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ON THE TRACE OF THE WAVE GROUP AND
REGULARITY OF POTENTIALS

by Hart F. SMITH

ABSTRACT. — We consider the wave equation with a compactly supported, real-
valued bounded potential, and show that the relative trace of the associated evo-
lution group admits an asymptotic expansion to order m + 2 if and only if the
potential belongs to the Sobolev space of order m.

REsuME. — Nous considérons 1’équation des ondes avec un potentiel borné, a
support compact et & valeurs réelles, et montrons que la trace régularisée de ’opé-
rateur d’évolution associé¢ admet un développement asymptotique a 'ordre m + 2
si et seulement si le potentiel appartient & I’espace de Sobolev d’ordre m.

1. Introduction and statement of results

Suppose that V is a real valued, bounded measurable function of compact
support on R%. Define the wave group Uy by Uy (f,g) = (u, dsu), where u
is the solution to the initial value problem for the following wave equation

(07 = A+ V)u(t,x) =0, (u,@tu)’tzo = (f,g9) € H' x L*(R?).

Let Uy (s) denote the map (f,g) = (u, Out)|t=s-
If Ve C*(RY), it is well known that for ¢ € C>°(R) the operator

(6, Uy — Up) = / o) Uy (£) — U(t)) dt

is trace class; see e.g. [6, 11, 12, 13]. The map ¢ — Tr(¢, Uy — Uy) defines
an even distribution on R, denoted by Tr(Uy — Up). For V € C°(R?) this

Keywords: Trace, wave equation with potential.
2010 Mathematics Subject Classification: 58J45, 58J50, 46E35.



1454 Hart F. SMITH

distribution is smooth on R\{0}, and admits an asymptotic expansion in ¢
for ¢ near 0. If d is odd, the expansion takes the form

(d-1)/2 oo
Tr(Uy —Uo) = Y, w;(V)D"7¥5(t) + > w(V) [t
j=1 j=(d+1)/2

and if d is even it takes the form

(d=2)/2 00
Tr(Uy —Up) = Y wi(V)D*' " Hpv.(1/t)+ Y w;(V) 7~
j=1 j=d/2

The expansion holds in the sense that the difference between the left
side and the finite sum to j = m is a continuous function on R that is
O(|t|>™*+2=4) for t near 0, provided m > d/2.

In this paper we consider the existence of similar expansions to finite
order when V is of limited regularity, and show that for real valued, com-
pactly supported potentials V', existence of such an expansion to order
j = m + 2 is equivalent to the Sobolev regularity condition V € H™(R?).
Our proof shows that (¢, Uy — Up) is of trace-class for V € L (R%), but if
d > 4 then the proof of the expansion in t for the trace relies on L' bounds
on the Fourier transform V of V', and thus for d > 4 we need to place the
stronger a priori assumption that Ve L'(R?) when proving bounds on
various remainder terms.

We define the space L'(R%) ¢ L>°(R?) with norm

IVig =20~ [ 7]
and let Ei C LZ° denote the space of V' € L' with compact support.
We define the space Xy according to whether d < 3 or not,
LE[RY), d<3,
Xg= R
LL(RY), d > 4.
Finally, let
IVilxunam = IIVIixs + IV,
and note that HS(R?) C X, if s > d/2.

THEOREM 1.1. — Assume that V € L®(RY). If ¢ € C>(R), then the
operator on H'(R?) x L?(RY) defined by

mw%/mmwmmw—mmmma

ANNALES DE L’INSTITUT FOURIER



THE TRACE OF THE WAVE GROUP WITH A POTENTIAL 1455

is trace-class, and its trace defines an even distribution acting on ¢, which
we denote by Tr{¢, Uy — Up).

IfV € X4, and ¢ € C(R) is an even function, there are distributions
vq and piqv on R such that

To(6, Uy — Vo) = va(6) [ V(@) do -+ uay (0
where p4yv has the following form, with ay (t) € C(R4),

| ttav@ema 1<d<d,
0

pa,v(¢) = /0 av(t) 8,(t719,) T (1) dt, d>5 odd,

/ av(t) (t10,) T ¢(t)dt,  d > 6 even.
0

IfV € X;NH™(RY), m an integer, then ay (t) € C*™ (R, ), and its Taylor
expansion at 0 is of the form

(1.1) ay(t) = Z ajra(V)t9 4+ o(t*™),
=0

where a;y2(V') is a dimension dependent multiple of the Schrédinger heat
invariant ¢;j42(V).
Conversely, if V € Xq is real valued, and there are constants b; € C and
C < oo so that
m—1
(1.2) ay(t)— Y bitY| < C™ for 0<t <,
Jj=0

then V € H™(R?), and hence (1.1) holds.

We note that the a;(V) in (1.1) differ by a constant from the w;(V) in
the expansion presented for smooth potentials. The form of v, is given in
Theorem 2.2, and agrees with the term j = 1 in the expansion for smooth
V' above. It can also be written in a form similar to that for pq v .

The proof of Theorem 1.1 establishes pointwise bounds on ay and its
derivatives. In particular the following holds,

lav(®)] < CallVI[3 cosh (¢[VIRS).

An analogous result for the heat kernel of —A + V' on Euclidean space
was established by the author and Zworski in [15]. There it was proven for
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1456 Hart F. SMITH

V € LP(R?) in all dimensions d. The same result was subsequently estab-
lished by the author in [14] for the heat kernel on complete Riemannian
manifolds under mild geometric assumptions. The study of heat traces has
an extensive history, going back to Kac, Berger and McKean—Singer. For
detailed discussions of the heat trace for Schrodinger operators we refer
to Baifiuelos—Sa Baretto [2], Colin de Verdiere [17], Hitrik—Polterovich [10],
and Gilkey [8]. The coefficients ¢;(V') in the expansion of the relative heat
trace, known as heat invariants, are a key tool in the proof of compactness
of isospectral families of potentials; see Briining [3] and Donnelly [5].
There appears to be far fewer treatments of the trace of the wave kernel
for —A + V, even though it is a more fundamental operator in the sense
that the trace expansion for the heat kernel follows easily from that for the
wave kernel, but not vice versa; see Remark 2.6 below. The wave invariants
w;(V) are dimension dependent multiples of the heat invariants ¢;(V'), as
noted by Sa Baretto—Zworski [13], thus on a compact manifold they do not
give new spectral invariants. In Euclidean space of odd dimension, on the
other hand, the wave-trace restricted to t # 0 is related to the resonances
of —A + V by the trace formula of Melrose; see [6, Theorem 3.53]. As a
consequence, if V| and V5 are bounded real potentials with the same set of
resonances and eigenvalues, counted with the appropriate multiplicity, then

t4 Tr(Uy, — Uy) =t Tr(Uy,, — Uy).

As observed by Hislop—Wolf [9], in odd dimensions this shows that if
the V; are smooth potentials, then V; have the same heat coefficients,
(Vi) = ¢cx(Va), if k > (d + 1)/2. This in turn is used in [9] to estab-
lish a compactness theorem for iso-resonant families of C2° potentials with
support in a common ball, when d =1 or 3.

A different proof of this result was given by Christiansen, who proved
equality of ¢ (Vj) for k > (d + 1)/2 by using the Birman-Krein formula
to relate the trace of the heat kernel to the poles of the scattering phase.
See [15, Theorem 1.2] for a discussion of her proof in odd dimensions.
This method was extended by Christiansen in [4] to prove iso-resonant
compactness and related results for CS° potentials in even dimensions.

One of the motivations for this paper was a remark by the authors of [9]
that existence of the expansion of Theorem 1.1 would extend certain re-
sults of [9] to potentials of Sobolev regularity. Precisely, if d is odd then
Theorem 1.1 can be combined with the Melrose trace formula to prove
equality of the heat coefficients ¢ (V) for (d+1)/2 < k < m + 2, assum-
ing V € XgN H™(R?) is real and m > (d — 3)/2. Christiansen’s method
combined with the heat trace expansion of [15] also implies this result. In
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THE TRACE OF THE WAVE GROUP WITH A POTENTIAL 1457

dimensions d = 1,3, this implies ||V1]|z2 = ||V2]|L2, and one can bootstrap
to obtain the following inverse result.

THEOREM 1.2. — Suppose that d = 1,3 and that Vi,Vy € L°(RY)
are iso-resonant. If V| € H™(R?), where m > 0 is an integer, then V, €
H™(R%), and there is a polynomial bounded function F,, such that

(1.3) Vel gm @y < Fn(IVillzm(zay)-

Given equality of the heat coefficients for V; and Vs, the bound (1.3)
follows from the papers [3] and [5], where it was shown that for 1 < d < 3,
one can bound

V]

Hm < Pm,d(CQ(V)7 R Cm+2(V)),

for a dimension dependent polynomial P, 4. This is obtained by induction
from a bound of the form

D"V L2 < CmaCmta(V) + P,md(HVHqu).

The papers [3] and [5] work on compact manifolds, but the estimates hold
globally on R¢.

Consequently, the family of L2° real potentials that are iso-resonant to
a given potential in H™(R?) forms a bounded subset of H™(R?), if d =
1,3. That this family is closed is shown in [9]. If one restricts attention
to potentials with support in fixed ball of finite radius, then by Rellich’s
Lemma such potentials are a compact subset of H*(R?) if s < m.

2. Preliminary reductions

We prove Theorem 1.1 using the iterative construction of Uy . Define
sin(t|D
C(t) = cos(t{D]),  S(t) = m|(D||).

Then the free wave group is given by

e s
UO(”‘[AS@) c<t>}

Let A denote the following operator on C([-T,T]; H! x L?), T < o0,
t
A(F,G)(t,-) = / Uo(t — s)(F,G)(s,)ds.
0
Then

> 0 0
Uy —Up=Y (-AV)*U,, V= {V O] ,
k=1

TOME 73 (2023), FASCICULE 4



1458 Hart F. SMITH

where the sum converges absolutely in the H' x L? — C(H' x L?) operator
norm, for each T' < oo.

We recall some basic properties of trace-class operators. For a compact
operator A on a Hilbert space with principal values o;(A), one defines the
Schatten-p norms of A for 1 < p < oo by

1/p

1Aler = | D os(A)”
j=1

The £ norm is the operator norm, and £! is the trace-class norm. As a
corollary of [7, Theorem 1] of Ky Fan, we note the following Holder type
estimate,

(21)  [JAAz- Apller < JTHAGlees i D pit =1, 1<p; <oo.
j=1 j=1

When p; = oo we may replace the £>° norm by the operator norm, and
assume only that A; is a bounded operator, not necessarily compact. This
holds since [7, Theorem 1] follows from uniform estimates over finite rank
operators.

LEMMA 2.1. — IfV € L¥(R?), then for ¢ € C(R) the sum

o0

@2 Y[ OV )@ = Y16 W)

k=1 — k=1
converges absolutely to (¢, Uy —Up) in the trace-class norm on H' x L*(R?).

Proof. — Let R =1+ diam(supp(V)), and given ¢ > 0 let K be a cube
of sidelength ¢(K) = 2(R + t) that contains all points within distance ¢
of supp(V). Then for |s| < t the Schwartz kernel of V'S(s) is supported
entirely within K x K, so the Schatten-p norm of VS(s) on L2(R?) is the
same as that of its restriction to L?(K). We use the Fourier series basis for
L?(K) with characters ¢ € 2,

ee = |K|7V2el@8) | ceEg =2m(K) 12l
In this basis, we have

VS(s)ee = MVQ

iy

ANNALES DE L’INSTITUT FOURIER



THE TRACE OF THE WAVE GROUP WITH A POTENTIAL 1459

Thus V'S(s) factors into V' times a diagonal operator, and we have

er V@D

sin(s|¢])
€]

1/(d+1)

VSl cars <Vlz= | D

£EEK

< Cal|V || L= (H(R +1)%)

(2.3)

Here we use the bound

(2.4)

sin(s|¢]) 2s
€] ‘ S Ll
and we use the fact that /(K)~'s < 1 to estimate the sum by an integral.
We first show that the lower right corner (¢, Wk2‘2,) of the 2 x 2-block
matrix in (2.2) converges in the trace class norm on L2. All terms in the

sum for this term are even in ¢, so we may assume that ¢(t) is even in t.
Let d¥s = ds; --- dsg. Then (¢, WS@) can be written as

2L+‘..sk<t (t)C(t — (51 + -+ s))VS(sp)V - - VS(s1) d*s dt

81,..4,85>0

= 2/k+ ¢(s1 4+ 51€+1)C(8k+1)VS(Sk)V L. VS(sl) dFtis.
REH

First consider the case k > d + 1. We use the bound

||1Supp(V)S(s)1Supp(V) ||L2(K)~>L2(K) < Cd ENA diam(supp(V)).

This follows by scaling to the case that diam(supp(V)) = 1, in which case

for s > 2 it follows from the fact that the kernel of S(s) is smooth and

uniformly bounded on the set |z| < 1, and for s < 2 it follows by (2.4).
From (2.1) and (2.3), we conclude that, with £! denoting the trace-class

norm, and R = 1+ diam(supp(V')) as above,
/91+~-sk<t Ct—(s1+-+sK)VS(sp)V - VS(s1) dFs
_ CallV I (R4 )1 (CaR)F— 71 AR 1)

81,...,8,>0

L1

k!
Here we used that the volume of the domain of integration is t*/k!. We

conclude that if k > d+ 1 then sz ‘2, is trace-class, with £! norm given by
a continuous function Sy v (t) satisfying

CyRU2= |V ||k A\ (Cal| Ve RE)"
N e I (¢ ).

TOME 73 (2023), FASCICULE 4



1460 Hart F. SMITH

The sum of W,f ‘2/ over k > d + 1 thus converges absolutely in the trace
class.
For later use we note that

oo

d+1
(2.6) Z 1Br.v (£)] < (;) oCaRt||VlLeo

k=d+1

It remains to show that (¢, W,f‘2,> is trace class for k& < d. Suppose that

supp(¢) C [-T,T], and let K be the cube of sidelength 2(7" 4+ R), which

we identify with the torus by imposing periodic boundary conditions on

A. In bounding the £ norm of (¢, W,??,), we may then assume, by finite

propagation velocity, that we are working with the wave equation on K.
We write

S(s) = (1—-0%)8(s) (1 —A)~ ™

Integration by parts in s; shows that £ (¢, W,f?/) equals the following,
/zm (0—0")(s1+ - +5£+1)Cls£41)VS(s) - - - VS(s1) d*s- (1-A) 7
R+

+ / Ol sip)Clk 1 )VS(si) - VS(52) dbs - V(1 - A)

We repeat this on each term, stopping if the total number of S(s;) factors
plus twice the number of (1 —A)~! factors in a term is at least d+ 1. Thus,
we stop after at most d + 1 — k steps. By a similar proof to that of (2.3),
we note that

11— 2)7 2 gass < Ca(R +T)Y D,

If 2k < d + 1, there will arise terms of the form ™ (v=A)Q with
2m < d+ 1 — 2k, and @ consisting of a mixed product of k factors of V'
and m + k factors of (1 — A)~!, hence

d .
1Qllce < CallVI5oe (T + R)™, i p = (d+1)/(2m + 2k).
For this value of p, we can bound
||¢(27n)(1 /—A) ”EP’ < Cd(T + R)d/P (||¢(2m)HL1 + ||¢(d+172k)||L1)'

The terms that involve an integral over s; are bounded as for k > d + 1,
and together we conclude that, if supp(¢) C [-T,T], and 1 < k < d,

d+1—k
@1 [l W) < Ca (T + B V] S / 6 (1) .
n=0

This concludes the proof of £! summability over k of (¢, WE‘Z/)

ANNALES DE L’INSTITUT FOURIER
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A similar proof shows that each of the following is absolutely summable
over k in the trace class norm on L?(R%),

(D)o, Wi (D)"Y, (D)o, W), (6, Wi (D)™,

with the same bound (2.5) on the £! norm of W,iv if k > d+ 1. It follows
that the sum of (¢, W}, 1) converges absolutely in the trace class norm on
H' x L2 O

The trace of (¢, Wy 1) is thus well defined, and the sum in (2.2) converges
in the trace class to (¢, Uy — Up). We next note that

Trir2 (¢ Wiv) = Trgn (o, W) + Trpa (6, Wit) = 2Trpe (6, Wiy).

The second inequality follows by noting that Wkl‘l, is the L? adjoint of
WE‘Q/, and the trace of Wkl‘l/ over H'(R?) is the same as the trace over
L2(RY).

Since Wk1 ‘1, is even in ¢, we can assume that ¢(t) is an even function of ¢
when derivfng a formula for Tr(¢p, Wy, ). We will establish the other parts
of Theorem 1.1 as a consequence of the following three results.

THEOREM 2.2. — Assume that V € L®(RY) and ¢ € C(R) is even.
Then

Tr(, Wiv) = va(6) /V(x) dz,

where, with c¢q = 22’d7r1’%/F(% —1), and D = —id,
/ to(t) dt, d=1,
0

-1 o .
iy AT /0 st dt, d=2,
ca(D3¢)(0), d>3 odd,
ca(ID|*3¢)(0), d =>4 even.

For d > 1 one also has the formulas,
(—2m) 5 / D10 T p(t) dt, d >3 odd,
0

va(¢) = s
—2(—27r)*%/ (t710,) = ¢(t)dt, d =2 even.
0

TOME 73 (2023), FASCICULE 4



1462 Hart F. SMITH

THEOREM 2.3. — Assume that V € L>®(R?). If ¢ € CZ(R) is even,
then one can write

oo
/ 1" ag v () ¢(t) dt, 1<d<4,
0

Tr<¢7 WQ,V> = / a2,V(t) 6t(t718t)%¢(t) dta d = 5 Odd7
0

/ az,v (t) (t_lat)d%lqﬂt) dt, d >4 even,
0

where as v (t) € C(Ry), and |as,v ()| < (2m)~Le] |V[|2,. If m is an integer
and V € L N H™(RY), then ag v (t) € C*™ (R, ), and

VI[Em-

||a2,V||02m(R) < Cm,d
Additionally, for 0 < j < 2m,

0, jodd,

Cjd H|D|jV||2L2, j even,

(2.8) & az,y(0) = {

where c¢j 4 # 0.
Conversely, if V € L (R?) is real valued, and there are constants b; € C
and C' < oo so that

-1
(2.9) asy(t) — bt < Ct*™ for 0<t <1,

3

<.
I
o

then V€ H™(R?), and hence (2.8) holds.

THEOREM 2.4. — Assume that V € X4, and ¢ € C°(R) is an even
function. Then if k > 3 and 2k > d, there exists aj,y € C(E) such that

Tr(g, Wiey) = / 26 1 (1) $(2) dt.

0
If k > 3 and 2k < d, there exists aj,y € C(E) such that
o0 d—2k—1
/ ary ()0 (t710)  * ¢(t)dt, d>7odd,
(2.10) Tr(p, Wi v) =3 "

d—2k

/ ar,v(t) (t_lat) 2 o(t)dt, d > 6 even.
0

In each of the above cases, if m > 0 is an integer and V € X4 N H™(RY),
then ay v € C?™(Ry), and 9} ay v (0) = 0 if j < 2m is odd.

ANNALES DE L’INSTITUT FOURIER
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We show here how Theorem 1.1 follows from the above three theorems,
together with bounds (8.3) and (9.5). It follows from Lemma 2.1 that the
operator (¢, Uy — Up) is trace class, and the proof of Lemma 2.1 shows that
its trace determines a distribution in ¢, and that

oo

Te(p, Uy — Uo) = > _(=1)F Tr(¢, Wi v).

k=1
If d < 4, then the expression for pg v (¢) holds with

oo

ay(t) = Z(*l)kak,v(f)tzkfg

k=2
The bounds (8.3) and (9.5) show that the sum converges absolutely in C?™
when V € Xy N H™, and that

(2.11) 07y ()] < Ca V2152105 (HIVIE) cosh(¢| VD),

where p; is a polynomial of order at most max(0, j — 2).
For d > 5 and k > 3, we need the following lemma.

LEMMA 2.5. — If F € C(Ry), and ¢(t) is an even Schwartz function,
then for each m > 1 and n > 0 one can write

/ T E) olt) dt = / et 00,0710 o(t) dt
0 0

— /Oo IR () (ET0) ™ p(t) dt
0

where F,, , € C(Ry). If F € C7(Ry.) then so if F,, ,,, and

F( n+;+1 )

2T (m + 2HH)

107 Frpnll = <

107 F| .

Proof. — The Fy, ,, are obtained recursively by the formula

1
Fm+17”(t) = _/ 5n+2mFm,n(3t) dS,
0

where Fp,, = I, and the lemma follows by induction. O
We observe that

(~1)mr(mtgt)

27T+ )

For d > 6 even, define a,y as follows, where F' = ay,y in each instance,

- _ Fi._ Qo(t), 3\k<*
(2.13) kv (t) = {Fd s o al), k>4

(2.12) 0! F 1 (0) = Al F(0).

WV
[SlfSW
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1464 Hart F. SMITH
For d > 5 odd, with F' = aj y we define

~ F21(t), 3<k
(2.14) a,v (t) = {F ' ), k>4
=3 ok—d\l)s > 3.

Theorem 1.1 then holds with
ay(t) = agv(t +Z VEEEDG v (1),

The bounds (2.11) on & o (t) again follow from (8.3).
The fact that 977 ay (0) = 0 for 0 < j < m follows from (2.8), Theo-
rem 2.4, and (2.12). The particular form of the even order Taylor coeflicients
of ay (t) at t = 0 is discussed in Remark 2.6 below.
For the final conclusion of Theorem 1.1, assume V € X4, and that the
expansion (1.2) holds. By induction we may assume V € H™ 1(R9). Tt
follows by the above steps that
D (=D a, (1) € ¢ (RY),
k=3

and hence that we can write

-1

ay(t) —agy(t) =Y bit? + O*™).

3

<.
I
=)

We conclude that as v (t) admits an expansion of the form (2.9), and from
Theorem 2.3 that V € H™(R?).

Remark 2.6. — As observed in [13], one can use the Fourier transform
of the Gaussian to express the relative trace of the heat kernel for —A 4V
in terms of the relative trace of the wave group. For ¢t > 0, the following
holds

Tr (et(A_V) —etA) (s) = Uo(s )) ds.

4\F

Although the Gaussian is not compactly supported, the estimates (2.6)
and (2.7), combined with a partition of unity to decompose the integral
over s, show that the right side converges in the trace-class norm if ¢ > 0.
As noted in [13], if V' € C2°(R?) this relates the coefficients a;(V) in (1.1)
to the heat coefficients ¢; (V') for —A + V. The relation also holds for finite
order expansions under the assumptions in Theorem 1.1, using the fact
that for ¢t > 0,
o i g2 Me(s)ds = t™e(t),

4\ﬁ/
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THE TRACE OF THE WAVE GROUP WITH A POTENTIAL 1465

where lim; o+ €(¢) = 0 if lims_,0 €(s) = 0. We remark that our proof ex-
presses the a;(V') as multilinear integrals in DV with |a| < j — 2, just as
for the ¢;(V) in [15].

In particular, Theorem 1.1 can be used to prove existence of finite or-
der expansions of the relative trace for the heat kernel, but not vice versa.
As mentioned above, the analogue of Theorem 1.1 for the heat kernel was
established in [15], using only the a priori assumption V € LZ° in all di-
mensions, rather than V € Eé if d > 4.

3. A formula for the trace of W}y

In this section we derive an integral formula for the trace of (¢, Wi v),
which by the proof of Lemma 2.1 equals the trace of

4/ i B(s1 4+ 5p41)C(8p41)VS(s)V - - VS(s1) dF s,
RET!

Let p be a radial, compactly supported function on R? such that p(y) > 0
and [ p(y)dy = 1. By the proof of Lemma 2.1, we can write this as the
limit as € — 0 of the trace of the following operator,

4:‘/%r1 d(s1+ -+ 8k11)C(8k+1)VSe(sk)V - - - VSc(s1) dF+lg,
RY

where S.(s;) = p(eD)S(s;). For € > 0 the integrand is trace class for each
value of s. Since the trace is cyclic, and the integral is invariant under
51 4> Sk+1, we can equate this to the trace of

2 [ oot s)SsV V81 )V s,
R+

which by a change of variables equals the trace of

2/ s10(s1 + -+ 5)Sc(5p)V - -- VS (s1)V dFs.
Rt

Introducing ¥(s) = s¢(s), the cyclic nature of the trace equates this with
the trace of the following,

2
%/ D(s1 4 -+ )8 (s0)V -+ VS, (s1)V ds.
Rt

By the Plancherel formula, for € > 0 we can write its trace as

2 b sinGs;lg]) o .
W /de R (s1+-+ sk)gp(efj)ﬁ V(¢ —&-1)dbsde,
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where & = €. We show here that this converges, as ¢ — 0, to its value
at e =0, assuming V € L if k =1,2,and V € Eé if £ > 3. The case of
V e L2 and 1 < d < 3 will be handled in a later section.

By the proof of Lemma 2.1, the following function

/ W51+ - >H 51n(|?||§]|) dks
Jj=1 J

can be written as a sum of functions, each of which is dominated for some
value of j by (1+4¢&;|)~4*L. Hence, it suffices by dominated convergence to
show that

SUP/HW —§-1)|dé - d& < C

For k = 1 this holds since V € L', and for k = 2 it holds since V € L2.
For k > 3 it holds assuming V € L' N L? by Young’s inequality. We thus
conclude the following.

LEMMA 3.1. — With ¢(s) = s¢(s), the trace of (¢, Wy v) is equal to

2 5 sin(s;l¢5]) o A
51 1o L [ vt e [T PR 76 - o) o

where we assume that V € Z}: (RY) ifk >3, and V € LE(R?) if k = 1,2.

4. Proof of Theorem 2.2

For k =1, we use (3.1) to write

(o W) = oo [ [ olel sinGele) P(0) asdt

With v (s) = s¢(s) considered as a smooth, odd function on R, this equals

([ veas) g [ e ae
— (/ V() dx) (;;d)d /Ooode_2QZ(7-) dr,

where wy = 27T%/F(g) is the area of the d — 1 sphere.
If d =1, then

/OmiquZ(T)dew/Ooo w(t) dt:w/oootqﬁ(t)dt,
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and if d > 3 is odd, then

/ TR dr = ir(D2)(0) = (d - 2 (D) (0).

0
The Taylor expansion of ¢ about ¢ = 0 shows that, for ¢ even in ¢,

d—1

(@ = 27D 00) = (-2 Fwired) [ T o0, b(t) dt.

For d > 3 odd this yields, assuming ¢(¢) is even in ¢,

va(¢) = (—2m) =" / B (t710,) T (1) dt.
0
If d = 2, then

/Oooii(T)dT - /Oooafq?(T)dT Z/OOOgb(t)dt,

and if d > 4 is even, then

1467

/ooirdfzi)\(T) dr = (d - 2) /Oo Tdisé/b\(T) dr = (d - 2)7T(|D|d73¢) (0).

0 0
Note that, for ¢(t) even in t,

| av = —x(0io)0).
The following identity, which is valid for k > 0,
t0y|D|*6 = —(k + 1)|D|*s,
shows that when ¢(¢) is even in ¢, and k > 1,
/0 (t10,) (1) dt = 2,5(_k1)k71r)!(|D|2’“‘1<zb)(0)~
Hence when d > 4 is even, and ¢(t) is even in ¢,

/O (10, o) dt.

From the above formula, this holds when d = 2 as well.

ol

va(9) = 2(~1)% (2r)”

5. Evaluation of the trace for £ > 2 and 2k > d

: Sin($j|§j|))d
( I3 >

Let
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where A*~1 is the k — 1-simplex,

ARt ={seR" 51+ +s, =1, 5,20 Vj},

and the measure ds is the pullback of Lebesgue measure by the projection
onto (s1,...,Sk—1). Then by Lemma 3.1, we can express Tr(¢p, Wy v) as

2k ¢
k(27) k(2r)dk /de/ ) Mi ()

LEMMA 5.1. — Suppose V; € L' N H™(RY), and let mej) = (D)™ V.
Assume that {m;} € N* satisfy m; < m, and >_;m; < 2m. Then

Ew

— &) | dtde.

déo - -+ d&e

sup

—&-1)

d(b—1) k—2 2

< @0 (5w Villz ) (supIVillam)
j j

If k = 2, the bound holds for V; € H™(R?).

Proof. — Note that |Vj(mj)(§)| = (&)™ |f/;(§)| Without loss of generality
we assume Y ;my = 2m. For each value of &1, the quantity

/H —&-1)™| j(fj_£j71)|d£2"'dk

is a convex function of {m;}*_, on the set >-;mj =2m, 0 <m; < m. By
convexity, it suffices to prove the inequality in the extremal cases where

m; = m for 2 values of j and m; = 0 otherwise, thus Vj(mj) € L2 for two

—

values of j, and Vj(mj ) € L' for all other values of j. For such a case the

result follows by Young’s inequality. O
LEMMA 5.2.
k .
S (11 1 sin(|&l)
=\ g 6P =161 ) 1]

Proof. — We start with the equality

s ) ) Bsin(sA) Asin(sB)
/O sln((s—’/‘)A) sm(rB)drz B2—A2 + AQ_BQ :
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Let rj =51 +---+s;for 1 <j<k—1,and rp = 0, 1, = 1. Repeated
application of the above equahty then yields

/ / / Hsm —rj)lg]) | dry---drg

= ‘gl sin
-y | Sl B

J=1 \i#j

and we obtain the result. In evaluating the integral we use that

Z\@IQ [k [? 11 |&il* — |£J|2 H|€|2 €12

i#j,i<k
This is equivalent to
k—1
S| I ) =
j=1 \i#j,i<k ™" J
which can be seen by observing that replacing |£|? by 2z gives a polynomial
of order k—2 in z that has value 1 at each of z = [£,]2, n=1,...,k—1. O

We introduce a family of functions G, (w) for v > —1, defined initially
for w ¢ (—o0,0] by the rule

G, (2*) = (2\/27; Ju(z), Re(z)>0
From the power series expansion of J,(z), see [18, 3.1(8)], we have

e e D C T
(5.1) G,(w) =4 ﬁ%m

We remark that the function G, is a generalized hypergeometric function,

G, (w) = Imoﬂ (V+ 17—%),

though we will not use this fact here. See [1, p. 362, 9.1.69].
From a standard integral formula for J,(z), see [18, 6.2(8)], we see that
G,(z) is an entire function given by the following integral for any ¢ > 0,

4=V efeci . d
G,(z) = VT i

ori svtl’

c—ooi

From this we easily derive the following relations,

(5.2) —Gu(2) = =Guia(2),
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and

(5.3) / Gy (r2 4 2) dr = % Go(2).

We note the following special cases:

2co0s(z), v
(5.4) (%) = { VR do(2), v

1
2

1

0,
—1 .3 1
z7 " sin z, 5-

Another formula for G, (22), for v > —1/2, follows from [18, 3.3(4)],
1

1 .
G, (%) = 7/ 1— %) 2617 ds.
( ) 4VF(V+ %) _1( )

This leads to the following bound for j > 0 and x € R, which is also directly
verified for v = —1/2 using (5.4).

d’ Iel ( 2)‘ 2 /1 j(l 2)1/—%(:1
sup | —G (%) = —————= s7(1—s S
x;(é dzd 4T (v + %) 0
(5.5) r(itl)
_ 2
T +v+1)

LEMMA 5.3. — For any smooth function f : R — C, one has
b 1
Zf(l"j) H = (‘Uk_l/ FE D (s11 + - + spa) ds.
= Py Xr; — :L'j Ak—1

Proof. — For k = 2, this reduces to the equality

fla1) = fla2)

1
"(s121 + (1 — s1)xs) dsy =
| i+ 0= s s = S

We proceed by induction, and write

1

FO(s121 + -+ spap + Spy17pgr) ds = ————
® Tk —Tr+1

X / (f(k_l)(slxl +otspar) — FE D (s +- - -+Skmk+1))ds
Ak—1
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By the induction assumption, the latter equals

Uﬂk - 30k+1 by Tk41 — T
i<k

(—1)k1 1 1

T — T (mk)Hxlfx _f(ka)fo;v

k k+1 o i k i<k k41
k+1 1

= (D> f) ] O

— X — T
j=1 i

For s € A*~! and ¢ € R, we will use the following notation,

k k
s-&=Y 88, 2= slg1%
j=1 j=1

We can write

€12 = Is - €1 + [&lZ — Is - &I

(56) = |s€]? + Qr.s(9).

Note that by strict convexity of | - |2, for s in the interior of A¥~1 we have
Qrs(€) > 0 unless & = & for all ¢, j. Furthermore,

(5.7) Qrs(&1,&, - &) = Qrs(0,& — &1y, & — &),
and
(5.8) Qas(8) = s1(1 — 51)|é2 — & |

Recalling (5.4), by Lemmas 5.2 and 5.3 we have

M) = [ Giy (PlE)as

This leads to the following expression for Tr(¢, Wy, v), for ¢ even,

k

2 00 A
W/Ak—l /de/o (1) G t2‘§| H —¢&j—1) | dtd&ds.
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For k> 1 and ¢t > 0, we can write G,_ (t2\§| ) as

Fw) (F)

z=t|¢|s
2k—1

_ t|§| (a,w cos(t|§| ) + by, j sin(t|§|5)),
j=k

which shows that we can write

/O (1) Gy (BIE[2) dt = D(lg),

for an even, Schwartz function ®.
We make the volume preserving change of variables:

m=s-§ n;=§—& for 2<j<k.
Let Qks(n") = Qk,s(0,m2,...,m,). Then by (5.7), the integrand becomes
()G y (Bl + 2 Qus () ) V1)V (1 — o)
X V(e = 1)V (=)

This is radial in 7;. Consequently, we can express Tr(¢, Wy, v) as

475
5.9 2k o (
(59) k(2m)kdT( g /Ak 1 /]Rd(k 1)/ / o(t)

X G_1 (#*r® + Qs (1 ))V(ng) V(=) dtr¢ dr dy ds.
By Lemma 5.1, we have that
/ V(1) V (ns = 12) - V(=) | i < ) OV VAV 7.

Assume now that 2k > d. The above integral is oscillatory, and requires
integration in t before r to be convergent. We proceed formally here and
flip the integration order of ¢ and r, but note that the following steps can
be made rigorous by inserting a cutoff x(etr) and letting e — 0. Write

o0
td/ Gk_%(t2r2 + 2 Qrs(n)) rt dr
0

= /oo —19 " G L (r? + 2 Qps()) r*dr
0 2r Or k—m=3 s ’
If d is even, we take m = % and integrate by parts to obtain

()
2

e (BQusl):
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If d is odd, we take m = %, integrate by parts, and use (5.3) to obtain

(g 00 (4
FE;;/O Grg (r? +12Qrs(n)) dr = (22)Gk_%(t2Qk7S(n’)).

We thus conclude the following.
LEMMA 5.4. — IfV € LY(R?) and 2k > d, then

Te(g, Wiy) = / gy (H)(t) dt

0
where

(5.10) apv(t) = amh / / G anr (tQQk,s(n’))
k(2m)aF Jpac-1) Jar-1 2
X V(n2)V(ns — ) - V(—np) dsdyy’.
We conclude this section with the following observation.

LEMMA 5.5. — If 2k > d, then

%, d odd,
Gk*%(o): 3?2_%1(“%)!
(2’“7_2)“ d even.

Proof. — If d is even, we use (5.2) and (5.4) to write

—1 d\*4%
kad%(O) = 2(55) cos(r)

If d is odd, we use (5.2) and (5.4) to write

—1 d\k—F
ka%(o) = ﬁ(g@ Jo(r)

The Taylor expansion for Jo(r) is given by

ni) =3 SR )

=0

r=0 '

r:O.

which leads to the desired formula. O

6. Evaluation of the trace for £ > 2 and 2k < d

If 2k < d we cannot use Lemma 5.4. Instead, we recall (5.9) and write

Tr(p, Wr,v) = /Mqﬁ(n/) V)V (ns —m2) -V — me—1)V (—m) dn,
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where

47r%
k(2m)kdD(4)

x/ / / R ()G (7 + Qi s(n)) dtr* ' dr ds.
ak=1Jo Jo 2

By (5.2) and (5.4) we can write
Gy (P + Qs () =2 ( 5 L d > os (t\/r2 + Qk,s(n’)> :
r dr
Since ¢ € S(R) we can integrate by parts in 7 to see that My(n') equals
d
k2 kd; pE: /M 1/ / o(t cos< 2+ Qrs(n ))dtrd%ldrds

Ams
_ 2 d—2k—1
" k(2n)kdr(=2E) 2% /A,c 1/ ( 72+ Qrs(n )) r drds.

A simple calculation shows the following, where ¢ € S(R) is even,

Ld (1 )@ =)

o do \ t dt

My(n') =

Hence, when r > 0,

(1d>]’ <<1d>j¢>A (Vi) =3 (Vi e).

r dr t dt

Consider first the case that d is even. We apply this with j = d_z%, and

integrate by parts to see that My(n') equals the following,

( % t—la
27‘(‘ T k(2m)kd /Ak 1/ t

2

W /AH(“ 1@)“%)% Qk,sw)) ds.

Thus, when d > 2k is even, we can write

#0)" (/2 Quata)) dras

Te(, Wiy = / Ty (019 (1) dt,
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where

(6.1) agy(t) = 12 () D

/R(k 1)d /Ak 1 COS( QkS( )> A( 2)‘7(773 _772)""7(—77k)d5d77/~

Now suppose that d is odd. Similar steps, taking j = %, lead to the
following formula for My(n'),

4 —1 d—2k—1 Zk 1 A 9
ka 27T (k )d+ Ak 1/ t at ¢) ( r +Qk,s("7/)> dr ds.

If f € S(R) is an even function, for ¢ > 0 we have

f( 2 e :_2/ (e sm t\/r2+c)

V2 +e

= —2/ tf'(t) G (2 + t3c) dt.
0 2

Thus, by (5.3) and (5.4), we can write

5.3)
| i) ar= = [ romn eve) ar

Consequently, when d > 2k is odd, we can write

Te(, Wiy = / Ty (0 0(10)

d2k1

¢(t) dt,

where

d72k+1

2(-1)
2k (2m) (b~ D=}

/R(k y /A 1J0< Qs >> J@raln) ) P00 (s — ) -+ T () st

(6.2) ag, v(t) =

7. Proof of Theorem 2.3

Recall that if k& = 2, then Qa24(n) = s1(1 — s1)|n|?, where n € R9.
We begin the proof of Theorem 2.3 by analyzing the form of as v (¢), and
consider first the case of 1 < d < 3, hence 2k > d.

o If d = 3: we obtain from (5.10), (5.4) and (5.8) that

as,v(t //Jo t|77|\/5—5> (n)|* ds dn.
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We use the Taylor expansion of Jy(2) to evaluate the integral,

[y 5 ([ o) (2’

7=0

sin(5t|n])
(7.1) =2
5tinl

where we use the following special case of the beta integral

1j ) ds — (j!)2
/05(1 ys= 5l

27+ 1)
Thus,
1 sin(%t[n]) =
t) = 2 V(n)|*d d=3.
a2,V() 2(271’)4 /]R3 t|77‘ | (77)| 1,
o If d = 1, then by (5.10),
1
azy () = // G (25(1 — £)lnf?) |V () ds .

Using (5.4), (5.2), and the expansion of Jy, this yields

1 1 — cos(it .
az,v(t) = 5= /]R 1= cos(5tin]) [V (n)]? dn, d=1.

2m t2|n|?
o If d = 2, then by (5.10),

o2y () = 3 // (s(1 = )EZ[n[2) [V (n)]? ds .
’/T R2

o If d > 5 is odd, we use (6.2) and (7.1) to write Tr{¢, Wa ) in the
indicated form with

1) e = e | D 1y

Note that the same form for as v (¢) holds when d = 3, which is expected
by formally writing 9;(t0;) " 1¢ = t¢.

o If d > 4 is even, we use (6.1) to write Tr(¢, W y) in the indicated form
with

4
2

(7.3) as,v (t) du,/ / cos t|n\\/s—s2)\V )| ds dn.
Rd

2

Proof of Theorem 2.3. — We present the proof for d > 3; the proof for
d = 1,2 follows similarly. We assume V € L°(R?) is real valued.
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If d > 3 is odd, by (7.2) the asserted form for the trace holds with
(=)=

asv(t) = g | G1(Bn>/4) [V (n)|*dn.

)= [ G @R TR an

Since |X7(77)|2 is integrable, dominated convergence implies az,y € C°(R} ).

Furthermore, |az v (t)] < [|V]|22 JA(27)“F", and equality holds at ¢ = 0.
Assume now that V € H™(R?), where m > 1. Dominated convergence

and differentiation under the integral shows that asy € C?™(R, ). Fur-

thermore, by (5.5),
: 1 J 2
|07 az,v ()] < — = |D[2V ||,
¢ 27+2(27r)dT(j +1) H ||L2
We note that this bound also holds for d = 1. For m > 1 we can write

2012 74\ _ (=1)7t¥ |y m 2m |, 12m

m—1

where 79,,+1(s) is a nonnegative, even, real analytic function satisfying

1 1
72m+1(0) 227 (2m + 1)! i‘ég T2m+1(8) 227 (2m + 1)!
By dominated convergence it follows that the expansion (2.8) holds, with
()7 [PV

(74) C2 5 = - —3 .

T 2242(2m) T (25 + 1))
Conversely, suppose that V € H™~! and that (2.9) holds. Necessarily (7.4)
holds for 0 < 7 < m — 1 by the above steps. We thus conclude that

sup [ raatal) o7 () dy < C.
tel0,1] JR3

Since 79,11 = 0 and limy o ropmr1(tn]) = 1/2%(2m + 1)! pointwise in 7,
an application of Fatou’s lemma yields that |n|*™|V (n)|? is integrable.

If d > 4 is even, we use (7.3) for az v (t). Dominated convergence implies
az,v € C°(R; ). Furthermore |ag v (t)] < ||VH%2/2(277)%, with equality at
t=0.

If V € H™(RY), differentiating under the integral sign and evaluating
the beta integral shows that asy € C?™(R,), with

L(§+1)?

Hasv(t)) < —2——||D|2V|]

|ta2,v( )l 2(2’/T)%F(j+2)H| |z HL2
1 ion2
<m”|D|2VHLz-
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We note that the same bounds hold for d = 2.
To control the remainder term in the Taylor expansion, we write

m—1
—1)7 27

cos(z) = Z ((2))' 4 (= 1) gy (2?) 2™

j=0 A7

where r9,, > 0, and
1 1
m(0) = s m < .

a0 =G S () < oy

Then

/1 cos<t|n|\/§) ds

0

m—1 i
2 : (_1)] (J')2 j j mox m m
=0 . .

where T9,, is the nonnegative function defined by
1
Tam (t21]%) = 2/ ™ (1 = 8)"ram (s(1 = 5)¢%|n|?) ds.
0

We conclude that

(=175 (Y2 D V3
2(2m) 8 (2)1(25 +1)!

Since 79, (0) > 0, the remainder of the proof follows as for d odd.

€25 =

8. Proof of Theorem 2.4 when d > 4

For d > 4 we will deduce Theorem 2.4 from an expansion of the multiplier

that determines ay v (t). Recall that Qks(n') = Qk,s(0,72,...,mk), where
Qs is defined in (5.6). In matrix form, Q) s takes the form

Qrs(n') = 10,12, ..., m] - [diag(s) —s ®@s] - [0,m2, ..., )"

)

where 7; - n; is the dot product, and s acts by multiplying 7; by s;. We
express this in terms of the variables of V. For 1 < j < k let

0; =1nj41 —n;, Wheren; =1 =0.

nizzej :—Zej.

J<i Jjzi

Then
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We use these representations in the quadratic expression for Q. s(n'), ac-
cording to the upper or lower diagonal parts of Qy s(n'), to see that

ka quslj 07.79>

1<j

qrs(i,J) = Z (s¢ —s7) —2 Z S¢Sm.-

1<) 1<b<mj

where

In particular, |gx (%, 7)| < 1. Therefore,
1
Qs <D 10:l10;], 1@z <104l
i<j i
We thus conclude from Lemma 5.1 that
sv [ VOV = )|+ [P (=) dis
Ak=1 JRd(k— 1)
< k](Q,n_)d(k 1)
(k=1
Consider first the case where 2k > d. We use (5.10) to express ay v (t).

Differentiation under the integral sign, together with (5. 5) and (8.1), shows
that if V€ L' N H™, then ayy € C?™(Ry), and for 0 < j < 2m,

20+2-2kn 3 D (1EL)
(Qﬁ)dkgp(W)
We refer to (2.13)—(2.14), and use Lemma 2.5 to conclude that

IVIE2 NIV /20

0 an.v (t)] < ||VH%:2”V”§JFJ'/2'\'

- BT (1L -
v O o - 2>k|(w+)1 gy VI IV s
K/ F(§) k—2 2
T (2m) 82202 T (k - 3) IVAZ IV i
C ki—2 .
(8.2) < e WVIE2 VI, e
k-7 'L

If 2k < d, then we express Tr(¢, Wi, ) in the form (2.10), where a, v (¢)
is given by (6.1) or (6.2), respectively if d is even or odd. Lemma 2.5 leads
to the bound (8.2) in this case as well.

We conclude that, when V' € I'n H™ then for j < 2m,

(83)  1av®)] < CallVIRz pi (HIVIE?) cosh (¢IVIE?),

where p; is a polynomial of order at most max(0,j — 2).
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The Taylor polynomial for ax, v (t) of order 2m at t = 0 is of the form

akv chdtj/

/ ks () V (1) -+ V(—ni) dif’ ds,
Ak—1 JRd(k— 1)

where the coefficients ¢, ; can be read off from (5.10) and (5.1). The Taylor

polynomial of @y v can then be deduced from (2.13) and (2.14).

9. Proof of Theorem 2.4 when d <3

To show that Tr{¢, Wy ) admits an expansion when V' € L(R9) and
d < 3, we establish a representation that involves a multilinear integral of
V instead of V. Throughout this section we assume that V € L°(R?).

THEOREM 9.1. — Ifd =1,2,3, and k > 2, then one can write

0o k
Tr(p, Wi v) :/ t2k=dp(t) / H (u1 + tuy) | dog(u') duy dt,
0 Rk iss

with doy(u') a finite positive measure on R¥*~1) supported in the set

|ug| + |ug — us| + -+ + |ug — wup—1| + |ux| <1

Furthermore,
—1
(2%*%!(1@ - 1)!) L od=1,
-1
(9.1) / dog () = (wk(% - 2)!) , d=2,
-1
(22 2mki(k - 2)) , d=3.

Ifd = 1,2, then doy(u') is absolutely continuous with respect to du'.

COROLLARY 9.2. — Ford=1,2,3, and k > 2, one can write

el Wiy) = / T g, (1) 6(1) dt,

0

where ax, vt ) € C’(IRTF), and satisfies the following bound when 1 < p; < o0

and Y5 p7 !
|ak,v (t)] < (/ dok(u’)> f[ 1V 1y,
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Proof. — By Theorem 9.1, equality holds with

k
apy(t) = /]R V(ul)HV(UIHUj) duy do ().

We apply Holder’s inequality to estimate the integral over u;. Continuity
follows by continuity of translation in LP for p < oo and the compact
support of doy. O

We remark that for 1 < d < 3, Corollary 9.2 and (9.1) imply

V2V 12

t)| <
|ak7V< )I (2]4772)'
and hence
o0
v ()] =[S 2 0)
k=2

< V132 cosh(¢VI2).

To prove Theorem 9.1, we recall from Section 3 that
2
Tr(¢, Wi,v) = lim Tr (/ P(s1 4+ Sk)Se(Sk)V"'Vse(sl)deS> .
’ e—0 k le_

For 1 < d < 3, the operator S¢(s) is convolutlon with respect to the measure
pe * S(s, ), where p.(z) = e p(e~'x), and

%1[75,5](m)7 d= 3
S(s,2) = { (2m) (s> — |«?) /%, d=2
(4rlz))~1o(s —[z)),  d=

The kernel of S¢(s, ) is smooth and compactly supported, and for V' € LZ°
the trace is given by integrating the kernel of the composition over the
diagonal. This leads to the following formula for Tr(¢, Wy v),

k
lim — / sy + -+ sk H (sj, 11 — )V (z;) d¥s da.
Rk JRE =1

e—0 k‘

We proceed to analyze the limit, starting with the case d = 3.
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9.1. The case d =3

LEMMA 9.3. — Let d = 3 and v¥(s) = s¢(s), and assume V € L°(R3).
Then Tr(¢, Wy v) is equal to the following, where xj4+1 = 21,

P (|lxe — 1|+ -+ |z — 28 dz.
47T / (lr2 =] =1 ) H |x7+1—x7|

Proof. — Let dT'(s,y) = (4x|y|)~16(s — |y|) denote 22|y times surface
measure on the forward light cone |y| = s. Then by the above, we can write
Tr{¢, Wi.,v) as 2k~! times the following

k
li_r:%/z/}(sl + e+ s 1:[ (i1 — x5 —y;) V(x;) AT (s, y;) dy d¥s da.

The integrand is bounded and of compact support, so we may integrate
first over s to see this equals

k

(il + - + |ykl)
€ j —z; —y;) Viz, dy dz.
K(am)F O ol AL peein =2 =) Vi) | dyde

Consider the function

k
o
al(l ) [ pelajer =25 —y)) | dy.
L

Tk ka\

From the bound

sup [ ol =l < Ol

>0

we conclude that
The right hand side is integrable over bounded sets in R3*, as seen from
the fact that |z|~' € LL N L2 (R?). Additionally,

Jim o (2) — B _
lim fee(2) V(e — 21+ + |21 xk‘H|$1+1_g;]|

at points where ;11 # z;. Lebesgue dominated convergence then implies
the conclusion of the lemma. O

ANNALES DE L’INSTITUT FOURIER



THE TRACE OF THE WAVE GROUP WITH A POTENTIAL 1483

We introduce variables z; = u;, and z; = uj +u; for 2 < j < K, to write
the trace as

2 / () Vi(ur)V(ur + ug) - V(ug + ug)
k(4m)k Jgan [ua|ug — ug| - - - [up — wp—1||ug|

where

dv’ duy,

f) = |ua| + Jug —uz| -+ + [ur — wp—1| + |ul-
The function f is smooth on the open subset of R3*~1) where Ujp1 7 Uy,
and ug # 0, u # 0. Furthermore, with the convention u; = ugy; = 0,

vu]f( /) _ Uj —uj—1 _ Uj+1 — Uy ,
uj — i1l Jujen — gl
which vanishes exactly when u; lies in the convex hull [u;_1,u;11]. Let
be the open subset of R3*~1) where s, uy # 0, and no three u;’s are co-
linear. Then f has non-zero gradient with respect to each u; at all points
in ©, and since the complement of {2 is measure 0 we may write

oo k
Tl W)= [ ot [V ) [Vl ) | doa(ay s
0 R3k j=2
where doy+(u') is the following positive measure,
2 to(t — ) 1o
dO'k,t(U/) — - ( f(u )) Q(U ) du’.
k(4m)% Jug|lus — ugl- - Juk — wk—1||us]

If we denote doy(v') = doy,1(u'), then by changing v’ — tu’, we obtain

k
Tr(p, Wiv) = / o(t) 152’~c 3/ V(uy) H (u1 + tuy) | dog(u') duy dt.
R3E ate

The above steps show more generally that

Tr (i/ P(s1+ -+ s6)S(sk) Vi --- V2 S(s1)W dkS)
Ry

oo k
= / o(t) t%*g/ Vi(uy) H Vj(uy + tuj) | dog(u') duy dt.

The proof of Lemma 5.4 shows that when d < 2k, this equals

2% ~ 2%k—d 2 ,
o fy 907 founy fun, G 00t

X Va(n2)Va(113 — m2) - - Ve (i — mi—1) Vi (=) ds dyy’ d.

TOME 73 (2023), FASCICULE 4



1484 Hart F. SMITH

This yields the relation, with d = 3 in this case, and k > 2,

d
02 3l = g [ G (Qua@) ds.
where
n=1(0,m2,m24+nN3,..., 02+ + N1+ N)-
By Lemma 5.5, for d = 3 we deduce that

1
d " = .
/Rﬁ)(k—l) Gk(u ) 22k*27rk!(k — 2)'

9.2. The case d =1

A similar analysis, using the formula for the case d = 1:

1
S(S;xay) = 51[—373](*% - y)

leads to the following formula,
[eS) k
Tr{p, Wi.v) = / B(t) 121 / V(uy) H V(uy +tuy) | pr(u') du’ duy,
0 RF ‘
j=2

where )
k—1
pe(u') = m(l — )L -

By (9.2) and Lemma 5.5, we have

1
I /
/RH Pr(W) U = e E =

9.3. The case d =2

If d = 2 we do not have a closed form for dog(u'), but observe that it is an
integrable function for k > 2. For this, we note that doy(u') = pg(u’) du’,
where p,(u') equals 2/k(27)* times the following,

/Akf1 (S% - |U2|2);1/2 (83 - |u3 - u2|2);1/2 .. (Si _ |uk|2);1/2 ds.

For k = 2, one has the estimate for |us| < 1,

=l n—% 2 2\~ 3
/ (8% = Jugl?) 2 ((1 =) — |ug|?) *ds~ 1+ [log(1 — 2|us|)|.
|

U2|
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‘We next observe that

1/2‘ C 2_q
= s, 1< p<2.
H L7 (R2, du) P SP

When k > 3 we take p = k/(k—1), and use the Holder and Young inequal-
ities to see that

/]RQ(k—l)( 7| 2|) v ( |U3*'UJ2| ) 1/2 (Sif‘uﬂ ) 1/2d ,
K 2
<CkHsl_?

j=1

Tonelli’s theorem now implies integrability of py(u'). Lemma 5.5 and (9.2)
yield

/ ! 1
/p’“(“)d“ T Tk(2k—2)

Proof of Theorem 2.4 for d < 3. The first part of Theorem 2.4 follows
from Corollary 9.2, so it remains to establish differentiability of aj . We
first consider the case m = 1, and show that ay v (t) € C*(R..), with bounds

Bras v (1)] < (kl)( [ dota >>||vvnmvnmvnm,
Rary ()] < (k—1) (/dak )wvnpnvn

We present the details for d = 3. Assume V € L N H(R3), and consider

(9.3)

k
any(t) = / V(u) | [V +tuy) | dug dog(u).

j=2

If we apply 0; to ag,v(t), we formally obtain the following

Z/ (u1) H V(uy + tug) | ((wy, V)V) (ur + tu;) dug doy (u').

i#1,j

That this equals 0iay,v(t) can be proven rigorously by taking difference
quotients, using Holder’s inequality as in Corollary 9.2, continuity of trans-
lation in L? for p < oo, and the following, which holds for V € H'(R?),

V(Ul + h'LLJ) - V(ul)

A4 li
(9.4) lim sup o

h—0 ‘u ‘<1

=0.
L2(du)

= ((u, V)V) (w)
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Setting uy = tx1, u; = x; — x1 for i > 1, then expresses Oyax,v (t) as

/ (s V) (25 = 20, 9)V) (t2)

Rdk |Z‘2—l‘1|~-'|l‘k—1‘k_1||x1—Jik-|

k

Ck Zt?)
j=1

X 0 <1 — Z |$i+1 — £L’Z|> dz.

We make a cyclic relabeling of the indices that takes 7 to 1, and reverse
the above change of variables to see that diax v (t) is equal to

k k
—CkZ/(<uj,V>V)(u1) (H V(uy —&—tui)) duy dog(u').

=2

Differentiation in ¢ now leads to the formula

k
layv(t) = ci Z /((uj,V>V) (w1) ((us, VIV) (u1 + tw;)

1,j=2

x H V(ug + tuy,) | duy dog(u’).
m#1,i
Since |u;| < 1 on the support of doy(u'), this will imply the bound (9.3).

To prove that d7ay,y is continuous requires more care than for d;ay, v, as
translation is not strongly continuous in L>°(R?). Instead, we observe that,
by absolute continuity of the Lebesgue integral, the integral of [VV|? over
any set of measure ¢ is less than ¢, where § — 0 as ¢ — 0. For each € we
can use Lusin’s Theorem to write V' as a sum of a continuous function plus
a function supported in a set of measure €. For the continuous part we can
apply continuity of translation as before, and we conclude that the above
integral is continuous in ¢. Similar steps and (9.4) justify convergence of
the difference quotients of d.ax v to the above formula for 8Zak,v.

For m > 2, we can apply the above proof and induction to see that
ary € C?*™(Ry). Additionally, d/az v (t) can be written as a sum of at
most (k — 1)’ terms, each of the form

k
/((u, VYV (u) (H ((u, V)7 V) (ug + tum)> duy dog(u'),
m=2
where (u, V) indicates some (u;, V), possibly different in each occurrence,
and

k
max j; < [5/2], Y ji=1i.
=1
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The Gagliardo—Nirenberg inequalities, see [15, Lemma 3.4] which follows
from [16, (3.17) in §13.3], then bounds

Phan (0] < Cayli = 17 ([ don(a) | VIV IR, o
In particular, the identities (9.1) imply
Ca(k—1)7
(2k — 2)!
We may then sum over k to obtain the bound (2.11) with Xy = L. O

(9.5) 0] ar. v (t)] < IVIEZ2IVIIE; 21
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