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MULTIPOINT OKOUNKOV BODIES

by Antonio TRUSIANI

ABSTRACT. Starting from the data of a big line bundle L on a projective
manifold X with a choice of N > 1 different points on X we provide a new
construction of N Okounkov bodies that encode important geometric features of

(L = X;p1,...,pN) such as the volume of L, the (moving) multipoint Seshadri

constant of L at p1,...,pn, and the possibility to construct Kéahler packings cen-

tered at p1,...,pn. Toric manifolds and surfaces are examined in detail.
RESUME. Etant donné un grand fibré en droites gros L sur une variété pro-

jective X et le choix de N > 1 points différents sur X, on donne une nouvelle
construction de N corps d’Okounkov qui donne des informations géométriques

importantes sur (L — X;pi1,...,pN) comme, par example, le volume de L, la
constante de Seshadri de L aux points p1,...,pn et la possibilité de construire
des « Kéhler packings »centrés en p1,...,pn. Les cas des variétés toriques et des

surfaces sont examinés en détail.

1. Introduction

Okounkov in [26] and [27] found a way to associate a convex body A(L) C
R™ to a polarized manifold (X, L) where n = dim¢ X. Namely,

Ay = {”pk(s) . s € HO(X, kL) \ {0}}
k=1

where vP(s) is the leading term exponent at p with respect to a total
additive order on Z™ and holomorphic coordinates centered at p € X (see
Subsection 2.4). This convex body is now called Okounkov body.

Okounkov’s construction was inspired by toric geometry, indeed in the
toric case, if Lp is a torus-invariant ample line bundle, A(Lp) is essentially
equal to the polytope P.

Keywords: Okounkov body, Seshadri constant, packings problem, projective manifold,
ample line bundle.
2020 Mathematics Subject Classification: 14C20, 32Q15, 57R17.



2596 Antonio TRUSIANI

The same construction works even if L is a big line bundle, i.e. a line bun-
dle such that Volx (L) := limsup,_,., 2 dimc H(X,kL) > 0, as proved
in [22], [16] (see also [5]) and the Okounkov body captures the volume of
L since

VOIX (L) = ’I’L' VOI]Rn (A(L))
Moreover if > is the lexicographical order then the (n — 1)-volume of any
not trivial slice of the Okounkov body given by A(L) N {z; =t} is related
to the restricted volume of L —tY along Y where Y is a smooth irreducible
divisor such that Y|y, = {z1 = 0}.

Another invariant which can be encoded by the Okounkov body is the
(moving) Seshadri constant eg(||L||;p) (see [7] in the ample case, or [25]
for the extension to the big case). In fact, as Kiironya—Lozovanu showed
in [19], [18], if the Okounkov body is defined using the deglex order(!) | then

es(|L]|; p) = max {0,sup{t > 0 : t%, C A(L)}}

where ¥, is the unit n-simplex.

As observed by Witt Nystrom in [30], it is sufficient to consider the essen-
tial Okounkov body A(L)**® to get the same characterization of the moving
Seshadri constant. This last object is defined as A(L)* := |+, AF(L)ess,

where AF(L) = Conv({% :s€ HY%(X,kL)\ {0}}) and the essential part
of A¥(L) consists of its interior as subset of RY, with its natural induced
topology.

Seshadri constants are also defined for a collection of different points. For
a nef line bundle L, the multipoint Seshadri constant of L at py,...,pn i8S
given as

) L-C
es(Lyp1,---,pN) - 1réf Zj\; it o

In this paper we introduce a multipoint version of the Okounkov body.

More precisely, for a fixed big line bundle L on a projective manifold X of

dimension n and p1, ...,py € X different points, we construct N Okounkov
bodies A;(L) C R™ for j=1,...,N.

DEFINITION 1.1. — Let L be a big line bundle and let > be a fixed total
additive order on Z.

Ay = | {”p;(s) ‘se Vk,j} CR"

k>1

M a <deglez B iff |a] = Z;_Lzl aj < |B| or |a| = |B] and a <jep B, Where <y is the

lexicographical order

ANNALES DE L’INSTITUT FOURIER



MULTIPOINT OKOUNKOV BODIES 2597

is called multipoint Okounkov body of L at p;, where
Viej = {s € H(X, kL) \ {0}: vPi(s) < vPi(s) for any i # j}
for any k > 1.

We observe that the multipoint Okounkov body of L at p; is obtained
by considering all sections whose leading term in p; is strictly smaller than
those at the other points.

They are convex compact sets in R™ but, unlike the one-point case, for
N > 2 it can happen that some Aj;(L) are empty (Remark 3.8). The
definition does not depend on the order of the points.

Our first theorem concerns the relationship between the multipoint Ok-
ounkov bodies and the volume of the line bundle:

THEOREM 1.2. — @) Let L be a big line bundle. Then
N
n!>  Volgn (A;(L)) = Volx (L).
j=1

Furthermore, similar to Section 4 in [22], we show that A;(-) is a numeri-
cal invariant and that there exists an open subset of the big cone containing
Bi(p;)¢ ={a € NY(X)gr : p; ¢ By (a)} over which A;(-) can be extended
continuously (see Section 3.2). Recall that the points, and more in general
the valuations P, are fixed.

Moreover when > is the lexicographical order and Y7, ..., Yy are smooth
irreducible divisors such that Yjy, = {z;1 = 0}, the fibers of A;(L) are

related to the restricted volumes of L —t Zfil Y; along Y; (see Section 3.3).

The multipoint Okounkov bodies can be finer invariants than the moving
multipoint Seshadri constant (a natural generalization of the multipoint
Seshadri constant to big line bundles, see Section 5) as our next Theorem
shows.

THEOREM 1.3. — Let L be a big line bundle and let > be the deglex
order. Then

ES(||L||7p1a7pN) :maX{O7§(L;p17"'7pN)}
where {(L; p1,...,pn) =sup{t > 0:t%,, C A;(L)*® for any j=1,...,N}.

Next we recall another interpretation of the one point Seshadri constant:
es(L; p) is equal to the supremum of r such that there exists an holomorphic

(2) The theorem holds in the more general setting of a family of faithful valuations
vPi Ox p; \ {0} — (Z",>) respect to a fixed total additive order > on Z".

TOME 71 (2021), FASCICULE 6



2598 Antonio TRUSIANI

embedding f : (B,(0),ws:) — (X, L) with the property that f.ws: extends
to a Kéhler form w with cohomology class ¢1(L) (see [21, Theorem 5.1.22
and Proposition 5.3.17.]). This result is a consequence of a deep analysis
in symplectic geometry by McDuff—Polterovich [23], where they dealt with
the symplectic packings problem (in the same spirit, Biran in [4] proved
the symplectic analog of the Nagata’s conjecture).

Subsequently Kaveh in [15] showed how the one-point Okounkov body
can be used to construct a sympletic packing. Along the same lines Witt
Nystrom in [30] introduced the torus-invariant domain

(L) = (A(L)™)
(called Okounkov domain) for p : C* — R,
it z) = (2l L2,
and showed how it approximates the polarized manifold.

To get a similar characterization of the multipoint Seshadri constant, we
give the following definition of Kéhler packing.

DEFINITION 1.4. — We say that a finite family of n-dimensional Kéhler
manifolds {(Mj;, nj)}é-vzl packs into (X, L) for L ample line bundle on a n-
dimensional projective manifold X if for any family of relatively compact
open set U; @ M there are a holomorphic embedding f : |_|jv=1 Ui - X
and a Kihler form w lying in 1 (L) such that f.n; = w|yu,)- If, in addition,

jﬁ f, = [ e

then we say that {( J,nj)} ", packs perfectly into (X, L).

Following [30] we define the multipoint Okounkov domains as the torus-
invariant domains of C™ given by Q;(L) = =" (A;(L)*).

THEOREM 1.5. — Let L be an ample line bundle.
Then {(2(L),wst)}j=1,..,n packs perfectly into (X, L).®

Note that for big line bundles a similar theorem holds, given a slightly
different definition of packings (see Section 4.2).
As a consequence of Theorems 1.3, 1.5 (see Corollary 5.15),

Ves(ILIprs- - pn)
= max {O,sup {r>0:{(Br0),wsa) }é\r:l packs into (X, L) }}

(3) The theorem holds even if vPi is a family of faithful quasi-monomial valuations
respect to the same linearly independent vectors >\1, .. )\n e N™.

ANNALES DE L’INSTITUT FOURIER
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This result was known in dimension 2 by the work of Eckl [10], and for
N =1 by [30].

Moving to particular cases, for toric manifolds we prove that, chosen
torus-fixed points and the deglex order, the multipoint Okounkov bodies
can be obtained subdiving the polytope (Theorem 6.4). If we consider all
torus-invariant points the subdivision is barycentric (Corollary 6.6). As a
consequence we get that the multipoint Seshadri constant of IV torus-fixed
points is in £N (Corollary 6.7).

Finally in the surface case, we extend the result in [20] showing, for the
lexicographical order, the polyhedrality of A;(L) (Theorem 6.9). Moreover
for Op2(1) over P? we completely characterize A;(Op2(1)) in function of
€5(Op2(1); N) obtaining an explicit formula for the restricted volume of
p*Op2(1) — tE for t € Q where py : X — X is the blow-up at N very
general points and E = Z;\le E; is the sum of the exceptional divisors
(Theorem 6.14). As a consequence we independently get a result present
in [9]: the ray p*Op2(1) — tE meets at most two Zariski chambers.

1.1. Organization

Section 2 contains some preliminary facts on singular metrics, base loci
of divisors and Okounkov bodies.

In Section 3 we develop the theory of multipoint Okounkov bodies: the
goal is to generalize some results in [22] for N > 1. We prove here Theo-
rem 1.2.

Section 4 is dedicated to show Theorem 1.5.

In Section 5 we introduce the notion of moving multipoint Seshadri con-
stants. Moreover we prove Theorem 1.3, connecting the moving multipoint
Seshadri constant in a more analytical language in the spirit of [7], and
deduce the connection between the moving multipoint Seshadri constant
and Kéhler packings.

Section 6 deals with the two aforementioned particular cases: toric man-
ifolds and surfaces.

1.2. Related works
In addition to the already mentioned papers of Witt Nystrom [30], Eckl

[10], and Kiirona—Lozovanu [19, 18], during the final revision of this paper
the work of Shin [28] appeared as a preprint. Starting from the same data

TOME 71 (2021), FASCICULE 6



2600 Antonio TRUSIANI

of a big divisor over a projective manifold of dimension n and the choice of
r different points, he gave a construction of an extended Okounkov Body
Ay1  yr(D) CR™ from a valuation associated to a family of admissible
or infinitesimal flags Y!,...,Y". In the ample case thanks to the Serre’s
vanishing Theorem, the multipoint Okounkov bodies can be recovered from
the extended Okounkov body as projections after suitable subdivisions.
Precisely, with the notation given in [28], we get

F(8;(D)) = 73 (Bya, e (D) NV Hyy N e 0 Hya g 0 Hyeyy N N )

where 7; : R™ - R", 7 (&1, ..., &) =&, Hi j ={(&1,..., 2 ) e R™ 1 2;1 >
zj1}tand F:R" = R", F(y1,...,yn) = (|yl,y1,...,yn—1). Note that z;
means the first component of the vector & while |y| = y1 + -+ + yn. The
same equality holds if L := Ox (D) is big and ¢;(L) € Supp(I';(X))° (see
Section 3.2).

1.3. Acknowledgements

I want to thank David Witt Nystrom and Stefano Trapani for proposing
the project to me and for their suggestions and comments. It is also a plea-
sure to thank Bo Berndtsson for reviewing this article, Valentino Tosatti for
his interesting comments and Christian Schultes for pointing out a mistake
in a previous version. The author is supported by a postdoctoral grant of
the Knut and Alice Wallenberg Foundation.

2. Preliminaries
2.1. Singular metrics and (currents of) curvature

Let L be a holomorphic line bundle over a projective manifold X. A
smooth (hermitian) metric ¢ is the collection of an open cover {U;} cs
of X and of smooth functions ¢; € C>(U;) such that on each not-empty
intersection U; NU; one has ¢; = ¢; +1n \gi’j |2 where g; ; are the transition
function defining the line bundle L. Note that if s; are nowhere zero local
sections with respect to which the transition function are calculated then
|sj| = e~%s. The curvature of a smooth metric ¢ is given on each open Uj
by ddp; where d® = 7=(9 — ) so that dd® = ﬁaé It is a global (1,1)-
form on X, so for convenience we use the notation d d“p. The metric is
called positive if the (1,1)-form d d°yp is a Kéhler form, i.e. if the functions

ANNALES DE L’INSTITUT FOURIER
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; are strictly plurisubharmonic. By the well-known Kodaira Embedding
Theorem, a line bundle admits a positive metric iff it is ample.

Demailly in [7] introduced a weaker notion of metric: a (hermitian) sin-
gular metric ¢ is given by a collection of data as before but with the weaker
condition that ¢; € L{ (U;). If the functions ¢, are also plurisubharmonic,
then we say that ¢ is a singular positive metric. Note that d d°p exists in
the weak sense, indeed it is a closed positive (1,1)-current (we will call it
the current of curvature of the metric ¢). We say that dd°p is a Kédhler
current if it dominates some Kéhler form w. By Proposition 4.2. in [7] a
line bundle is big iff it admits a singular positive metric whose current of
curvature is a Kéhler current.

In this paper we will often work with R-line bundles, i.e. formal linear
combinations of line bundles. Moreover since we will only consider projec-
tive manifolds, we will often identify an R-line bundle as a class of R-divisors
modulo linear equivalence and its first Chern class as a class of R-divisors
modulo numerical equivalence.

2.2. Base loci

We recall here the construction of the base loci (see [11]).

Given a Q-divisor D, let B(D) := (1,5, Bs(kD) be the stable base locus
of D where Bs(kD) is the base locus of the linear system |kD|. The base loci
By (D) =N4B(D—A)and B_(D) :=J, B(D+A), where A varies among
all ample Q-divisors, are called respectively augmented and restricted base
locus of D. They are invariant under rescaling and B_(D) C B(D) C
B, (D). Moreover as described in a work of Nakamaye, [25], the restricted
and the augmented base loci are numerical invariants and can be extended
to the Neron—Severi space (for a real class it is enough to consider only
ample R-divisors A such that D+ A is a Q-divisor). The stable base loci do
not, see [11, Example 1.1.], although by [11, Proposition 1.2.6.] the subset
where the augmented and restricted base loci are equal is open and dense
in the Neron-Severi space N*'(X)g.

Thanks to the numerical invariance of the restricted and augmented base
loci, we will often talk of restricted and/or augmented base loci of a R-line
bundle L. Moreover the restricted base locus can be thought as a measure
of the nefness since D is nef iff B_(D) = 0, while the augmented base
locus can be thought as a measure of the ampleness since D is ample
iff By (D) = 0. Moreover B_(D) = X iff D is not pseudoeffective while
B, (D)= X iff D is not big.

TOME 71 (2021), FASCICULE 6



2602 Antonio TRUSIANI
2.3. Additive Semigroups and their Okounkov bodies

We briefly recall some notions about the theory of the Okounkov bodies
constructed from additive semigroups (the main references are [16] and [5],
see also [17]).

Let S C Z"*! be an additive subsemigroup not necessarily finitely gen-
erated. We denote by C(S) the closed cone in R"*! generated by S, i.e.
the closure of the set of all linear combinations ), A;s; with A; € R>( and
s; € S. In this paper we will exclusively work with semigroups S such that
the pair (S,R™ x Ry¢) is admissible, i.e. S C R™ x Ry, or strongly admis-
sible, i.e. it is admissible and C(S) intersects the hyperplane R™ x {0} only
in the origin (see [16, Section 1.2]). We recall that a closed convex cone C
with apex the origin is called strictly convex iff the biggest linear subspace
contained in C' is the origin, so if (S,R™ x Rx) is strongly admissible then
C(S) is strictly convex.

DEFINITION 2.1. — Let (S,R"™ x Rsq) be an admissible pair. Then
A(S) =m(C(S) N{R" x {1}})

is called Okounkov convex set of (S,R™ x Rsg), where 7 : R"™! — R"
is the projection to the first n coordinates. If (S,R™ x Rxg) is strongly
admissible, A(S) is also called Okounkov body of (S,R™ x Rxo).

Remark 2.2. — The convexity of A(S) is immediate, while it is not hard
to check that it is compact iff the pair is strongly admissible. Moreover S
generates a subgroup of Z"™! of maximal rank iff A(S) has interior not-
empty.

The following result is well-known and it has many interesting conse-
quences.

THEOREM 2.3 ([16, Theorem 1.4]). — Let S C Z"*! be a finitely gen-
erated subsemigroup. Then there exists an element oy € S such that

ag+C(S)NG(S)C S
where G(S) C Z"*! is the group generated by S.
Defining S* = {a : (ka,k) € S} C R for k € N, we get

PROPOSITION 2.4 ([30]). — Let (S,R™ x R5() be an admissible pair.
Then

A(S) = sk

ANNALES DE L’INSTITUT FOURIER
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Moreover if K C A(S)° C R™ compact subset then K C Conv(S*) for
k > 1 divisible enough, where Conv denotes the closed convex hull. In
particular

A(S)° = [ J Conv(5%)° = | J Conv(S*)°

k>1 k>1

with Conv(S*) non-decreasing in k.

Proof. — The inclusion A(S) D U5, S* is immediate.

To prove the reverse inequality and the rest of the statement we can as-
sume S finitely generated. Indeed for any S not finitely generated, A(S) can
be approximated by Okounkov convex sets A(S,,) of an increasing sequence
{Sm}m>1 of finitely generated subsemigroups of S. Clearly, A(S,,) C
A(Sm41) C - CA(S) and

U A(Sm) = A(S).

m>1
Thus, assuming S finitely generated and letting oy € S given by Theo-
rem 2.3, (ka, k) — ap € C(S) N G(S) for any o € A(S) N (£Z)" such that
(ar, 1) has distance bigger than |ag|/k from the boundary of C(S). There-
fore by Theorem 2.3 (ka, k) € S, i.e. a € ¥, which yields A(S) C Uy, S*
varying o and k € N. Moreover, for K C A(S)° compact subset, letting
ko € N such that |ao|/ko < d(K,0A(S))/2, we get K C Conv(S*)° for any
k > kg. The Proposition follows. O

When a strong admissible pair (S,R™ x Rxq) satisfies the further hy-

pothesis A(S) C RY, then we denote with

A(S)** = U Conv(S*)ess
E>1
the essential Okounkov body where Conv(S*)°* represents the interior of
Conv(S*) as subset of RZ with its induced topology ([30]). Note that if
S is finitely generated then A(S)®® coincides with the interior of A(S)
as subset of RS, but in general they may be different since points in the

hyperplanes {z; = 0} may belong to A(S), and hence in its interior as
subset of RY, but not in A(S)*.

PROPOSITION 2.5. — Let (S,R"™ x Rxq) be a strongly admissible pair
such that A(S) C RL, and let K C A(S)** be a compact set. Then there
exists k > 1 divisible enough such that K C Conv(S*)®s. In particular

A(S)ess — U COHV(Sk!)eSS

E>1

TOME 71 (2021), FASCICULE 6
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with Conv(S*)®s non-decreasing in k, and A(S)®* is an open convex set
of RY,,.

Proof. — We may assume that A(S)*® # 0 otherwise it is trivial. There-
fore the subgroup of Z" ! generated by S has maximal rank. Then the proof
coincides with that of Proposition 2.4 exploiting again the strength of The-
orem 2.3. Indeed the unique difference is that K may intersect the bound-
ary of A(S) on some hyperplanes {; = 0} where with obvious notations
(z1,...,2n) denotes coordinates on RY,. But by definition this can only
happen if such intersection points belong to Conv(S*)®** for some k. [

We also recall the following key Theorem:

THEOREM 2.6 ([5, Théoréme 1.12.], [16, Theorem 1.14]). — Let (S, R™ x
R>¢) be a strongly admissible pair, let G(S) C Z"! be the group generated
by S and let ind; and indy be respectively the index of the subgroups
m1(G(S)) and m2(G(S)) in Z™ and in Z where m; and T, are respectively
the projection to the first n-coordinates and to the last coordinate. Then

indy 1nd§ m—oo,m€eN(S) m"

where N(S) = {m € N : S™ # (} and the volume is respect to the
Lebesgue measure.

Finally we need to introduce the valuations:

DEFINITION 2.7. — Let V be an algebra over C. A valuation from V to
Z™ equipped with a total additive order > is a map v : V' \ {0} — (Z™,>)
such that

(i) v(f+g) > min{u(f),v(g)} for any f,g € V\{0} such that f+g £ 0;
(ii) v(Af) =v(f) for any f € V' \ {0} and any C > X # 0;
(iil) v(fg) = v(f) +v(g) for any f,g € V'\ {0},

Often v is defined on the whole V' adding +oco to the group Z™ and
imposing v(0) :== 4o0.

For any a € Z" the a-leaf of the valuation is defined as the quotient of
vector spaces

o AFEVAO} v > au o)
“ T VA0 ) > e U{oF

A valuation is said to have one-dimensional leaves if the dimension of any
leaf is at most 1.

ANNALES DE L’INSTITUT FOURIER
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PROPOSITION 2.8 ([16, Proposition 2.6.]). — Let V' be an algebra over
C, and let v : V\{0} — (Z", >) be a valuation with one-dimensional leaves.
Then for any no trivial subspaces W C V,

#v(W\ {0}) = dim¢ W.

We will say that a valuation v : V' \ {0} — (Z",>) is faithful if the
field of fractions K of V has transcendental degree n and the extension v :
K\{0} — (Z™,>) defined as v(f/g) == v(f)—v(g) (see [5, Lemme 2.3]) has
the whole Z" as image. Note that any faithful valuation has one-dimensional
leaves (see [5, Remark 2.26]).

2.4. The Okounkov body associated to a line bundle

In this section we recall the construction and some known results of
the Okounkov body associated to a line bundle L and a point p € X
(see [22],[16] and [5]).

Consider the abelian group Z™ equipped with a total additive order >,
let v: C(X)\ {0} — (Z",>) be a faithful valuation with center p € X.
We recall that p € X is the (unique) center of v if Ox, C {f € C(X) :
v(f) > 0} and mx, C {f € C(X) : v(f) > 0}, and that the semigroup
v(Ox p \ {0}) is well-ordered by the induced order (see [5, § 2]).

Assume that Ly is trivialized by a non-zero local section ¢. Then any
section s € H°(X, kL) can be written locally as s = ft* with f € Ox(U).
Thus we define v(s) = v(f), where we identify C(X) with the meromorphic
function field and Oy, with the stalk of Ox at p. We observe that v(s)
does not depend on the trivialization ¢ chosen since any other trivialization
t" of Ly differs from ¢t on U NV by an unit u € Ox (U NV). We define an
additive semigroup associated to the valuation by

I = {(v(s),k) : s€ H'(X,kL)\ {0},k > 1} C Z" x Z.

The Okounkov body A(L) is the Okounkov convex set of (I', R™ x Rx)
(see Definition 2.1), i.e.

A(L) = 7(C(T) N {R" x {1}})

TOME 71 (2021), FASCICULE 6
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where m : R™ x R — R" is the projection to the first n coordinated. By
Proposition 2.4 it follows that

AL = {”gj) :se HO(X, kL)\{O}}

= ];jolnv ({ng) :s€ HY(X,kL)\ {0}, k > 1}) )

and by construction A(L) is a convex set of R™ with interior not-empty iff

I generates a subgroup of Z"*! of maximal rank (Remark 2.2).

For a prime divisor D € Div(X) we set v(D) = v(f) for f any local
equation for D near p, noting that the map v : Div(X) — Z"™ extends to a
R-linear map from Div(X)g.

THEOREM 2.9 ([22, 16]). — The following statements hold:
(i) A(L) is a compact convex set lying in R";
(ii) n!Volg» (A(L)) = Volx (L), and in particular L is big iff A(L)° # 0,
ie A(L) is a convex body;
(iii) if L is big then A(L) = {D € Divyo(X)r : D =num L} and, in
particular, the Okounkov body only depends on the numerical class
of the big line bundle.

Quasi-monomial valuation. Equip Z" of a total additive order >, fix
Xl, ey Xn € Z" linearly independent and fix local holomorphic coordinates
{#1,...,2n} around a fixed point p. Then we can define the quasi-monomial
valuation v : Ox , \ {0} = Z" by

n
v(f) == min {Zaixi : aq # 0 where locally around p, f =¢y Z aaza}
i=1 aeN?
where the minimum is taken respect to the order > fixed on Z". Note that
such valuation is faithful iff det(Xy,...,X,) = £1.
For instance if we equip Z™ of the lexicographical order, for Xj =¢€; (j-th

vector of the canonical base of R™) we get

v(f) = r{ﬁn {a i aq # 0 where locally around p, f =¢ Z aaza} .
exr QENW
This is the valuation associated to an admissible flag X =Yy D Y; D--- D
Y,, = {p}, in the sense of [22]*), such that locally Y; := {z; = --- = z; = 0}
(see also [30]).

(4)Yi smooth irreducible subvariety of X of codimension ¢ such that Y; is a Cartier
divisor in Y;_; forany i =1,...,n.
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A change of coordinates with the same local flag produces the same
valuation, i.e. the valuation depends uniquely on the local flag.

NOTE. — In the paper a valuation associated to an admissible flag Y.
will be the valuation constructed by the local procedure starting from local
holomorphic coordinates as just described.

On the other hand if we equip Z" of the deglex order and we take Xl =€,
we get the valuation v : Ox ), \ {0} — Z7,

v(f) == min {a . aq # 0 where locally around p, f =¢ Z aaza} .
deglex fipereit

This is the valuation associated to an infinitesimal flag Y. in p: given a flag

of subspaces T,X =:Vy D Vi3 D --- D V,, = {0} such that dim¢ V; = n — 4,

consider on X := Bl, X the flag

X =Y, DP(T,X)=P(Vp) =Yy D--- DP(Vu_q) =: Yy, = {p}.

Note that Y. is an admissible flag around p on the blow-up X. Indeed we
recover the valuation on X associated to this admissible flag considering F'o
v where F': (Z", > gegiez) — (2", >1cs) is the order-preserving isomorphism
F(a) = (la|,a1,...,an_1), i.e. considering the quasi-monomial valuation
given by the lexicographical order and No=¢& +é.

NOTE. — In the paper a valuation associated to an infinitesimal flag Y.
will be the valuation v constructed by the local procedure starting from
local holomorphic coordinates as just described, and in particular the total
additive order on Z™ will be the deglex order in this case.

2.5. A moment map associated to an (S')"-action on a
particular manifold

In this brief subsection we recall some results regarding a moment map
for an (S')"-action on a symplectic manifold (M,w) constructed from a
convex hull of a finite set A C N™ (see [30, Section 3]).

Let A C N™ be a finite set, let g : C* — R™ be the map u(z1,...,2,) =
(|21]2,- - -, |2n]?). Then if Conv(A)®* + (), we define

D = p ' (Conv(A)*) = p~'(Conv(A))°

where we have denoted by Conv(A)** the interior of Conv(.A) respect to
the induced topology on RY,. Next we define M 4 as the manifold we get
removing from C" all submanifolds given by {z;, = --- = z;, = 0} which
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do not intersect D 4. We equip such manifold with the form w4 = dd¢4

where
o= (X )

acA
Here z = {z1,...,2,} and 2® = 27" -+ z%~. Clearly, by construction, w4
is an (S1)"-invariant Kihler form on M4, so in particular (M, w4) can
be thought as a symplectic manifold. Moreover defining f(w1,...,w,) =
(ew1/2 ... e¥n/?), the function uy(w) = ¢4 o f(w) is plurisubharmonic
and independent of the imaginary part y;, and f*wa4 = dd°u4. Thus an
easy calculation shows that

which implies

diuA :ddCuA (47‘1’68,~> .

Oxy, Yk
Therefore, setting Hy = %‘;2‘ o f~1, since (f_l)*(27r£k) = 4“%7 we get

0
AHy = wa(2n o).
E= WA Waek
Hence py = (Hi,...,H,) = Vuy o f~! is a moment map for the (S*)"-
action on the symplectic manifold (M 4,w4). Furthermore it is not hard to
check that p4((C*)") = Conv(A)°, that pa(M4) = Conv(A)** and that
for any U C M 4, setting f~1(U) =V x (iR"),

/ wh = / (dduy)™ = n!/ det(Hess(u4))
U V x ([0,47])" v
= n!/ dz =n!Vol(ua(U)).
Vua(V)

Finally we quote here an useful result:

LEMMA 2.10 ([30, Lemma 3.1]). — Let U be a relatively compact open
subset of D 4. Then there exists a smooth function g : My — R with
compact support such that w = w4 + ddg is Kédhler and w = wg over U.

3. Multipoint Okounkov bodies

We fix an additive total order > on Z™ and a family of faithful valuations
vPi : C(X)\ {0} — (Z",>) centered at p;, where recall that pi,...,py are
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different points chosen on the n-dimensional projective manifold X and L
is a line bundle on X.

DEFINITION 3.1. — We define V. ; C R(X, L) as
Vij={s€ HY(X,kL)\ {0} : vPi(s) < vPi(s) for any i # j}.

Remark 3.2. — They are disjoint graded subsemigroups with respect to
the multiplicative action since 177 (s; ® s2) = vPi(s1) + vP7(s3), but they
are not necessarily closed under addition and Uf;l Vi,; is typically strictly
contained in H°(X,kL) \ {0} for some k > 1. Note that Vj ; contains
sections whose leading term at p; with respect to v?7 is strictly smaller
than the leading term at p; with respect to vP¢ for any i # j.

Clearly the properties of the valuations v?7 assure that
(i) vPi(s) = +oo iff s =0 (by extension 77 (0) := +00);
(ii) for any s € V. ; and for any 0 # a € C, vPi(as) = vPi(s).
Thus we can define
L, ={(w"(s),k) : s€e Vi, k> 1} CZ" X Z.

LEMMA 3.3. — T is an additive subsemigroup of Z"** and (I'j, R" xR)
is a strongly admissible pair.

Proof. — The first part is an immediate consequence of the definition,
while the second assertion follows from the inclusion

I; CTy, = {((s),k) : s € H'(X,kL)\ {0},k > 1}
(see Subsection 2.4). O

DEFINITION 3.4. — We call A;(L) := A(T';) the multipoint Okounkov
body of L at p;.

Observe that by Proposition 2.4 A;(L) = U5, % and that these
multipoint Okounkov bodies depend on the choice of the faithful valuations
vPr o . VPN but we omit the dependence to simplify the notations.

Remark 3.5. — If we fix local holomorphic coordinates {zj1,...,2;n}
around p;, we can consider any family of faithful quasi-monomial valuations
vPi with center pi,...,pn (see paragraph 2.4) with respect to the same
choice of a total additive order on Z" and to the choice of families of Z-
linearly independent vectors Xl,j, cee Xn’j € Z" (these families of vectors
may be different). For instance we can choose those associated to the family
of admissible flags Y;; == {2;1 = --- = z;,; = 0} (with Z™ equipped of the
lexicographical order) or those associated to the family of infinitesimal flags

Y; . (with in this case Z" equipped pf the deglex order).
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LEMMA 3.6. — The following statements hold:

(i) A;(L) is a compact convex set contained in R";
(ii) if p; ¢ B (L) then I';(L) generates Z"*' as a group. In particular
A;(L)° # 0;
(iii) ifT;(L) is not empty then it generates Z" ! as a group. In particular
A4(L)° # 0 iff Ay (L) # 0.

Proof. — The first point follows by construction (see Definition 2.1 and
Remark 2.2).

Proof of (ii) Proceeding similarly to [22, Lemma 2.2], let D be a big
divisor such that L = Ox (D) and let A, B be two fixed ample divisors
such that D = A — B. Since D is big there exists N 3 k£ > 1 such that
kD — B is linearly equivalent to an effective divisor F'.

Moreover, since by hypothesis p; ¢ B (L), by taking k > 1 big enough,
we may assume that p; ¢ Supp(F) (see [11, Corollary 1.6.]), thus F' is
described by a global section f that is an unity in Ox ;.. Then, possibly
adding a very ample divisor to A and B we may suppose that there exist
sections s, . . ., s, € V1 ;j(B) such that 73 (sy) = 0 and v (s;) = X, for any
l=1,...,n where Xl, R Xn are linearly independent vectors in Z" which
generate all Z™ as a group (remember that the valuations v?7 are faithful).
Thus, since s; ® f € V3 ;(kL) for any i = 0,...,n and v (f) = 0, we get

(0, k), (X1, k), ..., (X, k) € T(L).

And, since (k4 1)D — F is linearly equivalent to A we may also assume
that (0,k + 1) € T';(L), which concludes the proof of (ii).

Proof of (iii) Let s € Vi (L) such that (vPi(s),k) € T';(L) and set
W = vPi(s). Then by [22, Lemma 2.2] there exists m € N big enough and
a vector U € Z" such that

(3.1) (T,m), (T4 X1,m), ..., (T4 Ap,m), (7,m+1) € T(L)

where with I'(L) we denote the semigroup associated to v?s for the one-
point Okounkov body (see Subsection 2.4) and where Xl, ey Xn are linearly
independent vectors in Z™ as in (ii). The points in (3.1) correspond to
sections to, ..., t, € H*(X,mL)\ {0},t,11 € H(X,(m+1)L)\ {0}. Next
by definition of V. ;(L) there exists IV >> 1 big enough such that s™ ®t; €
VNktm,; (L) for any j =0,...,n and sN @tu11 € Vksema1(L). Therefore

(NG+T, m), (NG+T+X1,m), . .., (NGHT+Xn, k), (NG+T, m+1) € T;(L),

which concludes the proof. O
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Remark 3.7. — Let X be a curve, L be a line bundle of degree deg L = c,
and p1,...,pn be different points on X. Then by the proof of Lemma 3.6,
A;(L) are intervals in R containing the origin. Moreover if the points are
very general and the faithful valuations vP7 are associated to admissible
or to infinitesimal flags, then A;(L) = [0,¢/N] for any j =1,...,N as a
consequence of Theorem 1.2.

Remark 3.8. — In higher dimension, however, the situation is more com-
plicated. Indeed it may happen that A;(L) = () for some j as the following
simple example shows.

Consider on X = Bl,P? two points p; ¢ Supp(E) and p2 € Supp(E)
(E exceptional divisor), and consider the big line bundle L := H + aE for
a > 1. Clearly, if we consider the family of admissible flags given by any
fixed holomorphic coordinates centered at p; and holomorphic coordinates
{#1,2, 22,2} centered at py where locally E = {z; 2 = 0}, then Ay(L) = 0.
Indeed by the theory of one-point Okounkov bodies for surfaces (see [22,
Section 6.2]) A;(L) C AP1(L) = X (where ¥ is the standard 2-simplex and
AP (L) the one-point Okounkov body) while Ay(L) C AP2(L) = (a,0) +
Y1 (27! = Conw(0,€,& + &) inverted simplex), and the conclusion
follows by construction. Actually, from Theorem 1.2 we get A;(L) = .

We refer to Subsection 6.2 for a detailed analysis on the multipoint Ok-
ounkov bodies on surfaces, and to Subsection 6.1 for the toric case.

3.1. Proof of Theorem 1.2

The goal of this section is to prove Theorem 1.2.

THEOREM 1.2. — Let L be a big line bundle. Then
N
n!> " Volgn (A;(L)) = Volx (L)
j=1

We first introduce W. ; C R(X, L) as
Wy, ={se HY(X, kL) \ {0} : vPi(s) < vPi(s)if 1 <i<j
and vPi(s) < vPi(s) if j <i < N}

and we set Ty ; := {(vP7(s), k) : s € Wy j,k > 1}. Tt is clear W. ; are graded
subsemigroups of R(X, L) and that Lemma 3.3 holds for 'y ;. Moreover
they are closely related to V. ; and |_|j\[:1 Wi, = H°(X, kL) \ {0} for any
k > 1, but they depend on the order chosen on the points.
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LEMMA 3.9. — For every k > 1 we have that
N

D #T; = hO(X, kL),
=1

where we recall that I‘"ﬁw ={a eR": (ka,k) € Tw;}.

Proof. — We define a new valuation
v:C(X)\{0} = Z" x --- x Z" ~ ZN"

given by v(f) = (VP1(f),...,vPN(f)), where we put on Z™" the lexico-
graphical order on the product of N total ordered abelian groups Z", i.e.

(Ayeo s AN) < (pa, ..., pn) if there exists j € {1,..., N}
st. A = Vi < jand A; < py.

Fix k € N. For every j = 1,...,N, let F’;VJ = {aj1,...,a;j,,} and
81,85, € Wi be a set of sections such that vPi(s;;) = a;, for
any [ =1,...,7;.

We next prove that {s11,...,Sn.y} is a basis of H*(X,kL).

Let Y !_, tis; = 0 be a linear relation in which p; #0, s; € {s11,---,SN,ry }
for all i = 1,...,7 and s; # s; if i # j. By construction we know that
v(s1),...,v(s,) are different points in Z™™. Thus without loss of generality
we can assume that v(s1) < --- < v(s,), but the relation

1 X
S1 = *aguisi

implies that v(s1) > min{r(s;) : j = 2,...,r} which is the contradiction.

Hence {s1,1,..., SN,y } is a system of linearly independent vectors, thus to

conclude the proof it is enough to show that it generates all H°(X, kL).
Let to € HO(X, kL) \ {0} be a section and set

)\0 = (Ao’l, ceey )\O,N) = I/(to).
By definition of W. ; there exists an unique jo € 1,..., N such that ty €
Wk,joa which means that )\071‘ > AO,jo ifl1 <1< 70, and that )\072' > )\07]'0
if jo < ¢ < N. Therefore by construction there exists { € {1,...,r;,} such
that Ao j, = VP90 (s,.1), and we set sg == sj, ;. But
o (L5 € HOCXRD)\ {0} 70 (s) > Moo FULO}Y _
1m X 4
{s € HO(X,kL) \ {0} : vPio(s) > Ao, } U{0}
since vPio has one-dimensional leaves, so there exists a coefficient ag € C

such that vPi0 (tg — apsg) > Xo,j,- Thus if ¢y = agsp we can conclude the
proof, otherwise we set t; = ty — agsg and we iterate the process setting
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A= (A1, .., A,n) = v(t1). Observe that min; A j > min; Ao ; = Ao j,
and that the inequality is strict if ¢t; € Wy .

Summarizing we obtain tg,t1,...,t; € HY(X,kL) \ {0} such that ¢, ==
tio1 — aj—181-1 € Wy, for an unique j; € {l,...,N} where 5;_; €
{Sj 11y 8j,_1.m_, ) satisfies vP7i-1(4;_1) = vPi-1(s;_1), and min; N, ; >
min; A;_q ; for v(¢;) =: A;. Therefore we get a sequence of valuative points
A; such that minj A; ; > min; \j_1 ; > -+ > min; Ao ; where by construc-
tion there is at least one strict inequality if [ > N. Hence we deduce that
the iterative process must conclude since that the set of all valuative points
of v is finite as easy consequence of the finite cardinality of I";Vyj for each
j=1,...,N. O

ProposiTioN 3.10. — Let L be a big line bundle. Then
Aj(mL) =mA;(L) and A}/V(mL) = mA}/V(L)
for any m € N and for any j = 1,..., N where A}/V(L) is the Okounkov
body associated to the additive semigroup I'vy ;(L).

Proof. — The proof proceeds similarly to [22, proof of Proposition 4.1.ii],
exploiting again the property of the total order on Z™.

We may assume Aj(L) # (), otherwise it would be trivial, and we can
choose r,t € N such that V, j, Vim—r; # (0, i.e. there exist sections e € Vi
and f € Viym—r ;. Thus we get the inclusions

KT (mL)* + 1% () 4+ 7 (£) € (km -+ r)T; (L7 4 075 ()
C (k+t);(mL)**.
Letting k — oo, we find A;(mL) C mA;(L) C A;(mL).
The same proof works for A]W(L). O

Proposition 3.10 naturally extends the definition of the multipoint Ok-
ounkov bodies to Q-line bundles.
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. — By Lemma 3.9 and Theorem 2.6 we get

N w N k
Volgn (AY (L n! ) L HTE
sz w3 VEROFE) L S #T
= 1nd17j (L) 1nd27j (L)" keN(L),k—oo kn
hO(X, kL)

= Volx (L).
kEN([{?,}f—)oo k™ /n! olx (L)

where we keep the same notations of Theorem 2.6 for the indexes ind; ;(L),
ind, ; (L) adding the j subscript to keep track of the points and the depen-
dence on the line bundle since we want to perturb it.
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Key point. We claim that
(3.3) ANM(L)° = Ay(L)°,

for any j =1,...,N. Note that since I'y; C I'y; we only need to prove
that AW (L)° C A;(L)°.
Let A be a fixed ample line bundle A such that there exist

51,...,sn € HY(X, A)

with s; € V4 ;(A) and vPi(s;) = 0. Thus we get A}’V(mL —A) C Aj(mL)
for each m € N and for any j = 1,..., N since s ® sf € Vi j(mL) for any
s € Wy ;(mL — A). Hence

(3.4) AW (L - %A) C AH(L) C AW(L)

by Proposition 3.10.
Moreover since m — ind; ;(L —
decreasing functions, (3.2) implies

L4) and m — indy (L — LA) are

1

Volg~ ( AW( - L14))
3.5) 1 i
( lfnnjllop” Z ind; ;(L)inda ; (L)™

Volgr (AW (L — L 4))
> i 1
g Z <indy (L — L A)indy (L — L A)"

1
— lim sup Voly (L - EA) = Volx (L)

m—r 00
| Y. Vol (AV/(L))
- Z ind; ;(L)indg ; (L)

where we used the continuity of the volume function on line bundles. Thus
since AV(L — £A) ¢ AV(L — 7A) if I > m for any j = 1,..., N, from
(3.5) we deduce that m — Volgn (A;/V (L — L A)) is a continuous increasing
function converging to Volgn (A} (L)) for any j = 1,...,N. Hence (3.3)
follows from (3.4).

Conclusion. Finally combining (3.3) and Lemma 3.6(ii) we find out that
ind; j(L) = indy ;(L) = 1 if Volgn (A}V(L)) # 0. Finally (3.2) yields

al Y Volg. (AV(L))
I w (A n! -
n.ZVolR (A, Zmdlj mdzj o = Volx (L),

which concludes the proof. O
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3.2. Variation of multipoint Okounkov bodies

Similarly to [22, Section 4], we prove that for fixed faithful valuations v/Pi
centered a N different points the construction of the multipoint Okounkov
Bodies is a numerical invariant, i.e. A;(L) depends only from the first Chern
class ¢1(L) € N*(X) of the big line bundle L, where we have denoted by
N'(X) the Neron-Severi group. Recall that p(X) = dimN'(X)r < oo
where N'(X)g := N'(X) @z R.

PROPOSITION 3.11. — Let L be a big line bundle. Then A;(L) is a
numerical invariant.

Proof. — Assume Aj;(L)° # (), which by Lemma 3.6 is equivalent to
A;(L) # 0, and let L’ such that L' = L + P for P numerically trivial. Fix
also an ample line bundle A. Then for any m € N there exist k,, € N and
sm € H(X, kyym(P + = A)) such that sn,(p;) # 0 for any i = 1,...,N
since P + L A is a ample Q-line bundle. Hence we get A;(L) C A;(L +
L A) by homogeneity (Proposition 3.10) because s @ sF, € Vi ;(knmL' +
kn,A) for any section s € Vj, ;j(ky,mL). Therefore similarly to the proof of
Theorem 1.2, letting m — oo, we obtain A;(L) C A;(L"). Replacing L by
L+ P and P by —P, Lemma 3.6 concludes the proof. O

Setting r := p(X) for simplicity, fix Lq,..., L, line bundles such that
{e1(Ln),...,c1(Ly)} is a Z—basis of N*(X): this lead to natural identifica-
tions N*(X) ~ Z", N'(X)g ~ R”. Moreover by [22, Lemma 4.6] we may
choose Lq,..., L, such that the pseudoeffective cone is contained in in the
positive orthant of R".

DEFINITION 3.12. — Letting
F](X) = Fj(X;Ll, . ,LT)
={(Wr(s),m) :s € Vi j(L1,...,Ly)) \ {0}, m e N} CZ" x N"

be the global multipoint semigroup of X at p; with py,...p;,...,py fixed
(it is an addittive subsemigroup of Z"*") where Vg, ;(L1,...,L,) = {s €
HO(X,m - (L1,...,L;)) \ {0} : vPi(s) < vPi(s) for any i # j}, we define

Aj(X) = O(T5(X))

as the closed convex cone in R™" generated by I';(X), and call it the
global multipoint Okounkov body at p;.

LEMMA 3.13. — The semigroup I';(X) generates a subgroup of Z"*" of
maximal rank.
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Proof. — Since the ample cone Amp(X) is open non-empty set in
NY(X)g, we can fix Fy,...,F, ample line bundles generating N*(X) as
free Z-module. Moreover, by the assumptions done for L1, ..., L, we know
that for every i = 1,...,r there exists @; such that F; = a@; - (L1,...,L,).
Thus, for any ¢ = 1,...,r, the graded semigroup I';(F;) sits in I';(X) in
a natural way and it generates a subgroup of Z" x Z - d; of maximal rank
by point (ii) in Lemma 3.6 since B, (F;) = 0. We conclude observing that
ay,...,d, span Z". O

Next we need a further fact about additive semigroups and their cones.
Let ' C Z™ x N” be an additive semigroup, and let C(T') C R™ x R" be
the closed convex cone generated by I'. We call the support of I' respect
to the last r coordinates, Supp(T"), the closed convex cone C(n(I")) C R"
where 7 : R™ x R™ — R" is the usual projection. Then, given @ € N", we set
I'ng ==T'N(Z™ x Na) and denote by C(I'ng) C R™ x Ra the closed convex
cone generated by I'yz when we consider it as an additive semigroup of
7" x 7a ~ 7",

PROPOSITION 3.14 ([22, Proposition 4.9]). — Assume that I' generates
a subgroup of finite index in Z™ x Z", and let @ € N" be a vector lying in
the interior of Supp(I"). Then

C(Tnz) = C(T) N (R™ x Ra)
Now we are ready to prove the main theorem of this section:

THEOREM 3.15. — The global multipoint Okounkov body A;(X) is
characterized by the property that in the following diagram

Aj(X) C R™ x R ~ R x N*(X)g

\ pry

R™ ~ NY(X)gr

the fiber of A;(X) over any cohomology class c¢1(L) of a big Q-line bun-
dle L such that ¢1(L) € Supp(L';(X))° is the multipoint Okounkov body
associated to L at pj, i.e Aj(X) Npry ' (ei1(L)) = Aj(L). Moreover
Supp (T;(X))" NN (X)g = {c1(L) : Aj(L) # 0, L Q-line bundle}.
Remark 3.16. — It is unclear how Supp(I';(X))° can be described. By

second point in Lemma 3.6, it contains the open convex set By (p;)¢ where

Bi(pj) = {a € N'(X)g :p € By (a)} is closed respect to the metric
topology on N(X)g by [19, Proposition 1.2] and its complement is convex
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as easy consequence of [11, Proposition 1.5]. But in general Supp(I';(X))°
may be bigger: for instance if N =1 Supp(I';(X))° coincides with the big
cone, and we can easily construct an example with pi,ps € B_(L) and
A;(L)° # 0 for j = 1,2. For instance take X = Bl,P?, L .= H + F
where E is the exceptional divisor and p;,ps € Supp(FE) different points.
Then given two valuations associated to admissible flags Y. ; for j = 1,2
centered at pi,ps such that Y; ; = E for any j = 1,2, it is easy to check
that A;(L)° # 0 for j = 1,2 where by Lemma 3.6 this is equivalent to
A;(L) # 0.

Proof. — For any vector @ € N” such that L :=a- (Lq,...,L,) is a big
line bundle in Supp(T';(X))°, we get I';(X)nz = I';(L), and so the base of
the cone C(T';(X)ng) = C(T;(L)) C R™ x Ra is the multipoint Okounkov
body A;(L), i.e.

A (L) = (05 (X)na) N (R” x {1}) ).

Then Proposition 3.14 implies that the right side of the last equality co-
incides with the fiber A;(X) over ¢;(L). Both sides rescale linearly, so the
equality extends to Q-line bundles.

Next by Lemma 3.6 it follows that ¢;(L) € Supp (I';(X)) for any Q-line
bundle L such that A;(L) # (). On the other hand, by the first part of the
proof we get

(3.6) Supp (T;(X))° NN (X)g C {ei(L) : Aj(L) # 0, L Q-line bundle}.

Thus it remains to prove that the right hand in (3.6) is open in N'(X)q,
which is equivalent to show that A;(L— %A) # () for k > 1 big enough if A
is a fixed very ample line bundle since the ample cone is open and not empty
in N'(X)g and N'(X)g is a finite dimensional vector space. Considering
the multiplication by a section s € H%(X, A) such that s(p;) # 0 for any
t=1,..., N, weobtain Ai(L—%A) C Ay(L) forany i =1,..., N. Therefore
by Theorem 1.2 and Lemma 3.6 we necessarily have Aj(L — +A)° # () for
k > 1 big enough since Volx (L — +A) / Volx (L) and A;(L)° # 0. This
concludes the proof. O

As a consequence of Theorem 3.15, we can extend the definition of mul-
tipoint Okounkov bodies to R-line bundles. Indeed we can define A;(L) as
the limit (in the Hausdorff sense) of Aj(Lg) if ¢i1(L) € Supp(l';(X))° =
{c1(L) : Aj(L) # 0, L Q-line bumdle}o where {Ly}ren is any sequence of
Q-line bundles such that ¢, (L) — ¢1(L), and A;(L) = 0 otherwise. This
extension is well-defined and coherent with Lemma 3.6, since we obtain

AS(L)° # 0 iff Ay(L) £ 0.
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COROLLARY 3.17. — The function Volg» : Supp(I';(X))° — Ry,
c1(L) — Volgn (A, (L)) is well-defined, continuous, homogeneous of degree
n and log-concave, i.e.

Vol (A; (L + L')M™ = Volga (A, (L))" 4 Volg» (A; (L) /"

Proof. — The fact that it is well-defined and its homogeneity follow di-
rectly from Propositions 3.10 and 3.11, while the other statements are
standard in convex geometry, using the Brunn—Minkowski Theorem and
Theorem 3.15. g

Finally we note that the Theorem 3.15 provides a description of the
multipoint Okounkov bodies similarly to that of Theorem 2.9(iii):

COROLLARY 3.18. — If L = Ox(D) is a big line bundle such that
c1(L) € Supp(T'j(X))°, then

A;(L) =P {D' € Divso(X)g : D' =pam D and 173 (D') < vPi (D') Vi £ j}.

° is valuative and if it contains

In particular every rational point in Aj(L)
a small n-symplex with valuative vertices then any rational point in the

n-symplex is valuative.

Proof. — The first part follows directly from Theorem 3.15 since D’ =1,
D iff e1(L) = c1(Ox(D’)) by definition (considering the R-line bundle
Ox(D")). The second part about A;(L)° follows combining Lemma 3.6(iii)
and the multiplicative property of v?i with Theorem 2.3 (see also the proof
of Proposition 2.4). O

3.3. Geometry of multipoint Okounkov bodies

To investigate the geometry of the multipoint Okounkov bodies we need
to introduce the following important invariant:

DEFINITION 3.19. — Let L be a line bundle, V C X a subvariety of
dimension d and HO(X|V,kL) = Im (HO(X, kL) — HO(V, kLW)). Then
the quantity

) dim H%(X | V, kL)
Volx v (L) = lllirisip F7dl
is called the restricted volume of L along V.

We refer to [12] and reference therein for the theory about this new
object.
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In the repeatedly quoted paper [22], given a valuation
VP(s) = (WP (s)1,...,¥P(8)n)

associated to an admissible flag Y. = (Y1,...,Y,,) such that Y1 = D and a
line bundle L such that D ¢ B, (L), the authors also defined the one-point
Okounkov body of the graded linear sistem H°(X|D,kL) ¢ H°(D,kL|p)
by

Axp(L) == A(Txp)
with

Lxip={(t"(s)2,..., V7 (s)n, k) EN""' xN:s€ H*(X|D,kL) \ {0}, k> 1}
and they proved the following result.

THEOREM 3.20 ([22, Theorem 4.24, Corollary 4.25]). — Let D ¢ B (L)
be a prime divisor with L big R-line bundle and let Y. be an admissible
flag such that Y1 =: D. Let Cpax == sup{A > 0 : L — AD is big}. Then for
any 0 <t < Chaz

A(L)g, >t = A(L —tD) + té&y
A(L)z,=t = Axp(L —tD)
Moreover

(i) Volgn-1(A(L)s,=t) = gy Volx|p(L — tD);

(i) Volx (L) — Voly (L — tD) =n [ Voly|p(L — AD) d \.

In this section we suppose to have fixed a family of valuations vPi asso-
ciated to a family of admissible flags Y. = (Y. 1,...,Y. n) on a projective
manifold X, centered respectively in py,...,pn (see paragraph 2.4 and Re-
mark 3.5). Given a big line bundle L, and prime divisors D1, ..., Dx where
D; =Y,  forany j=1,...,N, we set

w(L;D) :=sup{t 2 0: L —tD is big}
where D == vazl D;, and
w(L; Dj) :==sup{t > 0 : A;(L —tD)° # 0}.
THEOREM 3.21. — Let L a big R-line bundle, vPi a family of valuations
associated to a family of admissible flags Y. centered at pi,...,pn. Then,

letting (x1, ..., xy,) be fixed coordinates on R™, for any j € {1,..., N} such
that Aj(L)° # 0 the followings hold:

(i) Aj(L)zy>t = Aj(L —tD) + téy for any 0 < t < u(L; Dj), for any
j=1...,N;
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(i) Aj(L)zy=t = Ax|p,(L —tD) for any 0 <t < pu(L; D), t # p(L; Dy)
and for any j=1,...,N;

(iii) Volgn-1(A;(L)z;=t) = ﬁ Volx|p, (L—tD) forany 0 <t < pu(L; D),
t # w(L; Dj;) for any j = 1,...,N, and in particular u(L; D;) =
sup{t >0 : D; ¢ B, (L — tID))}.

Moreover

(iv) Volx (L) — Volx (L —D) = n [ SN Vol p, (L - )\]D)) d\ for any
0<t<u(L;D).

Proof. — Proof of (i). The first point follows as in [22, Proposition 4.1],
noting that if L is a big line bundle and 0 < ¢ < p(L; D;) integer then
{s € Vi;(L) : vPi(s)y = kt} ~ Vi ;(L —tD) for any k > 1. Therefore
I'j(L)gy>t = @¢(I;(L — tD)) where ¢, : N* x N — N" x N is given by
(%, k) = (& + tkeé1, k). Passing to the cones we get C(I';(L)z,>t) =
Ot R (C (T';(L —tD))) where @, r is the linear map between vector spaces as-
sociated to ¢;. Hence, taking the base of the cones, the equality A;(L)z,>¢ =
A;(L —tD) + té; follows. Finally, since both sides in (i) rescale linearly by
Proposition 3.10, the equality holds for any L Q-line bundle and t € Q.
Both sides in (i) are clearly continuous in ¢ if 0 < ¢ < p(L; D;) so it re-
mains to extend it to R-line bundles L. We fix a decreasing sequence of
Q-line bundles {Lj}ren such that Ly N\, L, where for decreasing we mean
Ly — Li41 is an pseudoeffective line bundle and where the convergence
is in the Neron Severi space N'(X)g. Then, as a consequence of Theo-
rem 3.15 0 < t < pu(Ly, D;) for any k € N big enough where ¢ is fixed as
in (i), and {A;(Lk)}xen continuously approximates A;(L) in the Hausdorff
sense. Hence we obtain (i) letting k — oc.

Proof of (ii). Assuming first L Q-line bundle and 0 <t < u(L; D;) ra-
tional.

We consider the additive semigroups

L (L) ={(w"(s),k) e N* xN: s € Vg ;(L) and v*(s); = kt}
Txp, (L = D) = {(177 (5)2,. ..,V (8)n, k) € N"7F x N:
s € HY(X|D;, k(L —tD))\ {0}, k > 1}

and, setting 1; : N*7! x N — N" x N as 1;(Z, k) = (kt, 7, k), we easily get
T;+(L) C ¢ (Tx|p, (L —tD)). Thus passing to the cones we have

C(T5(L))e=t = C(T(L)) € e (C(Txp, (L — tD))
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where the equality follows from [22, Proposition A.1]. Hence Aj;(L)y, = C
Ax|p,(L —tD) for any 0 < t < p(L; D;) rational. Moreover it is trivial
that the same inclusion holds for any p(L; D;) < t < u(L; D).

Next let 0 < t < p(L; D) fixed and let A be a fixed ample line bundle
such that there exists s; € V; j(A) with v?i(s;) = 0 and vPi(s;); > 0 for
any i # j. Thus since to any section s € H*(X|Dj;, k(L — tD)) \ {0} we can
associate a section 5 € HO(X, kL) with vPi(3) = (kt,vPi(s)a,...,UPi(s),)
and vPi(5); > kt for any i # j, we get that s ® s? € Vi ;(mL+ A) for any
m € N. By homogeneity this implies

VPi (3" @ sk VP VP 1
(mk ;) _ k(g) _ ( , k(S)) —zec Aj(L+ EA)M:t
for any m € N. Hence since A;(L)° # () we get 0 < t < p(L; D;) and
z € Aj(L)z,—¢ by the continuity of m — A;(L + L A) (Theorem 3.15).
Summarizing we have showed that both sides of (ii) are empty if
w(L;D;) < t < p(L;D) and that they coincides for any rational
0 <t < u(L; Dj). Moreover since by Theorem 3.20

N
Axp, (L — tD) = A(L -ty Di>
i=1,i#j

with respect to the valuation vPi, we can proceed similarly as in (i) to
extend the equality in (ii) first to ¢ real and then to R-line bundles using

the continuity derived from Theorem 3.15 and [22, Theorem 4.5].
Proof of (iii), (iv). The third point is an immediate consequence of (ii)
using Theorem 3.20 (i) and [12, Theorem A and C], while last the point
follows by integration using our Theorem 1.2. g

x1=t

We observe that Theorem 3.21 may be helpful when one fixes a big line
bundle L and a family of valuations associated to a family of infinitesimal
flags centered at pi1,...,pn ¢ B4 (L). Indeed, similarly as stated in the
paragraph 2.4, componing with F' : R — R" F(z) = (|z|,z1,...,Zn-1),
Theorem 3.21 holds and in particular, for any j =1,..., N, we get

(i) F(AJ(L))zj >t = Aj(f*L —tE) +té, for any 0 <t < p(f*L; E;);
(i) F(A;(L), _, = Dgip,(f*L —1E) for any 0 < t < p(f*L;E),
t # u(f L Ey);

(iii) Volgn-1 (F(Aj(L))a, ,=t) = ﬁvolj(| g, (f*L —tE) for any 0 <

t<p(f"L;E), t # u(f*L; Ej);
where we have set f : X — X for the blow-up at Z = {p1,...,pn} and we
have denoted with E; the exceptional divisors. Note that E = Zj\]:l E; and
that the multipoint Okounkov body on the right side in (i) is calculated
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from the family of valutions {7Pi }évzl (it is associated to the family of
admissible flags on X given by the family of infinitesimal flags on X).

This yields a new tool to study the multipoint Seshadri constant as stated
in the Introduction (see Theorem 1.3). An application in the surfaces case
is provided in Subsection 6.2.

4. Kahler Packings

Recall that the essential multipoint Okounkov body is defined as
Aj(L)ess — U A?(L)ess _ U A?!(L)ess

k=1 k=1
where A?(L)GSS = Conv(F;?)ess = 1+ Conv(vPi(Vy ;))®* is the interior of
A?(L) = Conv(I‘?) as subset of RY, with its induced topology (see Sub-
section 2.3).

Fix a family of local holomorphic coordinates {z;1,...,z;,} for j =
1,..., N respectively centered at pi,...,py and assume that the faithful
valuations vP!, ..., VPN are quasi-monomial respect to the same additive
total order > on Z" and respect to the same vectors A1,..., A, € N (see
Remark 3.5). Thus similarly to [30, Definition 2.7], we give the following

DEFINITION 4.1. — For every j =1,..., N we define
Q(L) = p N (AG(L)*) for p(wy, ..., wn) = (lwil?,... [wal?),
and call them the multipoint Okounkov domains.
Note that we get n! Volgn(A;(L)) = Volcn(2;(L)) for any j =1,...,N
(see Subsection 2.5).
We will construct Kéhler packings (see Definition 4.2 and 4.6) of the
multipoint Okounkov domains with the standard metric into (X, L) for

L big line bundle. We will first address the ample case and then we will
generalize to the big case in the subsection 4.2.

4.1. Ample case

DEFINITION 4.2. — We say that a finite family of n-dimensional Kéhler
manifolds { (M, nj)}év:1 packs into (X, L) for L ample if for every family of
relatively compact open set U; € M; there are a holomorphic embedding
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I Ll;V:l Uj — X and a Kéhler form w lying in ¢1(L) such that f.n; =
wifw;- If, in addition,

ﬁ [, = [ eer

then we say that {(Mj,nj)}ﬁ-v:l packs perfectly into (X, L).

Letting o : C* — R"™ be the map u(z;) == (|zj1]% ..., ]2jn]?) where

z; = {zj1,..., 2} are usual coordinates on C™ and letting

Dk:,j = ,U/_l(ij?(L))o _ M_l(k‘A?(L)ess),

we define My, ; like the manifold we get by removing from C™ all the sub-
manifolds of the form {z;;, =--- = z;,;,, = 0} which do not intersect Dy, ;.
Thus

bk, =In Z |zJ-aJ'|2

o evPi (Vij)
is a strictly plurisubharmonic function on My ; and we denote by wy ; =

dd°¢* the Kihler form associated (recall that dd® = ﬁ@é, see Subsec-
tion 2.1).

LEMMA 4.3 ([1, Lemma 5.2]). — For any finite set A C N™ with a fixed
additive total order >, there exists v € (Nso)™ such that

a<pf ff a-y<f-y
for any o, 8 € A.

THEOREM 4.4. — If L is ample then for k > 0 big enough {(My. ;, wr. )} Yy
packs into (X, kL).

Using the idea of the [30, Theorem A] we want to construct a Kéhler
metric on kL such that locally around the points pq,...,pn approximates
the metrics ¢y, ; after a suitable zoom. We observe that for any v € N and
any section s € H°(X, kL) with leading term o € N™ around a point p € X
we have s(77zy,..., 77 2,) /77 ~ 27" - 287 for Ry O 7 converging to
zero. Therefore locally around p; we have

In Z

o €vPI (Vi 5)

5a,;(T725) 2
TV Q5

~ Ok,j
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where s, are sections in Vj ; with leading terms of their expansion at p;
equal to a; € N”. Thus the idea is to consider the metric on kL given by

2
n(y Y |2

i=1 a4 EDpi(Vk i

and define an opportune factor v such that this metric approximates the
local plurisubharmonic functions around the points p1, . .., py after the uni-
form zoom 77 for 7 small enough. This will be possible thanks to Lemma 4.3
and the definition of V}, ;. Finally a standard regularization argument will
conclude the proof.

Proof. — Step 1: Pick sections. We assume that the local holomorphic
coordinates z; = {2;1,...,2j,} centered a p; contains the unit ball B; C
C™ forevery j=1,...,n

Set A; == vPi(Vy;) and B! = vPi (V) for i # j to simplify the no-
tation, let k be large enough so that A¥(L)** # () for any j = 1,...,N
(by Lemma 3.6 and Proposition 2.5) and let {U;}}_, be a family of rel-
atively compact open set (respectively) in {M;”};V:l Pick v € N" as in
Lemma 4.3 for S = U;V:1 (A; U Uiz, Bf) ordered with the total additive
order > induced by the family of quasi-monomial valuations, i.e. a > § iff
a-vy>p-.

Next, for any j = 1,..., N, by construction we can choice a family of
sections s,; in V4 j, parametrized by A;, such that locally

SaJ(ZJ 3%+ E Wjn,; 25
?7_,>aJ
saJ(l)—a”zl + E @i, Zi "
T,‘>B‘i]

with a; ; # 0 and o5 < ,6’? for any i # j.

Step 2: A suitable zoom. If we define ™z; == (7721 ...,77"%2; ) for
T € R, then we get for any o5 € A;
(41) Saj(T’YZj) :T'Y'aj(Zjaj +O(|T|)) VT'YZj € By
(4.2) Soy(T723) = 77 (ai 2% + O(7)))  V7m € By
Let, forany j =1,..., N, g; : My ; — [0, 1] be a smooth function such that
g; =0on U; and g; =1 on ch for some smoothly bounded compact set

K; such that U; € K; C My, ;. Furthermore let U J’ be a relatively compact
open set in My, ; such that K; C Uj.
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Then pick 0 < § < 1 such that ¢; = ¢y ; —4dg; is still strictly plurisub-
harmonic for any j =1,..., N.

Now we claim that for any j there is a real positive number 0 < 7; =

7;(0) < 1 such that for every 0 < 7 < 7; the following statements hold:

m'z5€ By Vz; e Uj,

2
Say (T2
¢J>ln<zz aT’YOénJ )—5 on Uj;,
i=1 oA,
2
Say (T725)
¢]<1H<ZZ T’va )—35 near 0Kj.
i=1 ozEA;

Indeed it is sufficient that each request is true for 7 € (0, a) with a positive
real number. The first request is clear, while the others follow from the
equations (4.1) and (4.2) since g; =0 on U; and g; = 1 on KJC (recall that
g; is smooth and that v - a; <y - ﬂf if a; € A; for any j # ).

So, since pq, ..., pn are distinct points on X, we can choose 0 < 73, < 1
such that the requests above hold for every j = 1,..., N and that W;NW; =
0 if j # i where W; = @;1(Tg Uj’) for ¢; coordinate map giving the local
holomorphic coordinates centered at p;.

Step 3: Gluing We define, for any j =1,..., N,

2
50,(7725) ) , 5)
TV
where max,.q(x,y) is a smooth convex function such that max,.q(x,y) =

0] = max <¢], In (Z >

i=1 a;EA;

max(x,y) whenever |z —y|> §. Therefore, by construction, we observe that
gzﬁ; is smooth and strictly plurisubharmonic on Mj, ;, identically equal to

n (DX Caen, 255 2

| ) — 20 near 0K and identically equal to ¢y ;
on Uj. So

wj = dd°¢]
is equal to wy ; on U;. Thus since for & > 1 big enough

Soy
(35 ) -
i=1 aE€A;
extends as a positive hermitian metric of kL, with abuse of notation and

unless restricting further 7, we get that {w; }gvzl extend to a Kéhler form
w such that

wrw;) = f*(wj\Uj) = fiwh,;j
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where we have set f : |_|;V=1 Uj = X, flu, = goj_l o717 (the uniform rescaled
embedding).

Since {U; };V:I are arbitrary, this shows that {(Mk,j,wk,j)}é\’:l packs into
(X,kL). O

THEOREM 1.5 (Ample Case). — Let L be an ample line bundle. Then
{(©; (L),wst)};v:l packs perfectly into (X, L).

Proof. — If Uy, ..., Uy are relatively compact open sets, respectively, in
Q2;(L) then by Proposition 2.5 there exists k > 0 divisible enough such that
U; is compactly contained in ;fl(Conv(A;?(L))o forany j=1,...,N, ie.
\/EUj € Dy,; € My ; forany j=1,...,N.

By Lemma 2.10 there exist smooth functions g; : My ; — R with support
on relatively compact open sets U]’» D \/EUj such that w; = wy ; +dd°g;
is Kéhler and W; = wg holds on \/EUj.

Furthermore, fixing relatively compact open sets V; C My, ; such that
UJ’- € Vj for any j =1,...,N, by Theorem 4.4 we can find a holomorphic
embedding f' : |_|;V:1 V; — X and a Kéhler form w’ in ¢;(kL) such that
w"f,(v) = flwg,; forany j=1,...,N.

Next, let x; be smooth cut-off functions on X such that x; = 1 on
f'(U}) and x; =0 0uts1de F/(V;). Thus, since f/(V;) N f'(V;) = for every
j # i and since g; o fl V) has compact support in f'(U), the function

g = Ejvzl X;j9; © f'7!, extends to 0 outside Ujvzl J'(V;) and gjpv;) =
—1
95 ° fipwyy
Finally defining f : |_] 1Uj = X by fiu, () = IfU (Vkzj), we get

(w/+ddc )|f f*(wlc] +dd° gJ)\fU = kf*wst|U

by construction. Hence w := %(w’ +dd¢g) is a Kéhler form with class ¢1 (L)
that satisfies the requests since by Theorem 1.2

N
t =n! VOan j Volx( ) / w". O
jgl /Qj( Z X

Remark 4.5. — If the family of valuations fixed is associated to a family
of admissible flags Yj; = {z;1 = --- = z;; = 0} then each associated
embedding f : |_|;V:1 U; — X can be chosen so that

f‘f(U)( ) {ZJ, = R =0}

In particular if N =1 we recover [30, Theorem A].
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4.2. The big case

DEFINITION 4.6. — If L is big, we say that a finite family of n-dimen-
sional Kéhler manifolds {(Mj,n;) é_\le packs into (X, L) if for every family
of relatively compact open set U; € M there is a holomorphic embed-
ding f : |_|§V=1 U; — X and there exists a kéahler current with analytical

singularities T' lying in ci(L) such that f.n; = T|sw;). If, in addition,

N
Z/ 77?:/ cr(L)"
= X

then we say that {(Mj,n;)}}_, packs perfectly into (X, L).
Reasoning as in the previous section we prove the following result.

THEOREM 1.5 (Big Case). — Let L be a big line bundle. Then
{(Q;(L),ws)}, packs perfectly into (X, L).

Proof. — By Lemma 3.6, Q;(L) = 0 for any j such that A;(L)° = 0. So,
unless removing some of the points we may assume that A;(L)° # @ for
any j=1,...,N.

Thus letting k£ > 0 big enough such that A? (L)*ss £ ) for any j (Propo-
sition 2.5) we can proceed similarly to the proof of Theorem 4.4 with the

unique difference that In (Efil Y aicA,

gular hermitian metric, hence we get a (current of) curvature T that is a

Sa

—a 2) extends to a positive sin-

Kahler current with analytical singularities. Next, as in the ample case, we
can show that {(Q;(L),ws) ;VZI packs perfectly into (X, L). O

Remark 4.7. — If the family of valuations fixed is associated to a family
of admissible flags Y;; = {z;1 = --- = z;; = 0} then each associated
embedding f : |_|§V:1 U; — X can be chosen so that

Fiw,y Yia) ={zja = = 2, = 0}

In particular if N =1 we recover [30, Theorem C1.

5. Local Positivity
5.1. Moving Multipoint Seshadri Constant

DEFINITION 5.1. — Let L be a nef line bundle on X. The quantity
L-C

es(L;pi,--.,pN) = inf —g———
) vazl ml’ﬂtpi C
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where the infimum is over all irreducible curves C' C X passing through at
least one of the points py, ..., pn is called the multipoint Seshadri constant
at p1,...,pn of L.

This constant has played an important role in the last three decades and
it is the natural extension of the Seshadri constant introduced by Demailly
in [7].

The following Lemma is well-known and its proof can be found for in-
stance in [21], [2]:

LEMMA 5.2. — Let L be a nef line bundle on X. Then

N
es(L;p1,...,pN) = sup {t} 0 :,u*L—tZEi is nef}
i=1
1
Ldil‘ﬂv . V dim V'
ijl mult,, V

where p : X — X is the blow-up at Z = {p1,...,pn}, E; is the exceptional
divisor above p; and where the infimum on the right side is over all positive
dimensional irreducible subvarieties V' containing at least one point among

P1;---,PN-

The characterization of Lemma 5.2 allows to extend the definition to nef
@-line bundles by homogeneity and to nef R-line bundles by continuity.

Here we describe a possible generalization of the multipoint Seshadri
constant for big line bundles:

DEFINITION 5.3. — Let L be a big R-line bundle, we define the moving

multipoint Seshadri constant at py,...,pn of L as
es(ILlsprs- - opn) = sup  es(A; f7 (1), .-, [ (o))
f*L=A+E

if p1,...,pn ¢ B4(L) and as es(||L|;p1,..-,pN) = 0 otherwise, where
the supremum is taken over all projective morphisms f : Y — X with
Y smooth such that f is an isomorphism around p1,...,py and over all
decomposition f*L = A + E where A is an ample Q-divisor and E is
effective with f~'(p;) ¢ Supp(E) for any j =1,...,N.

For N = 1, we retrieve the definition given in [12].
The following properties are well-known for the one-point case.
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PROPOSITION 5.4. — Let L, L’ be big R-line bundles. Then

(i) es(ILllp1s---pn) < ()5

(i) if e1(L) = (L) then es(||Lll;p1, ... pn) = es(IL' [ pr, -, pv);

(iii) es(||AL||;p1,---,pN) = Xes(||L|l; p1s- - -, pN) for any X € Rso;

(iv) if pr,...opy & By (L) UBL (L) then es(||[L + L'[[;p1,....pn) =
es(ILl;prs-- - pn) +es(IL 5P, - - o).

Volx (L)\1/n |

Proof. — Combining the definition of the moving multipoint Seshadri
constant with Lemma 5.2, the first three points are immediate since am-
pleness and nefness are numerical conditions and the ample, nef classes
form the so-called ample and nef cones. More precisely, for a projective
morphism f : Y — X and an ample Q-divisor as in the definition, the
homogeneity of eg (A; ), .., ffl(pN)) is given by the first equality
of Lemma 5.2 while the second equality of the same Lemma 5.2 yields
es (4 F1pr), - F 1 pa)) < (A7/N)YT < (Volx (L)/N) ™.
Regarding (iv), fix A, A’ ample Q-divisors as in the definition of the mov-
ing multipoint Seshadri constant for L, L’ with respect to projective mor-
phisms f:Y — X, f' : Y’ — X. Taking projective morphisms g : W —
Y,g : W — Y’ which are isomorphism around pi,...,py, there exist
effective divisors F, F" on W such that g~ f~!(p;) ¢ Supp(F) (and sim-
ilarly for F’) and decreasing sequences converging to 0 of positive ratio-
nal numbers {am, bmen, {ah, tmen € Qso such that By, = ¢*A — a, F,
B!, =g*A" —al F' are ample Q-divisors for any m € N. We claim that

(5.1) es(Bmig 'f M p1),-- 97 T ow) = es (A (1), -0 f T (0w))

as m — 0o, and similarly for A’, B/, . In fact letting p : YoSY, v W W
be the blow-ups at f~1Z,g71f~'Z where Z = {p1,...,pn}, there is a
commutative diagram

W ‘s

<o

y £

for a suitable projective morphism g : W — Y because the blow-ups are lo-
cal projective morphisms and g is an isomorphism around f~!Z. Therefore
the convergence (5.1) follows using the first characterization of Lemma 5.2
since there exists an uniform constant K > 0 such that [v*F - C| < K for
any irreducible curve C' C W and nefness is preserved under pullback.

TOME 71 (2021), FASCICULE 6



2630 Antonio TRUSIANI

Thus, for any § > 0 fixed, we can choose A, A’, f, f/,m,m’ such that

es(ILlsp1, - o) +es(IL'];p1s- - o)
<es(A 1 (01) s [ ow)) +es (A 17 1), f1 7 W) =0
<es(Bmig ' f 1), 07 T ow))
+es(Brsg T o) g T T ) — 20
<es(Bm+Blig  f T p1), - g7 T pN)) — 20
where the last inequality is an easy consequence of the convexity of the nef
cone. Hence since (f'og’)*(L+L') = By, + B}, +G where G for an effective
divisor G such that (f' og’)~!(p;) ¢ Supp(G), by definition we deduce that
es(ILI;p1,- - on) +es(IL |51, - opn) < es(IL 4L [[;p1,- .- pN) — 26
which clearly concludes the proof. O
We check that the moving multipoint Seshadri constant is an effective
generalization of the multipoint Seshadri constant:
PROPOSITION 5.5. — Let L be a big and nef Q-line bundle. Then
es(ILll;p1, ..., pN) = es(Lipr, - ... pN)

Proof. — By homogeneity we can assume L line bundle and

P1,---3,PN ¢ B+(L>

since if p; € B4 (L) for some j then by [12, Proposition 1.1 and Corol-
lary 5.6] there exists an irreducible positive dimensional component V' C
B, (L) with p; € V such that L4V .V = 0 and Lemma 5.2 gives the
equality.

Thus, for a fixed a projective morphism f : Y — X as in the definition,
we get

L-C fL-C A.C
N T =N =~ 2 &N =~
Doimgmulty, € 35 multpoay 0 00 multyor,) C©
since f~1(p1),...,f 1(pn) ¢ Supp(E), and it follows that

es(ILll;p1,s .- pn) < es(Lipi,...,pN).

For the reverse inequality, we can write L = A+ E with A ample Q-line
bundle and E effective such that pi,...,pny ¢ Supp(F), noting that L =
Ay, + LE for any m € N where A,, = LA+ (1— L)L is an ample Q-line
bundle. Thus es(||L||; p1,.-.,Pn) = €s(Am;p1,...,pn) and letting m — oo
the inequality requested follows from the continuity of es(:;p1,...,pn) in
the nef cone. O
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The following Proposition justifies the name given as generalization of
the definition in [25]:
PROPOSITION 5.6. — If L is a big Q-line bundle such that
Pi1sy---3yPN ¢ B(L)

then
. es(Mgspy, (p1), -+ b (PN
es(ILlipr, . pn) = lim ( Mlli 2 (o))
o es(Mi; 105 (1), - - -, 11, (D))
k— oo k

where My, := pj (kL) — Ej, is the moving part of |mL| given by a resolution
of the base ideal by, == b(|kL|) (or set My = 0 if H°(X, kL) = {0}).

Note that eg(Mpg; u,;l(pl), R ,u,;l(pN))) does not depend on the reso-
lution chosen and given k1, ko divisible enough we may choose resolutions
such that My, yr, = My, + My, + E where E is an effective divisor with
D1,---,0N ¢ Supp(E), so the existence of the limit in the definition follows
from Proposition 5.4(iv).

Proof of Proposition 5.6. — By homogeneity we can assume L big line
bundle, B(L) = Bs(|L|) and that the rational map ¢ : X \ Bs(|L|) — PV
associated to the linear system |L| has image of dimension n.

Suppose first that there exist j € {1,..., N} and an integer kg > 1 such
that ugol(pj) € B, (My,). Thus for any N3 k > ko we get ' (p;) € B (My,).
Then, since M}, is big and nef, there exists a subvariety V' of dimension
d > 1 such that M-V = 0and V 3 p; ' (p;) ([12, Corollary 5.6]), thus
es(My; i "(p1), - 1, (pn)) = 0 by Lemma 5.2 and the equality follows.

Therefore we may assume gy, ' (p1), . .., py,* (pn) & By (My) for any k > 1
and we can write My = A+ E for A ample and E effective such that
u;l(pl), e ,,u,;l(pN) ¢ Supp(E). Clearly for any m € N, setting A,, =
%A +(1- %)Mk, the equality My = A, + %E holds. Hence, since by
definition es(||L|;p1,....pn) > tes(Amipg ' (p1),...,pm; (pn)) for any
m € N, we get es([|Ll;p1, ..., pn) = fes(Mi; g (91), - iy ' (o)) let-
ting m — oo.

For the reverse inequality, let f : Y — X be a projective morphism as in
the definition of the moving multipoint Seshadri constant, i.e. f*L = A+ F
with A ample Q-divisor and E effective divisor with p1,...,py ¢ Supp(FE),
and let £ > 1 big enough such that kA is very ample. Thus, unless
taking a log resolution of the base locus of f*(kL) that is an isomor-
phism around f~1(p1),...,f 1(pn), we can suppose f*(kL)= My + Ej
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with p1,...,pn € Supp(Ey) for Ej effective and My, nef and big. Then,
since kA is very ample, My = kA + E; with E| effective and Ej;, < kE.
Hence we get f~'(p1),...,f '(pn) € Supp(E}) and, by homogeneity,
%Es(Mk; fﬁl(pl)’ cees fﬁl(pN)) > ES(A; fﬁl(pl)v LR fﬁl(pN))v which con-
cludes the proof. a

PROPOSITION 5.7. — Let L be a big Q-line bundle. Then

Vol (L) 1/dimV

. Olx|v

es(IL);p1s- .., pn) = inf %
> joy multy,, V

where the infimum is over all positive dimensional irreducible subvarities

V' containing at least one of the points py,...,pN-

Proof. — We may assume p1,...,py ¢ B (L) since otherwise the equal-
ity is a consequence of [12, Corollary 5.9]. Thus V' ¢ B (L) for any positive
dimensional irreducible subvariety that pass through at least one of the
points p1, ..., pn, hence by [12, Theorem 2.13] it is sufficient to show that

. 1/dimV
||Ld1mV . VH )

Z;.V:l mult, V

es(IL);p1s-- ., pn) = inf (
where the infimum is over all positive dimensional irreducible subvarities
V' that contain at least one of the points py,...,pny. We recall that the

asymptotic intersection number is defined as

dim V' dim V'
JLEmY V) = i ME Ve MET Vi
T e gamv  SUP T v

where M, is the moving part of xf (kL) as in Proposition 5.6 and V}, is
the proper trasform of V' through py (the last equality follows from [12,
Remark 2.9]).

Then Lemma 5.2 and Proposition 5.6 (My, is nef) imply

es(My; i (1), - - 1y (o)
k

1 (Mg f/k) 1/ dimV
= supinf — —Nk
KV ok > j=1 multy, V

. 1/dimV
) ||Ld1mV . VH
Vo2 oy multy,, V

Conversely by the approximate Zariski decomposition showed in [29, The-
orem 3.1] for any 0 < e < 1 there exists a projective morphism f:Y, - X

es(|Lll;p1,-- - pN) = Sup
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that is an isomorphism around p1,...,pn, f*L = Ac + E. where A, ample
and E. effective with f=1(py),..., f~*(pn) ¢ Supp(E.), and

A(EiirnV . ‘7 > (1 _ 6)dirnV”LdimV . VH

for any V ¢ B, (L) positive dimensional irreducible subvariety (‘7 proper
transform of V' through f). Therefore, taking the infimum over all positive
dimensional irreducible subvarieties passing through at least one of the
points p1,...,pNn we get

GS(HLHaplaapN) 2 GS(Ae;fil(pl)a"'7f71(pN))

. 1/dimV
”Ldlmv.v‘l > /

>(1-¢inf | ———
( ) (Z;\l_l mult,, V'

which concludes the proof. O

THEOREM 5.8. — Let p1,...,pny € X be different points. Then the
function N*(X)g 3 L — es(||L||; p1,-..,pn) € R is continuous.

Proof. — The homogeneity and the concavity described in Proposition 5.4
implies the locally uniform continuity of eg(||L|;p1,-..,pn) on the open
convex subset (Ujvzl By (pj))c (see Remark 3.16). Thus it is sufficient to
show that limp/p es(||L'||;p1,---,pn) = 0if ¢1(L) € Ujvzl B (p,). But,
letting V' C X be an irreducible component of B (L) containing at least
one of the points py,...,pn, we have

1/dimV
Vlelv(L/) / —0
L'SL Vv N

N
> j—p multy,
where the inequality follows from Proposition 5.7 while the convergence

is a consequence of the continuity of the restricted volume (see [12], in
particular [12, Theorem 5.7]). O

lim €S(||L/||ap177pN)< lim (
L'—L

To conclude the section we recall that for a line bundle L and for an
integer s € Zx, we say that L generates the s-jets at p,...,pn if the map

N
HY(X,L) » @ H*(X, L ® Ox p, /m3+)

Pj
Jj=1

is surjective where we have set m,,, for the maximal ideal in Ox ;. We
report an useful last characterization of the moving multipoint Seshadri
constant.
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PROPOSITION 5.9 ([14, Lemma 3.10]). — Let L be a big line bundle.
Then

s(kL;p1,..., . s(kL;pq, ...,
es(HLH;ph.-.,pN)zsup( plk pN):hrn (kLipy Py)

k>0 k— o0 k

where s(kL;p1,...,pn) is 0 if kL does not generate then s-jets at p1,...,pN
for any s € Zx, otherwise it is the biggest non-negative integer such that
kL generates the s(kL;p1,...,pN)-jets at p1,...,DN-

5.2. Proof of Theorem 1.3

We prove here one of our main results.

THEOREM 1.3. — Let L be a big line bundle and let > be the deglex
order. Then

€E(||L||7p177pN) = max {O7§(Lap177pN)}

where §(L;p1,...,pn) =sup{t > 0 :t¥,, C A;(L)***foranyj=1,...,N}
and Y., is the unit n-symplex.

Namely we construct the multipoint Okounkov bodies A;(L) from a
family of valuations vPi associated to a family of infinitesimal flags centered
at p1,...,pn (see Subsections 2.4 and 3.5).

Observe that for N = 1, Theorem 1.3 recovers [18, Theorem C].

Before proceeding with the proof, in the spirit of the aforementioned

work of Demailly [7], we need to describe the moving multipoint Seshadri

constant €(||L||;p1,...,pn) in a more analytical language.
DEFINITION 5.10. — A singular metric ¢ of a line bundle L has isolated
logarithmic poles at py,...,pyN of coefficient  if

min{l/(go,pl), SERE) V(QO7PN)} =7
and o is finite and continuous in a small punctured neighborhood V; \ {p;}
for every j =1,...,N. We have denoted by v(p,p;) the Lelong number of
@ at Dj,

e 9i(2)
=1 f———
l/(g07p]) Hzn_}»? IH‘Z _ .’E|2
where @; is the local plurisubharmonic function defining ¢ around p; = .
We set v(L; p1,...,pNn) = sup{y € R : L has a positive singular metric

with isolated logarithmic poles at p1,...,px of coefficient v}

Note that for N = 1 we recover the definition given in [7].
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ProposITION 5.11. — Let L be a big Q-line bundle. Then
Y(Lipy, ..o pn) = es(|Lllpas- - pN)

Proof. — By homogeneity we can assume L to be a line bundle, and
we fix a family of local holomorphic coordinates {z;1,...,2;,} in open
coordinated sets Uy, ..., Uy centered respectively at p1,...,pn.

Setting z; == (2j,1,...,2jn) and s :== s(kL;p1,...,pn) for k > 1 natural
number, we can find holomorphic section f,, parametrized by all a =

(a1,...,any) € NV such that |oj] = s and fou, = z;” for any j =
1,..., N. In other words, we can find holomorphic sections of kL whose jets
at p1,...,pn generates all possible combination of monomials of degree s

around the points chosen. Thus the positive singular metric ¢ on L given by
1 2
o= glog (LI5P)

has isolated logarithmic poles at p1,...,pny of coefficient s/k. Hence it
follows that y(L;p1,...,pn) = s(kL;p1,...,pn)/k, and letting &k — oo
Proposition 5.9 yields v(L; p1,...,pn) = es(|L|; p1, - - -, PN)-

Conversely, assuming v(L;p1,...,pn) > 0, let {y:}ten € Q be an in-
creasing sequence of rational numbers converging to y(L; p1, - . ., pn) and let
{k:}+en be an increasing sequence of natural numbers such that {kiy: }ren
converges to +00. Moreover let A be an ample line bundle such that A— K x
is ample, and let w = dd°¢ be a Kéhler form in the class ¢; (A — Kx).

Thus for any positive singular metric ; of L with isolated logarithmic

poles at p1,...,pn of coefficient > ¢, kipy + ¢ is a positive singular metric
of ki L + A — K x with Kahler current d d°(k:¢;) +w as curvature and with
isolated logarithmic poles at p1,...,pn of coefficient > k;v;. Therefore, for

t > 1 big enough, k;L; + A generates all (k;y; —n)-jets at p1,...,pn by [7,
Corollary 3.3], and thanks to Proposition 5.9 we obtain

1 kive —n n
L+ —Al;pi,--- > =y — —.
€s (‘ + kt yP1, 7pN> = kt Y kt
Letting ¢t — oo we get es(||L|l; p1,-.-,on) = ¥(L;p1, ..., pN) exploiting the
continuity of Theorem 5.8. d
Remark 5.12. — Observe that the same result cannot hold if we restrict
ourselves to considering metrics with logarithmic poles at pi,...,py not

necessarily isolated. Indeed Demailly in [8] showed that for any nef and
big Q-line bundle L over a projective manifold, for any different points
o) <
(L™) there exists a positive singular metric ¢ with logarithmic poles at

Pi,-..,PN, and for any 7,..., 7N positive real numbers with >
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any p; of coefficients, respectively, 7;. We thus conclude that the result
in Proposition 5.11 holds considering metrics with logarithmic poles at
p1,-..,pN not necessarily isolated if and only if the multipoint Seshadri
constant is maximal, i.e. es(||L||,p1,-..,pn) = (Volx (L)/N)'/™.

Proof of Theorem 1.3. — By the continuity of Theorems 3.15, 5.8 and by
the homogeneity of both sides we can assume L big line bundle. Moreover
we may also assume A;(L)° # 0 for any j = 1,..., N since otherwise the
statement is a consequence of Lemma 3.6(ii).

Let {\n}men C Qo be an increasing sequence convergent to

By Proposition 2.5, for any m € N there exist k,,, > 1 such that \,,3, C
A?m (L)**® forany j=1,..., N. Therefore, chosen a set of section {s;.4 };.o C
H°(X, k,, L) parametrized in a natural way by all valuative points in

km
Aj (L)ess \ )\mzzss

forany j=1,...,N (ie. sja € Vi
metric

l/pj (3170() = and « ¢ A'HLXJ%SS) the

m>J?

1 N
Ok, = mln ZZ|‘SW‘ 2

j=1 «

is a positive singular metric on L such that v(px,,,p;j) = A while ¢p,,
is continuos and finite on a punctured neighborhood V; \ {p;} for any
j=1,...,N by Corollary 3.18. Hence letting m — oo, we get

es(|Ll;p1s- - on) =v(Lsp1y .- ooN) = E(Lspr,y - .., DN),

where the equality is the content of Proposition 5.11.

On the other hand, letting {\,,}men C Q be a increasing sequence con-
verging to es(||L||;p1,...,pn) > 0, Proposition 5.9 implies that for any m €
N there exists k,, > 0 divisible enough such that s(tk,,L;p1,...,pn) =
tkmAm for any t > 1. Thus, since the family of valuation is associated to a
family of infinitesimal flags, we get

thmAm .
[tki}zn C AP (L) C A(L)™ Vj=1,...,N and ¥t > 1.
Hence A\, 3, C A;(L)*® for any j = 1,..., N, which concludes the proof.

d

Remark 5.13. — In the case L ample line bundle, to prove the inequality
es(Lip1, ..., pn) =2 &(L;p1,...,pNn) we could have used Theorem 1.5. In
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fact by definition \/&(L;p1,...,pn) = sup{r > 0: B,(0) C Q;(L) for any
j=1,..., N} where we recall that
Q;(L) = p~(AF(L)*®) for p(z1,...,20) = (|21]?, ..., |2al?).

Thus Theorem 1.5 implies that {(B\/mfe(o)’wst)}é\;l packs into
(X, L) for any € > 0 small enough, and so the symplectic blow-up procedure
for Kéhler manifold (see [23, Section 5.3, or [21, Lemma 5.3.17]) yields

E(L;p1,...,pn) <es(Lipi,...,pN)-

Remark 5.14. — The proof of the Theorem 1.3 shows that £(L; p1, ..., pN)
is independent from the choice of the family of valuations given by the as-
sociated infinitesimal flags.

The following corollary, which is an immediate consequence of Theo-
rems 1.3, 1.5 extends [10, Theorem 0.5] to all dimensions (as Eckl claimed
in his paper) and to big line bundles.

COROLLARY 5.15. — Let L be a big line bundle. Then
\/ES(HL”vph s 7pN)

=max {0,sup{r >0 : B,(0) C Q;(L)Vj=1,...,N}}

= max {0, sup{r >0 : {(BT(O)7wstd)}§-V:1 packs into (X, L)} .

For N =1 it is the content of [30, Theorem 1.3].

6. Some particular cases
6.1. Projective toric manifolds

In this section X = XA is a smooth projective toric variety associated
to a fan A in Ng ~ R", so that the torus Ty = N ®z C* ~ (C*)" acts
on X (N =~ Z" denote a lattice of rank n with dual M = Homgz(N,Z),
see [13], [6] for notation and basic fact about toric varieties).

It is well-known that there is a correspondence between toric manifolds X
polarized by Tn-invariant ample divisors D and lattice polytopes P C Mg
of dimension n. Indeed to any such divisor D =) pEA(L) ap,D,, denoting
by A(k) the cones of dimension k, the polytope Pp is given by Pp =
Npeam{m € Mg : (m,v,) > —a,} where v, represents the generator of pN
N. Conversely any such polytope P can be described as P ==z .o {m €
Mg : (m,np) > —ap} where a facet is a 1-codimensional face of P and
ng € N is the unique primitive element that is normal to F' and that points
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toward the interior of P. Thus the normal fan associated to P is Ap =
{oF : F face of P} where or is the cone in Ng generated by all normal
elements np as above for any facet containing the face F. In particular
vertices of P correspond to T-invariant points on the toric manifold Xp
associated to Ap while facets of P correspond to Ty-invariant divisors on
Xp. Finally the polarization is given by Dp =Y 1 ;..o arDF.

Thus, given an ample toric line bundle L = Ox (D) on a projective toric
manifold X we can fix local holomorphic coordinates around a Ty-invariant
point p € X (corresponding to a vertex z, € P) such that {z; = 0} = Dy,
for D; Txn-invariant divisors and we can assume Dy, =0.

PROPOSITION 6.1 ([22, Proposition 6.1.(i)]). — In the setting as above,
the equality

¢rn (Pp) = A(L)

holds, where ¢r is the linear map associated to ¢ : M — Z™ ¢(m) =
((m,v1),...,(m,vy)), for v; € Ap, (1) generators of the ray associated to
D;, and A(L) is the one-point Okounkov body associated to the admissible
flag given by the local holomorphic coordinates chosen.

Moreover we recall that it is possible to describe the positivity of the
toric line bundle at a Tn-invariant point x, corresponding to a vertex in
P directly from the polytope.

LEMMA 6.2. — ([2, Lemma 4.2.1]) Let (X, L) be a toric polarized man-
ifold, and let P be the associated polytope with vertices Xy, ,...,Zs,. Then
L generates the k-jets at x,, iff the length |e;;| is bigger than k for any
i=1,...,n where e;; is the edge connecting x,; to another vertex x,_, .

Remark 6.3. — By assumption, we know that P is a Delzant polypote,
i.e. there are exactly n edges originating from each vertex, and the first
integer points on such edges form a lattice basis (for integer we mean a
point belonging in M). Moreover if one fixes the first integer points on the
edges starting from a vertex z,, (i.e. a basis for M ~Z™), then the length of
an edge starting from z, is defined as the usual length in R™. Observe that
the length of any edge is an integer since the polytope is a lattice polytope.

Similarly to Proposition 6.1, chosen R Tn-invariants points correspond-
ing to R vertices of the polytope P, we retrieve the multipoint Okounkov
bodies of the corresponding R Tn-invariant points on X directly from the
polytope:
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THEOREM 6.4. — Let (X, L) be a toric polarized manifold, and let P
be the associated polytope with vertices s, ,...,%s corresponding, re-
spectively, to the Tx-points p1,...,p;. Then for any choice of R different
points (R < 1) pi,,...,pi, among pi,...,p;, there exists a subdivision of
P into R polytopes (a priori not lattice polytopes) Py, ..., Pr such that
¢rn j(P;) = A;(L) for a suitable choice of a family of valuations associated
to infinitesimal (toric) flags centered at p;,, ..., pi,, where ¢rn ; is the map
given in the Proposition 6.1 for the point x,.

Proof. — Unless reordering, we can assume that the Ty-invariants points
P1,--.,Pr correspond to the vertices 4, ..., Zsp.

Next for any j = 1,..., R, after the identification M =~ Z" given by
the choice of a lattice basis m;1,...,m;, as explained in Remark 6.3, we
retrieve the Okounkov Body A(L) at p; associated to an infinitesimal flag
given by the coordinates {z1j,...,%2,,;} as explained in Proposition 6.1
composing with the map ¢g» ;. Thus, by construction, we know that any
valuative point lying in the diagonal face of the n-symplex 6%, for § € Q¢
corresponds to a section s € H°(X, kL) such that ord,, (s) = k. Working
directly on the polytope P, the diagonal face of the n-symplex §3%,, cor-
responds to the intersection of the polytope P with the hyperplane Hs ;
parallel to the hyperplane passing for m; j;,...,m, ; and whose distance
from the point x,; is equal to § (the distance is calculated from the iden-
tification M ~ Z").

Therefore defining

Pj = U H(;l’lﬁ'”ﬂHgR,RﬂP
(61,-+,0n)€QY ,8; <8 Vi)

= U Hs,iN---NHs, rNP
(81,0000 ) €QL 8, <8 Vi
we get by Proposition 2.4 ¢gn ;(P;) = A,;(L) since any valuative point in
Hs, 1N---NHs, rNP belongs to A;(L) if §; < 4; for any ¢ # j, while on the
other hand any valuative point in A;(L) belongs to Hs, 1 N---NHs, g NP
for certain rational numbers 41, ...,dr such that 6; < d;. O

Remark 6.5. — As an easy consequence, we get that for any polar-
ized toric manifold (X, L) and for any choice of R Ty-invariants points
P1,--.,PR, the multipoint Okounkov bodies constructed from the infinites-
imal flags as in Theorem 6.4 are polyhedral.

COROLLARY 6.6. — In the same setting of the Theorem 6.4, if R = I,
then the subdivision is barycenteric. Namely, for any fixed vertex x,;, if
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Fy,..., F, are the facets containing x,, and b1, ..., by, are their respective
barycenters, then the polytope P; is the convex body defined by the inter-
section of P with the n hyperplanes Ho ; passing through the baricenter
O of P and the barycenters by,...,bj_1,bj41,...,bp.

Finally we retrieve and extend [10, Corollary 2.3] as consequence of The-
orem 6.4 and Theorem 1.3:

COROLLARY 6.7. — In the same setting of the Theorem 6.4, for any
j=1,... R, let €g; = min;—; _,{0;;} be the minimum among all the
reparametrized length |e;;| of the edges ej; for i = 1,...,n, i.e. §;,; =
lej,i| if ej; connect ., to another point x,, corresponding to a point p ¢
{p1,...,pr}, while d;; = %|€j,i| ife;; connect to a point x5, corresponding
to a point p € {p1,...,pr}. Then

es(Lyp1,...,pr) =min{eg;: j=1,...,R}

In particular es(L; p1,...,pr) € %N.

6.2. Surfaces

When X has dimension 2, the following famous decomposition holds.

THEOREM 6.8 (Zariski decomposition). — Let L be a pseudoeffective
Q-Iline bundle on a surface X. Then there exist Q-line bundles P, N such
that

(i) L=P+N;
(ii) P is nef;

(iii) N is effective;
(iv) H°(X,kP) ~ H°(X,kL) for any k > 1;

(v) P-E =0 for any E irreducible curve contained in Supp(N).

Moreover we recall that by the main theorem of [3] there exists a lo-
cally finite decomposition of the big cone into rational polyhedral subcones
(Zariski chambers) such that in each interior of these subcones the negative
part of the Zariski decomposition has constant support and the restricted
and augmented base loci are equal (i.e. the divisors with cohomology classes
in a interior of some Zariski chambers are stable, see [11]).

Similarly to [22, Theorem 6.4] and the first part of [20, Theorem B] we
describe the multipoint Okounkov bodies as follows:
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THEOREM 6.9. — Let L be a big line bundle over a surface X, let
p1,...,pNn € X, and let VP be a family of valuations associated to admis-
sible flags centered at p1,...,pny with Y1 ; = C’HU for irreducible curves

Cj,j=1,...,N. Then for any j = 1,...,N such that A, S(L)° # 0 there
exist piecewise linear functions a;, 3; : [t J’,,tJ#] — Ry for

0 < tj’f = lnf{t = 0: Cj gZ B+(L — tG)} < tj’+
=sup{t >0:C; ¢ BL(L—-tG)} < u(L; G)
=sup{t >0 : L —tGis big}

where G = Zj\;l C;, with o convex and f; concave, o; < 3, such that

Aj(L) = {(t,y) €eR? : t; _ <t <tj4 and a;(t) <y < B5(1)}
In particular Aj(L) is polyhedral for any j =1,...,N.

Proof. — By Lemma 3.6 and Theorem 1.2 we may assume A;(L)° #
forany j =1,..., N unless removmg some of the points. Then by [12, Theo-
rem A and C] it follows that 0 < t; _ < t; + < u(L;G) and that [t; _,t; ]x
R> is the smallest vertical strip containing A;(L). Thus by Theorem 3.21
and [22, Lemma 6.3] we easily obtain A;(L) = {(t,y) € R? : t;_ <t <
tj+ and a;(t) < y < B;(t)} defining a;(t) = ordy, (Nyc,) and B;(t) =
ord,, (Nyc;) + (P - Cj) for Py + N; Zariski decomposition of L —tG (N,
can be restricted to C; since Supp(V;) = B_(L —tG)).

Next we proceed similarly to [20] to show the polyhedrality of A;(L), i.e.
we set L' = LftH_G s =t; 4+ —t and consider L, := L'+ sG =L —tG
for s € [0,tj + —t;,_]. Thus the function s — N/ is decreasing, i.e. N, — N/
is effective for any 0<s <s<tjy—t;_, where L, = P, 4+ N. is the
Zariski decomposition of L. Moreover, letting F}, ..., F,. be the irreducible
(negative) curves composing N{, we may assume (unless rearraging the
Fy’s) that the support of N/, _,  consists of Fj11,..., [} and that 0 =:
sp < 51 < -+ < S < tjq4 —tj— = Spp1 where s; = sup{s > 0: F; C
B_(L,) = Supp(N.)} forany i =1,... k.

So, by the continuity of the Zariski decomposition in the big cone, it is
enough to show that N! is linear in any not-empty open interval (s;, s;11)
for i € {0,...,k}. But the Zariski algorithm implies that N is determined
by N.-F, = (L'+5sG)-F) for any l =i+1,...,r, and, since the intersection
matrix of the curves Fji1,...,F, is non-degenerate, we know that there
exist unique divisors A; and B; supported on UZT:Z 41 Fi such that A; - F =
L' Fiand B;-F;=G-F, forany l =i+1,...,r. Hence N, = A; + sB; for
any s € (84, 8;+1), which concludes the proof. O
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Remark 6.10. — We observe that A;(L) N[0, u(L; G) — €] x R is rational
polyhedral for any 0 < ¢ < pu(L;G) thanks to the proof and to the main
theorem in [3].

A particular case is when py,...,py ¢ B (L) and v#7 is a family of val-
uations associated to infinitesimal flags centered respectively at p1,...,pn.
Indeed in this case on the blow-up X = Blyp,,...px} X We can consider the
family of valuations vPi associated to the admissible flags centered respec-
tively at points pi,...,pnN € X (see paragraph 2.4). Observe that }7171' =L
are the exceptional divisors over the points.

LEMMA 6.11. — In the setting just mentioned, we have t; — = 0 and
tj+ = p(f*L;E) where E = Zfil E; and f : X — X is the blow-up map.

Proof. — Theorem 1.3 easily implies ¢; - = 0 for any j = 1,..., N since
p1,...,pN ¢ B+ (L) and F(A;(L))=A;(f*L) for F(z1,x2) = (z1 + T2, 21).

Next assume by contradiction there exists j € {1,..., N} such that
tj + < p(f*L;E). Then by Theorem 3.21 and [12, Theorem A and C] we get
t:=sup{t>0: E; ¢ B (f*L—tE)} =sup{t >0: E; ¢ B_(f*"L—tE)} <
w(f*L;E). Therefore setting L; := f*L — tE and letting L; = P, + N; be
its Zariski decomposition, we get that E; € Supp(Ny) iff ¢ > ¢ (see [19,
Proposition 1.2]). But for any ¢ < t < u(f*L;E) we find out

0=(L¢+1tE) - Ej =Ly Ej +tE? < —t

where the first equality is justified by P;+N;+tE = f*L while the inequality
is a consequence of L;-E; < 0 (since E; € Supp(Vy)) and of E;-E; = —6; ;.
Hence we obtain a contradiction. g

About the Nagata’s Conjecture. One modern version of the Nagata’s
conjecture says that for a choice of very general points p1,...,pn € P? and
N > 9, the ample line bundle Op2(1) has maximal multipoint Seshadri
constant at pi,...,py, i.e. €5(Op2(1); N) = 1/+/N where to simplify the
notation we did not report the points since they are very general. Thanks
to Theorems 1.2, 1.3, we can then read the Nagata’s conjecture in the
following way.

CONJECTURE 6.12 (|24, Nagata’s Conjecture]). — For N > 9 very gen-
eral points in P2, let {A;(Opz2(1)) é\le be the multipoint Okounkov bodies
calculated from a family of valuations vPi associated to a family of infinites-
imal flags centered respectively at p1, ..., pn. Then the following equivalent
statements hold:

(i) es(Op2(1); N) =1/V/N;
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(i) Aj(Op2(1)) = \/%22, where Yy is the standard 2-symplex;
(i) (1)) = B_y_(0);

N
Remark 6.13. — It is well know that the conjecture holds if N > 9 is a
perfect square. And a similar conjecture (called Biran-Nagata—Szemberg’s
conjecture) claims that for any ample line bundle L on a projective manifold
of dimension n there exist Ng = Ny(X, L) big enough such that es(L; N) =

% for any N > Ny very general points, i.e. it is maximal. This conjecture
can be similarly read through the multipoint Okounkov bodies as A;(L) =

v L—I\?Zn for any N > Ny very general points at X.
THEOREM 6.14. — For N > 9 very general points in P2, there exists a

family of valuations vPi associated to a family of infinitesimal flags centered
respectively at p1,...,pn such that

Aj(ow(l)) {(x,y)€R2 :0<z<eand0<y<z\1[6(1f)}

= Conv (6, €cy, iéﬁ)

where € := €5(Op2(1); N). In particular u(L,E) = 3~ and

t if 0<t<e
(e —t) i e<t<

Ne

VOl)qu (f*O]}m(l) — ﬂE)) =

where f : X = Bl{pl,.“,pN}]PZ — X is the blow-up at Z = {p1,...,pn},
FEy, ..., EnN the exceptional divisors and E = Z;\le E;.

Proof. — If €5(Op2(1); N) = 1/+/N, i.e. maximal, then

1
A;(Op2(1)) = ﬁzz
as a consequence of Theorem 1.2 and Theorem 1.3. Thus we may as-
sume eg(Op2(1); N) < 1/v/N, and we know that there exists C' = vH —

N . . . .
>_j—1mjE; sub-maximal curve, ie. an irreducible curve such that

€s(Op2(1); N) = {7 where M = Zjvzl m;. Moreover, since the points are
very general, for any cycle o of lenght N there exists a curve C, = vH —
Z?’:l Mo (j)B;. This yields u(f*Op2(1);E) > §% = §; since we can easily
construct a section s € H°(P?, Op2(N7)) such that ord,,(s) = M for any

J. Recall that pu(f*Op2(1);E) = sup{t > 0: f*Op2(1) — tE is big}. More-

over for any j = 1,..., N we can fix holomorphic coordinates (z1;, 22, ;)
such that vPi(s) = (0, M) with respect to the deglex order. So, consid-
ering an ample line bundle A such that there exist sections s1,...,sy €
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HY(X,A) with vPi(s;) = (0,0) and vPi(s;) > 0 for any i # j, we get
' @57 € Vg j(IL + A), ie. (0, 45) = (0, 7) € Aj(L + }A) by homo-
geneity (Proposition 3.10), for any l E N and any j = 1,..., N. Hence by
Theorem 3.15 we deduce (0, ) A;(L) for any j=1,...,N.

Finally since by Theorem 1.3 We know that eg(Op2(1); N)Xy C A;(L) for
any j =1..., N, Theorem 1.2 and the convexity imply that the multipoint
Okounkov bodies have necessarily the shape requested. O

COROLLARY 6.15. — The ray f*Op2(1) — tE meet at most two Zariski
chambers.

Corollary 6.15 was already proved in [9, Proposition 2.5].

Remark 6.16. — We recall that Biran in [4] gave an homological crite-
rion to check if a 4-dimensional symplectic manifold admits a full symplec-
tic packings by N equal balls for large N, showing that (P?,wrg) admits
a full symplectic packings for N > 9. Moreover it is well-known that for
any N <9 the supremum over all r such that {(B,(0),ws)}}; packs into
(P2, Op2(1)) coincides with the supremum over all r such that (P% wprg)
admits a symplectic packings of N balls of radii r (called Gromov width).
Therefore by Theorem 1.5 and Corollary 5.15 the Nagata’s conjecture is
true iff the Gromov width of N balls on (P?,wrg) coincides with the mul-
tipoint Seshadri constant of Opz(1) at N very general points.
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