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ON THE BORDISM GROUP FOR GROUP ACTIONS
ON THE TORUS

by Kathryn MANN & Sam NARIMAN (*)

ABSTRACT. — In this short note, we study the bordism problem for group ac-
tions on the torus and give examples of groups acting on the torus by diffeomor-
phisms isotopic to the identity that cannot be extended to an action on a bounding
3-manifold. This solves a question raised in the previous work of the authors.

RESUME. — Dans cette courte note, nous étudions le groupe de bordisme pour
l'action d’un groupe sur le tore et nous donnons quelques exemples de groupes
agissant sur le tore T' par difféfomorphismes isotopiques a ’identité et n’admettant
pas de prolongement & une action sur une variété de dimension 3 avec bord T'. Cela
répond & une question posée dans les travaux antérieurs des auteurs.

1. Introduction

In [3], Browder introduced the notion of (oriented) bordism for diffeo-
morphisms. Two orientation preserving diffeomorphisms f; : M; — M;
of closed, oriented n-manifolds M; are bordant if there is an oriented bor-
dism W between M7 and M, and an orientation preserving diffeomorphism
H : W — W that restricts to f; on M;. Bordism classes of diffeomorphism
groups on n-manifolds form an abelian group denoted A,, (sometimes writ-
ten A,+ to emphasize orientation). Kreck (see [18]) computed these for
n > 3, shortly after this Melvin [21] showed A3 = 0, and the group A, was
eventually computed by Bonahon [2] using work of Scharelmann.
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Viewing a diffeomorphism as a Z-action, Browder’s definition readily
generalizes to other groups:

DEFINITION 1.1. — For n-manifolds My, and M- and a discrete group
I, two homomorphisms p1,p2 : I' — Diff (M;) are bordant if there is a
(n + 1)-manifold W and a representation ¢ : I' — Diff(W) such that
OW = M; U —Ms; and such that the restriction of ¢(y) to M; agrees with
pi(y) for each v € T.

Bordism classes of group actions on n-manifolds form an abelian group
A(n,T) under disjoint union. As in Browder, we will assume going for-
ward that all manifolds orientable and all diffeomorphisms are orientation
preserving.

Here we study the role that the algebraic structure of I' plays in the
structure of the group A(n,T’) rather than the role played by the topol-
ogy of the manifold on which it acts. To focus on this algebraic aspect, we
wish to require of our actions of I' on M; to have the property that every
individual element of I' extends to act on every manifold W bounded by
M; U M. A simple way to ensure this is to take actions by isotopically
trivial diffeomorphisms: requiring that p;(I") lies in the identity compo-
nent Diffy(M;) of Diff (M;), the action of each individual element may be
smoothly isotoped to the identity along a small collar neighborhood of M;
in W, defining a diffeomorphism of W supported in a neighborhood of the
boundary. This parallels the framework set up by Ghys in [6] and studied
further in previous work of the authors [19] on obstructions to extend-
ing isotopically trivial actions on some manifold M to a manifold W with
OW = M. However, neither of these works furnishes an example of such a
group I' such that A(n,I') is nontrivial for any n > 1. This is the primary
motivation of this note. We exhibit an example of such a group, and give
both geometric-topological tools and cohomological tools to further pursue
the bordism problem.

Results

Let G’ C Diffg(S') be the smooth conjugate of the standard action of
Thompson’s group constructed by Ghys and Sergiescu in [7]. The notation
G’ is adopted from their work. Since G’ is well known to be finitely gen-
erated, the following gives the first example of a finitely generated group
acting on a 2-manifold with nontrivial bordism group.
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THEOREM 1.2. — Let I' = G’ x G’. The product action p : G' x G' —
Diffo(S* x S') is a nontrivial element of A ).

As in [19], we give two independent approaches to this problem: one using
geometric topology, and one using cohomology of diffeomorphism groups.
The geometric approach relies heavily on torsion elements. The key tool is
the following theorem, its proof uses the geometrization theorem and an
analysis of finite order diffeomorphisms of geometric manifolds.

THEOREM 1.3. — Let M be a 3-manifold with OM = T?, and suppose
G1, Gy are subgroups of Diff(S') containing torsion elements of arbitrarily
high order. If the action of G1 x Go on S! x S' = T? extends to a smooth
action on M, then M is diffeomorphic to a solid torus.

One can avoid the assumption that M is orientable by lifting the action
and running the same argument on the orientation cover (which will not
affect the property that G; still has elements of arbitrarily high order), but
for simplicity we continue to assume all manifolds orientable.

The cohomological approach to the bordism problem uses powers of the
Euler class as cohomological obstructions to extending group actions. In
this case, instead of assuming the existence of torsion, we assume a weaker
condition of nonvanishing of powers of the Euler class as follows. As is well
known, H*(BHomeoy(7?); Q) & Q[z1, 22] where each z; is a cohomology
classes of degree 2. One can think of x; and x5 as the Euler classes from
each factor of T2 = S x S'. We show the following.

THEOREM 1.4. — Let M be an irreducible 3-manifold whose boundary
OM is homeomorphic to a torus and suppose that the product action of H =
G1xG3 on OM = S'x St induces an injective map Q[x1,x2] — H*(BH;Q).
If this action extends to any C° action on M, then M = D? x S*.

If G; and G5 satisfy the hypothesis of Theorem 1.3, then H = G; X G»
satisfies the hypothesis of Theorem 1.4. The reason is a torsion of order
k in each G; gives an embedding Z/k — Diffo(S!). It is standard to see
that for each n, the pullback of the n*" power of the universal Euler class
to the group H?"(BZ/k;Z) is nonzero and is a k-torsion. Therefore, if the
pullback of the n*® power of the universal Euler class to H?"(Gy;7Z) were
a torsion element, its order would be divisible by k. Since both G; have
torsion elements of arbitrarily high order, the pullback of the powers of
the Euler class are non-torsion classes. Therefore, when M is irreducible,
Theorem 1.3 follows from Theorem 1.4 but we also provide an approach
using torsion elements which might be of an independent interest.
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The proof of Theorem 1.4 uses the solution of Kontsevich’s conjecture
for irreducible 3-manifolds with non empty boundary by Hatcher and Mc-
Cullough ([13]). The statement is a generalization of [19, Proposition 2.2],
which considered a more restrictive extension problem.

Remark 1.5. — The product action of G’ x G’ where G’ is Thompson’s
group, as discussed above, fits the conditions of Theorem 1.4, so this gives
an alternative proof of Theorem 1.2 in the restricted case where the bound-
ing manifold M is required to be irreducible. It would be interesting to see
if one can drop the irreducibility condition in Theorem 1.4.

Since our motivation comes from the question of bordism of group ac-
tions, we framed Theorem 1.4 as a rigidity statement for actions of a fixed
group H. However, if one is interested instead in finding obstructions to
extending actions of a group to a fixed irreducible 3-manifold M, then
our work applies to a much wider class of groups. For a given irreducible
3-manifold M bounding 72 (and not homeomorphic to the solid torus),
we can find an integer n(M) depending on M such that z¥ € H*(G;;Q)
cannot be nonzero for both ¢ = 1,2 when k > n(M). Thus, one does not
need injectivity of Q[z1, 23] — H*(BH;Q), but rather only that powers up
to n(M) do not vanish.

The advantage of the cohomological approach is that Theorem 1.4, in
principle, could provide an obstruction to extending actions of torsion free
groups. For example, the mapping class group of a surface of genus g with
a marked point I'y ; is a subgroup of Homeog(S'). It is known ([16]) that
ed~t € H*7%(T', 1;Q) is not zero where e € H*(I'; 1; Q) is the Euler class.
On the hand, we know that I'y; has torsion free finite index subgroups
([5, Theorem 6.9]). Hence, we have torsion free subgroups of Homeog(St)
that support high powers of the Euler class. If we consider their diagonal
embeddings in Homeog(S! x S1), we could use our method of proof for The-
orem 1.4 to obstruct extending such actions on torus to certain irreducible
3-manifolds.

Acknowledgments
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2. Finite order diffeomorphisms of 3-manifolds

To prove Theorem 1.3, we first analyze how existence of finite order
diffeomorphisms of high order constrains the possible geometric structures
on a 3-manifold. This section can be read independently from the rest of
the work.

ProrosiTION 2.1. — Let M be a compact, orientable, irreducible
3-manifold, possibly with boundary. There exists n = n(M) such that any
nontrivial finite order diffeomorphism of M of order at least n acts on M
by isometries of a Seifert fibered geometric structure on M. In particular,
if M is not itself geometric and Seifert fibered, then it does not admit finite
order diffeomorphisms of arbitrarily high order.

This proposition relies heavily on Thurston’s geometrization conjecture,
which we recall here:

THEOREM 2.2 (Geometrization). — The interior of any compact, ori-
entable 3-manifold can be split along a finite collection of essential, pairwise
disjoint, embedded spheres and tori into a canonical collection of finite-
volume geometric 3-manifolds after capping off all boundary spheres by
3-balls.

We refer the reader to [1] for a survey and further references. While
we prove the general statement above, in our intended application M
is assumed to have nonempty boundary, and for this we need only use
Thurston’s geometrization theorem for Haken 3-manifolds.

The proof of Proposition 2.1 proceeds by considering a decomposition
of M into geometric pieces (which we will eventually see is forced to be
trivial if M admits diffeomorphisms of arbitrarily high order). Of the eight
3-dimensional geometries, the only two which are not Seifert fibered are H?
and Sol. As is well known, Mostow rigidity implies that the isometry group
of a finite volume hyperbolic 3-manifold is finite, hence the maximal order
of a finite order element is bounded. This is also true of solvmanifolds,
however we did not find a stand-alone proof in the literature, so provide
one now.

LEMMA 2.3. — Let N be a finite volume solvmanifold. There exists

k € N such that N has no finite order diffeomorphism of order greater
than k.

Proof. — Let N = G/T" be a finite volume solvmanifold, where G = Sol
and T is a discrete subgroup of Isom(Sol). We recall some general structure

TOME 72 (2022), FASCICULE 3



994 Kathryn MANN & Sam NARIMAN

theory, further details can be found in [25]. The group G has the structure
of a split extension

05R2S3G—oR—=0

where t € R acts on R? by t - (x,y) = (e'z, e ty). Identifying G with
triples of real numbers (x,y,t), the planes t=constant give a foliation of G
invariant under isometries and N is naturally a finite quotient of a torus
bundle over the circle, hence compact. The identity component of Isom(G)
is simply G itself acting by left-multiplication and has index 8. This implies
that N has a finite cover (of degree at most 8) that is the quotient of G by
a discrete subgroup. Every such manifold is the mapping torus of a linear
Anosov map of T2.

Let h be a finite order diffeomorphism of N. By [20, Theorem 8.2], h
is conjugate to an isometry, so we assume without loss of generality that
h is an isometry. It is also no loss of generality to lift h to the mapping
torus cover N’ of N and prove that the order of the lift is bounded, so now
we work with a finite order isometry of N’ = G/T”, where IV = T'N G.
Abusing notation, let h denote this isometry, and suppose it is of order d.
Referring to the split extension sequence above, we have I NR? = Z x Z
and IV NR = Z, and if IV N R is generated by ¢ € R, then the monodromy
of the mapping torus is given by (607 egt ), which in the basis given by the
identification I" NR? = (Z x Z) is some integer matrix A € SLy(Z).

Let r be the largest root of A in SLyZ, i.e. the maximal number such
that there exists some B € SLoZ with B” = A, such an r exists since SLoZ
is discrete. The map h lifts to an isometry hof G preserving the vertical
two-dimensional foliation of G. Again, for simplicity, we can work instead
with A8 which still descends to a finite order isometry of N’ (say of order
d") and now lies in G. The subgroup generated by I'" and his again discrete
in G, with quotient the mapping torus of an Anosov map which is a root of
A, since the d’-fold cover of this mapping torus is simply N’. Thus d’ < r,
and since 8d’ > d, we conclude d < 8r. O

We need a further lemma on Seifert fibered manifolds, which follows from
work of Meeks and Scott.

LEMMA 2.4. — Let N be an irreducible Seifert fibered manifold with a
torus boundary component T'. Assume N is not diffeomorphic to the solid
torus or an S' bundle over the annulus or Mobius band. There exists | € N
such that any diffeomorphism of N preserving T of order at least | has a
nontrivial power which preserves the fibers of some Seifert fibration.

ANNALES DE L’INSTITUT FOURIER
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Proof. — Fix a Seifert fibered manifold IV as in the statement, and sup-
pose f is a finite order diffeomorphism of N. By our assumptions on NV,
it has at most two Seifert fiberings. (With the exception of the twisted I-
bundle over the torus and I-bundles over the Klein bottle, a manifold with
torus boundary will in fact have a unique Seifert fibering, see [24, 1.1.2]
or [25, § 3]). Thus, replacing f with f2, we conclude that f preserves a
Seifert fibration up to isotopy. By [20, Theorem 2.2], N therefore admits
an f2-invariant Seifert fibration. Consider the induced action of f2 on the
base orbifold. This is a finite order homeomorphism preserving a bound-
ary component (corresponding to the boundary component T'). Unless this
orbifold is the disc with one or zero cone points, the annulus, or the Mobius
band (which are excluded by our assumptions), then it admits a singular
hyperbolic structure and hence there is an upper bound, depending on the
geometry of the orbifold, on the order of a finite order homeomorphism.
Call this bound d. Thus, requiring that the order of f be greater than 2d
implies that some nontrivial power of f preserves a Seifert fibration and
acts trivially on the base orbifold, hence acts by rotating the fibers. g

To deal with two adjacent Seifert fibered pieces that share a torus bound-
ary in the JSJ decomposition, we need the following elementary lemma
about invariant curves on tori.

LEMMA 2.5. — Let T = R?/Z? be a torus, and let a,b be simple closed
curves representing a standard basis for homology. Suppose that c is a
simple closed curve invariant under the rotation r : (xz,y) — (z + p/q, v),
where p/q € Q is in lowest terms. Then [c] € H1(T;Z) is of the form
[a]*[b]"¢ for some k and n in Z.

Proof. — Let ¢ be a curve as claimed. Since r acts freely on T and c is
r-invariant, the g-fold covering map T' — T'/(r) restricts to a g-fold covering
map ¢ — ¢/(r). Take a lift ¢ of ¢ to R? based at 0, its endpoint is some point
(k,1) € Z x Z. Projecting ¢ to R2/(%Z x Z) = T/{(r) gives a closed curve
that represents a g-fold cover of the circle ¢/(r). In other words, there are g
distinct points of %Z x 7Z along ¢, all distinct from the origin and differing
by translates by some v € %Z X 7, where the endpoint of ¢ is the point gv.
We conclude that the second coordinate [ is a multiple of g. O

With this groundwork in place, we can now prove the main Proposition.

Proof of Proposition 2.1. — Given M, let j be the number of geomet-
ric pieces in a decomposition of M by tori into finite volume geometric
manifolds. Let k& be the maximum order of a finite order isometry of any
hyperbolic or Sol geometry piece of M (the latter only possibly occurring if
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M is itself a solvmanifold, since finite volume solvmanifolds are compact),
and set k = 1 if M has no such pieces. Let [ be larger than the product of
the maximal orders of non-fiber preserving isometries of each Seifert fibered
piece of M.

Finally, in the case where M has two adjacent Seifert fibered pieces in
its JSJ decomposition, fix a torus 7' separating the two pieces. Let a; C T
be a regular fiber for the Seifert fibered structure of one of the pieces with
boundary T, and fix a transverse simple curve by so that aq, b; form a basis
for homology, giving an identification of T' with R?/Z? where rotating the
fibers of this Seifert piece corresponds to rotating the first factor. Let ¢
be a fiber from the other adjacent piece, then [¢] = [a1]*[01]Y € H1(T;Z)
and fix some ¢ € N with ¢ > |v|. (This choice will allow us to later quote
Lemma 2.5.) In the case where these pieces have non-unique fiberings, hence
finitely many, choose t large enough to satisfy the property above over all
choices of pairs of fiberings on the adjacent pieces.

Suppose that M admits some finite order diffeomorphism f of order
m > tlkj!. Then one may find a decomposition of M into geometric pieces
invariant under f [26] hence f7' is a finite order diffeomorphism preserving
each piece. If k > 1, then there is some invariant hyperbolic or sol geometry
piece My such that f*7' is the identity on M. Since f*/' is finite order, it
follows that it is the identity everywhere (using the easy fact that a finite
order diffeomorphism cannot be the identity on an open set) hence f is of
order at most [kj!, contradicting our choice. Thus, k = 1, and M cannot
itself be hyperbolic or a solvmanifold by Lemma 2.3, so M has only Seifert
fibered pieces.

We now claim that M in fact has only one geometric piece. To show
this, suppose for contradiction that it had at least two pieces and consider
two pieces with common boundary 7" discussed above. Since these pieces
are noncompact, their geometric structure is either H? x R or SL, (R), so
in particular they fit the conditions given in Lemma 2.4, using f7' as our
finite order isometry. Thus, f7' has a nontrivial power, call this g, which
is of order at least ¢ and preserves (fiberwise) the Seifert fibering of each
piece. Since g is a nontrivial finite order diffeomorphism, it acts by rotating
the fibers on each piece. Recall that fibers of distinct pieces are nonisotopic
as curves on 7', due to the minimality of the JSJ decomposition. Let a C T'
be a regular fiber of one piece and let ¢ C T denote a regular fiber of the
other piece. Both are g-invariant curves. Since ¢ is not isotopic to a, taking
a basis {[a], [b]} for homology as we chose in the set-up to this proof we
have [c] = [a]“[b]" € H1(T,Z) for some v # 0. Applying Lemma 2.5, we
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conclude that v is a multiple of the order of g. However, by construction,
the order of g was chosen so that |v| <t < |g|, a contradiction. O

Remark 2.6. — While Proposition 2.1 does not hold for homeomorphisms
of M, one may use Pardon’s theorem that any continuous finite group action
on a 3-manifold can be uniformly approximated by smooth actions [23] to
show the following: if M admits a homeomorphism h of sufficiently high
order (here thought of as an action of a finite cyclic group), then M is Seifert
fibered and h can be approximated by an isometry of a model geometric
structure.

As a consequence of the above result, we can now prove Theorem 1.3.
As in the previous results, “arbitrarily high order” can be replaced by a
bound which depends on the topology of M.

Proof of Theorem 1.3. — We claim that, if f € G; and g € G2 have
sufficiently large order then the action of the subgroup generated by (f, 1)
and (1, g) does not extend to M. Consider first the action of the finite or-
der element (f,1). By [23], the action of the group generated by (f,1) can
be uniformly approximated by an action of this cyclic group by diffeomor-
phisms. Moreover, since the action is free on the boundary, we may in fact
take such a diffeomorphism to be conjugate on the boundary to the original
action of (f,1). Take such an action by diffeomorphisms, and let M’ be the
prime summand of M containing the torus boundary. By the equivariant
sphere theorem, there is a (f,1)-invariant sphere bounding the punctured
M’ we may cone off the action of (f,1) on this sphere to a glued in ball
to produce an action of (f, 1) by homeomorphisms on M’ that agrees with
the original action on the boundary. By Proposition 2.1, if the order of f is
sufficiently large then the interior of M’ thus has a Seifert fibered structure.
Assume first for simplicity that this structure is unique up to isotopy.

Proposition 2.1 says that there exists n, depending only on the topology
of M’, such that f™ acts on this by rotating the fibers of the unique fibra-
tion. Let a C OM’ be a regular fiber, it is invariant under (and rotated by)
f™. By Lemma 2.5, either a is freely homotopic to the first S factor of
S1 x 81 = 0M, or there is an upper bound on the order of a rotation r of
the first S factor, such that r(a) = a. Now, if f was originally chosen to
have sufficiently high order, then taking r = (f,1)™ will give a rotation of
order higher than this bound. Thus, we conclude that a is freely homotopic
to the first S! factor. Applying the same argument with (1, g) in place of
(f,1) and using uniqueness of the Seifert structure shows that a is also
freely homotopic to the second S! factor, a contradiction.
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In the case where M’ has a non-unique fibering, the argument above sim-
ply shows that the two S! factors are fibers of different fiberings. However,
the same argument can be repeated with the finite order diffeomorphisms
(f,9), (f%,9), etc, implying that M’ would in fact need to have infinitely
many different fiberings. The only possibility is that M’ is equal to the
solid torus.

To treat the case where M’ is a solid torus, we argue as follows. As before,
we can apply the equivariant sphere theorem and get an action of (f,1) on
the solid torus agreeing with the original action on the boundary. Now
double the solid torus along its boundary gluing meridian to longitue to
obtain a 3-sphere. Realizing the glued-in torus as D? x S, we may extend
the finite order diffeomorphism (f,1) of its boundary to a diffeomorphism
of D? x S' preserving each torus formed by the product of a circle of
radius r in the first factor with the second S' factor, and preserving the
central {0} x S1. One simply “cones off” the original action, identifying
concentric circles. Thus, we get an action of (f,1) on the sphere. By Smith
fixed point theory, any prime order orientation-preserving homeomorphism
of the 3-sphere has fixed set equal to a (possibly knotted) topological circle.
Applying this to any nontrivial power of f that has prime order, we get
a contradiction because the action of (f,1) on the torus boundary is free,
and thus the fixed set for the double action cannot be a connected set. [

Remark 2.7. — The above proof would be simpler if one could choose
the identification of the boundary of M with S* x S! using the structure
of M, i.e. simply choose the S! factor to not be a regular fibering of the
Seifert piece containing the boundary. But this is not useful for our intended
application to the bordism problem.

The next proposition gives the final ingredient in the proof of Theo-
rem 1.2. As in the introduction, we let G’ denote the smooth conjugate of
Thompson’s group in Diff>*(S?1).

PROPOSITION 2.8. — Let G’ x G act on S' x S' via the standard ac-
tion preserving each factor. Suppose M is a solid torus with boundary S*
x St (we do not require either of the factors to be a disc-bounding curve).
Then this action does not extend to an action by C! diffeomorphisms on M.

Proof. — First, work with the non-smooth version of Thompson’s group.
Note that the lift of such a homeomorphism to a 2¥—fold cover of the circle is
again an element of Thompson’s group, and more generally, if ¢ is a finite
order element of Thompsons group, then the lift of any element under
the map S' — S'/(t) is again an element of Thompson’s group, since its
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breakpoints are again at dyadic points and its slopes are dyadic. Since the
smooth version is a conjugate of this action, the same result on lifts is true
for the smooth version.

We give the proof first in the case where one of the S! factors bounds a
disc, as this requires only a simple adaptation of work from [19]. Assume for
concreteness that the first S* factor bounds a disc. We will work with the
subgroup G’ x {1} acting on S* x S*. Since Thompson’s group G’ is perfect,
every element is a product of commutators. Let ro be an order 2 rigid rota-
tion in G’, and write it as a product of commutators, ro = [a1,b1] ... [ag, by].
Choose lifts of a; and b; to the 4-fold cover of the circle. These will all com-
mute with the order 4 rotation. Denote these by A; and B; respectively.
Let r denote the product of commutators r = [Ay, B1]...[Ag, Bx]. Then r
is a lift of the order two element, and one may check that it has order 8.
Also, 72 is the covering map, so commutes with each A; and each B;.

Now we may conclude the proof by directly applying an argument from
[19] that was inspired by a similar strategy used by Ghys [6]. In outline, one
first shows that r has nonempty fixed set, as can be seen easily from lifting
the action to the universal cover of the solid torus and this fixed set is equal
to a circle embedded in the solid torus. This uses only the fact that r is
a finite order element whose action on the boundary preserves the circles
of the S! factor that bounds a disc, rotating each circle. Thus, taking a
trivialization of a tubular neighborhood of this fixed set, the derivatives of
r? at any such point may be taken to have the form (4 {), where 4 € O(2)
has order 4. Since 4; and B; commute with 72, the fixed set of 72 (which
is equal to the fixed set of r) is A; and B; invariant, and the derivatives
of A; and B; commute with this linear map (4 9). However, it is easily
checked that the centralizer of such a map is abelian. Thus, we conclude
that r cannot be written as a product of commutators.

Now we adapt this line of argument to the general case. Let o and § be
generators of the two 7 (S?) factors, respectively, and suppose that 3™
represents a simple curve which bounds a disc in M (in particular o and g
are relatively prime). In order to apply the same proof strategy as above,
we need to find a finite order element r of G’ x G’ which is conjugate to
a rotation in the direction of a¥3™, and can be written as a product of
commutators r = [A1, Bi]...[Ak, Bg] in G’ x G’ such that some nontrivial
power of r has order at least 3 and commutes with each A; and B;. In this
case, the end of the argument above applies verbatim. Thus, the remainder
of the proof is devoted to producing r, again by using tricks lifting to factors
in each cover.
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Again, to do this, we may work with the non-smooth version of Thomp-
son’s group. Let g be a finite order element of order |2m| and rotation
number ﬁ Such an element may be constructed in the standard non-
smooth Thompson’s group by partitioning S! into 4m intervals of rational
dyadic lengths and sending each one to the next in cyclic order if m > 0
and reverse cyclic order if m < 0. We may additionally choose this partition
so that ¢™ is a rigid rotation of order 2. Similarly, let f be a finite order

element of order |2k| and rotation number o, with f* a rigid rotation of

2k
order 2.
Using the fact that G’ is perfect, write g = [a1,b1]...[a;,b;] and f =
[c1,d1] ... [cj,d;], thus (g, f) is the product of commutators

j
(9.f) = H [(as,ci) s (biydi) .
i=1
Note that we may choose some of these commutators to be trivial in order
to ensure that the expressions have the same length. Similar to the previous
proof, consider now a degree 4 cover S' — S! that is a local isometry, and
take lifts A; and B; of a; and b; to homeomorphisms of the cover; these
will lie in Thompson’s group, will commute with the deck transformation,
and will satisfy that the product of commutators

S =

[Ai, Bi]

J

—

K3
has rotation number SLm' Also, since s™ is a lift of the order 2 rigid rotation
g™, we have that s™ is a rigid rotation of order 8 with s2™ equal to the
deck transformation of the cover.

In the same way, we may choose lifts C; and D; of ¢; and d; to a degree 4
cover, and we have that

t:=

K2

J
[Cs, D]
=1

1
8k
commutes with C; and D;.

Now we return to considering the product action of the product of two
copies of Thompson’s group on S* x S'. Let

t2k:

has rotation number that t* is a rigid rotation of order 8, and

J
ri=(s,t) = [T [(4. C), (Bi, Dy) ]
i=1
By construction, each of (A;,C;) and (B;, D;) commutes with r2+™

is conjugate to a homeomorphism which preserves each S! factor, rotating

,and r
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the first by SLm and the second by i; in other words, it has order 8km and
rotates in the direction of a*3™. Furthermore, 72*™ has order 4, which is
the final property that we needed to show. One may now consider smooth
conjugates of these elements and proceed as in the first case where one
factor bounded a disc. O

Since G’ has elements of arbitrarily high order, combining the above
propositions yields Theorem 1.2.

COROLLARY 2.9. — G’ x @ is a finitely generated group with an action
on S x S which does not extend to an action by C' diffeomorphisms on
any three manifold bounded by S' x S'. With the exception of the case
where the bounding manifolds is the solid torus, the action furthermore
does not extend to an action by C° homeomorphisms.

3. On powers of the Euler class

Let M be an irreducible 3-manifold with boundary OM = T2. In this
section we prove Theorem 1.4, showing that in the case where M is not
homeomorphic to the solid torus, there is a cohomological obstruction to
extending groups acting on M to actions on M. The advantage of co-
homological obstruction in low dimensions is that it is insensitive to the
regularity of the action, so we do not have to appeal to smoothing results
to approximate C? actions by differentiable ones.

Consider the map between classifying spaces induced by the restriction
map

BDiff (M, dy) — BDiff, (T?) ~ BT”.
Theorem 1.4 is a consequence of the following proposition.

ProposITION 3.1. — Let M be an irreducible 3-manifold with bound-
ary OM = T? such that it is not diffeomorphic to the solid torus. Then
there exists an integer k such that the map induced by the restriction map

H* (BDiff, (T?);Q) — H"(BDift (M, d) ; Q)

has a nontrivial kernel.
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Proof of Theorem 1.4. — 1If the action of H on the boundary extends to
a C%-action on M, then we have a homotopy commutative diagram between
classifying spaces

BHomeo(M, dy)

BH — BHomeog (T2) .

It is a well-known fact that in dimensions smaller than 4, the inclusion of
diffeomorphism groups into homeomorphism groups is a weak homotopy
equivalence (for dimension 3 see [4] which is based on Hatcher’s proof [11]
of Smale’s conjecture and for dimension 2 see [9]). Hence, the the induced
map

p* : H* (BHomeo, (T%);Q) — H* (BH;Q),

would be injective in all degrees by the hypothesis. But by Proposition 3.1
the map r* has a nontrivial kernel and since p = r o ¢, it implies that p*
also has a nontrivial kernel which is a contradiction. O

Proof of Proposition 3.1. — Recall that M is an irreducible 3-manifold
with a single torus boundary component. Since M is not diffeomorphic
to a solid torus, its boundary is incompressible. For such manifolds, the
JSJ decomposition ([17, 14]) gives a canonical set of disjoint embedded
incompressible tori and incompressible annuli (possibly empty), so that
cutting M along those tori and annuli gives a decomposition of M into
pieces that are either Seifert fibered, I-bundles over surfaces of negative
Euler characteristic, or admit a hyperbolic structure on the interior (see
also [13, Section 4]). When M has only torus boundary components - the
case of interest to us - no annuli are needed in the decomposition (see [22,
Section 5]) and the piece with torus boundary is either Seifert fibered or
has hyperbolic interior.

We consider three cases depending on whether the JSJ decomposition is
trivial, and if trivial, depending on the structure of the piece with the torus
boundary.

Case 1. M\T is hyperbolic. — Here and in what follows we use the
notation Mod(M) to denote the mapping class group mo(Diff(M)). Then
Mod(M) is isomorphic to the group of isometries Isom(M\T') which is a
finite group.
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Recall that Diff (M, dy) denotes the subgroup of Diff (M) that restricts
to diffeomorphisms of the torus boundary T2 that are isotopic to the iden-
tity and let Mod(M, dp) be the corresponding mapping class group. Since
Mod(M, dy) is a subgroup of a finite group, it is also finite.

Cram. — m;(Diff (M, 8y)) = 0 for i > 0.
Proof of the claim. — There is a fibration
(3.1) Diff (M, rel 8y) — Diff (M, 8y) — Diffo (77?),

where Diff (M, rel 9p) denotes the subgroup of Diff (M) that restricts to the
identity on the torus boundary T?2. Since M is Haken, Hatcher’s theorem
([12, Theorem 2]) implies that m;(Diff (M, rel dy)) = 0 for ¢ > 0. Hence, the
long exact sequence of homotopy groups of the above fibration implies that
7;(Diff (M, rel 9p)) = m;(Diff (M, 0p)) for ¢ > 1. Hence, to finish the proof
of the claim, we need to consider the case ¢ = 1. In other words, we need
to show that the map
Z? — Mod(M,rel 0y)

in the long exact sequence of the homotopy groups of the fibration (3.1) is
injective.

The group 1 (Diffo(T?)) = Z? is generated by the S'-actions along the
meridian and the longitude of the torus boundary 7?2 and their images in
Mod (M, rel 9y) are realized by the Dehn twists in a collar neighborhood
of T?. Fix a base point € T2, then the Dehn twists around T? act
as inner automorphisms on 7 (M, ). Given the hyperbolicity of M, the
group 71 (M, x) has no center. Therefore, the composition

Z? — Mod(M, rel 9y) — Aut (m1(M, z)),
is injective. Hence, the first map has to be injective. O

The claim implies that Diff (M, dy) is homotopy equivalent to the finite
group Mod(M, ). Therefore, we have H*(BDiff(M,dy); Q) = 0 which
implies that the kernel of the map

H* (BDiffo (T?) ;Q) — H"(BDiff (M, 8); Q),
is nontrivial.

Case 2. M is a Seifert fibered space. — Let M be a Seifert fibered
manifold where T2 is a torus boundary component. We may assume that
the boundary of M is union of non-singular fibers. Since M is Haken and
is not diffeomorphic to a solid torus, by Hatcher’s theorem ([12, Theo-

rem 2]), the identity component Diffo(M,dp) is either contractible or it
has the homotopy type of S'. First, let us assume that Diffq(M, 9) ~ *.
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In this case, we have BDiff (M, 9y) ~ B Mod(M, 0y). Since H*(BDiffo(T?);
Q) is a polynomial algebra over Q, if we show that Mod (M, dy) is virtu-
ally cohomologically finite i.e. H*(BMod(M, dy); Q) vanishes above some
degree, we can conclude that the map on rational cohomology induced by
the restriction map

B Mod(M, 8y) — BDiff, (T?),

has a nontrivial kernel. Hence it is enough to show that the mapping class
group is virtually cohomologically finite.

The mapping class group of Seifert fibered spaces are well understood.
Except few exceptional cases, the Seifert fibered structure is unique and for
these cases the mapping class group is isomorphic to the fiber-preserving
mapping class group ([17, Proposition 25.2 and Proposition 25.3], see also
[24, Theorem 1]). The only manifold with one torus boundary component
among the exceptional cases is the solid torus which is excluded by the
hypothesis.

Hence, in our cases that mapping class group is isomorphic to the fiber-
preserving mapping class group, and this group sits in a short exact se-
quence between “vertical” and “horizontal” mapping class elements as fol-
lows. Let M be fibered over a surface ¥ with the projection p : M — X
and let S be the set of projections singular fibers to X. Let Diff*(%, S)
be the subgroup of Diff(¥) that permute the points in S with the same
index of the corresponding singular fibers of Seifert fibered space struc-
ture. Let Mod* (X, S) be its group of connected components. Similar to [13,
Lemma 2.2], we have a short exact sequence

1 — Hi(%,0%) — Mod(M, dy) — Mod™(%,S) — 1.

Let ¥ be the surface obtained from ¥ by cutting out a neighborhood
of S. Since Mod* (X, S) is finite index subgroup of Mod(%) which is virtu-
ally cohomologically finite, so is Mod™* (2, S). Moreover, the abelian group
Hy(X,0%) is also virtually cohomologically finite. Therefore, by [13, Lem-
ma 1.1], we have Mod(M, dy) is also virtually cohomologically finite.

Now suppose Diffo(M, dy) ~ S*. Now we have a homotopy commutative
diagram

BS! —— BDIff(M, dy) — BMod(M, do)

(3.2) \ TJ

BDiff, (T2),
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where the horizontal maps give a fibration induced by
])1&0(]\47 80) — ]lef(]\47 80) — 1\/[0(1(1\47 80)

Note that f* : H?(BDiffo(7?); Q) — H?*(BS'; Q) has a nontrivial kernel,
say x is a nontrivial element in the kernel. Therefore, r*(x) is in the kernel
of +*. Consider the fibration

BS* — BDiff(M, dy) — BMod(M, d).

Recall the filtration on the cohomology of the total space of a fibration
f: E — B that gives rise to the Serre spectral sequence is induced by
the pre-image of the skeleton filtration of B, and the filtration terms are
given by F,H"(E) := ker(H"(E) — H™(f '(skl,—1B))). Hence, the first
term of filtration on the second cohomology H?(BDiff(M,dy); Q) is given
by ker(H?(BDiff(M, dy)) = H?(BS')). Since 7*(z) lies in the kernel of ¢*,
it implies that r*(z) has a positive filtration in the Serre spectral sequence.
Therefore, for some power k, we know that r*(z*) has a Serre filtration
beyond the @Q-cohomological dimension of Mod(M,dy). Thus, for some
k, the class r*(z¥) has to vanish in rational cohomology. However, since
H*(BDiffo(T?); Q) has no nilpotent element, z* is a nontrivial element in
the kernel of r*.

Case 3. M has a nontrivial JSJ decomposition. — In this case
Hatcher’s theorem [12, Theorem 2] states that the identity component of
Diff (M, 0y) is contractible. Let Tp be the union of tori in the JSJ decompo-
sition that cuts out the unique piece P containing the boundary torus 7°2.

Let Diff (M, Tp, dy) denote the subgroup of Diff (M, 9y) that preserve Tp.
From Hatcher’s theorem [12, Theorem 1] on the homotopy type of spaces
of embeddings of incompressible surfaces in a Haken manifold, for each
component Ty of T,, we have Emby, (T2, M) ~ T? where Embr, (T?, M) is
the space of embeddings of tori isotopic to Tp. As is also explained in [13,
Page 107], from the uniqueness of the JSJ decomposition and Hatcher’s
theorem, we conclude that the map

Mod(M,Tp,0y) — Mod(M, dy),
is an isomorphism. Hence, given the homotopy commutative diagram

B Mod(P, dp)

|

BMod(M, Tp, 8y) — BDiff, (T?2),
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we deduce that the map
r*: H* (BDiffo (T%);Q) — H* (BMod (M, Tp,8);Q),
factors through
rp o H* (BDiffo (T°) ;Q) — H* (BMod (P,dp); Q).

But by previous cases r}; has a nontrivial kernel. Therefore, r* also has a
nontrivial kernel. g

Application to the extension or bordism problem

Let G C Homeog(S') be Thompson’s group. (Altrnatively, one could
work with its smooth conjugate G’, as described in the introduction). Here
show there is a cohomological obstruction to extending the product action
of G x G on S' x S' to an irreducible manifold M with torus boundary.

To do so, we recall what is known about the cohomology of G. Ghys and
Sergiescu ([7, Theorem B]) used a theorem of Greenberg ([8]) to prove that
there exists a map

BG — Map (51753) /S,
which induces a homology isomorphism where Map(S*, $) /St is the ho-
motopy quotient™) of the circle action on the space of loops on S3. Hence,
they conclude that

H* (BG;Z) = Z]a, x] /a - X,

where y is the Euler class induced by the inclusion G < Homeo(S') and
a is also a degree 2 class which is a “PL version” of Godbillon-Vey class.
From this computation, what we need is H1(BG;Z) = 0 so G is perfect
and the powers of the Euler class x* € H?*(BG;Z) are non-zero for all k.
Therefore, by Proposition 3.1, the action of G x G on the boundary does
not extend to a C?-action on M, unless M is the solid torus.

Discussion: reducible case

One approach to proving the same statement as in Proposition 3.1 for
a reducible manifold M with a torus boundary component would be to

(D For a topological group G acting on a topological space X, the homotopy quotient is
denoted by X//G and is given by X X EG where EG is a contractible space on which
G acts freely and properly discontinuously.
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generalize the solution of Kontsevich’s conjecture by Hatcher and McCul-
lough [13] for reducible 3-manifolds. For such M, in the previous paper
([19, Theorem 1.2]) we proved that when M is not diffeomorphic to the
solid torus, the map

H? (BDiff, (T?);Q) — H? (BDiffo (M, 8); Q) ,

has a nontrivial kernel. Let z € H?(BDiff¢(7?); Q) be a nontrivial element
in the kernel. Now, consider the homotopy commutative diagram

BDiffo (M, dy) —— BDiff (M, dy) —— B Mod (M, dy)

o ~I

BDiff, (T2).

Note that r*(x) has a positive Serre filtration in the Serre spectral sequence
for the fibration BDiffy(M, dy) — BDIff(M,dy) — BMod(M, dp). If we
knew that Mod(M, dy) were virtually cohomologically finite, similar to the
case 2 in the proof of Proposition 3.1, we could argue that for some integer
k, the class 7*(2*) has to be zero which implies that the nontrivial class
z% € H?*(BDiffo(T?); Q) is in the kernel of the map

H* (BDiff, (T%) ;Q) — H* (BDiff (M, ) ; Q).
Therefore, this discussion will leave us with the following question.

PROBLEM 3.2. — Let M be a reducible 3-manifold such that OM = T?.
Is Mod(M, 9y) virtually cohomologically finite?

Nonetheless, when M is the connected sum of only two irreducible 3-
manifolds, one can prove the following

ProposiTION 3.3. — Let P be an irreducible 3-manifold such that
OP = T? and Q is a closed irreducible 3-manifold. Let M be P#(Q. Then
the map

H* (BDiffy (T?%);Q) — H* (BDiff (M, d) ; Q),

has a nontrivial kernel.

Proof. — Let S C M be a separating sphere. Since there is only sepa-
rating sphere in M up to isotopy, by a theorem of Hatcher [10, Remark
page 430] and Jahren [15], we know that Diff (M, S, dp) which is the sub-
group of those diffeomorphisms that preserve the sphere S setwise, is homo-
topy equivalent to Diff (M, dp). Therefore, we have the following homotopy
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commutative diagram

BDiff (P\D?, )

|

BDIH(M, S, 80) e BDIHO (T2) .
Hence, it is enough to show that
H* (BDiffy (T%);Q) — H* (BDiff (P\D?,8) ; Q) ,

have a nontrivial kernel. But this follows exactly similar to the proof of [19,
Lemma 3.13] by considering the cases whether P is the solid torus and using
Proposition 3.1 for the irreducible case. O

Hence, we pose the general case as a question.

PROBLEM 3.4. — Let M be a 3-manifold with boundary OM = T? such
that it is not diffeomorphic to the solid torus. Does the restriction map

H* (BDiff, (T%);Q) — H*(BDiff (M, 8y) ;Q),

have a nontrivial kernel?
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