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E-SERIES OF CHARACTER VARIETIES OF
NON-ORIENTABLE SURFACES

by Emmanuel LETELLIER & Fernando
RODRIGUEZ-VILLEGAS

ABSTRACT. — In this paper we are interested in two kinds of stacks associated
to a compact non-orientable surface 3. (A) We consider simply the quotient stack
of the space of representations of the fundamental group of ¥ to GL,. (B) We
choose a set S of k-punctures of ¥ and a generic k-tuple of semisimple conjugacy
classes of GLj,, and we consider the stack of anti-invariant local systems on the
orientation cover of ¥ with local monodromies around the punctures given by the
prescribed conjugacy classes. We compute the number of points of these spaces over
finite fields from which we get a formula for their E-series (a certain specialization
of the mixed Poincaré series). In case (B), unexpectedly (see Remark 1.9), when
the Euler characteristic of X is even, our formulas turn out to be closely related to
those arising from the character varieties of punctured compact orientable surfaces
studied in [13] and [14].

RESUME. Dans cet article nous nous intéressons a deux types de champs as-
sociés & une surface compacte non-orientable ¥. (A) On considére simplement le
champ quotient de ’espace des représentations du groupe fondamental de ¥ dans
GLy,. (B) On choisit un ensemble S de k points de ¥ et un k-uplet générique de
classes de conjugaison semsimples de GL,, et on considére le champ des systémes
locaux anti-invariants sur le revétement d’orientation de ¥\S avec monodromies
locales dans les classes de conjugaison choisies. On calcule le nombre de points de
ces champs sur un corps fini et on en déduit une formule pour leur E-série (une
certaine spécialisation de la série de Poincaré mixte). Dans le cas (B), étonnam-
ment (voir Remarque 1.9), lorsque la caractéristique d’Euler de ¥ est paire, nos
formules sont trés proches de celles provenant des variétés de caractéres de surfaces
compactes orientables épointées étudiées dans [13] et [14].

1. Introduction

Let K an algebraically closed field of characteristic # 2.
We let » be a non-negative integer, put ¢ = r — 2, and let ¥ denote a
non-orientable compact surface of Euler characteristic —o (the connected
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2020 Mathematics Subject Classification: 00X99.



1386 Emmanuel LETELLIER & Fernando RODRIGUEZ-VILLEGAS

sum of r real projective planes). Let S = {aq,...,ax} be a set of k points
of ¥. Fix a base point b € ¥\S. The fundamental group IT = 71 (X\S, b)
has the following standard presentation

2 2
H:<a1,...,ar,x1,...,xk|a1~~~a

,,:El~~xk:1>

Here x; represents a small appropriately oriented loop encircling the i-th
puncture.

Put G = GL,(K) and let o : G — G be the Cartan involution g — ‘g~ 1.
We let GT = G x (o) be the corresponding semi-direct product. Fix a k-
tuple C = (C4,...,C%) of conjugacy classes of G and for € € (o) consider
the representation variety Homg (II, GT) of p € Hom(II, G*) such that

mop(a;) =¢, and p(z;) € (C))

foralli=1,...,r and j = 1,...,k, where m : Gt — (o) is the quotient
map and ¢ : G — G the natural inclusion.

The conjugation action of G on G* induces an action on Homg (IT, GT)
and we consider the quotient stack

MG == [Homg(II,GT)/G] .
If e = 1 then Homg (I, GT) is the space
Hom¢ (I, G) = {p € Hom(II, G) | p(z;) € Cy,i =1,...,k}

which has the following explicit description
k
{(Al,...,A,.,Xl,...,Xk) € G" x Hci AT A2X Xy = 1}.
i=1
On the other hand, if € = ¢ then Homg (II, GT) is the set of

k
(A1, A X1, X)) € G x [ G
=1

satisfying the equation
Ala(Al) T ATO'(AT)X]_ te Xk =1.

The last space has an interpretation in terms of anti-invariant representa-
tions II — G of the fundamental group II of Z where p : Y — X is the
orientation covering (see Section 4.1 for details). As it will become clear
below, this space is much better behaved than the previous one.

In this paper we consider the following two cases :

(A) e=1and S=0.
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E-SERIES OF CHARACTER VARIETIES 1387

(B) € = o, the k-tuple C = (C4,...,C%) is generic and the C; are
semisimple.

We prove that the corresponding stacks Mg are rational count. In other
words, the number of points over generic finite fields is given by a fixed
rational function in the size of the field (see Definition 2.6 for the formal
definition). As in the case of polynomial count (see [15, Appendix]) the
corresponding counting rational function has a geometric meaning. Indeed,
by Theorem 2.9 it coincides with the E-series E(MG;x), which is the spe-
cialization ¢ — —1 of the mixed Poincaré series H.(MGg;x,t). This latter
series encodes the dimension of the successive subquotients of the weight
filtration on the compactly supported cohomology of M (see Section 2.2).

As we will see the genericity assumption on C will simplify the calculation
when € = 0.

It is not clear how to impose genericity in the case ¢ = 1. For example,
if r =1 = k then the equation

AszgIn

defining Mg for a given £ is just equivalent to the case £ = 1 by replacing
A by VEA.

1.1. E-series of M in case (A)

Put
Moy = [{(Al,...,AT) c GT|A%-~-A2 :In}/G] , o=r—2,
and consider the generating function
(11 My(q,T) =Y Myn(q) T" =1+ a7~ 2) | My (Fy)| T
n=0 n>1

Let P be the set of all partitions. For A € P denote by
(1.2) Ha(g) = [J(" - 1)
the hook polynomial (where x runs over the set of boxes of the Young

diagram of A\ and h(x) is the hook length).
For an integer ¢ consider the generating function

(13) Zy(aT) =Y (" P Ha (@) T,
AEP

where n(\) = >, (i — 1)A; if A= (A1, Ag,...) € P. Define

TOME 73 (2023), FASCICULE 4



1388 Emmanuel LETELLIER & Fernando RODRIGUEZ-VILLEGAS

{Vo.n(q)}n by the formula
(1.4) > Vo)™ = Log (Z,(q,T))
n=1
and, following [12], let for any positive integer k
(1.5) Vonk() =Y _ VQ, = (¢™),

m,|k00
m|n

where m | k°° means that m divides a sufficiently high power of k or
equivalently that m is only divisible by primes dividing k.

We have the following (see Section 3.4 for the proof).

THEOREM 1.1.

(i) The stack M, ,, has rational count forr = 1 (¢ < 0) and polynomial
count forr >1 (p > 0).
(ii) Let
Won (@) =2V (@) +(0=2)Vagun/2(0)+5(0=1) (Vonj2,2(a%) = Vag/22(0)) ,

where V., and V., are defined in (1.4) and (1.5) for integer n
and set to zero if n is not an integer. Then

M,(q,T) =Exp [ > W,n()T

n>1

(iii) The E-series of M, ., (see (2.1)) is given by

EMpn;q) = qg(g)CoeHTn Exp Z Won(q)T

n>1

Remark 1.2. — Let X9 be a compact Riemann surface of genus g with
fundamental group 119 and set ¢ = 2g — 2. It is interesting to point out that
the function Z,(¢,T) computes also the number of points of the quotient
stack [Hom(II9, GL, )/ GL,] over F,, namely we have [15, Section 3.8]

1+ Y ¢ ) |[Hom(I19, GL,)/ GL,)(F,)|T"

n>=1

=Exp [ (a— 1)) Voulg)T"

n>1

We now give some examples to illustrate the theorem.

ANNALES DE L’INSTITUT FOURIER



E-SERIES OF CHARACTER VARIETIES 1389

Example 1.3 (0 = —1). — Here r = 1 and

_ Iu(q)
|G L (Fg)|’

where I,(g) denotes the number of involutions in G(FF;), a polynomial in g.
Concretely,

[Min(Fy)]

In(q) = |{z € G(F,) |2* = 1}

with first few values

Ii(g) =2

I(g) = ¢ +q+2

Is(q) = 2" +2¢° + 2¢* + 2

Li(q) = ¢® +q" +4¢° + 3¢° + 3¢* +2¢° + 2

I5(q)
We have (see Corollary 3.7)

=2¢"? +2¢" + 4¢"° + 4¢° + 6¢° + 44" + 4¢° + 2¢° + 2¢* + 2

() 1.(q) 2 !
— L7 1n\9) pn X ‘)
(1.6) M_1(q,T) *TL%:O | GL,,(Fy)| =he ((q—l)TjL (q+1)T )

This is a g-analogue of the known generating series for the number of
involutions ¢, in the symmetric group S,,. Namely [16],

S b _ 1457
n!
n=0

Example 1.4 (o =0). — The first few terms of My(q,T) are
Mo(q,T) =1+2T + (¢ + 3)T?* + (2¢ + 6)T> + (¢* +4q + 9)T* + - -
We have
Zo(q,T) = H(l -1t

n>1
and hence Vj ,,(¢) = 1 for all n. It follows from Theorem 1.1 that

(1.7) Log (My(q,T)) = 2T + qT? + 2T 4+ qT* + - --

or equivalently,

(1.8) Mo(q,T) = [J(1 = T*""")72(1 — 7).
n>1

Remark 1.5. — As pointed out by Frobenius and Schur [8] the change of

variables z — zz~!

27 zz = 271, Hence My ,,(q) equals the number of real conjugacy classes in

in an arbitrary group takes the equation 2222 = 1 to

TOME 73 (2023), FASCICULE 4
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G(F,) (i.e. classes of elements conjugate to their inverses). In this form (1.8)
was first proved by Gow [11, 27].

Example 1.6 (9 > 0). — The expression for M, ,(q) in Theorem 1.1 is
easy to program; we do not expect a closed formula. We give below the
first few values for r = 3, (0 = 1).

Mia(q) =29 —2
M 2(q) = 3¢ —2¢° — 34> + 2
M 3(q) = 2¢° — 2¢° + 4" — 12¢° +10¢° — 64" + 6¢° — 2¢° + 2 — 2

Remark 1.7.
(i) Consider the affine variety

U= {(A1,...,A) €GT| AT A2=1,}, r>1

By the Weil conjectures the leading coefficient of the polynomial
U (F,)| equals the number of irreducible components of largest
dimension of U, over the complex numbers. It is not difficult to
deduce from Theorem 1.1 the value of this leading coefficient. (In
general, counting points over F, would not yield anything about
components of non-maximal dimension.)

On the other hand the number of irreducible components and
their dimensions is computed in [3, Thms 2.1, 2.2, 2.3, 3.2 and
Prop. 3.4]. It is a pleasant exercise to verify that everything checks
out. Here is a sketch on determining the leading coefficients of the
counting polynomials. It is enough to compute the leading coeffi-
cient of W, ,,. We start by verifying that the highest power of ¢ in
Von(q) is pn(n + 1)/2. Hence the first term in W, ,(¢) dominates
for n odd and contributes 2 as its leading coefficient. The first term
also dominates with coefficient 2 for n even as long as pn(n +1)/2
is bigger than 1+ p(n/241)n/2. This happensif p > 1 or p = 1 and
n > 2. In the special case p = 1 and n = 2 all the terms in W, (q)
actually contribute giving a total leading coefficient of 3. If p = 0
and n is even on the other hand, the remaining terms in W, ,(q)
rather than the first term are the ones that contribute to the highest
power of ¢ with coefficient 1 =1+ (1/2-1/2)+(1/4—-1/4)+---.
The case p = —1 is easy to check (see also 3.2).

Here is a small table of leading coefficients summarizing the sit-
uation.

ANNALES DE L’INSTITUT FOURIER
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1 2 3 4 5

r
1 21 2 1 2
2 21 2 1 2
3 2 3 2 2 2
4 2 2 2 2 2
) 2 2 2 2 2

Notice the already mentioned special case 7 = 3,n = 2 where the
leading coefficient is 3 breaking the pattern; see [3, Section 3] for
the explicit description of the irreducible components.

(ii) It seems that M, ,(q) = 0 mod 2 for all ¢ > 0 and n odd. Perhaps
this is a consequence of the involution A — —A in G acting without
fixed points on the irreducible components of U,., as it happens for
r =1 (see Remark 3.2), but we have not pursued this further.

1.2. E-series of M in case (B)

We now consider the case (B) where € = o and to alleviate the notation
we write M¢ instead of Mg. For ¢ = 1,...,k, let x; be an infinite set of
commuting variables and consider for a positive integer r, as in [13], the
Cauchy function

k
Qz,w) = Qi (z,w) = Z Hea(z,w) <H ﬁx(xi;zQ,w2)> 7

AEP

where
(Z2a+l _ w2l+1 )T

Hon(z,w) = H (22042 — 2220 — p20+2)

is the (2, w)-deformed hook function with exponent r and H)(x;, z,w) de-
notes the modified Macdonald symmetric function in the variables x;. As
n [15, (2.4.11)] it is easily checked that

1
(19) Hr,)\(\/aa 1/\/&) = q_2g<>\7>\>H)\(Q)g7 0=Tr— 2.
We stress the fact that unlike [13], however, the integer p is not neces-

sarily even. In particular, exchanging z and w involves a sign if r is odd.
More precisely,

(1.10) Hea(w,z) = (=1)"Hy a (2, w),

where X is the dual partition.

TOME 73 (2023), FASCICULE 4
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For a k-tuple of partitions p = (u',..., u¥) of n let
(1.11) H, (2, w) = (2? — 1)(1 — w?) (Log (z,w)) , h,.),

where hy, = hyi(x1)---hys(xx) and h,i(x;) is the complete symmetric
function in the variables x;.

We obtain the following (see Section 4.1.2 for the proof).

THEOREM 1.8. — We have
/2

()

where 1 is defined from C as in Section 4.1.2 and d,, is as in Theorem 4.5.

(1.12) E(Meciq) = Z

Remark 1.9.

(i) It follows from Theorem 1.8 that if r = 2h is even and ¥/ is an
orientable compact Riemann surface of Euler characteristic r — 2

and punctures S’ = {¢],...,a}}, then comparison with [13] shows
that the right hand side of (1.12) is also the E-series of the quotient
stack

Mg = [{p € Hom (771(2'\5”)), G ’ p(z) € C’i} /G] )
where z; is a single loop around the puncture . We thus have
E(Mc;q) = E(Mg; q).

(ii) We may construct a correspondence between M¢ and My in (i),
which gives some indication of how these stacks are related. We
only give a sketch of the construction here for the case r = 2. For
fixed h € GL,, consider the following varieties:

A= {(z,2) | xzo(x)z~" = h} C GL,, x GL,,
B:i={(z,2) | zza~ 27" = h} C GL,, x GL,,
as well as
C:={(z,2z,u) |'r = uzu™*, x(2u)z(zu) "' = h} C GL, x GL, x GL,, .

Note that changing = to zz~! and then z to 'z yields an isomor-
phism between A and the variety {(z, z) | zo(z)zo(z) = h}.
We have natural maps

C
PN
A B

ANNALES DE L’INSTITUT FOURIER
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where pa(z, z,u) = (z,2) and pp(z,z,u) = (z,zu). These maps
are equivariant for the natural action of GL,, on the three varieties
given by

T — grg z > g2'y, urs tg lug, g € GL,
Since any x € GL,, is conjugate to its transpose the maps p4, ps
are surjective with fibers isomorphic to the stabilizer of x in GL,,.
In particular, for any finite field #A(F,) = #B(F,).

(iii) Our surface X arises from a pair (£,0) with & an orientable com-
pact Riemann surface and an orientation-reversing involution on 5
whose fixed-point set 7 is empty. In [1], the authors compute the

E-polynomials of some character varieties coming from pairs of the
form (3, 0) with %7 # 0.

Remark 1.10.

(i) Asin [13], there is a natural deformation of the formula for E(Mc¢;q)
to two variables. One might be tempted to extend the conjecture
on Hodge numbers made there but this may not be that straight-
forward. We do however check one potential case of the putative
conjecture when » = k = 1 in Section 4.2 (see Theorem 4.7).

(ii) It was conjectured in [13], in particular, that for r even H,(z,w) is
a polynomial with integer coefficients. This was recently proved by
Mellit [21]. Note that in general H,(z,w) is not in fact polynomial
for r = 1 (see for example Lemma 4.3). It appears, however, that
in general for r odd the denominator is fairly small. For example,
for k = 1 we seem to just have denominator ¢> + 1 and then only
for n = 2 mod 4 and when all parts of p are divisible by 2. On the
other hand, note that the specialization ¢/ ’H,, (\/57 ﬁ) for any
r > 1 is a polynomial by (1.9).

(iii) In any case, we infer a purely combinatorial identity involving Mac-
donald polynomials. Namely, we conjecture (see Conjecture 4.4)
that

2a+1 2l+1 )

7. (x: 22 ap2
ZH 22a+2_w2l (zza_w21+2)H>\(sz » W ))

AEP

=(z— w)m(l)(x) +

(22 =1)(1 —w? Log(

21X tmanx)
where for a partition A, we denote by my(x) the corresponding
monomial symmetric function.

TOME 73 (2023), FASCICULE 4
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2. Preliminaries
2.1. Log and Exp

We let A be the field Q(z1,...,z,) where x1,...,2, are indeterminate
which commute and A[T] the ring of series with coefficients in A.
Consider

Un  A[T] — A[T], f(q,T) — f(f,... 22, T").

s Ly

The 1, are called the Adams operations.
Define ¥ : TA[T] — TA[T] by

n>1
Its inverse is given by
gl — n M
(1) = Ll
where p is the ordinary Mébius function.
Define Log : 1 4+ TA[T] — TA[T] and its inverse Exp : TA[T] —
1+ TA[T] as
Log(f) = ¢~ (log(f))
and

Exp(f) = exp (¥(f)).
They satisfy the following obvious properties.

Log(f - g) = Log(f) + Log(g),  Exp(h+1) = Exp(h) - Exp(l).
They also commute with the Adams operations, namely for any integer
r > 0, we have

Log 0%, = ¢roLog, Exp 0%, =1, o Exp.

ANNALES DE L’INSTITUT FOURIER
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Remark 2.1. — Note that the map T+ —7T is not preserved under Log
and Exp as 1 + ¢'T7 = (1 — ¢*'T%)/(1 — ¢'T7).

Remark 2.2. — Let f € 1+ TA[T]. If we write

Log(f) = Y 2U,T", Log(f) = Y V1™,

n>1 n>1
then
1
Vi(q) = - Z (d)a(Urya)-

d|r

We have the following results (details may be found for instance in Moz-
govoy [22]).
For g € A and n > 1 we put

g == 3" pld)s (0)
d|n

This is the Mbius inversion formula of ¢, (g) =>4, d - ga-

LEMMA 2.3. — Let g € A and fi, fo € 1 + TA[T] such that

Log(f1) = Y ga - Log(va(f2)).

d=1
Then
Log(f1) = g - Log(f2).

2.2. Mixed Poincaré series

Let K be Fq and choose a prime ¢ which does not divide ¢. Let X,
be an algebraic stack of finite type defined over F,, whose lift to K is
denoted by X. We denote by H!(X,Q;) the compactly supported i-th ¢-
adic cohomology group of X as defined in [17, 18].

We denote by F' : X — X the geometric Frobenius and by F* the in-
duced Frobenius on f-adic cohomology. Let Wk be the weight filtration on
HF(%,Qy), i.e. the F*-stable increasing filtration such that for all integer
n > 0, the eigenvalues of (F*)" on the subquotient W} /WE | are pure of
weight nm.

TOME 73 (2023), FASCICULE 4
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We define then the mixed Poincaré series of X, a power formal series

in 2172, as

(X2, 1) Zdlm WE Wk _yam/2¢k,

When it is well defined (i.e. When the sum Y, (—1)*dim (W} /Wk_ ) is
finite) we let the E-series of X be

(21) E(X;z)=H ZZ Dkdim (WE/WE_ ) z™/2,

Remark 2.4. — Let X/C be a separated scheme of finite type over C. The
compactly supported cohomology groups H:((X/C)*,Q) carry a mixed
Hodge structure defined by Deligne and so one can define the corresponding
FE-polynomial

E(X/C;a,b) ZZ YeRiIR (X /C)a' b

where {h73%(X/C)}; ; are the mixed Hodge numbers of H¥((X/C)*,C).
We then consider
B(X/Ci2) = B(X/C;Va,va) = 33 (-1)F 32 hirt(X/Cparr?.
r k i+j=r
If X/C is projective and smooth then the cohomology is pure of weight k,
i.e. hiJik are zero unless i + j = k, and so
E(X/Ciz) =Y (~1)Fdim H}(X/C,C) 2*/2.
k
Let R be a subring of C which is finitely generated as a Z-algebra and let
X/R be an R-scheme of finite type such that X/C is obtained from X/R
by scalar extension. Then there is an open subset U of Spec(R) for which
the following is true : for any ring homomorphism ¢ : R — F, such that
the image of Spec(F,) — Spec(R) is in U we have
E(X/C;z) = E(X/qui z).
If X/C is smooth projective then this is true because H*(X/C,C) and
HF(X/,F,, Q) are pure of weight k [4, Théoréme 1.6].
The general case reduces to the smooth projective case using that we
always have a decomposition

[X/C] = [S/C] - [T/C]

in the Grothendieck group of the category of separated C-schemes of fi-
nite type with S/C and T/C both projective and smooth [15, Appendix,
Lemma 6.1.1], and that E-polynomials are additive.

ANNALES DE L’INSTITUT FOURIER
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THEOREM 2.5. — Let G be a connected linear algebraic group over K
acting on a separated scheme X of finite type over K. Assume that X, G
and the action are all defined over F,. The E-series of the quotient stack
[X/G] is well-defined and

E([X/G];z) = E(X;2) E(B(G); 2),
where B(G) := [Spec(K)/G] is the classifying stack of G.
Proof. — We consider the cartesian diagram

X —— = [X/G]

|

Spec(K) —— B(G)

Following the same lines as in [2, Section 2.5] with compactly supported
cohomology instead, we show that we have an Fs spectral sequence of
finite-dimensional Q-vector spaces

H!(B(G),Q) ® HI(X,Q¢) = H ([X/G],Qy)

which is compatible with the action of F*. The theorem now follows from
the above spectral sequence as in the proof of the Lefschetz trace formula
in [2, Section 2.5]. O

DEFINITION 2.6. — An algebraic stack of finite type X defined over F
has rational count if there exists a rational function Q(t) € Q(t) such that
for all integer n > 0, we have

|X(Fgn)| = Q(g").
Remark 2.7. — Note that if X and G are as in Theorem 2.5 then

[ X(Fy)|
and so [X/G] has rational count if and only if X has polynomial count.
Indeed, if [X/G] has rational count, it follows that X has rational count
and therefore by Lemma 2.8 it has polynomial count.

LEMMA 2.8. — Let S € Q(t)be a rational function. If S(x,) is an integer
for infinitely many integers x; < x5 < --- then S € Qlt].

Proof. — Write S = P/T with P,T € Q[t] and let Q, R € Q[t] be such
that
P=QT+R, deg(R) < deg(T).
Let Q" € Z[X] and N € Z be such that Q = Q'/N.

TOME 73 (2023), FASCICULE 4
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We thus have

NR
NS =Q + —.
Q"+ T
There exists r’ such that for all > z,
NR(z) ]

Hence for all r > 7/, we have
NS(z,) = Q'(z,)
since S(z,) € Z, and so S is a polynomial. d

THEOREM 2.9. — Let X and G be as in Theorem 2.5. If [X/G] has
rational count with counting rational function Q(t), then

E([X/G];2) = Q(x).
Proof. — By Theorem 2.5 we are reduced to the prove the theorem in
the two following cases :
(i) G=1.
(ii) X is a point.
The case (ii) follows from an explicit computation of the dimension of
HI(B(G),Qy) which is pure of weight i (see [5, 2]).
Let us prove (i). We have for all » > 0
(2.2) X (Fgr)l =D (=) ((F)", He (X, Qo) -
k
For a complex number £ € C and a finite dimensional Q; vector space
V with an action of F* let m¢(V) be the multiplicity of £ as a root of
det(1 — F*|yT).
If X has polynomial count with counting polynomial P(T") = )" ¢, T"
then by definition P(q") = | X (F4)
ating series summing over all » > 0 and taking logarithmic derivative we

conclude that
k k pik & q¢"T
ZZ(_I) ZmE(Wz /Wi—l)l T —chm-
£eC k i n
Comparing poles on both sides of this equality and considering that
me(WF/WE ) >0

implies that |¢| = ¢*/? we deduce that i = 2n must be even and

ZZ mf W2n/W2n 1) Z mq W2n/W2n 1) = cn-

£eC k
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We also have dim(W}F/Wk |) = > tec me(WE/WE_|) and therefore

Z(_l)k dlm(Wan/Wécn—l) =Cn
k

proving our claim. O

2.3. Mass formula

Consider the group II with presentation

2 2
H:<a1,...,ar,x1,...,xk |a1~~a

r:nl~~~:ck:1>.

Let G = GL,(F,), let ¢ : G — G be the involution g — *g~! and
consider the semi-direct product G = G x (o). Consider on G the F,-
structure induced by the Frobenius that raises coefficients of matrices to
their ¢-th power and fix a k-tuple C = (C1, ..., C%) of conjugacy classes of
G(F,). For € = (e1,...,&,) € (0)" consider the representation variety

HomZ (1L, Gt (F,))

L elpla) ==, | |
=4 p€Hom(II, G™(F,)) forall 1<i<rand 1<j<ky,

p(x;) € (Cy)
where € : GT — (o) is the quotient map and « : G — G the natural
inclusion.

Recall that for an irreducible complex character x of some finite group
U, the Schur indicator ¢, € {—1,0,1} is defined as

1
= Z x(u?).
‘ |u€U

An irreducible character of U is afforded by a real representation (we call
its character real) if and only if ¢, = 1. We denote by U the set of irre-
ducible complex characters of U and by ﬁreal the subset of real irreducible
characters. It is known [11] that for U = G(F,) the Schur indicator ¢, is
either 0 or 1. Frobenius and Schur [8, (9), p. 197] proved the mass formula

L =S e (JOLY
23) it T—1}|—§X(X<l)) ,

where the sum is over all irreducible characters of U.
We need the following generalization of (2.3) for our setting.
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THEOREM 2.10 (Mass formula). — We have
(2.4) [Home(L G (Fy))|
G(Fy)|
k chy|cF| . .
XEG(]Fq ( x(@) ) :1 x ()1‘) ) if &, = o for all ¢,
<l [1F, xehief] :
XeG(lF rent ( ) XT7 otherwise.

Proof. — Let C(G(F,)) denote the C-vector space of central functions
G(F,) — C. It is equipped with a convolution product * defined as

(1= f2)(g Z fi(z
zy=g
for f1, fo € C(G(Fq)) and g € G(F,).
Define the function 7° : G(F,) — C by
17 (y) = #{(a1,.. . ar) € (G(Fg))" | Ec, (1) - -~ Ex, (ar) = y}
where Fj(a) = a? and E,(a) = ao(a).Then
(2.5) [Hom§ (I1, G* (Fy))| = (n° * 1y -+ % 1¢, ) (1),

where 1¢, denotes the function on G(F,) that takes the value 1 on elements
of C; and 0 elsew/h@.
Denote by F(G(F,)) be the C-vector space of complex valued functions
on G(F,) and let F : F(G(F,)) — F(G(F,)) be defined by
-y f(9)x(9)
geG(Fq) ( )
It satisfies F(f * g) = F(f) - F(g) where - denotes the pointwise multipli-

cation on F(@)
By [13, Proposition 3.1.1], for all f € C(G(F,)) we have

1 2
f() G(F, |XE§F )X(l) F(HKX)
We thus deduce from (2.5) that
[Homg (I, G* (Fy))| _ X 7X@
G(Fy)| B XeGZ/(EF\ |G(F,)[? H
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On the other hand we have n° = n°! % --- % n°~. Hence
k

Hom§ (IT, G+ (F, D2 Cy) |C;
= C|(G<Fq>|( A Z(A)|§<(1Fq)>|2 HH”’)(X)HX(X&E :
xeG ]Fq =1 =1

By [9], [11, Theorem 3] we have
17 (y) = {z € GL,(Fy) |, 227 =y} > x(v)

—

X€G(Fq)
for all y € G(IF,) and so
Fo)= > Y %X(Q) = |(i%)|-

9€G(Fy) yeGlFy)

The claim now follows from

Fnh(x) =

since, as mentioned, ¢} = ¢, [11]. O

3. Character varieties of non-orientable surfaces

Consider
II = <a1,...,ar|af~~~af :1>.
As before, we consider on G the F,-structure induced by the Frobenius that
raises coefficients of matrices to their g-th power.
In this section, we prove that the quotient stack

M = [Hom(II, G)/C]

has rational count and we compute its F-series by counting points over
finite fields thanks to Theorem 2.9.

3.1. Case r = 1: involutions

For n € Zx¢ let I,,(¢) be the number of involutions in G(Fy), i.e.,
In(q) = {z € G(F,) | 2* = 1}].

We have, using standard notation

M

with (a), = Z;é(l — aq®), the following.
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PROPOSITION 3.1.

(3.1) I(q) = ZO g m

Proof. — If z € G(F,) is such that 22 = 1 then it must be conjugate to
a diagonal matrix with, say, r eigenvalues equal to 1 and n — r eigenvalues
equal to —1. A calculation shows that the size of this conjugacy class is
o L. 0

In particular, I,, is a polynomial in ¢ with non-negative integer coeffi-
cients (see Section 3.1 for the first few values).

Remark 3.2.

(i) Note that the map z — —z induces an involution of the affine
variety U = {z € G|2? = 1} permuting the conjugacy classes of
semisimple elements with eigenvalues in {—1, 1}. When n is odd this
involution does not fix any of these conjugacy classes. This explains
why the polynomials I,,(q), with n odd, are divisible by 2

(ii) These conjugacy classes are the irreducible components of

U = Hom(m1(X),GL,(C)),
where ¥ is the real projective plane ([3, Thm 2.1]).

Comparison to the untwisted, orientable case discussed in [15, Section 3.8]
suggests considering the generating series

Zq

n=0

2/21

To avoid dealing with powers of /g we consider instead

_1)ng(3)
(3.2) I(q,T) = Z W ™,
n=0 q

which amounts to shifting 7" by a factor of |/g; the factor of (—1)" simplifies
later formulas. Alternatively,

_ N @)
(3.3) 1(¢g,T) _go R ™,
(3.4) G(E,)| = (-1)"q3) (g),.
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It follows from the Mass formula (2.10) that
(3.5) In(q) =Y _ x(1)
X

where the sum is over the real irreducible characters of G(F,). Hence we
also have

n

(3.6) —1)ng() .

n>0 x real

PROPOSITION 3.3. — The following identity holds

(3.7) (¢—1)Log (I(q,T)) = —2T + T?
or equivalently
1y 1-¢"T?)
(3.8) I(¢,T) =[] =T
n=0

The identity (3.7) will follow from a more general formula that we now
describe. Using (3.1) we have

r(n r)

ZZ

n>=>0r= 0

This suggests that we introduce another variable and consider the series

S
)

(3.9) “(¢,X,Y)

r>0 5>0
with
I(q,T) =I"(q, T, T).

The following generalization of Proposition 3.3 holds.

PROPOSITION 3.4.

(3.10) (g— 1) Log(I"(¢,X,Y))=—-X-Y + XY
or equivalently

. (1-¢"XY)
3.11 (¢, X,Y) = .
31y @ X =1l 5= moa—gm

Proof. — Following Fadeev—Kasahev [7], start with the g-binomial the-
orem

5 (o (D)

Z@n s (Ve
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and replace (X), by (X)oo/(X¢")oo. Now use Euler’s formula

with u = X¢" to finish the proof. O
Remark 3.5. — As the characteristic is different from 2, involutions are
in bijection with projections
{22 =1} +— {2 =¢}
T+ 1(1-2).
Hence I,,(¢q) equals the ¢-Stirling number S, 2 that counts the number of
non-trivial splittings of a vector space of dimension n over F, into two
direct summands [26, Example 5.5.2(b), pp. 45-6], [6].
PROPOSITION 3.6. — The following identity holds
T T
+ ,
(¢—1)  (¢®=1(g—1)

Proof. — The identity is a specialization of a corresponding identity for

(3.12) Log(Z-1(q,T)) =

the Schur symmetric functions. Indeed from [19, p. 45] we know that

S)\(lv q, q27 <. ) = (71)|)\|H)\/(q)71
On the other hand [19, p. 76]

ZSA(;vl,xm...):H 1—a) 1H (1— ;)™
A

and (Cauchy’s formula)

ZS,\ (1,22, )sa(y1, Y2, .. .) = H(l — zy;)
,J
It follows that

ZHA P\I
*HlJqu 11—[ (1 - ¢T%)~

120 0<i<y
— H(l _ qiT) H 1— q21T2 -1 H _ z+]T2
i>0 i>0 0<i<j
and hence
Log (Z_4 TZq + 12 Z i
120 0<i<y
Summing the series finishes the proof. O
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We leave to the reader to deduce the following corollary from the iden-
tity (3.12).

COROLLARY 3.7. — We have

(3.13) Log (M-1(q,T)) = (q 3 1)T+ (qj_l) ’

Comparing (3.2) with (1.1) we see that M_1(q,T) = I(q,—T) hence
Corollary 3.7 also follows from (3.7) (keeping in mind Remark 2.1).

Remark 3.8. — Proposition 3.4 is essentially the quantum version of the
5-term relation of the dilogarithm of Fadeev—Kasahev [7]. Indeed, if we let
u, v satisfy the relation vu = quv then

I*(q7uvv) = E(q7v)E(q,u)7

where

E(q,T) = Z (f)nn = H(l —q"T)7 .

n=0 n=0
We also have

E(g,T)' =)

n=0 (q)n
It is easily checked by induction that

TS, S,,T

v'u® = ¢ ut", (vu)™ = ¢

A calculation now shows that if
(g, X)B(@, V) E@@ XY) " = 3 epn(g) XY™
m,n=0
then
E(q,u)E(q, —vu)E(q,v) = Z Cmon () U™

m,n=0

and hence Proposition 3.4 is equivalent to

E(q? ’U>E(q’ ’LL) = E(Qv U)E(q, _UU)E(Q7 U)'

3.2. Z x Z/2Z-orbits on a set

Fix an infinite set X. Let F' : X — X be an automorphism of infinite
order such that for all € X, the set {F(z)|i € Z} is finite, and let
o € Aut(X) be an involution that commutes with F'. Consider the action
of ' :== Z x Z/2Z on X where the first factor acts via F' and the second
factor via o.

TOME 73 (2023), FASCICULE 4



1406 Emmanuel LETELLIER & Fernando RODRIGUEZ-VILLEGAS

For € X, let r = r(x) be the smallest non-negative integer such that
F'(x) = o(x),

if one exists, otherwise set = co. Let also d = d(z) be the degree of z, i.e.
the size of its F-orbit. We will call v = (r, d) the I'-degree of the T-orbit of
x; these are of the following three kinds.

v v
(i) | (0,d) | d
(ii) | (r,2r) | 2r
(iii) | (co,d) | 2d

where |v| denotes the size of the corresponding I'-orbit and r > 0 in case (ii).
Orbits of the first kind are of the form {x, F(x),..., F¥1(x)} with x € X°.
Orbits of the second kind are of the form {z, F(x),..., F?"~}(z)} with
of degree 2r satisfying F"(x) = o(z). Finally, orbits of the third kind are
of the form

{z,F(x),..., Fdfl(:v),a(:c), ce, Fdfla(sr)}7

where x has degree d and does not satisfy any equation of the form F"(z) =
o(x).

For v a given I'-degree let Ny(q) be the number of I'-orbits of I'-degree
v. For integers r,d > 0, define

Nyg=|{z e X°|Fl(x)=2x}, N.=|{zecX-X|F(z)=o0(z)},
N = e € X - X7 | F'(z) = z}|.
We denote by p the ordinary Mobius function.

PROPOSITION 3.9. — We have
~ 1 d
i N, == — | Ny.
(i) 0.d) = Ed % (r> d

Let Nf be the number of F-orbit of X — X7 of size d. Then

#_ E #
Nd—g ﬁb(e>Ne.

eld
. ~ 1 r
(ll) N(7.727.) = 277~ Z 12 (g) N;
s|r, r/s odd
~ 1~ lNde if d is even
iii Noo — *N# _ 24V(d/2,d)
(i) (cod) = 57 {O otherwise.
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Proof. — We only prove (ii). Put
X ={reX—-X|F'(z) =0(2)},

and let X, »5) be the subset of elements x of X such that r(x) = 5. Since
o is an involution we have:

Xi= |J X
s|r,r/sodd
Hence
Nvi: Z ‘X(s,23)|
s|r,r/sodd

From the Mobius inversion formula we find that

r
|X(r,27‘)| = Z 1% (;) Né

s|r,r/sodd

We thus deduce (ii) by noticing that N(T,QT) = % | X (r,2r) |- d

3.3. Colorings on varieties, infinite products formulas

The first part of this section is a minor extension of [23] which we recall
for the convenience of the reader.

We keep the notation of Section 3.2 but here we assume that X is an
algebraic variety over F, which is defined over F, and that F : X(F,) —
X (F,) is the correspondmg Frobenius endomorphlsm (for any 1nteger r>1,
we have X" = X(F, )) Here we use the notation N(O 2)(q), N(d,Qd)( ) and

N(m’d)( ) instead of N(o d)s N(d 2d) and N (00,d)-
We also make the assumption that there exists polynomials in Q[T]

Non(D),  Nuo(T),  Neon(T)

such that for any finite field extension Fga of F,, we have

N(o,l)(qd> = N(O,d)(Q)

]\Nf(l,Q) (qd) = N(d,zd)(‘])

Nioo.1)(q%) = Niso,a)(9)
Then there exist also polynomials in Q[T

N(T).  N(T).  N(T),

such that for any finite field extension IF,« we have

Ni(¢h)=Na,  Ni(g) =N} Nf(gh=NF.
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Denote by P the set of all partitions and denote by 0 the unique par-
tition of 0. For A € P, we denote by |A| the size of A\. Assume given a
weight function Wy : P — Q(T'), A — Wi (T') with Wy(T') = 1. Let X/T
denotes the set of I'-orbits of X (F;). For a map f : X/T — P we let

LI =2 exr V|- [f(M] € Zzo U {oc} be the size of the support of f.

We also denote by Og, O1, O the union of the orbits of the first kind, the

second kind and the third kind respectively (so that OgUO1UO = X/T').
Then for f: X/I" — P with finite support, we put

2
Wia) = T Wi (th) IT Wre (M) IT Wren (qm/z) :
v€O00 v€01 RISUSS
Consider
Z(q,T) =Y Wilg)T™,  Za(q.T):=>> Walg)*T.
A A
ProroOSITION 3.10. — We have

(3.14) > Wilgr?

{f:X/T=P,|f|<oo}
= H Z(qd7Td)N(0,d)(‘1) H Z(q27'7T27')N(T,2r)(‘I) H Zg(qd7T2d)N(°c)d)(q),

d>1 r>1 d>1

Proof. — We have

Z Wf(q)T‘fl

{f:X/T=P,|f|<oo}

= X HWf(7)<q|w|) Tlfl 3 Hme(qlvl) Tl

f:00—=P \v€Oq f:01—=P \y€O:

<\ 2 | I Wie (q‘”'”)2 7!

fiOco—P \v€EO

=11 (Z W (qv>T7-|/\>. I1 <ZWA (qm)Tv-M)

v€Oo A v€01 A

I (Z;WA (qwz)Zva) 0

Y€EO

ANNALES DE L’INSTITUT FOURIER



E-SERIES OF CHARACTER VARIETIES 1409

In order to express the left hand side of 3.14 as an infinite product in
the variables ¢ and T', we need to compute the Log of the right hand side
of (3.14) (see [23] for more details). It is convenient to work formally and
consider the following general case.

Put

Fy =[] (Q0(a®, 7)) F= T (e, 720) o,
d>1 r>1

Fuo = [T (uela?, 720) 0@
d>1

for some Q;(¢q,T) € 1+ TA[T] with ¢ € {0,1, c0}.
For i = 1, 00, define {H; »,(¢)}» by

> Hin(9)T" = Log (Qu(q, 7))

n>1
THEOREM 3.11. — We have
() Log(Fp) = N1(q) Log (20(q,T)) -
.. 1 y UZ(m) 1 2J+1 om
(ii) Log(F) = §N1(Q) ngl 2 ng,m/%' (¢ )| T
(i)  Tog(Fu) = 5N{"(a) D Hoom(a)T*"
m>1
va(m) 1
—Ni) > Y 55 Hocom /2 (¢ )T*™
m>1 j=1

where vo denotes the valuation at 2 and Hy, = Hy, = 0 if x is
not an integer.

Proof. — The first identity follows from Lemma 2.3 and Proposi-

tion 3.9(i). For the second identity, we compute Log(F}) using the two
steps procedure mentioned in Remark 2.2. We thus define {R,,(q)}n>1 by

Log((¢.T)) = 3 Rule) -

n>1
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We have
Log(F1) Z Nr2)(q) Log(Q1 (¢, T%"))
r>1
= T ™
27"
= Z N(T‘,QT) Z R
rzl n>1
T2m
-3 (S Nmora ) | L
mz1l \r|m
TN
=2 v
N>1
where
2 Nr r R 2r if N is eve
On(q) = 4 2or13 N2 @R (¢27) 3 N is even
0 otherwise.
Then

where Vi, (q) = 7 21, () Cryalg?).-
Hence V,,(¢) = 0 if n is odd and

Vn@=5- Y #d)Conala)

{d|2m , 22* even}

1 d
= om ;M(d)cbm/d(q )
1 2rd
—mgu ;QTN(TQT) ( )
= *ZZM 528y (@) R (¢%)
klm d|k

_ 2%k d

= *ZR"L ZM % 2%) ( )
k|m dlk

Z*ZR’" ) ZM( )dN(dzd)(qk/d)
k|m dlk
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By Proposition 3.9 we have

rNir2r)(q) = % oom (g) Ni(q®)

s|r,r/sodd
1 r/s
=5 2 1s)Ni(a"),
s|r!

where /= r/2v2(")
Put gs(q) = u(s )Nl( 1) and fr(q) =Y, 9s(q). Note that 7N 5, (q) =
1 f(¢"). We thus have

Vanle) = 5 3 R () S () i)

k|m dlk
1 ’Ug(k)
=5 Ry (@)Y > (2“2(k) 1= ) fa(d")
k|m |k’ j=0

1 ) Y
5 2 Re ()Y fald") Zu(Tz(k“d)

k|m d|k’ §=0

Since in the above sum &’/d is odd, the sum on the right hand side equals
0 unless vo(k) = 0. Hence

Vo) = g Y Rl () fule

{k|m, k odd} dk

By the Mobius inversion formula we have

%MU ?) = n(a).

Hence

V(@ = 5N Y ulk)Re )
{k|m, k odd}
= S N{(0) Y (k)R (6)

2m
k|m’

va(m)

1 1 j+1
§N{(Q) ZO §H1,m/2j (q2 )]s
]:

from which we deduce the second identity.
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By Proposition 3.9(iii) we have

F:)O — H Q q T2d 1N H Q 2n T4’I’L 7*N(ﬂ 2.,,)( )
a1 n=1

where ]Vf () is the number of F-orbits in X (F,) — X (F,) of size d. Hence

Log(Fuc) = 5 N7 (4) Lo (2 (4. %))

+ Log H Qm(q2n,T4n)—%ﬁ<n,zn>(q)

n>1
The result is then a consequence of the fact that

Log Qs = > Homl(a) T O

m21

3.4. Proof of Theorem 1.1

By Theorem 2.10 we have

{(z1,...,2) €G(F)" |23 a2 =1}| G(F)\
(3.15) G(F, )] = 2 <x(1)> '

XEG(Fq)

real

To describe the real characters of G(F,) we will use the idea of colorings
on varieties [23]. Let 0 € Aut(G,,) be the involution o(z) = z~! We
have an action of I' :== Z x Z/2Z on G,,(F,), where the first factor acts
via the Frobenius F' and the second via o. These orbits are described in
Section 3.2. However note that here we have G7, = {1, —1}, and so in the
case i) we have only two orbits of the kind (0, 1) which are {1} and {-1}.
For v a given I'-degree let Ny(q) be the number of I'-orbits of I'-degree v.
The following formulae for these quantities hold (see Proposition 3.9).

ProPOSITION 3.12.

(i) N(0,1) =2
B ~ 1 T R
(i) Nean =5 > n(t)@ -1
s|r, r/s odd
~ 1~ l]\7de if d is even
i N = =N#(q)— {2 (d/2,d)
(i) (co.d) = 7d (@) {0 otherwise.
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with

= ;%“(i) (¢°—3).

1413

A real character of G(F,) is uniquely described by a map A from I'-orbits

(technically on the dual of G,,(F,) but for convenience we will still think

of G,,(F,)) to the set of partitions such that
A= hl-AQ) =n
"/eGnL/F

Recall that for an integer ¢ we defined (see (1.3))

T) = Halg)?T™,
A

where H(¢) is the hook polynomial (1.2), and {V, »(q)

(see (1.4))
> Von(@)T™ = Log (Z,(q,T)) -

n>=1

}n by the formula

Note that V,,(q) is a rational function of ¢ for ¢ < 0 and a Laurent

polynomial for g > 0.
By the Mass Formula (3.15) we have

‘{(-Tl,-..,xr) € G(F,)" | z3---

m%:l}‘

(3.16) Myn(q) = IG(F,)|

{A:G, /T—=P, |A|=n

)

with ¢ = r — 2. Using the formula for x(1) in terms of hook polynomials

(see for instance [20, IV, 6.7]) we obtain the following.

g~ 5) M, (q) = > Ha()?,

{A:Gs, /TP, |Al=n}

By Formula (3.14) we obtain the following

PROPOSITION 3.13.

*1+Zq 3) Mo (q) T"

n>1

— H Z,( d 7y No,1)(a) HZ 2r TZT)Nuzr)( q)

d=>1 r>1

X HZ2Q

d>1
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Now we can complete the proof of Theorem 1.1: (ii) follows by combin-
ing Proposition 3.13 with Theorem 3.11; (i) is a direct consequence of (ii)
given the above observation on the nature of V, ,,(¢); (iii) is just a restate-
ment of (ii).

Remark 3.14. — The statement (Theorem 1.1(i)) that M, ,(q) is a poly-
nomial in ¢ for » > 1 also follows from the main result of [10] as the
abelianization of the fundamental group

H=<a1,...7ar|a§...a$:1>.

is infinite for » > 1 (but finite for r = 1).

4. Orientation cover of non-orientable surfaces
4.1. Character varieties

Let » > 1 be an integer, put 0 = r — 2 and denote by ¥ a compact
non-orientable surface of Euler characteristic —p (the connected sum of r
real projective planes). Consider a set S = {aq,...,ax} of k-points of ¥
(k > 1). Fix a base point b € £\ S. The fundamental group II = 7 (X\S, b)
has the presentation

H:<a1,...7ar,$1,...,xk‘a%---afz‘ln-xk:1>.

Let K be an algebraically closed field and consider a generic k-tuple C =
(C1,...,C%) of semisimple conjugacy classes of G = GL,,(K) such that

k
[T det(ci) =1.
=1

The genericity condition means that for any 1 < s < n, if we select s
eigenvalues of C; for each ¢ = 1,...,k (possibly with multiplicities), then
the product of the sk selected eigenvalues is not equal to 1.

We denote by o the automorphism G — G, g — ‘g~! and G* the semi-
direct product G x (o). We consider the representation varieties U of the
p € Hom(II, G*) such that

Vi=1,...,r Yi=1,...,k,  plaj) € Go,p(z;) € L(C;)
It can be explicitly described as the space of k + r-tuples
(Al,...7AT,X1,...,X]C) eG" x(Cy x---xCy
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satisfying the equation
Ayo(Ay) - Apo(Ap) X Xi = 1.
Let G act on U¢ by
Aj— gAja(g™h), T grig ged
and we consider the quotient stack
Me = [Uc/G].

Remark 4.1. — Note that unlike in the situation of [13], even though
the k-tuple C is assumed to be generic, the action of G is far from being
free. For instance, if r = 1, n = 2 and k = 1 with the central matrix
X, = diag(—1,—1) at the puncture, then A = diag(1,—1) is a solution to
the equation

AO’(A)Xl = IQ

stabilized by the torus of diagonal matrices.

Remark 4.2. — The character stack M¢ has an alternative description
that can be found in [25, 24] and we now describe briefly. Denote by p :
¥ — ¥ the orientation covering of ¥. This is an unramified double covering
with ¥ a compact Riemann surface of genus g = r — 1. Considering the
homomorphism Gal(p) — Aut(G) that maps the non-trivial element of the
Galois group of p to o; let us identify Gal(p) with (o). The orientation
character y : IT — (o) maps a loop that preserves the orientation to 1 and
a loop that reverses the orientation to o. It thus maps a; to o and z; to 1.
Denote by II the fundamental group of £\p~1(S) with some base point b
above b.

A representation p € Uz defines (by restriction) a representation p : I —
G making the following diagram commutative

1 n—2-1—2s (o) 1
(4.1) l; if’ ild
1 G ——= Gt "= (o) 1

In order to understand local monodromies we need to choose the generators
of II precisely. For i = 1,...,k, we let D; be a small open neighbourhood
(homeomorphic to an open disc in C) of a; in ¥, such that p is trivial over
D;. Let 8; be a point in D; and let A\; be a path from z to ;. We choose
a single loop ¢; in D; based at ; around «; and we take the generator x;
of IT to be A; Lg:\i. The path \; lifts to a unique path )\ from b to some
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point 611 above ;. We let Dll be the connected component of p 1(Di)
contalnlng /311, a;1 the unique point above «; in Dll and 811 the loop in
Dzl based at 511 around ;7 which lifts ¢;. Then we let x;1 be the generator
/\ 1€ /\ of II. Let Yo € II be a loop reversing the orientation. If instead of
the path A; from z to 8; we choose the path \;7y,, then we get into the
other connected component of p~1(D;) with punctures a;» and we obtain
an other generator x;o of IT which is mapped to v, lz;y, via p.

Therefore if p(z;) € «(C;) then pla;1) € C; and p(zi2) € o(C;). Put
Cij = C;if j =1 and o(C;) if j = 2, and consider the representation
variety

Ue = {56 Hom(H, G) ’ﬁ(‘fﬂ”) S L(Clj)}
Say that a pair (p, h,) € Ue x G is o-invariant if we have

{hgﬁ(z)ha1 =0 (p(vs'27,)) forall z € Il
p3) = hgto(hy") '
If the two above conditions are satisfied then the representation p can be
extended to an homomorphism p : [T — GT making the diagram (4.1)
commutative. The group G acts on the space LNIC,(, of o-invariant pairs as
follows
9+ (p.ho) = (9 p,0(9)hog™),

where ¢ - p is the representation obtained by composing p with the conju-
gation by g.

Then [25, Theorem 2.2.1] we have an isomorphism

Me ~ [Ue /Gl

The stack [Ue ,/G] can be described in terms of local systems £ on X\p~ ()
satisfying £ ~ o*(LY) (where £V is the dual local system of £) with local
monodromy in Cj; at the puncture «;j, see [25, Section 6.1.2] for more
details.

4.1.1. The Cauchy function

Recall that in Section 1.2 we defined the Cauchy function (z,w). Let

H,(z,w) be the degree n component of (z —1)(1 — w?) Log ((z,w)) and
for a k-tuple of partitions u = (u', ..., u*) of n let

(4.2) Hi(z,w) = (2% — 1)( )<L (Qz,w)), hy)

where h, = h,i(x1)---h,r(xx) and hyi(x;) is the complete symmetric

function in the variables x;.
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For a partition A denotes by my = my(x) the corresponding monomial
symmetric function in the variables x = {x1, x2,... }. A computation shows
that we have

LEMMA 4.3. — Ifr =k =1, we have

T{Hm(g) +mazy n= 2.

CONJECTURE 4.4. — If r = 1 and k = 1. We have H,,(z,w) = 0 for
n > 2. Equivalently,

Z20+1 241 _ ,
(z* = 1)(1 - w?) Log Z H Z2a+2 —w?) (22 — w2z+2)H/\(X3Z ;w’)

AEP

=(z— w)m(l)(x) + m(2) (x) + m(lz)(x).

22+1

(The equivalence follows from Lemma 4.3.)

4.1.2. Proof of Theorem 1.8

Assume that K = Fq and we consider on G the [Fy-structure induced by
the Frobenius that raises coefficients of matrices to their ¢g-th power. We
also assume that the eigenvalues of the conjugacy classes Cq,...,C) are
in IFy.

As G is connected we have
| Me(F,)|

Ue(E,)
IG(Fy)l
r k T k
{(s, (X0 € GE)" < TTE, CilF | Ty Aso(A) TTE, X =1}
- |G(Fy)]| '
Foreachi=1,...,k, let u* = (ui,ub,...) be the partition of n given by

the multiplicities of the eigenvalues of the conjugacy class C; and let u be
the k-tuple (u', ..., u*).

THEOREM 4.5. — The stack M has rational count. More precisely,
d,/2

Me(En) = S5, (v ).

with d, =n?(r —2+k) +2 — Zw.(ué.)z_
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Proof. — Using Theorem 2.10 the proof is completely similar to that
of [13, Theorem 5.2.1]. O

Now Theorem 1.8 follows from Theorem 2.9.

Remark 4.6. — If r = 2h is even, let ¥’ be a compact Riemann surface
of Euler characteristic r — 2 and a subset S = {o},...,a},} C ¥'. Consider
the stacky character variety

Mg = [{p € Hom (71 (2'\S")), G | p(z:) € Ci } /G].

where z; is a single loop around the puncture of. Then by Theorem 4.5
and [13, Theorem 1.2.3] we have

E(Mg;z) = E(Mc; z).

4.2. Mixed Poincaré series in the case r =k =1

THEOREM 4.7. — Assume that r = k = 1. Then Mg is empty unless
n = 1,2 in which case we have

dy
(43) Ho(Meid.1) = (qt;[q_)lHﬂ (t\/a, Wla) |

Proof. — Consider the solutions to the equation
(4.4) Ac(A) = X, A€ G,

where X = diag(¢y,...,&,). (For a calculation of the number of solutions
for arbitrary X see [9].)

For n = 1, we always have Ac(A) = 1 and so the space M¢ is nothing
but the quotient stack [G,,/G,,] for the trivial action of G,, on itself. The
later is isomorphic to G,, x BG,,. The mixed Poincaré polynomial of G,,
is t + qt? and the mixed Poincaré series of the classifying stack BG,, is
1/(qt?> — 1) [5, 9.1.1, 9.1.4], therefore by Kiinneth formula

2
HC(MC; q, t) = Zt—; gtl )
and so (4.3) is true when r = k = n = 1 by Lemma 4.3.

Going back to Equation (4.4), if A = (a,;) this amounts to solving the
equations &;aj,; = a; ;5 for 4,5 =1,...,n. Hence if §; # 1 then a;; = 0. The
equations imply &;&ja;; = a;;. If = is generic and n > 2 we do not have
§&; = 1 for i # j or §& = 1. Therefore the only solution is identically zero
and (4.4) has no solution in G.
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For n = 2 we have two possibilities for generic X:
(i) =& =-1land A= (Y% §), with a non-zero or
(ii) & =& & =& for some § # +1and A = (2 4), with a non-zero.

In case (i), we see from the above calculation that M¢ is the quotient
stack [G,,/ GLa] where GLg acts on G,,, by the determinant. Writing G,
as the quotient GLg /SLq, we find that [G,,/ GLs] is the classifying stack
B(SL2) whose mixed Poincaré series is by [5, 9.1.1, 9.1.4].
Now (4.3) follows from Lemma 4.3.

In case (ii), the stack M¢ is isomorphic to the stack [G,,/T2], where the
group Ty C GLs of diagonal matrices acts by the determinant. Writing G,
as T/ T%, where T, = To N SLy ~ Gy, we find that

1
qt2 —1’
from which, together with Lemma 4.3, we deduce (4.3) in this case. O

1
qt?(qt2—1)(qt?>+1)

He(Mesq.t) =

Remark 4.8. — Note that the combinatorial Conjecture (4.4) implies
that the right-hand side of (4.3) is zero for n > 2. In particular, the above
theorem together with Conjecture (4.4) imply that (4.3) is true for all n.
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