frequency B whose radius is 1.
Thus, by the Holder’s inequality and Proposition 2.2, we observe

’/wNo,Lo (PBUNhLl) UN,,L, dt dz dy

< ”wNmLo (PBUN17L1)||L2 ||vN27L2 HL2

< NTH(LoLa) % [luny 2 22 [0ns, 2o [ 22 w0 2ol 2

which completes the proof of (3.5). Similarly, if 1 ~ Ny < Ny ~ Ny, by
replacing up, ,r,, with Ppun, r,, it follows from the Hélder’s inequality and
Proposition 2.2 that

‘/wNo,Lo (Pun,,L,) UN,,L, dt dz dy

< [(Ppuny L, )N, L | 22 Wi, Lol 22
_ 1
5 Nl 1(L1L2)2 HuNhLl ||L2||UN27L2HL2||wN07L0||L27

which verifies (3.3).
As a consequence, we can assume LI% < (NJa¥)3 and 1 < NP in
the sequel.

4. Proof of the key bilinear estimate: Case 1

The goal of this section is to establish (3.3) under the following assump-
tions.

Assumption 4.1.
(1) LEs* < (Ng159)%,
(2) 1< Ny <Ny ~ Ny,
(3) max(|&1], [&]) = 277Ny

ANNALES DE L’INSTITUT FOURIER
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PROPOSITION 4.2. — Assume Assumption 4.1. Then we get

(4.1)

/ @NO,LO (7—7 57 n)aN1,L1 (Th 513 nl)ﬁN2,L2 (T27 §2a 772) dUl ng

L N N 1~ ~ P
SNo T TN (Lo Lo) 2 [y | 22 0, 2 |22 10, 2o | 22
where do; = dr; d§; dn; and * denotes (1,£,m) = (11 +72, &1 +82, M1 +M2)-
Remarks 4.3.

(i) Since LI < (Nmax)3 it is easily observed that (4.1) yields (3.3).
(ii) By replacing the role of Wy, 1, with that of U, r,, we can show

(4.2)

/5N2,L2 (1,6, MmN, 1, (71, &1, M) WNy, 1o (T2, €2, m2) doy do

E3
ded o g 1 - .
SN, T TNy T (Lo L Lo) ? i,y |l 22 [0y, L || 22 | @, 2o || 22

under the assumptions

(1) Loz < (Ngiz)?,

(2') 1< Ny S Ny~ Ny,

(3) max(|&1],[€2]) = 27° V1.

Clearly, (4.2) gives (3.3) under the same assumptions as above.

We divide the proof of Proposition 4.2 into the three cases.

(Ia) max(|n|, [nz]) < N,

(Ib) min(|n, [nz]) < Ni, max(|nal, [n2]) ~ N1,

(Ie) [ma| ~ [m2| ~ N1
First, we consider the case (Ia): Note that the assumptions 1 < Ny < Ny ~
Nz and max(|n1], [n2|) < Ny imply [&1] ~ |€2] ~ N1 _

Following [2], for A € N we choose a maximally separated set {w’;}jea,
of spherical caps of S¥~! of aperture A, i.e. the angle Z (61, 62) between any
two vectors in 0y, 6, € W’y satisfies |£(6;,602)] < A~! and the characteristic
functions {lwi} satisfy 1 < 37jcq, L) (0) <24 for all § € S41.

Further, we define the function

a(jl,jg) = 1nf{|4(:|:91,92)| : 0, € wij, 92 c wf}

which measures the minimal angle between any two straight lines through
the spherical caps w’} and w’}, respectively. It is easily observed that for
any fixed j; € €4 there exist only a finite number of jo € Q4 which
satisfies (41, j2) ~ A~L. Based on the above construction, for each j € Q4
we define

A T d . (5777) wj
Sj _{( afﬂ?)eRx(R \{O}) |(£’n)‘ € A}

TOME 73 (2023), FASCICULE 3



1214 Sebastian HERR & Shinya KINOSHITA

and the corresponding localization operator

(& mn)
1(€,m)]

e =1 (D) Fulrn),

In addition, we define

Ciay ={(&m) €S | |In| < 1.}, Qu(ta) = {J € Q4 | W N Clray # 0.}

PROPOSITION 4.4. — Assume Assumption 4.1. Let A > 1 be dyadic,
J1s J2 € Qa (1) and a(j1, j2) S A~L. Then we have

(4.3)

Loy, ,ns4 /6N27L2|$J,A2(7-23527772)1/15N07L0(T1+7—2a§1+€27n1+n2)d02 L
_d-1 453 LN Y
5 A7 Ny (L0L2)2 HUN27L2|S]% HL2||wN07L0||L27

(4.4)

1GN2,L2nsjA2 /@NO,LO (472,61 4+, m+n2)Uun, L, \sjAl (11,61, m1)doy
L2

_1 d-3
S AN T (LoL)F (1B o 22, 1 s 122

In addition, if |£| > A~ Ny, we get

(4.5)

]‘GNO,LO /aleLl |Sj’41 (Tla fla n1)§N27L2 |S7.A2 (T — 71, 5 - 513 n-— 771) doy
. 12

_d—2 473 1 N
SATEN? (LaLa)? [[uny,nalsp 2210w, o ls4 [l 22

Proof. — First, we show (4.5). We observe that L% < N3 yields |¢| <
Ni. Indeed, we calculate that

3L > |(r — €&+ ) — (n — &+ ml?)
—((r=m) = (=)= &)+ n—m]*)|
= [3¢61(E = &) + & m* — &lml® — (€= &)In — m ||
= |Pen (&1, m)l-

Since ji, j2 € Q4 (1a) and LEE < NP, [€1] ~ € = &1| ~ Ny and |n1| < Ny,
|n — m1| < Ny, the above inequality implies || < N;. By following the

ANNALES DE L’INSTITUT FOURIER
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standard Cauchy—-Schwarz argument, we get

ey, 1, /aNl,LllsjAl (T17§17771)5N2,L2|3;; (r1—711,§=&1,m—m1) doy

L2
2 1|1/2
< sup |E(7—7§777)|1/2 ’aNl,Ll‘SA * 6N2,L2|S.A
(€M) €GNy, Ly 71 21
< sup  |E(r, &) ?|in, 1, sz llz2 [0, 2als2 [l 2,

(1,.6m€GN,Lg

where E(7,&,m) C R4 is defined by

E(T7 ga 77) = {(Tla &1, 771) € GN17L1mSﬁ | (T_Tlv g_flv 77_771) € GN27L208£}'
Thus, it suffices to show

(4.6) sup  |BE(r,&,m)| S AT ANITPLL Ly,
(T7§:n)eGNO,LO

Clearly, for fixed (£1,m1), it holds

(47) sup |{Tl | (717517”71) GE(T’&"’)H gmin(LlaLQ)'
(szxn)EGNoyLo

A simple calculation yields

(4.8) |0g, Pe (§1,m1)| = [36(€ — 261) + - (m — 2m1)],

(4.9) Vi ®en(€1,m0)] = 2((§ = &0)m — Eml.

Let r1 = [(&,m1)|, r2 = [(§ — &,m — m)| and (61,67) = (& /r1,m/r),
(02,05) = ((—&1)/r2, (n—m)/r2) € S?-1. Since (61, 07) x (62,0%) € W’y x
w’? with a(j1,j2) S A7 and €] < Ny, we have [(61,0])+ (62,65) S AL

Furthermore, the assumption (0;,6%) € C(1a) implies [61] ~ |62 ~ 1 and

max(|04],|04]) < 1. Therefore, we deduce from the assumption A™'N; <
|€] that
[n| = |r10] + r205] < |11 —1r2||07] + 72|07 + 03]
< |rib — robh| + 2|0 + 65
< |10y + 12| 4 2r2|(61, 07) + (62, 05)| < 2/¢].
Hence, if (11,&1,m) € E(7,&,n), the above inequality and (4.8), (4.9) yield

[0r, e (§1,m1)| = (010, + 07 - Vi, )P (&1, m1)|

= |91||851<I>5,,,(§17n1)| - |91||V7,1<I>5,7,(§1,771)|
Z |£|N1 P A71N123
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which implies that r; is confined to a set of measure ~ Amax (L1, Ly)/N?
for fixed 6, ] since, as we saw above, it holds that

max (L, L)
Z (=& +m) + ((r =) = (€ = &)(E = &)* + [n—ml?)]
= [(7 = &€& + ?)) + Pem (&1, m)l.

Therefore, we get

H(&,m) | (11,&,m) € E(1,¢,m

/ / / 1E(Tf”l 7"1791,01)7’(1171 d’f‘l d¢91 d0;
4 91 ™1

< AT NS max(Ly, Ly).

This and (4.7) give (4.6).
Next, we consider (4.3). By the same argument it suffices to prove

(1']‘:) Sup |E1( 1751)” )| Sj‘l ( )‘Z LOL23
( l;fly”])EGN],L]

where

El(Tlaflvfr’l)
= {(72:62,M5) € Gry1, NShh | (11 + 72,81 + &2,my + 1) € Gy}

As above, we have

3L > |3 (51 +&)6& + (G + &)m +mal — &lml® — &na|

= | % n1(€2,772)|

We compute |0k, @éi?m (§2,m2)| = N2, |V @g m (&2:m2)| < N2, and with

the same notation for polar coordinates as above , we obtain

1
10,08, (€2,m2)| Z N2.

If (12,82,m5) € Ei(11,&1,m,), then for a fixed angular part (62,07) of
(&2,m5), the radial direction ro is confined to an interval of length <
max (Lo, L) /N?Z. By the analogue of (4.7) we conclude (4.10) and the proof
of (4.3) is complete.

Finally, (4.4) follows by symmetry. O

ANNALES DE L’INSTITUT FOURIER



SUBCRITICAL WELL-POSEDNESS RESULTS FOR THE ZK EQUATION 1217

PROPOSITION 4.5. — Assume Assumption 4.1. Let A > 1 be dyadic,
15 J2 € QA (1a), @(f1,J2) ~ A" and [& + &| S A7 Ny. Then we get

(4.11)

/U/}NO,LO (Ta 57 n)aNh[q |S;‘; (T1v€1 7771)61\727[12 |S;; (72752’772) d0'1 da?

*

d—3 a—6 R N N
SATT N7 (LoLiLa) [y 1, |2 18y, 2o |22 10, 1o || -

Proof. — In the proof of Proposition 4.4 we proved |n| < €|+ A71N; <
A~!N;. Thus, by almost orthogonality, we may assume that 7; is confined
to a ball whose radius is comparable to A~! N;. We write n; = (n;, n;). Fur-
ther, without loss of generality, we can assume max(|n}|,|n5]) < A~IN;.
Indeed, we can apply a rotation in the n-subspace, since the phase function
is invariant under such rotations.

Since a(ji,j2) ~ A7, we have max(|&ime — &ml, [E1my — Lomy]) ~
A~INZ. We first consider the case |£1m2 — &mi| ~ ATENE. For fixed nj,
15, we will show that

(4.12)

/A@N(,,L0 (1,6, mun,, 1, |s.A (T1,€1, M) 0N, L, \sjAZ (T2,&2,m2) doy dos

*

1.
SAINT (Lol L2)? iy, o, ) 22 [188s, 05122 @, o) 2

TEN TEN 7&71

where do; = dr; d§; dn; and % denotes (7,€, 1) = (71 + 72, & + 2,11 +12).
(4.12) implies (4.11) because

/@NO,L0 (7, & mun Lol s (715 €M) UN, L |54 (T2, €2, m2) do do

*

</

Jv rar i sy ()

*

X UNy, L, \SA (12,&2,m2) do A2

dny ds,

T&n

< ABN[2(LoLy L)} / I za s (n3)
X Ao, Lol s ()22, 1o, Lo (Mh +73) 12, dmy dmy

A_7N1 (LOL Lo) [y, 1, || 22 [0z, £ | 2| @Ng 26 | 22

where we used the support conditions in the last step.
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Now, we prove (4.12). We use the shorthand notation

f'r]i (Tla §17 771) = a]\/'1,L1 |Sf; (Tla §17 771),
9nl, (7—2752a772) = 6N2,L2|SJA2 (7_2a€2,772)7
hn' (T7 5; 77) = ’&}\NO,LO (T7 57 77)7

and show

(4.13)

n’ (Ta 57 U)fn; (T17 gla 771)977; (7—27 527 772) doy do

1 1
< ANy (LoLiL2) || fog Il 2,

AP
Applying the transformation 71 = & (£ +nf + |0} |*) +c1 and 70 = &(&5 +
n35 + |n%|?) 4 c2 and Fubini’s theorem, we find that it suffices to prove

(4'14) ‘ /hn'(qbni,cl (517771) + ¢n;,cz (527772))](‘1]1 (¢771701 (517771))

X Gt (D eo (§2,m2)) €1 dimn déadne
1o
SJ A2N1 2an'1 © ¢"7'1701HL§,,H977; © (bn;,cQ”Lgn”hn'”Lf_&na
where h,(7,€,7) is supported in co <7 —&(£2 +n* + [n’[*) <o+ 1 and
Dugt (&,my) = (5;‘(5]2- + 77? + |77;~|2) +¢j, &, my) for j=1,2.
We use the scaling (7, €, ) — (N7, N1&, Nin) to define
JFT,;(T17§1,771) = [ (N?71, Ni&1, Namy),
G, (T2, €2,712) = Gy (N7 T2, Ni&o, Nipa),
h'r]' (T7£a7]) = hn'(Nf’T7 lea Nﬂ])

Let n; = Ny nj, . = N, 3¢;. The inequality (4.14) reduces to

’/h oz (G1m) + 0~ (§2,72))

X o (b = (60,11)) Gy (65 = (62,m2)) A diy ddly

2,2

1..-3 ~ ~
SAIN, 2| foy 0 b, 7 ez 19 © 05, 7, 22 th Izz,, -

mn1,C1 Mn2,C2
Note that [17;] < A~! and we easily see |£;] ~ 1, |n;] < 1 and [&1m2—E&m| ~
ATV (&,m) € supp(fg 0 b5 ), (€2,m2) € SUPP(Gny 0 b5, ). Therefore,

mni,c1
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letting 77 = N 'n’, we can assume that lNzn/ is supported in S3(N;?) where

(&m| <A,
S3(1'1_3) = (Ta§777) Co 2 2 ~ 9 Co+1

By density and duality, it suffices to show that for continuous fn;’l and §n£
it holds that

~ - 1.3 ~ ~
(4.15)  ([fyrlsn * Gmglsall Lo gsyvoy) S A2 Ny 2 g 22 (s 19 122 (s0)
where S7, So denote the following surfaces

S1={¢; 7 (1,m) € R’ | (&1,m) € supp(fpy; 0 o5 =)}

Sz ={¢;, 7, (€2,7m2) € R’ | (€2.72) € supp(gy © b7, + )

(4.15) is immediately obtained by the following.

re ~ 1,7 ~
(4.16) [ fag 151 % Gy 52l 22(55) S A2 | far 2 (s0) 19m | 22 (5)
where
& <A™,
SS = (Tﬁ;(f, 77)7577’) € RB 66 3

V(€)= £ + 0 +n*) + N

for any fixed ¢, € [co, co + 1]. Since diam(S3) < A~!, by the almost or-
thogonality and harmless decompositions, we may assume

(4.17) diam(S;) < A™Y for i =1,2,3.

For any A\; € S;, there exist (&1,m1), (€2,7m2), (§,m) such that

A1 = (rb;;l);l (6177]1)5 )\2 = ¢;2’22 (527772)7 Af’) = (7/’;(5777),5777)»
and the unit normals n; on \; are written as
1 —
n; (i) (=1, 3¢ +nf + |mil?, 2&m;)

VI B )+ A€k
for i = 1,2, and the same for n3(\3). Clearly, the surfaces S, Sz, S3 satisfy
the following Hoélder condition.

i) — (s HODIO DY
ws sp WO w00 =R
Aia&\iESi |/\1_/\l| |)\z _AiP

We may assume that there exist (21, m), (22, m2), (E, 1) such that
(€1,71) + (&2.2) = (&),
G = (E17) € S1, 0 = (E2,72) € S, (U5(€,7),6,7) € S5,

71,C1
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otherwise the left-hand side of (4.16) vanishes. Let A=~ ~ (21, m), X2 =

M1,C1

b (€2,72), Az = (1#7’(2, 7),6,7). Forany i = 1,2,3 and A;, A; € S; (4.17)
implies that

(4.19) i) — m(h)| < AL

From (4.17) and (4.18), once the following transversality condition

(4.20) A7t < | det N(A, Mg, A3)|  for any \; € S;.

is verified, we obtain the desired estimate (4.16) by applying the nonlinear
Loomis-Whitney inequality from Proposition 2.3. Using |§;| ~ 1, [7;| < 1,
;1 S A7 and |67 — &M ~ A7, we compute

|det N (A1, Az, As)]

-1 -1 -1
2 |det 367 + 77 + [T 3G+ 75+ M2 38+ 7% + |7
261 26277 267

vV

((Exlo — &m) (B(E2 + &6 + E3) — (72 + il + 712))
+ (& + &y + )T ? — 2067 — &) - T2
— (&1( T + T2) + &) |72 ?|
> A

which implies (4.20) due to (4.19). In the above computation, we used
multi-linearity in the columns to separate the contributions of 771, 172 and
7 from the main one corresponding to the first line above.

Next, we treat the case [&1m5 — &om| ~ A7'N7. Without loss of gen-
erality, we assume |15 — &an| ~ A71N? where 1] and 1} are the first
components of m7 and n}, respectively. By replacing the role of (11,72)
with that of (n],n5) in the proof in the previous case, it suffices to show

(4.21)

l@No,Lo(Tagan)aN1,L1 |S].A1 (7_17517771)61\/2,1/2 |S].A2(7—27£27n2) do; dos
*
1o 1 _ . _ . .
S AENTHLoLa L)t i, a0 22, [0, @2 2 [ @ 22,
where 7; € R?2 denotes n; excluding 77;, do; = dr;dg; dn§ and * de-
notes (7,&,m') = (11 + 72, & + &2, 0y + n5). Similarly to the previous case,

(4.21) is established by the nonlinear Loomis—Whitney inequality. To avoid
redundancy, we here only consider the transversality condition, which is
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given by

2 2
|(&1ms — ) (367 + & + &) — () +nimh +n5))
+ (& + Sa(my +mo) |1 — 2(6an) — Eamy) T - T2
— (&) + 1) + Em) 72|
> AT'NY,
where we used |17 — &) ~ ATINT, [0f] S ATINy and |7;] < Np. O

PROPOSITION 4.6. — Assume Assumption 4.1. Let A > 1 be dyadic,
1. J2 € Qa (1), a(j1,j2) ~ A, Then we get

(4.22)

/@NO,LO(Tagan)aN17L1 |S7.A1 (7_17517771)61\72,142 |Sg(7—27€27172) doy dos
N ; ;

d— =6 N - -
SATFN T (LoLiLa)® w2 122 [n 2 22 [ @ o 1 2

Proof. — Proposition 4.5 gives (4.22) if [&; + &| < A7LN;. Thus we
assume |&1 + &o| > A71N7. We show that |¢; + &| > A~1 Ny provides

(4-23) |q)(§17771a52»772)|

= 366G + &) + (& + &)|n +n2l” — &lm | — &ln2l
> AN

Since L{%* 2 |® (&1, M1, &2, m2)|, this and Proposition 4.4 verify (4.22). Re-
call that the assumptions ji, jo € Q4 (1a) and &1 + &of > A7INy imply
max(|n1],[n2|) < N1, [m1 + n2| < |&1 + &2|. Therefore, we have

(&1 + &)m + m2l” — &lm | = &ln2
<&+ &l(Im + m2l + ) + 1&(m)? — n2?)|
< N7j& + &,

which immediately yields (4.23). O

Proofof (4.1) in the case (Ta). — Assume that (£5,71;)/1(&,m;)| € C1a)-
Define

A
Ji.Jz T

/'L/U\NO,LO(Taga"])aNl,LI|5jf‘1(7'17£17771)6N2,L2|$}2(7_27§27"72) doy dos|.

*

TOME 73 (2023), FASCICULE 3



1222 Sebastian HERR & Shinya KINOSHITA

‘We observe

/@NO,LO(T,@n)@Nl,Ll(7'1751,?71)5N2,L2(7'2752,?72)d01 dos

*
3/2
S‘ Z Z Iﬁ \J2 + Z I;Y}jz ’

1€ ASN/2 aljiga)~ AT a(j1.d2) SNy

Note that (|(&1 + &2,m1 +m2)|) ~ No = A7INy if (11, &1, m1) X (12,2, m2) €
S84 x 82 with a(j1, j2) ~ A" Thus, the former term is estimated by using
Proposition 4.6 as

Z Z Ij{ijz

L ASND/? a(fi,j2)~AT1
a-3 _ 3 1
< E E N02 N, 2(L0L1L2)§
1<<A§N13/2 a(j1,j2)~A"1L

X ||aNlaL1 LS‘].A1 ||L2||EJ\N2,L2|S£ ||L2 H{U\N07L0HL2

da—3 _3 1 R R
> Ny® Ny H(LoLiLa)? |[in, o |2 10, Lo |2 1B, 2o || 22

LK ASNE/2

A

d=3 _ 3 1. ~ ~
S (log N1)No ® Ny 2 (LoLyLa)? ||un, Ly |22 1[0n, Lo | 22 10N, 2o || £2-
By using (4.3) in Proposition 4.4 for the latter term, we complete the
proof. O

Next, we treat the case (Ib) min(|n1],|n2]) < N1, max(|n1], [n2]) ~ Ni.
Without loss of generality, we assume |n;| ~ Ny and |na2| < Np. Note that
Nj ~ Ny and |n2| < Ny imply |€2| ~ N;. We define

F(&1,m1,82,m2)
= (& —&m)BE +&E+8) — (f +mne+13))
+ (&2 + Ea(m +m)) i1 = 2(6m — Eama)my - M
— (&x(m +12) + Eam)Ima|*.

Recall that this function F'(&1,m1,&2,m2) appeared in the proof of Propo-
sition 4.5 and provided a transversality of the three hypersurfaces.

LEMMA 4.7. — Assume Assumption 4.1, || ~ Ny and |m2| < Nj.
Then we have ‘F(§1a771f2,772)| Z Nil
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Proof. — We show LI > N7 if |m| ~ N, |p2] < N; and

~

|F(&1,m1,&2,m2)| < Ni. Since |n1| ~ Ny, |n2| < Ny, it is observed that

(4.24) |F(&1,m1,80,m2)| < N
= |&m (3(6 + &a&o + &) —n}) — Lom|my|*] < N}
= |Im[® = 3(& + &6 + )| < NY.

We use the function ®(&1,m1,&2,m2) which was defined in the proof of

Proposition 4.6. It follows from |n2| < N7 and (4.24) that there is 0 < ¢ <
1 such that

|D(&1, 11, E2,m2)| = [36162(61 +E2) +Ealma || = [2(61 +E2)m1 -2 +Ex [m2 |
> [&][361(61 + &) + 3(€1 + G162 + €3)] — N}
= 316211267 + 2616 + &3] — N
Z NY,
which completes the proof. O

Lemma 4.7 suggests that we can obtain (4.1) by the same argument as
in the proof of Proposition 4.5. We omit the details.

Lastly, we consider the case (Ic) |n1| ~ |n2| ~ N;.

In this case, we perform an angular decomposition in the n-space. In the
same way as above (see [2]), for A € N we choose a maximally separated
set {EJA}JEQA of spherical caps of S9=2 of aperture A~!, i.e. the angle
Z(07,02) between any two vectors in 67, 05 € (.Uil satisfies | £(61,02)] < A™1
and the characteristic functions {lwi} satisfy 1 < > 15 (0) <24, for
all § € S%=2. Further, we define the function

a(ji, jz2) = inf{|4(i91,92)\ L0 ERY, Oy € wfj}.

JEQA

For each j € Q4 we define

5/ = {remerxrx @ Lea,)

and the corresponding localization operator

FRfu)(r.6m) = Lo (L) Fulrs€,m)

Let k = (k(1), ..., k) € Z%. We define regular cubes {Cj}} ¢z« whose side
length is A~'Ny and {C{}eza as

Cit={x=(21,...,2q) ER* | 2, € A" N[y, ki +1) for alli = 1,...,d.},

we set 5,? =R X C,?, and lastly we define 5j‘?k = gf N 5,’:‘
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PROPOSITION 4.8. — Assume Assumption 4.1 and |n1| ~ |m2| ~ Ni.
Let a(jy,jo) ~ A™" and ky, ko € Z%. Then we get

(4.25)

/@NU7LU(T,§,U)QN1,L1|gﬁ kl(T17§17n1)6N27L2|$jA2 k2(725527772) d0'1 dU?
N . ,

S AT N7 (LoLn L) [y 10 22 10m.al 22 1B, o 22,

where do; = dr; d§; dn; and * denotes (1,£,m) = (11 +72, &1 +E2, M1 +n2)-

Proof. — After rotation, we can assume |ninh — n2n}| ~ A7IN? and

In;| < A7'N;. Recall that n; and 7 are first and second components of

n;, respectively. For simplicity, we use 1; € R?=3 which satisfies n; =

(nj:m3) = (nj,n},7;). Similarly to the proof of Proposition 4.5, for fixed
&1, &, 11, T2, it suffices to show

(4.26)

/VwNo,Lo(T,§777)aN1,L1|5jAl o THELT)ONG s g4 | (72,€2,m2) o1 doy
* ok 2,

1 — 1< ~
S AZN (Lol Lo)? ([, 1, €01 22,
X onz €22 |2 N@No, Lo Mllz2

where do; = d; dn; dn; and * denotes (7,7,7') = (71 +72, 71 + 12,7 +15)-
We follow the proof of Proposition 4.5. Assume that {1, &2, 1)1, 72 are fixed.
We use the functions fe, i, Je,.i7, on R? that are defined as

ffl,ﬁl (7—1’7717771) = aNl’L1|ngl,k1 (N]:_ST17§1’N17717N1771)7\7/1)7

gfzﬂvh (7—27 72, 775) = E}\Nz,Lz |€j‘42,k2 (NET% 527 N17727 Nlnév ﬁz)v

and show the following estimate:

re ~ 1.7 ~
(4.27) N fer sy * Geoiialsallzz(ss) S A2 fey i lL2(50) | 9es 572 12 (50)-
Here, co, c1, ¢2 € R, & = Ny '¢, § = Ny '¢;, m; = Ny '35, 7 = Ny '4j and
for
be,iige, (1) = (& + Inl?) + ¢j,m.n'),
the surfaces are given as

Si={¢x — (n,m) €R®| (1)) € supp(fe, 7, ©

&1,M1,¢1 §1,M1,¢1

)}
52 = {¢Z;,ﬁz,62 (772777§) € RS | (772777l2) € Supp(gﬁz,'ﬁz o ¢§~2,ﬁz,c2)}’

Sy = { (g (1)) €R? | e y(n.n) = £(6% + nl*) + co}-

Since diam(S7) < A7Y, diam(S;) < A~1, we can assume diam(S3) < A7L.
We easily confirm that Sy, So, Ss satisfy the necessary regularity and di-
ameter conditions to use the nonlinear Loomis—Whitney inequality. Thus,
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here we only confirm that Sy, S3, S3 satisfy the suitable transversality
condition. We define \; € S; as

A = ¢

&1,M1,¢1 (7717771)7 Ay =

T ¢, M2,02

(n2,m2), A = (g (my) o).
The unit normals n; on \; are described explicitly as
1 . P

i) = = - (—1, 28m;, 2§i77¢>7

\/1 +482 (7 + ;)
for i = 1, 2, and the same for nz(\3). Letting 1 = (71, M), M2 = (72, 72'),
n=(0,7), N1 +n2 =1 and
3\\1 = (7/7;) € S, XQ =

n; ()\

glfh,cl 32,772,02 (7/]5) € SQ’ Ag = (wgﬁ(ﬁ)’ﬁ) € SS’

we show
A7V < et N(Ar, Az, A3)],
which means the transversality of Sy, Sz, S3 and completes the proof. We
observe
-1 -1 -1
|det N(A1, Ao, As)| = |det | 267 267 267
267 26 267
2| — i) (€ + 66 +8))|
>A~L
Here we used the assumptions |15 — 2| ~ A~ Nf and max(|&], [2]) ~

N; which imply |mi7" — M| ~ A7' and max(|¢1], [€2]) ~ 1, respectively.
O

PROPOSITION 4.9. — Assume Assumption 4.1 and |n1| ~ |m2| ~ N;.
Let a(j1,j2) ~ A~L. Then we get

/@NO,LO (Ta 57 n)aNhLl |§;_41 (Tla 517 771)61\/2,[42 |§;“2 (7—27 523 712) doy doy

*
a—4 .9 _1-23 1~ ~ ~
SNo® Ny TP (LoLaLo)® |any ry |2 l[0ns, o Ml 22 | @, Lol 2
where doj = dr; d§; dn; and * denotes (7,§,1) = (11 + 72,1 +82, M1 +12).

Before we state a proof, let us see that Proposition 4.9 establishes (4.1)
in the case (Ic).

Proof of (4.1) in the case (Ic). — For convenience, we use
A ~ ~ ~
P /wNO,Lo(T>§»77)UN1,L1|§4 (T1,61,M) VN, 1, ] 54 (72,€2,m2) do1 doa | .
* J1 J2
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‘We observe that

/wN07L0(Ta§7n)uN1,L1 (7'1751a771)UN2,L2 (T27§2’T’2) doy doy
*
—4 =N§
E : § : Ij11j2 + Z Ij17j2'
2<AKNS G(j1,52)~ A~ (j1,52) SNy °

For the former term, by using Proposition 4.9 and the almost orthogonality
of j1, j2 which satisfy a(ji,j2) ~ A™1, we get

Z Z fﬁ 2J2

2<ALNS a(j1>j2)NA71

a-4.49 _3 1~ ~ ~
S ST Ny T N TR (L L L) [y a2 (O, 2 [ B 1 2
2<A<N6

4490 g 1~ P ~
S NO : ENl ! E(LUL1L2)2 ||UN17L1||L2||'UN27L2”LQ”wNo,Lo”LQ'

_AT6
For the latter term, since the size of the set {(&1,m1)[(71,&1,m1) € S;\lrl} is

less than ~ Nfg'(dﬂ)+2 < N;3, we easily obtain

FN§ -3 1 . ~ P
Ij11,j2 < Ny *Lt ||uN1,L1|§;‘1 HL2||’UN2,L2|§;‘2||L2||wNo,L0||L27

which completes the proof of (4.1) in the case (Ic). O

The next subsection is devoted to the proof of Proposition 4.9. Note
that, as in the proof of Proposition 4.5, by rotating 11, 12, we can assume
[mnb — mamy| ~ ATINZ and In;l < A~'N;. Further, by performing the
invertible linear transformation (£;,7m;) — (& +n;, V3(& —n;)), it is easily
observed that Proposition 4.9 is equivalent to Proposition 4.10 below.

4.1. Proof of Proposition 4.9

As justified by the above discussion, in this subsection we assume the
following:

Assumption 4.1'.

(1) L < (N33,
(2) 1< No < Ny ~ N,
(3) max(|& + ml, €2+ na|) = 275Ny,
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PROPOSITION 4.10. — In addition to Assumption 4.1, suppose that

& —mnj| ~ N1, [nj| S A™' Ny where j = 1,2 and | (&1 —m )15 — (§2 —12) ;| ~
A~IN2. Then we get

(4.28)

/ hNo,Lo (Ta 57 n)le,Ll (7—17 517 nl)gN27L2 (7-23 527 772) d0'1 de

d-4i9e  —1-3 1
SNoz ENl ZE(LOLlLQ)ZHhoLl||L2||gN2,L2HLZHthL(JHsz

where functions fy, 1., GNy,L,, PNo,L, Satisfy
(4.29) suppfn,,L, CGN,,L,s SUPPYIN,,L, C GN,, Ly, SUPPhNg L, €GNy, Lo

and Gy, 1, is the set

{(r,&m) e R (|(&,m)) ~ N, (= (€ +1%) = (€ +n)n')?) ~ L}.

We consider Proposition 4.10 instead of Proposition 4.9. The advantage
in this way is that we can reuse the propositions and lemmas that were
established in the paper by the second author [21] which was concerned with
the 2D Zakharov—Kuznetsov equation. In [21], the following symmetrized
2D Zakharov—Kuznetsov equation was considered.

Opu+ (05 +0)u =475 (0; +9,) (W), (t,wy) ER xR

This equation is equivalent to the original 2D Zakharov—Kuznetsov equa-
tion, which can be seen by applying the above linear transformation
(&,mj) — (& +nj,V3(& — n;)) to the original 2D Zakharov—Kuznetsov
equation. See [16].

Now we turn to Proposition 4.10. Note that the assumptions in Propo-
sition 4.10 suggest that we can assume A~'N; < Ny. We divide the proof
into the two cases

|sin Z((&1,m), (§2,m2)) [ 21 and  |sin Z((&1,m), (§2,72)) [ < 1.
First, we consider the case |sin Z((£1,m1), (§2,72)) | 2 1.

DEFINITION 4.11. — Let M > 1 be a dyadic number and £ = ({1, {(2)) €
Z%. We define square-tiles {T },cz2 whose side length is M~'Ny and
{TM}eze as follows:

TM ={(&n) eR?| (&) € M_lNl([g(l)vé(l) +1) x [l(2), €2y + 1))}
TM =R x TM x R¥2,
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DEFINITION 4.12 (Whitney type decomposition). — Let A, M, M be
dyadic such that 1 < M < M < A and

(&1, m,E2,m2) = &1&2(&1 + &2) + mma(m +n2),
F(&,m,&,m) = &ma + Eom + 2(&m + Eomp)-
We define
Zy ={(t1,62) € (Z°)* | |®(&1,m, E2,m2)| > MTINT for all (&5,m;) 672-\/[};
Zir={(l1,62) € (Z*)* | |[F(&1,m1, &2, m2)| > M N} for all (¢5,n;) 672_]7”},

Zy = Zy UZ3, C 72 x 72, Ry= |J T7TMxTMcR>xR.
(01,42)EZ N

It is clear that My < Ms = Ry, C Ryy,. Further, we define

Ry \ Ry for M > M,
Qum = 2 —
Rﬁ for M = M.

and a set of pairs of integer pair Z); C Zy as

U T < TA = Qum.

(él’EZ)EZE\/I

We easily see that Z}, is uniquely defined and

My# My, = Qu, NQu, =0, () Qu=Ru,
where My > M is dyadic. Thus, we can decompose R? x R? as

R? x R? = U Qu | U (Rag)".
M<M<M,

Lastly, we define
A= {(r1,&1,m1) x (12,2,m2) €RT X RI [ sinZ((€1,m1), E2,m2) | 2 1},
ZM: {(61762) € Z;\/[ ‘ (;7;]1\4 X 732/1) N (GN1,L1 X GNz,Lz) nA 7é (Z)} :

By the same argument as for the 2D case in [21], we can obtain the
following estimate.
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PROPOSITION 4.13. — Assume [n}| S A~IN;y and (4.29). Let A, M be
dyadic which satisfy 1 < M < A and (¢1,4s) € ZM. Then we get

(4.30)

/hNo,Lo(T,f’n)fN1,L1 |7~—ZM(717£1;771)9N2,L2 |7~'2M(7_2»§23772) doy doz

_d-—2 1 da—6 1
SATEMEN,? (LoLiLo)® || fx za G 2 lgma 2ol o2 1 Pvo, 2ol e,
1 2

where do; = dr; d§; dn; and * denotes (7,£,m) = (T1+72, &1 +E2, M1 +12).

Proof. — Since [n}| < A~INy, for fixed i}, 5, it suffices to show

(4.31)

/\hNO,LO(ﬂfﬂ?)le,Ll |77V*ZJVI<T].)§1?,’71)9N27L2 |7~—£M(7'2,€27772) doy dog
* 1 2
1 _ 1
SMz2N; 2(L0L1L2)2 | fny Lo |7~—€M (TI;IL)HLEE17
1

X ”gNz,Lz |%V-21;4 (’r’;)HLf_sn HhNo,Lo (77’)||L35n’
where do; = dr;d§;dn; and % denotes (1,£,m) = (11 + 72,&1 + &2, +
n2). (4.31) is established by the same argument as for Propositions 3.3—
3.5 in [21] which considered the Cauchy problem of the 2D Zakharov—

Kuznetsov equation. The only difference is that, in [21] it was assumed
that fN1,L17 9N, Lo» hNo,Lo satisfy

supp fN1,L1 C §N1,L17 SUpp gn,,L, C éNz,Lw supp hNo,Lo - éN07L07
Gy ={(n&m) e R ~ N, (r— (€ +7°)) ~ L},

instead of (4.29). We will see that, because of the assumptions M < A and
AR A~1Ny, the proofs of Propositions 3.3-3.5 in [21] can be transferred.

FiI‘Stly, either |$(€17 Ui 523 772)‘ Z MﬁiNl?) or |F(£1a i, 523 772)| Z ‘7\4'71‘]\712
holds under the assumption (¢1,43) € Zp;. We first assume

|6(£177717£27772)| 2 M_1N13

and show (4.31). For simplicity, we use

f"’li(Tl’flﬁnl) = le,L1|'f7iM<Tla£17nl)7
21

gn; (T2a§27n2) = gNg,LglfféM (7—2;527772)’
2

h"' (T’ 5’ 77) = hN07L(J (Ta 57 77)
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Since
BLE
>+ = (G +&)°+ (m+m)?) — (C+ & +m +nm2)n) + nsl?
—(n—=(&+n)—(& +771)|771|2)—(T2—(§S+77§)—(52+772)|"7;\2)‘
Z/ @(5177717527772” + O(Aile) Z/ Mﬁle),

the following estimates which correspond to Proposition 3.3 in [21] imme-
diately yields (4.31).

(432) ‘ 1GN07LO /fni (Tlagh 771)97,;(7' - 7—155 - 51) n—- 771) d(/T\]_
L2
TEn
_1 1
S (MN1 )72 (LaLo) 2 || fy [l 2, llgmg 2, »
and
(4.33) ‘ LGy oy /gn;(ﬁ,&ﬂh)hn'(ﬁ + 72,81+ &2, +12) do2 L
TEn
_1 1
S (MN1)™2(LoLa) 2 |l gyyll 2, 1|22,
as well as
(4.34) Ly a7 /hn'(Tl +72, 81482, 1 +12) [y (11, €1,m) doa L
T&n

_1 1
S (MN1) "2 (LoL1)? ||y [l 2, (1 fog llz2

TEN rén’
Here we sketch the proof of (4.32) only. The other estimates (4.33)
and (4.34) can be obtained in the same way as for (4.32). We first observe
that the assumptions imply

(4.35) max (|(&F — (€ = &)%) |(nf — (0 —m)?|) 2 N7
If (4.35) does not hold, we can assume one of the following,.

(1) [&1 = (=&)< N1 and | —(n—m)| < Ny,
(2) &= (=&)< N and |+ (n—m)| < Ny,
(B) [&1+ (=&)< N1 and | —(n—m)| < Ny,
(4) &1+ (=&)< Ny and |+ (n—m)| < N1

(1) and (4) contradict the angular assumption

|sin Z ((&1,m), (§—&,m—m))| 2 1.

We show (2) contradicts one of the assumptions. Clearly, max(|¢], |€ —
€1]) 2 Ni holds under this angular assumption. Without loss of generality,
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we can assume |£1| 2 Np. This and the inequality |§; — (£ —&;1)| < N; in (2)
yield min(|¢], [ —&;|) = Ny which, combined with || = |1+ (n—n1)] < Ny
in (2), gives
3L

> 3max (|7 — & =’ |n - & =il IT =1 = (€= &) = (n—m)?|)

+ O(A?N7)
> (€616 — &) +nm(n —m)| + O(AT2NY)
2 N+ O(A7NY) 2 N}

which contradicts L% < Ni. Similarly, we can show that (3) contradicts
at least one of the assumptions. Without loss of generality, we assume

&8 — (€ = &)*| 2 N
We turn to show (4.32). By the Cauchy—Schwarz inequality, we get

L YT /fn’1 (71,61, M) Gy, (7 — 71, € — &1, — 1) doy

L2
TEN
2 9 1/2
S N (s R
LTET/
9 9 1/2
< s BT EmI || # g |

b (1:¢6mM€EG Ny, Ly Y | m } "72| L-1r§n
< sup B ENY P g llez, lgmllre,

(7,6,m€EG N, Lo
where E(7,&,1) C R? is defined by
E(T7 g’ 77) = {(Tlv gla 771) € Supp(fn'l) ‘ (T —T1, 5 - gla U 771) € Supp(gn;)}
Thus, it suffices to show

(4.36) sup | E(1,&,m)] S (MN1) ™ L1 L.
(T’E7U)GGN0,L0

For fixed (&§1,m1), we easily have

(4.37) sup {71 | (71,&,m) € E(7,§,n)}| S min(Ly, Lo).
(1,.6,m €GNy, Lg

Let C(&,m',&,m}) = (&G +m)m 2+ (E=& +n—m)n’ —n)|>. We observe
max (L1, L)
2= =—m)+@F-—n)—(E-&)°—m—m)’—CEmn & m)
=[(r =& =) +3(& (€ — &) +nm(n —m)) — C(&,m,&,m).
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Thus, we deduce from |9, (§61(6 — &) | = 67 — (€ — &)?| 2 NT, [my| S
A7INy and |p’ — n}| < A7'N; that, for fixed 71, it holds that

(4.38) sup  |{& | (m,6,m) € B(,6,n)} S Ny max(Ly, Ly).
(7,6:mEG N, Lo

Lastly, since (71,&1,m) € supp(f,;) implies ({1,m1) € ’72]1\4, we have

(4.39) sup  |{m | (11, &.m) € B(r,&n)} S M7 Ny.
("357?7)€GN0,L0

The estimates (4.37)-(4.39) complete the proof of (4.36).

Next we show (4.31) under the assumption |F(£1,m1,&2,7m2)| = M~'N?
by following the proof for Proposition 3.5 in [21]. By Fubini’s theorem,
(4.31) reduces to

(440) ‘/hn’(@n:’“cl (513771) +90n;,cz (52,772)).}(‘111 (@ni,cl (517771))

X g(Pny e, (€25 m2)) d&a dmn A2 dmo
1 _
5 M2N1 2||f'r]; © 907]’1,1:1”[/2””977; © 907];,(:2”[/2 ||h77'||L2 )

&n TEN

where h,/(7,&,7) is supported in ¢ < 7— & —n® = (E+n)|'|* <co+1
and

ot e, (&) = (€ +0° + (E+n)IN1P + ¢, & m) for j=1,2.
j2C J

Note that if n} = 0, =7’ =0, (4.40) corresponds exactly to the inequality
(3.17) in [21]. Similarly to the proof of Proposition 4.5, we define

ﬁ;(ﬁ,flam) = [y (NP1, Ni&1, Nim),
s, (T2,62,m2) = gy (N772, N1&a, Numpa),
by (7,6,1) = By (NP, NoE, N1,

and prove
= ~ 17 ~
(4.41) I fn: 15, * 9myl5, ||L2(§3) S Mz for ||L2(§1)||gn;HL2(§2)’

where n; = Nl_ln;, 7= N;'n, ¢ = N{?c; and

%]

L= {@;1721 (é1,m) € R? ‘ (§1.,m) € supp(};’1 o 80;1;1)} 7

%2}
%

— {055 (2 m) € B?| (€2,2) € 5upD(Gg 0 05, }

{(@;(&n),é,n) ER’

5 €)= €+ + (€ + I+ 35 ).
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Clearly, S1, Sa, S3 satisfy necessary regularity and diameter conditions to
apply the nonlinear Loomis-Whitney inequality. Define \; € S; as

)\1 = 80;17’51 (517771)7 )\2 = 80;2722(527772); >\3 = (@;(5777)75777)7
then the unit normals n; on \; can be described explicitly as

1
VI3 + 1) + (307 + 1)

n; (i) = (=1, 3¢ +[ml*, 3n7 +|m:l?),

for i =1, 2, and the same for ng(\3). We define

1

)= Jireer o

for i = 1, 2, and the same for n3(\3). Since |7;| < A7L, || < A7, we
easily get [n;(X;) —n)(\;)| < A~' < M~'. Therefore we only need to show

ﬂ?()\ _17 36127 3777?);

| det(nf (A1), n5(A2),n3(A3))| 2 M !
with (£1,m) + (£2,m2) = (€,1). We calculate

-1 -1 -1
| det(nf(A1),n9(A2),n3(A3))| 2 |det | 367 3¢5 3¢
3t 3m5 37
2 |&1m2 — Eam||€1mz + Eam + 2(Em1 + Eamp2)]
>M1L

Here we used [sinZ ((&1,m), (2,72))| 2 1, and (€1,m) € supp(fy; o
Spﬁl :Cvl)’ (§27 772) € Supp(gn; ° (‘0;2,:2) which lmphes |F(£177717£27772)| =
M~ 0

The key ingredient to show (4.28) is the almost orthogonality of ¢; and
¢y which satisfy (¢1,/02) € Z - However, in [21] it was found that there
exist pairs of tiles which do not satisfy the almost orthogonality. Thus we
perform the decompositions which was introduced in [21], see [21, Remark
3.3] for the details.
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DEFINITION 4.14 ([21 Def. 3]). — Let Ko, K1, Ko, Kb, K}, K C R?
and Ko, K1, Ko, ICO, ', Kl € R be defined as follows:

Koz{(fn ERQHn— (V2-1)3
Ky = {(5, ERan \f+1§\[+\[§’ 220N}

< 2_20N }

/C2={(§, 6R2Hn+ \f+1%f—f§‘ 2- 20N1}
Ko={(&n) €eR*|(n,€) € Ko},
Ki={(&n) eR*|(n,¢&) e K},
Ky ={(&n) e R*| (n,§) € K*},

Ki=RxK; xR"2 KI=RxK,xR*"? fori=0,1,2.
We define the subsets of R? x R? and R4*t! x RI*! as
=( YU (K1 UK2) x Ko) € R x R?,
K =(Ko x (K1 UK2)) U ((Ky UKy) x Ko) € R x R+
= (K} x (KL UKL) U (K UKS) x Kp) € R? x R
=(K}, U (K UKL) x Kjy) € R 5 R

Ko x (K1 UKs)

x (Kq U Ky))
and their complements as
(K)° = (RZx R\ K, (K)° = (R x R\ K
(K')° = (R? xR\ K/, (K)° =R x RT)\ K.
Lastly, we define
Zns = {(01,) € Zag | (T % T 0 (00)° 0 ()°) # 0}
and Zyy as the collection of (¢1,02) € Z? x Z? which satisfies
e U U (@),
MM/ M (€),65)€Znm
(T2 % ) 0 (Gt X Grayra) AN (RN (R')°) # 0.

LEMMA 4.15 (21, Lem. 3.7]). — For fixed ¢, € Z?*, the number of {5 €
Z? such that (¢1,0s) € Zyy is finite (umformly bounded). Furthermore, the
same claim holds true if we replace Z v by Zu.

Now we show (4.28) under the assumption (£1,71) X (§2,m2) € (K)°N
(K)e.
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PROPOSITION 4.16. — Assume the same conditions as in Proposi-
tion 4.10. Suppose further that |sin Z ((§&1,m), (§2,m2)) | 2 1 and (&1,m1) %
(&2,m2) € (K)¢ N (K')¢. Then we have

(4.42)

/ hNo,Lo (7—; 57 n)le,L1 (7_1, 517 nl)gNz,Lz (TQa 527 T]2) doy dog

*
d—6

_ada=3 1
SAT: Ny ® (L0L1L2)2”le,LlHL2||gN27L2”LQ”hNo,Lo”sz
where functions fn, L., 9N,.Ls» PNy, Lo Satisty (4.29).

Proof. — By the definitions of Zy and Za, (GNy .y X GNyn,) NAN
(K)en (K')¢ are contained in

U U (@ =7)u U (7x72).
MSMKA (£1,02)EZns (61,02)€EZ 4

Therefore, we get
(LHS) of (4.42)

S Z Z ‘/*hNo’Lo(vaan)le,Ll’7”21;/1(7'1761,771)

MEMKA (01,62) €20

X gNo,Lo |'7;M (7—27 527 772) doy dos
2

+
(£1,82)EZ 5

/hNo,Lo (Tagvn)le,Ll |"7:2A (7_1;517771)
1

*

X gNz,L2|77:£A (723527772) d0'1 d02
2
- Y Y e Y on
MSMKA (01,62)E€Z 0 (61,02)€EZ 4

For the former term, we deduce from Proposition 4.13 and Lemma 4.15
that

>, h
(£1,02)EZ s

_d—2_ 1 46 1
S Y ATEMINT (LoLiLo? | el gl v, oo
1 €2

(1,42)EZ N

_d=2 1 _d4=6 1
S AT MEN® (LoL1La2)? || fny, oo 2219, 2o || 22 | Pove, 2o Il 22
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Consequently, we obtain

2. 2 nh

MéMgA (Zl,ZQ)G/Z\JVI
_d=3 476 1
SAT Ny (L0L1L2)2”le,LlHL2”gNz,Lz”Lz”hNo,Lo”Lz'
Next we consider the latter term. The assumption [nj| < A7LNy implies
that space variables of supp(fn,,z,[54) and supp(gn;,L,|54) are confined
0 2

to regular cubes which side lengths are comparable to A~' Ny, respectively.
Since the linear transformation (&;,7;) — (£;+n;j, V3(§;—n;)) is invertible,
Proposition 4.8 yields

—6

_d=s  d=6 1
L SATZ N, ? (L0L1L2)2||fN17L1|iA||L2||9N2,L2‘7*ZA”LZHthLOHLZ'
1 2

Hence, by Lemma 4.15, we get

S on

(Zl,ZQ)EZA
_d-=s  d4=6 1
SATEN T (LolaLs)? Y 13,22 [ all 2 g, L 5 |2 1o, 2ol 22
(61,52)6214 ! 2
_d-3 -6 1
SATZ Ny ? (LoLiL2)? || fwy, ez llgne, ol 2 | hvo, ol L2
This completes the proof. O

Next we deal with the case (&1,m1) X (£2,72) € (K UK'). The strategy
of proof is the same as for the case (£1,m1) X (&2,72) € (K)¢ N (K')°. By
symmetry, it suffices to show the estimate (4.28) for the case (£1,m1) X
(52,772) € (/Cl U ICQ) x Ko.

DEFINITION 4.17 ([21, Def. 4]). — Let m = (n, z) € N x Z. We define
the increasing sequence {anrpn fnen as

0 N
a =0, aM,n = QM,n + .
M,1 M,n+1 M ( )M

and sets Rarm,1, Ryv,m,2 as follows:

arra < 0= (V2 DI (V24 V) < arrni,
sMTIN, <np— (V24 1)36 < (2 4+ )MV, }
arrn <+ (V2 + 1>%(\[ —V2)¢| < an 1,
AMTINy <np— (V2+1D)EE< (z+ 1)MTIN, }

~ d—2 s d—2
RM,m,l =R x RM,m,l x R s RMﬂ«n,Q =R x RM7m72 x R .

Ratm,1 = {(5777) € R?

RM,m,Q = {(5777) € Rz

ANNALES DE L’INSTITUT FOURIER



SUBCRITICAL WELL-POSEDNESS RESULTS FOR THE ZK EQUATION 1237

We will perform the Whitney type decomposition by using the above sets
instead of simple square tiles. We define for i = 1,2 that

|®(&1,m,E2,m2)] = MTINY

My =14 (m,0) € (NxZ)xZ? | for any (&1,m) € Rarm,i ’
and (&9,1m2) € TM

|F(&1,m,&2,m2)| = M N

M3 ;=< (m,0) € (NxZ)xZ* | for any (§1,m) € Rasrm,i ,

and (&2,m2) € T

My = My UM3,; C (N x Z) x Z2,

Ry = U RM,m,z’ X EM C R? x R2.
(m,0)eMnr,;

Furthermore, we define M}, , C My; as the collection of (m, () € (N x
Z) x Z? such that

M
RM,m,i X 72 C U RM’,Z"
M<M'<M

By using My, ;, we define

Ragi \ U (Ratmi X TM)  for M > M,
Qi = (m.0)eM},
R]\’/}_’i for M = M,

and MM,Z- = M\ MJ’M,Z Clearly, the followings hold.

U Rotmi < T = Qi U Qni = By i,

(m,0)EMs,i M<M< Mo
where My > M is dyadic. Lastly, we define
Zngi ={m,0) € Magi | Ratmi X TNV G vy iy X Givg.ng) N (K x Ko) £ 0},
Zari ={m,0) € M5y | Razumi X TN Gy 1y X Gy, 1) N (K x Ko) # 0},
where M, = (N x Z) x Z*> \ Myy;. We easily see that

(GNy,iy X Ggr,) U (Ki x Ko)

is contained in the set

U (’féM,m,i X ﬁM) U U (ﬁM,m,i X ﬁM)

(ml)EgM,ﬁ (m,0)EZ i
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LEMMA 4.18 (Lemma 3.9 in [21]). — Let i = 1, 2. For fixed m € N x Z,
the number of k € 72 such that (m, k) € EMJ- is finitely many. On the other
hand, for fixed k € Z?, the number of m € N x Z such that (m, k) € EM’Z‘ is
finitely many. Furthermore, the claim holds true whether we replace Z M,i
by ZM,Z- in the above statements.

PROPOSITION 4.19. — In addition to the hypothesis of Proposition 4.10,

assume that |sin Z ((&1,m1), (€2,m2)) | = 1 and (£1,m1) X (§2,m2) € (K1 U
K2) x Ko. Then we have

(4.43)

/hNo,Lo(Taf,ﬂ)le,Ll(lefu771)9N2,L2(72,€2,172)dUl doy

d—6

_d=3 1
SATE N ® (LoLiLo)? || fny a2 lgne. 2o | 22 1A, Lo [l 2,
where functions fn, r,, gn,.L., RNy, L, Satisfy (4.29).

Proof. — To avoid redundancy, we only treat the case (£1,11) X (§2,m2) €
K1 x K. The case (&1,m1) X (§2,m2) € K2 x Ko can be dealt with in the
similar way. Similarly to the proof of Lemma 4.16, by the inclusion of

(GN17L1 X GNQ,LQ) U (El X Eo)
in the set

U (IféM,m,l X ﬁM) U U (ﬁM,nL,l X ﬁM)a

(m,f)€2]\4’1 (ml)ezl\/l,l

we get
(LHS) of (4.43)

< Z Z ’/hNo,Lo(Taga'r’)hoLl|7§M)m)1(7-1?£17771)

M<M<A (m£)€Znrn

X YNy, Lo |7~—ZM (72,&2,m2) doy doy

+ D ‘/hNo,Lo(T,é,??)le,Ll|75A1m11(71a§1a771)
(nL,Z)EEAJ
XgNz,L2|7-eA(727§27772)d01dUz

= Z I + Z Is.

MEMKA (m,0) €21 (m)E€Z a1
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The former term is estimated by Proposition 4.13 and Lemma 4.18 as

> on

(m,f)EEM,l
_d=2 1 946 1
S Y ATTEMENT (LoLiLa)f|lfwirlg, el
(maf)eé\MJ
X gN27L2|§:ZM 2 ([Ano, Lol 2

d—6
2

_d—=2 1 1
S AT M2N,? (LoLiL2)? | fny L L2 llgn,, Lol 22 1o, 2o Il 2,
which yields

_d—3 d-6 1
SATE N (LoLiLo)2 ||fny oo ll22 9Ny, o L2 | g Lol 22

We deal with the latter term in the same manner as that for the proof of

Proposition 4.16. The assumption |n5| < A7'N; means that support of

INs, Lo \,7 . is contained in a regular cube which side length is comparable to
€2

A~!'N;. Thus, by the almost orthogonality and Proposition 4.8, we obtain
_d—3 _d=6 1
Iy SAT 2 Ny ® (LoLaL2)? |[fnenliz,  Ne2llgns.calzallee 1hne. Lol 2
3T, £
Hence, it follows from Lemma 4.18 that

_d-=3 46 1
Y L SATTN, 7 (LoLiLy)?

(m0)EZ a1
x Y 1Fxealz, ez lgme, el ll e o, Lol 22
(m0)EZ
CES B 1
S AT Nl (LOLlLZ)ZHle,L1||L2||gN2,L2||L2HhN0,L0||L2-
This completes the proof. O

Next, we consider the case |sin Z ((£1,71), (§2,m2))| < 1. Similarly to the
case |sin Z ((&1,m), (§&2,m2))| 2 1, we follow the proof for the 2D Zakharov—
Kuznetsov equation.

DEFINITION 4.20. — Let M be dyadic. Define

M_ [T g9y T et "9y, g &

o _[M(k 2), M(k+2)]u[ 7 (k= 2), —m+ = (k+2)],
DM = {(rcosf,rsinf) e R* | r >0, 6 € OM},

DM =R x DM x RI2,
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Let Z, (Z)¢ C R? x R? be defined as follows:
7= (93" x03") U (D% x D30,
T= (33" %23 )u (B3 < D3),
(I)° = (R* xR*)\ T,
()" = (RE1 x RH1) \ 7.
Note that
D5 ={(I(&,m)| cos 0, (&, m)|sin 0) € R [min (|61, 10 — ) < 27"},
D30 = {(1(& ml cos b, (¢, m) sin ) € R min (|6 — 7| |0+ 7| ) <2710x}.

We begin with the case (£1,7m1) x (€2,m2) € (Z)¢. Note that max(|& +
N, €2 + n2]) = 27° Ny in Assumption 4.1" allows us to assume

(4.44) (61,m) % (€2,m2) (Do x Dho's )

Remark that

3

935 = {U€ Ml cost. (6] sin0) € B i 0

i

9+ZD < 21%}.

PROPOSITION 4.21. — Assume |nj| < A7'Ny, (4.44) and (4.29). Let A,
M be dyadic which satisfy 1 < M < A and (kq, ko) satisfies CD,]X X @ﬁf -
(Z)°, 16 < |k1 — ko| < 32. Then we get

(4.45)

/hNo,LO(T,&TI)le,L1 |5£u (T1,61,M)9INs, L \5£4(T2,527772) doy dos
* °1 2

_d=2 1 d4=6 1
SATEMEN,® (LoLiLe)® (v oo lgar Nz l9na Lo e o2 v, o l 22
1 2

where doj = dr; d§; dn; and * denotes (7,§,1) = (T1+72, &1 +82, M1 +12).

Proof. — It suffices to show

(4.46)

/\hNo,LO(Tafan)le,Ll|5£v1(7-17§1;771)gN2,L2|5kM(7-27§27772) doy do
* ‘1 02
1 — 1
S M2ENT*(LoLiLa)? || fwy r, 5 (m)llz
1
X gNz’L2|5£-/; (né)HLf_gn”hNo,Lo (n,)HLiin’

where do; = dr; d&; dn; and % denotes (7,&,1) = (71 + 72, &1 + &2, 1 +12).
As we saw in the proof of Proposition 4.13, since M < A and |77;| < ATING,
we can show (4.46) by following the proof of Proposition 3.14 in [21]. We
omit the proof. O
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PRrOPOSITION 4.22. — In addition to the hypothesis of Proposition 4.10,

assume that |sin Z ((§&1,m), (§2,m2)) | < 1, (4.44) and (&1,m1) X (€2,12) €
(Z)¢. Then we have

(447) / hNo,Lo (Ta 57 77)le , L1 (7—17 517 771)9N2,L2 (7-23 527 772) d0'1 de

d—6

_d=3 1
SA 2 le (L0L1L2)2||fN17L1HL2||gN27L2||L2||hN07L0||L27
where functions fn, r,, gNy.Lss PNy, L, Satisfy (4.29).

Proof. — We define that
nglak2<M_1a

c

J](:\;) - (k17k2) M M ¢ 911 911 c
(DM x D) < (T)° N (D3l x Dy )

We perform the Whitney type decomposition as

11 11 c
(I)n (939 x3 X ©§9x3)

_ M M A A
_ U U oMxeu | oo
6ASMSA (1, )e s (D" (ko) € 0D

16| k1 —k2|<32 |k1—k2|<16

Note that |sin Z ((&1,m1), (€2,72)) | < 1 implies M > 1. We observe

(LHS) of (4.47)

<> X
I<KM<A ()¢
S (k1,k2) ey
16< ks —ko | <32

/hN()vLO (T7£a n)ho[q ‘521 (7_15517771)
1

*

X 9Na,La |5kM (72,62,m2) do1 doa
2

>

(k1,ka)ed D
|k1—k2|<16

/ hN07L0 (Ta ¢, n)fN1,L1 |5f (Tlv glv 771)

*

X gNzJazl%)? (72,62,m2) doy dop
2

- > Y s X on

1<KM<LA (khkz)EJ](\?C (klykz)EJﬁ&Z)u

16< k1 —k2| <32 |ky—ka|<16
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The former term is dealt with by Proposition 4.21 as follows.

> > h
LEMSA (1) k) es P
16< k1 —ka| <32
_d=2 1 d4=6 1
5 Z ATz 1\42]\712 (LOL1L2)2||fN1,L1HL2||gN2,L2||L2||hN0,L0||L2
1< M<A

d—6

_da=3 1
SATE N7 (LoLiL2)? ||fny oo |22 19Ny, o e | g Lol 22

For the latter term, we only consider the case |(£,7)] > A~!Nj. The
case |(£,1m)] < A71N; can be treated by Proposition 4.8. By Lemma 3.12
in [21] and |nj| S A7'Ni, we easily observe that [(&,7)| > A~'Ny gives
|® (&1, M1, E2,m2)] = A7EN3. Thus, it suffices to show the following bilinear
estimates.

lay, .z, /le,L1|5f (Tlvglvnl)gNg,LzL)SkA (T—m,§—&,m—m)doy
°1 °2 L2
_d-2 473 1
SATE N, (L1L2)2 ||fN1,L1|5? ||L2||gN2,L2|5kA ||L27
1 2

1GN1,L105,3‘1 /QNQ,Lz|5Q2(72,§27?72)hN0,L0(T1+T27§1+§2>771+7I2)dUz L

_d—1 438 1
SATT N (LoL2)? llgna.ralza llzzFeno, Lol 22,
2

1GN2,L205?2/hN0,L0(7'1 + 72,6 +82,m +"72)fN17L1‘5,:1(7'1a£17771) doy ;

_d—1 _d=3 1
SATT N (LoLn)? |lhnvg, Lo llz2 1 fv La I e,
1

that are verified by showing

lany iy [ INizilza (71,60, m) 9N, Lo 50 (T — 71,6 — &1,m — M1 ) Aoy
2% D%, 2

_1 1
SN (LaL2) 2 [ ve 50 M) e2llgns,ral5, (m2)]22,
1 2

1GN11L1Q5?1 /gNQ,LQ |5kA2(7—2a£2»772)hN0,Lo(71 + 72,61 +&2,m1 +12) o2

I

L2
1 1
S (AN (LoL2) 2 llgws 22150 ()22 e, o (7)1 22,
2

- 7Y /hNo,Lo(Tl +72,61+82,m +m2) N, Ly |5;31(Tl,§17171) doy

L2
1 1
< (ANy) 2(L0L1)2||hNo,Lo(77,)HL2||fN1,L1|5£ (m)llzz,
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respectively. These estimates are established in the same manner as for
Proposition 3.13 in [21]. We omit the details. O

Next we treat the case (§1,71) X (€2,7m2) € Z. By symmetry, we may
assume (&1,m1) X (§2,7m2) € @811 X 53(2)11 and show the following.

PROPOSITION 4.23. — Under the hypothesis of Proposition 4.10, we
have

(4.48)

/hNO,L0(7'>§»"7)fN1,L1 |5(2)11(7'17§1a"71)9N2,L2 |5311(T2,§2ﬂ72) doy dos

d—4.49 _1_,
SNy? TNy (LoLy Lo)® 15,20 [ 2 llg9va 22 I5om N2 1o o l 2

where functions fn, 1., 9N».Ls» PNy, Lo Satisty (4.29).

We note that the proof is almost the same as that for Proposition 3.18
n [21]. Therefore, we only give a sketch of the proof here.

DEFINITION 4.24. — Let M > 1 and K be dyadic which satisfy 219 <
K <2700 . We define that

M M
<2—
ﬁ {keN‘K k %

M M
M-2—<k<M-=—1",
’ K K}

A ={keN|0<k<2", M-2"<k<M-1}.
The following proposition corresponds to Proposition 3.19 in [21].

PROPOSITION 4.25. — Suppose that |n;| < A~YN; and functions fn, r,,
N, Lo, DN,Lo satisfy (4.29). Let M be dyadic such that 1 < M < A,
|k1 — ko| < 32 and

@Y xoM)cz
Then we have
(4.49)

’ 1

(4.50)

G L n5M/gNz,Lz|5M(7'2752,""Iz)hj\fo,Lo(Tl + 72,61+ 82,11 +1m2) doa
1,41 k1 ko L2

_d—2 1 d=3 1
SATT MTEN? (LoL2)®lgna, Lol o2 v, Lo l 22
2

1GN2YL2m5kM2/hNo,Lo(Tl+7'27§1+§27"71+772)fN1,L1|5)16\/§(7-17§17"71) doy L

_d=2 1 458 1
SAT P MTEN,? (L0L1)2HhNo,LDHLZHle,Lll%Q/IHL2'
o1
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In addition to the above assumptions,

(1) assume Ny > M !Ny, then we have

(4.51)

la, L fN1>L1 |~M (Tlaélvnl)gNmL’z |~M(T -7, 7517”7 7171) doy
0.Lo ’Dk ’Dk2 12

1422 1
SATT (MNg)TEN, 2 (LiL2) = fx 20 22l gna Lol 22
1 2
(2) assume ky € KL, then we have

(4.52)

lay, . N L |50 (71,517771)9N2,L2 |~M (T —711,§=&1,m—m1) doy
0:Lo ou Dy L2

_id g
/S ATz 4N (L L2)2||fN17L1|©M ||L2||gN27L2|©M ||L2'

(3) assume M < A, k1 € Ry and either 16 < |k; — ka| < 32 or
> M—3/2N;, then we have
I3 ;

(4.53)

Proof. — (4.49) and (4.50) are given by

]-GN L fN1,L1 |~1\4(7_15£17771)9N27L2|~M(7_7T17€7513777771) d01
0.Lo ’Dkl ©k2 L2

_d-2 1 43 1
SATEMIN? (LiLe)? || fx i 5 l22llgns Lol 2.
1 2

1GN17L105% /9N2,L2|5£42(72,§27772)h1\70,L0(T1+72,§1+§27771+772)d02 L

_1 1
S (MN1)7%(LoL2)? [|gnz.ral 5 pr (M2) 22 l1hve, 20 (1) | 22
2

GN2 LZOQM /hNo Lo Tl +7—27€1 +5277ll +T’2)fN1 Ll‘@M(’rlaé—lanl) dal
2

1 1
S (MN)™2 (Lo L) #[| Ao, Lo ()| 22 | fovi .o |5 (m)ll22,

respectively. These estimates are obtained in the same manner as for (4.33)
and (4.34) in Proposition 4.13, respectively. We omit the proof.
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Next we consider (4.51). We will show
(4.54)

We write (£1,71) = r1(cosby,sinéy), (€ — & ,n — n1) = ro(cosby,sinbs).
Similarly to the proof of (4.32), it suffices to show

(4.55) |0r, (6€1(§ = &1) +mmu(n —m1))| 2 NoNy.

We may assume |(£,7)] = No/2 > M~1N;. By the assumption |k; — ka| <
32, we easily confirm that |n| < 2|¢| ~ Ny which implies (4.55).
Lastly, we consider (4.52) and (4.53). It suffices to show

la, L fN17L1 |~1\/1 (Tlaflvnl)gNz,Lz |~M(7__7—17€_£1777 - 771) doy
0-Lo kil Dy L2

1 1
S (MNo)™ 2 (LaLo)? || fa,na g ar (M) |22 982 2 00 (M2) 22
°1 °2

(4.56)

for ky € 8K, |k1 — k2| < 32 and

Loy, oo | fNenn iz (T0,80,M0) 9Ny Lo |50 (T —T1,6 = E1,m —m1) doy
0:Lo ’Z)kl ©k2 L2

_1 1
SN (LaLe) 2 v |z M)z 982 2 500 (03)1 22,
1 2

(4.57)

for k1 € Ry and either 16 < |k — ko| < 32 or |¢] > M~3/2N;. (4.56)
and (4.57) are established in the same way as that for (3.67) and (3.68) in
Proposition 3.19 in [21]. Thus, here we only confirm that it holds

Long g | FN0za |z (T1:60,M) 9N, Lo |50 (T — T1,€ = §1,m — 1) oy
0 le :Dk'z L2

1 -1 1
S MAN, *(LiL2)? | vyl m (771)||L2H9N2,L2|5£w (m3) Il 2,
°1 2

~

(4.58) ||| V21519, F .

2 2
<L® , i S42=1,p>2,
_— lun.cllzz,,, i PRl p

where suppun,, C Gn,r. Let ¢ € R. (4.58) is given by the Strichartz

estimates.

(459) [Vl |, |F e @000 o

S ez,

LYLay "

if 2/p+2/q =1, p> 2. We can establish (4.59) by applying Theorem 3.1
in [18]. Employing (4.58) with p = ¢ = 4, we can show (4.56) and (4.57) by
the same argument as that for (3.67) and (3.68) in Proposition 3.19 in [21],
respectively. O
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First we consider the case k; € RL.

PROPOSITION 4.26. — Let M be dyadic such that 1 < M < A. Assume
that |17;| S ATING, No > M7INy, ky € R, ko satisfy |k1 — k2| < 32.
Then we have

(4.60)

/thLo(T,gan)le,Ll|5£u(7—1a£17771)gN27L2‘5;%(7—27527772) doy do
* °1 °2
_d—2 1 d-5 1
SATE Ny PNy ? (LoLiLo)? |l fw 1 e 2 9 2o 5 22 oo 2ol 22,
1 °2

where functions fy, r,, gns.L., RNy, L, Satisfy (4.29).

Proof. — We easily confirm that |®(£1, 7y, &2,m2)] = NoN? holds. This
and Proposition 4.25 immediately yield (4.60). O

PROPOSITION 4.27. — Let M be dyadic such that 1 < M < A. Assume
that [nf| S A™'Ni, No ~ M~'Ny, ky € RE ko satisfy 16 < |ky — k| < 32.
Then we have

/hNO,LO(T,&?”I)le,LJg;y (71751;771)9N2,L2|5£1 (2,€2,m2) doy dog
* °1 °2
_d=2 1 1 45 1
SA T K2N, 2N, 2 (LoL1Lsy)2
XN fvwzalga le2lgna 2oz a e llhovg, o ll e,
1 2

where functions fn, L, 9N».Ls» PNy, Lo Satisty (4.29).

Proof. — It suffices to show

(4.61)

/AhNO,LO(T,ﬁ,"?)le,Ll|5£4(71,§17771)9N2,L2\5£1(T2,§27772) doy doa
* 1 2
< (MEK)> Ny ?(LoL1La)?

<l 02, o el (05) a2, I 2o )2,

for fixed n}, n%. By using Proposition 4.25 and smallness of |9} | and 15|,
(4.61) can be obtained in the same way as for Proposition 3.20 in [21]. We
omit the details. O

Next we deal with the case (k1,k2) € 8 X K-

DEFINITION 4.28. — Let M and v be dyadic such that 1 < M < A?/3,
2 < v < AM3? and m = (my),m@)) € Z?. We define rectangle-
tiles {T,M*},,ez2 whose short side is parallel to &-axis and its length is
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M—3/2y= Ny, and long side length is M~ 'v~'Ny by

£ € Mfgl/ilNl[m(l),m(l) + 1),}

T = (&n) € R?
{ n e M_ly_lNl[m(g),m(Q) + 1)

and and prisms {TM"}eze by TMv =R x TM» x R42. Recall that
(&1, 1, E2,m2) = E16a(E1 + E2) + mma(m + 72),
F(&,m,&,m2) = &ma + Eom + 2(&m + Eampa)-

Let k == (ky, ko) € Ry X Rpy. We define Z%/Ly’k as the set of (my, mz) €
7Z? x 7? such that
|6(£17n17£27n2)| = M_%V_1N13 for any (§1a771) X (52,772) € TT%,V X T7%7V7
(Tor” x Ty ) N (D] x D) # 0,
€1+ & S M73/2N, for any (€1,m1) X (€2,m2) € TAL" x T AL,

Similarly, we define Z3, | as the set of (my,mg) € Z> x Z* such that

|F(£1a 7717523772” 2 ]\4’711/71‘7\712 for any (flanl) X (52,772) € Trr]g’y X 7-7%’1/7
(Tar” < ) 0 (D] x D5) # 0,

|€1 + §2‘ g M_3/2N1 for any (517771) X (527772) S 7‘"17\‘/{,y X Tn]gﬂ/a
and
2%, = Zhox U Z3r e RY, = U TMv o TAMY  R? x R2.
(ml,mg)EZ}\‘/jw

It is clear that vy < vy = RIIT/[M C RIMUZ. Further, we define

QIR/[ _ Rl&’y \ Rl]f/[}ym for v > 2,
v Rl&’z for v = 2.

and a set of pairs of integer pair 2}\‘4 , CZ%  as

M,v M, _ Nk
U Tml X ng - QM,V'

(m1,m2)€ZY; ,

~

Clearly, Zzl\(4,u is uniquely defined and

k k k k
v # vy = QM,V1 n QMU2 =0, QM,V = R]\/I,l/()
2<v<yy

TOME 73 (2023), FASCICULE 3



1248 Sebastian HERR, & Shinya KINOSHITA

where v > 2 is dyadic. Lastly, we define ZjMV as the collection of (my,ms) €
72 x 7 which satisfies

M,d' M,d’
maexmve ) U (T <),
SIS (i my) €Y,
(Toy” X Tng™) N (D3] x Diy) # 0,
€1+ &o| S MT32Ny for any (€1,m) x (€2,72) € TH0Y X T

PROPOSITION 4.29. — Assume |n}| S A~ Ny and (4.29). Let M and v
be dyadic such that 1 < M < A?/?,2 <v < AM™3/2,16 < |k — k| < 32
and (my,mg) € Z}\‘Lu. Then we get

(462) /thLo(Tvgvn)le,Ll ‘%%vV(Tlaflvnl)gNmLQ |77V*WI;42~V(7-25627772) doy dog

_d=2 146 1
SA 2 MV2N12 (L0L1L2)2

X Hle,Ll "’ﬁfyl" HL2||gN2,L2|7~;f‘L42=V HLthNO;LO HLQ’

where doj = dr; d§; dn; and * denotes (7,£,1) = (11 + 72,1 +82, M1 +12).

Proof. — It suffices to show the following inequality.

(4.63)

/AhNo,Lo(ﬂfﬂ?)le,Ll |00 (71,60, IN, Lo 500 0 (72,62,m12) dO1 AT
o my m2
< Mv32N;?(LoLiLy)?

s 0Dl 22, 9w 2ol (M) v (022,

Similarly to the proof of Proposition 4.13, since |77;| < A71Ny, we can reuse
the proofs of Propositions 3.22 and 3.23 in [21] with slight modifications to
get the estimate (4.63). We omit the proof. O

LEMMA 4.30. — Let M and d be dyadic such that 1 < M < A?/3,
2 < v < AM ™32 and kq, ko € R. For fixed my € Z2, the number of
my € Z? such that (my,mg) € Zy;, Is finitely many. Furthermore, the

same claim holds true if we replace Z\Jl\‘ly by Z IJ(VI,:/-
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PROPOSITION 4.31. — Let 1 < M < A%/3. Assume that |n}| < A™'N
and ky, ko € Ry satisfy 16 < |k1 — ka| < 32. Then we have

(4.64)

/thLo &M vy, L |5M (T1,§1,M1) 9N, L |5M (r2,€2,m2) doq doa

<ATN, 4N T “(LoLLs)?

X ||fN1,L1|5£/I ||L2||gN2,L2|5IICVI ||L2||hN07Lo||L27
1 2
where functions fn, 1., GNy.Lss PNy, Lo Satisfy (4.29).
Proof. — First we consider | + &| > M —3/2N;. Tt is easily observed

that [£] + &| > M~3/2N; means |® (&, n1, E2,72)| > M~3/2N?. Then, by
using (4.53) in Proposition 4.25, we obtain

/hNg,Lg(Ta§777)fN1,L1 |5M (11, &1, nl)gNQ,L2|5M (T2, €2,m2) doy dog

<A M N1 (LoLle)

<Nzl a le2lgne 2oz a e llhovg, o ll e,
1 2

which completes the proof for the case [&; + &| > M~3/2N;.
We consider the case |&; + &| < M~3/2N;. For simplicity, we assume
supp fn,,n, C CD% and supp gn,,r, C @%7 and use

my,m2
Iy, =

/ h’N[),L(] (Ta 57 n)le,Ll |7-75LV11,V (Tl7 517 771)

*

X GNs, Lo ‘/7:1”1” (TQa €2a T]2) doy dos
ma

Let vy denote the maximal dyadic number which satisfies vy < AM~3/2
By the definition of Z}\‘J’V and ZIIT/I,w we observe that

(LHS) of (4.64) < Y DI Sk S Y §

Zsvsro (m17m2)€Z}\(/[ v (m1,m2)eZ%, Vo
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It follows from Proposition 4.29 and Lemma 4.30 that

E mi,ma
IM v

(ml,mg)égk
<A MUEN, T (LoLyLo)?

D DR F/ e av 12 [ rav P2y [T (P2
(ml,mg)egk

A_iMV2N1 (LoLlL2)2‘||f1\h,L1HL?||9Nz,L2||L2||h1\ro,Lo||L2

which gives

> > e

2<vso (ma, mz)E/Z\k

AT MANT (LoLy L)} 15 e 122195, 2 5 12 1o o 122

Since &1 + & < M—3/2Ny, we can assume Ny ~ M~'Nj. Then this
completes the desired estimate for the first term. For the second term, we
first note that 7,M»0 C R? is a rectangle set whose short-side length is
~ A~! and long-side length is ~ A~*M'/2. Then we can decompose 7,M0
into ~ M'/2 number of square tiles whose side length is A~!. Thus, by
Proposition 4.8 and the almost orthogonality, we observe

Iﬂ1;0m2 < A_iM Nl (LOLlLQ)

< fxza g le2 9w zalganvo Nl g, Lol 22

Consequently, by Lemma 4.30, we obtain

mi,mo
Z IMyVo
(m1,mz)EZ%, o

_d-3 1 _d4=6 1
SATMIN,” (LoLaL2)2 |l vy, zalar le2llgns zalzae N2 g Lol 2,
1 2

which completes the proof. O

Proof of Proposition 4.23. — We should recall that we can assume
ANy < Ny. Let M be dyadic such that 1 < M < A%/3 and M, be
the maximal dyadic number which satisfies My < A%/3. We define

211

KL = {(k1,k2) [0 < ki ks < M —1, (DM x @My c (02" xD2).}
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It is observed that

11 211 M M My Mo
o5 x95 = | U D xopu | D xDpk.
IKM<Mo  (ky ky)eKZ, (k1,k2) €K7,

16K k1 —ko | <32 k1 —k2|<16

Let us write

ki,ka .
Thvks

/hNO,LO(T7§777)fN1,L1 |5iv1 (T1,61,M1)gN>, L |5£4 (r2,€2,m2) doy doa
* 1 2

We calculate that

/ hN07L0 (Tv g, n)fN17L1 ‘5(2)11 (7—17 &1, 711)9N2,L2 |5(2J11 (7—27 &2, 172) doy doz

*
k}l,kz k17k72
S 2 )RR S S W S
IKM<Mo  (ky,ko)EKE, (kl,kg)eK]ﬁO
16| k1 —k2|<32 |k —ko|<16

We consider the former term. Since M < A2%/3 and 16 < |k1 — k2| we may
assume A~2/3N; < Np. This and 210K < M mean

A*(d*Q)/QKl/QNO_lle(d_E))/z < A—(d—B)/zNo—l/4N1(2d—11)/4_

Then by using Propositions 4.26, 4.27 and 4.31, we obtain

k1,k2
> I

(k1,k2)EK
16< k1 —ko| <32
2d—11

SAENIN, T (LoLiLo)*

X > 15020 500 22 llgna L2 5 0 2l Rv, o l 2
1 2

(k1,k2)EKE,
16< k1 —ko| <32

_4s 1 2a-m1 i
SA 2 NO 4‘Z\Tl : (L0L1L2)2”le,LlHL2||gN27L2||L2||hN07L0||L2'
Therefore, we obtain

>y o

IKM<Mo  (ky,k2)EKE,
16< k1 —ka|<32
d—s 1 2d—11 .
,S (logA)A_TNO 4N1 4 (L()LILQ)§
X ||fN1,L1HL2||9N2,L2||L2||hN0,L0||L2'

This gives the desired estimate since A~'N; < Np.
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For the latter term, letting 2'0 < K < 2719M,, we first assume k; € RJ\K/IO.
Define

Kypag, = {(k1, k5) | (DY x D) € (D x D).}

Let M’ be the maximal dyadic number which satisfies M’ < AK /2. If
|k1 — k2| < 16, we have

! ’
Dyl x Do = DM DM QM M
Ky K, ks, K, k!,
’ kq,k k1,k
2Mo<M<M (k’l,k;)eKMlyM% (k'l,k;)eKMl,JéO
16<|ky —k5|<32 |k1—k3|<16

This implies

465 Its Y D 5Y S S S ¥

IMoSMSM' (ki ky)eKyEy2 (ky.kp)eR T 2
16< k] —k5|<32 |k} —k, |<16

For the former term, we may assume Ny > A~'KY2N,. It follows from
Propositions 4.26 and 4.27 that

)SIND SN

ST et

16< k1 —k2| <32
< (log VAT KEN, EN T (LoLyLo)?
X ||fN1,L1|5M0||L2||gN2,L2|5MO||L2||h’No7Lo||L2
< (log VA T KN INT (LoLi L)
X ||fN1,L1|5kzv§o||L2||9N2,L2|5iw20||L2||hNo,Lo||L2-
We next consider the latter term. If Ny >> N7 /M’ Proposition 4.26 yields
MK < AP NTINTT (LoLiLy)?

X HfN17L1 ‘5k{/ ||L2 H9N27L2|51\//1’ ||L2||hN07Lo||L2
k1 ko

4N1 T (LOL Lg)

X e na g |22 90z 2o 5 a0 122 1avo, 2o [l 22
kl k2

Next we assume Ny < N1/M’. We divide the proof into the two cases. First
we assuie

] > M TTKTYAN ~ AN,
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which provides |®(£1,m1,&2,7m2)] = A7IN{. Thus, by (4.52) in Proposi-
tion 4.25 and Ny < N1/M’, we obtain

Ik < AP AN (LoLyLo)}

X HhoLl ‘5M’ 0% HgNz,L2|5M’ ”Lr"”hNo,Lo”L2
* #

*KENTIN T (LoLyLo)}

2d

<A
X Hle,Ll ‘5%’ ||L2 HgNz,Lz |5i\{’ ||L2 ”h‘No,Lo ||L2'
‘1 v2
Next we treat the case €| < A~'Ny. Since Ny < Ny/M' ~ A~'K'/2Ny,
|(&,m)| is confined to a rectangle set whose long-side length is ~ A~' K/2 N,
and short-side length is ~ A~1N;. Therefore, after decomposing |(&,7)| into
~ K172 square tiles whose side length is A~', we utilize Proposition 4.8

and get
! k! - a—6
Ikn}/’kz S A_%KiN1 2 (LoLlLQ)%

x Hle,Ll ‘5N{’ 0% HgNz,LzL;jA{’ ”Lr"”h]\fo,Lo”L2

(LoLle)%

X HhoLl ‘51’6&{’ ||L2 HgNz,Lz |5iv{’ ||L2 ||hN0,L0 ||L2'
1 2
Collecting the above estimates, we obtain

(4.66) 18% < (log A) A~ CEN, T (LoLy L)

X ||fN1,L1|5zka||L2||9N2,L2|51kwo||L2||hNo,Lo||L2-
1 2

Lastly, we assume k; € R),. In the same way as the proof for the latter
term of (4.65), we can obtain

(4.67) Ik < A~F Ny NS (LoLyLo)?

<Azl e 98, Lo 5 00 |2l 2o l 22
°1 2

Consequently, since K < A%/3, (4.66) and (4.67) complete the proof as
follows.

Z ki.k Z Z ki,k Z ky,k
I 1,~2 < I 1,R2 + I 1,R2
M() ~ MO M()

(k1,k2) €K, 2OSKL2T0Mo ki eRfy k1€Rmg

|k1 —k2| <16 \kl—k2|<16 |k1—k2|<16

< (log A" F N IN T (LoL1Lo)}

X ||fN1,L1||L2||9N2,L2||L2||hNo,L0||L2~ U
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Proof of Proposition 4.10. — Collecting Propositions 4.16, 4.19, 4.22,
4.23, since A~'N; < Ny, we completed the proof of Proposition 4.10. [

5. Proof of the key bilinear estimate: Case 2

It remains to show (3.3) when the supports of @y, 1, and Un, 1, are both
contained in {(7,&,1) € R x R x R4 | |¢] < 279 N@ax}. Throughout this
section, LE% < (NJ5%)? and NP > 1 are assumed. Let us start with
the case 1 < Ny < Ny ~ Ns.

Assumption 5.1. — Let a be dyadic such that 2° < a < N} and we
assume that

(1) 1K No 5 N1 ~ NQ,
(2) o™ 'N1 < max([&1], [2]) < 207Ny

PROPOSITION 5.2. — Assume Assumption 5.1. Then we obtain

(5.1)

/ |£| @No,Lo (7—7 57 n)aN1,L1 (7—17 51; n1)6N2,L2 (7—27 527 T]2) dUl ng

-2 1~ ~ —~
5 NO : Nl 1+E(L0L1L2)2 HUN17L1 ”Lz”sz,LzHLZHwNo,Lo”sz
where doj = d7; d§; dn; and * denotes (7,§,m) = (T1+72,{1+82, M1 +12).

We first note that max(|¢1],|€2]) < 221N means €] < 4o~ N;y. Then,
if LI > o=t N3, we easily get (5.1) by utilizing the L* Strichartz estimate.
Hereafter, we assume L% < a ' N},

DEFINITION 5.3. — Let k = (k1),..., k@) € Z¢. We define cubes
{C " reze and {CF " peza as
xleA_la_lNl[k(1)7k(1) +1), }

Ca’A: r=I(x ’...73; ERd
A { ( 1 d) .’)CZEA_lNl[k(Z)’k(l)—i_l) fori:27...,d,

and CNI‘:’A =R x CS’A. Lastly we define 5;'1,1:4 = g;‘ N 5,‘:"4.
PROPOSITION 5.4. — Assume Assumption 5.1. Let 16 < |j1 — jo| < 32
and ky, ke € Z%. Then we get

(5.2) /@NO,LO(T@J?)QNI,M|gw; (11,60, M) 0N, L |gea (12,62,m2) doy o
J1:k1 J2:k2

*

_d—3 d-6 1~ ~ ~
SaA”T T Ny ? (LoLiL2)? |un, oyl 22 0N, Lo | 22 [ 0N, Lo |l 22,

where do; = dr; d§; dn; and * denotes (7,£,m) = (T1+72,&1+&2, M1 +12).

ANNALES DE L’INSTITUT FOURIER



SUBCRITICAL WELL-POSEDNESS RESULTS FOR THE ZK EQUATION 1255

Proof. — We use the same notations as in the proof of Proposition 4.8.
Similarly to the proof of Proposition 4.8, by applying a suitable rotation
to M1, M2, we can assume |1y — N2 | ~ ATINE, AR A7IN; and, for
fixed 51, 52, ';]/1, ’;]/2, we will show

(5.3)

/;@NO,LO(Tvgvn)aNl,L1 |5;1=j‘c1(71,€1,771)5N2,L2 \5;2,22(72,52,712) doy dos
S @t ATNTA(LoLi L) iy o, (€1, 17) ez
X N[on, 2 (€2, M2) |22 NN, o (€ D)l22, -
Let £ = ({(1y,{(2)) € Z* and
Gi = A{(m) € A a T EN [y, Ly + 1) X Loy by + 1)) 1
Gt =R x g x RIS, H;;:}Z = gf neetnget.
Define Egl’A ={te7?| CNI‘:l’A N §§“’A # ()}. We easily observe that the

number of ¢ € /ng’A is comparable to a. Therefore, for fixed ¢ € £21’A, it
suffices to show

(5.4)

/vﬁ]\NO,LO(T7£’n)aN17L1"H',’"A (T1,§1,M)UN, Ly | goa (72,€2,m2) Ao doa
- J1.k1,01 J2,k2

1 _ 1~ ~ —~
S OANNTA(LoLaLo) i, e, IOwralzz, 1@ zllze,

n!

Indeed, by using this estimate, we have

(LHS) of (5.3) < > (LHS) of (5.4)

o, A
tecy

1 — 1 ~
QAN (LoLaLa)t Y llawnalyes e
J1:R1%1

’
™nn
et
1 k1

X HﬁNz,LzHLi , H&}\N07L0HL2
nn ™

n’
3

1 — 1~
S a? AZN;*(LoLi L) [[in, 1, ll2

n’

/

< [ovs pallze B zollze -
m Tnn

We show (5.4). By the almost orthogonality, we can assume that U, 1, is

. A
restricted to HS &
J2,k2

the proof of Proposition 4.8, we establish

1, With fixed f> € EZ‘;A. By the same argument as in
~ ~ 1 ~
(5:5) I fermnlsy * Geasiialsallr2ss) S A2 (| fey 2 (s0) ez izl L2(53).
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where we used the similar notations that were defined in the proof of Propo-
sition 4.8: The functions are

fevin (T1,m,m) = ﬂNl,L1|H7ﬁ (NP7, &0, Num, Nuny, 1),

141

§§2,ﬁ2 (7-27 2, 7]/2) = /L/}\N27L2 ‘Hg“‘;? (NfT% 527 N1772; Nln/Qa ﬁ2)7

L2

and with ¢, 5., (7,1) = (&(€2 + [n[2) + ¢}, 7,17), we define
Sj = {¢5vﬁj7cj(77jﬂ7;) € Rg ‘ (NlnﬁNln;‘) € QZ-,A}a (] = 1a2)a
S5 = { (e 0n0),m.0) € R? )1/15,17(77777/) — &€+ ) + o},

where ¢, 1, ¢ € R, € = NT¢, & = N7Y¢;, m; = Ny gy, 7 = Ny ag.
Since diam(S;) < A~la™Y?) diam(Sy) < A~'a~Y/2, we may assume
diam(S3) < A~ 'a~1/2. We establish (5.5) by using the nonlinear Loomis—
Whitney inequality. However, it is observed that the hypersurfaces S1, Ss,
S3 do not satisfy the necessary diameter condition. To be specific, the di-
ameters of the three hypersurfaces are all comparable to A~ 'a~1/2
the transversality is comparable to A~'a~2. To overcome this difficulty,
we employ new functions.

and

~ = 1 1
fg,ﬁl(Thnlanll) = f§17ﬁ1(7'1,a27]1,0é2’l’]11),
~ ~ 1 1
9?2,772 (T27 n2, 77/2) = 9¢2,72 (7_23 Q212, 04277§)~

Then, (5.5) can be rewritten as

= ~ 1% -
(5.6) (e, i lsp * 9, malsg L2sg) S (AQ)2ISE i, L2 s l19e, a7, 1 L2 (53)5
2 <
where ¢ 5 (n,1') = (&(& + a(n® +n0"") + [1l*) + ¢j,n,n") and

1 1 a .
sp={o2 . (y.n) € B[ (@} Nimg,at M) € G20} (G =1,2)

Sz = {(1&?;’(7}, n'),m,n') €R? ’ Ve n) =EE +am?+1%) + i) +co},

Now we verify that the hypersurfaces Sf*, S, S§ satisfy the suitable con-
ditions to utilize the nonlinear Loomis—Whitney inequality. Let

— < / «
A= ¢£1’ﬁl’61 (m,m) € ST,

_ o / a
Ag = ¢£27ﬁ2702 (m2,m3) € S5,

)‘3 = (¢§ﬁ(77a77/)>77,77/) € S?

We can write the unit normals ny (A1), na(A2), n3(A3) on A1, Ao, A3 as

1 - - .
(_L 2@§j77j7 20‘5]7]3)7 (.] = 152)

1+ 40282 m; 2
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and nz(\3) accordingly. Since & < 207!, |&] < 207!, we easily ob-
serve that the hypersurfaces satisfy the necessary regularity conditions,
and the diameters of hypersurfaces are all comparable to A~'a~!. Thus,
we consider the transversality here. Let (71,7'), (72,72), (7,7) satisfy

(M, ) + (2, 72') = (7,77') and

/): = (25~ L, es

! 5177771761( 1 ) Lo

/): = (25% T, T S S
2 521"727(52( 2,112 ) 2

%= (02 (3.7).7,7) € 55
It suffices to show

(Aa)™" < |det N(Aq, A, As)l.-
We have

-1 —1 -1
|det N(A1, Ao, Ag)| 2 [det | 20617 2067 2087
20617 208 2087
2| — i) (€ + &+ &) 2 A
Here we used the assumptions o~ !Ny < max(|& ], |€2]) < 2a71N; which

implies |£F + £1&2 + &3] ~ a2, and (71, )| ~ |(72, )| ~ o= /2, [mnh —
— . . ~ ~ ~ ~ —_
nan;| ~ AN which imply |77 — 7271’ | ~ (Aa) 7. O

PROPOSITION 5.5. — Assume Assumption 5.1. Let 16 < |j1 — jo| < 32.
Then we obtain

(5.7)

/‘ﬂ'&)\No,Lo(ﬂf?n)aNl,LJg{‘ (71,61, M)UN, 1, 54 (72,€2,m2) do1 do
* J1 J2

a2 1. ~ P
SNy ® Ny H(LoLiLo)? i, 1, 5;‘1||L2||UN27L2|§;42||L2HwN0,L0HL2’

where do; = dr; d§; dn; and * denotes (1,£,m) = (11 +72, &1 +&2, M1 +n2)-

Proof. — In the case A ~ 1, since [¢] < a7'Ny and Ny ~ N; ~ N,
Proposition 5.4 immediately gives (5.7). Therefore, we assume A > 1.
Furthermore, without loss of generality, we can assume |05 — n2n)| ~
ATINE, Il S A7'Ni. Let M be dyadic such that 2 < M < A and
suppose that ki, ko satisfy 16 < |k — ko| < 32. We first show the following
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inequality.

(5.8)

/|§| Wy, Lo(T:&MUN, L,y |5gM(7—1:£17771)i]\N2,L2 |55M(Tz,§2ﬂ72) doy do
* 1 °2

d—2

S (M7 4 ATEME)NG® Ny (LoLiLo)?
X ||aN17L1||L2||6N27L2HL2”13N07L0||L27

We divide the proof of (5.8) into the two cases |7y + 2] < M~'N; and
1+ 2| > M~INy.

Case |n1+m2| S M~'N;y. — Let us fix n}, n%. (5.8) is verified by showing
the following estimate.

(5.9)

/\|§| @NO,LO(T,f,Tl)aNhLl |5(;M(7'17§17771)6N2,L2 |5:M(7-27§27/’72) da\l d82
* °1 )

<M =N Y LoLiLy)2 i, 1, (771)||Li§n

X ||6N2,L2 (77;) HLi677 ||’&)\N0,L0 (n,)HLiinl

We first observe that |n; + 72| < M~1N; provides |&1 + &| S a M 1Ny,
To see this, we assume M > 1 since M ~ 1 is a trivial case. If we write
(51,771) = (’/‘1 COS@1,T’1 Sin91), (§2,772) = (’/‘2 COSGQ,TQ sinﬁg), by the as-
sumptions, we easily check |ry — 73] S M 71Ny, |cosf +cosf| S a M1
and |cos ;| < a~!. Therefore,

|€1 4+ &a] = |r1 cos b1 + 1y cosb| < |(r1 — 12) cos 1| + ra| cos b1 + cos O]

<o 'MTING.

Thus, it suffices to show

(5.10)

/A@NO,LO(T,&"?)aNl,Ll |5?M(Tl7§17n1)6N2,L2 |5ZJM(T27§27772) do, dos
* °1 2
1 — 1~
< aMEN;*(LoLiLa)?|[in, 2, () e,
X ||6N2,L2(77;)||L3§n||@N0,Lo(77,)||L§§n~

To show (5.10), we apply a dyadic decomposition to |n; + n2|. Let m € Ny
and define

P ={neR|mi Ny < |n| < (m+ 1) N}
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Since |1 + n2| S M~1Ny, we can see {m1 +n2} C U,,<o S7;- Therefore,
for fixed m € Z, we only need to show

(5.11)

/\]-SZ'M("])@NO,LO(Tafan)ﬂNl,Ll‘551\4(7—15517771)61\72,1:2|5gM(T27€27n2)d&1d82
* 1 °2
1 _ 1~
< (aM)2 N7 (LoLiLa)? [y oy (m)) 2,

% 0w,z (15) 22, B 20() 22, -

By employing the nonlinear Loomis-Whitney inequality, we can estab-
lish (5.11) in the same manner as that for Proposition 4.5. We omit the
details.

Case g1 + n2| > M~IN;. — Next we consider the case | + n2| >
M~1Ny. Tt follows from 2Ng > |m1 + 12| > M~1N; that

- - - a-2
(A7IN)) = = (A'M) T (M7IN) = < (ATM)EN, 7
Therefore, since |77;| < ANy, for fixed 1}, n, it suffices to prove

(5.12)

/ |§| ﬁ}No,Lo (7—7 53 n)aNhLl |55NI (T17 517 771)5N2,L2 |5;cxl\/1 (7_23 52; 772) doy dos
* 1 2

_d—2 44 L~ —~ PR
S AT N2 (LoLaL2)z |[uny, |22 ||ON,, 1, || 22 |0N,, 1 || 22

Let a dyadic number M satisfies 1 < M < M. We apply a dyadic decom-
position to |n; 4+ n2|. Suppose that |, + 72| satisfies M-IN; < Im + n2| <
2M ~IN;. Then, by the same observation as in the previous case, we get
& + & < a~'M~1N,. Therefore, it suffices to show that for M~1N; <
[m + ne2| < 2M~1N; the following holds true.

(5.13)

/ {U\NmLo (Ta §7 n)ﬁNl , L1 |5gM (Tla 613 nl)i]\Nz,Lz |55M (T27 527 172) d0'1 d0'2
* 1 2

~1 . d-2 476 L~ ~ .
SaMzAT =N (LoLaL2)® [uny, |22 08, 2o [l 22 10, 2 [ 22-
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We observe that the condition M~1N; < In + ma| < IM-1N, yields
|®(&1,m1,82,m2)| = (M) LN, To see this, we first observe

1€1m2(2m1 +n2) + E2m1 (1 + 21m2)]
= 2(51772 + &) (m +n2) + @(m —12)
> |(&m2 + Eam) (m +n2)| — [(m —n2)(E1m2 — Eam)|
2 (aM )N},

Here we used M~ Ny < |n1 + na| and €12 — &amy| < (oM)~'N2Z which

~

follows from (£1,m1) x (€2,m2) € DM x DM with |k — ko| < 32. Hence,
since [} S AN, &+ &| < [+ e and max(|&i], [2]) ~ a7 N,
[m1] ~ 2| ~ N1, we calculate

(&1, M1, &2, m2))|
> [36162(61 + &2) + E1m2(2m + m2) + Eami (i + 2m2)| + O™ TAT2NY)
> [€m2(2m + n2) + Eam (m + 2n2)| = 3|&1&2(& + &) + O™ AT2NY)
> (aM)'N?.

This observation also implies thatN we can assume |7 + n2] < Np since

LE% < a~'Ny. Thus we assume M > 1 hereafter. By using the assump-

tions M Ny < |m 42| = || < 2M !Ny and 5] S A7' N1, we show the
following bilinear estimates:

(5.14)

1oy, oo | UNy Lol Zan (160 UNy Lo | ond (T —T1,6 — &1, —m1) doy
0:Lo gh DkQ

L2

_d—2 428 1 ~
SATT N (LiLo)® [[am e 22110, Lo el 22,
°1 2

Lon, o ﬁgle/'UNz,Lz |5:2M(T2a§2a772)wN0,L0(7'1 + 72,61 +&2,m1 +1m2) doa

L2
_d=2~— 1 478 1 e
SATT MTEN? (LoL2)® |[UNy, Lalzane |22 @0, o [ 22,
2
and
1GN21L2m5g2M/ﬁ;NO,LO(Tl +72,61+&2,m +772)17N1,L1|5:1M(717§1,771) do, Lo

_de2o— 1 458 1 ~
SATEMTEN? (LoLn)® [ Lol 2 ldny, o e [ 2
1
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These estimates, combined with LIRS > |®(&1, 11,0, m2)| = (aM)~N3,
imply (5.13). We only consider first estimate (5.14) here. The other esti-
mates can be handled in the similar way since |ni| ~ |n2| > |m + 02|
By the same argument as for the proof of Proposition 4.4, the following
estimates establish the claim (5.14).

(5.15) sup |E(r,&,m)| S A~ N3 L, L,

M~-1N1<|n|<2M-1N;

where E(7,£,m) is defined as

{(Tlaglanl) € GN17L1 ﬂﬁ%fw (T - 7—175 - 51777 - 171) € GN2,L2 m@gg]ﬂ} :

We recall the function ®¢ (&1, 71) which was defined in the proof of Propo-
sition 4.4 as

max(Ll,Lg)
2 |(T1 — &6 + \771|2)) + ((T —7) = (E-&)(E-&)P +|n— 771|2)){
= [(1 =& + n[*)) + Pe.p(E1,m).
Let (11,&,m) € E(r,&,1n). Since (| < |n| and || S A™'Ny, |n}| S
ANy, for fixed 11, it is easily observed
|0g, P (E1,m1)| = [3E(€ — 261) +n(n — 2m1)| + O(A2NY)
> 0Ny ~ M'N2.

This, |n| ~ M~'N; and |n}| < A~*N; complete the proof of (5.15).
Next we assume |k; — k2| < 16 and show

(5.16)

/|§\@NO,LO(TKJ”I)@NI,LI\5(;4(71751,nl)@Nz,LJg?A(Tz,fzﬂh)d01d02
* 1 2
4=z 1~ ~ —~
SNy ® Ny H(LoLiLo)? any |22 08y, 2o |l 22 1@y, 1o | 22

Similarly to the proof of (5.8), we divide the proof into the two cases.

Case | +n2] < A7IN;. — As we saw above, we may assume |&1 +&o| <
(Aa)~'N;y. Thus Proposition 5.4 implies (5.16).

Case |m + n2| > A71N;. — We only need to follow the proof of (5.8)
in the case |1 + 72| > M ~1N;. We omit the details.
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We now see that the two estimates (5.8) and (5.16) yield (5.7). For sim-
plicity, we use

o, M _
ki,ka ™

161 @ 20 (7.6 ) (1, 0.0)
* 1

X 6Ng,L2|f5;:M(72752,772) doy doy|.
2
It follows from (5.8) and (5.16) that
(LHS) of (5.7)

TP DRND DR (A D DI o

2<M <A 16|k —ko|<32 |k1—k2|<16
< 1 B s 1
S E (M™2 +M2A"2)Ny? Ny (LoL1Ls)>
2K M<A

X ”aNLLl||L2H6N2,L2”L2||@N0,LUHL2
d=2 1~ ~ ~
+ Ny Ny Y (LoL1La)? |[tn, 2, |22 08,20 | 22 @, Lo | 22
ﬂ o~ A~ A~
SNy 7 Ny N (LoLiLa)? iy 1y |2 (B, ol 2 | @, 2o 22,

which completes the proof of (5.7). O

In the same manner as in the proof of (4.1) in the case (Ic) (see p. 1225),
Proposition 5.5 gives Proposition 5.2. We omit the proof.

6. Proof of the key bilinear estimate: Case 3

Next we deal with 1 < Ny < Ny ~ Np.

Assumption 6.1. — Let a be dyadic such that 2% < a< Nl?’ and we
assume that

(1) 1< N2 5 N1 ~ NQ,
(2) a7 'Ny < max(|&], &) < 207Ny

PROPOSITION 6.2. — Assume Assumption 6.1. Then we get

(6.1)

/ |§| @No,Lo (7—7 57 n)aN1,L1 (7—17 51; n1)6N2,L2 (7—27 527 772) dUl ng
*

S5t 2e - H b 0 n
SNy TUNTH(LoLaLa)® [y 1l 2 0N Lol 2 [0, 2 2
where do; = dr; d§; dn; and * denotes (7,§,1) = (T1+ 72, {1+82, M1 +12).
Since |¢] < a7 !Ny, (6.1) is given by the following estimate.
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PROPOSITION 6.3. — Assume Assumption 6.1. Let 16 < [j; — jo| < 32.
Then we get

/i}\NQ,Lz (Ta 57 n)aNhLl |§A (Tla 517 nl)ﬁ}No,Lo “STA (T27 527 772) d0'1 dg?
* i1 j2

d=di9e g 1 ~ —~
SaN,® TN (Lo Ly Lo) E iy Ly |4 |22 108y Lo |22 | @, Lo | 54 |22,
J1 J2

where do; = dr; d§; dn; and * denotes (7,§,m) = (T1+72, &1 +E2, M1 +12).

By exchanging the roles of Wy, 1, and Vn,. 1,, we can establish Propo-
sition 6.3 in the same manner as Proposition 5.5. In addition, by following
the proof of (4.1) in the case (Ic), Proposition 6.3 yields Proposition 6.2.
We omit the details.

Now we show (3.3) with the condition
(6.2)

SUPP N, 1, USuppn, L, C {(7,€,m) € R x R x R¥™ [ [¢] < 27 Ngis*}.

Proof of (3.3) under (6.2). — By symmetry, we can assume Ny < Nj.
Let us consider 1 <« Ny < N ~ Ny. We define

By ={(&,&) | a7 ' Ny < max(|&1], [2]) < 207 N1},
F = {(&,&) | max(|&], |€&2]) < N2

Applying dyadic decomposition to max(|€1],[&2]), we see

‘/(8IwN0,L0)U’N1,L1UN2,L2 dtdxdy‘

DY

25 <a N3

|£‘@N0,Lo (T7 57 n)lEa (gla 52)aN17L1 (Tlv 517 171)

*

X UNy, Lo (T2, 62, m2) doy doa

+

/|£|'&}\N0,L0(7—7§7n)]-F(glng)aNl,Ll(Tl?flu171)

X UN,, Ly (T2, &2, M2) doy doa
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The first term can be handled by Proposition 5.2 as follows.

)

25La N3

|0y, Lo (T, €M) 1E, (€1, 62)UN, L, (T1,€1, M)

*

X UN,, Lo (T2, 2, m2) doy dog

d—2
< > NT NyYE(LoLiLo)®|[aw, | oo [0ns Lol 22 1B, 20 2
25<a<N?

a—2 N ~ —~
<Ny ? Ny (LoLyLo) 2 |[any o |22 l[0ns, 2o | 22 |8, 2o |l 22

which implies (3.3) since s > (d — 4)/2 and L% < N3. Next we consider
the second term. The inequality max(|&;|,[&2]) < N; 2 implies €] < 2N, 2.
Therefore, the L* Strichartz estimate is enough to verify the claim.

By using Proposition 6.2, the case 1 < Ny < Ny ~ N can be treated in
the similar way. We omit the details. d

Appendix A. Proof of Proposition 2.2

First we consider (2.3). Set B,(p) = R x B,(p) and ¢ = (£, 1), ¢ =
(§j,m;)- By Plancherel’s theorem, it suffices to show

(Al) H/aNl,Ll |§r(17) (Tla C1)6N2,L2 (T - 7-17( - Cl) dTl dCl

d—1 ~ ~
ST K75 (LyLo) 2 [y 1, |22 [ONs, o | 22

L2

By performing a harmless decomposition, we may replace r with r’ such
that ' < d~'r in the above. Furthermore, by the almost orthogonality, we
can assume that there exists p’ € R? such that ¢ — ¢; € B, (p’). Since ¢ is
a cubic polynomial, we deduce from Ny < N; that

sup (10:0;¢(C1)| +19:0;0(C — C1)[) S N1

1<i,5<d
Therefore, because K 2 rNj, we easily observe
IVe(() = V()| < K if (,¢" € B (p).
This implies that there exists j € N such that 1 < j < d and

(A.2) 10;0(¢1) = 050(¢2)| 2 K,
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for all (1, (o which satisfy that there exist 7 and 79 such that (71,(1) €
SUpp Un, 1, N B, (p) and (72, C2) € supp UNy. Lo N B, (p'), respectively. Now
we turn to show (A.1). By the Cauchy—Schwarz inequality, we get

/ﬁNl,L1|§T(p)(7'1,C1)5N2,L2(7' = 71,¢ = G)dndG

L2
1/2
~ 2 ~ 2
< (s« omaal?) 1
L2
<sup | B(r, O1"/2 |[iny 1. o,

7,¢
<SH§?\E(Ta C)\1/2||77N1,L1||L2H@N2,L2||L2,
where E(7,() C R4 is defined by
E(Ta C) = {(7—13<1) S G"N1,L1 N ET‘/(p) ‘ (T - 7—17< - Cl) € GN2,L2}'

Thus, it suffices to show

(A.3) |BE(1,¢)| S KLy Lo.

If we fix (3, it is easily observed that

(A.4) {1 | (11,Q) € E(r,Q)} < min(Ly, Lo).
Next, if we fix (¢1,1,..+,1,j-1,€1,j+1, - - -, C1,4), since

max(Ly, L2) 2 |¢(C1) + (¢ = C1)l,

the inequality (A.2) implies that (; ; is confined to an interval whose length
is comparable to max(Li, Ls)/K. This, combined with (A.4) and ¢(; €
B,/ (p), yields (A.3).

To see (2.4), it suffices to show

Gl 2 21¢] = [Ve(G) = V()| 2 [l
which is immediately verified by |9¢p(&,m)| = 3% + |n|?| = |(&,n)|? and
|0, (&1, m1)| < 3| (&1, m) > 0
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