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A REVERSE COAREA-TYPE INEQUALITY IN
CARNOT GROUPS

by Francesca CORNI (*)

Abstract. — We prove a coarea-type inequality for a continuously Pansu dif-
ferentiable function acting between two Carnot groups endowed with homogeneous
distances. We assume that the level sets of the function are uniformly lower Ahlfors
regular and that the Pansu differential is everywhere surjective.
Résumé. — Nous démontrons une inégalité de type co-aire pour une fonction

entre deux groupes de Carnot munis de distances homogènes. On suppose que la
fonction est continûment différentiable au sens de Pansu avec différentielle conti-
nue. On suppose aussi que les ensembles de niveau de la fonction sont uniformément
inférieurement Ahlfors-réguliers, et que la différentielle de Pansu est partout sur-
jective.

1. Introduction

Geometric measure theory in non-Euclidean metric spaces has been rel-
evantly developed during the last decades. One of the first goals in this
line of research is the study of Carnot groups, that are connected, simply
connected, nilpotent, stratified Lie groups. These are the simplest mod-
els of sub-Riemannian manifolds. One can canonically associate to each
Carnot group a family of non-isotropic dilations defined according to the
stratification of the Lie algebra of the group. We study Carnot groups en-
dowed with a distance that is homogeneous with respect to these dilations.
Within the study of these metric spaces, a long-standing open problem is
the validity of the coarea formula for Lipschitz maps acting between two
Carnot groups. Up to now, for these mappings only a coarea-type inequality
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is available [12]. Some stronger results have been proved for specific situa-
tions. For instance, one can refer to [4, 13, 21] for bounded variation or Lip-
schitz real-valued maps acting on a generic Carnot group, to [10, 16, 20, 22]
for Lipschitz or continuously Pansu differentiable mappings from a Heisen-
berg group Hn to Rk (where, depending on k, higher regularity on the
Pansu differential may be required) and to [9, 14, 15] for Euclidean regu-
lar maps from a Carnot group to Rk. Moreover, a very general result has
recently been proved in [8]. The authors consider two Carnot groups G
and M, endowed with homogeneous distances, an open set Ω ⊂ G and a
map f : Ω → M, with Pansu differential D f(x) continuous on Ω. Then,
the coarea formula holds for f if, at every point x ∈ Ω, either D f(x) is
surjective and ker(D f(x)) can be complemented with a homogeneous sub-
group (Definition 4.5) or D f(x) is not surjective. A key step in the proof of
the coarea formula [8, Theorem 1.3] is a suitable implicit function theorem
(Theorem 4.12). Fix a value m ∈M and consider a point x ∈ f−1(m) such
that D f(x) is surjective. Assume that there exists a homogeneous subgroup
V complementary to ker(D f(x)) and choose any homogeneous subgroup
W complementary to V. Then there exist an open neighbourhood Ωx ⊂ G
of x, an open set U ⊂W and a map φ : U ⊂W→ V such that Ωx∩f−1(m)
is the intrinsic graph of φ (Definition 4.7). It is not clear how to prove the
existence of an analogous parametrization if we assume the Pansu differen-
tial D f(x) only to be surjective. In this work we bypass this lack and we
prove a weaker coarea-type result, that permits, under a further regularity
condition, to deal with more general situations. More precisely we prove
the following result.

Theorem 1.1. — Let (G, d1), (M, d2) be two Carnot groups endowed
with homogeneous distances, of metric dimension Q, P and topological
dimension q, p, respectively. Let f ∈ C1

G(G,M) be a function and assume
that D f(x) is surjective at every point x ∈ G. Assume that there exist
two constants r̃, C > 0 such that for SP -a.e. m ∈ M the level set f−1(m)
is r̃-locally C-lower Ahlfors (Q − P )-regular with respect to the measure
SQ−P . Let Ω be a closed bounded subset of G. Then there exists a constant
L = L(C,G, p) such that∫

Ω
CP (D f(x)) dSQ(x) 6 L

∫
M
SQ−P (f−1(m) ∩ Ω) dSP (m).

The factor CP (D f(x)) is the coarea factor of the Pansu differential
D f(x) (Definition 2.13) and Sα denotes the α-dimensional spherical Haus-
dorff measure built with respect to the homogeneous distance. Refer to
Definition 2.16 for the notion of locally lower Ahlfors regular set.
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It is immediate to extend Theorem 1.1, to the case when Ω is a mea-
surable subset of G (Theorem 3.4). As an example of its generality, notice
that Theorem 1.1 can be applied to any continuously Pansu differentiable
functions f : H1 → R2 satisfying the requirements.

The proof of Theorem 1.1 is inspired to an abstract procedure presented
in [24], where it is used to prove a coarea-type inequality for functions
from a metric space to a measure space, for packing-type measures. An
analogous argument involving suitable packing measures is adapted here
to prove Claim 1 of Theorem 3.3.

By applying Theorem 1.1, we deduce new results about the slicing of
measurable functions on the level sets of f (Corollaries 4.2 and 4.3).

In Theorem 1.1 the assumption about the uniform local lower Ahlfors
regularity of the level sets of the map f can be read also as a substitute of
the existence of a suitable splitting of G. In fact, this condition is automat-
ically verified if one assumes the existence of a p-dimensional homogeneous
subgroup V ⊂ G complementary to ker(D f(x)) for every point x ∈ G
(Corollary 4.16). We stress that Corollary 4.16 is just an example of an ap-
plication of Theorem 1.1. In fact, as we discussed above, it can be derived
also by the coarea formula in [8, Theorem 1.3].

2. Preliminary definitions and results

When we write a . b, we mean that there exists some positive constant
C such that a 6 Cb. If C depends on some parameter d, it will be specified
with a subscript. For instance, by a .d b we mean that there exists a
constant C depending on d such that a 6 Cb. Analogous notations are
assumed for &.

Definition 2.1. — A Carnot group G is a connected, simply connected,
nilpotent Lie group such that its Lie algebra Lie(G) is stratified i.e. there
exist linear subspaces V1, V2, . . . , Vk such that

Lie(G) = V1 ⊕ · · · ⊕ Vk

and

[V1, Vi] = Vi+1 if i 6 k Vk 6= {0} Vi = {0} if i > k,

where [V1, Vi] = span{[X,Y ] : X ∈ V1, Y ∈ Vi}.
The number k is called the step of G.

TOME 72 (2022), FASCICULE 1



158 Francesca CORNI

The topological dimension of G is q =
∑k
i=1 dim(Vi). The number Q =∑k

i=1(i dim(Vi)) is called the homogeneous dimension of G.
We denote the left translation associated to an element x ∈ G by τx :

G→ G, τx(y) = xy.

We can naturally introduce on Lie(G) a family of non-isotropic linear
dilations

δt(v) =
k∑
i=1

tivi if v =
k∑
i=1

vi with vi ∈ Vi.

Since G is simply connected and nilpotent, the exponential map exp :
Lie(G)→ G is a global diffeomorphism, then we can identify G with Lie(G)
and any dilation δt can be identified with the function exp ◦δt◦exp−1 : G→
G, and we denote this map again by δt.
A Lie subgroup W ⊂ G is called homogeneous if it is closed with respect

to the family of anisotropic dilations, hence if for every t > 0, δt(W) ⊂W.
Through the exponential map according to the Baker–Campbell–

Hausdorff formula we can move the group product of G to an isomor-
phic polynomial group product on Lie(G): for X,Y ∈ Lie(G), we call it
BCH(X,Y ). In particular Lie(G) endowed with BCH(·, ·) is isomorphic
to G itself (see for instance [25, Theorem 4.2]), so we identify G and Lie(G)
as Lie groups.
We fix a basis of G, (v1, . . . , vq) and we identify G with Rq through the

chosen basis as follows

(2.1) ϕ : G→ Rq, ϕ(p) = (x1, . . . , xq) if p =
q∑
i=1

xivi.

The product on G can be moved to a polynomial group product on Rq
(see [1, Proposition 2.2.22]). By the identification of G with Lie(G) and
Rq, G can be seen as Rq endowed at the same time with the structure
of Lie group, with a polynomial group product, and the structure of Lie
algebra, and hence of linear space. The inverse of an element with respect
to the group product is (x1, . . . , xq)−1 = (−x1, . . . ,−xq) while the identity
element is the null vector of Rq and we denote it by 0.
We assume that G is a Carnot group endowed with a homogeneous

distance d, that is a distance such that d(zx, zy) = d(x, y) for every
x, y, z ∈ G and d(δt(x), δt(y)) = td(x, y) for every t > 0 and x, y ∈ G.
We set ‖x‖ := d(x, 0) for every x ∈ G; the metric closed ball centered
at x of radius r is denoted by B(x, r) := {y ∈ G : d(x, y) 6 r} and for
every set S ⊂ G, we call diam(S) := sup{d(x, y) : x, y ∈ S}. Notice that
diam(B(x, r)) = 2r for all x ∈ G and r > 0, for any fixed homogeneous
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distance d. When nothing more is specified, by “ball” we will mean “closed
ball”. For a ball B, we denote the radius of B by r(B). If B = B(x, r) is a
ball in G and ` > 0 is a positive number, we denote by `B the ball B(x, `r).
If Ω ⊂ G is a set and x ∈ G, we call

d(x,Ω) := inf{d(x, y) : y ∈ Ω}.

We fix on G a scalar product with respect to which (v1, . . . , vq) is an
orthonormal basis; extending it by left invariance, we obtain a Riemannian
metric g on G. The norm arising from the fixed scalar product turns out to
be identified through ϕ with the Euclidean metric on Rq. We will denote
this norm on G by | · |.

Proposition 2.2 ([1, Proposition 5.15.1]). — Let G be a Carnot group
of step k endowed with a homogeneous distance d. For every compact subset
K ⊂ G there exists a constant CK such that for any x ∈ K

1
CK
|x| 6 ‖x‖ 6 CK |x|

1
k .

Definition 2.3 (Carathéodory’s construction). — Let F ⊂ P(G) be a
non-empty family of closed subsets of a Carnot group G equipped with a
homogeneous distance d. Let ζ : F → R+ be a function such that 0 6
ζ(S) <∞ for any S ∈ F . If δ > 0, and A ⊂ G, we define
(2.2)

φδ,ζ(A) = inf


∞∑
j=0

ζ(Bj) : A ⊂
∞⋃
j=0

Bj , diam(Bj) 6 2δ, Bj ∈ F

 .

The measure of A resulting by Carathéodory’s construction is the limit

lim
δ→0

φδ,ζ(A) = sup
δ>0

φδ,ζ(A).

If F coincides with the family of closed balls, Fb, with respect to the dis-
tance d and ζS(B(x, r)) = rα we call

Sα(A) := sup
δ>0

φδ,ζS
(A)

the α-spherical Hausdorff measure of A.

If G is a Carnot group of topological dimension q and homogeneous
dimension Q, then Q is the metric dimension of G with respect to any
homogeneous distance d, according to [26, Definition 2.23]. The spherical
measures Sm are invariant by left translation, hence, for any positive m,
Sm(τx(A)) = Sm(A) for every x ∈ G and A ⊂ G. By the uniqueness of the
Haar measure, SQ coincides up to a constant with the Lebesgue measure
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Lq (for more details please refer to [26, Propositions 2.19, 2.32]). Moreover,
for any positive m, Sm(δt(A)) = tmSm(A) for every t > 0 and A ⊂ G.

Definition 2.4 (Packing). — Let N , ` be two natural numbers, with
` > 1. Let X be a metric space. An `-packing is a countable collection of
closed balls {Bi} such that the concentric balls `Bi are pairwise disjoint.
An (N, `)-packing is a collection of balls {Bi} which is the union of at most
N `-packings

In the previous definition, and from now on, by {Bi} we mean {Bi}i∈N.

Remark 2.5. — In a doubling metric space it is not restrictive to assume
that once fixed a number ` > 1, there exists a natural number N , only
depending on `, such that, for every δ small enough, there exist (N, `)-
packings made of balls of radius smaller that δ that cover the whole space.
For instance, in [24, Remark 3.2] it is proved that if a metric space X is
doubling at small scales, fine coverings that are (N, `)-packings exist, with
N depending only on `.

Definition 2.6 (Packing premeasure). — Let ` > 1 and N be natural
numbers. Let G be a Carnot group endowed with a homogeneous distance
d and let δ > 0, α > 0; let E ⊂ G, we introduce

PαN,`,δ(E) = sup


∞∑
i=1

r(Bi)α : {Bi} (N, `)-packing of E, E ⊂
⋃∞
i=1Bi,

Bi centered on E, r(Bi) 6 δ


and define

PαN,`(E) := inf
δ>0
PαN,`,δ(E).

We define also the following packing-type premeasure. In particular, in
this case we do not require the packings to cover the set,

P̃αN,`,δ(E) = sup


∞∑
i=1

r(Bi)α : {Bi} (N, `)-packing of E,
Bi centered on E, r(Bi) 6 δ

 ,

and
P̃αN,`(E) := inf

δ>0
P̃αN,`,δ(E).

Remark 2.7. — Let G be a Carnot group endowed with a homogeneous
distance d and let E ⊂ G and α > 0. Let ` > 1 and let N be a natural
number such that there exist fine (N, `)-packings of G that cover G (see
Remark 2.5). Then

(2.3) Sα(E) 6 PαN,`(E).
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In fact, for every δ > 0, any (N, `)-packing of E that covers E with balls
centered on E of radius smaller that δ is a covering of E of balls of radius
smaller than δ so, surely, for any δ > 0

φαδ,ζS
(E) 6 PαN,`,δ(E)

where φδ,ζS
is built, as before, on the family of closed balls Fb. Letting δ

go to zero, we get (2.3).

For any k ∈ N, we denote by HkE the Hausdorff measure on G i.e. the
measure obtained by Carathéodory’s construction assuming that F is the
family of all closed sets and

ζ(B) = L
k({y ∈ Rk : |y| 6 1})

2k diam(B)k.

We denote the closed Euclidean ball of center x and radius r > 0 by
BE(x, r) = {x ∈ G : |x| 6 r}.

From now on, we consider two Carnot groups endowed with homogeneous
distances (G, d1), (M, d2), of metric dimension Q and P and topological
dimension q and p, respectively. The Lie algebras of G and M are stratified
and we identify as above Lie(G) with G and Lie(M) with M so the groups
can be seen as direct sum of linear subspaces

G = V1 ⊕ · · · ⊕ Vk M = W1 ⊕ · · · ⊕WM .

We denote by δ1
t and δ2

t the anisotropic dilations of parameter t > 0 on G
and M, respectively.

By B(x, r) and BM(x, r) we denote the closed metric balls (of center x
and radius r) in G and M, respectively.
A map L : G → M is a h-homomorphism if it is a group homomor-

phism such that L(δ1
t (x)) = δ2

t (L(x)) for any x ∈ G and t > 0. In this
case we say L ∈ L(G,M). Given two h-homomorphisms L, T ∈ L(G,M),
we define the distance dL(G,M)(L, T ) := supx∈B(0,1) d2(L(x), T (x)) and we
denote by ‖L‖L(G,M) := dL(G,M)(L, I), where I : G → M denotes the map
that associates to any point of G the unit element of M.
If we identify G with Rq and M with Rp through two fixed bases

(v1, . . . , vq) and (w1, . . . , wp) as in (2.1), any h-homomorphism L is in par-
ticular a linear map from Rq to Rp. We endow, as described above, both G
and M with a scalar product, with respect to which the two fixed bases are
respectively orthonormal. Then, if p 6 q we can consider the Jacobian of L,
|L| =

√
det(LL∗). Observe that |L| is the Euclidean algebraic Jacobian of

L from Rq to Rp, or, equivalently, it is the Jacobian of L between the two
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Lie algebras G and M with respect to the fixed scalar products. For more
details about h-homomorphisms, please refer to [11, Section 3.1].
An invertible h-homomorphism is called a h-isomorphism.
We denote by ‖x‖1 := d1(x, 0) for every x ∈ G and by ‖x‖2 := d2(x, 0)

for every x ∈M.
Let Ω be an open set in G and f : Ω→M be a continuous function. Fix

a point x ∈ Ω. If there exists a h-homomorphism L : G→M that satisfies

‖L(x−1y)−1f(x)−1f(y)‖2 = o(‖x−1y‖1) as ‖x−1y‖1 → 0,

f is said Pansu differentiable at x. If such a map L exists, it is unique and
it is called the Pansu differential of f at x. We denote it by D f(x). This
definition has been introduced in [23]. We say that f ∈ C1

G(Ω,M) or that f
is continuously Pansu differentiable on Ω if the function D f : Ω→ L(G,M)
is continuous.
The norm of the Pansu differential of a continuously Pansu differentiable

map is continuous, more precisely the following holds.

Proposition 2.8. — Let G and M be two Carnot groups and let Ω ⊂ G
be an open set. If f ∈ C1

G(Ω,M), the function ‖D f‖L(G,M) : Ω → R, x →
‖D f(x)‖L(G,M) is continuous.

Definition 2.9 ([17, Definition 4.11]). — Let f : K → Y be a continu-
ous function from a compact metric space (K, d1) to a metric space (Y, d2).
Then we define the modulus of continuity of f on K as

ωK,f (t) = max
x,y∈K

d1(x,y)6t

d2(f(x), f(y)).

If we consider an open set Ω ⊂ G and a map f : Ω ⊂ G → M, for
j = 1, . . . ,M , we call Fj := πj ◦ f , where πj : M → Wj is the orthogonal
projection onto the j-th layers of M. If f is Pansu differentiable at x ∈ Ω,
by [17, Theorem 4.12], the Fj are Pansu differentiable at x for j = 1, . . . ,M
and in particular DF1(x) = π1 ◦D f(x) (notice that DF1 : Ω→W1).

Remark 2.10. — In the statement of Theorem 2.11, and also later in
the paper, we will refer to two geometrical constants c = c(G, d) and
H = H(G, d), that can be associated with any Carnot group G endowed
with a homogeneous distance d. In order to achieve our main result, The-
orem 1.1, the exact value of these constants will not be relevant. Hence,
since their definition is very technical, for the sake of accuracy, we refer
to [17, Lemma 4.9, Definition 4.10] for a precise evaluation. Here we just
highlight that c and H depend only on the group G and the distance d.
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Theorem 2.11 ([17, Theorem 1.2]). — Let (G, d1) and (M, d2) be two
Carnot groups endowed with homogeneous distances. Let k be the step of
G and Ω ⊂ G be an open subset. Let us consider a map f ∈ C1

G(Ω,M). Let
Ω1,Ω2 ⊂ G be two open subsets of G such that Ω2 is compactly contained
in Ω and

{x ∈ G : d1(x,Ω1) 6 cH diam(Ω1)} ⊂ Ω2,

where c = c(G, d1) and H = H(G, d1) are the geometric constants of
Remark 2.10. Then there exists a constant C, only depending
on G, maxx∈Ω2

‖DF1(x)‖L(G,W1) and on the modulus of continuity
ωΩ2,dF1

(diam(Ω2)) such that

d2(f(x)−1f(y),D f(x)(x−1y))
d1(x, y) 6 C[ωΩ2,DF1

(cHd1(x, y))]1/k
2

for every x, y ∈ Ω1 with x 6= y.

Remark 2.12. — By [17, Theorem 4.12], if f is continuously Pansu dif-
ferentiable, then x → DF1(x) is a continuous map from Ω to L(G,W1),
and so by Proposition 2.8, the modulus of continuity ωΩ2,DF1

(s) goes to
zero as s goes to zero.

Definition 2.13 (Coarea factor). — Let L : G → M be a h-homo-
morphism and let be Q > P . We call coarea factor of L, CP (L), the unique
constant such that

SQ(B(0, 1))CP (L) =
∫
M
SQ−P (L−1(ξ) ∩B(0, 1)) dSP (ξ).

By [12, Proposition 1.12], whose proof relies on the left invariance of
the involved spherical Hausdorff measures, on the uniqueness of the Haar
measure on Carnot groups and on the Euclidean coarea formula, CP (L) is
well defined, and it is not equal to zero if and only if L is surjective and in
this case it can be computed as follows

(2.4)
CP (L) = S

Q−P (ker(L) ∩B(0, 1))
Hq−pE (ker(L) ∩B(0, 1))

SP (BM(0, 1))
Lp(BM(0, 1))

Lq(B(0, 1))
SQ(B(0, 1)) |L|

= Z
SQ−P (ker(L) ∩B(0, 1))
Hq−pE (ker(L) ∩B(0, 1))

|L|,

where Z = SP (BM(0,1))
Lp(BM(0,1))

Lq(B(0,1))
SQ(B(0,1)) . Observe that Z is a geometrical constant

not depending on L.
We now introduce the definition of Federer density.

TOME 72 (2022), FASCICULE 1



164 Francesca CORNI

Definition 2.14. — Let G be a Carnot group endowed with a homoge-
neous distance d. Let Fb be the family of closed balls with positive radius
in G. Let α > 0, x ∈ G and let µ be a Borel regular measure on G. We call
spherical α-Federer density of µ at x the real number

θα(µ, x) := inf
ε>0

sup
{
µ(B)
r(B)α : x ∈ B ∈ Fb, diam(B) < ε

}
.

The Federer density can be used to represent the abstract way to dif-
ferentiate any Borel regular measure absolutely continuous with respect to
the α-spherical one in a metric space satisfying general hypotheses.

Theorem 2.15 ([19, Theorem 7.2]). — Let α > 0 and let µ be a Borel
regular measure on G such that there exists a countable open covering of
G whose elements have µ-finite measure. Let d be a homogeneous distance.
If B ⊂ A ⊂ G are Borel sets, then θα(µ, ·) is a Borel function on A. In
addition, if Sα(A) < ∞ and µxA is absolutely continuous with respect to
SαxA, then we have

µ(B) =
∫
B

θα(µ, x) dSα(x).

Definition 2.16. — Let (X, d, µ) be a metric measure space, consider
a subset E ⊂ X and two positive numbers α,C > 0. We say that E is
locally C-lower Ahlfors α-regular with respect to µ if there is r̃ > 0 such
that for all x ∈ E and 0 < r < r̃,

µ(B(x, r) ∩ E) > Crα.

If we need to stress the value of r̃, we say that E is r̃-locally C-lower Ahlfors
α-regular with respect to µ. If r̃ = ∞, we say that E is C-lower Ahlfors
α-regular with respect to µ.

In [12], relying also on a coarea estimate for Lipschitz maps in arbitrary
metric spaces due to Federer [3, 2.10.25], the author proved a coarea-type
inequality. We recall it here, adapting it to our context.

Theorem 2.17 ([12, Theorem 2.6]). — Let A ⊂ G be a measurable set
and let f : A→M be a Lipschitz map, then

(2.5)
∫
M
SQ−P (f−1(m) ∩A) dSP (m) 6

∫
A

CP (D f(x)) dSQ(x).

3. Coarea-type Inequality

We will need the following simple proposition in order to prove the main
theorem.
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Proposition 3.1. — Let G be a Carnot group endowed with a homo-
geneous distance d. Let W ⊂ G be a homogeneous subgroup of topological
dimension n and metric dimension N . Then for every Borel set B ⊂W we
have

Ln(B) = sup
w∈B(0,1)

HnE(B(w, 1) ∩W) SN (B).

Proof. — Let us consider the measure µW(A) := HnExW(A) = Ln(W∩A)
for any set A ⊂ G. Since both µW and SNxW are Haar measures on W (for
example refer to [8, Lemma 3.1]), they coincide up to a constant, so we can
apply Theorem 2.15, hence we know that µW(A) =

∫
A
θN (µW, x)SN (x).

Let us then compute for any x ∈W

θN (µW, x) = inf
r>0

sup
{z:x∈B(z,t)}

0<t<r

µW(B(z, t))
tN

.

Notice that for every t > 0, z ∈ B(x, t),

(3.1)

µW(B(z, t))
tN

= H
n
E(zδt(B(0, 1)) ∩W)

tN

= H
n
E(x−1zδt(B(0, 1)) ∩ x−1W)

tN

= HnE(δ1/t(x−1z)B(0, 1) ∩W),

hence

θN (µW, x) = inf
r>0

sup
{w:d(w,0)61}

HnE(B(w, 1) ∩W)

= sup
w∈B(0,1)

HnE(B(w, 1) ∩W). �

Before proving our main result, Theorem 1.1, we make a preliminary
observation.

Remark 3.2. — It is immediate to observe that any continuously Pansu
differentiable function is locally metric Lipschitz, hence by [16, Theorem 2.1]
for every measurable set A ⊂ G the function m → SQ−P (A ∩ f−1(m)) is
SP -measurable.

Theorem 1.1 is a direct consequence of the following result.

Theorem 3.3. — Let (G, d1), (M, d2) be two Carnot groups, endowed
with homogeneous distances, of metric dimension Q, P and topological
dimension q, p, respectively. Let Ω′ be an open subset of G. Let f ∈
C1

G(Ω′,M) be a function and assume that D f(x) is surjective at every
x ∈ Ω′.
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Let Ω b Ω′ be a closed bounded set such that there exist an open set Ω′′
and a positive number s > 0 such that Ω′′ is compactly contained in Ω′ and
such that, if we set Ωs := {x ∈ G : d1(x,Ω) < s} and R := cH diam(Ωs),

(3.2) ΩsR := {x ∈ G : d1(x,Ωs) 6 R} ⊂ Ω′′,

where c = c(G, d1) and H = H(G, d1) are the two geometric constants
associated to (G, d1) of Remark 2.10. Assume that there exist two constants
r̃, C > 0 such that for SP -a.e. m ∈ M the level set f−1(m) is r̃-locally C-
lower Ahlfors (Q − P )-regular with respect to the measure SQ−P . Then
there exists a constant L = L(C,G, p) such that∫

Ω
CP (D f(x)) dSQ(x) 6 L

∫
M
SQ−P (f−1(m) ∩ Ω) dSP (m).

Proof. — In the proof we will denote by B(x, r) the closed metric ball
of G with respect of d1 with center x and radius r. Let us preliminarily
introduce for δ > 0, and E ⊂ G

Tδ(E) = inf
{ ∞∑
i=1

ζT (Bi) : Bi ∈ Fb, E ⊂
∞⋃
i=1

Bi, r(Bi) 6 δ
}

with ζT (B(x, r)) = rQ−PSP (f(B(x, r)). Define the Carathéodory’s mea-
sure

T (E) := sup
δ>0
Tδ(E).

We define for any δ > 0 and E ⊂ G

KN,`,δ(E) = sup


∞∑
i=1

ζT (Bi) : {Bi} (N, `)-packing of E, E ⊂
⋃∞
i=1Bi,

Bi centered on E, r(Bi) 6 δ


and

KN,`(E) := inf
δ>0
KN,`,δ(E)

Fix N = N(3,G) the minimum natural number such that there exist fine
(N, 3)-packings of G that cover G itself.

Claim 1. — The following inequalities hold

T (Ω) 6 KN,3(Ω) 6
∫
M
PQ−PN,1 (f−1(m) ∩ Ω) dSP (m).

Let us start proving the second inequality of the claim; we follow the
scheme of [24, Proposition 4.2]. Let δ > 0 and let {Bi} be a (N, 3)-packing
of Ω that covers Ω with r(Bi) 6 δ and Bi centered on Ω. Consider any ball
Bi and choose m ∈ f(Bi). Pick xi ∈ Bi ∩ f−1(m) ∩ Ω and call Bi,m the
smallest ball centered at xi that contains Bi. Observe that Bi,m ⊂ 3Bi, so
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that, for each m ∈ M, the collection {Bi,m}{i:m∈f(Bi)} is a (N, 1)-packing
of f−1(m) ∩ Ω consisting of balls of radius less or equal than 3δ centered
on f−1(m) ∩ Ω, that covers f−1(m) ∩ Ω. Then

(3.3)

∑
i

r(Bi)Q−PSP (f(Bi)) =
∑
i

(
∫
M

1f(Bi)(m) dSP (m))(r(Bi))Q−P

=
∫
M

∑
i

1f(Bi)(m)(r(Bi))Q−P dSP (m)

=
∫
M

∑
{i:m∈f(Bi)}

(r(Bi))Q−P dSP (m)

6
∫
M

∑
{i:∃Bi,m}

(r(Bi,m))Q−P dSP (m)

6
∫
M
PQ−PN,1,3δ(f

−1(m) ∩ Ω) dSP (m).

Hence, letting δ go to zero, by Monotone Convergence Theorem

KN,3(Ω) 6
∫
M
PQ−PN,1 (f−1(m) ∩ Ω) dSP (m).

The first inequality of the claim follows analogously to the usual comparison
between packing and spherical measures (see Remark 2.7).

Claim 2. — There exists a constant T = T (C,G) such that for SP -a.e.
m ∈M the following inequality holds

(3.4) PQ−PN,1 (f−1(m) ∩ Ω) 6 TSQ−P (f−1(m) ∩ Ω).

Let us first observe that surely for any δ > 0 and m ∈M it is true that

PQ−PN,1,δ(f
−1(m) ∩ Ω) 6 N P̃Q−P1,1,δ (f−1(m) ∩ Ω).

We want to exploit the hypothesis about the Ahlfors regularity of the level
sets f−1(m), for SP -a.e. m ∈ M, therefore we fix 0 < δ < r̃. For any fixed
m ∈ M for which the hypothesis of Ahlfors-regularity holds we consider a
(1, 1)-packing {Bi} of balls of radius smaller than δ, centered on f−1(m)∩Ω
such that ∑

i

r(Bi)Q−P >
1
2 P̃

Q−P
1,1,δ (f−1(m) ∩ Ω).
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Then by the Ahlfors-regularity of f−1(m) we have

(3.5)

PQ−PN,1,δ(f
−1(m) ∩ Ω) 6 N P̃Q−P1,1,δ (f−1(m) ∩ Ω)

6 2N
∑
i

r(Bi)Q−P

6 2 N

C
SQ−P (f−1(m) ∩Bi)

= 2 N

C
SQ−P (f−1(m) ∩Bi ∩ Ωδ)

6 2 N

C
SQ−P (f−1(m) ∩ Ωδ),

where Ωδ := {x ∈ G : d1(x,Ω) < δ}.
Now we let δ go to zero. Since Ω is closed, for every m ∈ M, f−1(m) ∩

Ωδ ↘ f−1(m) ∩ Ω as δ → 0, hence by Monotone convergence theorem, for
SP -almost all m ∈M, we get

PQ−PN,1 (f−1(m) ∩ Ω) 6 TSQ−P (f−1(m) ∩ Ω),

where T = 2N
C = 2N(3,G)

C , hence T = T (C,G).
By combining Claim 1 and Claim 2 we obtain the existence of a constant

T = T (C,G) such that

T (Ω) 6 KN,3(Ω) 6 T
∫
M
SQ−P (f−1(m) ∩ Ω) dSP (m).

From now on, we denote by δit the intrinsic dilations by t > 0, on G for
i = 1 and on M for i = 2, respectively.

Claim 3. — If k is the step of G,

T (Ω) &k,p
∫

Ω
|D f(x)|dSQ(x).

The proof of Claim 3 is composed of two main steps.
First, we can observe that D f(x) is a continuous function on Ω′, so

we can consider the following measure on Ω′: for any A ⊂ Ω′, µ(A) :=∫
A
|D f(x)|dSQ(x). We want to compare µ with the Carathéodory’s mea-

sure built through coverings composed of closed balls, weighted by the
function

ζR(B(x, r)) := |D f(x)|rQ.
We denote this measure by R = supδ>0 φδ,ζR

, where in the definition of
φδ,ζR

we set F = Fb.
We want to prove that there exists r̄ > 0 such that for every 0 < r 6 r̄

and for every x ∈ Ω, µ(B(x, r)) . ζR(B(x, r)). In fact, by [3, 2.10.17(1)],
this implies that µ(A) . R(A) for any A ⊂ Ω (and then also for A = Ω).
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Since Ω is closed and bounded, it is compact. The function |D f(·)| :
Ωs → R, x→ |D f(x)| is a continuous function on a compact set. Let us fix
ε = minx∈Ωs

|D f(x)| > 0; it is positive since D f(x) is everywhere surjective
by hypothesis. Moreover, the map |D f(·)| is uniformly continuous, then
there exists r′ > 0 such that

∣∣|D f(x)| − |D f(y)|
∣∣ 6 ε if |x − y| 6 r′,

x, y ∈ Ωs.
Let us fix r̄ < min{r′, s}. Let us fix x ∈ Ω and 0 < r 6 r̄ and let us study

(3.6)

µ(B(x, r))
|D f(x)|rQ = 1

rQ

∫
B(x,r)

|D f(y)|
|D f(x)| dS

Q(y)

6
1
rQ

∫
B(x,r)

∣∣|D f(y)| − |D f(x)|
∣∣

|D f(x)| dSQ(y)

+ 1
rQ

∫
B(x,r)

|D f(x)|
|D f(x)| dS

Q(y)

6
1
rQ

∫
B(x,r)

ε

minx∈Ωs
|D f(x)|S

Q(y) + SQ(B(0, 1))

= 2SQ(B(0, 1)) = 2b,

where 0 < b = SQ(B(0, 1)) < ∞, hence for any x ∈ Ω and 0 < r 6 r̄, we
have

µ(B(x, r))
|D f(x)|rQ 6 2b

and then, as we said above, µ(Ω) 6 2bR(Ω), so µ(Ω) . R(Ω).
In the second part of the proof, we want to compare T (Ω) with R(Ω),

and, in particular, we want to prove that

(3.7) R(Ω) .k,p T (Ω).

As we observed above, the measure T is defined as a Carathéodory’s mea-
sure defined through coverings of closed balls weighted by the function
ζT (B(x, r)) = rQ−PSP (f(B(x, r)). The strategy then will rely on the com-
parison between ζT and ζR. In particular we fix h > 0 such that h < s and
we want to prove that there exists r̄ > 0 such that for every 0 < r 6 r̄ for
every x ∈ Ωh := {y ∈ G : d1(y,Ω) < h},

(3.8) ζT (B(x, r)) &k,p ζR(B(x, r)),

this would give the desired thesis (3.7).
Let us first define for any x ∈ Ωh and r > 0,

Ax,r := δ2
1
r
(f(x)−1f(B(x, r)) and Ax := D f(x)(B(0, 1)).
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The proof will be composed of various steps, and it will be useful to give a
name to the following conditions:

lim
r→0

sup
x∈Ωh

∣∣1Ax,r (m)− 1Ax(m)
∣∣ = 0 for any m ∈M;(3.9)

lim
r→0

sup
x∈Ωh

∣∣SP (Ax,r)− SP (Ax)
∣∣ .(3.10)

Our strategy consists of proving that (3.9) ⇒ (3.10) ⇒ (3.8), and then
we will conclude the proof by proving (3.9). Let us start proving that
(3.10)⇒ (3.8).
Let x ∈ Ωh and denote by V (x) := (ker(D f(x))⊥. For every r small

enough

(3.11)

ζT (B(x, r)) = rQ−PSP (f(B(x, r)))

= rQ
SP (f(B(x, r))

rP

= rQ
SP (f(x)−1f(B(x, r))

rP

= rQSP (δ2
1/r(f(x)−1f(B(x, r))),

hence

ζT (B(x, r))
ζR(B(x, r)) =

SP (δ2
1/r(f(x)−1f(B(x, r))
|D f(x)| .

Observe that the map D f(x)|V (x): V (x) → M is injective and surjective
and that |D f(x)| = |D f(x)|V (x)|, by the choice of V (x). If πV (x) is the
orthogonal projection on V (x), for some geometric constant G we have

SP (Df(x)(B(0, 1))) =G Lp(Df(x)(B(0, 1)) =G|Df(x)| Lp(πV (x)(B(0, 1))

by the Euclidean area formula (see also [18, Lemma 9.2], that ensures
that one can see any element y ∈ G as y = my(πV (x)(y)), with my ∈
ker(D f(x))). Observe that for every x ∈ Ωh, V (x) = (ker(D f(x))⊥ is a
linear subspace of constant topological dimension p > 0, since D f(x) is sur-
jective at any point x ∈ Ωh. We notice that the factor Lp(V (x)∩BE(0, 1))
does not depend on x. Remember now that by Proposition 2.2 applied to
K = B(0, 1) there exists a constant CB(0,1) such that

1
CB(0,1)

|x| 6 ‖x‖1 6 CB(0,1)|x|
1
k ,
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where k is the step of G. Hence

(3.12)

Lp(πV (x)(B(0, 1))) > Lp(V (x) ∩B(0, 1))

> Lp
(
V (x) ∩BE

(
0, 1

(CB(0,1))k

))
= 1

(CB(0,1))kp
Lp(V (x) ∩BE(0, 1))

:= D(k, p) > 0.

Hence for every x ∈ Ωh, we have
SP (Ax)
|D f(x)| > GD(k, p) := D′(k, p) = D′ > 0.

If we now assume (3.10) to be true, and we fix ε =
D′min

x∈Ωh
|D f(x)|

2 > 0,
there exists 0 < r̄ 6 s − h such that for every 0 < r 6 r̄ and for every
x ∈ Ωh, ∣∣SP (Ax,r)− SP (Ax)

∣∣ 6 sup
x∈Ωh

∣∣SP (Ax,r)− SP (Ax)
∣∣ 6 ε,

so that for every 0 < r 6 r̄ and for every x ∈ Ωh,

SP (Ax,r) > SP (Ax)− ε

and so for every x ∈ Ωh and 0 < r 6 r̄

(3.13)

ζT (B(x, r))
ζR(B(x, r)) = S

P (Ax,r)
|D f(x)| >

SP (Ax)
|D f(x)| −

ε

|D f(x)|

> D′ − ε

|D f(x)| > D
′ − ε

minx∈Ωh
|D f(x)| = D′

2 > 0

by the choice of ε. This gives that (3.10)⇒ (3.8).
Second point, we prove that (3.9)⇒ (3.10). Surely, we know that

(3.14)

lim
r→0

sup
x∈Ωh

∣∣SP (Ax,r)− SP (Ax)
∣∣

6 lim
r→0

sup
x∈Ωh

∣∣∣∣∫
M

1Ax,r
(m)− 1Ax

(m) dSP (m)
∣∣∣∣

6 lim
r→0

∫
M

sup
x∈Ωh

∣∣1Ax,r (m)− 1Ax(m)
∣∣dSP (m).

We want now to apply the Lebesgue dominated convergence theorem using
(3.9). In order to do this, we prove that for r 6 s− h, for any m ∈M

(3.15) sup
x∈Ωh

∣∣1Ax,r (m)− 1Ax(m)
∣∣ 6 21B(0,W )(m)

for some constant W > 0. Notice that 21B(0,W ) ∈ L1
SP (M).
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First, consider that supx∈Ωh

∣∣1Ax,r
(m)−1Ax

(m)
∣∣6 supx∈Ωh

∣∣1Ax,r
(m)

∣∣+
supx∈Ωh

|1Ax
(m)|.

For any x ∈ Ωh and m ∈ M, if we assume 1Ax
(m) = 1, it implies

that m = D f(x)(η) for some η ∈ B(0, 1), then ‖m‖2 = ‖D f(x)(η)‖2 6
‖D f(x)‖L(G,M) 6 maxx∈Ωh

‖D f(x)‖L(G,M) =: ‖D f‖Ωh
.

For any x ∈ Ωh, r 6 s − h and m ∈ M, if 1Ax,r
(m) = 1, m =

δ2
1/r(f(x)−1f(qr)) for some qr ∈ B(x, r) ⊂ Ωs. Hence

‖m‖2 = ‖δ2
1/r(f(x)−1f(qr))‖2

= ‖D f(x)(δ1
1/r(x−1qr))δ2

1/r(D f(x)(x−1qr))−1f(x)−1f(qr))‖2
6 ‖D f(x)(δ1

1/r(x−1qr))‖2 + ‖δ2
1/r(D f(x)(x−1qr))−1f(x)−1f(qr)‖2

6 ‖D f(x)‖L(G,M) +K(ωΩ′′,DF1
(Hc(s− h)))

1
k2

6 ‖D f‖Ωh
+K(ωΩ′′,DF1

(Hc(s− h)))
1

k2 ,

where ωΩ′′,DF1
is the modulus of continuity of x → DF1(x) defined in

Definition 2.9 and K is a constant that plays the role of C of Theorem 2.11.
Hence

sup
x∈Ωh

∣∣1Ax,r (m)− 1Ax(m)
∣∣ 6 sup

x∈Ωh

1Ax,r (m) + sup
x∈Ωh

1Ax(m)

6 1
B(0,‖D f‖Ωh

+K(ω
Ω′′,DF1

(Hc(s−h)))
1

k2 )
(m)

+ 1B(0,‖D f‖Ωh
)(m)(3.16)

6 21
B(0,‖D f‖Ωh

+K(ω
Ω′′,DF1

(Hc(s−h)))
1

k2 )
(m)

and this implies that (3.15) is true, with

W = ‖D f‖Ωh
+ (ωΩ′′,DF1

(Hc(s− h)))
1

k2 ).

We can then apply the Lebesgue dominated convergence theorem to (3.14),
and since we have assumed (3.9) to be true, we obtain (3.10).
It remains to prove (3.9).
By contradiction, we assume (3.9) to be false. Then, there exists at least

one element m ∈M such that the limit

lim
r→0

sup
x∈Ωh

∣∣1Ax,r
(m)− 1Ax

(m)
∣∣

does not exist or

lim
r→0

sup
x∈Ωh

∣∣1Ax,r
(m)− 1Ax

(m)
∣∣ > 0.
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In both cases, since all the considered elements are positive, there exists at
least a positive infinitesimal sequence rn such that

lim
n→∞

sup
x∈Ωh

∣∣1Ax,rn
(m)− 1Ax

(m)
∣∣ > 0.

This implies that there exists ñ > 0 such that for every n > ñ,

sup
x∈Ωh

∣∣1Ax,rn
(m)− 1Ax(m)

∣∣ > 0 and rn 6 s− h.

Hence for every n > ñ there exists at least an element xn ∈ Ωh ⊂ Ωh such
that ∣∣1Axn,rn

(m)− 1Axn
(m)

∣∣ > 0
and then

(3.17)
∣∣1Axn,rn

(m)− 1Axn
(m)

∣∣ = 1.

Since Ωh is a compact set, the sequence xn converges up to a subsequence
to some x̄ ∈ Ωh.
Let us first prove that there exists some n̄ such that for every n > n̄

(3.18)
∣∣1Axn,rn

(m)− 1Ax̄
(m)

∣∣ = 1.

Let us then assume by contradiction that there exists a subsequence xnj

such that

(3.19) lim
j→∞

∣∣∣1Axnj
,rnj

(m)− 1Ax̄(m)
∣∣∣ = 0

then, on this subsequence, we have

(3.20)
∣∣∣1Axnj

,rnj
(m)− 1Axnj

(m)
∣∣∣

6
∣∣∣1Axnj

,rnj
(m)− 1Ax̄

(m)
∣∣∣+
∣∣∣1Axnj

(m)− 1Ax̄
(m)

∣∣∣ .
Let us prove that (3.20) goes to zero as j → ∞ and this would give a
contradiction with (3.17). The fact that (3.20) goes to zero follows by the
assumption (3.19) and by the fact that

(3.21)
∣∣∣1Axnj

(m)− 1Ax̄
(m)

∣∣∣→ 0 as j →∞.

Let us prove (3.21): assume by contradiction that on a subsequence of xnj ,
xnj`

, for ` sufficiently large,

(3.22)
∣∣∣1Axnj`

(m)− 1Ax̄
(m)

∣∣∣ = 1.

Let us assume m /∈ Ax̄, then m ∈ Axnj`
so that m = D f(xnj`

)(ηnj`
) for

ηnj`
∈ B(0, 1), hence we can extract a converging subsequence such that

ηnj`t
→ η̄ ∈ B(0, 1) as t→∞ and letting t go to infinity, by the continuity
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of the differential, we know that m = D f(x̄)(η̄) ∈ Ax̄, but this is not
possible.
So it must be true that m ∈ Ax̄. Hence, by the definition of Ax̄ and the

continuity of the Pansu differential, it is true that for some η ∈ B(0, 1),
m = D f(x̄)(η) = lim`→∞D f(xnj`

)(η) = lim`→∞X` where for every `,
X` := D f(xnj`

)(η) ∈ Axnj`
. Hence m ∈ lim sup`→∞Axnj`

, and then
1lim sup`→∞ Axnj`

(m) = lim sup`→∞ 1Axnj`

(m) = 1 but at the same time,
by (3.22), m /∈ Axnj`

for ` sufficiently large and this implies that

lim
`→∞

1Axnj`

(m) = 0 = lim sup
`→∞

1Axnj`

(m)

and this gives a contradiction. Then (3.18) is proved.
Let us continue from (3.18). We need to prove that (3.17) is not possible.
Since m is fixed, there are only two possibilities:

m ∈ Ax̄;(3.23)
m /∈ Ax̄.(3.24)

We show that neither (3.23) nor (3.24) can be true. Assume that (3.23) is
true, then m = D f(x̄)(η) for some η ∈ B(0, 1). Then, by (3.18) m /∈ Axn,rn

for n > n̄ and so clearly there exists the following limit

(3.25) lim
n→∞

1Axn,rn
(m) = 0.

Let us define for any n, qn := xnδ
1
rn

(η) ∈ B(xn, rn) ⊂ Ωs. Consider for any
n > n̄

δ2
1/rn

(f(xn)−1f(qn)) = D f(x̄)(η)δ2
1/rn

(D f(x̄)(x−1
n qn)−1 D f(xn)(x−1

n qn))

δ2
1/rn

(D f(xn)(x−1
n qn)−1f(xn)−1f(qn))

and observe that by Theorem 2.11, since xn, qn ∈ Ωs and (3.2) holds

‖δ2
1/rn

(D f(xn)(x−1
n qn)−1f(xn)−1f(qn))‖2 6 K(ωΩ′′,DF1

(cHrn))
1

k2 → 0

as n→∞ and

‖(D f(x̄)(η))−1 D f(xn)(η)‖2 6 dL(G,M)(D f(xn),D f(x̄))→ 0

as n→∞ by the continuity of D f(x). Hence

lim
n→∞

δ2
1/rn

(f(xn)−1f(qn)) = m.
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This permits to conclude that m ∈ lim supn→∞Axn,rn
and so that

lim sup
n→∞

1Axn,rn
(m) = 1lim supn→∞ Axn,rn

(m) = 1.

At the same time, (3.25) implies that there exists the limit

lim sup
n→∞

1Axn,rn
(m) = lim

n→∞
1Axn,rn

(m) = 0,

so we reach a contradiction.
Assume now (3.24), then m ∈ Axn,rn

for every n > n̄ and then by (3.18),
m /∈ Ax̄. For every n > n̄ there exists qn ∈ B(xn, rn) ⊂ Ωs such that

(3.26)

m = δ2
1/rn

(f(xn)−1f(qn))

= D f(x̄)(δ1
1/rn

(x−1
n qn)) D f(x̄)(δ1

1/rn
(x−1
n qn))−1

D f(xn)(δ1
1/rn

(x−1
n qn))δ2

1/rn
(D f(xn)(x−1

n qn)−1f(xn)−1f(qn))

and again by Theorem 2.11 and by the continuity of D f we obtain that

m = lim
n→∞

δ2
1/rn

(f(xn)−1f(qn)) = lim
n→∞

D f(x̄)(δ1
1/rn

(x−1
n qn))

that up to a subsequence is equal to D f(x̄)(η) for some η ∈ B(0, 1), so that
m ∈ Ax̄ that is a contradiction with (3.17). Hence, finally (3.9) is proved
and this concludes the proof of Claim 3.

Claim 4. — For every x ∈ Ω′,

CP (D f(x)) .q,p,k |D f(x)|.

Since we have assumed that D f(x) is surjective at every x, by (2.4), we
have

CP (D f(x)) = Z
SQ−P (ker(D f(x)) ∩B(0, 1))
Hq−pE (ker(D f(x)) ∩B(0, 1))

|D f(x)|.

By Proposition 3.1, for any x ∈ Ω′ and any Borel set B ⊂ ker(D f(x))

SQ−P (B) = 1
supw∈B(0,1)H

q−p
E (ker(D f(x)) ∩B(w, 1))

Hq−pE (B),
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hence, by taking into account Proposition 2.2, we get

(3.27)
SQ−P

(
ker(D f(x)) ∩B(0, 1))

Hq−pE (ker(D f(x)) ∩B(0, 1))

= 1
supw∈B(0,1)H

q−p
E (B(w, 1) ∩ ker(D f(x))

6
1

Hq−pE (B(0, 1) ∩ ker(D f(x))

6
1

Hq−pE

(
BE

(
0, 1

(CB(0,1))k

))
∩ ker(D f(x))

= 1
Lq−p

(
BE

(
0, 1

(CB(0,1))k

))
∩ ker(D f(x))

=: D′′(q, p, k) > 0.

In the last passage we considered that ker(D f(x)) is a linear subspace of
constant topological dimension q − p.
By combining all the claims the proof is finally achieved. �

It is easy to extend Theorem 1.1 to the case in which Ω is not necessarily
compact but it is any measurable set.

Theorem 3.4. — Let (G, d1), (M, d2) be two Carnot groups, endowed
with homogeneous distances, of metric dimension Q, P and topological
dimension q, p, respectively. Let f ∈ C1

G(G,M) be a function and assume
D f(x) to be surjective at any point x ∈ G. Let A ⊂ G be a measurable
set. Assume that there exist two constants r̃, C > 0 such that for SP -
a.e. m ∈ M the level set f−1(m) is r̃-locally C-lower Ahlfors (Q − P )-
regular with respect to the measure SQ−P . Then there exists a constant
L = L(C,G, p) such that∫

A

CP (D f(x)) dSQ(x) 6 L
∫
M
SQ−P (f−1(m) ∩A) dSP (m).

Proof. — Let us consider an increasing sequence of compact sets in Ωn ⊆
A such that Ωn ↗ A. Hence by Theorem 1.1, there exists L = L(C,G, p)
such that for every n ∈ N∫

Ωn

CP (D f(x)) dSQ(x) 6 L
∫
M
SQ−P (f−1(m) ∩ Ωn) dSP (m)

6 L
∫
M
SQ−P (f−1(m) ∩A) dSP (m),

so if we let n go to ∞, by Monotone Convergence Theorem we get the
thesis. �
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4. Applications

Corollary 4.1. — In the hypotheses of Theorem 3.4, let u : A → R
be a non-negative measurable function, then there exists a constant L =
L(C,G, p) such that∫

A

u(x)CP (D f(x)) dSQ(x) 6 L
∫
M

∫
f−1(m)∩A

u(x) dSQ−P (x) dSP (m).

Proof. — We can write u =
∑∞
k=1

1
k1Ak

with Ak measurable sets (see [2,
Theorem 7]). By Monotone Convergence Theorem we have∫

A

u(x)CP (D f(x)) dSQ(x)(4.1)

=
∞∑
k=1

1
k

∫
A∩Ak

CP (D f(x)) dSQ(x)

6
∞∑
k=1

1
k
L

∫
M
SQ−P (f−1(m) ∩A ∩Ak) dSP (m)

6
∞∑
k=1

1
k
L

∫
M

∫
f−1(m)∩A

1Ak
(x) dSQ−P (x) dSP (m)

= L

∫
M

∫
f−1(m)∩A

∞∑
k=1

1
k

1Ak
(x) dSQ−P (x) dSP (m)

= L

∫
M

∫
f−1(m)∩A

u(x) dSQ−P (x) dSP (m). �

Corollary 4.2. — In the hypotheses of Theorem 3.4, let u : A → R
be a measurable function. If we assume that

(i) u is SQ−P -summable on f−1(m) ∩A for SP -a.e. m ∈M
(ii)

∫
M
∫
f−1(m)∩A|u(x)|dSQ−P (x) dSP (m) <∞

then u is summable on A.

Proof. — We can write u = u+−u−. By proceeding analogously to (4.1),
considering Theorem 2.17 instead of Theorem 1.1, we then obtain that

(4.2) −
∫
A

u−(x)CP (D f(x)) dSQ(x)

6−
∫
M

∫
f−1(m)∩A

u−(x) dSQ−P (x) dSP(m).
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Hence by (4.1) applied to u+, (4.2), and our hypotheses, we have∫
A

u(x)CP (D f(x)) dSQ(x)(4.3)

=
∫
A

u+(x)CP (D f(x)) dSQ(x)

−
∫
A

u−(x)CP (D f(x)) dSQ(x)

6 L
∫
M

∫
f−1(m)∩A

u+(x) dSQ−P (x) dSP (m)

−
∫
M

∫
f−1(m)∩A

u−(x) dSQ−P (x) dSP (m)

6 L
∫
M

∫
f−1(m)∩A

|u(x)|dSQ−P (x) dSP (m) <∞.

Now, it is enough to prove that CP (D f(x)) > 0, for every x ∈ A. This
follows from the facts that |D f(x)| > 0 for every x ∈ A and that, taking
into consideration Proposition 2.2, for every x we have the following

SQ−P (ker(D f(x)) ∩B(0, 1))
Hq−pE (ker(D f(x)) ∩B(0, 1))

(4.4)

= 1
supw∈B(0,1)H

q−p
E (B(w, 1) ∩ ker(D f(x)))

>
1

Hq−pE (B(0, 2) ∩ ker(D f(x)))

= 1
Lq−p(B(0, 2) ∩ ker(D f(x)))

>
1

Lq−p(BE(0, 2CB(0,2)) ∩ ker(D f(x)))

= 1
(2CB(0,2))q−p

> 0. �

Corollary 4.3. — In the hypotheses of Theorem 3.4, if 1A(x) = 0 for
SQ−P -a.e. x ∈ f−1(m), for SP -a.e. m ∈ M, then 1A(x) = 0 for SQ-a.e.
x ∈ G.

Proof. — It follows by Theorem 3.4 and (4.4). �

Remark 4.4. — The hypothesis of Theorem 1.1 about the uniform Ahlfors
regularity of the level sets of the map f is not pointless: if we consider f
continuously Pansu differentiable with Pansu differential everywhere sur-
jective on G, the lower Ahlfors regularity of the level sets is not always

ANNALES DE L’INSTITUT FOURIER



A REVERSE COAREA-TYPE INEQUALITY IN CARNOT GROUPS 179

guaranteed, even locally. One can refer to [10, Corollary 6.2.4], where ex-
plicit examples of this phenomenon are presented. It is still not known
if pathological level sets are exceptional. In addition, in [10], a class of
mappings of higher regularity from the Heisenberg group Hn to the Eu-
clidean space R2n is studied. More precisely, the author considers functions
f ∈ C1,α

G (Hn,R2n) with α > 0 i.e. given a homogeneous distance d on Hn,
continuously Pansu differentiable maps such that, for every a, b ∈ Hn

dL(Hn,R2n)(D f(a),D f(b)) . d(a, b)α.

By [10, Corollary 5.5.6], if we assume that the Pansu differential of f is
everywhere surjective, the level sets of f are uniformly locally Ahlfors 2-
regular with respect to S2. Therefore, the validity of the inequality of The-
orem 1.1 for this class of regular functions is ensured by our result. This
confirms the coarea-type equality proved in [10, Theorem 6.2.5]. To sum-
marize, in this setting, we have weakened the hypothesis adopted in [10,
Theorem 6.2.5] about the required regularity of the considered map, passing
from C1,α

G -regular maps, with α > 0, to continuously Pansu differentiable
functions. We compensate the lower regularity of the map with the more
geometrical hypothesis about the Ahlfors regularity of its level sets. We
need to remark that these considerations are limited, up to now, to maps
from the Heisenberg group Hn to R2n, about which more results are avail-
able. We recall that for maps f ∈ C1,α

G (Ω,R2n) , for some open set Ω ⊂ Hn,
for any α > 0, a coarea formula is proved also in [20, Theorem 8.2].

Let us now recall the definition of complementary subgroups of a Carnot
group G.

Definition 4.5. — Let G be a Carnot group. Two homogeneous sub-
groups W, V are said complementary subgroups of G if W ∩ V = {0} and
for every g ∈ G, there exist w ∈W, v ∈ V such that: g = wv, i.e. G = WV.

We denote by πW : G → W and πV : G → V the group projections on
the subgroups: if g = wv with w ∈W, v ∈ V, πW(g) = w and πV(g) = v.
Now we see how to apply Theorem 1.1 to the particular geometrical case

in which there exists a p-dimensional homogeneous subgroup V complemen-
tary to ker(D f(x)) for any point x of a neighbourhood of a fixed compact
set Ω. The proof of this observation uses tools of the theory of intrinsic
Lipschitz graphs ([7]), so we recall some definitions and results about split-
ting a Carnot groups into the product of complementary subgroups and
about the regularity of maps acting between homogeneous subgroups (for
more details, please refer to [26, Section 4]). Below we assume that Carnot
groups are endowed with homogeneous distances.
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Proposition 4.6. — [7, Proposition 2.12] If G = WV is the product of
two complementary subgroups, there exists c0 = c0(W,V) > 0 such that

(4.5) c0(‖w‖+ ‖v‖) 6 ‖wv‖ 6 ‖w‖+ ‖v‖

for all w ∈W, v ∈ V.

Definition 4.7. — Let G = WV be the product of two complementary
subgroups and let U ⊂ W be a set. If we consider a map φ : U → V, we
define its intrinsic graph as the set

graph(φ) = {wφ(w) : w ∈ U}.

The map Φ : U → graph(φ), Φ(w) := wφ(w) is called the graph map of φ.

Definition 4.8. — Let G = WV be the product of two complementary
subgroups and let L be a constant. Let U ⊂ W be open, we say that a
function φ : U → V is intrinsic L-Lipschitz if

(4.6) ‖πV(Φ(w′)−1Φ(w))‖ 6 L‖πW(Φ(w′)−1Φ(w))‖

for every w,w′ ∈ U .

Intrinsic Lipschitz graphs are lower Ahlfors regular.

Proposition 4.9 ([7, Theorem 3.9]). — Let G = WV be the product
of two complementary subgroups endowed with a homogeneous distance
d. Let N be the metric dimension of W. If φ : W → V is an intrinsic
L-Lipschitz map on W, then(

c0(W,V)
1 + L

)N
rN 6 SN (graph(φ) ∩B(x, r))

for all x ∈ graph(φ) and r > 0.

Remark 4.10. — The proof of Proposition 4.9 is based on local argu-
ments. Let us now assume that φ is defined from an open set A ⊂W to V
and set w ∈ A. Assume that, for a positive constant r̃ > 0, πW(B(Φ(w), r̃))⊂
A, then for any 0 < r < r̃ we get that SN (graph(φ) ∩ B(Φ(w), r)) >(
c0(W,V)

1+L

)N
rN .

Let us introduce a particular class of h-homomorphism between two
Carnot groups, for more details please refer to [15, Definition 2.5, Proposi-
tion 7.10].

Definition 4.11. — Given two Carnot groups G and M, if a map L :
G→M is a h-homomorphism andK is its kernel, we call L a h-epimorphism
if L is surjective and there exists a homogeneous subgroup of G, H, com-
plementary to K. In this case the restriction L|H is a h-isomorphism.
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Now we report a result contained in [8, Lemma 2.10], that is, up to now,
the most general available implicit function theorem in this setting. Similar
statements are proved in [17, Theorem 1.4] and [5, Theorem 3.27].

Theorem 4.12. — Let G and M be two Carnot groups and let Ω ⊂ G
be open. Let f ∈ C1

G(Ω,M) be a function and fix x0 ∈ Ω. Assume that
D f(x0) is a h-epimorphism and consider V a subgroup complementary to
ker(D f(x0)). Fix a homogeneous subgroup W complementary to V. Write
x0 = w0v0 with respect to the splitting WV.
Then there exist an open set A ⊂ W, with w0 ∈ A, and a continuous

map φ : A→ V such that f(aφ(a)) = f(x0) for every a ∈ A.

Remark 4.13. — By [8, Corollary 2.16], the parametrization φ given by
Theorem 4.12 is L-Lipschitz for some positive constant L.

Let us fix again (G, d1), (M, d2) two Carnot groups, endowed with ho-
mogeneous distances, of metric dimension Q, P and topological dimension
q, p, respectively. For any set Ω ⊂ G, and any real number D > 0 we set
ΩD = {y ∈ G : d1(y,Ω) < D} and we denote again by B(x, r) ⊂ G the
closed ball of center x and radius r.

By modifying the proof of [8, Lemma 2.9], combining it with an easy
compactness argument and Theorem 2.11, the following immediately fol-
lows.

Proposition 4.14. — Let us consider a map f ∈ C1
G(G,M) and a com-

pact set Ω ⊂ G. Assume that there exists a p-dimensional homogeneous
subgroup V such that D f(x)|V : V → M is a h-isomorphism for every
x ∈ Ω. Then there exists a constant R > 0 such that for every x ∈ Ω, for
every y ∈ B(x,R) and v ∈ V such that yv ∈ B(x,R)

d2(f(y), f(yv)) > R‖v‖1.

Notice that our hypothesis implies that V is complementary to ker(Df(x))
for every x ∈ Ω.
Indeed, any continuously Pansu differentiable map is locally metric Lip-

schitz. Hence, combining Proposition 4.14 with the proof of [8, Corol-
lary 2.16] we get the following.

Proposition 4.15. — Let us consider a map f ∈ C1
G(G,M) and a com-

pact set Ω ⊂ G. Let us assume that there exists a p-dimensional homoge-
neous subgroup V such that D f(x)|V : V→M is a h-isomorphism for every
x ∈ ΩD for some D > 0. Then there exists a constant L such that for every
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m ∈M and x ∈ f−1(m) ∩ Ω, the set f−1(m) ∩B(x,R) is an intrinsic Lip-
schitz graph with constant L, where R is the constant of Proposition 4.14
applied to Ω.

Proof. — By hypothesis, at any point x ∈ ΩD, ker D f(x) is a nor-
mal homogeneous subgroup complementary to V, hence D f(x) is a h-
epimorphism. Assume that R is smaller than D. Let us fix a homogeneous
subgroup W complementary to V. For every m ∈ M and x ∈ f−1(m) ∩ Ω,
the set f−1(m) ∩ B(x,R) is contained in the intrinsic graph of a func-
tion φm,x : Um,x ⊂ W → V, for some open set Um,x ⊂ W. The map
φm,x is given by Theorem 4.12, repeatedly applied to different points of
f−1(m) ∩B(x,R), if necessary.

Now we need to observe that the notion of intrinsic Lipschitz function
introduced in [8] is equivalent to our notion (it is immediate to compare
Definition in [8] with [7, Definition 9, Definition 10, Proposition 3.1]). Then
by [8, Corollary 2.16], f−1(m) ∩B(x,R) is the intrinsic Lipschitz graph of
an intrinsic L-Lipschitz function φm,x for some constant L depending on R,
and on the Lipschitz constant of f |B(x,R), that can be uniformly bounded
by the supx∈Ω Lip(f |B(x,R)) 6 Lip(f |ΩD

) <∞. As a consequence, the sets
f−1(m)∩B(x,R) are intrinsic L-Lipschitz for some positive L, that can be
chosen independent of x ∈ f−1(m) ∩ Ω and m ∈M. �

Corollary 4.16. — Let f ∈ C1
G(G,M) be a function with D f(x) sur-

jective at every x ∈ G and let Ω ⊂ G be a compact set. Assume that
there exists a p-dimensional subgroup V of G such that D f(x)|V is an h-
isomorphism for every x∈ΩD for someD> 0. Set λ= supx∈Ω Lip(f |B(x,R)),
where R is the constant given by Proposition 4.14 applied to Ω. Then there
exists a constant 1 6 T (G, λ,R, p) <∞, such that∫

Ω
CP (D f(x)) dSQ(x) 6 T

∫
M
SQ−P (f−1(m) ∩ Ω) dSP (m).

Proof. — We can assume that R < D. SetW any homogeneous subgroup
complementary to V. By Propositions 4.15 and 4.9, there exists a constant
K > 0 such that for everym ∈M and x ∈ f−1(m)∩Ω, for every 0 < r < R,
SQ−P (f−1(m) ∩ B(x, r)) > KrQ−P , where K is a constant depending on
c0(W,V) > 0 and on the intrinsic Lipschitz constants of the parametriz-
ing maps φm,x : Um,x ⊂ W → V of {f−1(m) ∩ B(x, r)}{m∈M,x∈f−1(m)∩Ω}.
Moreover observe that by Proposition 4.15, φm,x are intrinsic L-Lipschitz,
for some constant L independent of m and x. Now notice that this ob-
servation can take the place of the hypothesis that level sets f−1(m) are
uniformly locally lower Ahlfors (Q − P )-regular with respect to SQ−P in
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Theorem 1.1 (more precisely in Claim 2 on Theorem 3.3), hence we can
apply our result to this situation, and we directly get the thesis. �

Remark 4.17. — We have seen, in the proof of Corollary 4.16, that the
existence of a p-dimensional homogeneous subgroup V complementary to
ker(D f(x)) for every point x ∈ G, implies that the level sets of f are R-
locally C-lower Ahlfors (Q − P )-regular with respect to SQ−P , for some
positive constants C and R, locally independent of the choice of the level
set. We want to highlight that the opposite may be false. In fact, there exist
continuously Pansu differentiable maps between Carnot groups, with ev-
erywhere surjective differential, such that their level sets are lower Ahlfors
regular, but at the same time ker(D f(x)) does not admit any complemen-
tary subgroup.
We present a simple example of this fact related to the first Heisenberg

group H1, that is the simplest non-commutative Carnot group. It can be
represented as a direct sum of two linear subspaces H1 = H1 ⊕H2, where
H1 = span(e1, e2), H2 = span(e3) with unique non trivial relation [e1, e2] =
e3. For every p, q ∈ H1, pq = p+ q + 1

2 [p, q].
Let us consider the map

f : H1 → R2, f(x, y, z) = (ax+ by, cx+ dy), with det
[
a b

c d

]
6= 0.

Observe that f ∈ L(H1,R2), then the Pansu differential of f is constant
on H1: for every x̄ ∈ H1,

D f(x̄)(x, y, z) = f(x, y, z),

hence, ker(D f(x̄)) = span(e3) for every x̄ ∈ H1. Notice that span(e3) is a
normal homogeneous subgroup of metric dimension 2 that does not admit
any complementary subgroup (see for instance [6, Proposition 4.1]). Let us
now focus on the level sets of f . If we fix v ∈ R2, f−1(v) = w span(e3) for
some w = w(v) ∈ H1, hence any level set is a coset of span(e3). Then, by
left invariance and homogeneity of the distance, the level sets f−1(v) are
C-lower Ahlfors 2-regular with respect to S2, for some positive constant C,
independent of the choice of v.
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