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ACTIONS OF AUTOMORPHISM GROUPS OF FREE
GROUPS ON SPACES OF JACOBI DIAGRAMS. 1

by Mai KATADA

ABSTRACT. — We consider an action of the automorphism group Aut(F,) of
the free group Fy, of rank n on the filtered vector space Ag4(n) of Jacobi diagrams
of degree d on n oriented arcs. This action induces on the associated graded vector
space of A4(n), which is identified with the space B4(n) of open Jacobi diagrams, an
action of the general linear group GL(n,Z) and an action of the graded Lie algebra
of the IA-automorphism group of Fj, associated with its lower central series. We
use these actions on Bg(n) to study the Aut(Fy)-module structure of A4(n). In
particular, we consider the case where d = 2 in detail and give an indecomposable
decomposition of Az(n). We also construct a polynomial functor Ay of degree 2d
from the opposite category of the category of finitely generated free groups to the
category of filtered vector spaces, which includes the Aut(F,)-module structure of
Ag(n) for all n > 0.

RESUME. — Nous considérons une action du groupe d’automorphisme s Aut(Fy,)
du groupe libre F), de rang m sur l'espace vectoriel filtré A4(n) des diagrammes
de Jacobi de degré d sur n arcs orientés. Cette action induit sur ’espace vectoriel
gradué associé de Agz(n), qui est identifié & I'espace Bg(n) des diagrammes de
Jacobi ouverts, une action du groupe linéaire général GL(n,Z) et une action de
l’algebre de Lie graduée du groupe d’automorphismes IA de F), associée a sa série
centrale inférieure. Nous utilisons ces actions sur Bg(n) pour étudier la structure
de Aut(Fp)-module de Agz(n). En particulier, nous considérons en détail le cas ol
d = 2 et donnons une décomposition indécomposable de Az(n). Nous construisons
également un foncteur polynomial A, de degré 2d de la catégorie opposée de la
catégorie des groupes libres finiment engendrés a la catégorie des espaces vectoriels
filtrés, qui inclut la structure de Aut(Fy)-module de Ay4(n) pour tout n > 0.

1. Introduction

The Kontsevich integral is a universal finite type invariant for links [3,
18], which unifies all quantum invariants of links. The Kontsevich integral

Keywords: Jacobi diagrams, Automorphism groups of free groups, General linear groups,
TA-automorphism groups of free groups.
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1490 Mai KATADA

takes values in the space of Jacobi diagrams, which are uni-trivalent graphs
encoding the algebraic structures of Lie algebras and their representations.

String links and bottom tangles are special kinds of tangles in a cube
consisting of finitely many arc components. Since any links can be obtained
by closing string links or bottom tangles, it is natural to consider the Kont-
sevich integral for string links [2, 9] and bottom tangles [10].

The Kontsevich integral for n-component bottom tangles takes values in
a vector space A(n) of Jacobi diagrams on n oriented arcs over a field k
of characteristic 0. The degree d part of A(n), denoted by A4(n), has a
filtration whose associated graded vector space is isomorphic to a k-vector
space Bg(n) of open Jacobi diagrams of degree d colored by an element of
an n-dimensional k-vector space.

Bar-Natan [4] studied an action of the symmetric group on the space of
open Jacobi diagrams colored by distinct integers and computed irreducible
decompositions for small degrees.

Habiro and Massuyeau [12] extended the Kontsevich integral to construct
a functor from the category of bottom tangles in handlebodies to the cat-
egory of Jacobi diagrams in handlebodies. By using the restriction of this
functor to the degree 0 part, we construct a functor A, from the opposite
category of the category of finitely generated free groups to the category of
filtered vector spaces. By restricting the functor A4 to the automorphism
group Aut(F,) of the free group F,, of rank n, we obtain an action of
Aut(F,) on the space Ag(n).

The Aut(F,)-action on Ag(n) induces an action of the general linear
group GL(n;Z) on the space Bg(n), which is an extension of the ac-
tion of the symmetric group considered by Bar-Natan. Geometrically, the
Aut(F,)-action on Ay4(n) can be interpreted as a restriction of an action
of the handlebody group of genus n on the set of n-component bottom
tangles.

The aim of the present paper is to give a way of studying the Aut(F),)-
module structure of Ag(n) and the functor A; and to study the case where
d = 2. The action of Aut(F,) on A,4(n) induces an action on By(n) of the
graded Lie algebra gr(IA(n)) of the IA-automorphism group IA(n) of F,
associated with its lower central series. We use an irreducible decomposi-
tion of the GL(n;Z)-module Bg(n) and the gr(IA(n))-action on Bg(n) to
study the Aut(F,)-module structure of A4(n). In particular, we give an
indecomposable decomposition of the Aut(F,)-module As(n) and of the
functor A,.

ANNALES DE L’INSTITUT FOURIER
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1.1. The space A4(n) of Jacobi diagrams

We work over a fixed field k of characteristic 0. We consider here the k-
vector space Aq(n) of Jacobi diagrams on oriented arcs, which is the main
object of the present paper.

Forn >0, let X, /1\/2\ /\ denote the oriented 1-manifold con-
n

sisting of n arc components. The k-vector space A4(n) is spanned by Jacobi
diagrams on X, of degree d modulo the STU relations. Here the degree of
Jacobi diagrams is defined to be half the number of vertices as usual. (See
Section 2.1 for further details.)

We consider a filtration for Ag(n)

Ad(n) = Ad,o(n) D Ad71(n) DD Ad72d_2(n) > Ad72d_1(n) =0,

such that Agx(n) C Ag(n) is the subspace spanned by Jacobi diagrams
with at least k trivalent vertices. Hence, A4(n) is a filtered vector space.
For example,

/\/\f\/\GAm 7/1\/2\ /T)GAZl ,/1\“/2\/361422)

1.2. A functor 4; and an Aut(F),)-action on A,(n)

We construct a functor
Ay : FP — fVect

from the opposite category F°P of the category F of finitely generated free
groups to the category fVect of filtered vector spaces over k, which maps
F,, to the filtered vector space A4(n).

PROPOSITION 1.1 (see Proposition 8.1). — The functor A4 is a polyno-
mial functor of degree 2d.

Polynomial degrees measure complexity of functors. Eilenberg and Mac
Lane [6] introduced polynomial functors on finitely generated free modules
over a ring in the study of the homology of the Eilenberg—MacLane spaces.
Hartl-Pirashvili-Vespa [13] considered polynomial functors on finitely gen-
erated free groups. Proposition 1.1 gives a new family of polynomial func-
tors on finitely generated free groups.

The functor Ay gives a map

Hom(F,,, F,) x Ag(n) — Agq(m)

TOME 73 (2023), FASCICULE 4



1492 Mai KATADA

for m,n > 0. (See Section 3.2 for the definition.) For example, for an
element f € Hom(Fy, F3) defined by f(z1) = z122, f(x2) = xax3, we have

1 R -
1 2 3

oY 5 ’:A‘ - /:'; - ,’\:b, _ n
M) = A+ AR+ R+ AN
1 172 172 12 172

When n = m, we have an action of the opposite End(F},)°P of the endo-
morphism monoid End(F,,) on A4(n)

End(F,)° x Ag(n) = Ag(n).

By restricting this action to the opposite Aut(F;,)°P of the automorphism
group Aut(F),), we obtain a right action of Aut(F,,) on Ay4(n). In fact, we
have the following.

THEOREM 1.2 (see Theorem 5.1). — The Aut(F,)-action on A4(n) in-
duces an action on Agq(n) of the outer automorphism group Out(F,) of F,,.

1.3. A functor By and a GL(n;Z)-action on Bg;(n)

The associated graded vector space gr(A44(n)) of the filtered vector space
Aq(n) can be identified via the PBW map [2, 3] with the vector space B4(n)
of colored open Jacobi diagrams, which we explain below. The Aut(F),)-
action on Ag4(n) induces an action of GL(n;Z) on Bg(n).

Forn >0, let V,, = EBZL:l kv; be an n-dimensional k-vector space. The
k-vector space Bg(n) is spanned by V;,-colored open Jacobi diagrams of
degree d modulo the AS, THX and multilinearity relations, where “V/,-
colored” means that each univalent vertex is colored by an element of V,.
(See Section 3.3 for further details.) We consider a grading for By(n) such
that the degree k part By i (n) C Bg(n) is spanned by open Jacobi diagrams
with exactly k trivalent vertices. For example,

V] — V1 V2 — V3 € Bg,o(n), /]\ S BQJ(TL), n-0O-v ¢ BQ,Q(n).

V1 Vg U3
We construct a functor
By : FAb°® — gVect

from the opposite category FAb®P of the category FADb of finitely generated
free abelian groups to the category gVect of graded vector spaces over k,
which maps each object Z" of FADb®P to the graded vector space Bg(n).
Here, we have a map

Hom(Z™,Z"™) x Bg(n) — Ba(m)

ANNALES DE L’INSTITUT FOURIER
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for m,n > 0, which is given by matrix multiplication on each coloring. (See
Section 3.3 for the definition.)

By restricting this map to the opposite group GL(n; Z)°P of GL(n;Z), we
obtain a right action of GL(n;Z) on Bg(n). Moreover, the GL(n; Z)-action
on Bgi(n) extends to an action of GL(n;k) = GL(V,,) on B4(n).

Let Dg, be the k-vector space spanned by connected open Jacobi di-
agrams of degree d with 2d — k univalent vertices each of which is col-
ored by a different element of {1,...,2d — k}. The symmetric group Saoq_g
acts on the space Dy . Bar-Natan [4] computed the dimensions and ir-
reducible decompositions of the Gy g-modules Dy for d < 7. By using
irreducible decompositions of Dy i, we obtain an irreducible decomposition
of the GL(n; Z)-module B;(n), which we use to study the Aut(F},,)-module
structure of A4(n).

Recall that for any partition A of N > 0 with at most n rows, the
Schur functor Sy gives a simple GL(V;,)-module S)V,, = V.2V . ¢y, where
cy € kG is the Young symmetrizer corresponding to A.

PROPOSITION 1.3 (see Propositions 4.1 and 7.2). — We have irreducible
decompositions of GL(V,,)-modules
(1.1) Bl(n) = BL()(TL) = S(Q)Vn,
Bg(n) = Bgyo(n) D Bg’l(n) D Bgyg(n)
= (SyVn ©S(2,2) V) @ S(1,1,1) Ve © S(2) V-
We observe that the functor Ay induces the functor By. Let ab : F —
FADb denote the abelianization functor, and ab®® : F°? — FADbP its op-

posite functor. Let gr : fVect — gVect denote the functor that sends a
filtered vector space to its associated graded vector space.

(1.2)

PROPOSITION 1.4 (see Proposition 3.2). — For d > 0, there is a natural
isomorphism

o~

04 :groAy; = Bgoab®.

1.4. The functor A4;

Here we consider the functors A; and B;. By Proposition 1.4, we have
A1 & B; 0ab®P. Since we have isomorphisms of Aut(F},)-modules

Al(n) >~ Bi(n) = S(Q)Vn

by (1.1), the Aut(F,,)-module A;(n) is simple for any n > 1. It follows that
the functor A; is indecomposable.

TOME 73 (2023), FASCICULE 4
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1.5. An action of gr(IA(n)) on the space By(n)

Let IA(n) denote the IA-automorphism group of F,, which is the kernel
of the canonical homomorphism Aut(F,) — Aut(H;(Fy;Z)) = GL(n;Z).
Let I',(IA(n)) = (' (IA(n))),>1 denote the lower central series of IA(n),
and gr(IA(n)) = @, gr" (IA(n)) the associated graded Lie algebra, where

gr’(IA(n)) = I'r(IA(n)) /Ty 41 (TA(n)).
To study the Aut(F},)-module structure of A4(n), we use a right action
of gr(IA(n)) on the graded vector space Bg(n) = gr(Aq(n)).

THEOREM 1.5 (see Proposition 5.9 and Theorem 5.10). — There is an
action of the graded Lie algebra gr(IA(n)) on the graded vector space
Bg(n), which consists of GL(n; Z)-module homomorphisms

Bak(n) ®z gr"(IA(n)) = Bg g4r(n)

fork>0andr > 1.

1.6. Aut(F,)-module structure of A;(n) and indecomposable
decomposition of A,

Here, we consider the right Aut(F},)-module structure of Ay(n) and give
an indecomposable decomposition of the functor As.

We use the graphical notation /6\ = ‘[1\ ‘1\2\ € A1(2). Set

A A 2NN
P = symy , P’ = €A2(4),

where sym, corresponds to the Young symmetrizer c4) and alty corre-
sponds to the Young symmetrizer (1 1). (See Section 7.2 for further details.)
Let

Ay, A FOP — fVect
be the subfunctors of the functor A, such that
Ay(n) = Spany {A2(f)(P') : f € FP(4,n)} C Az(n),
Ay (n) = Span, {A2(f)(P") : f € FP(4,n)} C Az(n).

We use the GL(V;,)-module structure (1.2) of Bz(n) and the gr(IA(n))-
action on Ba(n) to study the Aut(F},)-module structure of As(n).

ANNALES DE L’INSTITUT FOURIER
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THEOREM 1.6 (see Proposition 7.5 and Theorem 7.9). — Forn > 3, we
have an indecomposable decomposition of Aut(F;,)-modules

As(n) = AL(n) & A (n).
Here, Al(n) is simple, and A%(n) admits a unique composition series of
length 3
A5(n) 2 Az1(n) 2 Aza(n) 2 0;
that is, AY(n) has no nonzero proper Aut(F,)-submodules other than
Az 1(n) and Ag 2(n). (For n = 1,2, see Theorem 7.9.)

By using Theorem 1.6, we obtain an indecomposable decomposition of
the functor As.

THEOREM 1.7 (see Proposition 7.5 and Theorem 7.14). — We have an
indecomposable decomposition

Ay = A, AY
in the functor category fVect® .

In the subsequent paper [15], we will study the case where d > 3 to obtain
an indecomposable decomposition and the radical filtration of A4(n). For
d > 3, it is rather difficult to compute the gr(IA(n))-action on Bg(n) di-
rectly. In order to simplify computation of the gr(IA(n))-action on Bg(n),
we will reconstruct the action in a different way. We will also study the
Johnson filtration £,(n) of the endomorphism monoid End(F,,), which is
an enlargement of the Johnson filtration A.(n) of Aut(F,) and the lower
central series I',(IA(n)) of IA(n). We will show that £.(n) acts on Ag(n)
and therefore the extended N-series A, (n) acts on the filtered vector space

Ad (n)

1.7. Organization of the paper

In Section 2, we recall some notions and definitions about Jacobi dia-
grams, open Jacobi diagrams and the category of Jacobi diagrams in han-
dlebodies. In Section 3, we construct functors Ay : F°? — fVect and
By : FAb®? — gVect and observe that A, induces By. In Section 4, we
compute the functors A; and B; explicitly. In Section 5, we define an ac-
tion of the graded Lie algebra gr(IA(n)) on the graded vector space Bg(n).
In Section 6, we establish the notation about representations of GL(V},)
and consider the dimension of the k-vector spaces A4(n) and By(n). In
Section 7, we consider the Aut(F,,)-module structure of A3(n) and give an

TOME 73 (2023), FASCICULE 4



1496 Mai KATADA

indecomposable decomposition of As. In Section 8, we consider the poly-
nomiality of the functor Ay. In Appendix A, we define an action of an
extended N-series on a filtered vector space and an action of an extended
graded Lie algebras on a graded vector space.

1.8. Acknowledgments

The author would like to thank Kazuo Habiro for careful reading and
valuable advice, and Christine Vespa for letting us know that our functor
A, is a polynomial functor and some relations between our study and their
paper [24]. She also thanks Gwénaél Massuyeau, Takefumi Nosaka and
Sakie Suzuki for helpful comments.

2. Preliminaries

In this section, we recall some notions of Jacobi diagrams and open Jacobi
diagrams and the category A of Jacobi diagrams in handlebodies. In what
follows, we work over a fixed field k of characteristic 0.

2.1. Jacobi diagrams and open Jacobi diagrams

In this section, we recall Jacobi diagrams and open Jacobi diagrams
defined in [3], [2] and [23].

A uni-trivalent graph is a finite graph whose vertices are either univalent
or trivalent. A trivalent vertex is oriented if it has a fixed cyclic order of
the three edges around it. A vertex-oriented uni-trivalent graph is a uni-
trivalent graph such that each trivalent vertex is oriented.

For n > 0, let X, be the oriented 1-manifold consisting of n arc compo-
nents as depicted in Figure 2.1.

Figure 2.1. The oriented 1-manifold X,,.

A Jacobi diagram on X, is a vertex-oriented uni-trivalent graph such that
univalent vertices are embedded into the interior of X,, and each connected

ANNALES DE L’INSTITUT FOURIER



ACTIONS OF AUTOMORPHISM GROUPS OF FREE GROUPS 1497

component has at least one univalent vertex. Two Jacobi diagrams D and
D' on X, are regarded as the same if there is a homeomorphism f : D U
X,, — D'UX,, whose restriction to X, is isotopic to the identity map of X,.
In figures, we depict X, as solid lines and Jacobi diagrams as dashed lines
in such a way that each trivalent vertex is oriented in the counterclockwise
order.

Let «/(X,,) denote the k-vector space spanned by Jacobi diagrams on
X,, modulo the STU relation, which is described in Figure 2.2.

Figure 2.2. The STU relation.

The degree of a Jacobi diagram is defined to be half the number of its
vertices. Since the STU relation is homogeneous with respect to the degree,
we have a grading

fd(Xn) = @Wd(xn)y
d=0
where o73(X,) C #/(X,,) is the subspace spanned by Jacobi diagrams of
degree d.

For k > 0, let 731, (X,) C «4(X,,) be the subspace spanned by Jacobi
diagrams with at least k trivalent vertices. We have o (X,,) = % o(X,) =
k for d = 0. For d > 1, we have a filtration

Ha(Xn) = Ha0(Xn) D Fg1(Xn) D Hg2(Xpn) D+ D Hg2a—1(Xy) =0.

Note that we have &7 24—1(X,,) = 0 since a Jacobi diagram on X,, with only
one univalent vertex vanishes by using the STU relations. We consider the
graded vector space gr(#i(Xy,)) = @y gr®(4(X,,)) associated to the
above filtration <7 . (X,,), where gr*(o7;(X,,)) == a1 (X)) Ha rr1(Xn).

An open Jacobi diagram is a vertex-oriented uni-trivalent graph such
that each connected component has at least one univalent vertex.

Let T be a set. A T-colored open Jacobi diagram is an open Jacobi
diagram such that each univalent vertex is colored by an element of T'. In
figures, we depict T-colored open Jacobi diagrams as solid lines in such a
way that each trivalent vertex is oriented in the counterclockwise order.

Let B(T) denote the k-vector space spanned by T-colored open Jacobi
diagrams modulo the AS and IHX relations, which are depicted in Fig-
ure 2.3.

TOME 73 (2023), FASCICULE 4
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TV >

Figure 2.3. The AS and IHX relations.

The degree of a T-colored open Jacobi diagram is defined to be half the
number of vertices. Since the AS and IHX relations are homogeneous with
respect to the degree, we have a grading

B(T) = P 24(T),
=0
where B4(T) C A(T) is the subspace spanned by T-colored open Jacobi
diagrams of degree d.

For k > 0, let B4.1(T) C Ba(T') be the subspace spanned by open Jacobi
diagrams with exactly k trivalent vertices. We have %y(T") = %o o(T) = ki
for d = 0. For d > 1, we have

2d—2
Ba(T) = B Bax(T).
k=0

Note that %y ,(T) = 0 for k > 2d since an open Jacobi diagram has at
least one univalent vertex and for k = 2d — 1 since an open Jacobi diagram
with only one univalent vertex vanishes by using the AS and IHX relations.
We consider the case where the coloring set is [n] == {1,...,n} C N.
Bar-Natan [2, 3] proved that «7(X,,) is isomorphic to ([n]). This is a
diagrammatic interpretation of the Poincaré-Birkhoff-Witt theorem.

PropPOSITION 2.1 (PBW theorem [2, 3]). — For d > 0, we have an
isomorphism of vector spaces

Xd * ¢%d([’I’LD i) eﬁyd()(n)

If D € #([n]) is an [n]-colored open Jacobi diagram of degree d such that
for any i € [n], D has k; univalent vertices colored by i, then x(D) € &/ (X,,)
is the average of the [];c(,;(ki)! ways of attaching the univalent vertices
colored by i to the i-th component of X,,.

Moreover, the map x4 induces an isomorphism

Xak : Bax([n]) = gr* (g (X))

Note that two Jacobi diagrams of 7, ;(X,) appearing in the average

of the [ ], (ki)! ways are equivalent in the quotient space gtk (. (X))

ANNALES DE L’INSTITUT FOURIER
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by the STU relations. Therefore, the average of the Hie[n](ki)! ways of
attaching univalent vertices coincides with an arbitrary way of attaching
them in gr* (7 .(X,)).

2.2. The category A of Jacobi diagrams in handlebodies

Here we briefly review the category A of Jacobi diagrams in handlebodies
defined in [12].

The objects in A are nonnegative integers. To define the hom-set A(m,n),
we need the notion of (m,n)-Jacobi diagrams, which we explain below.

Let I = [—1,1]. For m > 0, let U, C R? denote the handlebody of genus
m that is obtained from the cube I? by attaching m handles on the top
square I% x {1} as depicted in Figure 2.4. We call [ := I x {0} x {—1} the
bottom line of U,,. We call S := I? x {—1} the bottom square of U,,. For
i =1,...,m, let x; be a loop which goes through only the i-th handle of
the handlebody U, just once and let x; denote its homotopy class as well.
In what follows, for loops 1 and -5 with base points on I, let v57y; denote
the loop that goes through ~y; first and then goes through ~5. That is, we
write a product of elements of the fundamental group of U,,, in the opposite
order to the usual one. Let &; € H;(U,,;k) denote the homology class of
z;. We have m1(Uy,) = (z1,..., ) and Hi (U k) = @i, kz;.

Figure 2.4. The handlebody U,,.

For m,n > 0, an (m,n)-Jacobi diagram (D, f) consists of a Jacobi di-
agram D on X, and a map f : X,, UD — U, which maps 0X,, into the
bottom line [ of U, in such a way that the endpoints of X,, are uniformly
distributed and that for ¢ = 1,...,n, the i-th arc component of X,, goes
from the 2i-th point to the 2i — 1-st point, where we count the endpoints

TOME 73 (2023), FASCICULE 4
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from left to right. In what follows, we simply write D for an (m,n)-Jacobi
diagram. We identify two (m, n)-Jacobi diagrams if they are homotopic in
U,, relative to the endpoints of X,,. Figure 2.5 shows a (2, 3)-Jacobi dia-
gram D. For m,n > 0, the hom-set A(m,n) is the k-vector space spanned

123

Figure 2.5. A (2,3)-Jacobi diagram.

by (m,n)-Jacobi diagrams modulo the STU relations. We usually depict
(m,n)-Jacobi diagrams by drawing their images under the orthogonal pro-
jection of R? onto R x {0} x R.

In order to define the composition in the category A, we use the box
notation as depicted in Figure 2.6. (See [12, Example 3.2].) Dashed and
solid lines are allowed to go through the box, and a dashed line is attached
to the left side of the box. The box notation represents a sum with sign of
each Jacobi diagram which is obtained by attaching the univalent vertex
of the dashed line to each line which goes through the box. The sign of a
summand corresponding to a solid line is determined by the compatibility
of its orientation with the direction of the box, and the sign of a summand
corresponding to a dashed line is determined to be positive. We also define
the box notation with a dashed line attached to the right side of the box
by the box notation with the dashed line attached to the left side of the
box as depicted in Figure 2.6.

Figure 2.6. The box notation.

ANNALES DE L’INSTITUT FOURIER
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For D:m — nand D’ : p — m, the composition D o D’ is defined
as follows. By using isotopies of U,,, we can transform D into an (m,n)-
Jacobi diagram D each of whose handle has only solid and dashed lines
parallel to the handle core. The composition Do D’ is obtained by stacking
on the top of the square part of D a suitable cabling of D’. Here, the
cabling is obtained from D’ by replacing each component of X,, with its
parallel copies so that the target of the cabling matches the source of 5,
and each univalent vertex is replaced by the box notation. Figure 2.7 shows
the composition D o D’ of the (2, 3)-Jacobi diagram D, which is given in
Figure 2.5, and the following (3, 2)-Jacobi diagram D’.

DoD =

The degree of an (m,n)-Jacobi diagram is the degree of its Jacobi dia-
gram. Let Ag(m,n) C A(m,n) be the subspace spanned by (m,n)-Jacobi
diagrams of degree d. We have A(m,n) = P 5, Ad(m,n). Note that we
have

Ad(O, TL) = .Q{d(Xn)

The category A has a structure of a linear symmetric strict monoidal cat-
egory. See [14] for the definition of symmetric strict monoidal categories.
The tensor product on objects is addition. The monoidal unit is 0. The ten-
sor product on morphisms is juxtaposition followed by horizontal rescaling
and relabelling of indices. For example, Figure 2.8 shows the tensor prod-
uct of a (1, 1)-Jacobi diagram and a (2,2)-Jacobi diagram. The symmetry
is determined by P ; : 2 — 2 which is depicted in Figure 2.9.

TOME 73 (2023), FASCICULE 4
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—_
[\

Figure 2.9. The symmetry.
3. Functors A; and By

In this section, we define a functor A, : F°P — fVect from the opposite
category F°P of the category F of finitely generated free groups to the
category fVect of filtered vector spaces over k. We define another functor
By : FAb®® — gVect from the opposite category FAb®P of the category
FADb of finitely generated free abelian groups to the category gVect of
graded vector spaces over k. We prove that the functor A; induces the
functor By.

3.1. The categories F, FAb, fVect and gVect

Let us start with the definitions of the categories F, FAb, fVect and
gVect.

Forn > 0, let F,, = (x1,...,2,) be the free group of rank n. The category
F of finitely generated free groups is the full subcategory of the category
Grp of groups such that the class of objects is {F,, : n > 0}. We identify
the object F,, with the integer n. Thus, F(n,m) = Hom(F,, F,,,) = F.
The category F is a symmetric strict monoidal category.
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The category FAb of finitely generated free abelian groups is the full
subcategory of the category Ab of abelian groups such that the class of
objects is {Z™ : n > 0}. We identify the object Z™ with the integer n. Thus,
FAb(n,m) = Hom(Z",Z™) = Mat(m,n;Z). The category FAb is also a
symmetric strict monoidal category.

Let ab : F — FADb denote the restriction of the abelianization func-
tor ab : Grp — Ab. Here the functor ab maps F;, to its abelianization
ab(F,) = F,/|F,, F,] = @, Z]x;], which is naturally identified with Z".
In the following sections, we use the opposite functor ab®® : F°P — FAb®P.

Let fVect denote the category of filtered vector spaces and
filter-preserving morphisms. A filtered vector space is a k-vector space V
with a decreasing sequence of vector spaces V=Vy D> V; D ---.

Let gVect denote the category of graded vector spaces and degree-
preserving morphisms. A graded vector space is a k-vector space W =
@@0 Wa.

For a filtered vector space V, set grd(V) = V,/Vyyq for d > 0. We
call gr(V) = @ 5 grd(V) the associated graded vector space of V. Let
gr: fVect — gVect be the functor that sends a filtered vector space V to
the associated graded vector space gr(V') and a filter-preserving morphism
f V. — W to a degree-preserving morphism gr(f) : gr(V) — gr(W)
defined by gr(f)([/v}vd+l) = [f(v)]wd+1 for v e Vg.

3.2. The functor A4, : F°P — fVect

We define a functor Ay : F°P — fVect.
Let d,n > 0. Set

Ad(n) = Ad(O, n) = JZ{d(Xn).

For k > 0,let Agx(n) C Aq(n) be the subspace spanned by Jacobi diagrams
with at least k trivalent vertices. We have an isomorphism

Adyk(n) = Md,k(Xn)
Thus, we have Ag(n) = Ago(n) = k. For d > 1, we have a filtration
Ad(n) = Ad’o(n) D Ad,l(n) D) Ad72(n) DR Ad,gd,l(n) =0.

Let kF be the k-linearization of the category F. Here, the class of objects
in kF is the same as that in F and the hom-set kF(m,n) is the k-vector
space spanned by all of the morphisms m — n in F for m,n > 0. We
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have an isomorphism kF°P(m,n) EN Ay(m,n) of k-vector spaces (see [12,
Section 1.5]). Note that

Ap(m,n)
= k{(m,n)-Jacobi diagrams with empty Jacobi diagram}
= k{homotopy classes of maps X,, — U,, relative to the boundary}.

For a map f : X, — U, such that f(8X,) CLlet f=fUid: X, U [ —
U,, and f; cm (X, Ul) 2 F, = m1(Up) = F,, be the induced map on the
fundamental groups. The linear map Ag(m,n) — kF°P(m,n) that sends f
to f* is an isomorphism.

We define a map

Aq: FP(m,n) — fVect(As(m), Ag(n))
by
Aq : FP(m, n) = kFP(m,n) = Ag(m,n) 2 fVect(Aq(m), Aq(n)),

where the last map is the composition in the category A and we recall that
Ag(m) = A4(0,m) C A(0,m). Note that since any element of Agy(m,n)
has an empty Jacobi diagram, the composition of an element of Ag(m,n)
with an element of A4(m) preserves the filtration. It can be easily checked
that A, is a functor.

3.3. The functor B, : FAb®® — gVect

In this section, we define a functor By : FAb°? — gVect.
Let
V,, == H'(Upn; k) = Hom(H; (Uy,; k), k)
and let {v;} denote the dual basis of {Z;}. We fix the basis {v;} for V,, and
we have V,, = @, kv;.

Let Bgy(n) denote the k-vector space spanned by V,-colored open Ja-
cobi diagrams of degree d modulo the AS, IHX and multilinearity re-
lations, where the multilinearity relation is shown in Figure 3.1. Since
V,, = @B, ku;, the space Bq(n) is isomorphic to the space %y([n]) de-
fined in Section 2.1.

For k > 0, let By x(n) C Bg(n) be the subspace spanned by open Jacobi
diagrams with exactly k trivalent vertices. We have an isomorphism

Bax(n) = Bar([n]).
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awi + bwy w1 Wo

Il
S

+b ‘ for a,b € k,wi,wy € V,.

Figure 3.1. Multilinearity.

Thus, we have By(n) = By o(n) = k0. For d > 1, we have a grading

2d—2

Ba(n) = @ Bax(n).
k=0

Let T be a finite set. A T-colored open Jacobi diagram D is called special
if the map {univalent vertices of D} — T that gives the coloring of D is a
bijection.

Define Dy i, as the k-vector space spanned by special [2d—k]-colored open
Jacobi diagrams of degree d modulo the AS and THX relations. The space
Dy 1, has an Gg4_j, action given by the action on the colorings. Considering
Vn®2d_k as a right &54_,-module by the action which permutes the factors,
we have an isomorphism

(31) Bd,k(n) = Vn®2d_k ®k62d—k Dd k-

)

Thus, any element of By x(n) can be written in the form
u(wi, ..., wag—p) = (W1 @ - @ wag_p) u

for w € Dy, and wy, ..., waq—k € Vi,
For m,n > 0, we define a map

By : FAb°?(m,n) — gVect(Bgi(m), By(n))

as follows. We consider an element of FAb®?(m,n) = Mat(m,n;Z) as an
(m x n)-matrix and an element of V,, as a (1 x n)-matrix. For example,
we consider v; € V,, as the i-th standard basis. For f € FAb®"(m,n) and
u(wy, ..., waq—k) € Ba(m), we define

Ba(f)(u(wy, ... wag—k)) = u(wy - f,..., waq—p - f)-

It can be easily seen that By is a functor.

We can apply the definition of By : FAb®?(m, n) — gVect(B4(m), Ba(n))
to the opposite group GL(n;k)°P of the general linear group GL(n; k) with
coefficient in k to obtain a group homomorphism

By : GL(n; k)P — Autgvect(Ba(n)).
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Then we have a GL(n;k)-action on Bg(n) by identifying GL(n;k) with
GL(n; k)P by taking an element to its inverse.

On the other hand, we consider the GL(V,,)-action on Bg(n) that is
determined by the standard action of GL(V},) on each coloring. Here, we
consider an element of V,, = @~ kv; as an (n x 1)-matrix. The GL(n;k)-
action on Bg(n) factors through the dual action of GL(n;k) on V,, and the
standard action of GL(V,,) on Bg4(n):

(3.2) GL(n; k) - GL(V,) = Autgveet (Ba(n).

Note that the isomorphism (3.1) is a GL(V},)-module isomorphism.

3.4. Relation between the functors A; and By

In this section, we show that the functor A, defined in Section 3.2 induces
the functor By defined in Section 3.3.

In the following lemma, we observe that we can identify the associated
graded vector space gr(Ag(n)) of the filtered vector space Aq4(n) with the
graded vector space Bg(n).

LemMA 3.1. — For d,n,k > 0, we have an isomorphism of k-vector

spaces

Ok : gr"(Ag(n)) — Bax(n),
which maps a Jacobi diagram D on X,, to an open Jacobi diagram 64 ,, 1 (D)
that is obtained from D by assigning the color v; to a univalent vertex which
is attached to the i-th arc component of X,, for anyi=1,...,n.

Taking direct sum, we have an isomorphism of graded vector spaces

Oa.n : gr(Aq(n)) = Ba(n).
We call 04, the PBW map.

Proof. — By identifying Bq x(n) with B, x([n]) and Ag k(n) with o7 ,(X,,)
through the canonical isomorphisms, it follows from Proposition 2.1 that
we have an isomorphism

Xk * Bap(n) = gr¥(Ag(n)).
Thus, we have an isomorphism 04, x == Xdnx - O

For d > 0, we define another functor E : F°P — gVect as follows. For

an object n > 0, let Bvd(n) = By(n). For a morphism f : m — n in F°P, let

Ba(f) = Oan 0 gr(Aa(f)) 0 07+, : Ba(m) — Ba(n).
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The family of morphisms 04 == (0gn)n>0 : gro Ag = E’; is a natural iso-
morphism. This is because the PBW maps 04 ,, and 8, are isomorphisms
and because the following diagram commutes:

gr(Aq(m)) — 1 gr(Ag(n)
edmlu O ﬂl%.n
Ba(m) — Ba(n).
Ba(f)
PROPOSITION 3.2. — For d > 0, we have By = By o ab®®. Thus, the

family of the PBW maps 0, can be rewritten as a natural isomorphism
04 :gro Ay = Byoab®®. In diagram, we have

A
Feor %— fVect

ab°P \L = ll 04 J{gr

FADL°P gVect.

d

Proof. — We show that rBZ = Bgoab®P. For an element f € F°P(m,n) =
F(n,m), let @;; € N (resp. a;; € Z) be the number (resp. the sum of

signs) of copies of J;fﬂ that appear in the word f(z;) for i =1,...,m and
j=1,...,n. For example, if f: F; — F5 is defined by
(3.3) f(@1) = mmomyt, flwe) = ) s,

then the corresponding matrices (a; ;) and (a; ;) are

(. e 3)

Note that the matrix A = (a; ;) € Mat(m,n;Z) corresponds to the mor-
phism ab®?(f) € FAb®®(m,n).
For a diagram v’ = u(ws,...,wsq4—) € Bgx(m), we prove that

Ba(f)(u') = By o ab™(f)(u).

It suffices to prove the case where w; = v;, for I € [2d — k] by multilinearity.
By the definition of the map By, we have

Bgoab®P(f)(u(viy, ... vip, ) =u(viy - Ay oo 0ig,_, - A).

By Lemma 3.1, 0;;@(1/ ) is obtained from u by attaching the [-colored
univalent vertex of w to the i;-th component of X, for [ € [2d — k]. We
consider the image of 9;;”(1/) under the map gr(Aq(f)). First, we take a
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look at an example. For the morphism f : F5 — F5 defined by (3.3), we
have

gr4a(0) (033 (0 —O— )

[
o]
=2
N
[\
=
>

Pashy
r"\,;“\
N 7N
-=\__k{ P

The first term vanishes because two Jacobi diagrams with the same uni-
trivalent graph and with different ways of attaching univalent vertices to a
component of Xy are equivalent in gr?(A5(2)) by the STU relations. Thus,
we have

s
/’—‘\

N
-

2

As we observed in the example, the map gr(A4(f)) sends 9;7171(1/) to a
linear combination of diagrams which are obtained from u by attaching
univalent vertices to X,,. In particular, the map gr(Aq(f)) sends the I-
colored univalent vertex of u to the signed sum of @, ; copies of the vertex
which are attached to the j-th component of X, for any j = 1,...,n. In
the associated graded vector space gr¥(A4(n)), the image of the I-colored
vertex is actually the signed sum of |a;, ;| copies of the vertex which are
attached to the j-th component of X, .

Through the PBW map 6 ,, again, the Jacobi diagram of Ba(f) (') is u.
The coloring of E;( f) (') that corresponds to the I-colored univalent vertex
of uis 37, a;, ju; = v, - A, which is equal to that of Bgoab®™(f)(u'). O
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4. The functors A; and B,

In this section, we compute the functors A; and Bj.
The vector space By(n) has a basis {d; ; = vi— v; : 1 <i<j<n}.
We have a linear isomorphism

(4.1) Bi(n) = Sym?(V,,)

that maps d; ; to v; - v; for ¢ < j, where Symz(Vn) is the symmetric square
of V,.

We can compute the functor B; explicitly as follows. We extend the
notation d; ; by letting d;; = d;; for i < j and let D = (d;;) €
Mat(n,n; B1(n)). For a morphism P € FAb®°?(m,n) = Mat(m,n;Z), it
is easily checked that

Bi(P)(di;) = (P D 'P);,

for 1 <i<j<m.Let Sym2 : Vect — Vect denote the functor that maps
a vector space V to its symmetric square Sym? (V).

PROPOSITION 4.1. — We have a natural isomorphism of functors on
FADL°P:
B = Sym?(Hom(— @z k, k)).
Therefore, the linear isomorphism (4.1) gives a GL(V,)-module isomor-
phism.
Since A; 1(n) = 0, we have

A1(n) = Aro(n) = gr(As(n) "2 Bi(n) = Bio(n)

via the PBW map. The space A;(n) has a basis {¢;; : 1 < i < j < n}
corresponding to {d; ;}, where
1 1 n
1

Cij =

.,

I\ =)
; ...\/\‘j\.../’r"\ (Z' <j).

Considering the target categories of the functors A; and B as the cate-
gory Vect of vector spaces over k, we have

A1 = Bl o ab®P

by Proposition 3.2.
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5. Action of gr(IA(n)) on By(n)

The functor A, gives an Aut(F,)°P-action on A4(n), where Aut(F,)°P
denotes the opposite group of Aut(F;,). We have a right Aut(F;,)-action on
Aq(n) by letting

u-g = Adlg)(u)

for u € Ag(n) and g € Aut(F,).
We first consider the case n = 1. We have

Aut(Fy) = {1,s} = GL(1; Z) = Z/2Z.

The action of s on By (1) is multiplication by (—1)2¢=% = (~1)*, although
it is known that By (1) = 0 for d < 9 and odd k and it is open whether or
not we have By (1) = 0 for all odd k& [3].

Let TA(n) denote the TA-automorphism group of F,,, which is the kernel
of the canonical homomorphism Aut(F,) — Aut(H(F,;Z)) = GL(n;Z).
In this section, we construct an action of the associated graded Lie algebra
gr(IA(n)) of the lower central series of TA(n) on the graded vector space
Bg(n), consisting of group homomorphisms

Bak g (1A(n)) — Hom(Bak(n), Bak+r(1))

for kK > 0 and » > 1, which we define in Section 5.3. In Section 5.4, we
extend this action by adding the case where r = 0, to obtain an action of
an extended graded Lie algebra gr(Aut(F,,)°P) on the graded vector space
Bg(n). See Appendix A for extended graded Lie algebras.

5.1. Out(F,)-action on A;(n)

The inner automorphism group Inn(F,) of F, is the normal subgroup
of Aut(F,) consisting of automorphisms o, for any a € F,,, defined by
04(z) = aza™! for x € F,. By the definitions of Inn(F,) and IA(n), it
follows that Inn(F,,) is a normal subgroup of IA(n) for any n > 1. Here,
we consider the Inn(F),)-action on Ay4(n).

THEOREM 5.1. — The Inn(F,)-action on Ag(n) is trivial for any d,n >
0. Therefore, the Aut(F,)-action on Ag(n) induces an action on Ag(n) of
the outer automorphism group Out(F,) = Aut(F,,)/Inn(F,) of F,.

Thus, the functor Ay is an outer functor in the sense of [24] for any d > 0.
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Proof. — We show that the Inn(F,)-action on Ag(n) is trivial. Since
Inn(Fy) = Inn(Fy) = 1 and since Ag(n) = ki), we have only to consider for
n>=>2,d>1.

Since F,, = Inn(F),) for n > 2, the inner automorphism group Inn(F,,) is
generated by oy,,...,04,. For each ¢ =2,...,n, define P, ; € Aut(F,) by

Pl,i(»ﬁ) = Ty, Pl,i(-ri) =1, Pl,i(xj) =Tj (j 7’é 17i)~

Then, we have o, = Py ;04, P1 ;. If we have u - 0, = u for any u € Ay(n),
then we have

U-Og; = U P1,i0'Z1P1,i = (u . Pl,i) . Uavlpl,i =U- Pl,ipl,i = U.

Therefore, we need to prove u - 0., = u for any u € Ag(n).

——
u o

Foru= /-\ /-\ € Ag4(n), we have u - o, = SR
1 2 n

. . . T = .
Since the box notation satisfies ___Jf\ = /\ , by pulling the first

arc component to the right, we have
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By iterating similar operations, we obtain

This completes the proof. O

5.2. TA(n)-action on A4(n) for n =1,2

For n = 1, we have IA(1) = 1. Therefore, the IA(1)-action on A4(1) is
trivial.

We use the following fact due to Nielsen [21] and Magnus [19]. See
also [20] for the statement.

THEOREM 5.2 (Nielsen (n < 3), Magnus (for all n)). — Let n > 2.
The TA-automorphism group TA(n) is normally generated in Aut(F,) by
an element K5 defined by

Kai(m2) = mymoay !, Kaa(z;) =x; forj#2.

For n = 2, we have IA(2) = Inn(F,) by the above theorem. Therefore,
we have the following corollary of Theorem 5.1.

COROLLARY 5.3. — The IA(2)-action on A4(2) is trivial for any d > 0.
Therefore, the Aut(Fy)-action on A4(2) induces an action of GL(2;7Z) on
Aq(2).

5.3. Bracket map [-,-] : By (n) ®z gr"(IA(n)) — Bg k1r(n)

We define
(5.1) [,]: Aa(n) x TA(n) — Ag4(n)

by [u,g] == u-g—u for u € Ag(n), g € IA(n), which we call the bracket
map.

LEMMA 5.4. — Let k > 0. We have
[Agr(n),IA(n)] C Agrt1(n).
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Proof. — If we identify the associated graded vector space gr(A4(n))
with Bg(n), then Proposition 3.2 implies that the Aut(F,)-action on Ag(n)
induces the GL(n;Z)-action on Bg(n). It follows that the restriction of
the Aut(F),)-action on gr(A4(n)) to IA(n) is trivial. This implies that
[Adyk(n),IA(n)] C Ad’kJrl(n). O

The following lemma easily follows from the definition of the bracket
map.

LEMMA 5.5.
(1) For g,h € IA(n), u € Ay r(n), we have

[, gh] = [u, 9] + [u, B] + [[u, g], P].

(2) For g € IA(n), u € Agr(n), we have

[uagil} - 7[“79] - [[uag]agil]'
PROPOSITION 5.6. — The bracket map (5.1) induces a map
(52) ['7 ] : Bd’k(n) X IA(TL) — Bd7k+1(n).

The map
Bak : T1A(n) — Hom(Bgx(n), Bar+1(n))

defined by Bqr(g)(u) = [u, g] for g € IA(n),u € Bqx(n) is a group homo-
morphism.

Proof. — By Lemma 5.4, the map (5.1) induces a map
[] : gr*(Aa(n) x TA(n) = g (Ag.(n)).

By identifying gr¥(Aq..(n)) with Bgx(n) via the PBW map, we have a
map (5.2). Since we have [u, gh] = [u, g] + [u, h] + [[u, g], h] and [[u, g],h] €
Agpy2(n) for g,h € IA(n),u € Agr(n) by Lemmas 5.4 and 5.5, it follows
that

Ba,k(gh)(u) = [u, gh] = [u, g] + [u, h] = Baxr(g)(u) + Ba,k(h)(u)

for g,h € IA(n),u € By (n), so the map B4 is a group homomorphism.
0

Now we consider the lower central series I'.(IA(n)) of IA(n):

IA(n) = [1(IA(n)) > To(IA(R) &> - - - |
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where I, 1 (IA(n)) = [['-(IA(n)),IA(n)] for r > 1. Note that the commuta-
tor bracket [x,y] of x and y is defined to be [z,y] == xyz 'y~ for elements
x,1y of a group. Let

gr(1A(n) = Per"(1A(n) = DT+ IAM)/Tr1(IA(n)

r>1 r>1

denote the associated graded Lie algebra with respect to the lower central
series of IA(n). We improve the bracket map (5.2) and the map SBqx by
restricting the maps to the lower central series.

LEMMA 5.7. — Let r > 1. We have
(5.3) [Agk(n), I'r(IA(R))] C Adgk+r(n)-

Proof. — We prove (5.3) by induction on r. The case r = 1 is Lemma 5.4.
Suppose that (5.3) holds for r — 1 > 1. By Lemma 5.5, we have

[u,[g,h]] =u-(ghg™"h™") —u=(u-gh—u-hg)-g~'h™"
= ([u, gh] — [u, hg))g~"h " = ([[u, g],h] — [[u, h], g]) - g~ 'h"

for any g € I',_1(IA(n)) and h € IA(n). From the induction hypothesis
and Lemma 5.4, we have [u, [g, h]] € Ag k+r(n). Therefore, by Lemma 5.5,
we have [u, g] € Ag k4r(n) for any g € ', (IA(n)) and u € Ay r(n). O

Since Ag24—1(n) = 0 for any d > 1 and n > 0, we have the following
corollary.

COROLLARY 5.8. — The Aut(F,)-action on Ag(n) induces an
Aut(F,)/T24-1(IA(n))-action on Ay(n) for d > 1.

We have a canonical isomorphism GL(n;Z) = Aut(F,)/IA(n) by the
definition of IA(n). For any r > 1, the abelian group gr”(IA(n)) is a right
GL(n; Z)-module by the action induced from the adjoint action of Aut(F,)
on IA(n).

PROPOSITION 5.9. — Let r > 1. The bracket map (5.1) induces a
GL(n; Z)-module homomorphism

(5.4) [-,-] : Bak(n) @z gr"(IA(n)) = By g+r(n).
Proof. — By Lemmas 5.5 and 5.7, we have a Z-bilinear map
[ Bak(n) x gr"(IA(n)) = By k+r(n)

and thus, we have a k-linear map (5.4).
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Since we have [u, h]-g = [u-g,g 1 hg] for g € Aut(F,),h € T,.(IA(n)),u €
Aq(n), it follows that the following diagram commutes:

['7']
Bk (n) @z g (IA(n)) —— Bag4r(n)

_Al l.A

B (n) ®z gr" (IA(n)) T B g1r(n),

for any A € GL(n;Z). Therefore, (5.4) is a right GL(n; Z)-module map. O

We define a group homomorphism
(5.5) Bg,k 1 gr"(IA(n)) — Hom(Bg (1), Ba,k+r (1))
by 8] x(9)(w) = [u, g] for g € gr"(IA(n)) and u € Bg,x(n).

5.4. Action of gr(IA(n)) on By(n)

Here we state the Aut(F),)-action on A4(n) in terms of extended N-series
and the two induced actions on Bg(n) of GL(n;Z) and gr(IA(n)), the latter
of which means the GL(n;Z)-module homomorphisms (5.4), in terms of
extended graded Lie algebras. See Appendix A for extended N-series and
extended graded Lie algebras.

Set

Aty (Fy) = {Aut(Fn) (r=0)

[r(IA(R))  (r>1).
The descending series Aut,(F,,) = (Aut,(F,)),>0 is an extended N-series,
so the descending series Aut. (F,)°" := (Aut,(F,)°P),>0 of opposite groups
of Aut,(F,) is also an extended N-series. Let gr(Aut(F,,)°P) denote the
image of Aut,(F,)°? under the functor gr,. The functor A4 induces an
action of Aut,(F,)°" on the filtered vector space A4 .(n):

Ag s Aut, (F,)°P — Aut, (Ag,«(n)).

THEOREM 5.10. — The Aut, (F,)°P-action on the filtered vector space
Ag.«(n) induces an action of the extended graded Lie algebra gr(Aut(F,,)°P)
on the graded vector space By(n). This action is determined by the functor
By and the group homomorphisms 3y ;. in (5.5).

In particular, we have a right action of the graded Lie algebra gr(IA(n))
on the graded vector space Bq(n), which consists of GL(n;Z)-module ho-
momorphisms

[] - Bag(n) @z gr"(IA(n)) = Ba,k4r(n)-
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Proof. — By Proposition A.4, the action of Aut,(F,)°® on Ay .(n) in-
duces an action of the extended graded Lie algebra gr(Aut(F},)°P) on the
graded vector space gr(Aq.«(n)) = Bg(n). This action is a pair of a group
homomorphism

B : GL(n;Z)°? — Autgvect(Ba(n))
and a graded Lie algebra homomorphism

P (e (Aut.(F,)°P)) = D End,(Ba(n)),

r>1 r>1
which can be regarded as the group homomorphisms 557 . by considering
the action of gr”(Aut,(F;,)°P) on By(n) as a right action of gr”(IA(n)) on

6. The GL(V,,)-module By(n)

In this section, we recall elementary facts about the representation theory
to establish the notation and consider the dimension of the k-vector space
Bgy(n), which is equal to that of Ag(n).

Let N be a nonnegative integer and A a partition of V. Let ¢\ € kGx
denote the Young symmetrizer. Let S* = kSy - ¢y denote the Specht
module corresponding to A, which is a simple Gy-module. Let S,V,, =
VN . ¢y denote the image of V;, under the Schur functor Sy corresponding
to A, which is a GL(V,,)-module. Let r(A) be the number of rows of A. If
r(A) < n, then the GL(V,,)-module SV, # 0 is simple. If r(A) > n, we have
SaV,, = 0. It is well known that any & y-module can be decomposed into a
direct sum of the Specht modules and that any polynomial representation
of GL(V,,) can be decomposed into a direct sum of the images of V,, under
the Schur functors corresponding to partitions. See [7, 8] for some basic
facts about the representation theory of GL(n;Z) and GL(V,,).

PROPOSITION 6.1. — The dimension of the k-vector space Bq (n) is a
polynomial of degree 2d — k on n. Therefore, the dimension of the k-vector
space Ag(n) = By(n) is a polynomial of degree 2d on n.

Proof. — Since By (n) is a polynomial representation of GL(V;,) corre-
sponding to the Ga4_j-module Dy, the GL(V,,)-module By (n) can be
decomposed into a direct sum of S\V,, for A\ F 2d — k. The dimension of
the k-vector space SV, is a polynomial of degree 2d — k on n and so is the
dimension of the k-vector space By x(n). d
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7. Aut(F),)-module structure of A;(n) and indecomposable
decomposition of the functor A,

In this section, we study the Aut(F},)-module structure of Az(n) and give
an indecomposable decomposition of the functor A,.

7.1. Irreducible decomposition of the GL(V,,)-module Bs(n)

Here we give an irreducible decomposition of the GL(V;,)-module By(n).

Let B3 ;.(n) C Bz, (n) be the connected part of By x(n), which is spanned
by connected V),-colored open Jacobi diagrams, and D5, C D the con-
nected part of Ds j, which is spanned by connected special [4 — k]-colored
open Jacobi diagrams. The subspace Dg’k is an 64_g-submodule of D j.
We have an isomorphism of GL(V,,)-modules

(7'1) Bé,k(n) = Vn®4_k kG4 Dg,lﬁ
which is the connected version of (3.1).

PROPOSITION 7.1 (Bar-Natan [4]). — We have isomorphisms of G4_j-
modules

Dg, = s0M Dy, =50

)

PROPOSITION 7.2. — We have Bg(n) = 3270(77,) D B271(n) D BQ,Q(n),
where

Bso(n) =S4V ® S2,2) Vi,
By 1(n) = Bg,l(n) = S(l,l,l)Vna
B 2(n) = B3 5(n) = Sy Va

as GL(V,,)-modules.

Proof. — The cases where k = 1, 2 follow from the isomorphism (7.1) and
Proposition 7.1. For k = 0, we have an isomorphism of GL(V},)-modules

O Bz,o(”) i Sme(Bio(”)) = S(2)(Bf70(”))

defined by ®( w1— wo ws— wy ) = wi—wo - wz—ws for wy,...,wy €
V... By Proposition 4.1 and plethysm, it follows that

3270 (n) = Sym2 (B{’O(n)) = S(g) (S(g) Vn) = 5(4) Vi, @ S(Q’Q)Vn. O
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Let B (n) (resp. By 5(n)) denote the subspace of B (n) that is isomor-
phic to Si4)V, (resp. S2,2)Vy). By Proposition 7.2, we have an irreducible
decomposition of the GL(V},)-module By (n)

(7.2) Ba(n) = Bj o(n) ® By o(n) & Bya(n) & Baa(n).
Here Bj,(n) vanishes only when n = 0,1, By1(n) vanishes only when
n=0,1,2, and Bj ((n) and By 2(n) vanish only when n = 0. By (3.2), the
GL(n; Z)-action on Bg(n) factors through the GL(V},)-action on Bg(n):
ty—1

GL(n; Z) — GL(n:k) ~2— GL(V,.) — Autgvees(Ba(n)).
Therefore, the irreducible decomposition (7.2) of Bs(n) holds as the
GL(n; Z)-modules.

Remark 7.3. — For n = 2, S(3.9)V;, = det® = k is the simple GL(2;Z)-
module given by the square of the determinant, so it is trivial. For n = 3,
S(1,1,1)Vi = det is the simple GL(3;Z)-module given by the determinant.

7.2. Direct decomposition of A,

Here we give a direct decomposition of the functor As.
The category A has morphisms

W= 121, n= /‘\ :0—=1, c¢= /\,‘\j\ 10— 2.

Depict ¢ as /\ . The iterated multiplications ul? : ¢ — 1 for ¢ > 0 are
inductively defined by
pfl=n,  pM =idy, plt = po (i eidy) (g2 1)
For m > 0, there is a group homomorphism
SGm — A(m,m), o Py,

where P, is the symmetry in A corresponding to o. Set

— Z P, = Z sgn(o)P, € A(m,m).

€S, : ceES,,

By Habiro-Massuyeau [12, Lemma 5.16], every element of As(n) is a
linear combination of morphisms of the form

(M[(Iﬂ R ® M[Qn]) o P, oc®?
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for 0 € G4 and q1,...,q, = 0 such that ¢; + - - - + ¢, = 4. For example, we
have

/1\ /2\ /3\ . /\ - (Mm ®,u[2] ® u[” ® (/«L[O])®"_3) o (Pas) — Pa) o ®2.
n

Since we have (pl @ --- @ plinl) o P, € Ag(4,n) and Ag(m,n) =
kF°P(m,n), by the above decomposition of morphisms of As(n), we have
the following lemma.

LEMMA 7.4. — Forn > 0, we have
Az(n) = Spany {Az(f)(c®c) : f € F(4,n)}.
Set
A A

P = =8c®c+8 /N +8 /A € A(4),

P’ = =2 /A =2 A\ € A (4).

Ay AY  FP — fVect
be the subfunctors of the functor A, such that
Ay(n) = Span { A2(f)(P') : f € FP(4,n)} C Aa(n),
Ay (n) = Spany {As(f)(P") : f € FP(4,n)} C Az(n),

respectively.

Let

PROPOSITION 7.5. — We have a direct decomposition
Ay = AL @ AY
in the functor category fVect™ " .

Proof. — We prove that As(n) = AL(n) + AY(n) for n > 0. Since we
have

AN NN [\
+4 [alt] [alts] + 4 [alto] [alto]
J .|
=8c®c+8/ M\ +8 /A )+ 8c@c—8 /A )+ 8c®c—8 )
=24c®ec,

it follows that c®c € AL(n)+ A5 (n). Thus, we have Ay(n) = A4(n)+ AY(n)
by Lemma 7.4.
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In order to prove that A5(n) N AY(n) = 0, it suffices to show that

O2,n(gr(A5(n))) C By o(n),  b2,n(gr(A3(n))) C By o(n)@Baa(n)@Baa(n).

Sym
Y41 be a linear sum of elements of As(n) such that

Let P, =
15kl

each endpoint of two chords are attached to the i, j, k,[-th component of

X, respectively, where 1 <7 < j < k <1 < n. Note that PZ-'jkl is defined

independently of how to attach endpoints to the same component of X,

because of the symmetrizer. Since an element of A%(n) is a linear sum of

P!

ikl and since we have

AWA
[symy, |
92,n(Pi/jkl) = e Bé,o(")

V; VjUEV]

b

it follows that 92,n(r(A’2(n))) C By o(n).

N
Let P/, = be a linear sum of elements of Ay(n) such that
ig kil
each endpoint of two chords are attached to the 4,7, k,I-th component,
respectively, where 4,5, k, 1 € {1,...,n}. Note that Pi’j’-kl has ambiguity of
how to attach endpoints to the same component of X,,, but the difference
is an element of A5 1(n). Since an element of A7 (n) is a linear sum of P,
and since we have

£~
02,1 (Plir) — € By 1(n) ® B22(n)

V; Vj Vpp

by Lemma 3.1, it follows that

2.0 (gr(A5(n))) C Bé’_yo(n) ® Ba1(n) @ Baa(n). O
PROPOSITION 7.6. — We have
(73) O2,n(gr(A5(n))) = Bé,o(”),
02, (gr(A5(n))) = By o(n) @ Ba1(n) © Baa(n).
Proof. — This follows from Proposition 7.5 and Lemma 3.1. O
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7.3. Action of gr(IA(n)) on By(n)

In order to study the Aut(F),)-module structure of A} (n), we consider
whether the restrictions of the GL(n; Z)-module homomorphism (5.4)

(7.4) [] : B o(n) @z gr' (TA(n)) = By (n),
(7.5) [,-] : B21(n) ®z gr! (IA(n)) — By 2(n)

vanish or not.
For n = 1,2, the maps (7.4) and (7.5) vanish, because the TA(n)-actions
on As(n) are trivial by Corollary 5.3.
The bracket maps (7.4) and (7.5) induce GL(n;Z)-module homomor-
phisms
p1: By (n) — Hom(gr' (IA(n)), Bz,1(n)),

)

p2 : Ba1(n) — Hom(gr! (IA(n)), Ba.2(n)),

)

respectively.
For distinct elements i, j, k € [n], define K; ;1 € IA(n) by

K ji(x;) = xilry, xp], K jr(x) = for | #i.

LEMMA 7.7. — Forn > 3, the GL(n; Z)-module homomorphisms p; and
p2 are injective.

Proof. — Let

U= V]—— VIV Vy — Ul—VaVl—Vy € B;’yo(n).
We have
pl(u)(Kg,Lg) =6 /l\ # 0e Bg,l(’ﬂ).
U1 V2 U3

Thus, we have p; # 0. Since By (n) is simple, it follows that p; is injective.
We have

P2 ( /[\ ) (K17372) = n—0—un 7£ 0e BQ_]Q(TL).

V1 VU2 Vg
Since By 1(n) is simple, it follows that p, is injective in a similar way. O

Remark 7.8. — The restriction of the GL(n;Z)-module homomor-
phism (5.4)
[ ]+ Byo(n) @z gr*(IA(n)) — Baa(n)
also induces a GL(n;Z)-module homomorphism

p3 = By o(n) = Hom(gr?(TIA(n)), Ba2(n)).
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We can also check that ps is injective. This is because we have

[w, [K31,2, K132]] =[[u, K3.1,2], K1,32] — [[u, K1 3,2], K31,2]

= [6 /I\ K1,3721 =6 V1—=O—"1 #0 € Ba(n)

since [u, K1 32] = 0.

7.4. Aut(F,)-module structure of As(n)

Here, we consider the Aut(F},)-module structure of As(n).
By Proposition 7.5, we have a decomposition of Aut(F},)-modules

Az (n) = Ay(n) & A3 (n)
and a filtration of Aut(F),)-modules
A% (n) D Az1(n) D Aza(n) D 0.
Moreover, by (7.2) and (7.3), we have GL(n; Z)-module isomorphisms
2.n(gr(Ab(n))) = Byo(n) = S(ayVa,
02,n(gr(A3(n))) = By o(n) & Bz1(n) & Baa(n)
—S(QQ)V ©S1,1,1)Vn ©S(2)Va,
02, (gr(Az2,1(n))) = Ba.1(n) & 32,2( n) = 81,1,1)Va @ Si2y Vi,
02.n(8r(Az2,2(n))) = Baa(n) = S)V;
Thus, it follows that A5(n) and Aj2(n) are simple Aut(F,)-modules for

any n = 1.

THEOREM 7.9. — The Aut(F,,)-module A,(n) is simple for any n > 1.
Forn =1, Aut(Fy) 2 Z/27 acts on A5(1) =k trivially.
For n =2, AY(2) has an irreducible decomposition

AJ(2) =W & A22(2),

where Aut(Fy) acts on W =k trivially.
Forn > 3, A (n) admits a unique composition series of length 3

A(n) 2 As1(n) 2 Asa(n) 2 0;

that is, AY(n) has no nonzero proper Aut(F),)-submodules other than
Az 1(n) and Az o(n). Therefore, AY(n) and Az 1(n) are indecomposable.
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To prove this theorem, we use the following fact due to Nielsen [22]. See
also [20] for the statement. Define U; o, P1 2,0 € Aut(F3) by

U (1) = z129, Ui 2(x2) = 22,
Py o(z1) = o, P o(z2) =
o(zy) =z, o(x2) =

THEOREM 7.10 (Nielsen [22]). — The automorphism group Aut(Fs) is
generated by U, 2, P12 and o.
Proof of Theorem 7.9. — For n = 1, AJ(1) = As2(1) has a basis

IS

PR

{ ﬂ }. We can check that the action of Aut(Fy) = Z/2Z on A5(1)
1

is trivial.
For n =2, let
PO N
L VAVARNa 0 ElaWARFHOIRC
1 1 2 1 2
FON FON AN

1
ui1 == Y , UL = A s U2 = € As5(2
21/1\\/2\ /1\/2\ 2/\f\

It is easily checked that {u,u1 1, u1,2,u22} is a basis for A5 (2) and that the
representation matrices of U 2, P; 2 and o for this basis are

1110 100 0 10 0 0

010 0 000 1 01 0 0
Uz=1g 9 1 o™= |0o 01 0|7 |00 -1 0

01 1 1 010 0 00 0 1
Let w = (1,-1,0,—-1) = u —u11 — uz22 € A5(2) \ A22(2) and W = kuw.

We have

w-Upg=w-Piao=w-0=w.
Thus, by Theorem 7.10, it follows that the Aut(F3)-action on W is trivial.
Therefore, we have an irreducible decomposition

A3(2) =W & A22(2).

For n > 3, since

2

AIZ/(")/AZI(H) = Bg,o(n) = S(Q,Q)Vn»
Az1(n)/A2.2(n) = B21(n) = Su1,1)Va

12
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are simple Aut(F,,)-modules, we have a composition series of length 3
A3 (n) 2 Az1(n) 2 Az2(n) 2 0.

We next prove that As1(n) does not have any nonzero proper submod-
ules other than Aj 2(n). (Then, it follows that As ;(n) is indecomposable.)
Let A be a nonzero submodule of Az 1(n) other than As 2(n). Since Az 2(n)
is simple, there is an element a € A\ Az 2(n). We have 05 ,,(gr(A4z2,1(n))) =
By.1(n) @ Ba2(n), so we can write a as a = u + v, for some elements
u#0e€ 927’711(32@(71))7 v E 927’,11(B2’2(n)) = A3 2(n). By Lemma 7.7, there
is g € IA(n) such that [u, g] # 0 € Ay 2(n). Therefore, we have

[avg] = [u—|—v,g] = [uvg} + [Uvg] = [uvg] #0€ A272(TL).

Since Aj o(n) is simple, we have As 2(n) C A. Since A 1(n) has a composi-
tion series of length 2, by the Jordan—Hélder theorem, we have A = A 1(n).

We now prove that A% (n) does not have any nonzero proper submodules
other than A 1(n) and As 2(n). (Then, it follows that A% (n) is indecompos-
able.) Let A be a nonzero submodule of A5 (n) other than Ay 1(n), A2 2(n).
Since As2(n) is the only nonzero proper submodule of As1(n), we have
A ¢ As;(n). Thus, there is an element a € A\ As1(n). Since we have
02 (gr(A5(n))) = By o(n)®Ba2,1(n)®Ba 2(n), we can write a as a = u+v for
some elements u # 0 € 9:,_’711(B§'70(n)), v e eii(BQ,l(n)EBBQ’Q(n)) = As1(n).
By Lemma 7.7, there is g € IA(n) such that [u,g] € Az1(n) \ Az.2(n).
Therefore, we have

[avg] = [u + U’g] = [’U,, g] + [U7g] € AQJ(”) \AQ,Q(n)7

because [v, g] € Az 2(n). Since Az 2(n) is the only nonzero proper submod-
ule of Ay 1(n), we have AN Az 1(n) = Az 1(n) and therefore, Az 1(n) C A.
Since AY(n) has a composition series of length 3, by the Jordan—Holder
theorem, we have A = A (n). O

COROLLARY 7.11. — There are exact sequences of Aut(F,,)-modules

0= S1,1)Va —A5(n)/A22(n) = S22V — 0,
0— S(2)Vn 4>A2,1(n) — S(1,171)Vn — 0,

which do not split for n > 3. Thus, we have

EXt]]l(Aut(Fn)(S(Q,Q)Vn7S(l,l,l)Vn) 7£ O;
EXtﬂlgAut(Fn)(S(l,l,l)vnaS(Q)Vn) 7£ 0

for n > 3.
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Remark 7.12. — Corollary 7.11 also holds as Out(F),)-modules. In the
context of outer functors, the latter fact of Corollary 7.11 about extensions
corresponds to some specific cases of Corollary 19.15 in [24].

Remark 7.13. — By Theorem 5.1, the Aut(F,,)-module A 1(n) can be
considered as an Out(F,)-module. There is no Out(F3)-modules of di-
mension less than 7 which do not factor through the canonical surjection
Out(F5) — GL(3;Z) [17]. Turchin and Willwacher [25] constructed the
first 7-dimensional Out(F3)-module U with such property. We can check
that the Out(F3)-module As 1(3) is isomorphic to U{. We have another 7-
dimensional Out(F3)-module A%(3)/Asz,2(3) which does not factor through
GL(3;Z). At the level of the associated graded GL(3;Z)-module,

gr(A5(3)/A22(3)) =S V3 & Su,1,)Vs = (S V3)" @ (S(1,1,1)V3)"
= gI‘(AQ’l (3))*
We conjecture that the Out(F3)-module A5 (3)/A2 2(3) is isomorphic to the
dual of A5 1(3) and that AJ(3) is self-dual.

7.5. Indecomposable decomposition of A,

Finally, we show that the subfunctors A} and AJ of As, which we ob-
served in Section 7.2, are indecomposable.

THEOREM 7.14. — The direct decomposition As = A, @ A} in Propo-
sition 7.5 is indecomposable in the functor category fVect® ’

Proof. — Since Af(n) are simple Aut(F,,)-modules for any n > 1 by
Theorem 7.9, the functor A} is indecomposable in fVect™ .
Suppose that we have a direct decomposition

Al =G oG e fVect™

where G’ is possibly 0. By Theorem 7.9, the Aut(F,)-modules A% (n) are
indecomposable for n > 3, we have

(7.6) G(n)=A5(n), G'(n)=0 (n=3).

Since G and G’ are subfunctors of Ay, (7.6) holds for any n > 0. Therefore,
we have

G=A), G =0

This implies that the functor A} is indecomposable in fVect® . O
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8. Polynomiality of the functor Ay

In Section 8.1, we show that the functor A, is a polynomial functor of
degree 2d as the author was informed by Christine Vespa. Moreover, she
informed the author that the filtration of A4(n) corresponds to the polyno-
mial filtration of the polynomial functor A4. (The reader can consult [24]
for the definition of polynomial filtrations.)

In Section 8.2, we give some remarks about a polynomial functor Uy, asso-
ciated to a Casimir Lie algebra and a weight system natural transformation
from A4 to Uy.

8.1. The polynomial functor Ay

We recall the definition of polynomial functors (see [13, Section 2]). Let
C be a pointed monoidal category, that is, a monoidal category (C,®,0)
with a null object 0 as the monoidal unit. For X;,...,X,, € C, let

r%:X1®"'®Xn‘>X1®"')/(\k"'®Xn
be the composition
X180 0Xp® 00X - X1® 000 -0 X, = X180 Xp - @ Xy,

where the first map is determined by the unique morphism X — 0. Let D
be an additive category. A functor F' : C — D is a polynomial functor of
degree < n if

= (F () (ﬂﬂ))t F(X1® - ® Xnt1)

n+1
n+1
%@F(X1®“'Xk"'®Xn+1)
k=1
is monic for any Xi,...,X,,4+1 € C. Note that if D is an abelian category,

then the above definition of polynomial functors coincides with the defini-
tion in [13]. Since the category fVect is an additive category but not an
abelian category, we need this generalized definition of polynomial functors.

PRrROPOSITION 8.1. — The functor A4 : F°P? — fVect is a polynomial
functor of degree 2d.

Proof. — For a Jacobi diagram D € A4(n), define the support supp(D) C
[n] of D to be the set of i € [n] such that at least one of the univalent vertices
of D is attached to the i-th component of X,. For S C [n], let Ag(n)s
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denote the subspace of A4(n) spanned by the diagrams with support S.
Since the three terms in an STU relation have the same support, we have

Aa(n) = @ Aa(n)s.
SC[n]

To prove that the functor A, is a polynomial functor of degree 2d, it
suffices to show that for each S C [2d + 1], there is k € [2d + 1] such
that Ad(r%‘”l) : Ag(2d + 1) — Aq(2d) is injective. Since any support
S C [2d + 1] of an element of A4(2d + 1) has at most 2d elements, we can
choose k € [2d + 1]\ S. For the morphism nz\dﬂ :2d+1— 2d in F°P, we
have

a a 0 0 a
Ad(r,]i\d+1) = ﬂ ﬂ ﬂ ﬂ o—: Ad(2d—|—1) — Ad(2d)
J y—

1 2d + 1

Since for any element u € A4(2d+1)g, the element Ad(r%dﬂ)(u) € Aq(2d)
is obtained from u by taking away the k-th arc component of X941 , it

follows that the map Ad(r%dﬂ) is injective on A4(2d + 1)s. O

8.2. Polynomial functor U; and the weight system map

Here we give some remarks about another polynomial functor U; and
weight systems, which relate Ay to Uy.

Let g be a Casimir Lie algebra in the sense of [12], which is a Lie algebra
with an ad-invariant symmetric 2-tensor ¢y € g ® g (for example, a qua-
dratic Lie algebra is a Casimir Lie algebra). Let U(g) denote the universal
enveloping algebra of g. We have an increasing filtration F,(U(g)®") of
U(g)®™, which is induced by the usual filtration of the tensor algebra of g.

Since U(g) is a cocommutative Hopf algebra, by [5], U(g)®" has a left
Aut(F,)-module structure, and the ad-invariant part (U(g)®")V(®) of
U(g)®™ has a left Out(F},)-module structure. Moreover, we can construct
a polynomial functor

Uy : F°P — Vect
of degree 2d that maps n € N to Faq(U(g)®")V(®) which is also an outer
functor.

By Section 7.1 of [12], there is a Hopf algebra H in the category A, and
we have a unique linear symmetric monoidal functor W(g) : A — Modyy)
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from the category A to the category Mody (4 of U(g)-modules that sends

the pair (H,c = ) to (U(g), ¢g). Thus, we have a linear map

A A
Walg) : Aa(n) = F2a(U(9)""),

which we call the weight system of the Casimir Lie algebra (g,cq). Con-

sidering Aq4(n) as a left Aut(F,)-module via Aut(F,)°P = Aut(F,,), which

takes an element to its inverse, the weight system W, (g) preserves the

Aut(F,)-module structure. Since a Casimir element is ad-invariant, the

weight system takes values in the ad-invariant part (U (g)®")V(®) of U(g)®"
Therefore, the weight system induces an Out(F},)-module map

Wi(g) : Aa(n) — Faa(U(g)®™)V@.

Moreover, the family (W, (g))nen of weight systems forms a natural trans-
formation between polynomial functors A, and Uy of degree 2d.

Appendix A. Extended N-series and extended graded
Lie algebras

We briefly review the definition of extended N-series and extended graded
Lie algebras, which are defined in [11], and define an action of an extended
N-series on a filtered vector space and an action of an extended graded
Lie algebras on a graded vector space. Then we prove that an action of
an extended N-series on a filtered vector space induces an action of the
associated extended graded Lie algebras on the associated graded vector
space.

An extended N-series K, = (K,)n>0 of a group K is a descending series

K=Ky2>2 K > K> >
such that [K,, K] < Kpqm for all n,m > 0. A morphism f : G, — K,

between extended N-series is a group homomorphism f : Gy — Ky such
that we have f(G,) C K, for all n > 0.
For a filtered vector space Wy, set
Auto(W,) == Autsvect (W),
Aut,,(W,) = {¢ € Autog(W..) : [¢p, Wi] C Wypy, forall k >0} (n > 1),
wl =

where [¢, ¢(w)—w for w € Wy,. We can easily check that Aut, (W) =
(Aut,, (W.))n>0 is an extended N-series.
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DEFINITION A.1 (Action of extended N-series on filtered vector spaces).
Let K, be an extended N-series and W, be a filtered vector space. An
action of K, on W, is a morphism f : K, — Aut,(W,) between extended
N-series.

An extended graded Lie algebra (abbreviated as eg-Lie algebra) L, =

(Ly)n>o0 is a pair of

e a graded Lie algebra L, = EBn>1 L,,

e a group Ly acting on L, in a degree-preserving way.
A morphism fo = (fn : Ln — L),)n>0 : Le — L, between eg-Lie algebras
consists of

e a group homomorphism fy : Ly — L,

e a graded Lie algebra homomorphism f, = (fn)n>1: Ly — L/,
such that we have f,,(*y) = @) (f,(y)) for n > 1,2 € Ly and y € L,,.

We have a functor gr, from the category of extended N-series to the
category of eg-Lie algebras, which maps an extended N-series K, to an
eg-Lie algebra gr,(K.) = (Ko/K1,€D,,5, Kn/Kn+1), where Lie bracket is
given by the commutator and the action of Ky/K; on @n>1 K, /K41 is
given by the adjoint action.

For a graded vector space W = @,@0 Wi, set

Endo(W) == Autgvect (W),
End,, (W) == {¢ € End(W) : $(W},) C Wiy, for k >0} (n>1).
We can check that Ende(W) = (Autgvect (W), D,,>; End,(W)) is an eg-
Lie algebra, where the Lie bracket is defined by
[figl =fog—go ffor f € Endp(W),g € End;(W)
and the action of Autgvect(W) on @, End,, (W) is defined by the adjoint
action

If :=gofog tfor g€ Autgvect(W), f € Endy(W).

DEFINITION A.2 (Action of graded Lie algebras on graded vector spaces).
Let Ly = €,,51 Ln be a graded Lie algebra and W = @, Wi be a
graded vector space. An action of Ly on W is a morphism f : L, —
®D,.>, End,,(W) between graded Lie algebras.

DEFINITION A.3 (Action of eg-Lie algebras on graded vector spaces).
Let Lo be an eg-Lie algebra and W = @ k>0 Wi be a graded vector space.
An action of L, on W is a morphism f : Ly — Ende(W) between eg-Lie
algebras.
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PROPOSITION A.4. — Let an extended N-series K, act on a filtered
vector space W,.. Then we have an action of the eg-Lie algebra gr,(K.) on
the graded vector space gr(W,.) as follows. The group homomorphism

Po - grO (K*) — AUthect (gr(W*))

is defined by pO(gKl)([v]Wk+1) = [g(v)]wk+1 for gKl € grO(K*)7 and the
graded Lie algebra homomorphism

Pt @gr"(K*) — @Endn(gr(W*))

n=1 n=1
is defined by pi(9Kns1) (Vi) = [l9: 0l ., for gKni1 € " (KC).

Proof. — Firstly, we prove that there is a well-defined group homomor-
phism pg. Since K, acts on W, we have a group homomorphism

Ko — Aut(gr*(W,)).

Moreover, since [g(v)lw,,, = [lg,v] +vlw,, = [V]w,,, for g € K; and
v € Wy, it follows that K; — Aut(gr®(W,)) is trivial. Thus, the group
homomorphism

po : gr’(K.) = Ko/ K1 — Autgveet (gr(W.))

is induced.

Secondly, we prove that there is a well-defined Lie algebra homomorphism
p+. Since K, acts on W, we can check that py is well defined. Moreover,
the map p, is a Lie algebra homomorphism because for g € K,,, h € K,/
and v € Wy, we have

(9K n+1, WK 1], [Vl ]
= [lg, M Kntn 41, [VIwy iy ]
=[lg, 2], vlw, iy = g [Rov]]l = [ [g, 0llwy s
= [gKn+17[hKn’+1a[ ]Wk+l]] [hKn +17[9Kn+17[ ]Wk+l]]'

Finally, we check that p is compatible with pg. For g € Ko, h € K,, and
v € Wi, we have

p+ (T K ) ([lwis) = [l9hg ™ Vlwiey s
= [9([h g™ (DWWt
— ro <9K1>(p+(hKn+1>)<[v]wk+1)-
Therefore, this is an action of gr,(K,) on gr(W,). =
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