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THE RELATIVE CANONICAL IDEAL OF THE
KUMMER-ARTIN SCHREIER-WITT FAMILY OF
CURVES

by Hara CHARALAMBOUS,
Kostas KARAGIANNIS & Aristides KONTOGEORGIS (*)

Dedicated to Prof. Jannis A. Antoniadis on the occasion of his 70th birthday.

Abstract. — We study the canonical model of the Kummer-Artin Schreier—
Witt flat family of curves over a ring of mixed characteristic. We first prove the
relative version of a classical theorem by Petri, then use the model proposed by
Bertin—-Mézard to construct an explicit generating set for the relative canonical
ideal. As a byproduct, we obtain a combinatorial criterion for a set to generate
the canonical ideal, applicable to any curve satisfying the assumptions of Petri’s
theorem, except for plane quintics and trigonal curves.

Résumé. — Nous étudions le modéle canonique de la famille de courbes plate
de Kummer-Artin Schreier-Witt sur un anneau de caractéristique mixte. Nous
prouvons d’abord la version relative d’'un théoréme classique de Petri, puis uti-
lisons le modéle proposé par Bertin—-Mézard afin de construire un ensemble de
générateurs explicite de I'idéal canonique relatif. De plus, nous obtenons un critére
combinatoire pour qu’un ensemble engendre I'idéal canonique, applicable a toute
courbe satisfaisante les hypotheses du théoreme de Petri, & I’exception des planes
quintiques et des courbes trigonales.

1. Introduction
1.1. The canonical ideal

Let X be a complete, non-singular, non-hyperelliptic curve of genus g > 3

over an algebraically closed field F of arbitrary characteristic. Let Qx /g

denote the sheaf of holomorphic di [efentials on X and, for n > 0, let Q5
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2 H. Charalambous, K. Karagiannis & A. Kontogeorgis

denote the n-th tensor power of Qx,r. The following classical result is
usually referred to in the bibliography as Petri’s Theorem, even though it
is due to Max Noether, Enriques and Babbage as well:

Theorem 1.1.

(1) The canonical map

1
o Sym(HO(Xa QX/F)) - O(X QX/F
n=>0

is surjective.
(2) The kernel Ix of @ is generated by elements of degree 2 and 3.
(3) Ix is generated by elements of degree 2 except in the following

cases:

(a) X is a non-singular plane quintic (in this case g = 6).

(b) X is trigonal, i.e. a triple covering of PL.

The standard terminology for the algebro-geometric objects relevant to
Petri’s Theorem uses triﬂectlve canonical: the sheaf Qx,¢ is the canon-
ical bundle, the ring —_,H°(X, QX,F) is the canonical ring, the map
¢ is the canonical map and the kernel Ix = ker@ is the canonical ideal.
More details on the canonical map will be given in section 2; for a modern
treatment over a field of arbitrary characteristic we refer to the article of
B. Saint-Donat [20].

The problem of determining explicit generators for the canonical ideal
has attracted interest by researchers over the years. A non-exhaustive list
of techniques employed includes the use of Weierstrass semigroups [17], the
theory of Grébner bases [2], minimal free resolutions and syzygies [1]. The
latter are also central to Green’s conjecture, solved by Voisin in [28]. The
purpose of this paper is to study Petri’s Theorem in the context of lifts of
curves as discussed below.

1.2. Lifts of curves

Let k be a field of prime characteristic p > 0. A lift of k to characteristic
0 is the field of fractions L of any integral extension of the ring of Witt
vectors W (k), a classical construction by Witt [29] that generalizes the p-
adic integers Z, = W (Fp). In what follows the field k will be assumed to
be algebraically closed. Note that integral extensions of W (k) are discrete
valuation rings of mixed characteristic, with residue field k.
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THE RELATIVE CANONICAL IDEAL 3

Consider a projective, non-singular curve Xg over k and let R be an in-
tegral extension of W (k). A lift of Xo/k to characteristic 0, is a curve X,
over L = QuotR, obtained as the generic fibre of a flat family of curves
X /R whose special fibre is Xg/k. Such lifts have been extensively used by
arithmetic geometers to reduce characteristic p problems to the, much bet-
ter understood, characteristic 0 case. One of the earliest uses of the idea
of lifting is the approach of J.P. Serre [24] in an early attempt to define
an appropriate cohomology theory which could solve the Weil conjectures.
The lifting of an algebraic variety to characteristic zero is unfortunately not
always possible and Serre was able to give such an example, see [25]. The
progress made in deformation theory by Schlessinger [21] identified the lift-
ing obstruction as an element in H2(X, Tx), see [23, 1.2.12], [11, 5.7 p.41].

1.3. Lifts of curves with automorphisms

Let Xo/k be a projective, non-singular curve as in the previous section.
Such a curve can always lifted in characteristic zero, since the obstruction
lives in the second cohomology which is always zero for curves. However,
one might ask if it is possible to deform the curve together with its auto-
morphism group, see [5]. This is not always possible, since Hurwitz’s bound
for the order of automorphism groups in characteristic 0 ensures that the
answer for a general group G is negative, see [8, 15]. In the same spirit,
J. Bertin in [3] provided an obstruction for the lifting based on the Artin
representation which vanishes for cyclic groups. Note that, even in positive
characteristic, the order of cyclic automorphism groups is bounded by the
classical Hurwitz bound, see [14]. The existence of such a lift for cyclic p-
groups was conjectured by Oort in [18] and was laid to rest three decades
later by Obus-Wewers [16] and Pop [19].

In the meantime, the case for G = Z/pZ was studied by Oort himself
and Sekiguchi-Suwa [22, 27], who unified the theory of cyclic extensions
of the projective line in characteristic p (Artin-Schreier extensions) and
that of cyclic extensions of the projective line in characteristic 0 (Kummer
extensions). The unified theory is usually referred to as Kummer—Artin
Schreier—-Witt theory or Oort-Sekiguchi-Suwa (OSS) theory. Using these
results, Bertin—-Mézard in [5] provided an explicit description of the a [nel
model for the Kummer curve in terms of the a [nelmodel for the Artin-
Schreier curve. Following this construction, Karanikolopoulos and the third
author in [13] proposed the study of the Galois module structure of the
relative curve X/R. As a byproduct, they found an explicit basis of the
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4 H. Charalambous, K. Karagiannis & A. Kontogeorgis

R-module of relative holomorphic di[efentials H(X, Qx ), using Boseck’s
work [6] on holomorphic di [erkntials.

The main result of this paper is the determination of an explicit gen-
erating set for the relative canonical ideal of the unified Kummer-Artin
Schreier—-Witt theory, using the Bertin—-Mézard model and the relative ba-
sis of [13] for 1-dilerentials. We conclude the introduction by giving an
outline of our arguments and techniques.

1.4. Outline

In Section 2 we give details on the canonical map and we prove a com-
binatorial criterion for a subset of the canonical ideal to be a generating
set. The main result of this section is Proposition 2.2 where we prove that
to check if a set G of homogeneous polynomials of degree 2 generates the
canonical ideal, it su [ced to check whether dimg (S/0n (&)0) 6 3(g—1).
The above criterion reduces the problem of finding a generating set for the
canonical ideal to counting initial terms; we note that the criterion is ap-
plicable to any curve satisfying the assumptions of Petri’s theorem, with
the exception of plane quintics and trigonal curves.

In Section 3 we formalize the lifting problem for the canonical ideal of
the relative curve. First, we review the results of Bertin-Mézard on the
explicit construction of the relative curve X/R. Then, in Theorem 3.1, we
define the relative canonical map and prove an analogue of Petri’s Theorem
for the relative curve X/R, by constructing a diagram

1
)
0 /I)b /SL = L[u)é, .. .,(J.)g] = HO(XH’QEL 4/0
n=0 O
=n (=il [rIL
P
! It  —
0—— Iy —Isg = RWi, ..., W] ——/ " HO(X, Q50 —Jo
n=0
[RB/m LrB/m trA/m
) —
0 —1x, ——IS = Klw, .. wgl —L T HO(Xo, Q53 —0
n=0

whose rows are exact and where each square is commutative. In Theo-
rem 3.2, we give a Nakayama-type criterion that reduces the problem of
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THE RELATIVE CANONICAL IDEAL 5

nding a generating set for the relative canonical ideallyx to nding com-

patible generating sets for the canonical ideals on the two bres. In short,
we prove that if G is a set of homogeneous polynomials ity such that
G R L generateslx and G g k generateslx, then G generatesl x .

In Section 4 we state and prove results on the generators of the canonical
ideal which are common for the two bres. To facilitate the counting, we
set a correspondence between the variables of the polynomial ring in Petri's
Theorem and a discrete set of pointsA  Z2. In Proposition 4.2 we nd
a binomial ideal contained in the canonical ideal, leading us to build the
generating sets for the two bres on sets of binomials. Further, in Proposi-
tion 4.6, we extend the correspondence between the variables and the sat
to a correspondence between the binomials and the Minkowski surA + A,
see [30, p. 28]. The cardinality of the Minkowski sum turns out to be too
big, and we thus devote Section 4.3 to identify and study subsets ofA + A
whose cardinalities are bounded by3(g 1).

It turns out that these subsets of the Minkowski sum match exactly to
the missing generators for the canonical ideals of the two bers. These
are studied in Section 5, which contains the main result of this paper,
Theorem 5.5: The generators of the canonical ideal of the relative curve
are either binomials of the form

WNl; 1WNf; 9 WNz; ZWNS; 9
or polynomials of the form
X1 (i)d
Wn: Wyo o Wyoo Wyooo oo+ e p Cip iWn;; iWNJO; o
=L j=jmn (i) !
The reader will have to refer to Section 5 for the details on the indices of
the variables and the coe cients. For the proof of Theorem 5.5 we make
essential use of our Nakayama-type Theorem 3.2 and Theorem 3.1, our
analogue to Petri's Theorem, as reduction and thickening a la Faltings [7]
are checked on the category of vector spaces, instead of the category of
rings. To demonstrate our results, we use as a running example a gend®
Kummer curve, see Examples 4.10, 4.13 and 5.4 .

Acknowledgments
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ments, corrections and suggested reorganization of the material that greatly
improved the exposition.

TOME 0 (0), FASCICULE 0



6 H. Charalambous, K. Karagiannis & A. Kontogeorgis
2. A criterion for generators of the canonical ideal

Throughout this section, X is a complete, non-singular, non-hyperelliptic
curve of genusg > 3 over an algebraically closed eldF of arbitrary char-
acteristic, which is neither a plane quintic nor trigonal. As in the intro-
duction, let y-r denote the sheaf of holomorphic di erentials onX and,

forn> 1,let T be the n-th tensor power of x ; its global sections
HO(X; < ) form an F -vector space of dimensiord,gy where
(
g; ifn=1

1) Unig = @@n 1)(g 1); ifn> 1

The direct sum of the F -vector spacesH °(X; MX:nF ) is equipped with the

structure of a graded ring: multiplication in HOo(X; o ) is de ned
n>0
via
HOOG &) HOOG )t HOX 0™

fdx " gdx ™ 7! fgdx ("*™):

(2.2) S= S, whereS, = ff 2 S: degf = ng:

n>0

the assignment! ; 7! f;dx and de ne a homogeneous map of graded rings

CF[ i tg]! HO(X; %)
n>0
P9 1871 ff flodx (At @)
Note that when an emphasis on the basiw is desired, the map will be
denoted by . The kernel of , denoted by |, is a graded ideal, so that
in analogy to eq. (2.2) we may write
M

Ix = (Ix)n where(Ix)n = ff 2 Ix :degf = ng:

n>0

In the context we are working, Petri's Theorem can be rewritten as follows:

Theorem 2.1. The canonical map is surjective andlx = h(lx )2i.

ANNALES DE L'INSTITUT FOURIER



THE RELATIVE CANONICAL IDEAL 7

We x aterm order  and note that eachf 2 S has a unique leading
term with respect to , denoted by in (f). We de ne the initial ideal of
Ix asin (Ix)= hn (f):f 2 Ixi.If Sy; (Ix)n andin (Ix), are the
n th graded pieces ofS; Ix and in (Ix) respectively, then both (Ix )n
and in (Ix ), are F-subspaces ofS, and, since quotients commute with
direct sums, we have that

(S=1), = Sp=lp and (San (1)), = Sp=n (1)

The proposition below gives a criterion for a subset of the canonical ideal
to be a generating set:

Proposition 2.2. Let G Ix be a set of homogeneous polynomials
of degree2 in Ix . If

dimg (S=hn (G)i), 6 3(g 1),
then Ix = hGi.
Proof.  We note thatsinceG Ix ; hin (G)i,isasubspaceoin (Ix),.
Therefore
(2.3) dimg (S4n (Ix)), =dimg Sy=in (Ix)2
6 dimg S;=hn (G)i, =dim g (S=hn (G)i),:
Moreover, by [26, Prop. 1.1]
(2.4) dimg (S4n (Ix)), =dimg (S=Ix ), and
dime (S=hn (G)i), =dime (SFG i),:
By Petri's Theorem and eq. (2.1), we have that
(2.5) dimg (S=Ix), =dime HO(X; % )=3(g 1)

Combining eq. (2.3), (2.4), (2.5), and the hypothesisdimg (S=hin (G)i), 6
3(g 1) gives

dimg S=lx ,=dimg S=4Gi ,) (Ix),=hGiz) Ix = hix),i = hGi

completing the proof.
3. The canonical ideal of relative curves
Let k be an algebraically closed eld of prime characteristicchar(k) =
p > 0. Denote by W (K)[ ] the ring of Witt vectors over k extended by a

p-throot of unity andlet = 1. By [12, Sec. 8.10W (K)[ ]is a discrete
valuation ring with maximal ideal m and residue eld isomorphic to k. Let
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8 H. Charalambous, K. Karagiannis & A. Kontogeorgis

m > 1 be a natural number not divisible by p; forany 16 6 p 1 we
write m = pg ° and consider, as in [13, Sec. 3], the local ring

_(W(k)[ 13xa; 0 xgK if =1
C WK 1Ky ixg 1K i 61

(
t(kdxq;::i:; if ~=1
K = Quot( R=m) = Quot (kdx XaK) I .
Quot (kdx1;:::;Xq 1K if 61
and consider the extension of the rational function eld K (x) given by
Xo: XP X = where

X
a(x)r?

X9+ xx9 e Xy X+ Xq if =1
31  ax)= ) .
X9+ xx9 * + + Xgq 1X if " 61:

Bertin Mézard proved in [4, Sec. 4.3] that the curve above lifts to a curve
over L = Quot(R) given by X :yP = Px + a(x)P fory = a(x)( X +1),
which is the normalization of R[x] in L(y). This gives rise to a family
X1 SpecR), with special bre X, and generic bre X :

Speck) spec(R) X = Xg —— X +—— X =Spec(L) spec(R) X

o | | |

Speck) ——— SpecR) +—— Spec()

For n > 1, we write ,”_ for the sheaf of holomorphic polydi eren-
tials on X. We remark that since HO(X; ,2) rk = H°(Xo; 4.)
and HO(X; ,7.) rL =HOX; ") by[10, Lemma 11.8.9] the R-
modulesHO(X; XQR) are free of rankdng for all n > 1, with dyg given

respectively. Our next result concerns the canonical embedding of the
Bertin Mézard family:

ANNALES DE LINSTITUT FOURIER



THE RELATIVE CANONICAL IDEAL 9

Theorem 3.1. Diagram (3.2) induces a deformation-theoretic dia-
gram of canonical embeddings
(3.3)

0 /"b Is, = L gooes!

rRR=m rRR=m rRR=m

. oM
0 Ny, ISy = K[wa; iz wg] — 1 HO(Xo; o) —Jo

wherelx =ker ; Ix =ker ;| x, =ker o, each row is exact and each
square is commutative.

Proof.  Exactness of the top and bottom row of diagram (3.3) are due
to Theorem 2.1, the classical result of Enriques, Petri and M. Noether. To
de ne the map of the middle row, we choose generator§idx;:::;fgdx
for HO(X; x=r) such that fidX gr lr=m, = o(Wi) 2 H%(Xo; x,=k)
(this is possible by Nakayama's Lemma) fori = 1; ;g and note that
the assignmentW; 7! f;dx gives rise to a homogeneous homomorphism of
graded rings

M
CRIWq; i Wel —— HOX (R):

L
To prove surjectivity of , we write = i:o ( ), where for eachn 2 N

()p RIWL 5 Woln ——HO(X; (12)

is a homomorphism of nitely generated R-modules. By construction,( )n
1r-mz =( o), is surjective for all n. Nakayama's Lemma then implies that
( ), is surjective for all n, and thus is surjective as well.

We proceed with establishing a Nakayama-type criterion for a subset of
the kernel I x to generate the relative canonical ideal:

Theorem 3.2. Let G be a set of homogeneous polynomials ity
such that G r L generateslx and G g k generateslx,. Then:

TOME 0 (0), FASCICULE 0



10 H. Charalambous, K. Karagiannis & A. Kontogeorgis

(1) For any n 2 N, the R-modules (Sg=hGi), are free of rankdyq .
(2) Ix = hGi.

Proof.

For (1). Let n 2 N. Since by assumptionG gL andG gk generate
Ix andlx, respectively, we have that

(Sr=Gi), rL= S.=lx _ and (SR=Gi), rk= Sk=lx, ,:
By Petri's Theorem 2.1 we get that
Si=lx ,=HX; ")and Sk=lx, , = H'(Xo; )
and by eq. (2.1)
dim_ S =lk N =dimy Sk=lx, . Ong:

The result follows from [10, lemma 11.8.9].

For (2). let s2 Ix and assume for contradiction thats 2hGi. Since
s 1 21lx and G, r L generatesly , there existgi 2 G ands; 2 S.
such thats 1, = si(g  1.). Choosingd 2 R to be the gcd of the
denominators of thE’ coe cients of the s;, we may clear denominators to

tain ds 1, = dsi(g 1), with ds; 2 Sg or equivalently ds =

dsig with ds; 2 Sgr, implying that ds 2 hGi. If s 2 hGi, then sis a
torsion element of Sg =hGi, with its homogeneous components being torsion
elements of theR-modules (Sr=hGi),, for somen 2 N. By (i), the latter
are free R-modules, so we conclude that ifs 2 hGi then s must be zero,
completing the proof.

Theorem 3.2 reduces the problem of determining the generating set of
the relative canonical ideal to determining compatible generating sets for
the canonical ideals of the two bers. Thus, in the next section we study
the canonical embeddings of the two bers, while compatibility is studied
in Section 5.

4. The Canonical Embedding of the Two Fibers

The family's generic bre, given by X :yP = Px + a(x)?, fory =
a(x)( X +1), is a cyclic ramied covering of the projective line and, by
assumption, the order of the cyclic group is prime to the characteristicp.
Boseck in [6] gives an explicit description of a basis for the global sections

ANNALES DE LINSTITUT FOURIER



THE RELATIVE CANONICAL IDEAL 11

of holomorphic di erentials of such covers. Following the notation of [13],
Boseck's basish for HO(X ; x - ) is given by

4.1) b= xNy dx:FGNGq 2,16 6p 1

Using this analysis, the authors of [13] found an explicit basis for the global
sections of holomorphic di erentials on the special bre, compatible to b

in the sense of Theorem 3.2. The basig for H%(Xo; x,=«) iS given by
(see [13, eq. (25), p. 2381]):

(4.2) t= xNax)P ' xP ! dx: F6N6q 216 6p 1 :

The elements ofb and T are determined by the values of(N; ), so we
proceed with the study of the respective index set.

4.1. The index set A and the corresponding multidegrees

Let
(4.3) A= (N; ): r 6N6 g 2,16 6p 1 NZ:

and note that by [6, eq. (34) p. 48]

X 1 ~
(4.4) jAj = q — 1 =g:

o P
Letfzy. :(N; )2 Agbe a set of variables indexed byA. To each variable
zy.  we assign the multidegreemdeg(@zy: ) = (1;N; ) 2 N3. Thus, if
S = F[fzn. ¢] is the polynomial ring over F, by assigning the multidegree
(0; 0; 0) to the elements of F, we get a multigrading on S via

(45) mdeg(ZNli 12Ny; 2 INg; d)
=(d;Nyg+ N+ Ng; 1+ 2+ + g):

We will refer to the rst coordinate of the multidegree (4.5) as the standard
degree

Next, we consider the two polynomial ringsL[f! n. g] and K[f wy. g] with
variables indexed by the points(N; ) 2 A. The results of this subsection
apply to both bers, so we introduce the following notation: We will write
X to refer to either curve X or Xg, F to refer to either eld L ork, fzy. ¢
to refer to either set of variablesf! . gor fwy. g, S = F[fzy. g]to refer
to either polynomial ring L[f! n. g] or k[fwy. gl and fy. dx to refer to the
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12 H. Charalambous, K. Karagiannis & A. Kontogeorgis

basis elements of eitheb or T. Note that the multiplication in the canonical
ring in particular implies that for any two 1-di erentials fy. dx; fyo. odx
we havefN; dx fNO; odx = fN+N0; + odx 2

Definition 4.1. Let  be the lexicographic order on the variables
fzn. 1 (N; ) 2 Ag. We de ne a new term order  on the monomials ofS
as follows:

INg; 12N INg; 4 ZND; 9ZNG; 9 ZANY P if and only if

(1) d<s or
P P
(2)d:szandP i>p jor =
3) d= sand P = 9and - N; < . N©
P p i '
4) d= s and P = O9and N; = NPand
I ]

ZNy; 12Ng; o INg; 4 tZNf; ‘}ZNQ: 2 NG 9

S

4.2. The binomial part of the canonical ideal

For eachn 2 N we write T" for the set of monomials of degreen in S
and observe that the binomials below are contained in x .

Proposition 4.2. Let Zn,; ,Zng; 95 Zny; ,2n0; ¢ 2 T2 be such that
mdeg(ZNli 12NG; ?):mdeg(ZNzi 2INY; g)-ThenZNl; 1ING 9 ZNg; 22N 9
2 1x.

Proof.  Sincemdeg(zn,: ,Z

no: 9) =mdeg(zn,; ,2ng; 9), we have that
Ni+ N%= N+ NQand ,+ ¢

0.
I8
= o+ g, SO

~—

(ZN1§ 1ZN{); 9 IN,; 2ZN§; S
— 2 2_0Nn-
- fN1+N:?; 1+ El)dX fN2+Ng; o+ ng —0.

We collect the binomials of Proposition 4.2 in the set below.

Definition 4.3. Let
8 . 2
2 INy; 1ZND; 932N 22N [2)2 T 2
G1= _ 2Ny 12n% 0 2Ny p2ng 9 2 Siand mdeg@ny; 2ng; 9) S

= mdeg(ZN2§ zzNg; g)
Next, we consider the Minkowski sum ofA with itself, de ned as
A+A=f(N+N% + 9 :(N; ):(N% 92Ag 2Z?

and note the following correspondence between points & + A and mono-
mials in T?:

ANNALES DE L'INSTITUT FOURIER



THE RELATIVE CANONICAL IDEAL 13

Corollary 4.4. (;T)2A+A,9 zy zyo o2 T? such that
mdeg@n: zno o) =(2; ;T ):

Proof.  Follows directly from the de nition of A given in eq. (4.3),
since

(N; Y)2A,9 zv. 2 F[fzy. g] such that mdeg@zn. )= (1;N; ):

The correspondence of Corollary 4.4 is not one-to-one: for any; T ) 2
A+ A, we set

By =fzy, zno, 02 T2 0 (T)=(N+N% + 9g

and observe that the di erences of elements oB .+ are in G;. Next, we
de ne the map of sets:

Definition 4.5.
A+ Al T2
G;T) 7' minB .1 :

We will use the map to show that A+ A is in bijection with a standard
basis of (S=hn (G1)i),:

Proposition 4.6. JA+ Aj=dimg (SThn (Gy)i),

Proof. Let (;T)2 A+ A. By Corollary 4.4, B .+ is non-empty and,
since is a total order, it has a unique minimal element. Hence, the map
is well-de ned, 1 1 and it is immediate that (A + A)= T2nin (G3).
Sincehn (G,)i is a monomial ideal generated in degre@ we remark that

dimg (S=hin (G1)i), = jT? nin (G)j, completing the proof.

4.3. A subset of A+ A of cardinality 3(g 1)

By Proposition 2.2 and Proposition 4.6, the binomials of De nition 4.3
would generatelyx if jJA+ Aj6 3(g 1). It turns out that this is not the
case in general. Thus we need to identify an appropriate subset & + A
whose points are in bijection with the monomials that do not appear as
leading terms of the generators ofix . To do so, we introduce and study
appropriate subsetsC(i) A+ A for 06 i 6 p, which we will use in
Section 5 to give the generators for the relative canonical ideal (see remark
after De nition 5.2).

We proceed with a description ofA+ A in terms of bounding inequalities.
To this end, we x the second coordinate of a point(;T) 2 A+ A and
determine the bounds of the rst coordinate.

TOME 0 (0), FASCICULE 0



14 H. Charalambous, K. Karagiannis & A. Kontogeorgis

Definition 4.7. Let T2 Zsuchthat (;T)2 A+ A. We de ne
o
b(T)=min o> + o cal; %t.T= + %and16 ; %6 p 1

Remark 4.8.  The properties of the oor function imply that b(T) takes
one of the foIIOé/v_ing \léalues:
J

L, if816 ; %6 with T= + ©
%p hJ\k?o\Jk jT‘k
. we have — + — = —
Hm= gl 1; if "o p1 ' pT 0
B S I T
andF+T:?_1: .
ko Kk
For example, b(p) = * 1, sincep=1+(p 1) and ; + &I =

j‘ 1 %miﬁarly, bgp 2)=2" 2,since2p 2=(p 1)+(p 1)and
e L e _o o
P P

De nition 4.7 allows us to give an alternative description of A+ A which
follows directly from the description of A given in eq. (4.3).

Lemma 4.9.
A+A=f(;T):26T62p 1);bT)6 6Tqg 4g N2

Example 4.10.  Consider the genusl2 Kummer curve with a ne model
X 1y®= 5x3+(x2+ x1x)°. The Minkowski sum

A+A=f(;T):26 T68 KT)6 6 2T 4g
is depicted in Figure 4.1 below.
The following auxiliary lemma will also be useful.

Lemma 4.11. If26 T6p land06 6 p 1,thenbT+ )6
b(T) +

Proof. If =0, the result follows trivially. If 16 6 p 1, then by
De nition 4.7 we can choose a dec?mp@siiioﬁrk+ 1=+ Osgatisfying

16 ; 6p landb(T+ 1)= - T.SinceT+ 16 2p 3,
we may assume without loss of generality that 6 p 2 and thus T +
can be decomposed a§ + =( +1)+ ° We then obtain that
BT+ )6 (+n°, 2
p
( +1)° ) o

St 5t o SlrETE 1y
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T=8

o L N W A 0o ~N oo —

o

1 2 3 4 5 6 7 8 9 10 11 12

Figure 4.1. The setA+ A forp=5; q=2; ~ =3 corresponding to a
genus12 curve.

The result follows since

T+ )6 BT+ 1)+16 KT+ 2)+2
6 6 b(T+1)+ 16 T)+ :

We are ready to de ne the setsC(i).

Definition 4.12. For06 i 6 pwe let
(
. , 0; if ~ =
Jmin (1) i if 61
and de ne

Ciy= (Ty2a+na.. iTrPandCeiT=p D2As R

“for jmin ()6 ] 6 (P i)q

Example 4.13.  For the genus 12 curve of Example 4.10, the red points
in Figure 4.2 correspond to the setC(0) = f(0;2);(1;3);(2;3)g, which
satises j(A+ A)nC(0)j =3(g 1) =33. In this particular case we have
that C(0) = C(2).

We note that a point a = ( ;T ) 2 C(i) determines the pointa ; =
( +7,T+p)2 A+ A aswell as the collection of pointsa; = ( +j; T +p i)
of A+ Aforjmin(i)6j 6 (p i)a.

-
Proposition 4.14. c)= P, C().
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16 H. Charalambous, K. Karagiannis & A. Kontogeorgis

o L N W A 0o ~N oo —
[ ]
[ ]
[ ]
[ ]
[ ]

o

1 2 3 4 5 6 7 8 9 10 11 12

Figure 4.2. The red points correspond toC(0) A+ Aforp=5; q=
2; " =3.

Proof. It suces to show that C(0) C(i) for06 i 6 p. By Def-
inition 4.12, this is equivalent to showing that if (;T) 2 A+ A and
(+;T+p 2A+Aforall jmin(0)6 j 6 pgthen( +j;T +p )2 A+A
forall jmin (i) 6 j 6 (p i)g. First, we observe that

26 T6T+p i6p 2+p i62p 1)
and

+j6 +(p i)g6 Tg 4+(p i)g6 (T+p i) 4
For the lower bound of , we distinguish the following cases:
If *=1,thenjmin(i)=0. Since(;T ) 2 C(0), De nition 4.12 gives
that (;T + p) 2 C(0) and thus by Lemma 4.9 we get(T + p) 6
We then have
b(T+p H6KT+p 6 6 +]j

If > 1thenjmin(i)= p i, and, by Lemma 4.11,
b(T+p )6OT)+p i6 +p i6 +j
We conclude that26 T 6 2(p 1l)andthatb(T+p )6 +j6 (T+p
i)q 4forjmin(i)6j 6 (p i)g Lemma4.9impliesthat( +j;T+p i)2
A + A, completing the proof.
We proceed with an auxiliary lemma to bound the cardinality of (A +
A) nC(0).

ANNALES DE L'INSTITUT FOURIER
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Lemma 4.15. The cardinality of C(0) satis es
X 2 x 2
jCOj> (Tg KT) 3) L

T=2 T=p 1
b(T)= bT-c

Proof.  First we prove that the points of C(0) satisfy the following
bounding inequalities

(46) CO=f(:T)2A+A:M% 6Tq 426T6p 29;

where (

voo BT fBT+p6 KT+
(T)+1; i BT)+ <b(T+ p):

Indeed, by de nition, for all jmin (0) 6 j 6 pqwe have that

(;T)2C0O), (GT)2A+A ( +5T+p2A+A
and( +j;T+p2A+A
, 26 T6p 2andM 6 6 Tq 4 (by Lemma 4.9

whereM =maxfb(T);b(T+p) b(T+p) jmn(0)g. We will show that
M=MEC ik
If * =1 then jumin (0) =0 and KT) = BT + p) =0 since - =0
forall 16 6 p 1 HenceM =NbT)=0.
If *> 1then jmin (0) = p, sOB(T + p) jmin(0) <b(T+p) ~ and
thus
M =maxfiT);(T +p) g

IfB(T+p)6 B(T)+ ", thenM = B(T), whereas ifo(T)+ ~ <b(T+p),
then it easily follows that

Tep _ T,

p p

bT) = -I;D land T + p) =

and soM = b(T+p " =HT)+1.
We thus have that M = M9 which completes the proof of eq. (4.6). We
then have that
X 2 X 2 X 2
jc@j= (Tga M 3= (Tg bT) 3) L

T=2 T=2 T=2
b(T)+ “<b (T+p)

TOME 0 (0), FASCICULE 0



18 H. Charalambous, K. Karagiannis & A. Kontogeorgis

When26 T 6 p 2, the condition b(T)+ ~ <b(T + p) implies that

(T+p)
L‘(T + p) = X "
p
Therefore
X 2 x 2 x 2
16 1< 1
T=2 T=p+2 T=p 1
b(T)+ "<b (T+p) b(T)= bT-c b(T)= bL-c

where the last inequality is strict by Remark 4.8.

Finally, we show that the cardinality of (A + A) nC(0) is bounded by
3(g 1).

Lemma 4.16. j(A+ A)nC(0)j6 3(g 1).
Proof.  We successively have

4.7 j(A+ A)nC(0)j

20 1
(Tg BT) 3) j C(0)j; by Lemma 4.9

T=2
2g 1) 20 1)
< (Tg NT) 3)+ 1; by Lemma 4.15
T=p 1 T=p 1
b(T)= bT-c
200 1 T 2@ 1) 2 1)
= Tq — 2 1+ 1; by Remark 4.8
T=p 1 P T=p 1 T=p 1
(T)=bc  bT)=bc
28 1) . R
= Ta — 2+ @ g D,
T=p+l P p

o
+ — 2
pq D
By eq. (4.4), we have that

(4.8) Tq

X 1 T
T=1 P

ANNALES DE L'INSTITUT FOURIER
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so we change the index in the sum of eq. (4.7) by setting°= T p:

2% 1)

(4.9) Tq 2
T= p+1 p
9( 2 0 N
= T+pg TP
To=1 P
X 2 TO
= T%9 — +m 2 ,sincepgq "=m
To=1 P
X 2 TO
= % — 1 +(m L 2):
To=1 P
Next, we observe that
9( 2 o <
(4.10) T 14+ @ g &Y,
TO=1 P p
X1 o
= Toq L 1 1
TO=1 P

Combining relations (4.7), (4.8), (4.9) and (4.10) gives:

X 1
j(A+ A)nC(0)j < T
To=1

TO‘
% o 1 1+(m L 2)

p
+ _
pq b
=g 1+mp 2m p+2+m 2
=g+(m I)(p 1) 2
=3g 2

and changing< to 6 gives the desired
j(A+ A)nC(0)j6 3g 3

Combining Proposition 4.14 and Lemma 4.16 we directly get the follow-
ing.

-
Corollary 4.17. jJ(A+A)n P C(@)j6 3@ 1.

TOME 0 (0), FASCICULE 0
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5. Thickening and reduction

In the notation of Section 3, let X ! SpecR) denote the family of curves
with generic ber

(5.1) X 1yP= Px + ax)P
and special ber

o
a(x)p

(5.2) Xo:XP X =

wherey = a(x)( X +1), and a(x) is given by

X9+ x1x3 T+ 4 xXq X+ Xq 0f =1

a(x) = N
X9+ x1x9 T+ + Xq 1X if > 61:

For each06 i 6 p, we expand the(p i)-th power of a(x)
_ (¢ Na )
(5.3) a(x)f ' = Gp iX
j=Jmin (i)
wherejmin (i) is0if =1 andp iif " 61 as in De nition 4.12, and for
jmn (i) 6 j 6 (p 1i)g, the coe cients c;, ; are given by
X i Y
p 1 .
Cp i= L Xg:

(to;unt g)2 N
t1+2t; +qtg=j

In [13] the authors prove that the free R-module HO(X; x-g) has basis

xNa(x)p + xp !
a(x)p (X +1)p 1

dx : N 6N6 g 2,16 6p 1

Consider the canonical map
M
c:S=R[fWy; g]! HO(X; xZR);
n>0
which maps a monomialWg;t. WZ¢.  to the di erential
1, 1 d, d

x(@N1+  +asNa)(g(x)x)alP 1 1)+ +ai(p 1 )

dx (a1t +ad).
a(x)(@*=rad(p D(X + 1)@+ +adp 1) '

We write 1x = ker . for the canonical ideal and note that the following
polynomials are inly:
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Proposition 5.1. Let 16 i6 p 1 Forjmn(i)6 j 6 (p 1i)q,
let Wy, Wio, o; Wi oW ooo oo and Wy ; ‘WNio; o be any monomials of
degree2 in S satisfying

mdeg(\NN 0o, oW 000 ooo) = mdeg(WN; Wy 0 0)+(0 N p),
mdegWh;;  Wnp; o) = mdeg(Wn; Wne; o) +(0;5;p  i):

Then

WN; Wn 0. 0 Wh 0o, Wh 000 000

1 (¢ )a
JKE OO

i=1 j=jmn (i)

Proof. Let

f = WN; WNO; 0 WNOQ WNooq 000
K1 (i)a

+ i p 'io Go W, Wi, o
=L =jmin (1)
where
N+ NO& N + NO+ > 004 00 4 04 g
(5.4) 0_ 04 0_ 0 i
and Nj+ N7=N+N"+j it 7= + T+p i

We note that f 2 R[f Wy. g], since by [5, Sec. 4.3]

0 modm; for (p 1)<s< O

5.5 s
(5:5) P 1 modm; fors= (p 1)

which implies that ' P P2m mg Rforal16i6 p 1 Applying
the canonical map . to f gives

XN+NO(a(X)X)2(p ) (+9
@x)(X +1)%0 D

XN°°+N°°°(a(X)X)2(P 1) (

@)(X +1)2°

1 (p¢i)a +NO 20 1) ( i+ D
X e Y @) o 2
I (a(x)( X +1))2r 1

(5.6) dx 2

004 00()

dx ?

+
=1 j=jmn (i)
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and using the relations of eq. (5.4) we may rewrite eq. (5.6) as

0 1
i x 1 (i) _ D _ _
()= h@ x (a(x)X) P+ PP g i) (ax)X) PA;
i=1 j=imin (i) !
where
XN+N0(a(X)X)2(p 1) (+ O)

S O S ECE R

Combining with the expansion of a(x)? ' in eq. (5.3) we get that
!

Xt P

9(1
of)=h 1 x (a()X) P+ P
i=1

p
[

and simplify the expression as follows:

. x b
c(f)=nh x (a(x)X) P+ ip xi P
i=1
h  x (a(x)X) P PX P4 i p
i=0

h x (a(x)X) P PX P+ PX P(X +1)P

xip

(5.7)

Finally, since y = a(x)( X +1), eq. (5.7) is equivalent to eq. (5.1), so
c(f) r1. =0 andthus .(f)=0, completing the proof.

We collect the polynomials of Proposition 5.1 in the set below:

Definition 5.2. Let

Gg = Wn: Wyo o Wyoo oWy ooo 000
K 1 (¢ id
+ PP
=1 j=jmn (i)
mdeg(Wn o oW oo oo0) = mdeg(Wn; Wio; o) +(0;7;p);
mdeg(Wn; ; Wi, o) = mdeg(Wn; Wio, o) +(0;jip  i);

‘i) Gp iWa,: Wye 02S

for06 i 6 p; jmn(i)6 )6 (p i) :
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Remark 5.3.  Let
g= WN; Wy 0 0 Wi 0o oWy 000 000
X 1 (¢ ida
+ ip
i=1 j=imin (i)
be an element of G§ as above. By comparing the multidegree relations
de ning G§ with the description of C(i) in De nition 4.12, we observe that
the monomial Wy, Wy o, o corresponds to the point((N+N% + 9 of C(0).
Moreover, the monomial Wy o oWy o0 o0 Of g corresponds to the point

a 1 (see the comment preceding Proposition 4.14), while the monomials
Wh; ; iWNJo; o of g in the double sum correspond to the pointsa; .

Fi) Cip iWnj; Wi o

Example 5.4. In the context of Example 4.10 and Example 4.13, the
monomial Wo.1Wy.1 corresponds to the point(0; 2) 2 C(0). The blue points
in the gure below correspond to the points a ; and & as in the above
discussion, and they de ne the element ofG§ with initial term  Wo.1Wo.1.

—

o B N W b OO N ©©
.
.
.
.

o
=
N
w
I
(6]

6 7 8 9 10 11 12

Figure 5.1. The blue points de ne the element ofG§ with initial term
Wo,;1Wo:1.

We write G§ for the set of binomials in De nition 4.3. The main result
of this section is the following:
Theorem 5.5. Ix = hG§[ GSi.

To prove Theorem 5.5, we will use the Nakayama-type criterion of The-
orem 3.2 by showing that

NGI rK)[ (G5 rK)i=1Ix, and NG rL)[ (G; rL)i Ix:

TOME 0 (0), FASCICULE 0
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5.1. Compatibility with the special ber

Rewrite the a ne model for the family's special ber given in eq. (5) as
(5.8) Xo:1 xa(x) PX P X ®D=p:
Let T be the basis forH°(Xo; x,=«) as in eq. (4.2) consider the canonical
map
M 0 n
oc - S= K[fwy; g]! H (Xo;  x, =)

n>0

which maps a monomialwg!. | wy’. , to the di erential

x(@Ni+ +ade)(a(X)X)al(P 1 1)+ +ag(p 1 d)dx (ar+ +ag).

We write I x, = ker o.¢ for the canonical ideal on the special ber and note
that the polynomials of Proposition 5.1 reduce to the following polynomials
in | Xo -

Proposition 5.6. We have that G5 r k= G§ Ix,, where
B (px Da
Gg = WN; Wno o Wpoo ooWp ooo o000 Cip 1Wn;; jWNJO; jo 2S:
i=Jmin (1)

mdeg(wN 00 00y 000 ooo) = mdeg(WN; Wy o: o) + (0 M p),
mdeg(wy; ; i WNO; J") =mdeg(wn; Wno, o) +(0f;p 1)

forjmin (1) 6 J 6 (p 1)q :

Proof.  Eg. (5.5) implies that in the expression

X1 0xa
P i Gip iWNj; iWNjD; 0
i=1 j=Jmin (i)

only the term for i = 1 survives reduction, giving that

0 (o 1) 1
X1 (xha
@ tP ? Gp iWny; iWNJO; PA rR Kk
=1 j=jmn (i)
(i Da
= Gip 1WNj; JWNjO; jo;
j=jmn Q)
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and equivalently

Wy Wyo o Wyoo Wyooo o0

x 1 (i
+ ip FI) q;p iWNj; iWNjO;iO Rk
=L j=jmin (i)
(px Da
= WnN; Wno o Wpoo 00Wp ooo o000 Cip 1Wnj; jWNJO; Jo;
J=limin (1)

completing the proof.

Remark 5.7.  The fact that G§ I x, follows from the relative canon-
ical embedding diagram of Theorem 3.1. However, the reader may also
verify directly that oz G§ =0.

We write G§ for the set of binomials in De nition 4.3 and remark that
G rRk=Gf Ix,. To prove that Ix, = hGS[ GSi we will use the
dimension criterion of Proposition 2.2 and a series of lemmas. We consider
the sub?etC(l) of A + A given by De nition 4.12 )

c@= (;T)2A+A:( +_\;T+p).and( YET+p D2zAvA ;
for jmn(1)6 j 6 (p 1)
and study its image under the map : A+ A! T2 given in De nition 4.5.
Lemma 5.8. (C@) in (GY).

Proof. If (;T) 2 C(1) then by deniton (;T) 2 A+ A; ( +
T+p2A+Aand( +j;T+p 1)2A+Aforaljn,n(1)6j6 (p 1)

Hence the monomiaISWN; Wyo: o = (,T ), W oo 00W\ 000 000 (= ( +
5T+ p) and wy;; WO, 0 1= ( +j;T +p 1) give rise to a polynomial
(px Da
g= WN: WNo, o Wpoo o00Wp o000 o000 Cj;p 1WNi; jWNiOJ Jq;
j=Jmin (1)

which, by construction, satises g2 GS andin (g)= (;T).
Lemma 5.9. dimy S=hin $IG5i,6 j(A+ A)nC(L):

Proof. By Proposition 4.6 we have that (A+ A)= T?nin (G§) and
by Lemma 5.8 we have that (C(1)) in (G$), so

(5.9) (A+A)nC(1) T2n in (GH[ in (GY)
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Since is one-to-one, eq. (5.9) gives
J(A+A)nC@Q)j=j (A+A)nC@)j> T?n in (G[ in (GS)
Finally, hin (G$) [ in (GS)i is a monomial ideal generated in degre€ so
dimg S=hin (G$)[ in (GY)i )= Zn in (G in (GS)
completing the proof.
Theorem 5.10. Ix, = hGS[ GSi.

Proof. By Proposition 4.2 and Proposition 5.6 we get thathG§[ GSi
X,- By Lemma 5.9 and Proposition 4.14 we get that

dimg S=hin (G§[ GY)i , 6 j(A+ A)nC(1)j6 j(A+ A)nC(0)j

so Lemma 4.16 giveslim, S=hin (G§[ G$ )| 6 3(g 1). Proposition 2.2
implies that 1x, = hG§ [ GSi, completing the proof.

5.2. Compatibility with the generic ber

Let C(i) denote the subsets ofA + Al_g|ven in De nition 4.12, where
06 i 6 p. By Proposition 4.14, C(0) = . -0 C(i). Thus, if (;T ) 2 C(0)
then (;T)2 A+A; ( +5T+p 2A+Aand( + ;T +p )2
A+ Aforall jmin(i)6 j 6 (p 1)g. Hence the monomialsWy. Wyo. o :=

(;T); Wnoo Wyoo oo := ( + ;T + p) andWNj;iWNjo;?Z: (+
;T +p i) give rise to the polynomial

0= Wn: Wyo o Wyo Wyooo oo

X 3D ip P c.
+ L C Gp (Wi Wi 02 G
We comment that in (@)= (;T).
Lemma 5.11. dim_ (S=hn (Gf[ G5)i), rL 6 j(A+ A)nC(0)j.
Proof. By Proposition 4.6 we have that
(A+A)= T?n(in (Gf) L)
and by the preceding comment we have that (C(0)) in (G5) r L, so
(5.10) (A+A)nC0O) T?n(in (G5) rL[in (G5 rL):
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