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SCATTERING TO A STATIONARY SOLUTION FOR
THE SUPERQUINTIC RADIAL WAVE EQUATION
OUTSIDE AN OBSTACLE

by Thomas DUYCKAERTS & Jianwei Urbain YANG (*)

ABSTRACT. — We consider the focusing wave equation outside a ball of R?, with
Dirichlet boundary condition and a superquintic power nonlinearity. We classify all
radial stationary solutions, and prove that all radial global solutions are asymp-
totically the sum of a stationary solution and a radiation term.

RiESUME. — On considére 1’équation des ondes focalisante en dehors d’une boule
de R3, avec condition au bord de Dirichlet et une nonlinéarité superquintique.
On classifie toutes les solutions radiales stationnaires, et on montre que toutes
les solutions radiales globales sont asymptotiquement la somme d’une solution
stationnaire et d’un terme de radiation.

1. Introduction

Let K be a compact subset of R3 and Q = R3\ K. Consider a wave
equation on € with Dirichlet boundary condition

(0? — A)u(t,z) = F(u), (t,7) e R x R?

(1.1)
(u, O¢u)[i=0 = (ug,u1), wuppq =0,

where the initial data (ug,u;) is assumed to be in a Sobolev space, and
in particular to have some decay at infinity. We will mainly be interested
in a focusing supercritical nonlinearity F(u) = |u|[*™u, where m > 2 is an
integer, outside the unit ball of R3. We first review known results in more
general cases.
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The global dynamics of the linear wave equation (F'(u) = 0) is quite well
understood, and depends on the geometry of the obstacle:

e When K is non-trapping, for example convex, the global-in-time
dispersive properties of the wave equation on the whole space R3
still hold. The local energy of smooth, compactly supported solu-
tions decay exponentially (see [28]. Strichartz estimates are avail-
able (see e.g. [32]).

e When K is a trapping obstacle, some of the preceding properties
persist, but it might be in weaker forms that depend on the ge-
ometry. In some weakly trapped geometries, the same Strichartz
estimates as in R? hold, as proved in [25]. In full generality, the
decay of the energy is only logarithmic (see [4]) and Strichartz es-
timates might hold only locally.

The defocusing equation F(u) = —|u|*™u was mainly considered in the
energy-critical situation m = 2 with a non-trapping obstacle. Once
Strichartz estimates are known, the proof of global well-posedness can be
easily adapted to this case (see [31]). Under geometric assumptions that im-
ply in particular that the obstacle is non-trapping, and are satisfied when
K is convex, it is proved in [1] that all solutions scatter to a solution of
the linear wave equation (see also [10] for Neumann boundary conditions
in a radial setting). This property persists in the super-critical case m > 2
outside the unit ball, for radial solutions (see [6] and the Remark 1.3 below).

We are not aware of any work on focusing nonlinearity F(u) = |u|?*™u,
except the recent article of P. Bizori and M. Maliborski [2]. As in the case
without obstacle, it is easy to construct, for any m > 0, solutions blowing
up in finite time, using blow-up solutions of the ODE y” = |y|*™y and
finite speed of propagation.

We are interested in the behaviour of global solutions. The energy-
critical case with m = 2 on the whole space R? was treated in a series
of work initiated in [22]. The equation has an explicit stationary solution
W(z) = (1+4]2[?/3)~1/2, which is unique up to scaling and change of sign.
In [8], it is proved that any radial global solution of the equation is asymp-
totically the sum of decoupled rescaled stationary solutions and a solution
of the free (linear) wave equation. When m > 1 is not 2, the global dynam-
ics is different. There is no nonzero stationary solutions, and (assuming
decay of the initial data) all known global solutions scatter to linear so-
lutions. In particular, a solution whose Sobolev critical norm does not go
to infinity scatters to a linear solution (see [9, 13, 14, 30], all concerning
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radial solutions). We note that the decay assumption of the initial data is
necessary, as shows an example of J. Krieger and W. Schlag [24].

The purpose of this paper is to illustrate the fact that the obstacle might
drastically change the dynamics of the focusing equation, even when the
dynamics of the linear and defocusing equations are essentially not modified
by the presence of the obstacle.

More precisely, we let B C R? be the unit ball centered at the origin,
set Q@ = R3\ B and consider radial solutions of the equation (1.1) with
F(u) = [u]*™u, m > 2.

{(az — A)u(t,z) = |u>™u, (t,7) € R x Q

(1.2)
(U,atu)|t:() = (UO,Ul) S Hv Urp = 07

where # is the space of radial functions in H}(Q) x L?(2). One can prove
that (1.2) is locally well-posed in H. The energy

(1.3) E(u(t)) = %/Q|Vu(t,m)‘2dx+%/thu(hx)’zdx

ot u(t, )2V az
2(m+1)/9| SR

is conserved by the flow. As mentioned before, the equation admits solu-
tions blowing-up in finite time. More interestingly, there are also stationary
solutions:

PrOPOSITION 1.1. — Assume m > 2 is an integer. For any integer
k > 0, there exists a unique radial stationary solution Qy € C*°(Q) of (1.2)
such that Q(x) = 0 for x € 9Q, and r — Q(r) has exactly k zeros on
(1,00), and is positive for large r. More precisely, there exists ¢, > 0 such
that

Ck 1 . 2 -
Q) =2 S 5, lim 12Q4() = .

Moreover, the sequence (E(Qy,0))xen is increasing. Finally the set of sta-

tionary solutions of (1.2) is exactly
{Qk, k e N}U{—Qy, k € N} U{0}.

Our main result is that the stationary solutions @ are the only ob-
struction to linear scattering for global solutions. Consider the linear wave
equation outside €:

{(ag — Au(t,z) =0, (t,z) e R x Q

(1.4)
(u, Opu) |¢=0 = (uo,u1) € H, uon =0.
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THEOREM 1.2. — Let u be a solution of (1.2) on [0,00) x Q. Then there
exists a solution vy, of the linear wave equation (1.4), and a stationary
solution @ of (1.2) such that

lim [4(t) — 0L(t) = (@, 0)|| g1 () x £2(02) = O-

t—o0

The same statement holds true for t — —oo.

According to Proposition 1.1, @ must be 0 (and in this case the solutions
scatters to a linear solution) or one of the nonzero stationary solutions £Qy.
The set of initial data leading to scattering is open in H. We conjecture that
the set of data leading to blow-up is open, and that the set of solutions
converging locally to +Q is a closed submanifold of H, of codimension
k+1in H. We will study this conjecture in a forthcoming paper. See [2]
for numerical and analytical evidences toward this conjecture in the case
k=0.

Note that Theorem 1.2 implies that for any R > 1,

(1.5) lim IV (u(t, ) — Q(x))|* + (Bru(t, z))? da = 0.

t=e0 Jigle|<R
An interesting question is the exact rate of this convergence when @ =
+Qy. This problem is discussed in [2] using both theoretical and numer-
ical methods, in the case k = 0. Our method, based on a contradiction
argument, does not give any quantitative information of this type.

Remark 1.3. — The proof of Theorem 1.2 can be adapted to prove that
all solutions of the corresponding defocusing wave equation scatter to a
linear solution (see Remarks 2.20, 3.2 and 3.5). See also [6], where a sim-
ilar result is proved and used to treat nonradial perturbations of a radial
solution.

The proof of Theorem 1.2 relies on the “channels of energy” method,
which was introduced in [7], and was used in [8] to prove the analog of
Theorem 1.2 for the radial energy-critical wave equation in space dimen-
sion 3. The proof for equation (1.2) is somehow simpler, since equation (1.2)
does not admit any scaling invariance. The core of the proof is the rigidity
result (Proposition 3.1) that states that any radial solution of (1.2) such
that

E lim / Vi zu(t,z)*de =0
t—+oo ’
+ > 1t]

is stationary. This also implies the following one-pass theorem:

ANNALES DE L’INSTITUT FOURIER
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THEOREM 1.4. — Let € > 0 be small and k € N. There exists § > 0
with the following property. For all radial solution uw of (1.2) such that
there exists tg < t1 with [to,t1] C Imax(u) and

[@(t0) = (Qrs 0)ll3 < 0 [li(t1) = (Qk, )]l > &

one has

Vb€ [tr, +00) N Imax(u), ¥V Q € {0} U [ J{£Q,},  [li(t) — (Q,0)]l5, > 4.
jEN

This type of result is important to study the global dynamics of (1.2)
from a dynamical system point of view (see e.g. [29] for application of this
type of one pass theorems in the context of nonlinear dispersive equations).

Our method also gives the classification of the dynamics below and at
the ground state energy, in the spirit of [12] and [22]. By definition, the
ground state is the least energy nonzero stationary solution @Qy. The ground
state and its opposite —Qy are the unique minimizers for the Sobolev type
inequality: || f[|zzm+2(0) S IV fllz2(q) (see Proposition 2.21). As an imme-
diate consequence of Theorem 1.2, variational considerations and Propo-
sition 3.1, we obtain the classification of the dynamics below the energy

of QQI

COROLLARY 1.5. — Let (ug,u1) € H such that E(ug,u1) < E(Qo,0), u
be the corresponding solution of (1.2), and (T—,T}) the maximal interval
of existence of u.

o If [, |Vuol* < [, [VQo|?, then u is global,

WGR‘/WWW</H@$,
Q Q

and either u scatters in both time directions, or E(ug,u1)=F(Qo,0)
and there exists a sign + such that u scatters as t — Foo and

(1.6) i [17(t) — (Qo.0) e = 0.
o If [|Vuol* = [|VQo|?, then u is one of the two stationary solu-
tions Q.

o If [, [Vuo|* > [, |[VQo|?, then

vie @ 1), [ [VuP > [ 1vQP
Q Q
Furthermore, at most one of the times Ty or T_ is infinite. If Ty

is infinite for one sign +, then E(ug,u1) = E(Qy,0) and (1.6) is
satisfied.

TOME 71 (2021), FASCICULE 5
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In particular, if E(ug,u1) < E(Qo,0), there is an exact scattering/blow-
up dichotomy, in the spirit of the articles of Kenig and Merle [21, 22] on
critical Schrodinger and wave equations on R™V. At the threshold energy,
as in [11, 12], a new type of solutions arise, satisfying (1.6) for one (and
only one) sign +. As in [12], one could prove the existence and uniqueness
of such solutions, using the unique negative eigenvalue of the linearized
operator at ()g. We plan to treat these questions in a forthcoming paper.

Let us mention some related works. The defocusing energy-critical wave
equation with a potential in dimension 3 is considered in [17, 18, 19]. For
this equation, there is no blow-up in finite time and every solution is global
and scatters to a stationary solution, in the sense that the conclusion of
Theorem 1.2 holds. The set of stationary solution for this equation is not
classified as in Proposition 1.1, altough it is proved that for generic potential
this set is finite. We refer to [20] for the study of equivariant wave maps
outside a ball. Again, there is no blow-up in finite time and every solution
scatters to a stationary solution (an harmonic map), which is uniquely
determined by the equivariance map of the equation. The underlying space
dimension in [20] is 5, which makes the proofs more technically challenging,
however the dynamics of equation (1.2) is somehow richer, since blow-up in
finite time is allowed, and there is a countable family of stationary solutions.
In particular, one might contemplate solutions of (1.2) that scatter to two
distinct stationary solutions as t — 400 and t — —oc.

The outline of the paper is as follows. In Section 2 we give some prelim-
inaries on well-posedness (including a new profile decomposition for equa-
tion (1.2)) and stationary solutions of (1.2). In Section 3 we prove our main
result, the classification Theorem 1.2. In Section 4 we prove Corollary 1.5
and 1.4. Both proofs are short, relying on the rigidity Proposition 3.1, and,
for Corollary 1.5, on Theorem 1.2.

Notations

If a and b are two positive quantities, we write a < b when there exists
a constant C' > 0 such that a < Cb. We will write ¢ ~ b when we have
both a < b and b < a. We will write a < b (resp. a > b) if there exists
a sufficiently large constant C' > 0 such that Ca < b (resp. a > Cb). We
denote N the set of natural numbers.

We use B to denote the unit open ball {z € R3 : |z| < 1} and Q = R3\B.

The homogeneous Sobolev space H& (©) to be used frequently is defined
as the closure of C§°(Q) under the H' norm. We refer to [3, 5, 27] for
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a systematic investigation on the homogeneous space H 7(Q2) associated
to the Laplacian A = Ap subject to the Dirichlet boundary condition
ulaq = 0, with fractional s. We remark that ||f||H5 ~ |V=Af| 2, where
the latter norm is defined via the spectral resolution of A.

For a radial function f depending on ¢ and r := ||, we let f:= (f,d,f).
We let LY (I, L2) be the space of measurable functions f on I x R® such

that
1/p

p/q
1 fllzrrLa) = (/1 </Q|f(t,!1?)|qu> dt) < 0.

For ¢ > 1, we use ¢’ = 17 to mean its Lebesgue conjugate.
We denote by Si,(¢) the linear propagator, i.e.

sin (tv/—Ap)

SL(t) (wo, w1) == cos (tV—=Ap)wo + Nav

w1i.
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2. Preliminaries
2.1. Radial linear wave solutions on {2

Consider u(t, z) a radial solution of (1.4). Assume that (ug,u;) € C%(R).
Using that (67 — 92)(ru) = 0 and the boundary condition u(t,1) = 0, we
deduce that

(2.1) ru=¢t+r)—PE+2—71)

for some function ¢ € C?(R). One can compute 1/ using the initial condi-
tion:

ff_o pui(p)dp — (2 — o)uo(2 — U)}, ifo<1

2.2 o) =
(22) v) I7 pui(p) dp—&—auo(a)}, ifo>1.

N—= N[

TOME 71 (2021), FASCICULE 5
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and thus:

(2.3) 2ru(t,r) =

:j;ﬁr puy(p) dp+ (r+t)ug(r+t)—(t+2—r)ue(t+2-7r), r—1<t,

27 pua(p) dp + (r+t)uo(r+1)+(r—t)uo(r—t), r—1>|t|
ff__tt_r pui(p)dp — (2—r—t)up(2—r—t)+(r—t)ug(r—t), r—1< —t.
We will also need the following exterior energy bound:
LEMMA 2.1. — Let R > 1, and u be a radial solution of the linear wave
equation (1.4) with initial data (ug,u;) € H. Then
+oo

24) S lim / 00 (ru))2 (8 () dr = / (0, (ruo))2 +r2a2 dr.

T t—+oo Rt| R

Proof. — By density, we can assume that (ug,u1) is C?. By explicit
computation, and (2.1),

(B (ru)® + (B:(ru))® = 202 (t + 1) +P°(t +2 1)),

and one can check that both sides of (2.4) equal

oo 2-R
2 / P2 +2 / U2, O
R —0o0
Remark 2.2. — In the case R = 1, we can check by integration by parts

that

“+o00 “+ o0
/ (Or(ru))*dr = / (Opu)?r?dr + o(1), t — Fo0
11 14]¢)

and
+oo “+o00
/ (8T(ru0))2 dr = / (8Tu0)27“2 dr,
1 1

and the preceeding lemma is equivalent to

lim/ |Vu(t)|2+(8tu(t))2da::/ Vuo? + 2.
|z 214t

t—+oo lz|>1

The following asymptotics follow from (2.2)

LEMMA 2.3. — For all (ug,u1) € H, we have, denoting by u the solution
of (1.4)
. 1 9
@5 dim [ () Pde ) s o= = O

ANNALES DE L’INSTITUT FOURIER
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For both signs + and —, there exists G+ € L?(R) such that

oo

: 2 4

(2.6) tllimoo : [ropu(t,r) — GL(r Ft)|" dr=0
. >~ 2

(2.7) t_liimoo 1 [rowu(t,r) £ GL(r Ft)|” dr = 0.

Furthermore

1853

+oo
@8 [ man= [ man=; [ (@utt.r)P+ @t n)?)ar

and both maps (ug,u1) — G4 are bijective.

Proof. — From the formula (2.2), we obtain (2.5), as well as (2.6) and

(2.7) with G4 (o) =¢'(2—0), G_(0) = ¢¥'(0), that is:

Gilo) = = {_”“1(")+“0(0)+0u6(0) |
2-0)u1(2—0)+up(2—0)+ (2—0)uy(2 — o)

)
G (0) = {Uul(o) + ug(o) + o uy(o)
2 | ~(2-0)ui(2—0) +up(2 — o) + (2 0)uh(2 — o)

Note that u; € L2,4(Q), up € H\

rad

ifo>1
ifo<l1

ifo>1
ifo<1.

(Q) and Hardy’s inequality imply G4 €

L?(R) as announced. Using (2.6), (2.7) and the conservation of the energy
for equation (1.4), we obtain (2.8). It remains to prove that both maps
(up, u1) — Gy are bijective. The injectivity follows immediately from (2.8).

To prove the surjectivity, we let G, € L?(R) (the proof is the same for

G_), and define, for r > 1,

uo(r) = 1/1T(G+(T) +Gi(2—7))dr

r

wi(r) = (G4 (2~ ) ~ G ().

We notice that (ug,u;) € HL, . Indeed, since Gy € L?(R), we have

+oo +oo
/ (rup)? dr < oo, / (O (rup)) dr < 2]/ Gy |12
1 1

Furthermore, by a straightforward integration by parts,

R d 1 (B R
/1 uo(r)g(ruo)dr: 5/1 u%(r) dr + gug(RL

which shows by Cauchy Schwarz that flR lug(r)[?dr < 4||G4||2. for all

R >1, and thusf lug(r)|? dr < oco.
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Letting w be the solution of (1.4) with initial data (ug,u1), we see
from (2.2) that u satisfies (2.6), (2.7) (with the + sign) which concludes
the proof. O

2.2. An overview of the Cauchy theory in H

In this subsection, we recall the local well-posedness theory of the prob-
lem (1.2) in the energy space with radial initial data.
Let us start by recalling the Strichartz estimate proved in [5, 27, 32].

PROPOSITION 2.4. — Let (g,r) such that 1/q¢+ 3/r = 1/2 and ¢ > 2.
Then there exists Cy > 0 such that, if u is a solution to the Cauchy-
Dirichlet problem

(02 — A)u(t,x) = F(t,z), (t,z) ERxQ
(2.9) (u(0, x), du(0, ) = (ug,u1) € HL(Q) x L*(Q)
u(t,z) =0, =z €.
one has
(2:10)  [lulzg sz oy < Co (Jluoll e + luallee) + 1l ez o) -
In the radial case, one can extend the range of Strichartz exponents,

using the radial Sobolev inequality

1
(2.11) VE>1 RISl

Note that (2.11) implies that for 6 < p < oo, H () is embedded into
L?(Q) with compact embedding.

COROLLARY 2.5. — Assume that 1/q+3/r < 1/2 and r is finite. There
exists Cp > 0 such that if u and F' are radial solutions of (2.9), then (2.10)
holds.

Proof. — Assume that %4—% < 1, and let ¢; such that q% +3 = 1. Since
r < o0, q1 > 2. By energy inequalities and the embedding H. ,(Q) C L"(£2),
we have

lull g, rm(@)) S Nwoll oy + llurllzzo) + 11| L v 22 (0))-
By standard Strichartz estimates,
lull Lo ,zr @) S llwoll gy + luallez) + 1F Il r2),

and (2.10) follows since g2 < ¢ < 0. O

ANNALES DE L’INSTITUT FOURIER
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Note that the assumption m > 2 implies that ¢ = 2m+1, r = 2(2m+1)
satisfy the assumptions of Corollary 2.5.
We state our main result in this subsection.

PROPOSITION 2.6. — Assume m € (2,4+00)NZ in (1.2). Then for every
) == (ug,u1) € H, there exists a unique maximal radial solution u of (1.2)

defined in a maximal interval [0, T*) with 7(0) =uf and T* > 6/”176”3_;’1’ ,
rad

for some universal constant C > 0, satisfying
ueC ([O,T*),Hé(Q)) nct ([O,T*),LQ(Q)) .
In addition, we have the following properties:
(i) either T* = +o0, or T* < 400 and

(2.12) lim

T AT+ Hu||Lfm+l([O,T], Li(2m+1)(ﬂ)) = 4-00.

Moreover, for every T € (0,T*), the flow map (vo,v1) — U (where
v is the solution of (1.2) with initial data (vg,v1)) is Lipschitz con-
tinuous from a neighborhood of (ug,u1) in H to C ([0,T],H).

(i) If up € (H2(Q) N HY(Q)) x H3(Q) then W () € (H(Q) N H(Q)) x
HY(Q) for all t € (0,T™).

(iii) E(¥(t)) = E(Wo) for every t € [0,T*).

(iv) If Hu”Lf’"“([0,T*),L§<2m+1)(9)) < o0, then T* = +o0 and u scatters
in the forward time direction, i.e. there exists 7+ = (uf,uf)eH
such that

(2.13) lim |7 (t) — SL(0) T4 llw = 0,

t——+o0

where S—Iz(t)7+ = (SL(t)Uy, 0:SL(t)is ). Conversely, if u scatters,
then

(2.14) ||U||L§m+1([0700)’L3<2m+1>(9)) F Ve eull Lo (10,00), L2 (0)) < +00.
(v) Let I C [0,00) be a sub-interval such that
(2.15) LTl s (1, pzomer ) =5

with 0 < § < 1 being sufficiently small. Then v is defined on I. In
particular, I C [0, T*) and moreover, with Cy in (2.10)

[u — SL(t)ILTSHLferl(I’ L2GmD () < e = Cp(20)*mH

The analogs of the statements (i)—(v) hold in the negative time
direction as well.
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The proof follows mainly from a standard fixed point argument based
on Strichartz estimates in Corollary 2.5 and we only sketch it here. By
using energy estimate, Sobolev embedding and radial Sobolev inequality, it
is readily to solve (1.2) on an interval [0, 7] with T’ < C‘||1To>||7__[2m for some
constant C' > 0, depending only on m, Cy and optimal constants in Sobolev
embedding. Let T be the maximal time of existence. Then (i) follows by
using Strichartz estimate. (ii) is deduced from standard bootstrap argu-
ment based on the Duhamel formula. By using (ii) and standard density
argument, we obtain the conservation of energy (iii). Finally, (iv) and (v)
is immediately verified by using Strichartz estimates and energy estimate.

We next establish a long-time perturbation lemma for (1.2).

LEMMA 2.7. — Given M > 0, we have €p; > 0 and Cy; > 0 with the
following properties. Let I be an interval, ty € I, and

u, @i € L2+ (1, L2<2’”“>(Q))

rad
such that @, % € C(I,H) and

(216) ||ﬂ||Lfm+1 (I,Li(2m+1)(ﬂ)) < M7

(2.17)  lea(u)|| L1 (z,2 )y + llea(@)ll 21 (1,2 o))

+ ”RLHLfm“(1,L§<2m+1)(9)) =g,
where € < ey, eq(u) = (02 — A)u — |u|*™u in the sense of distribution and
Ry (t) = SL(t — to)(d(to) — a(to)). Then

||u — 17||Lfm+1(11Li<2m+1>(Q)) + ileu? ||V$’t(’u(t) — ﬂ(t) — RL(t))||L2(Q) < Cye.

For the proof we will need the following Gronwall-type lemma (see [15])

LEMMA 2.8. — Let 1 < 8 < < 0o and define p € [1,00) by% = %—%
Let 0 < T < oo, f € LP(0,T) and ¢ € L] ([0,T)) such that

loc
Vte[0,T7), el <n+lfellso,n-
Then
Vtel0,T), llellron <n® (Ifllceom)
where ®(s) = 2I'(3 + 2s) and I" is the Gamma function.

Proof of Lemma 2.7. — Let w := u — u. Then we have

(02 — A)w = eq(u) — eq(@) +|u|*"u — |[a)*™u.
—— ——

=e
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We assume to fix ideas tg = 0 and I = [0,T). By Duhamel’s formula

(2.18) w(t) :RL(t)+/O Sin(t\;%/j

Using Strichartz (2.10) and Holder inequalities, we deduce

(e+ (@+w)>™ T =@ ) (s)ds.

Vte [0, T)7 Hw”L2m+1((07t)L2(2m+1)(Q))
<Rl p2m+r (0,4, p2em+n () + Collell L1 0,0, L2(2)
t
e m 2m~+1
+.Co [ (Il [T sy (D e )
0
From (2.17), we obtain

Vite [0, T)7 Hw”L27n+1((07t)L2(277L+1)(Q))
< (1 + 200)6

t
+Cy /0 (IIw(r)||L2<2m,+1> [[a(r)] i’;@mm(m+||w(r)||§zzj;+l)(9))d7.

Let 0 such that
[l 2m+1((0,0)L2m 41 (0)) < Cme
(Cu to be specified). Then

Vte [0, 9), ||w||L2'nL+1((0,t)L2(27n+1)(Q))
< (1+42Cy)e + CoCFtigmtt

t
+Co [ (1) s [T o )

t
< (2+2CO)5+CO/ (||w(7'>||L2<2m+1>(Q)||E(T)||igl(2m+1>(g))d77
0

1 1
provided Con/[mHEQm < 1 (which holds if e < ey =1/C" 012\2_"” ).
Using Lemma 2.8 with

p(t) = llwt)ll L2eme )y, F(E) = @O 3 em g
2m+1

m

)

we obtain
Hw(t)||L2m+1((0)9)7112(27”“)(9)) < (2420 (COMZm) €.

Choosing Cp; > (2 + 2Cy)® (COMQ’”)7 we obtain by a simple bootstrap
argument

”w(t) ||L2m+1 ((07T)7L2(2m+1) (Q)) < CME.
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The bound of [|[Vy (v —u — Rp)| r2(q) follows from Strichartz estimates
and the equality (2.18). O

DEFINITION 2.9. — Let X7 | be the set of radial functions (ug,u1) € H
such that if u is the solution of (1.2) with initial data (ug,u1), then u(t, )
exists on [0,400) and scatters to a linear wave. We define ¥__ ; similarly

for the negative time direction.

The following proposition is an immediate consequence of Lemma 2.7
and the characterization of scattering from Proposition 2.6:

ProrosiTiON 2.10. — E;;d and X_ , are open.

2.3. Profile decomposition

We prove here that there exists a profile decomposition which is adapted
to the Strichartz norm used in the scattering theory of equation (1.2).

PROPOSITION 2.11. — Let (u, ), be a sequence of radial solutions of the
linear wave equation outside the ball (1.4) such that (i,(0)),, is bounded
in H. Then there exists a subsequence of (uy)y, (that we still denote by
(un)n), and, for any integer j > 1, a solution U] of (1.4) and a sequence
(tjn)n € RY satisfying

i#i = nli—{%o‘tjv” —tjin| = +o0,

such that, letting, for J > 1,

J
wl (t) )= ULt —tjn)
j=1
1,3 _1
we have, for all (¢, r) € (2,00] x (6,00) such that ; + = < g,
(2.19) lim limsup ||w || ez = 0.
J—=0 pooco e
Furthermore,
(2.20) Viz1l, du(tyn) —— UL0)
n— 00

J . 2
(221)  VJ>1, lim |ﬁn<o>i—ZlHUmHH—HwJ(o)H =0,

Proposition 2.11 is a consequence of the following Lemma:
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LEMMA 2.12. — Let (uy)n be a sequence of radial solutions of the linear
wave equation on § (1.4) such that for all sequence (t,), € RY,

iy (tn) —— (0,0) in H.

n— oo
1,3 _1
Then for all (q,r) € (2,00] x (6,00) such that st2<3

Jim gy =0,

The fact that the Lemma implies Proposition 2.11 is by now standard
(see e.g. the proof of Theorem 3.1 in [14]), and we omit it.

Proof of Lemma 2.12. — We argue by contradiction. Assume that there
exists a sequence of solutions (un), of (1.4) such that for all sequence
(tn)n € RN,

(2.22) T (tn) —— (0,0) in H.

n—oo

Assume that there exist (g, r) € (2, 00] x (6,00) with % +3<iande>0
such that

(2.23) Vi, g, > e

Let (go,70) such that
1 3 1 3
7—"_7:7—"_77 2<(I0<Q>
do To q T

and let r; such that % + % = % (thus 6 < r1 < o0). Then by Holder’s
inequality,

g0 1—490
||un||L3L; < ||Un||Lq‘tzoL;0 |un||L§oz;1-

Since by Strichartz estimates [[uy|| 20 7o is bounded from above (see Corol-
lary 2.5), we deduce that there existe £; > 0 such that

Vn, ||Un||L;>°L;j1 Z €1

We thus can choose a sequence (t,), such that
€1

Vo, lun(t)ln > -

This contradicts (2.22) and the compactness of the embedding H. ,(Q) C
L™ (£2). The proof is complete. O

We will need to consider solutions to the wave equation (1.2) outside
wave cones. For this, it is convenient to multiply the nonlinearity by a
characteristic function
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DEFINITION 2.13. — If (ug,u;) € HA(Q) x L?*(Q) and R > 1, the solu-
tion of (1.2) on {|z| > R + |t|}, with initial data (ug,u1), is by definition
the restriction to {|z| > R + |t|} of the solution u of the following wave
equation,

(2 24) (atQ - A)u(tax) = F(tax)]l{|x|>R+\t|}a (t,l’) €Rx R3
(uu 8tu)|t:O = (U/Ou Ul), U|DQ = 0
where F = t|u|*™u with . = +1, m > 2.
One can adapt the well-posedness theory from Subsection 2.2, yielding
local well-posedness and maximal solution”) for equation (2.24). In par-

ticular, letting T}, be the maximal time of existence for (2.24), we have the
blow-up criterion

Th < o0 = ||u11{|z|>R+|t\}HL?"“([O,T;), ey =00
as well as the following scattering criterion. If
U]l{\w\>R+|t|} c L?m+1 <[07+OO)’ L§(2m+1))7

then u scatters for positive times: there exists a solution uy, of the linear
wave equation on () such that

(e mpay [Veeun () = Veat@ll| g1 gy p20) = 0-

Also, there exists &g > 0 (independent or R > 1) such that if for some
T € (0, 0],

|SL(t) (wo, ur) L gjz)> R} ||L3m+1([0’T)’ premin) =€ <o

then Tx > T and

sup |||V (u(t) = Sp(t) (w0, ur)| Lgjaps e . <7
te[0,T]
We note also that if T* is the maximal (positive) time of existence for
the equation (1.2) with the same initial data, then T* < T}, and the two
solutions coincide on {(t,z), 0 <t < T*, |z| > R+ |t|}.
Let (ur,)n be a sequence of radial solutions of the linear wave equation
(1.4) outside the ball. Assume that (i, (0)),, is bounded in H'(2) x L?(Q)

and has a profile decomposition {U7, (t;»)};j>1 as in Proposition 2.11.

(1) Note however that since we have truncated the nonlinearity with a nonsmooth func-
tion, the persistence of regularity does not hold anymore
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Extracting subsequences, reordering and time translating the profiles, we
might assume

(2.25) Vi, 1, =0, Vj>2 lim t;,€ {£oo}.

We define the nonlinear profile U' associated to U} as the solution of the
nonlinear wave equation (1.2) with initial data U} (0). If R > 1 we will also
denote by U' the solution of (1.2) on {|z| > R+ [t|} with the same initial
data.

PROPOSITION 2.14. — Let ur, be as above, and R > 1. Assume that
the nonlinear profile U' is well-defined for {t > 0, |z| > R + |t|}, and that

1 (jaismy iy U € L2 ((0,00), L2+ ),

Let u,, be the solution of the nonlinear wave equation (1.2) on {|z|> R+|t|}.
Then for large n, u, is global for positive time, and, letting

el (t,x) = up(t,x) — U (t,x) — Z Ul (t = tjm,x) —wl(t,z),

j=1
one has

lim lim supsup/ |Vt7m61(t,$)|2 dz = 0.
| > R+|t]

J—=+00 nooco 30

Proof. — By Lemma 2.7 (or rather its version adapted to solutions on
{|z| > R+ |t|}), it is sufficient to prove

lim lim sup (ZUi(~—tj,n)—wi>1{z|>R+t|} =0.
B A L7+ (00,120 )
Using that

Jlim lim sup Hw

i”L27n+1((0 o) L2(2m+1)) =0,
—0 n—oo Bt

we see that it is sufficient to prove:
J

J>22= lim ZU%( — tj,n)]l{\z\>R+|t|} =0.

n—oo ||£ 2
J= Lf7n+1 ((0,00),Li<2m+1))

Since limy, ;o tj,, € {£o00}, this last property follows from the dominated
convergence theorem, concluding the proof. (|
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2.4. Zeros of stationary solutions

In this subsection, we state several properties on a class of singular sta-
tionary solutions involved in [9, 13, 14].

PROPOSITION 2.15. — Let m > 2, m € N, and £ € R\ {0}. Then there
exists a radial, C? solution Z,(x) = Zy(|z|) of

(2.26) AZy+Z;" =0 on R*\ {0},

such that

(2.27) Vr>1, |rZr)—¢ < T%
dZ,

2.28 lim r2—= = —¢.

(2.28) Jim 5,

Furthermore, Z, ¢ L3, where 3m is the critical Sobolev exponent corre-

sponding to s, = % - % In particular, Z, ¢ H*™. Moreover, the zeros of

Zy; are given by a sequence {r; 5o such that
To>Ty > s> > — 0, j— oo

Remark 2.16. — The existence of such a solution Z, with properties (2.27)
and (2.28) and Z, ¢ L*>™ had been demonstrated in [9]. It remains to show
that Z,(r) oscillates infinitely often towards 0. This provides a more precise
characterization on the behavior of Zy(r) as r approaches the origin.

The proof of the oscillatiory property of Z, in Proposition 2.15 relies on
the following classical result due to Fowler.

LEMMA 2.17. — Let 0(x) be a solution of

(2.29) 40 +27%" =0, x € (0, +o0)
. — +x =0, z 00
dx2 ) 7 )
where n > b is an odd integer. Then 6 is one of the following three distinct
types

(i) Special solutions

(2.30) 0(x) = + (2(”—3)) f -

(n—1)?
ii) Emden’s solutions with one arbitrary constant C'
(i)
C’TL
(2.31) o(z) = C — 20 lim a(z) =1,

62 ' 500
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111 x) oscillates about 6 = 0 with the asymptotic forms
iii) 6 1] bout 6 = 0 with th ic f
_4
0(X5)| ~ AXT

1 1
(2.32) o ) ér(f)r(m)X%
Tht1 = Tk ™ n+1 1 1 koo
F(fmm)

where A is a constant of integration, { X} is the sequence of zeros
of ¢'(x), and {xy} is the sequence of zeros of 0(x), that satisfy
limg x, = +00.

n—1

A3

Proof. — Please see [16, p. 281-282]. O

Remark 2.18. — The equation (2.29) along with its general form 6" +
70> = 0 is usually referred as the Emden-Fowler equation. When \ > 1 is
not an integer, one may find in [23] a similar classification on the solutions
of Emden—Fowler equations in a more general setting.

Proof of the oscillation of Z;. — We may assume ¢ > 0 since the case
Z_y = —Zy. By scaling invariance and the uniqueness of the fixed point
argument, it suffices to consider £ = 1 (see [13, Remark 2.5]) and we denote
by Z(r) = Z1(r) for brevity.

Rewrite (2.26) fulfilled by Z as the following ordinary differential equa-
tions (in the r variables)

(2.33) Z"(r) + %Z’(r) + Z(r)*"t =0.

Let h(s) = Z(1/s), s € (0,00). Then h is a C? solution of
(2.34) R (s) + s *h(s)*™ Tt =0, s>0,
which satisfies

(2.35) lim his) =1, limh'(s)=1.

s—0 8§ s—0

We are reduced to showing that the zeros of h form a sequence {s;}52,
such that

0<sp <81 <8< <55 < - —00.
In view of Lemma 2.17, it suffices to show that h(s) is of type (iii). Invoking
that Z(r) is not bounded at the origin, we see that h(s) can not be of the
form (2.31). By (2.35), h(s) is not a function given by the formula (2.30).

Hence h(s) oscillates infinitely often and behaves asymptotically according
to formula (2.32). O
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2.5. Radial stationary solutions outside the unit ball

Let Z(z) be the radial solution of equation (2.26) corresponding to
¢ = 1. As we have seen in the last subsection, the zeros of Z; form a
sequence {r;}52, with the following property

(2.36) ro>ry>-->r; > — 0, j—o0.

Let Q;(r) = rjl-/le(rjr). Then Q;(|z|) is the radial solution of the follow-
ing elliptic equation outside the unit ball = R?\ B with the Dirichlet
boundary condition

(2.37) —AQ =|Q”P"Q, Qloa =0, 2€Q, m>2 mcN,

where A = Ap is the Dirichlet-Laplacian, and Q belongs to HJ ().
Notice that Q;(r) has exactly j zeros in (1,4o00) for each j € N and
Q@;(1) = 0. Define the energy functional

E(Q) = %/Q|VQ(x)|2dx— m‘/ﬂ‘Q(x)F(m-&-l)dx.

Then

@38 BQ)= 5 [ e

. b _2(m+1)Tj y 1(r rodr.

This formula with (2.36) clearly yields E(Q;) — 400 monotonically as
j — oo. The following Lemma shows that there are no other stationary

solutions for equation (1.2).

LEMMA 2.19. — Let Q € H'(Q), radial, such that —AQ = |Q|*™Q.
Then Q = 0, or there exists a sign + and o« > 0 such that Q(r) =
+am Z; (ar). In particular, if Q(1) = 0, then @ = 0 or @ = £Q; for
some j = 0.

Proof. — We first prove that there exists £ € R such that

(2.39) ]Q(r) A<

1
SIS e T L

Indeed, we have (f% (rQ) = r@Q*™*1(r). Since by the radial Sobolev in-
equality (2.11), |Q(r)| < 1/r'/2, we obtain that 4 (rQ) has a limit as
r — oo. Using that floc ’%(r@)f dr is finite, we see that this limit is 0.
Thus

(2.40) %(TQ) = — /oo O-Q2m+1(o_) do.
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If £ =0, welet Y(r) =0 for 7 > 1. If £ # 0, we let o = [¢| =7, ¢ be the
sign of ¢, and
Y(r)= La%Zl(ar)
One can check
Thﬁrglo rY(r) =4
We will prove that @ =Y. Indeed, for large r
d? 1
Q)| = QT Y £ i) - YO

Integrating twice, we deduce

+oo +oo
Q) — 1Y ()] < / / 5720l Q(p) — Y (p)| dpdo

S w2 QL) — V(o).

Taking the supremum over all » > R, where R > 1 is fixed, we obtain
that Q(r) = Y (r) for large r. By classical ODE theory, we deduce that
Y(r) =Q(r) for all r > 1. O

Remark 2.20. — One can prove that the only stationary solution of the
defocusing analog of (1.2) (that is, with a minus sign in front of the non-
linearity) is 0. More precisely, similarly to Proposition 2.15 there is, for
all £ € R\ {0}, a solution Z, of the elliptic wave equation defined for
large r behaving as ¢/r at infinity. However in this case, the solution Z,
has a constant sign and is defined only for r € (Ry,+00), for some mini-
mal radius of existence R, > 0 that satisfies lim,_, g, |Z(r)| = oo (see [13,
Proposition 2.3]).

PROPOSITION 2.21. — For any radial f € H(Q), we have

(2.41) £l 2040 @) Vol 2(0) < Qo[ L2012 IV fll22(02)

Furthermore, the equality is achieved in (2.41) if and only if there exists
o € R such that f = 0Qp.

Proof. — It suffices to show that if we set
2(m—+1 2(m—+1
T = VIS T IAESEES, ).
and
a=inf{J(f): f € H}(Q)\ {0}, f radial},

then a = J(Qo). Notice that from radial Sobolev inequality, we have 0 <
a < 400 and hence the above two quantities are well-defined.
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The argument is reminiscent of [33]. Take a minimizing sequence f, €
H} () which are radial such that J(f,) — a as v — 4o0. Since f, is
real valued, we may assume (replacing f, by |f,| if necessary), thatf,
is nonnegative. Setting ¢, = fy/||f,,||H1(Q we have J(p,) = J(f,) and
IVoul|L2(q) = 1. Hence there exists a subsequence ¢,, converges weakly in
H' to ¢, as k — 400 with ||g0*||H1 (@) < L. By using the radial Sobolev in-
equality and the Rellich— Kondrachov theorem, one can show ¢,, converges
to ¢, strongly in L2(m*+1(Q). As a consequence, ¢, # 0 since otherwise we
would have J(p,, ) — 400 by the strong convergence. It follows from the
above discussion that

<J < ——— =1 —1 =
L2(m+1)(Q vi Il L2(m41) (Q)

Thus J(¢s) = a and ||V<p*||L2(Q) = 1, which along with the weak conver-
gence implies ¢,, — @, in H& (2) strongly as k — +o0.

It follows from the above facts that ¢, is the minimizer of the function
J and satisfies the Euler-Lagrange equation:

—|  Jp«+en) =0, VnelCQ).
de c—0

Taking ||V« || r2(q) = 1 into account, we have

‘Qm

1
—AQD* = mh@* O

H‘P*Hz(m.u)
Let . (z) = ||<p*||§;7;l(fnl+l/)mQ( ). Then we have —AQ = |Q|P~1Q on Q and
Qloa = 0, Q(z) = 0 for x € Q. By uniqueness of the solution for the
problem (2.37) (Lemma 2.19), we have Q(x) = Qo(x).
Note that the last part of the argument above shows that any minimizer
for J is proportional to (g, which concludes the proof of the proposition.

O
3. Classification of global solutions
3.1. Rigidity
We prove here the following rigidity result:
PRrOPOSITION 3.1. — Let pg > 1 and u be a solution of the nonlinear
wave equation (1.2) on {|x| > po + |t|}. Assume
(3.1) lim / Vi zu(t,z)*dz = 0.
1200 S el tl+p0}
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Then (ug,u1)(r) = 0 for almost all » > pg, or there exists { € R\ {0},
v € {£} such that (ug,u1)(r) = (¢Z¢(r),0) for all r > pg, where Z, is
defined in Proposition 2.15.

Remark 3.2. — Let us mention that the analog of Proposition 3.1, with
the same proof, is also valid for the defocusing equation corresponding
o (1.2). In this case, in view of Remark 2.20, the conclusion is that the
solution w is identically 0.

Proof. — The proof follows the line of the analogous result for the energy-
critical wave equation on R3 (see [8, Section 2]), with some of the arguments
simplified.

Step 1: channels of energy. — We fix a small € > 0, and let R > pg such
that

(3.2) / |Vuo|? +u? dr < ¢,
|| >R
and prove, letting vo(r) = rug(r), v1(r) = rui(r),
i 2, 24 L 2@mty
(3.3) ; (Orvo)” +oidr S T Y0 (R).

Let uy, be the solution of the linear wave equation with initial data (ug,u1).
We have (see Lemma 2.1):

“+oo
/ (00 (ruo))? + (run)? dr

R

oo 2 2
< lim / (O (rur(t,m)))” +1*(dpur(t,r))” dr.

t—+oo R+t|t]
Furthermore, by the small data theory,

en el 047y (Vewt(®) = Vegur )] 2 S [[(Vuo, u) sy 7o

By a straightforward integration by parts, we have, for any f, € Hol(Q),
and

+00 +oo
GO [ @) = [ @ ar - AR (),
A A
which yields, using assumption (3.1),
—+oo

. 2 2 2 .
ti}gloo . (Or(ru(t,r)))” +r*(Owu(t,r))” dr = 0.
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Combining, we obtain

) | " (0, (ruo)? + (run) 2 € ( /

R R

400 2m—+1
((8Tu0)2 + u?) T2d7“) .

Using the formula (3.4) again, and the smallness assumption (3.2), we de-
duce

“+o0
(3.6) /R (9, (ruo))? + (ruy)2dr < R H 2+ ()

hence (3.3).

Step 2: limit of rug. — In this step we prove that vo(R) has a limit ¢
as R — oo and that there exists a constant K (depending on v), such that

K oo K

(3.7) [vo(B) =4l < 7 /R vi (r) dr < RamiT
Until the end of the proof, we will always denote by K a large constant
depending on v, that may change from line to line.

We first fix R, R’ such that pp < R < R’ < 2R and the smallness
assumption (3.2) is satisfied. Then

R’ “+o0
lvo(R) — vo(R')| < / |Orvo(r)|dr < \/E\//R (Orvo(r))2 dr.

R
Using Step 1, we deduce

1
(3-8) [00(R) = vo(R)| S o7z oo (R)[P
By (3.2) and the integration by parts formula (3.4), we have ﬁ|vo(R)| <
e, and thus
(3.9) [vo(R) — vo(R')] < €™ [vo(R)].

By an easy induction, we deduce that for all £ > 0,
[00(2"po)| < (1 + C=™)*|un(po)| < K (1 + Ce™)*.
Going back to (3.8), we obtain
|00(2%po) — v0 (251 po)| < K27F™ (1 4 Cem™)FEm D,

Taking ¢ > 0 small, we see that this implies that the series } ;- |vo (2 o) —
v (251 pg)| converges, and thus that there exists ¢ € R such that

lim v (2% pg) = .
k— o0
This implies that v9(2¥pg) is bounded. Using (3.8) again we obtain
|Uo(2kpo) _ U0(2k+1p0)| < 2—ka7
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and summing up:
‘v0(2kpo) - €| < K27km,
By (3.8), if 28 py < r < 281 py,
’UO(2I€PO) —wo(r)] < K27hm,
which concludes the proof of the first bound in (3.7). The second bound

follows from (3.3)

Step 3. Compact support of the difference with a stationay solution. —
If £ # 0, we let Z; be the radial solution of —AZ, = Z7™*" such that

Ze(T)*g <K

X T .
r 73

(3.10)

(see Proposition 2.15). We define Zj as the zero function, so that (3.10) is
also satisfied in the case £ = 0. Our goal is to prove that (ug,u1) = (Z¢,0)
for almost every r > pg. In this step, we prove that this equality holds for
large r.

We let h(r) = u — Zp, so that the following equation is satisfied for
r>p+ |t

(3.11) Oth — Ah = (Zg + h)*™ 1 — z2m+L,
We let (hg,hy)(r) = h(0,r), and hy be the solution of the linear wave

equation on {|z| > po + |t|} with initial data (hg, h1) at t = 0.
Let R > po such that

—+oo
(3.12) \//R ((Orho)? + 1) 12 dr + || Zel {r> rfepy || p2mss p2emen <&

where the small constant € > 0 is to be specified later. Note that for any
e > 0, (3.12) is satisfied for large R. By the equation (3.11), finite speed of
propagation and Strichartz/energy estimates, for all interval I containing 0,

(313) ?51611? H(vt,:ph(t) - vt7zhL(t)) ]1{|I|>R+|t\} HL%

+ (| (h = hL) L as Rty || 2 (1 p2amin

S H]l{\z>R+|t|}|Ze|2m‘h|HL}(I,Lg) + H]l{l:v>R+|t\}|h|2m+lHLP;(LLg) ;
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and thus, by Holder’s inequality, and the bound of the norm of Z; in (3.12),
we deduce

(314) ilell? H(vt,xh(t) - vt,mhL (t)) ]1{|x|>R+|t\} HLE

+{|(h = L)L o> Ry ||Lfm+1(I,L2(2m+1))

2m—+1

S Mo mepey b amsr 1 p2emsny + [ Tgges meren b 2w o paemin,

Combining with the smallness assumption on h in (3.12), we deduce

Sup [(Vezh(t) = Vishi(t)) ]1{\:6|>R+\t|}HLz; < E¥™[(Vho, b)) 1> ry ll 22

By the same argument as in Step 1, we obtain
—+o0
(3.15) /R ((0-(rho))? + r283(r)) dr < £ RR3(R).

Arguing as in Step 2, we deduce that for R < R’ < 2R, if (3.12) holds, one
has

190(R) — go(R')| < €*™[go(R)],

where go(R) = Rho(R). By a straightforward induction argument, we de-
duce

1
3.16 go(R)| < ————— |go (2FR)|.
(3.16) l90(R)| (licgzm)kl (2°R)|
However, by Step 2 and (3.10), there exists a constant K such that
K
2"R)| < o5
g0 )l (QkR)Q

Taking € small, so that 1—Ce?™ > 1, we deduce from (3.16) that Rho(R) =
go(R) = 0, if (3.12) is satisfied, that is for large R. Going back to (3.15)
we obtain that hi(R) = 0 for almost all large R. This concludes this step
noting that (hg, h1) = (ug,u1) — (Ze,0).

Step 4. End of the proof. — We next prove that (ug,u1) = (Zg,0) for
almost every r > po. We let

/+OO ((Orho)? + h3) r*dr = 0} .

We must prove that p; = pgo. We argue by contradiction, assuming that
p1 > po- We thus can choose R such that py < R < p; and

p1 =inf{p>po

+oo
(3.17) /R ((9rho)® + h3)r? dr+ (| ZeL rrjy<r<p iy || pamer 2 <e.
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By finite speed of propagation and the definition of p1, r < p; + |t| on
the support of h. As a consequence, we see that the argument of Step 3 is
still valid, replacing 1 (> g4t} BY L{r+pt|<r<pi+]¢} i (3.13). In particular,
ho(R) =0, and (3.15) holds for this choice of R. This implies

+oo
/ ((0rho)? + h3) r*dr =0,
R

contradicting the definition of p;. g

3.2. Boundedness along a sequence of times

LEMMA 3.3. — Let u be a solution of (1.2) such that Ty (u) = +oo.

Then
4m+1)

o E(UO,’U,l).

t——+oo

hminf/ Vul? + ()2 de <
Q
In particular, E(ug,u1) > 0 or (ugp,u1) = 0.

Proof. — The proof is very close to the one of the analogous result in
the energy-critical case without obstacle (see [8, Proposition. 3.4]). It uses
a monotonicity formula that goes back to the work of Levine [26]. We argue
by contradiction, assuming that E(ug,u;) < 0, or that there exists tg > 0
such that for all t > tg,

(318) (1 - 20) (IVu(®) 320y + 10u(®)32(e) )
> (4(m—|—1)

o )E(Uo,?ﬂ)—‘r&o.

We let ¢ € C(R?) be a radial function such that p(r) = 1 if r < 2 and
o(r)=0if r > 3. We let

y(t) = /Qap (%) u?(t,x) da.

We will prove that there exists v > 1 and t; > ¢y such that

(3.19) Vizt, oy ()? <y(t)y" (1)

(3.20) Vit y'(t) >0,

yielding a contradiction by a standard ODE argument (see e.g. the end of
the proof of Theorem 3.7 in [22] for the details).

Using the small data theory and finite speed of propagation, we obtain
that

1
lim Vi ul + —2|u|2 + [u*™ 2 dx = 0.
1200 J 12> 3¢} Ed
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As a consequence, using also equation (1.2) and integration by parts, we
obtain, as t — oo:

(3.21) y'(t) = 2/ udpudx + o(t)
f1<lal<2t}

1" _ U 2 U 2 U 2m+2 0 .
B2 0 =2 [ w2 [ [VuP+2 [ P o)
We can rewrite (3.22):
(3.23) "(¢) :2m/Q|Vu|2+(2m+4)/Q(@tu)2—4(m+1)E(u0,u1)+0(1).

Using that E(ug,u1) < 0 or that (3.18) holds, we deduce that there exists
g0 > 0 such that for large ¢, y"/(t) > £o. This yields

1
lim inf =y (t) > &o.

t—o00

In particular (3.20) holds. More precisely, for large ¢, f{1<|$|<2t} udpu > P,
and (3.21) implies

Y (£) < (2 + o(1)) / wdy,

{1<z|<2t}

By (3.23) and the fact that F(ug,u;) is negative or that (3.18) holds for
large t, we obtain that for large t,

y'(t) =>4 / (Byu(t, x))? da.

Using Cauchy—Schwarz inequality, (3.22) and the definition of y(t), we
deduce (3.19), which concludes the proof. O

3.3. Existence of a radiation term

We next prove:

PROPOSITION 3.4. — Let u be a radial solution of (1.2) such that
T, (u) = 4o0. Then there exists a solution vy, of the linear wave equa-
tion (1.4) such that

(3.24) VAeR, lim Vio(u—ovp)|” dz = 0.

E2400 Sz > A+t

(See [8, Lemma 3.7] for the analog for radial solutions of the energy
critical equation on R?).
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Proof.

Step 1. — We prove:
(3.25) VAcR, ||]1{‘z|>A+‘t,}uHL2m+l([O,WW(MH)(Q)) < o0.
Let (tn)n be a sequence given by Lemma 3.3 such that
(3.26) nl;rrgo t, = +o0, lirinHSO%p |@(tn)]l 7 < oo.

By the small data theory outside wave cones and finite speed of propaga-
tion, it is sufficient to prove that for large n,

(327) H]l{\w|>A+\t|}SL(t - t’ll)d(tn)HL277L+1([tn7+oo)’L2(27n+l)) < €o,

where €y > 0 is a small constant given by the small data theory. Let
(UL, (tjn)n) be a profile decomposition for the sequence @(t,). Without
loss of generality, we can assume

(3.28) Vn, ti,=0 and Vj>2, lim t;, € {+oo}.
n—oo
Let B > 1 such that
1
1 ¢ga12 341 ULl Lot (0,009, 220 (@) S €0/2:

By dominated convergence, using (3.28), we have for j > 2

H]}‘{‘$‘23+|t‘}Ui( - tj,n) L2m+1([0 o0) L2(2m+1)(Q))

— 0.

L2 ([—t;.,0,00), L2Gm41D) (Q)) nr00

= H11{|x|>B+\t+tj,n|}Ui‘
This implies that for large n

[SL @)@ n)Lijoi> B+ 16} | L2m i1 0,00y L2emin ) < 260/3,
which yields (3.27) by the small data theory.

Step 2. — We prove that for all A € R, there exists a solution v{ of the
linear wave equation (1.4) such that

2
(3.29) lim Via(u—v)|" dz=0.
E2400 Jlz > A4t | 2l

Indeed, this follows immediately from Step 1, noticing that u coincide, for
lz| > A+t (t > 0), with the solution u* of

Bqu — AuA = (uA)Qerl]l{m)AHﬂ}, (t,a:) S [0,00) x Q
(3.30) )
Uy—o = (u0,u1), upan = 0.

Since by Step 1 the right-hand side of the equation is in L' ((0, 00), L*(12)),
we obtain the existence of vy satisfying (3.29).

TOME 71 (2021), FASCICULE 5



1874 Thomas DUYCKAERTS & Jianwei Urbain YANG

Step 3. — In this step we conclude the proof, proving that vf can be
taken independent of A. We let G4 be the unique element of L?(R) such
that

+00

: A A 2
tinlloo ; |ropvf — GA(r —t)|" dr=0
+oo N " 9
i [ o+ 64— o ar =0

(see Lemma 2.3). By Lemma 3.3, there exists a constant C,,, such that
(3.31) 1G22 < CrnE(ug, uy).

By the construction of vf in Step 2, we have

. 2

tlgglo Via(vi — vf)| dx =0
|z|>B+[t|
if A < B. This proves that G4(n) = GB(n) if n > B = max(4, B). We
define G by
G(n) =G"" (),

so that if > A, G(n) = G*(n). We note in particular that by (3.31),
G € L3(R). Let vy, be the solution of (1.4), given by Lemma 2.3, such that

+oo

lim lrdwy —G(r—t)]* dr =0
t—+oo 0
+o0 9
tEToo ; |rowvr, + G(r —t)|” dr = 0.

Using (3.29) and the definition of G and vy, we obtain that vy, satisfies the
desired estimate (3.24). O

3.4. Proof of the soliton resolution

In this subsection we conclude the proof of Theorem 1.2. We consider a
solution u of (1.2). We assume that u is well defined for ¢ > 0, and we let
vr, be its dispersive component, given by Proposition 3.4.

Step 1. — We prove that for all sequence t,, — 400 such that u(t,) is
bounded in H(f2), there exists an subsequence of (¢,), (still denoted by
(tn)n), and a stationary solution @ such that

(3:32) Jimn [17(t0) = T (t0) = (@20) (e = 0
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Let t,, be such a sequence. According to Proposition 2.11, we can assume
(extracting subsequences if necessary), that the sequence Sy (t)(u(t,) —
U1 (t,)) has a profile decomposition {U7, (tjm)n}];r We assume as usual

Vj>2, limt;, € {foo} and Vn,t;,=0.
n—roo

We note that the solution sequence S,(—t,)(@(t,)) converges weakly to

71,(0). Denoting by U? = vy, t% = —t,,, we see that {Ui, (tj,n)n}j>0 is a

profile decomposition for Sf,(¢)(@(t,)). In particular,
Viji>2 lim [t, —t)| = 4oc.
n—oo
We prove by contradiction
(3.33) Vjiz2 U/ #0= lim t,—t} = +oo.
n— oo

Assume on the contrary that there exists j > 2 such that

(3.34) U/’ #0and lim tJ —t, = +oo.
n—oo

Recall

(3.35) Sy () d(tn) — U7 (0), weakly in 7.

Let a,(t) = S (t)u(t,). By the strong Huygens principle (see the first line
of (2.3))

(3.36)/ |vt,man(tzl,x)|2dx</ | Vigu(ty, o) do.
Iz|<M th—M<|z|<th+M

Since by (3.33),

lim |V:2u(0,2)[*dz = 0,

=0 Jig| >t - M—t,,

we obtain (by finite speed of propagation again)

lim Vi zu(ty,z)|>de = 0,

e Jjalzt M

and thus (3.36) implies
lim Vi 2, (t, )|* dz = 0.
=0 Jiglz|< M

By (3.35), Uy, is identically 0, contradicting (3.34).
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As usual, we denote by U' the solution of (1.2) with initial data U*(0).
We next prove that U! is a stationary solution. If not, by Proposition 3.1,
there exists R > 1 such that U! is well-defined for {|z| > R + |¢|}, and

2

(3.37) lim / Vi U (t,z)|” dz > 0.

;Hi” {\x|>R+|t|}| |
We let

J .
wi () = up(t+tn) —vL(t+1n) — Y _UL(t —tjn),
j=1
and
J .

(3.38) €/(t) =u(t+t,) —vp(t+t,) —UNt) — Z ULt —tjn) — w(t).

j=2

By Proposition 2.14, u(t, + t) is well defined for {|z| > R + |¢|}, and

lim lim sup (sup H]l{|x|>R+\t|}vt o€ ||L2> =0.

J—=0 nooo t

We first consider the case where

2
(3.39) lim ViU (t,z)|” dz =ny > 0.
o0 J{Jal> Rt 1t} | |

y (3.38), for all t > 0,

(3.40) / (Via(u—vp)(t+1t,)) - Vi UNt) do
|z|>R+t]

= / |vt,zU1(t)‘2dx
|z|>R+]t|

J
+ / Vi Ul(t —tin) - Vi UL (t)da
|| >R+t]

—l—/ Vmw (t) - VtxUl(t)dx—i-on(l),
|z|>R+[t|

where 0,,(1) goes to 0 as n goes to infinity, uniformly with respect to ¢ > 0.

Using that lim,, o [t], — t5| = 400 for j # k and the property (2.19) of

wy, it is easy to prove that lines 2 and 3 of (3.40) go to 0 as n — oo (see
g. [8, Claim 3.2]), and thus, by (3.39), for large n,

lim Viw(u—op)(t + o, 2)|* dz >0y /2.
£ Jja|> R+t
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In other words, for large n,
lim IVie(u—vp)(tz)* dz >y /2,
t=0 J|z|>R+t—t,

which contradicts the definition of vy, given by Proposition 3.4.
We next assume

(3.41) . lim ’Vt,zUl(t, :L')|2 dz=n_>0.
7o MJal> Rt}

Arguing as before, we obtain that for large n, using the analog of (3.40)
with t = —t,

[ Va0, ez
|z|>R+tn

Since t,, is arbitrarily large, we obtain a contradiction, proving that U' is
a stationary solution @. Note that the case @ = 0 is not excluded. In any
case, we have, by explicit computation:

Lgjes ey @ € L2 (Rv meﬂ)),

so that the assumptions of Proposition 2.14 (and its analog in the past)
are satisfied with R = 1. As a consequence, letting

J
el(t,x) =u(t+tn,x) —vp(t +tn,2) — Qz) — Z Ul (t =t 7) —w (t, ),
j=2
we have

(3.42) lim lim sup sup / |Vmei (t,x)
|z|>|t|+1

J—o00 n—oo teR

|2 dz = 0.

We next prove by contradiction that Ul =0 for j = 2. Assume that
there exists j > 2 such that U7 is not zero. Then by Lemma 2.3, we have,
for large A,

, 2

(3.43) lim VUL (ta)| de =mns > 0.
t=E00 Jit— A<|z|<|t|+A

First assume

lim t;, = —oo.
n—oo

Combining (3.42), (3.43) and the pseudo-orthogonality of the time se-
quences (t;,)n, We can obtain that for a large fixed n,

lim Vi (u—vp) P dz >y /2.
E2400 Sty —tjn— A< 2| <t —tn—tj 0+ A
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This contradicts the definition of vy, in Proposition 3.4 Next assume

hm tj7” = +400.
n—oo

Using that by (3.42),
lim limsup Sup/ ‘Vme,{(t - tn,x)|2 dz =0,
J=+00 nooo teR Jiz|>|t,|+1
we obtain that for all large n,

Ve 2u(0) dz > =

(3.44) 5

/tn+tj,n—A<z|<tn+tj,n+A

a contradiction, since #(0) € H(R).
Since U] =0 for j > 2, we see that w! and ¢ do not depend on J > 2.
We will denote w,, = w; and ¢, = /. We are left with proving

Tim [ (0)] sy = 0.

Since by Lemma 2.1,

. 1
(345 3 lim / Vel d > 2l (0) By
T 2> 141

t—+oo
we can deduce, with the same arguments as before,

m v 1 2
1. _ 2d > - — O ,
o |2 >t 4t Vealu=or)f do > 2 145 ()15

if (3.45) holds for large n with a sign +, and
1.,
[ Do) do > 5 13,0013
|z| >t

if (3.45) holds for large n with a sign —. This yields, in both cases, a
contradiction, concluding this step.

Step 2. Conclusion of the proof. — Let t,, — +00 be as in the preceding
step. In view of (3.32), we must prove

(3.46) T () — 51(8) ~ (Q. 0oy = 0
We assume that (3.46) does not hold, and fix a small € > 0, such that
limsup [[4(t) — 0L(t) — (Q,0)ll3yq) > &
t—o0
Let
# = min {t >t st (@) = () — (Q.0) gy > g},
so that ¢, < ¢, and
(3.47) () = 72.2) — (@ 0) ey = =
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By Step 1, there exists a stationary solution @)’ such that

(3.48) Tim [(t]) — T2(£) — (Q'40) ey = 0.
By the triangle inequality, (3.47) and (3.48),
(3.49) 1Q— Q,”’H(Q) e

By (3.32), and the conservation of the linear and the nonlinear energy:

1
E(Q,0) + 5”77(0)“3{(9) = E(uo, u1).

Similarly, by (3.48),

1.
E(Q',0) + 5 [15(0) 3y = E(uo, ua)-
This proves that
E(Q,0) = E(Q',0).
By the classification of the radial stationary solutions in Subsection 2.5,
we obtain that Q = @', or Q # 0 and Q = —Q’. The first case contra-
dicts (3.47) or (3.48). In the second case ||Q — Q'||x = 2|Ql% = 2||Qol|%,

where Qg is the ground state (see Subsection 2.5). This contradicts (3.49)
if € is small enough. The proof is complete. (|

Remark 3.5. — Proposition 3.4 (exitence of a radiation term vy,) is still
valid with the same proof, for the defocusing analog of (1.2). If u is a
solution of the defocusing analog of (1.2), then Remark 3.2, and Step 1 of
the preceding proof yield the existence of a sequence t,, — +0oo such that

Jim |[a(t) — OL(tn)[l9(0) = 0
This implies, by the small data well-posedness theory that

HU||L2m+1(L2<2m+1)(Q)) <0
for large n, and thus that u scatters.
4. Further elements on the dynamics
4.1. Dynamics below the energy threshold

In this section we prove Corollary 1.5.
Let (ug,u1) € H with E(ug,u1) < E(Qo,0), and denote by (T_,T}) its

maximal interval of existence.
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We start by variational considerations. Using the Sobolev inequality of
Proposition 2.21, the fact that [, [VQo|* = [, Q¢ 2m+2 "and the conservation
of the energy we obtain

(1) BQu.0) > Buo,w) > f(IVa(t)?) + 3 [0u(t)2.

where f(o) = § — 2ml+2 (f “’V"g:‘z)m. The function f is increasing on
Q

(0, fQ |VQo|?), decreasing on (fQ |VQo|?, +00) and satisfies f(fQ IVQol?) =
E(Qo,0). In particular, F(Qo,0) is the maximum of f and it is attained at
o= [|VQo|*. We deduce from (4.1) that for all t € (T, T )

/Q|Vu /|VQ0|2:>/ (Opu(t))? = 0 and E(d(t)) = E(Qo,0).

Thus if [, |[Vu@®)]? = [, |VQol?, for one t € (T_,Ty), we must have
Jo lu@®)|P2 = [, |Qo|* 2, and the uniqueness in Proposition 2.21 shows
that @(t) = £(Qo,0), and thus that u is a stationary solution. By the

intermediate value theorem,

2 2 2 2
(4.2) /Q|w0| </Q|VQ0\ s Vie (T, Ty), /Q|Vu(t)| </Q|VQ0|

2 2 2 2
(4.3) /Q|vu0| >/Q|VQ0\ — Ve (T, Ty, /Q|Vu(t)| >/Q|VQ0| .

Case 1: global existence. — Assume that we are in the case where the
left-hand side of (4.2) is satisfied. We see that u is bounded in H'(£2), and
thus, by conservation of the energy, that « is bounded in H. Thus w is
global.

Furthermore, Theorem 1.2 and the condition E(ug,u1) < E(Qo,0) im-
plies that if u does not scatter forward (respectively backward) in time to
a linear solution, then
(4.4) lim [[i(t) — (Qo,0)[l% =0

t—+o0

(respectively lim;, o ...). However we see by Proposition 3.1 that both
properties cannot occur simultaneously, i.e. that v must scatter in at least
one time direction.

Case 2: finite time blow-up. — Next, we assume that we are in the case
where the left-hand side of (4.3) is satisfied. Note that if u is global and
scatters to a linear solution, say forward in time, then we must have

1
/lim = | Ve u®)]? = E(ug, u1) < E(Qo,0) /|VQO|2
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Thus (4.3) implies that u cannot scatter to a linear solution in any time
direction. As a consequence, if T, = 400, then by Theorem 1.2, (4.4)
must be satisfied and similarly for negative times. Again, Proposition 3.1
implies that both properties cannot occur simultaneously, which concludes
the proof. O

4.2. One-pass theorem

In this subsection we prove Theorem 1.4. Denote by ¥ = {0}UJ,{Qx}U
U {—Qx} the set of stationary solutions. We argue by contradiction, as-
suming there exist € > 0, and, for all n > 1, s, < ¢/, < t,,, a solution w,
of (1.2) defined on [s,, t,] and such that

45) i (1sn) = (Qu 0+ g [, (62) ~ (Q.0)] ) =0

(4.6) Vo, ltn(t,) = (Qr,0)lly > e

By the intermediate value theorem, we can replace the inequality in (4.6)
by an equality. Translating in time, we can assume ¢/, = 0. Furthermore,
by energy conservation, we can replace the minimum in (4.5) by
[|E@n (tn) — t(Qk, 0)|l% for some sign ¢ € {£1}. Thus we can replace (4.5)
and (4.6) by
() T ([Fa(s0) = @k )l + 1 (ta) = (@1, 0)l ) =0
(4.8) Vo, |un(0) — (Qk, 0)lly =&,
where s, < 0 < ¢,. Extracting subsequences if necessary, we consider a
profile decomposition {U7, (tjm)n}j;1 of 4, (0). As in Subsection 2.3, we
assume

Vn, ti,=0Jj>2= lim t;, € {+oo}.

n—oo

By (4.8) and the Pythagorean expansion of the H norm, we have

(49) |01 - @u0)|, <=

We distinguish two cases.
It (j}J(O) = (Qk,0), then (4.8) and the Pythagorean expansion of the
energy show that
lim E(i(0)) > E(Qi,0),

n—oQ
a contradiction with (4.7).
If UL(0) # (Qg,0), then by (4.9) and the classification of stationary
solutions (Proposition 1.1), since ¢ is small, we see that U 1(0) is not a
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stationary solution. By (4.9), we also now (using again that ¢ is small)
that the solution U' of (1.2) with initial data U} (0) is well-defined on
{r > [t| + 1}. As a consequence, by Proposition 3.1, U satisfies:

t—+oo

lim / VU (t,2)|* dz > 0
> [t[+1
By the small data well-posedness theory, this implies

>0 <0

(4.10) inf / VU (¢, ) de + nf / VUMt 2)2 de > 0.
[z >]t]+1 || t]+1
Thus there is a small > 0 such that the following holds for all large n:
(4.11) / Vi, (0, x)|? dz > 1,
[z]>|on|+1

where o, = s, if the infimum for ¢ < 0 in (4.10) is positive, and o, = t,, if
the infimum for ¢ > 0 is positive.
Arguing as in Subsection 3.4, we deduce that the following holds for all n:

/ |Vt (0, )|? dz > 7
|z|>|on|+1 2

Combining with (4.7) we deduce that for large n

/ |VQx(x)* dz > n
jo|> Rl | 4

This is a contradiction since by (4.7) and (4.8) and the continuity of the
flow for equation (1.2), we must have lim, o |0, | = +00.

BIBLIOGRAPHY

[1] F. ABOU SHAKRA, “Asymptotics of the critical nonlinear wave equation for a class of
non-star-shaped obstacles”, J. Hyperbolic Differ. Equ. 10 (2013), no. 03, p. 495-522.

P. BizoX & M. MALIBORSKI, “Dynamics at the threshold for blowup for supercritical
wave equations outside a ball”, Nonlinearity 33 (2020), no. 7, p. 3195-3205.

[3] M. D. BLAIR, H. F. SMITH & C. D. SOGGE, “Strichartz estimates for the wave equa-
tion on manifolds with boundary”, Ann. Inst. Henri Poincaré, Anal. Non Linéaire
26 (2009), no. 5, p. 1817-1829.

N. BURQ, “Décroissance de I’énergie locale de I’équation des ondes pour le probleme
extérieur et absence de résonance au voisinage du réel”, Acta Math. 180 (1998),
no. 1, p. 1-29.

, “Global Strichartz estimates for nontrapping geometries: about an article
by H. Smith and C. Sogge”, Commun. Partial Differ. Equations 28 (2003), no. 9-10,
p- 1675-1683.

P. D’ANCONA, “On the supercritical defocusing NLW outside a ball”, in preparation,
2019.

2

[4

[5]

6

ANNALES DE L’INSTITUT FOURIER



[7]

[8]
[9]

(10]

(11]
(12]

(13]

(14]

[15]
[16]

(17]

(18]

19]

20]

(21]

(22]

23]

24]
[25]

[26]

27)

SUPERQUINTIC WAVE EQUATION OUTSIDE AN OBSTACLE 1883

T. DUYCKAERTS, C. KENIG & F. MERLE, “Universality of blow-up profile for small
radial type II blow-up solutions of the energy-critical wave equation”, J. Eur. Math.
Soc. 13 (2011), no. 3, p. 533-599.

, “Classification of radial solutions of the focusing, energy-critical wave equa-
tion”, Camb. J. Math. 1 (2013), no. 1, p. 75-144.

, “Scattering for radial, bounded solutions of focusing supercritical wave
equations”, Int. Math. Res. Not. 2014 (2014), no. 1, p. 224-258.

T. DUYCKAERTS & D. LAFONTAINE, “Scattering for critical radial Neumann waves
outside a ball”, https://arxiv.org/abs/2004.08576, to appear in Rev. Mat.
Iberoam., 2020.

T. DUYCKAERTS & F. MERLE, “Dynamic of threshold solutions for energy-critical
NLS”, Geom. Funct. Anal. 18 (2009), no. 6, p. 1787-1840.

, “Scattering norm estimate near the threshold for energy-critical focusing
semilinear wave equation”, Indiana Univ. Math. J. 58 (2009), no. 4, p. 1971-2001.

T. DUYCKAERTS & T. Roy, “Blow-up of the critical Sobolev norm for nonscattering

radial solutions of supercritical wave equations on R3”, Bull. Soc. Math. Fr. 145
(2017), no. 3, p. 503-573.

T. DUYCKAERTS & J. YANG, “Blow-up of a critical Sobolev norm for energy-
subcritical and energy-supercritical wave equations”, Anal. PDE 11 (2018), no. 4,
p- 983-1028.

D. Fang, J. XiE & T. CAZENAVE, “Scattering for the focusing energy-subcritical
nonlinear Schrédinger equation”, Sci. China, Math. 54 (2011), no. 10, p. 2037-2062.

R. H. FOWLER, “Further studies of Emden’s and similar differential equations”, Q.
J. Math 2 (1931), no. 1, p. 259-288.

H. Jia, B. L1iu, W. ScHLAG & G. XU, “Generic and non-generic behavior of solutions
to defocusing energy critical wave equation with potential in the radial case”, Int.
Math. Res. Not. (2017), no. 19, p. 5977-6035.

, “Global center stable manifold for the defocusing energy critical wave equa-
tion with potential”, Am. J. Math. 142 (2020), no. 5, p. 1497-1557.
H. J1a, B. L1u & G. Xu, “Long Time Dynamics of Defocusing Energy Critical 3 +

1 Dimensional Wave Equation with Potential in the Radial Case”, Commun. Math.
Phys. 339 (2015), no. 2, p. 353-384.

C. KENIG, A. LAWRIE & W. SCHLAG, “Relaxation of Wave Maps Exterior to a Ball
to Harmonic Maps for All Data”, Geom. Funct. Anal. 24 (2014), no. 2, p. 610-647.

C. KeEniG & F. MERLE, “Global well-posedness, scattering and blow-up for the
energy-critical, focusing, non-linear Schrédinger equation in the radial case”, Invent.
Math. 166 (2006), no. 3, p. 645-675.

—, “Global well-posedness, scattering and blow-up for the energy-critical fo-
cusing non-linear wave equation”, Acta Math. 201 (2008), no. 2, p. 147-212.

I. KiGURADZE & T. A. CHANTURIA, Asymptotic properties of solutions of nonau-
tonomous ordinary differential equations, Mathematics and its Applications, vol. 89,
Springer, 1993.

J. KRIEGER & W. SCHLAG, “Large global solutions for energy supercritical nonlinear
wave equations on R3 + 17, J. Anal. Math. 133 (2017), no. 1, p. 91-131.

D. LAFONTAINE, “Strichartz estimates without loss outside many strictly convex
obstacles”, https://arxiv.org/abs/1811.12357, 2018.

H. A. LEVINE, “Instability and nonexistence of global solutions to nonlinear wave
equations of the form Pust = —Au + F(u)”, Trans. Am. Math. Soc. 192 (1974),
p. 1-21.

J. METCALFE, “Global Strichartz estimates for solutions to the wave equation exte-
rior to a convex obstacle”, Trans. Am. Math. Soc. 356 (2004), no. 12, p. 4839-4855.

TOME 71 (2021), FASCICULE 5


https://arxiv.org/abs/2004.08576
https://arxiv.org/abs/1811.12357

1884 Thomas DUYCKAERTS & Jianwei Urbain YANG

(28]

29]
(30]
(31]

(32]

(33]

C. S. MORAWETZ, J. V. RALSTON & W. A. STRAUSS, “Decay of solutions of the wave
equation outside nontrapping obstacles”, Commun. Pure Appl. Math. 30 (1977),
no. 4, p. 447-508.

K. NAKANISHI & W. SCHLAG, Invariant manifolds and dispersive Hamiltonian evo-
lution equations, European Mathematical Society, 2011.

R. SHEN, “On the energy subcritical, nonlinear wave equation in R® with radial
data”, Anal. PDE 6 (2014), no. 8, p. 1929-1987.

H. F. SmitH & C. D. SOGGE, “On the critical semilinear wave equation outside
convex obstacles”, J. Am. Math. Soc. 8 (1995), no. 4, p. 879-916.

, “Global Strichartz estimates for nontrapping perturbations of the Lapla-
cian: Estimates for nontrapping perturbations”, Commun. Partial Differ. Equations
25 (2000), no. 11-12, p. 2171-2183.

M. I. WEINSTEIN, “Nonlinear Schrodinger equations and sharp interpolation esti-
mates”, Commun. Math. Phys. 87 (1982/83), no. 4, p. 567-576.

Manuscrit recu le 2 octobre 2019,
accepté le 6 aout 2020.

Thomas DUYCKAERTS

Institut Universitaire de France and
LAGA (UMR 7359), Institut Galilée,
Université Sorbonne Paris Nord

99 avenue Jean-Baptiste Clément
93430 Villetaneuse (France)

duyckaer@math.univ-paris13.fr
Jianwei Urbain YANG
Department of Mathematics
Beijing Institute of Technology
Beijing 100081 (P. R. China)

jw-urbain.yang@bit.edu.cn

ANNALES DE L’INSTITUT FOURIER


mailto:duyckaer@math.univ-paris13.fr
mailto:jw-urbain.yang@bit.edu.cn

	1. Introduction
	Notations
	Acknowledgement

	2. Preliminaries
	2.1. Radial linear wave solutions on Omega
	2.2. An overview of the Cauchy theory in H
	2.3. Profile decomposition
	2.4. Zeros of stationary solutions
	2.5. Radial stationary solutions outside the unit ball

	3. Classification of global solutions
	3.1. Rigidity
	3.2. Boundedness along a sequence of times
	3.3. Existence of a radiation term
	3.4. Proof of the soliton resolution

	4. Further elements on the dynamics
	4.1. Dynamics below the energy threshold
	4.2. One-pass theorem

	References

