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COINCIDENCES OF DIVISION FIELDS

by Harris B. DANIELS & Alvaro LOZANO-ROBLEDO

ABSTRACT. — Let E be an elliptic curve defined over Q, and let p : Gal(Q/Q) —
GL(2, Z) be the adelic representation associated to the natural action of Galois on

the torsion points of F(Q). By a theorem of Serre, the image of pg is open, but

the image is always of index at least 2 in GL(2,Z) due to a certain quadratic en-
tanglement amongst division fields. In this paper, we study other types of abelian
entanglements. More concretely, we classify the elliptic curves E/Q, and primes p
and ¢ such that Q(E[p]) N Q(¢ ) is non-trivial, and determine the degree of the
coincidence. As a consequence, we classify all elliptic curves E/Q and integers m, n
such that the m-th and n-th division fields coincide, i.e., when Q(E[n]) = Q(E[m]),
when the division field is abelian.

RESUME. — Soit E une courbe elliptique définie sur Q et soit pg: Gal(Q/Q) —
GL(2,Z) la représentation adélique associée & I’action naturelle de Galois sur les
points de torsion de E(Q). Par un théoréme de Serre, I'image de pg est ouverte mais
toujours d’indice au moins 2 dans GL(2,Z) en raison d’un certain enchevétrement
quadratique entre les corps de division. Dans cet article, nous étudions d’autres
types d’enchevétrements abéliens. Plus concrétement, nous classifions les courbes
elliptiques £/Q et les nombres premiers p et g tels que Q(E[p]) N Q({,x) est non
trivial et déterminons le degré de l'intersection. En conséquence, nous classifions
toutes les courbes elliptiques E/Q et les entiers m,n tels que les corps de division
m-iéme et n-iéme coincident, c’est-a-dire lorsque Q(E[n]) = Q(E[m]), lorsque ce
corps de division est abélien.

1. Introduction

Let E/Q be an elliptic curve, let n > 1 be an integer, let Q be a fixed

algebraic closure of Q, and let Q(E[n]) C Q be the n-th division field, i.e.,

Q(E[n]) is the field of definition of the n-torsion subgroup E[n] C E(Q).
The absolute Galois group of Q, hereby denoted by Gg = Gal(Q/Q), acts

on E[n] and induces a Galois representation pg.,: Gg — Aut(E[n])
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164 Harris B. DANIELS & Alvaro LOZANO-ROBLEDO

GL(2,Z/nZ). If p is a prime, then Gg acts on the Tate p-adic module
T,(E) = @E[p"], and on the Z-module T(E) = @E[n], and induces
p-adic representations pg pe: Gg = GL(2,Z,), and an adelic Galois rep-
resentation
pe: Go — Aut(T(E)) ~ GL(2,Z).

There has been much recent work and interest in understanding the image
of the various Galois representations mentioned above (see for example [20,
21, 25, 28, 29]).

Famously, Serre [21] showed that if F/Q has no complex multiplication,
then the image G of pg is open (therefore, of finite index) in GL(2,Z).
Further, it is well-known (pointed out by Serre in [21, Proposition 22])
that the index dg = [GL(2,Z) : Gg] > 2. Indeed, if Ag is the minimal
discriminant of E/Q, then Q(vAg) C Q(E[2]) and there is also some
m > 2 (the integer m = 4|Ag| works) such that Q(v/Ag) € Q(¢n) C
Q(E[m)), so that Q(E[2]) N Q((m) is a non-trivial quadratic extension of
Q, and therefore Gal(Q(E[2], () € Gal(@(E[2))/Q) x Gal(Q(¢m)/Q).
This entanglement of division fields causes the index dg to be at least 2.
When the index dg is exactly 2, then we say that F is a Serre curve, and
these have been studied in [7, 14, 15], for instance.

It is therefore natural to study other types of entanglements of division
fields that would cause dg to be strictly larger than 2. For instance, Brau
and Jones [3], and Morrow [19, Theorem 8.7] have classified all elliptic
curves F/Q such that Q(E[2]) C Q(E[3]) (in fact, their work classifies all
the possible non-abelian fields that can occur as Q(E[2]) NQ(E[3])). In this
paper, we consider the following question:

QUESTION 1.1. — Fix an elliptic curve E/Q, and distinct integers
n,m = 2:
(1) Are there distinct integers n,m > 2 such that Q(E[n]) = Q(E[m])?
(2) In light of the entanglement described above, are there distinct
prime numbers p and q, and k > 1, such that Q(E[p]) N Q({,) is
non-trivial?
If so, can we classify all the elliptic curves E for which (1) or (2) occurs?
Note that (1) can be interpreted vertically (in towers, i.e., n divides m) or
horizontally (ged(n,m) = 1). We will address both possibilities.

There has been prior work on abelian entanglements related to Ques-
tion 1.1, part (2). In [13], Gonzélez-Jiménez and the second author classi-
fied all elliptic curves such that the full n-th division field Q(E[n]) is an
abelian extension of Q. More generally, Chou [5] has classified the torsion
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COINCIDENCES OF DIVISION FIELDS 165

subgroups E(Q)ors that can occur for elliptic curves E over Q, where Q"
is the maximal abelian extension of Q within a fixed algebraic closure. Here
we shall extend these works by studying the possibilities for Q(E[p]) N Q?P.

It is worth noting that, by results of [11, 14], almost all elliptic curves are
Serre curves (that is, dg = 2). In particular, for almost all elliptic curves
E/Q we have that Gal(Q(E[n])/Q) ~ GL(2,Z/nZ), for all odd n > 2,
and so comparing their degrees one can see that there are no m # n > 2
such that Q(E[n]) = Q(E[m]). Similarly, it follows that for a Serre curve
Q(E[p]) N Q((yx) is always trivial for all odd primes p # ¢, and all k£ > 1
Thus, examples of coincidences of division fields should be somewhat rare.
Nonetheless, with a simple search one can find some examples of such
behavior.

Example 1.2. — Let E be the elliptic curve with Cremona label 48642
which is given by y? = 2 + 405z — 9882, and let L be the splitting field of
3 +3,ie., L = Q((3, V/3), with (3 a primitive 3-rd root of unity. Then, as
we shall see below,

Q(E[2]) = Q(E[3]) = Q(£[6]) = L.

Example 1.3. — Let E be the elliptic curve with Cremona label 40a4

which is given by 32 = 23 4+ 13z — 34. A simple computation shows that
E(Q)tors = ((7,—20)) ~ Z/AZ.

Moreover, we have x® + 13z — 34 = (x — 2)(2? + 2z + 17), where the
discriminant of the quadratic factor is —64, and so Q(E[2]) = Q(¢). Next,
factoring the 4-division polynomial of E we obtain

fa(z) = 8(z — 7)(z — 2)(z + 3) (2 — 22 + 5)(z* + 22 + 17) (2% + 62 + 109)
which splits completely over Q(i) and, further, one can verify that
Q(z(E[4])) = Q(E[4)).
Thus,
E(Q(3))tors = ((7,-20), (=3 — 107,30 + 10i)) =~ Z/4Z x Z/4Z.
(

Therefore, Q(E[2]) = Q(F[4]) = Q(¢). Stevenhagen asked when can one
have Q(E[2"]) = Q(E[2"*!]) and Rouse and Zureick-Brown comment in a
recent paper (see [20, Remark 1.6]) that, as a consequence of their work,
this can only happen for n = 1 (that is, for Q(E[2]) = Q(E[4])), and give
some examples.

Our first result addresses Question 1.1 in the setting of towers.
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THEOREM 1.4. — Let E be an elliptic curve defined over Q, let p a
prime, and let n € N.
(1) Suppose that Q(E[p"*]) = Q(E[p"]). Then, p = 2, n = 1, and
there is a rational number t € Q such that E is isomorphic over Q
to an elliptic curve of the form

Ey:y? =2 + A(t)z + B(t),
where

A(t) = —27t% + 648t7 — 42125 — 2376t° 4 60102t* 4 79704¢>
— 105732t% — 235224t — 107811,
B(t) = 54t'? — 1944t'" + 2430010 — 97848t° — 251262t°
+ 172238417 + 48217685 — 8697456t° — 64323558t
— 140447736t> — 157012020t — 90561240t — 21346578.

(2) FQE[P"]) N Q(Gpni1) = Q1) then p = 2.

Theorem 1.4 will be shown in Section 3. Interestingly, Q(E[2"]) N
Q(Can+1) = Q(Can+1) can indeed occur for all n > 1, as we will show at
the end of Section 3.3 (see Theorem 3.10).

THEOREM 1.5. — Let E be the elliptic curve with Cremona label 32a3,
which is given by y? = 13 — 11z — 14. Then, Q({an+1) C Q(E[2"]) for all
n > 1.

Our next results address Question 1.1 in a horizontal way. First, we
remark that ramification and good reduction impose strong restrictions on
equality of division fields.

PROPOSITION 1.6. — Let E/Q be an elliptic curve and let m > 2 be
an integer, such that there is a prime p of good reduction for E/Q that
does not divide m. Then, Q(E[m]) NQ({pe~) = Q. In particular, if n > 2 is
another integer divisible by p, then Q(E[n]) = Q(E[m]) is impossible.

Proof. — If p is a prime of good reduction and ged(p,m) = 1, then the
criterion of Néron—Ogg—Shafarevich shows that Q(E[m])/Q is unramified
at p. Thus, Q(E[m]) N Q({p~) = Q by ramification-at-p considerations. If
in addition p divides n, then Q(¢,) € Q(E[p]) C Q(E[n]), and the result
follows. O

The following theorem answers the question for the intersection of prime
division fields for two different primes.
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THEOREM 1.7. — Let E/Q be an elliptic curve and let p < q € Z be
distinct primes, and let n,m € N.
(1) IfQ(Ep"]) = Q(E[q™]), then p™ = 2 and ¢ = 3. Further, there is
some t € Q such th:fzt F is Q-isomorphic to
E'y? =2 = 369(t3 — 2) (3 + 2)3(¢3 + 4)x
—2t12(3 4 2) (4 — 263 At — 2) (15 + 27 4 415 + 8¢°
+ 10t" 4 8* + 16> + 8t + 4)

or its twist by —3.

(2) Let K,(E) = Q(E[p]) NQ™. Then, Gal(K,(E)/Q) ~ (Z/pZ)* x C,
where C' is a cyclic group of order dividing p — 1. Further, if E/Q
does not have a rational p-isogeny, then C' is trivial or quadratic
and K,(E) = F((,) with F//Q a trivial or quadratic extension.

(3) In particular, if Q(¢;n) € Q(E[p]), then either Q({) = Q, Q(i),
or Q(¢3), or E/Q has a rational p-isogeny, p =2, 3, 5, 7, 11, 13, 17,
19, 37, 43, 67, or 163, and ¢(q"™) divides p — 1.

For example, the curve E/Q : y* + ay +y = 2% — 22 — 22 — 26, with
Cremona label 405d1, satisfies Q((9) € Q(E[7]). Finally, our third theorem
deals with the particular case of abelian division fields.

THEOREM 1.8. — Let E/Q be an elliptic curve and let n > m > 2 be
integers, such that Q(E[n])/Q is an abelian extension.
(1) If Q(E[n]) = Q(E[m]), then there are two possibilities.
(a) Eitherm =2,n =4, and for some t € Q, E/Q is Q-isomorphic
to

y? =23 + (—4326% + 1512t* — 27)x + (34562 + 28512¢% — 7128¢* — 54).

In this case, Q(E[2]) = Q(F[4]) = Q(4).
(b) Orm = 3,n = 6, with Q(E[2]) ¢ Q(E[3]) = Q(E[6]), and
there is some t € Q, such that j(E) = j(t) where

) (13— 32— Ot — ) (3 + 32+ 3t — 3) (£6 + 1245 + 81#4 + 216¢% + 2432 + 108 +27) \ *
i) == ( t(t+1)2(t+3)2(12+3)2(2 + 3t + 3) ) ’
Conversely, if E'/Q is an elliptic curve such that j(E') = j(¢)
for some t € Q, then there is a quadratic twist E”/Q of E’
such that Q(E"[2]) € Q(E"[3]) = Q(E"[6]).

(2) Let p be prime, such that Q(E[p])/Q is abelian, and let ¢ # p be
another prime. Then, Q(E[p]) N Q({,+) can be trivial, quadratic,

cyclic cubic (for p = 2), or cyclic quartic (for p=5).
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For example, let E/Q : y?> = 2% — 22 — 4319z + 100435, with Cremona
label 18176r2. Then, Gal(Q(E[5])/Q) ~ (Z/4Z)?, and Q(E[5]) = F((5) is
the compositum of Q(¢s) and a cyclic quartic field F C Q({6).

It is worth pointing out that the family of elliptic curves that appears
in part (1) of Theorem 1.4 is a parametrization of the modular curve Xaop
from [20]. Similarly, the family that appears in part (1) of Theorem 1.8 is
Xg0a- Interestingly, Xeoq parametrizes a subfamily of X0, (see Remark 3.7 for
more on this). The family that appears in Theorem 1.7 will be constructed
in the proof of the theorem at the end of the paper.

Any computations done in this paper have been done using Magma [2]
and some code used in this paper was adapted from code written for [7,
8, 9, 18, 26]. For the ease of the reader, anytime a specific elliptic curve is
mentioned, we refer to the curve by Cremona reference and include a link
to the corresponding LMEFDB [27] page.

The structure of the paper is as follows. In Section 2 we introduce the
necessary background about Galois representations. Section 3 contains the
proof of Theorem 1.4. We first prove the theorem for odd primes in Sec-
tion 3.1, in Section 3.2 we use [20] to settle the case of p = 2 for non-CM
curves, and in Section 3.3 we deal with the case of p = 2 in the CM case
using results from [18]. In Section 4 we show Theorem 1.8, relying on re-
sults from [13]. In Section 5 we examine the fields Q(E[p]) N Q** so that
finally, in Section 6 we can prove Theorem 1.7.

Remark 1.9. — Unfortunately, our methods are not sufficient to clas-
sify all the instances when Q(E[m]) = Q(E[n]) for any natural num-
bers n > m > 2. We suspect that the only possibilities are (n,m) €
{(2,3),(2,4),(2,6),(3,6)} but the current knowledge on the possible adelic
images of pp: Gal(Q/Q) — GL(2,Z) is not sufficient to settle all the pos-
sible coincidences. For instance, to conclude a complete list, we would need
to know the full list of possible mod-p? images, but at the moment this is
not known (not even for p = 3). More concretely, a more detailed under-
standing of the classification of mod-9 images would be necessary to rule
out, for example, the pair (6,9), that would be a coincidence between the
6-th and the 9-th division field. With a bit of computational help, we can
prove the following result for coincidences in the range 2 < m < n < 10.

THEOREM 1.10. — Let 2 < m < n < 10 be natural numbers, let E/Q
be an elliptic curve, and suppose that Q(E[m]) = Q(E[n]). Then,

(m,n) €{(2,3),(2,4),(2,6),(3,6), (4,6), (6,8),(6,9), (5,10) }.

ANNALES DE L’INSTITUT FOURIER


https://www.lmfdb.org/EllipticCurve/Q/18176r2/

COINCIDENCES OF DIVISION FIELDS 169

Our results can also show some other special cases, as the following corol-
lary exemplifies (Corollary of Theorem 1.7).

COROLLARY 1.11. — Let p be a prime, and let m > 2 be an integer
divisible by ¢q" for some odd prime q and n > 1, such that ©(q"™) does not
divide p — 1. Then, Q(E[p]) = Q(E[m]) is impossible.

Example 1.12. — As a consequence of Corollary 1.11, the division fields
Q(FI3]) and Q(E[m]) cannot coincide for any integer m divisible by a prime
p=5.

The proofs of Theorem 1.10 and Corollary 1.11 can be found in Section 7.

Acknowledgements
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2. Galois Representations associated to Elliptic Curves

In this section we cite a number of key results that we will use in the
following sections. Let E/Q be an elliptic curve. For a prime number p,
we define the p-adic Tate module of E/Q by T,(E) = lim E[p"], where
the inverse limit is taken with respect to the multiplication-by-p maps
[p]: E[p"T'] — E[p"]. The absolute Galois group of Q acts on T),(E), and
induces a Galois representation

pEp=: Gal(Q/Q) — Aut(T,(E)).
If we choose a Z,-basis of T),(E), then we may consider pg ,=: Gal(Q/Q) —
Aut(T,(E)) ~ GL(2,Z,), and we are interested in describing the image of
pE,pe in GL(2,Zy). Much is known about the image of pg ,, most notably
Serre’s so-called open image theorem.

THEOREM 2.1 (Serre, [21]). — Let E/Q be an elliptic curve without
complex multiplication and, for each prime p, let G, C GL(2,Z,) be the
image of pg peo. Then, G, is an open subgroup of GL(2,Z,) for every p
(in particular, the index is finite), and G, = GL(2,Z,,) for all but finitely
many primes.

TOME 73 (2023), FASCICULE 1
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In a recent article [29], Zywina has determined (up to a finite number
of j-invariants) a finite list of all possible indices that may occur for the
image of the representation pg: Gal(Q/Q) — GL(2,Z) that results as
inverse image of pg,,: Gal(Q/Q) — Aut(E[n]) ~ GL(2,Z/nZ).

Rouse and Zureick-Brown have classified all the possible 2-adic images
of pp o= Gal(Q/Q) — GL(2,Zs), and Sutherland and Zywina have con-
jectured the possibilities for the mod p image for all primes p.

THEOREM 2.2 (Rouse, Zureick-Brown, [20]). — Let E be an elliptic
curve over Q without complex multiplication. Then, there are exactly 1208
possibilities for the 2-adic image pg2=(Gal(Q/Q)), up to conjugacy in
GL(2,Zs). Moreover, the index of pg 2~ (Gal(Q/Q)) in GL(2,7Z,) divides
64 or 96, and every image is defined at most modulo 32.

CONJECTURE 2.3 (Sutherland, Zywina, [28]). — Let E/Q be an elliptic
curve. Let G C GL(2,Z/pZ) be the image of pg ,. Then, there are precisely
63 isomorphism types of images.

Let us now include here some elementary results that we will use in our
proofs in the next section. First, the existence of the Weil pairing implies
that the roots of unity Q(¢{,) are contained in the n-th division field.

PROPOSITION 2.4. — Let E/Q be an elliptic curve, let n be a positive
integer. Then, det(pg,n) = Xn is the n-th cyclotomic character. In particu-
lar, if we let ,, be any primitive n-th root of unity, then Q(¢,) C Q(FIn]),
and for any o € Gal(Q/Q) we have () = ()¢t (PE.n (@),

Proof. — See [6, Lecture 6 Theorem 6.3] and [24, Chapter III, Corol-
lary 8.1.1]. O

COROLLARY 2.5. — Let E/Q be an elliptic curve, let p > 2 a prime, let
m,n > 1, and suppose that Q((,n) C Q(E[m]). Let o € Gal(Q/Q) be such
that its restriction to Q((yn) generates the cyclic group Gal(Q({p~)/Q).
Then, the image of o through pg,, is an element of order divisible by

(") =p"(p-1).

Proof. — This follows immediately from Proposition 2.4, and the fact
that if Q(¢pn) C Q(E[m]), then the restriction map of Galois groups

Gal(Q(E[m])/Q) — Gal(Q(¢pr)/Q) =~ (Z/p"Z)*
is surjective, and (Z/p™Z)* is cyclic because p > 2. O

Central to many of our arguments will be the fact that Q(¢,) € Q(E[n]),
but in order to prove Theorem 1.7 we will need to better understand the
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fields of the form Kg(p) = Q(E[p]) NQ2. In Section 5 we classify just how
large the fields Kg(p) can be. In order to do this we break the problem
down into cases depending on what maximal group the image of pg, is
contained in.

PROPOSITION 2.6 ([21]). — Let E/Q be an elliptic curve and let p be a
prime. Let G be the image of pg,: Gal(Q/Q) — Aut(E|[p]) ~ GL(2,Z/pZ).
Then, there is exists a Z/pZ-basis for E|[p| such that on of the following is
true:

(1) G = GL(2.Z/pZ);

(2) G is contained in a Borel subgroup of GL(2,Z/pZ);

(3) G is contained in the normalizer of a split Cartan subgroup of
GL(2,Z/pZ);

(4) G is contained in the normalizer of a non-split Cartan subgroup of
GL(2,Z/pZ);

(5) G is contained in one of a finite list of “exceptional” subgroups.

Question 1.1 is best phrased and studied within the context of Galois
representations. Fix an integer n > 2, and fix a Z/nZ-basis of E[n]. The
absolute Galois group of Q acts on E[n] and induces a Galois representation
pen: Gal(Q/Q) — Aut(E[n]) ~ GL(2,Z/nZ), such that Ker(pg,) =
Gal(Q/Q(E[n])). Let us denote x, = Ker(pg,) and G, = S(ppn) C
GL(2,Z/nZ). Then, part (1) of Question 1.1 asks when is it possible that
Km = Kk, for distinct integers m,n > 2. Theorem 1.4 studies elliptic curves
with kpn = Kpnt1 or, equivalently, curves E such that Gpn+1 is isomorphic
to Gpn. If we denote the reduction mod p" map by 7, : GL(2,Z/p" 1 Z) —
GL(2,Z/p"Z) and Zp» = Ker(m,n), then we are trying to find elliptic curves
such that G N Zpn is trivial.

Example 2.7. — Let us look at Example 1.3 from the point of view of
Galois representations. Let E: y? = 23 + 132 — 34 and let E(Q(4))tors =
E[4] = (P,Q) where P = (7,—20) and @ = (—3 — 10¢,30 + 10¢). Then,

Q = (-3 + 104,30 — 10i) = P + 3Q. In particular, if we write pg 4 with
respect to the basis {P,Q} of E[4], then the image Gy is

(GG 5)}caewm,

while Zy = Id+2 - M(2,Z/4Z), where M (2,7/4Z) are the 2 x 2 matri-
ces with coordinates in Z/47Z. Hence, Zs N G4 is trivial, as claimed, and

Gal(Q(E[4])/Q) ~ G4 ~ G2 ~ Gal(Q(F[2])/Q). Since Q(E[2]) € Q(E[4])

we conclude that the 2-nd and 4-th division fields are actually equal.

TOME 73 (2023), FASCICULE 1
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From the point of view of representations and kernels of reduction maps,
our Theorem 1.4 is at the opposite side of the spectrum from the follow-
ing theorem of Dokchitser, Dokchitser, and Elkies, which determines when
an - Gpn+1.

THEOREM 2.8 (Dokchitser, Dokchitser [10], Elkies [12], Serre [21]). —
Let E/Q be an elliptic curve, let p be a prime, and let n > 1. If pg pn Is
surjective, then pg pn+1 is surjective, unless p" = 2, 3, or 4. Moreover, the
Jj-invariants of elliptic curves where pg pn is surjective but pg pn+1 is not,
are given explicitly by 1-parameter families.

Indeed, for n > 1 we have Gpn = GL(2,Z/p"Z) and Zyn C Gpnirif
and only if Gpn+1 = GL(2,Z/p""'Z), because the reduction map m,» is
surjective. Thus, Theorem 2.8 shows that if myn (Gpn+1) = Gpn and Zpn N
Gpn+1 # Zpn, then p™ = 2, 3, or 4. The fact that the surjectivity of pg ,n
implies pg pn+1 for p > 5 and n > 1 was known by work of Serre (cf. [23, IV-
23, Lemma 3]).

3. Coincidences in towers

The goal of this section is to prove Theorem 1.4. In other words, this sec-
tion is concerned with the possibility of an equality Q(E[p™]) = Q(E[p™T!])
for some prime p and n > 1. In the spirit of Question 1.1, we are also inter-
ested in whether Q(E[p"]) NQ({pn+1) can be larger than Q((,»). We answer
these questions first for odd primes, and then we shall turn our attention
to the case of p = 2.

3.1. The Case p > 3

The goal of this section is to prove the case of Theorem 1.4 when p is
an odd prime. In fact, we would like to prove that Q(E[p"]) N Q((pn+1) =

Q(Cpr)-

PROPOSITION 3.1. — Let E/Q an elliptic curve and p > 3 be a prime.
Then, for every n € N, the field Q(E[p"]) does not contain the p™*'-th
roots of unity.

As a corollary, we obtain:

THEOREM 3.2. — Let E/Q be an elliptic curve and p > 3 a prime.
Then, for every n € N, we have that Q(E[p"]) # Q(E[p"T1]).
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Proof. — Suppose that Q(E[p"]) = Q(E[p"*!]) for some p > 3 and
n > 1. Then, Q(upn+1) € Q(E[p"T!]) = Q(E[p"]) by Prop. 2.4, which

contradicts the conclusion of Prop. 3.1. d

In order to show Proposition 3.1, we will need two lemmas about the
elements of GL(2,7Z/p"7Z) with p-power order and a lemma about element
with order divisible by ¢ (p™).

LEMMA 3.3. — If p is a prime and A € GL(2,Z/p"Z) such that the
order of A is p’C for some k € N, then 1 < k < n and all such orders occur.

Proof. — We start by noticing that the matrix (é Pnl_ k) has order p*

and so GL(2,Z/p"Z) has an element of order p* for every 1 < k < n. To
prove that there are no elements of higher order, we proceed by induction
on n. The case of n = 1 follows from Lagrange’s theorem and the fact that
#GL(2,Z/pZ) = p(p — 1)(p* — 1).

Next, we assume that the lemma is true for n = £ and let

A€ GL(2,Z/p" ' z)

such that A has order p* for some k& € N. We aim to show that AP s the
identity and so the order of A divides p**!. Since AP = Id, it follows that
AP =1d modp® and, by the induction hypothesis, the order of A mod p*
must be pkl with 1 < k' < £. Thus, we have AP =1d modp?, and so we
may write aArt — (1_2;15)2 1Jl;z:;[) for some a,b,¢,d € {0,1,...,p — 1}. By
induction on m one can show that

¢ 1+ map® mbp* r41

AP = L(2,Z/p" ' Z
(47) < mep* 1+ mdp® € GL(2,Z/p )

and so AP = (AP = (§9) mod p**1. Thus, the order of A divides

pf*1 which completes the induction step, and we conclude the proof. [

LEMMA 3.4. — Let p be a prime, n € N, and let wp,: GL(2,Z/p"Z) —
GL(2,Z/pZ) be the natural reduction modulo p map. Then, the elements

. . . . n_l
in ker m, ,, have order dividing p"~".

Proof. — Again, we proceed by induction on n. The case of n = 1 follows
from the fact that m, ; is the identity map and the only element in the kernel
is the identity which has order 1 = p° = pn~1.

Next, assume that the result is true for some k € N. Let A € kermp, 141
and let A be the image of A under the reduction map GL(2,Z/p*t'Z) —

GL(2,Z/p"*Z). Then, by assumption, we know that
A" = 1d € GL(2,Z/p"Z),
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thus
pE1 1+p*a  p*b
A = k kg o
pte 14 p"d

for some a, b, c,d € Z/p*7Z. Again by induction on m,

(Apk—1>7” _ (1+mpFa mpkb

N mpPc 1+ mphd)’
—1\ P

and, in particular, AP = (Apk ) =1Id € GL(2,Z/p**'Z). This finishes
the proof. O

LEMMA 3.5. — If A,, € GL(2,Z/p"Z) is a matrix with order divisible
by @(p"t1) = p™(p — 1), then det(A,,) is a square modulo p.

Proof. — We start by writing ord(A,,) = p™(p—1)k, for some k > 1. From
Lemma 3.3, we know that are no elements of order p"*! in GL(2,Z/p"Z)
and so p cannot divide k. Thus ged(p™, (p — 1)k) = 1 and there exist
integers x and y such that 1 = z(p — 1)k + yp™. Letting B,, = APk
and C,, = AY"", we have that B, and C, have order p" and (p — 1)k,
respectively, and A, = Ai<p71)k+ypn = Aﬁ(pfl)kA%pn = B, C,,. Moreover
A, =B,C, =C,B,, since B,, and C,, are both powers of 4,,.

Next, let mp,,, be as in the statement of Lemma 3.4, By = 7, »,(B,,) and
C1 = mpn(Cr). Since the # GL(2,Z/pZ) = p(p — 1)?(p + 1) and the order
of B, is p", we know that ord(B;) divides p. However, any element in
GL(2,Z/pZ) of order dividing p is conjugate to a matrix in the subgroup

H:{((l) “”f) :mGZ/pZ}.

Since conjugation doesn’t change the determinant of A,,, we can assume
without loss of generality that B; isin H. Since B,, has order p™, Lemma 3.4
gives that B,, does not belong to Ker(m, ), and therefore B; is not the
identity element of GL(2,Z/pZ).

Thus, By = (§¢) for some fixed a € (Z/pZ)* and since B,,C,, = C, B,
and m, is a group homomorphism, we know that B;C; = C;Bj. Setting

C, = (3 g) and using that By and C; commute we have that

a = a+ ya mod p,
8+ aa = 5+ da mod p.

Since a # 0mod p, it must be that v+ = 0 and « = § mod p. Thus,
C1 = (9 7). Finally, we have that det(A;) = det(B;)det(C;) = a? and
det(A,) = det(A4;) = a® mod p, as desired. O
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We are now ready to prove Proposition 3.1.

Proof of Proposition 3.1. — Suppose towards a contradiction that there
is an elliptic curve E/Q, a prime p > 3, and n € N such that Q(pu,n+1) C
Q(E[p"]). Let (yn+1 be a fixed primitive p"*1-th root of unity, (,» = CIZ;"“
be the corresponding primitive p™-th root of unity and let ¢ € Gg be
any element such that U’Q(<pn+1) generates Gal(Q((pn+1)/Q). Further, let
An = PE,p» (U)

By Corollary 2.5, if Q((pn+1) € Q(E[p"]), then the order of A, =
pEpn(0) € GL(2,Z/p"Z) is divisible by ¢(p"*!). However, recall that we
assumed that o restricted to Q((,n+1) generates the full group Galois group
of Q({n+1)/Q and so o restricted to Q((pn) generates Gal(Q((pn)/Q).
Therefore, det(pg pn (o)) = det(A,) must be a generator of (Z/p"Z)*. But
from Lemma 3.5, we know that det(A,,) is a square mod p. Thus, we have
reached a contradiction as a quadratic residue cannot be a generator for
p = 3, and the proof is complete. O

3.2. The case p =2, without CM

In this subsection we continue the proof of Theorem 1.4 by studying
when Q(E[2"T]) = Q(E[2"]) for some n > 1. We shall consider two cases,
according to whether F/Q has complex multiplication. In this section, we
consider the non-CM case.

In the non-CM case, the work of Rouse and Zureick-Brown (Theorem 2.2)
reduces the proof of Theorem 1.4 in the case of p = 2 to a finite computa-
tion. Indeed, by Theorem 2.2, if E/Q is an elliptic curve with no CM, there
are 1208 possible images for pg 2-, each one defined at most modulo 32
(i.e., Spp 2 is always the full inverse image of Spg 25 under the reduction
map GL(2,Z2) — GL(2,Z/32Z)). An immediate consequence of this fact
is that if n > 5, then we cannot have Spg on+1 ~ Spg on, and therefore
Gal(Q(E[2"*1])/Q) is not isomorphic to Gal(Q(E[2"])/Q). In particular,
if Q(E[2"*"!]) = Q(E[2"]) we must have n < 5. The database [20] pro-
vides generators of a subgroup Gs C GL(2,Z/32Z) for each of the 1208
possible images. If we let Gj be the image of G5 in GL(2,Z/2*Z), for
1 < k < 5, then we have carried out an exhaustive search of the possible
2-adic images for examples where G,, 11 ~ G, for some 1 < n < 4, so that
Q(E[2""1]) = Q(E[2"]). There are precisely two types of images with this
property, namely Xaop and Xeoq (in the notation of [20]) and in both cases
we had Go ~ Gy, i.e., Q(E[4]) = Q(E[2]). They differ, however, in the fact
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that Go ~ Z/27 for Xaop, while Go ~ S5 for Xeoq. Our search, thus, yields
the following result.

PROPOSITION 3.6. — Let E/Q be an elliptic curve without CM, such
that Q(E[2"*]) = Q(E[2"]) for some n > 1. Then n = 1, and there is a
t € Q such that F is Q-isomorphic over Q to an elliptic curve of the form
E':y? =23+ A(t)x + B(t), where

A(t) = —27t% 4 648t7 — 42125 — 2376t° 4 60102t* 4 7970413
— 105732t% — 235224t — 107811,
B(t) = 54t — 1944t 4 24300t'° — 9784817 — 251262t% + 1722384¢"

+ 482176815 — 8697456¢° — 64323558t* — 140447736t3
— 157012020¢% — 90561240t — 21346578.

Remark 3.7. — We point out here that, in fact, the family in Proposi-
tion 3.6 contains the family in Theorem 1.8. The family in Theorem 1.8
corresponds to elliptic curves with Q(E[2]) = Q(E[4]) = Q(¢), while the
family above corresponds to elliptic curves with Q(F[2]) = Q(E[4]) an S3
extension of Q, with Q(¢) the unique quadratic subfield. These two curves
correspond to Xpop and Xeeq, in the notation of [20], and the map between
these curves can be computed from the information there.

The curves in Proposition 3.6 all have Spg 4 conjugate to a subgroup of

(1 ). D)) carezm,

while the curves in Theorem 1.8 have Spg 4 conjugate to(M)

i=((0 5))

Since H is conjugate to a subgroup of G, curves with images in H arise as
points on the modular curve Xq.

Example 3.8. — Let E/Q be the elliptic curve with Cremona label 162d1
which is given by Weierstrass equation y? +xy+vy = 23 — 22 +4x — 1. Using
Magma [2] we see that, F(Q)iors is trivial and that Q(E[2]) = Q(E[4]) =
Q(a) where a is a root of f(z) = 2562° + 6624x* + 4284922 4 82944.

(1) The image must actually be equal to H since #H = 2 and Q) C Q(EM)).
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3.3. The case p =2, with CM

In this subsection we complete the proof of Theorem 1.4 by studying
when Q(E[2"*1]) = Q(E[2"]) for some n > 1, and E/Q has complex
multiplication.

PROPOSITION 3.9. — Let E/Q be an elliptic curve with complex mul-
tiplication, and let n > 1. Then Q(E[2"]) € Q(E[2"T1]).

Proof. — Suppose first that £/Q is an elliptic curve with complex mul-
tiplication, and Q(E[2]) = Q(E[4]). Then, the image G4 of pg 4 is a group
such that its reduction G2 modulo 2 satisfies #Go = #G4. A Magma com-
putation shows that any such group is a conjugate of a subgroup of

o= (( 9).( )} oz,

the group that already appeared in Remark 3.7. The modular curve Xg
corresponds to Xogp, (genus 0) in the notation of Rouse and Zureick-Brown,
and they have computed the j-line j: X — P!, which is given as follows:

o(t) = — 48 +32¢7 + 805 — 288t° — 504¢* + 864> + 1296t — 864t — 1188
Je #4413+ 612+ At 1 1 '
In order to rule out elliptic curves with CM that have an image of pg 4
that is a conjugate of a subgroup of G, it suffices to show that if jj is a
rational CM j-invariant, then jo is not a value of js(t) for some rational
value of t. There are precisely 13 such rational CM j-invariants, namely 0,
54000, —12288000, 1728, 287496, —3375, 16581375, 8000, —32768, —884736,
—884736000, —147197952000, —262537412640768000, and one can check,
one by one (again using Magma, for example) that jo(t) = jo is impossible
for rational values of t. Hence, Q(E[2]) = Q(E[4]) is impossible for elliptic
curves over Q with CM.

It remains to show that Q(E[2"]) = Q(E[2"T1]) is impossible for n > 1
in the CM case. Suppose, for a contradiction, that E/Q is an elliptic curve
with CM by an imaginary quadratic field K and suppose that Q(FE[2"]) =
Q(E[2"*1]) for some n > 1. In particular, since j(F) € Q, we have that
K(j(E)) = K, and K(E[2"]) = K(E[2"*1]). In this proof, we will argue in
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terms of the following diagram:

K( 2n+1

K(E| E[2"1]))

/N

\
/

\

K

where h is a Weber function for E (see [18, Definition 2.4]). Our initial
assumption is that a = 1. Theorem 4.4 of [18] shows that, for any n > 2, we
have d = [Hy(h(E[2"T1))) : H¢(h(E[2"]))] = 22, where H; = K(j(F)) =
K in this case. Hence, ¢ = [K(E[2"]) : K(h(E[2"]))] must be divisible by 4.
Theorem 4.1 of [18] shows that c is a divisor of #Oj , where E has CM by
the order Ok, ¢ of K. Since #OX is always a divisor of 4 or 6, we must have
#Ox , = 4 and therefore (’)Kf = Z[i] and K = Q(i), and j(F) = 1728.
The ﬁnlte list of possible 2-adic images for elliptic curves over Q with CM
and j = 1728 are described in Theorem 1.7 of [18], and one can verify that,
in all cases, [Q(E[8]) : Q(E[4])] = 2 or 4, and [Q(E[2""1]) : Q(E[2"])] = 4
for all n > 3. Hence, this shows that Q(E[2"]) # Q(E[2"T!]) for any n > 1
and any CM elliptic curve over Q. 0

Together, Propositions 3.2, 3.6, and 3.9 imply Theorem 1.4.

We finish this section discussing the possibility of 2"!-th roots of unity
in the 2"-th division field of an elliptic curve. For example, the elliptic
curve E : y? = 23 + x satisfies Q(E[2]) = Q({4), and the curve E : y? =
23 + 2z satisfies Q((z) € Q(E[4]). Next, we show that the elliptic curve
y? = 2% — 11la — 14, with Cremona label 32a3, satisfies that the 2"-th
division field contains the 2"t '-roots of unity.

THEOREM 3.10. — Let E/Q be the elliptic curve y* = 2% — 11z — 14
(i.e. the curve with Cremona label 32a3). Then, Q((an+1) C Q(E[2"]) for
alln > 1.

Proof. — Let E/Q be the elliptic curve y?> = 23 — 11z — 14. In [18,
Example 9.4], it is shown that the 2-adic image of E/Q is given by

G:<A:<—01 (1)>’B:(g g),c:@l :1)>QGL(2,Z2).
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Note that the generators of G are subject to the following relations:
BC =CB, AB=BA, ACA=BC™ .

Further, B2"° = 0?" = Idmod2". Tt follows that D = ACAC~! =
BC~2 satisfies
n—1 n—1 n
D*  =B* (7% =1mod?2".
Moreover, G/(D) is abelian. It follows that G/(D) mod 2™ is abelian, of
size

Gmod2n| _2-202-2"

|(D) mod 27| 2n—1
Moreover, D2" *=B2" *C=2""' =C~2""" mod 2". Thus, C%" " = Id mod
(2™, (D)). It follows that (A,C)/(D) is of size 2", and therefore A and C
span all of G/(D). Hence, G/(D) ~ 7/27 x 7./2"'Z. We conclude that
there is an abelian extension F,/Q, with F,, C Q(E[2"]), such that its
Galois group is given by Gal(F,,/Q) ~ Z/2Z x Z /2" 'Z.

Now, notice that the conductor of E/Q is 32, and therefore, by the crite-
rion of Néron—Ogg—Shafarevich, the extension Q(F[2"])/Q (and therefore
F,/Q) is only ramified above 2. In particular, F, /Q is an abelian extension
of Q that is only ramified above 2, and we conclude that F,, C Q({a).
Further, Gal(Q((2=)/Q) ~ Z/27Z x Zs, and n > 1, and so there exists a
unique extension F,, C Q({2=) such that Gal(F,/Q) ~ Z/2Z x 7Z/2"~1Z,
namely F,, = Q({an+1).

Hence, F,, = Q((an+1) € Q(E[2™]) for n > 1, as we claimed. O

~ ~

4. The Abelian Case

In this section we prove Theorem 1.8. We shall rely on the classification
of abelian division fields given in [13]. We cite here the main result of that
paper for reference:

THEOREM 4.1 ([13, Theorem 1.1]). — Let E/Q be an elliptic curve. If
there is an integer n > 2 such that Q(E[n]) = Q({,), then n = 2,3,4,
or 5. More generally, if Q(E[n])/Q is abelian, then n = 2,3,4,5,6, or 8.
Moreover, Gal(Q(E[n])/Q) is isomorphic to one of the following groups:

n 2 3 4 5 6 8

{0} 7/27 Z/2Z YAZYA (2/27)? | (7./27.)*

)27 | (2/27)% | (Z/22)% | Z/2Z x Z/AZ | (Z/2Z)3 | (Z/2Z)°

CalQERD/Q | 57 z/22)% | (2/42)2 (2.)27,)6
(z/22)*
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Furthermore, each possible Galois group occurs for infinitely many dis-
tinct j-invariants.

We are ready to present the proof of Theorem 1.8.

Proof of Theorem 1.8. — Suppose first that p and g are distinct primes,
with Q(E[p]) abelian, and Q(E[p]) N Q(¢,+) non-trivial, for some k& > 1.
By Theorem 4.1, we have p = 2,3, or 5. So we distinguish three cases
depending on the value of p:

(1) If p = 2, then Q(E[2]) is either trivial, quadratic, or cyclic cubic.
For any prime ¢, the curve y? = 2% 4+ (=1)(4=1/2¢z shows that
Q(E[2]) N Q(¢,+) can be quadratic. Similarly, if Q(¢,~) contains a
cyclic cubic extension (i.e., if 3 divides (¢ — 1)q) given by a cubic
polynomial f(z), then the curve y?> = f(z) shows that Q(E[2]) N
Q(¢,+) can be a cyclic cubic.

(2) If p = 3, the existence of the Weil pairing forces Q(¢3) C Q(E[3]).
Then, by Theorem 4.1, the field Q(E]3]) is either quadratic, in which
case Q(E[3]) = Q(v/—3), or is quartic with Galois group (Z/2Z)?, so
that Q(E|3]) is the compositum of Q(v/—3) with another quadratic
field K over Q. Thus, Q(E[3]) N Q(({,+) is at most quadratic.

(3) I p = 5, then Q((;) € QUE[]), and Gal(Q(E[])/Q) = Z/4Z, or
Z./27.x L./AZ, or (Z/AZ)?. Thus, Q(E[5])NQ((,x) is either quadratic
of a cyclic quartic. As an example of the latter, consider E : y? =
23 — 2% — 43192+ 100435. Here Gal(Q(E[5])/Q) ~ (Z/47Z)? and one
of the points of order 5 is defined over a cyclic quartic field F' defined
by z* + 422 + 2 = 0. This extension has discriminant 2048, and
F C Q(¢16)- Hence, Q(E[5]) = F(¢5), and Q(E[5]) NQ(¢16) = F, a
quartic field.

Thus, in all cases Q(E[p]) N Q((,+) is trivial, quadratic, cyclic cubic, or
cyclic quartic.

It remains to consider when a full coincidence Q(E[n]) = Q(E[m])
can occur. Suppose such a coincidence does occur. Then, in particular,
Gal(Q(E[n])/Q) ~ Gal(Q(E[m])/Q). Using the classification of abelian
division fields in Theorem 4.1, it follows that

(m,n) €{(2,3),(2,4),(3,4),(3,6), (4,6), (4,8)}.

By our results in Section 3, Q(F[4]) = Q(E[8]) cannot happen, and the
case of Q(E[2]) = Q(E[4]) in the abelian case corresponds to the curve
Xe0a Of [20], which is parametrized as in the statement of the theorem (see
also Remark 3.7).
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The case of (m,n) = (2,3) can be eliminated by seeing that in this case
we would have Q(E[2]) = Q(E[3]) = Q(£]6]). Thus, Gal(Q(E[6])/Q) =
Gal(Q(E[3])/Q) = Gal(Q(E[2])) but this is impossible according to the
table in Theorem 4.1. Similarly, if Q(E[3]) = Q(E[4]) or if Q(E[4]) =
Q(EI6]) are abelian extensions of Q, then Q(E[12]) = Q(E[3])Q(E[4]) =
Q(E[6])Q(E4]) would be abelian, but this contradicts Theorem 4.1, which
shows that Q(FE[12])/Q is never an abelian extension.

Thus, it remains to consider the case of Q(E[3]) = Q(E[6]). Since we
have shown that Q(E[2]) = Q([3]) cannot occur, we restrict our attention
to the case of Q(F[2]) € Q(E[3]) = Q(E[6]). In particular, by Theorem 4.1,
the extension Q(FE[2])/Q must be trivial or quadratic, and Q(E[6]) =
Q(F[3])/Q must be biquadratic. By the results of Section 6.2 of [13], if
Q(E[3]) is abelian, then the image of pg 3 is contained in a split Cartan
subgroup of GL(2,Z/3Z) and, in particular, F/Q has two independent 3-
isogenies. Moreover, if Q(E[2])/Q is trivial or quadratic, then E/Q has at
least one 2-torsion point defined over Q. Notice that if Q(E[2]) = Q, then all
2-torsion points would be Q-rational, and in particular, F¥ would have three
distinct 2-isogenies. However, no such isogeny graph can occur for elliptic
curves defined over Q (indeed, it would contradict a theorem of Kenku ([4,
Theorem 4.3]) that says that there are at most 8 isogenous curves in a Q-
isogeny class; see [4], Tables 1-4, which shows the only possibility in this case
is a graph of type Rg). Hence, we must have that Q(F[2])/Q is quadratic.
Since Q(v/Ag) is the unique quadratic (or trivial) extension contained in
Q(E[2]) (see [1]), it follows that Q(E[2]) = Q(v/Ag). Since Q(E[3])/Q is
biquadratic and contains (3, it follows that Q(E[3]) = Q(v/—3,VAE).

Conversely, if F/Q is an elliptic curve with one 2-torsion point defined
over Q, and Spg 3 is contained in the split Cartan subgroup of GL(2,Z/3Z),
then we can find a quadratic twist E’ of E such that Q(E’[3]) = Q(v/=3),
and then a quadratic twist E” of E' by Ag: (also a twist of E), such
that Q(E”[3]) = Q(v/—3,VAE/). Note that Ag, Ag/, and Ag. differ by
6-th powers, because the curves are quadratic twists of each other, and so

Q(vAE) = QWAg) =Q(WApr), and j(E") = j(E') = j(E). Hence
Q(E"[2]) = Q(VApr) € Q(V-3,VApr) = Q(E"[3]) = Q(E"[6]).

Thus, every elliptic curve E/Q with one 2-torsion point defined over Q and
split Cartan mod 3 image has a twist E” with the property Q(E"[2]) C
Q(E"[3]) = Q(E"[6]), and viceversa, an elliptic curve E” with such prop-
erty has a 2-torsion point over Q and split Cartan image mod 3. Us-
ing Magma [2] we have computed the j-line of the modular curve that
parametrizes elliptic curves with split Cartan image mod 3 and a 2-torsion
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point over Q, and it is given by

() = (13— 32— Ot — ) (3 + 32 4+ 3t — 3) (£6 + 1245 + 81#4 + 216¢% + 2432 + 108 +27) \ *
= t(t+1)2(t+3)2(t2+3)2(t2 4 3t +3) :

Hence, we conclude that if E” is an elliptic curve with
Q(E"2]) & QE"[3]) = Q(E"[6]),
then there is some ¢t € Q such that j(E”) = j(t) and, if E/Q is a curve

with j(E) = j(t) for some ¢, then there is an appropriate quadratic twist
with the desired property. This concludes the proof of the theorem. O

Example 4.2. — We illustrate the case of (n,m) = (3,6) with an exam-
ple, that is, we are looking for a curve E” with Q(E"[2]) € Q(E"[3]) =
Q(E"[6]). First, we evaluate the function j(t) at ¢ = 1 to obtain j; =
9938375/21952, and we find an elliptic curve E with j(E) = j;, which is
given by

E: y2 +xy = 22 + 5796284120487x — 9014728680220686983.
This curve satisfies F(Q)tors = Z/27Z and there are two independent 3-

isogenies. Next, we compute the field of definition of one of the 3-isogenies:
K = Q(+v/1137565) (this can be accomplished using division polynomials),
and find a twist £’ of E by 1137565 which is given by:
E :y?+oy+y=2°+4z—6.
The curve E’ satisfies E'(Q)ors = Z/67Z and Agr = —2573. Finally, we find
a twist E” of E' by —7 which is given by
E" % = 23 + 284445z + 97999902.

The curve E” satisfies Q(E"[2]) = Q(v/—7) and Q(E"[3]) = Q(E"[6]) =
Q(v/—3,v/—7), as desired.

Remark 4.3. — It is worth pointing out that in [19, Theorem 8.7] Morrow

gives an explicit parametrization of elliptic curves E and primes p > 7 such
that Q(F[2]) N Q(E[p™]) is a cyclic cubic field, for some n > 1.

5. Intersections of division fields and Q%

In order to prove Theorem 1.7 we start by classifying the possible roots
of unity in Q(E|[p]). First, we prove that the powers on the prime-to-p roots
of unity cannot be very large compared to p.
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PROPOSITION 5.1. — Let E/Q be an elliptic curve, let p < q be primes,
let n,m > 1, and suppose Q({ym) C Q(E[p"]). Then, m =1 unless p = 2
and q = 3 in which case m < 2.

Proof. — Suppose that Q({;=) C Q(E[p"]), for some m > 2. Then, by
Corollary 2.5, the order of Gal(Q(E[p™])/Q) is divisible by ¢(¢™), and there-
fore divisible by ¢. Since Gal(Q(E[p"])/Q) is a subgroup of GL(2,Z/p"Z),
it follows that ¢™'(q— 1) divides p*™~V+1(p —1)2(p+1). Since p # q are

™m—1 and since ¢ > p we must have

primes, we conclude that p = +1 mod ¢
p = —1 mod g and therefore p = ¢ — 1, and m = 2. This is only possible if

p=2and q=3. O

Before continuing to the proof of Theorem 1.7 we will need to better
understand how large Kg(p) = Q(E[p])NQ? can be and what the structure
of Gal(Kg(p)/Q) can be. The size of this field and the possible structure of
its Galois group will depend on the image of pg ;, and as such we will break
this section down according to the maximal group that contains Spg , (see
Proposition 2.6).

5.1. Full Image

From the results of [11, 14] we know that this is in fact the generic case
and it turns out to also be the simplest in our context.

PROPOSITION 5.2. — Let E/Q be an elliptic curve, let p,q > 2 be dis-
tinct odd primes, let n > 1, and suppose pg p» is surjective. Then, the
intersection Q((ym) N Q(E[p™]) is trivial.

Proof. — Suppose that Gal(Q(E[p"])/Q) ~ GL(2,Z/p"Z). Then, if p >
2, the commutator subgroup of GL(2,Z/p"Z) is SL(2,Z/p"Z) (see [23]),
and therefore the largest abelian quotient of Gal(Q(E[p"])/Q) is isomorphic
to (Z/p"Z)*. Since Q({p») € Q(E[p"]) by the Weil pairing, it follows
that the largest abelian subextension of L C Q(E[p"™]) is precisely L =
Q(¢pn). In particular, Q({em) N Q(E[p"]) € L = Q({p~) and therefore, the
intersection must be trivial, since ¢ # p. O

COROLLARY 5.3. — Let E/Q be an elliptic curve, p > 2 a prime, and
n > 1. If pgn is surjective then Kg(p) = Q(E[p"]) N Q™ = Q((pn).
Further, in this case we have that Gal(Kg(P)/Q) ~ (Z/p"Z)*.
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5.2. Borel Image

DEFINITION 5.4. — Let p be a prime, andn > 1. We say that a subgroup
B of GL(2,Z/p"Z) is Borel if every matrix in B is upper triangular, i.e.,

BC {(g i) ca,bc € Z/p"L, a,c € (Z/p”Z)X}.

We say that B is a non-diagonal Borel subgroup if none of the conjugates
of B in GL(2,Z/p"Z) is formed solely by diagonal matrices. If B is a Borel
subgroup, we denote by By the subgroup of B formed by those matrices
in B whose diagonal coordinates are 1 mod p", and we denote by By the
subgroup of B formed by diagonal matrices, i.e.,

1 b B
BlBﬂ{<0 1>.b€Z/p Z},

and

Bd:Bﬂ{<g 2) ta,cé€ (Z/p”Z)X}.

LEMMA 5.5. — [17, Lemma 2.2] Let p > 2 be a prime, n > 1 and let
B C GL(2,Z/p"Z) be a Borel subgroup, such that B contains a matrix
g=1(§"%) with a # cmod p. Let B' = h™*Bh with h = (} "/(“=)). Then,
B' C GL(2,Z/p"Z) is a Borel subgroup conjugated to B satisfying the
following properties:

(1) B’ = BB, i.e., for every M € B’ there isU € B/, and V € Bj
such that M = UV ; and
(2) B/[B,B] ~ B'/|B’,B’] and [B’, B'] = Bj.
If follows that [B, B] = B; and it is a cyclic subgroup of order p* for some
0<s<n.

PROPOSITION 5.6. — Let E/Q be an elliptic curve, let p > 2 be a
prime, let n > 1, and suppose Spg,» C GL(2,Z/p"Z) is a Borel sub-
group. Then, the Galois group of the maximal abelian subextension L C
Gal(Q(E[p"])/Q) is a subgroup of (Z/p"Z)* x (Z/p™Z)*, and L contains
Q(¢pn). In particular, if ¢ # p is another prime and Q((;m) C Q(E[p"]) for
some m > 1, then ¢(¢™) is a divisor of p(p™). If in addition q > p, then
m =1 and q — 1 is a divisor of p(p").

Proof. — Let G=Gal(Q(E[p"])/Q) ~Spgr m C GL(2,Z/p"Z), and sup-
pose G is a Borel subgroup. Then, G contains a matrix g as in Lemma 5.5,
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because otherwise det(G) would consist only of square classes, and there-
fore would not be all of (Z/p™Z)*. Thus, by Lemma 5.5, the commutator
of G is G; and G/G; ~ G4. Thus, Gal(L/Q) ~ G/Gy, where L is the
maximal abelian subextension L C Gal(Q(E[p™])/Q), is isomorphic to a
subgroup of (Z/p"Z)* x (Z/p™Z)*, as desired.

Now, if ¢ # p is another prime and Q(({;=) € Q(E[p™]) for some m > 1,
then the compositum K = Q(» )Q({ym ) is contained in L. Since the primes
are distinct, then Gal(K/Q) ~ (Z/p"Z)* x (Z/q¢™Z)*, and since K C L,
it follows that (Z/q™Z)* must be a subgroup of (Z/p"Z)*. It follows that
©(g™) is a divisor of ¢(p™). If in addition we have ¢ > p, it follows that
m =1, and ¢ — 1 divides ¢(p"), as claimed. O

COROLLARY 5.7. — Let E/Q be an elliptic curve, p > 2 a prime, and
n > 1. If Spgpn is contained in a Borel subgroup of GL(2,Z/pZ) then
the field Kg(p) = Q(E[p"]) N Q* has Gal(Kg(P)/Q) isomorphic to a
(Z/p"Z)* x C where C' is a cyclic group of order dividing ¢(p™). Thus,
K,(E) is the compositum of Q((,») and a cyclic extension L/Q with
Gal(L/Q) = C.

5.3. Exceptional Images

Serre showed that an elliptic curve over Q cannot have exceptional image
for p > 17 (see [22, Lemma 18]). Moreover:

THEOREM 5.8 ([16, Theorem 8.1]). — Let E/Q be an elliptic curve,
and p > 3 a prime number, such that the image G of pg , in PGL(E|[p]) is
isomorphic to G = A4, S4, or As. Then, p < 13 and G = S,.

Further, by work of Sutherland and Zywina [25, 28], we know that if
3 < p < 13 and the image of pg, in PGL(Ep]) is isomorphic to S4, then
p=>5orp=13.

PROPOSITION 5.9 ([25, 28]). — Let E/Q be an elliptic curve, and p > 3
a prime number, such that the image of pg , in PGL(E|[p]) is isomorphic to
Sa. Then, p =5, or p = 13. Moreover, Spgr, € GL(2,Z/pZ) is a conjugate

subgroup of
1 4 1 0
pr— C
m= (100 O carezn, o

Hyg — <G 112> , (é g)> C GL(2,7/132).
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Proof. — See [25, Tables 3 and 4], and [28, Theorems 1.4 and 1.8]. O

PROPOSITION 5.10. — Let E/Q be an elliptic curve, let p > 2 be a
prime, and let n > 1. Moreover, assume that the image of pg , is an ex-
ceptional subgroup (i.e., the projective image of Spg,, in PGL(2,Z/pZ) is
isomorphic to S4). Then, Q(¢,m) N Q(E[p"]) is trivial for any m > 1 and
any prime q # p.

Proof. — Suppose that FE is a curve as in the statement. Then, by The-
orem 5.8, we have p < 13, and by Proposition 5.9, we have p = 5 or
p =13, and G = Spg,p is a conjugate of Hs or Hys, respectively. A simple
computation shows that

H5/[H5,H5] ~ (Z/5Z)X and ng/[ng,H13] ~ (Z/lSZ)X

and therefore the Galois group of the maximal abelian subextension L, of
Q(E][p]) is isomorphic to (Z/pZ)*, for p =5, or 13. Since Q(¢,) C Q(E[p)),
it follows that L, = Q({p). In particular, if ¢ # p, then Q(¢;m) NQ(E[p]) C
L, must be trivial. Now, if Q({;m) C Q(E[p"]), and since [Q(E[p"]) :
Q(FEIp))] is a power of p, it would follow that p(¢™) is itself a power of p.
Hence, 0 < m < 1, and ¢ — 1 = p’ for some ¢ > 1, which is impossible for
p > 2, unless m = 0. Thus, Q(¢;m) N Q(E[p™]) is trivial for any ¢ # p and
any m > 1, as desired. O

COROLLARY 5.11. — Let E/Q be an elliptic curve and p > 2 a prime.
If pg, is contained in an exceptional group then K (p) = Q(E[p])NQ®» =
Q(¢p). Thus, in this case we have that Gal(Kg(p)/Q) ~ (Z/pZ)*.

5.4. Split Cartan

In this subsection we give results in the case when the image is contained
in the normalizer of a split Cartan group. We define the split Cartan sub-
group of GL(2,Z/pZ) by

o ={(5 3):ebe @}

0 1
10
the image G of pg , is strictly contained in a split Cartan group, then G is

and let Ny(p) = Cy(p) U < > - C4(p) be its normalizer. Notice that if

abelian, in which case we already know what can happen by our results in
Section 4. Thus, we will assume that G is non-abelian.
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THEOREM 5.12. — If G is a subgroup of N4(p) such that det(G) =
(Z/pZ)*, and G' = |G, G] # {Id}, then G/G’ is isomorphic to (Z/pZ)*,
or (Z/pZ)* x ZJ2Z, or Z]/2(p — 1)Z. Moreover, if G contains an element of
zero trace and determinant —1, then G/G' ~ (Z/pZ)* or (Z/pZ)* X Z]2Z.

Before we prove Theorem 5.12, we will need the following lemmas.

LEMMA 5.13. — Let G and G’ = [G, G] be as in Theorem 5.12. Then,

(1) M =(39) e, then N=(}9) e G also, and M = N mod G'.

(2) Let H be a subgroup of the form {(¢ %) :a € (Z/pZ)*} NG,
and let H be the image of H in G/G'. Then, H is either trivial or
isomorphic to Z/2Z.

(3) If H is non-trivial, and there is a matrix in G of the form T, =
(¢ a91 ) where a is not a quadratic residue mod p, then H is gener-

ated by T, mod G'.

Proof. — For (1), suppose that M = (29) € G. Since G’ # {Id}, there
must also be an element in G of the form L = (9 §). Therefore,

s A TV R I R G

Thus, N = M-[M, L]~! belongs to G also, and M = N mod G’, as claimed.
For (2), since H is cyclic, the image H is also cyclic. Further, part (1)
shows that every element of H has order dividing two since

6L =6 A6 )60
b )i

Thus, H is trivial or cyclic of order 2. This shows (2).

For (3), let N, C (Z/pZ)* be the set of quadratic non-residues mod p.
Let a € N, and put T, = (8 a(_)l ) Let us suppose that H is non-trivial
(therefore of order 2 by part (2)), and T, € G. Since H is cyclic, H is
generated by a matrix Ty, for some d € (Z/pZ)*. Notice that d € N,
because there is an odd number n with T} = T, (and therefore d" =
a mod p) but this would be impossible if d was a square or n was even.
Finally, if we write n = 2k+1, and since |H| = 2, we have T = Id mod G’,
and it follows that T, = T} = T?*T,; = T; mod G, and therefore H is
generated by the class of T, as well, as desired. O
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LeEmMA 5.14. — With notation and assumptions as in Proposition 5.12,
and if we assume that G contains a matrix of the form A, = ( o - o ) for
some a € (Z/pZ)*, then

(1) Let H be the image of subgroup H = {(¢ %.) :d € (Z/pZ)*} NG
in G/G'. Then, H is trivial.
(2) The matrix —1Id is a commutator of G, i.e., —1d € G’.

Proof. — Let G be a group as in the statement of Proposition 5.12. Since

det(G) = (Z/pZ)* = {g), for some primitive root g mod p, there is a matrix
M € G C N,(p) with det(M) = g. Hence, M = (goc 691) or (7071 0 ) for
some ¢ € (Z/pZ)*. In the latter case, we define M’ by

r 0 —a\ gca™! 0
M_M(a1 0)_< 0 act)’

2 0
MA M- 1A-T = (9€
¢ ‘ (0 (gc*)~t)”

In particular,

and

2. —2 0
M/AaM/71A71 _ gea .
a 0 (gc2a=2)""

Thus, following the notation of Lemma 5.13, part (3), the matrices Ty
or Tyeq-1y2 € G C G and gc? |, g(ca™')? are not squares modulo p. By
Lemma 5.13, either Ty.2 or Ty(.,-1)2 generate H, but they both belong to

G', and it follows that H must be trivial. This proves (1).

For (2), we note that Tcgp_l)/z = Tyw-1/2, and

(gd2)(p_1)/2 = ¢gP=1/2¢(P=1) = _1 mod p
for any d € (Z/pZ)*. Thus, —1d = T(p D2 - T;fgal)/g € G, as desired.
O

LEMMA 5.15. — With notation as in Proposition 5.12, let S be the
image of the subgroup S = GNSLy(Z/pZ) in G/G'. Then, S is cyclic with
order dividing 2.

Proof. — First note that

S = {(g a(_)1> ) (a(—)l —Oa) tac€ (Z/pZ)X} NG.

If S C H, with H as in Lemma 5.13, then H is trivial or isomorphic to

Z/27Z. Otherwise, there is a matrix of the form (a91 70(1) in S C G. Hence,
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Lemma 5.14 implies that H C G’ (i.e., H is trivial) and —Id € G’. Now
suppose that we have any two elements of S — H,

0 —a 0 -b
A_<a_1 O) andB_<b_1 0).

—ab™! 0
0 —a~1b

Then

A2:—IdeG’,andAB:< >6HQG’.

Hence AB = Id modG’, and
A=A-AB=A?.B=Bmod(G'.
Thus, S is of order 2. O

LEMMA 5.16. — If G is a subgroup of N,(p) that contains a matrix T
of zero trace and determinant —1, then there is an element of v € Cs(p)
such that yry~?

/=10 (1 0 (01
n=lo 1) ™7 \o -1/ 7\ o)

In particular, G is conjugate to a subgroup of Ns(p) that contains one of

is one of the following matrices:

T;, fori=1, 2, or 3.

Proof. — If 7 € N,(p) has zero trace and determinant —1, then it is of
the form (j([)l :FOI) or (a91 o) for some a € (Z/pZ)*. If it is the latter, then
the matrix v = (¢9) € Cs(p) satisfies v~ 17y = 73, as claimed. Finally,
since N4(p) is stable under conjugation by an element ~ of its subgroup

Cs(p), the last claim follows. O
We are finally ready to prove Theorem 5.12.

Proof of Theorem 5.12. — Suppose that G is a subgroup of N(p)
such that det(G) = (Z/pZ)*, and G' = [G,G] # {Id}. Since G’ is a
subgroup of SLo(Z/pZ), we know that det induces a map det: G/G’ —
(Z/pZ)* that is a surjective homomorphism. Moreover, G/G’ is abelian.
Thus (G/G1)/ ker(det) ~ (Z/pZ)* . But ker(det) = S, where S is the image
of GNSL(2,Z/pZ) in G/G'. From Lemma 5.15 we have S is trivial or isomor-
phic to Z/2Z. Hence, G/G’' is isomorphic to (Z/pZ)*, or (Z/pZ)* X Z]2Z,
or Z/2(p — 1)Z.

It remains to discard the possibility that G/G’ ~ Z/2(p — 1)Z, under the
assumption that G contains an element with zero trace and determinant —1.
If this happens, then S ~ Z/2Z. If so, then G/G’ would contain an element
of order 2(p — 1), however we will show that the order of every element
in G/G’ divides p — 1. Indeed, every element of N,(p) has order dividing
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2(p — 1), so if G/G" had an element of order 2(p — 1), then G itself would
have an element M of exact order 2(p — 1) such that M mod G’ also has

order 2(p—1). Such an element of Ny(p) must be of the form M = ( 0 gc),

¢t o
with g a primitive root and ¢ # 0 mod p, so that M? = (§ ) has order
p — 1. In particular, M®—D = (M?)(P—1)/2 = _1d, and since the order of
M mod G’ is 2(p — 1) we conclude —Id is not in G’. We will prove that in
fact —Id € G’, which is a contradiction.

Since — Id belongs to the center of GL(2,F,), the element — Id belongs to
G’ =[G, ] if and only if —Id belongs to the commutator of any subgroup
of N,(p) that is conjugate to G. Thus, by Lemma 5.16, we can assume that
G contains an element 7 = 7, for ¢ = 1, 2, or 3. If 7 = 71 or 7o, then
MtM~'r7! = —Id € G’ and we are done. Otherwise, suppose 7 = T3.
Then,

g0

2
rai = (O g2) =T

but since g is a primitive root, then gc? is not a square, and Tg(f;,_l)/2 =
—1Id € G'. Hence, we have reached a contradiction and G/G’' ~ Z/(2(p —
1))Z is impossible, which concludes the proof of the theorem. 0

COROLLARY 5.17. — Let E/Q be an elliptic curve and p > 2 a prime. If
pE.p Is contained in the normalizer of a split Cartan subgroup of GL(2, Z/pZ)
then Kg(p) = Q(E[p])NQ® C Q(¢p, Vd) for some d € Z. Thus, in this case
we have that Gal(Kg(p)/Q) is isomorphic to (Z/pZ)* of Z)27 x (Z]pZ)* .

5.5. Non-split Cartan

In this section we give results in the case that the image of the mod p
Galois representation is contained a non-abelian subgroup of the normalizer
of the non-split Cartan subgroup of GL(2,Z/pZ).

Let p be a fixed prime and let e € (Z/pZ)* be a fixed quadratic non-
residue. We define the non-split Cartan subgroup of GL(2,Z/pZ) by

Cutn) ={ (%) sabezpzand @) £ 0.0},
and its normalizer in GL(2,Z/pZ)

M) = Cos)U (1 7) Gl
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From [18, Section 5], we have that C,s(p) ~ IFX2 and N,;(p) = (Cyrs(p), c)
where c= (' V). If we fix a matrix A= (¢ ") such that Cps(p) = (A), then
A is diagonalizable when considered over the larger field (Z/pZ)[+/e]. That
is, A= QDQ~" with

- (£ - (27, 50)

A simple computation shows that

MsznleC“%ﬁV m_&@JQl

s —o(WHY L a)e

0 aP — P2
B (a — by/e) 0 1 (a —eb\
_Q( 0 a+b\/§>Q 1_<—b a)_CAC'

We note that the first equality in the second line above follows from the
fact that
Gal((Z/pZ)[Ve/(Z/pZ)) = Z/2Z

and is generated by the Frobenius map x + zP which maps v/ — —+/e
(since (ye" = eP~1/2 /e = — /¢ by Euler’s criterion, because ¢ is a qua-
dratic non-residue). Lastly, we point out that since the map det: Cys(p) —
(Z/pZ)* is surjective, and if (A) = Cys(p), then det(A) = o where a is a
generator of (Z/pZ)*.

As in the previous section (the split case), we may assume that G, the
image of pg,, is non-abelian, since we have treated the abelian case sep-
arately in Section 4. Thus, we will assume here that G’ = [G, ] is not
trivial.

LEMMA 5.18. — Let G be a non-abelian subgroup of N.s(p). Then,

(1) G = (H,7), where H is a subgroup of Cys(p) (therefore cyclic) and
T is any element of Nes(p) — Crs(p)-

(2) If 7 € Nes(p) — Chs(p), then 2 € Cps(p)P™ N H.

(3) Fix 7 € N¢s(p) — Cps(p). Then, every element g € G is of the form
g =h or g=hr, for some h € H. In particular, #G = 2 - #H.

(4) Fix 7 € Nes(p) — Crs(p). If h € H, then Tht—! = hP.

(5) Suppose G contains an element A of order 2 with zero trace and de-
terminant —1. Then, A\ € N4(p) — Cys(p) and G = (H, ). Further,
G ~ H x, Z/2Z with respect to the map y: Z/27 — Aut(H) that
sends X to h +— X -h- A"t = hP.
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Proof. — Let G be a non-abelian subgroup of N (p). Let H = G N
Crs(p) C G. Since G is non-abelian, and C,,5(p) is cyclic abelian, it follows
that H is cyclic and H # G, and there is 7 € G — H, hence 7 € N,4(p) —
Chrs(p). Now suppose that « is also an element of G not in H. Let (A) =
Cpns(p). Then, v = A¥Fc and 7 = Alc for some j,k > 0 and c as above.
Thus,

v-1 = (AFc)(Alc) = AF(cAlc) = AF . AP = ARYIP c O (p)NG = H

where we have used Equation (5.1), and so v = h- 771 € (H, ), where
h' = A*HJP. Hence, G = (H,T) as we wanted to show. Moreover, 72 =
(Alc)(Alc) = ATAPI = APTVI € o (p)PT'NH. So 72 = h" and (h")~'1 =
771, Thus, an arbitrary v € G — H as above can be written as v = b/t~ =
B'(R")~ 1 = hr for h =K (h")~! € H. Finally, let h = A* € H. Then:

thr ' = 7AFr™1 = AlcAFc A= = ATtHRP=i — gkp — P

as desired for (4).

Finally, suppose that G contains an element A as in part (5). Then, A
cannot be in Cys(p) because Cys(p) is cyclic of order p? — 1 and contains
a unique element of order 2, namely — Id, whose determinant is 1. Hence,
A € Ngs(p) — Chrs(p) and our previous work shows that G = (H, A) is of
order 2 - #H. Since ) is of order 2, not in H, and X\ - h-A~! = hP for all
h € H, it follows that G ~ H %, Z/2Z as claimed. O

PROPOSITION 5.19. — Let p be a prime and let G be a subgroup of
N,s(p) such that det(G) = (Z/pZ)*, such that G contains an element A of
order 2, zero trace, and determinant —1, and assume that G' = [G,G] #
{Id}. Then, G/G' ~7./27 x (Z/pZ)*.

Proof. — Let G be a subgroup of N,;(p) such that det(G) ~ (Z/pZ)*.
By Lemma 5.18, we have G = (H, 1), with H C Cps(p) = (A) and 7 €
Nes(p) — Crs(p). Thus, H = (Ako) for some divisor kg of p? —1. Let 7 = Alc
for some 7 > 0. Note that

[AFo 7] = ARorA=Ror—1 = Ako—kop = A=(p=Dko ¢ gp—1,

where we have used Lemma 5.18, part (4), and since H = (A¥0) it follows
that HP~! = ([A* 7]) C G’ = [G, G]. Further, we claim that G’ = HP~L.
In order to show this, it suffices to show that G/HP~! is abelian. Indeed,
G = H x (\) by Lemma 5.18, part (5), and in G/HP~! we have A\-h-A"1 =
h? = h mod HP~!, for all h € H. Thus, Ah = hA mod HP~! and G/HP~!
is abelian. Therefore, G' = HP~ 1,
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Finally, note that H/HP~! injects into C,s(p)/Cns(p)P~! =~ (Z/pZ)>,
where the last isomorphism comes from the fact that C,4(p) is cyclic of
order p? — 1. Thus, H/HP~" is at most of size p — 1. Moreover:

G/G'=G/HP™' = (H x (\))/HP™ ~ (H/H?') x Z/27.

Further, since G’ C SL(2,Z/pZ), it follows that det: G/G' — (Z/pZ)*
is also surjective. This implies that H/HP~! x Z/27 has an element of
order p — 1, and therefore H/HP~! must be of size at least p — 1. Hence,
H/HP™! ~ (Z/pZ)* and G/G’ ~ (Z/pZ)* x Z/27Z as desired. O

COROLLARY 5.20. — Let E/Q be an elliptic curve and p > 2 a prime.
If pgp is contained in the normalizer of a non-split Cartan subgroup of
CL(2,Z/pZ) then Kg(p) = Q(E[p]) N Q* C Q(y,Vd) for some d € Z.
Thus, in this case we have that Gal(Kg(P)/Q) is isomorphic to (Z/pZ)*
of )27 x (Z/pZ)*.

5.6. Summary of the results of this section

Before ending this section we give a summary the information in Corol-
laries 5.3, 5.7, 5.17, and 5.20 in a single place.

PROPOSITION 5.21. — Let E/Q be an elliptic curve, p > 2 a prime, and
Kg(p) = Q(E[p]) N Q®. Then,

Gal(Kg(p)/Q) ~ (Z/pZ)* x C

where C' is a cyclic group of order dividing p — 1. Moreover, #C > 2 only
when E has a p-isogeny (i.e., if the image of pg,, is contained in a Borel
subgroup).

Note that Proposition 5.21 provides a proof of parts (2) and (3) of The-
orem 1.7, so in Section 6 we will just need to prove part (1).

6. The proof of Theorem 1.7

In an attempt to simplify the proof of Theorem 1.7 we start this section
by proving a few lemmas.

LEMMA 6.1. — For every elliptic curve E/Q and prime q > 3, Q(E[3])N
Q(¢y) is at most quadratic. Thus, Q(E[3]) # Q(E[q]).
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Proof. — Let E/Q be an elliptic curve, and let ¢ > 3 be a prime. From
Proposition 5.21, we know that the largest that Kz (3) = Q(E[3]) N Q*
is at most biquadratic, of the form F({3) for some quadratic field F/Q.
Further, since ¢ > 3 we have Q(¢3) N Q(¢,;) = Q and Q((3) is quadratic, so
Q(E[3]) N Q(¢y) is at most quadratic.

For the second part of the statement, suppose towards a contradiction
that Q(E[3]) = Q(E[g]). Then, from the first part of the statement, it
follows that Q(¢;) € Q(E[g]) = Q(E[3]) must be a quadratic subfield of
Q(E[3]). Since the degree of Q(¢,)/Q is ¢ — 1, this means that ¢ = 3
contradicting the assumption that ¢ > 3. g

LEMMA 6.2. — For every elliptic curve E/Q and prime q > 2, such that
Q(E[4])/Q is a non-abelian extension, we have Q(E[4]) # Q(E[q]).

Proof. — Suppose towards a contradiction that there are an elliptic curve
E/Q and a prime ¢ > 2 such that Q(E[4]) = Q(E]g]). In particular, Q(¢,) C
Q(EL).

First note that the order of elements in GL(2,Z/4Z) are 1,2,3,4, or 6.
Thus, if Q(¢;) C Q(E/4]) and G = G4 = Spg 4 it must be that G/[G, G] has
an elements of order ¢—1. Since the order of an element in G/[G, G] divides
the order of a representative in G, we know that ¢ — 1 € {1,2,3,4,6} and
thus ¢ € {2,3,5,7}. Based on the assumptions ¢ # 2 and so ¢ = 3, 5, or 7.

Now, since Q(E[4]) = Q(E|[q]), it follows that Q(FE[4q]) is also the same
field. If we let G,, = Spg.n, then we must have that Gal(Q(E[4q])/Q) ~
Gyg € GL(2,Z/49Z), and the natural reduction maps G4, — G4 and
G4q — G4 are isomorphisms. In addition det(Gaq) = (Z/4¢Z)* and there
is a matrix in G4, with zero trace and determinant —1 (namely, the im-
age of a complex conjugation via pg44: Go — GL(2,Z/4Z); see [25, Re-
mark 3.1.4]). Further, we have assumed that G4 and therefore G4, are
non-abelian. A search for such subgroups of GL(2,Z/4¢Z) yields that there
are none for ¢ = 5 or 7 so ¢ must be 3. The search for subgroups in
GL(2,Z/12Z) yields two possible maximal groups, call them H; and Hs.
If we let m3: GL(2,Z/12Z) — GL(2,Z/37Z) and my: GL(2,Z/12Z) —
GL(2,Z/4Z), the we see that w3(H;) = m3(Hz) = Ng(3) and

i ({3 5). (5 ) wsna=((s 2)-6 )

Moreover, we have H; ~ w3(H;) ~ m4(H;) ~ Dy, for i = 1,2, and a com-
putation of the genus of the modular curves Xp, yields that both have
genus 9. Determining the rational points on Xz, for ¢ = 1 or 2 would be
very difficult, so instead consider the subgroup HC GL(2,7Z/12Z) such
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that m5(H) = N,(3) and
s = 5)( )6 V)
(G966 )

but we do not require that w3 and 74 are isomorphisms on H. We note that
the groups m4(H1) and m4(Hs) are, respectively, the groups Gioq and Giop
in the notation of [20], and m4(H) is the group Go.

Let X1 (3) and X9 be the modular curves that parametrize elliptic
curves, respectively, with mod 3 image conjugate to Ns(3), and with mod 4
image conjugate to m4(H) (or equivalently, conjugate to Gig). Both X (3)
and X719 are curves of genus 0, and the j-invariants of such curves are
given by rational functions j(t) and j'(s), respectively. Above we have
shown that an elliptic curve E/Q with Q(E[4]) = Q(F[3]) would satisfy
J(E) = j(to) = j'(so) for some rational numbers ty, and sg. Thus, the point
(to, so) would satisfy the equation j(t) = j'(s), that is

() = 1728 (52— 1/3)% _ 27(t+1)3(t—3)* _ 0.

s2(s241)2 3

In particular:

2 2 _ 202 2_43(32_1/3)3t3_ A(s” —1/3)t ’
(s(s"+1))" =s(s" + 1) _(t+1)3(t3)3_<(t+1)(t3)) 7

and so s(s? 4+ 1) is a perfect cube, say s(s*> + 1) = T2 or in projec-
tive coordinates C' : S2 + SU? = T3. An affine patch of this curve is
A:1+y% =23 which is the elliptic curve with Cremona label 144a1 and
has A(Q) = {0, (1,0)}. Thus, the only points on C are [T, U, S] = [0, 1,0]
and [1,0,1]. Thus, s = S/U =0/1 =0 or s = S/U = 1/0 is undefined, so
s = 0 is the only possibility. But if s = 0, then j(s) is undefined. Hence,
there is no such elliptic curve E/Q with Q(E[4]) = Q(E[3]). O

PROPOSITION 6.3. — Let E/Q be an elliptic curve and p < q distinct
primes in Z such that Q(E[p]) = Q(E[q]). Then, it must be that p = 2 and
q=3.

Proof. — Let Kg(p) = Q(E[p]) N Q® and Kg(q) = Q(Eq]) N Q. If
Q(E[p]) = Q(Elg]), then

Kg(p) = Kg(q) and Gal(Kg(p)/Q) = Gal(Kg(q)/Q).
Let G = Gal(Kg(p)/Q) = Gal(Kg(q)/Q).
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Suppose that p > 2. Applying Proposition 5.21 we get that G ~ (Z/pZ)* x
C ~ (Z/qZ)* x C" where #C divides p — 1 and #C"’ divides ¢ — 1. Next,
since Q(¢;) NQ(¢p) = Q, it must be that G contains a subgroup isomorphic
to (Z/pZ)* x (Z/qZ)*. The only way that this can happen is if p—1 divides
q—1 and g — 1 divides p — 1, that is p = q. Therefore, p cannot be greater
than 2.

Next suppose p = 2. From Theorem 1.8 we can assume that Q(E[2])/Q
is a non-abelian extension. In this case,

Gal(Q(E[2])/Q) ~ S5 and Gal(Kp(2)/Q) ~ Z/2Z.

Therefore, Q(¢;)/Q is a quadratic extension and the only possibility is
q = 3. D

Before we prove Theorem 1.7 we need one more lemma and a simplifying
remark.

LEMMA 6.4. — There are no elliptic curves E/Q and n > 1 such that

Q(E[2"]) = Q(E[9))-

Proof. — Suppose E/Q is an elliptic curve and n > 1 such that
Q(F[2"]) = Q(E]9])). By Theorem 1.8, it cannot happen if Q(E[9]) is
abelian over Q, so we shall assume that Q(E[9])/Q is non-abelian. A Magma
search on subgroups G C GL(2,7Z/9Z) shows that if G is a non-abelian sub-
group with full determinant map and an element corresponding to complex
conjugation, then G/[G, G] is isomorphic to one group in the set

S ={Z/6Z,7./6Z x 7.)27.,7./67 x 7./3Z.,7./6Z x 7.J6Z}.

Since Q(Can) NQ(¢o) = Q, if Q(on) C Q(E[9]) and n > 2 then it follows
that (Z/27 x (Z/27)"2) x Z/6Z must be a subgroup of G/[G,G]. Thus,
n < 2.

If n = 1, then Q(¢o) C Q(E[9]) = Q(E[2]) and since [Q(E[2)) : Q] < 6,
it must be that Q(E[2]) = Q({y) which is a contradiction because we have
assumed Q(F[9]) was non-abelian.

Suppose next that n = 2. In this case a Magma search on subgroups
G C GL(2,Z/4Z) shows that if G is a non-abelian subgroup with full
determinant map and an element corresponding to complex conjugation,
then G/[G, G] is isomorphic to one group in the set

T ={Z/27,(Z/2Z)?,(Z/27)3,Z/2Z x 7.]AZ,7./67, 727 x 7./6Z}.

Comparing the lists S and T', and using the fact that Q(i,{y) C Q(E[9]) =
Q(E[4]), we see that the only possibility is that, if we write Gg(4) = Spg4
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and Gg(9) = Spg9, then
Ge(4)/[Ge(4),Ge(4)] = Ge(9)/[GE(9), Gr(9)] = Z/2Z X Z/6L.

Let mo: GL(2,Z/4Z) — GL(2,Z/2Z) and 7s: GL(2,Z/9Z) — GL(2,Z/3Z)
be the standard reductions maps and let

Cos(2) = <<(1) 1>> C GL(2,2/22)

- . ). 9o
Nps(3) = <<é g) , @ ;)> C GL(2,2/37).

Then, a Magma search among subgroups of GL(2,7Z/4Z) and GL(2,Z/97)
shows that Gz(4) must be a subgroup of w5 '(C,4(2)) and Gg(9) is a
subgroup of either 3 ' (B(3)) or m5 ' (N,s(3)). Checking the subgroups of
each of the possibilities, we see that there are no subgroups of w5 1 (Crs(2)),
with full determinant and an element that has determinant —1 and trace 0,
that are isomorphic to a subgroup of 73 *(B(3)) or 75 '(N,4(3)) and thus
it is not possible for Q(E[9]) = Q(E[4]). O

Remark 6.5. — Before starting the proof of Theorem 1.7 we notice that
Proposition 5.1 and Lemma 6.4 allows us to reduce the problem consider-
ably. If E/Q, p,q,m, and n are as in the statement of Theorem 1.7, then
we must have that Q(¢;m) € Q(E[p™]). But by Proposition 5.1 this means
that either m = 1 or m = 2, and p = 2 and ¢ = 3, but Q(E[9]) = Q(E[2"])
cannot occur by Lemma 6.4. Thus, we must have m = 1.

Proof of Theorem 1.7. — Proposition 5.21 implies parts (2) and (3) of
the theorem, so it remains to show (1). From Remark 6.5, we only have to
consider the case of m = 1. That is, we suppose that E/Q is an elliptic
curve, p < ¢ primes in Z, and n > 1 such that Q(E[p"]) = Q(E[q]), and
we aim to show that p™ = 2 and ¢ = 3. By Theorem 1.8, we may assume
Q(Flq])/Q is non-abelian.

Le ¢ > p > 2. Since Q(E[p"]) = Q(E[q]), it must be that Q({n) C
Q(Flq]). From Proposition 5.21 and the work supporting its proof, and
since ¢ > 3, if Kr(q) = Q(E[q]) N Q, then

(Z/qZ)* E is surjective or exceptional at g,
Gal(Kg(q)/Q) ~ < (Z/qZ)* x Z/2Z E is Cartan at ¢,
(Z/qZ)* x C E is Borel at g,
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where C' is a cyclic group of order dividing ¢ — 1. Again using the fact that
Q(¢y) and Q((pn) intersect trivially, it follows that Gal(Q((n)/Q) ~ C
for some cyclic group of order dividing ¢ — 1. Moreover, if F is not Borel
at ¢, then C' ~ Z/27Z. In the case that F does not have a g-isogeny, the
only prime-powered cyclotomic fields that are trivial or quadratic fields
are p" = 2,3,4. So in this case we would have that Q(E[2]) = Q(E]q])
(and therefore ¢ = 3 is the only possibility), or Q(E[3]) = Q(E][q]), or
Q(EM4]) = Q(F[g]), but Lemmas 6.1 and 6.2 show the latter two cases
cannot happen.

Suppose then that F is Borel at ¢. First note that if p = 2 and n > 2, then
Gal(Q(¢pn)/Q) is not cyclic and therefore we reach a contradiction because
C is cyclic (hence the only possibilities would be Q(E[2]) = Q(E[q]) or
Q(E[]) = Q(Fg]) which have been already discussed above and lead to
Q(F[2]) = Q(F[3]) which we discuss below). Thus, assume p > 2. Since
E is Borel at g, it follows that [Q(E[q]) : Q] is a divisor of (¢ — 1)? - q.
We distinguish cases according to the type of image modulo p. Let G}, =
Spe,p C GL(2,Z/pZ).

e Suppose pg, is surjective, so that G, = GL(2,Z/pZ). Then,
(Q(E[p™) : Q] is a divisor of [Q(E]p)) : Q] - p* = (* — 1)(p? —
p)p* for some k > 1 (this follows from the fact that the kernel
of the map GL(2,Z/p"Z) — GL(2,Z/p""'Z) is of size p*, and
#GL(2,Z/pZ) = (p* — 1)(p* - p))- I QE[P"]) = Q(Elg]), and ¢
divides d, = [Q(E[q]) : Q], then ¢ divides (p?> — 1)(p* — p)p* =
(p—1)2(p+1)p**L, but p < ¢ so this is impossible. This would im-
ply that d, is a divisor of (¢ —1)%, and Q(E[q])/Q is in fact abelian
(the mod ¢ image would be contained in a split Cartan subgroup).
However we have assumed Q(E[q])/Q is non-abelian.

e Suppose the image of pg , is exceptional. Then, Proposition 5.10
shows that Q(¢;m )NQ(E[p™]) is trivial for any m > 1 and any prime
q # p, and therefore Q(E[q]) = Q(E[p™]) would be impossible.

e Suppose the image of pg )y is contained in the normalizer of a (split
or non-split) Cartan subgroup of GL(2,Z/pZ). Then, [Q(E[p"]) : Q]
is a divisor of 2(p? — 1)p* or 2(p — 1)?p*, for some k > 1 (because
#Cns(p) = p* — 1 and #Cs(p) = (p — 1)*). Thus, if Q(E[p"]) =
Q(E[q]), and ¢ divides d, = [Q(E[q]) : Q)], then ¢ divides 2(p +
1)(p — 1)3p*, but p < ¢ so this is impossible. As before, this would
imply that Q(E[q])/Q is abelian, a contradiction.

Hence, we have reached a contradiction in every case, and therefore
Q(E[p™]) = Q(E]q]) is impossible.
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All that is left to complete the proof of Theorem 1.7 is to parame-
trize all the elliptic curves that have Q(E[2]) = Q(E[3]). To do this we
search GL(2,Z/67Z) for subgroups that have surjective determinant maps
and such that the reductions maps mo: GL(2,Z/6Z) — GL(2,Z/2Z) and
ms: GL(2,Z/6Z) — GL(2,Z/37Z) induce isomorphisms when restricted to
the given subgroup. The search yields two possibilities for Spg ¢, namely

=0 008y mem=(G )0 3))

Elliptic curves with Spg e in H; have a rational point of order 3, while
elliptic curves with Spg ¢ in Hy are a twist of the previous curves a curve
by —3. Checking the genus of the corresponding modular curves X g, using
code from [26] we see that they are both genus 0 and since we have seen
an example of this exact image, we know that Xp, (and Xpg,) must have
(infinitely many) rational points. Computing a model for Xg,, we get ex-
actly the elliptic curve over Q(¢) that is in the statement of the theorem,
and the twist by —3 produces the parametrization of elliptic curves with
image Hs. This completes the proof of the theorem. O

7. Proofs of Theorem 1.10 and Corollary 1.11
7.1. Proof of Theorem 1.10

In this section we first provide a proof of Theorem 1.10. Let 2 < m <
n < 10, and suppose that E/Q is an elliptic curve such that Q(E[m]) =
Q(E[n]). We have already seen that (m,n) € {(2,3),(2,4),(2,6),(3,6)}
are possible, in Theorems 1.4 and 1.7 (note that Q(F[2]) = Q(E[3]) also
implies that Q(E[2]) = Q(F]6])). Moreover, Theorem 1.7 shows that if
Q(E[p?]) = Q(E[¢%]), then p* = 2 and ¢* = 3. Hence, the pairs

{(3’ 4>7 (2’ 5)7 (37 5)7 (4? 5)7 (27 7)? (37 7)7 (47 7)7 (5’ 7)7
(3,8),(5,8),(7,8),(2,9), (4,9), (5,9), (7,9),(8,9)}

do not occur. Theorem 1.4 says (4, 8) and (3,9) do not occur, and also note
that (2,8) would imply (4, 8), so (2,8) does not occur either.
In order to rule out the pairs in the set

L ={(5,6),(2,10),(3,10), (4,10), (6,10), (7,10),(9,10)}

we have used Magma to compute all the possible subgroups G,, C
GL(2,Z/mZ) and G,, C GL(2,Z/nZ) which could correspond to images
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of pgm and pg, respectively. In particular, we find all subgroups with
full determinant, and such that they contain an element of determinant
—1 and zero trace, and then checked that there is no possible isomorphism
G = Gy, Therefore (m,n) € L is impossible.

Similarly, when (m,n) = (8,10) we have computed all possibilities for
G, and G, and in this case there are pairs such that G,, = G, but in
all such cases G,, is an abelian group. In particular, Q(£[10])/Q would be
abelian, but the main result of [13] shows that this is impossible.

Finally, in the case of (m,n) = (6,7), we have computed all the possible
pairs G,, = G, but, in addition, checked that G~ is none of the subgroups
described in [25], which correspond to one of the possible mod-7 images
that occur for elliptic curves over Q. Thus, (6,7) cannot occur.

In summary we have shown that the only possibilities are

(m,n) €{(2,3),(2,4),(2,6),(3,6), (4,6), (6,8), (6,9), (5,10)},

as claimed. This concludes the proof of Theorem 1.10.

7.2. Proof of Corollary 1.11

Next we provide a proof of Corollary 1.11. Let p be a prime, and let
m > 2 be an integer divisible by ¢" for some odd prime ¢ and n > 1,
such that ¢(¢™) does not divide p — 1. Let us suppose for a contradiction
that Q(E[p]) = Q(E[m]). Since ¢" divides m, then Q(¢;») € Q(E[¢"]) C
Q(E[m]), and therefore Q(¢,;») C Q(E[p]) as well. By Proposition 5.21 we
must have that ¢(¢™) is a divisor of p—1, which contradicts our hypothesis.
This concludes the proof of the theorem.
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