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NARROW QUANTUM D-MODULES AND QUANTUM
SERRE DUALITY

by Mark SHOEMAKER (*)

ABSTRACT. Given ) a non-compact manifold or orbifold, we define a natural
subspace of the cohomology of ) called the narrow cohomology. We show that
despite ) being non-compact, there is a well-defined and non-degenerate pairing
on this subspace. The narrow cohomology proves useful for the study of genus zero
Gromov—Witten theory. When ) is a smooth complex variety or Deligne-Mumford
stack, one can define a quantum D-module on the narrow cohomology of ). This
yields a new formulation of quantum Serre duality.

RESUME. — Etant donnée une variété ou une orbifold non compacte Y, on défi-
nit un sous-espace naturel de la cohomologie de ) que nous appelons cohomologie
étroite. On montre qu’en dépit du fait que ) est non compacte, il existe un cou-
plage non-dégénéré sur ce sous-espace. Cette cohomologie étroite s’avere utile pour
I’étude de la théorie de Gromov—Witten en genre 0. Lorsque ) est une variété com-
plexe lisse ou un champ de Deligne-Mumford lisse, on peut définir un D-module
quantique sur sa cohomologie étroite. Ceci nous améne a une nouvelle formulation
de la dualité de Serre quantique.

1. Introduction

Let X be a smooth complex variety (or orbifold) and let £ — X be a
vector bundle over X, with a regular section s € I'(X,E). We can define
the subvarieties

Z:={s=0}CX and Y:=tot(E"),
to obtain the following diagram

y
(L1) |-

zl

Keywords: Gromov—Witten theory, quantum D-modules, quantum Serre duality, mirror
symmetry.
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1136 Mark SHOEMAKER

As was originally observed in [17] in the case where X is projective space
PN there is a nontrivial relationship between the genus zero Gromov-
Witten invariants of Z and those of ). This correspondence was given
the name quantum Serre duality. It was originally proven by showing that
(equivariant lifts of) generating functions of Gromov—Witten invariants of
Z and Y obey very similar recursions.

1.1. Other incarnations

The correspondence has since been generalized and rephrased many
times. In [14], it was generalized to the case of an arbitrary base X us-
ing Givental’s Lagrangian cones. In this formulation, one endows ) with a
C*-action by scaling fibers. Then the C*-equivariant genus zero Gromov—
Witten theory of ) can be used to recover the genus zero Gromov—Witten
theory of Z. This result forms the basis (and the proof) of later formula-
tions.

Recently in [24], quantum Serre duality was re-expressed as a correspon-
dence between quantum D-modules. The quantum D-module QDM (X)
for a (compact) space X consists of

e the quantum connection: ")
VY HY(X) — H*(X)[t, 2,271,
a flat connection defined in terms of the quantum product ey;
e a pairing:
SY(-, ) HY(X)[t, 2,27 | @ H(X)[t, 2,27 '] — Clz, 271,
which is flat with respect to the connection.

See Definition 3.10 for details. As with Givental’s Lagrangian cone, the
quantum D-module of X fully determines the genus zero Gromov—Witten
theory of X. In [21], Iritani defined a corresponding integral structure, a
lattice lying inside the kernel of V< defined as the image of the bounded
derived category D(X) under a map

s¥:D(X) — H*(X)[t,z,271].

See Section 3.4.1 for details.

(D In the case where Z and Y are orbifolds we should replace cohomology with Chen—
Ruan cohomology. See Section 2.2 for details.

ANNALES DE L’INSTITUT FOURIER



NARROW QUANTUM D-MODULES 1137

One benefit to the formulation in terms of quantum D-modules [24], is
that quantum Serre duality can be phrased non-equivariantly, as the quan-
tum connection V¥ is well-defined without the need for C*-localization. It
is shown ([24, Theorem 3.14, Corollary 3.17]) that the map

(1.2) 7t 0 HY W (2)[t, 2,271 — H*(V)[t, 2,27

a

sends ker(VZ) to ker(V?Y) after a change of variables. Here H} , (Z) de-
notes the image j*(H*(X)) C H*(Z). Furthermore, they prove that this

map is compatible with the integral structures and with the functor
(—=1)™(E) det(€) @ (7" 0 j)(+) : D(Z) — D).

It is important to note, however, that (1.2) does not give a map of quan-
tum D-modules, because the pairing S¥(-,-) is not well-defined when )
is non-compact. Nevertheless, the formulation of quantum Serre duality in
terms of the quantum connection seems to be a natural and useful way of
viewing the correspondence.

1.2. Results

The work described above raises the following interrelated questions:

(1) Is there a well-defined quantum D-module associated to ) when Y
is non-compact? More precisely, can one define a pairing which is
flat with respect to the quantum connection?

(2) If (1) holds, can quantum Serre duality be rephrased as a map be-
tween quantum D-modules, identifying not just the quantum con-
nection but also the pairings?

(3) The map in (1.2) is not an isomorphism; under mild assumptions
it is an inclusion. Is there a natural way of describing the image
7* 0 j.(ker(V#)) inside ker(VY)?

This paper answers each of these questions in the affirmative. Given ) a
non-compact smooth variety, we define a subspace H;, () C H*(Y) which
we call the narrow cohomology of ). There is a natural forgetful morphism

¢ HI(Y) — H*(Y)

from compactly supported cohomology to cohomology. The narrow coho-
mology H}, . ()) is defined to be the image of ¢. This turns out to be
the right framework in which to formulate quantum Serre duality as an

isomorphism of quantum D-modules.

TOME 71 (2021), FASCICULE 3



1138 Mark SHOEMAKER

One observes that the Poincaré pairing between H*(Y) and H*()) in-
duces a non-degenerate pairing on H,.()). We use this to define a quantum

nar

D-module on the narrow subspace.
THEOREM 1.1 (Corollary 4.8). — The quantum connection
VY HHN(Y) — H(V)[¢][z, 271

*
preserves HY_ .
pairing

Sy,nar( . ) . H:;ar(y)[[t]] [Z, 271] ® H;‘ar(y)[[t]][z, 271] — C[Z, 271]’

()). Furthermore, there is a well-defined and nondegenerate

which is flat with respect to VY. We obtain a quantum D-module
QD Mo (Y) on Hy, (V).

There is also a well-defined integral structure for the narrow quantum D-
module, coming from the derived category D()). of complexes of coherent
sheaves on ), exact outside a proper subvariety. The narrow quantum D-
module defined above turns out to be particularly relevant to quantum
Serre duality. In the particular case of ) and Z from (1.1), we show there is
an isomorphism of quantum D-modules from QD M., (Y) to QD Maymp(Z).
This is the main result of the paper.

THEOREM 1.2 (Theorem 6.14). — There is an isomorphism

Ay Hiy D)z, 27— Hi(2)[2, 271

n amb

which identifies the quantum D-module QD M., (Y) with f*(QDM,u,(Z))
(where f is an explicit change of variables). Furthermore it is compatible
with the integral structure and the functor j* o m,, i.e., the following dia-
gram comimutes;

j om.

D)y —————— j*(D(X))
(13) [ [szom
QDM (¥) =~ F*(QD Moy (2)).

In the course of proving the above theorem we make several interesting
connections between the (non-equivariant) quantum connection on ) and
different modifications of the Gromov—Witten theory over X.

First, in Section 5.2 we give an explicit description of a modified quan-
tum product, denoted 0%} ~% on X which pulls back to the usual (non-
equivariant) quantum product .%; via 7*. This result is dual in spirit to [28,
Section 2] where the “ez product induced by a hypersurface,” a modified

ANNALES DE L’INSTITUT FOURIER



NARROW QUANTUM D-MODULES 1139

quantum product on X, is defined and related to the usual quantum prod-
uct on Z.
Second, we consider the quantum connection with compact support on ):

VY HAN(Y) — HX (D)t 2,27

which is defined identically to V¥ but acts on cohomology with compact
support. In a short remark [24, Remark 3.17], it was reasoned by an analogy
that (the non-equivariant limit of) the Euler-twisted quantum connection
Vel on X (see Definition 3.8) could be thought of as the quantum con-
nection with compact support. In Proposition 6.2 we make this observation
precise, showing that the pushforward isomorphism

iv t Hog (X) — Hig (V)

identifies V() with V¢ up to a change of variables.
The above results imply yet another variation of quantum Serre duality,
which states, roughly, that

j* Oﬂ'i : HéR,c(y) — HéR,amb(Z)

maps ker(VY¢) to ker(VZ?) and is compatible with integral structures and
with the functor

j*om. : DY)y — D(2).

See Theorem 6.5 for the precise statement. This result is essentially the
adjoint of the statement given in Theorem 3.13 of [24], once one observes
VY:¢ and V¥ as dual with respect to the pairing between cohomology and
compactly supported cohomology on ). However there is a difference in
the change of variables used in [24] versus the theorem above. We give a
direct proof of Theorem 6.5 in a slightly more general context than that
appearing in [24], however the proof techniques are similar. See Remark 6.6
for more details on the connection.

1.3. Applications

We expect the constructions and results of this paper to be useful in for-
mulating and proving new correspondences in genus zero Gromov—Witten
theory. For instance, with the narrow quantum D-module on hand, one
can formulate a crepant transformation conjecture between non-compact
K-equivalent spaces ) and ). Previously, most results along these lines
have assumed that ) and )’ be toric varieties and have used equivariant

TOME 71 (2021), FASCICULE 3



1140 Mark SHOEMAKER

Gromov—Witten theory for both the statement and proof of the correspon-
dence. In [29] we show how, in a particular case, the equivariant correspon-
dence implies the narrow correspondence. This is generalized to toric wall
crossings in [27].

The formulation of quantum Serre duality as in Theorem 1.2 will be
useful as a tool for proving other correspondences. In [26], we observed
that the LG/CY correspondence is implied by a suitable version of the
crepant transformation conjecture. We use the shorthand “CTC implies
LG/CY” However the implication was somewhat messy to state in [26], as
it required a careful analysis of the non-equivariant limits of certain maps
and generating functions. Furthermore it did not involve integral structures.

In [29], we show that Theorem 1.2 together with a sister result involv-
ing FJRW theory may be used in tandem to clarify the “CTC implies
LG/CY” statement of [26]. We show that the narrow crepant transforma-
tion conjecture immediately implies a D-module formulation of the LG/CY
correspondence (first described in [11]). This result requires no mention
of equivariant Gromov—Witten theory, and is compatible with all integral
structures. In fact this was the first motivation for the current paper.

Another more recent application appears in [27], where R. Mi and the au-
thor us the results of this paper prove a comparison result for the Gromov—
Witten theory of extremal transitions.

1.4. Acknowledgments

I am grateful to R. Cavalieri, E. Clader, J. Guéré, H. Iritani, Y. P. Lee,
N. Priddis, D. Ross, Y. Ruan and Y. Shen for many useful conversations
about Givental’s symplectic formalism, quantum Serre duality, and quan-
tum D-modules. I am grateful to the referee for many useful comments and
suggestions.

2. Narrow cohomology

Let Y be a non-compact oriented manifold. Let H*(Y;R) and H}(Y;R)
denote the de Rham cohomology and cohomology with compact support
respectively. We assume always that Y has a finite good cover [8, Section 5],
so that rank(HZ (Y;R)) and rank(H*(Y; R)) are finite. In this paper we will
primarily be concerned with the case where Y is the total space of a vector

ANNALES DE L’INSTITUT FOURIER



NARROW QUANTUM D-MODULES 1141

bundle on a compact manifold X. In this case the existence of a finite good
cover is automatic.

Let QF(Y;R) and QF(Y; R) denote the real vector space of k-forms and k-
forms with compact support. We have the following commutative diagram:

0 —— QUY) —45 Ql(Y) —4 Q2(Y) —% -

Lo

0 —— Q) —%5 QYY) —4 Q2(Yy) — ...

where the vertical arrows are just the inclusion obtained by forgetting
that a k-form had compact support. This induces “forgetful” maps
b HF(Y;R)— HF(Y;R) for 1 < k <dim(Y). Let ¢: H (Y;R) — H*(Y; R)
denote the direct sum of these maps.

DEFINITION 2.1. — We define the narrow cohomology of Y to be the
image of ¢:
Hyo (YiR) = im(gy, : He (Y;R) — H*(Y;R)),
dim(Y")
HI”:'IY @ nar Y R C H*(Y R)

The subspace ker(¢) consists of classes which can be represented by dif-
ferential forms with compact support but which are boundaries of classes
with non-compact support.

DEFINITION 2.2. — Given a class o € HY_(Y;R), we define a lift of a
to be any class & € HX(Y;R) such that ¢x (&) = . Lifts are well defined

up to a choice of degree k element in ker(¢).

Using singular cohomology over an arbitrary coefficient ring R, a com-
pletely analogous definition can be made via the inclusion

CX(Y;R) — C*(Y; R).

of the subchain complex C*(Y; R) of singular cochains with compact sup-
port into the chain complex C*(Y’; R) of singular cochains with coefficients
in R. Via the induced map ¢ : H(Y;R) — H*(Y;R), one defines the
narrow singular cohomology

H: . (Y;R):=im(¢: HI(Y;R) — H*(Y; R)).

nar

It will be convenient to also introduce narrow homology. This can be
defined in terms of Borel-Moore homology (See e.g. [9, Section V] for an
exposition consistent with that described below). Assume for simplicity

TOME 71 (2021), FASCICULE 3



1142 Mark SHOEMAKER

that Y is o-compact to simplify our exposition. Let R be a ring and let
Ci(Y; R) denote the set of finite singular k-chains, consisting of finite R-

g U0

of continuous maps o : A¥ — Y with a, € R. We define CPM(Y; R) to be
the set of locally finite singular k-chains, consisting of (possibly infinite)
R-linear combinations

> s

such that for each compact set C' C Y, a, is zero for all but finitely many of

linear combinations

the maps o whose image meets C'. In reasonable situations [9], Borel-Moore
homology can be defined as the homology of the complex CEM(Y'; R). Note
we have a similar map of complexes as before

2 G (YViR) —2— Ci(YV:R) —2— €1 (Y;R) —2 - ..

| | |

0 CEN(Y; R) —2 CPM(Y; R) —2 CPM(YViR) —2— -
again inducing a “forgetful” map ¢ : H,(Y; R) — HEM(Y; R).
DEFINITION 2.3. — Define the narrow homology to be the image of ¢:
HM™ (Y3 R) :=im(¢ : H.(Y;R) — HM(Y; R)).
Poincaré duality [9] gives isomorphisms
HE(Y:Z) = Hy (Y3 Z)
H*(Y:;7) = HEM (v, 7).
The following diagram commutes,

(Y3 Z) 25 H, (Y 2)

(2.1) |s E

HMNY;Z) =2 HPN(Y;Z),

as can be seen by observing that both horizontal maps are given by capping
with the fundamental class [Y] € HPM(Y;Z). We immediately deduce the
following.

LEMMA 2.4. — The Poincaré duality isomorphism H*(Y;Z)=HBM (Y;Z)

induces an isomorphism HE, (Y;Z) = H'™, (Y;Z).

ANNALES DE L’INSTITUT FOURIER



NARROW QUANTUM D-MODULES 1143

ProrosiTiON 2.5. — Let f : X — Y be a smooth, proper, oriented
map between the manifolds X and Y. There exist induced pullback and
pushforward maps

f;ar : H;:ar(Y; Z) — H:;ar(X; Z)
far : HITar(X; Z) — H:l(ar(Y; Z)

Proof. — Because f is proper, there is a pullback with compact support
J 1 HA(Y:Z) — HE(X:2)
in addition to the usual pullback on cohomology
ffHY (Y, Z) — H(X;Z).

The fact that f* induces a pullback on the narrow subspace follows from
the commutative diagram

HE(Y;2) L H2(X;2)

[ [

H+(v;z) - H*(x;2).
The pushforward map
fo HI(XZ) — HI(Y; Z)

is defined via Poincaré duality together with the pushforward on homology.
Because f is proper, there is a well defined pushforward map

FBM . gBM(x.7) — HBM(Y, 7).
Composing with Poincaré duality defines a pushforward
fo t H(X;Z) — H*(Y;Z).
The following diagram commutes,

H.(X:Z) —L— H.(Y:2)

|2 |2

BM
fs

HBM(X:7) Ly HBM(Y; 7).

By invoking Poincaré duality and (2.1), we see that ¢o f$ = fCo¢, therefore
f+ induces a pushforward on the narrow subspaces. (|

TOME 71 (2021), FASCICULE 3



1144 Mark SHOEMAKER

2.1. Pairing

To simplify proofs, we will focus on the de Rham definition of narrow co-
homology in what follows. The wedge product on differential forms induces

the cup products

22) U: H(Y;R) x H (Y;R) — H'™(Y;R),
2.2 _ . L
U: H(Y;R) x H (Y;R) — HM(Y;R).

LEMMA 2.6. — The cup product is zero when restricted to ker(¢) x

Hi (YiR) C HE(YSR) x H* (Y3 R).

Proof. — Let Q denote a closed differential form representing a class w
in ker(¢). Then by definition of ker(¢) there exists a form ¥ (potentially
with non-compact support) such that d¥ = Q. If © is a closed form with
compact support representing 6 € H, (Y;R), then

dOAT)=OAdT =6 AQ.

Since the support of © AV is contained in the support of © and is therefore
compact, we conclude that  Uw =0 € HZ (Y;R). O

Of course the wedge product also induces a cup product
U: H(Y;R) x HI(Y;R) — H!TJ(Y;R).
It is clear from the definitions that for «, 8 € HX(Y;R),
(2.3) aUpf=aUqep(B).
We let
(+,): H"(V;R) x HX(Y;R) — R
denote the pairing defined by

.

This is well-defined because S and therefore a U3 are compactly supported.
It is known to be non-degenerate [8].

COROLLARY 2.7. — With respect to the pairing (-,-), H: . (Y;R) =
ker(¢)=.

Proof. — By Lemma 2.6, H*

nar

(Y;R) C ker(¢)+. However they are the
same rank and so must be equal. O

ANNALES DE L’INSTITUT FOURIER
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Given two classes « and 8 in H}, . (Y;R), a-priori the product oo U 3 lies
in H*(Y;R). It is clear that o U g in fact lies in H, . (Y;R), so the narrow

nar

state space inherits a ring structure from H*(Y;R).
We can refine this product to obtain a class a U, 8 lying in H*(Y;R) as
follows.

DEFINITION 2.8. — Given « and 8 in H}, (Y;R), define the compactly
supported cup product of o and 3 to be

aU,f:=aUpe HI(Y;R),
where « is a lift of a.
COROLLARY 2.9. — The product described above is well-defined.

Proof. — The class @ is well-defined up to a choice of elements in ker(¢).
If &’ is a different lift, then

o =a+ oy

where ay € ker(¢). By Lemma 2.6, a;, US =0 in H(Y;R), so &’ U S =
aup. a
With the above we can equip H}

nar

(Y;R) with a pairing.
DEFINITION 2.10. — Given « and 8 in H}, (Y;R), define

= [ aves

PROPOSITION 2.11. — The pairing (- ,- )" is nondegenerate.

Proof. — Given a nonzero element 8 € H}, (Y;R), there exists an ele-
ment & € H(Y;R) which pairs non-trivially with 5. By definition,

<¢(&),ﬂ>“”=/y¢(&) UCB:/Yauﬂ=<&,5>7Ao. 0

2.2. Orbifolds

More generally, let ) be an oriented orbifold in the sense of [3]. Assume
Y admits a finite good cover [3]. Let IY denote the inertia stack of Y,
defined by the fiber diagram

Ry ——mYy

| Ja

Y L5 Yx).

TOME 71 (2021), FASCICULE 3



1146 Mark SHOEMAKER

The orbifold 1Y is a disjoint union of connected components called twisted
sectors. These components are indexed by equivalence classes {y}r of
isotropy elements. The connected component indexed by ~ is referred to as
the y-twisted sector and will be denoted by Y, . There is an involution

1:1y — 1Y

exchanging twisted sectors with their inverses. In the case ) = [V/I'], the
involution I maps Y, to 3)771 via the natural isomorphism.

Let ), be a twisted sector. Take a point (y,v) € ). The tangent space
Ty splits as a direct sum of eigenspaces with respect to the action of ~:

1,) = @ (TyY)s

0<f<1

where «y acts on (T,))s by multiplication by e2™V=1f Define the age shift
for ), to be

b=y fdime(T,Y)s.

0<f<1
DEFINITION 2.12 ([3, 10]). — The Chen—Ruan cohomology of ' of
(Chen-Ruan) degree k is
HEr(Y) = D H (150,
yeT

and

HEg(Y) = @ HéR(y)'

keQxo

Note that we will always use complex coefficients in what follows. Define
the compactly supported Chen—Ruan cohomology HER,C(JJ) analogously.
Define the Chen—Ruan pairing

(o, ) : Hog (¥) x Hig (V) — C
to be
Y= 1.(0).
(@, 8) /Iyau ()

As in the previous section, let ¢ : Hgg (V) — HEg(Y) denote the
natural map.

DEFINITION 2.13. — Define the narrow subspace of H g (Y) to be

HéR,nar(y) = lm((b)

ANNALES DE L’INSTITUT FOURIER
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Denote by ker(¢) the kernel in H¢g (V). Given a and B in HEg 40, (Y),
define

(0, )Y .= / o U 1.(8).
Iy

By orbifold versions of the same arguments, Lemma 2.4, Proposition 2.5,
Corollary 2.7, and Proposition 2.11 also hold for the narrow Chen—Ruan
cohomology of an orbifold.

Remark 2.14. — The correct cup product to use in this setting is the
Chen—Ruan cup product [10]. Unless otherwise specified, all products of
classes in Chen—Ruan cohomology in this paper are understood to be Chen—
Ruan cup products. The definition will be given in Definition 3.7. For now
we simply note the following fact [31, Lemma 2.3.8]. For a € H*()) C
H{ER () supported in the untwisted sector and any 5 € HEg (),

aUpf=qx*(a)Ury B € Hir(Y),

where ¢ : IY — )Y is the natural map and Ury denotes the usual cup
product on H*(IY). As a consequence of the above fact, the fundamental
class on the untwisted sector 1 € H*()) C HEg (V) is the multiplicative
identity with respect to the Chen-Ruan cup product.

2.3. The total space example

Let X be a compact oriented orbifold of dimension n and let £ — X be
a complex vector bundle of complex rank r over X. Let ) denote the total
space of £Y over X (we use £V only to be consistent with later sections),
endowed with the orientation induced by the orientation on X'. Let i : IX —
1Y denote the inclusion via the zero section. This is a proper, oriented map.
Let w: 1Y — IX denote the projection.

PRrROPOSITION 2.15. — The following are equal:
HéR,nar(y) = 1m(z* : HéR(X) — HéR,nar(y))'

If € is pulled back from a vector bundle E — X on the coarse space of X,
then this is equal to

im(e(r*EY)U +)
where e(m*EY)U - : HEp (V) — HER(Y) is the (Chen—Ruan) cup product
with the Euler class of n*€¥ € H*(Y) C H&g (V).

TOME 71 (2021), FASCICULE 3



1148 Mark SHOEMAKER

Proof. — By the proof of Proposition 2.5, ¢ 0 i =i, 0 ¢ = iy, so
1m(z* : HéR(X) — HéR,nar(y)) c HgR,nar(y)'

The two are equal if i : Hig(X) — Hg (V) is an isomorphism. This
holds because the pushforward i, : H.(IX;R) — H.(IY;R) in homology
is an isomorphism.

Assume that & is pulled back from a vector bundle £ — X on the coarse
space of X'. In this case all isotropy groups of X act trivially on the fibers
of €. Consequently each component )., of 1) is given by the total space of
&Y restricted to X,. The base X, C ), can be viewed as the zero locus of
the tautological section of 7*EY restricted to V.. On the untwisted sector,
we have e(m*EY) = i,(1) € H*(Y) C HER(Y). Then for all a« € Hi R (D),

e(m* €Y Ua =1i.(1) Ua =i,(1Ui*(a)) = i.(i"(a))

where the second equality follows from the projection formula and Re-
mark 2.14 and the last equality is Remark 2.14. The proof concludes by
noting that ¢* : Hig (V) — H*(X) is an isomorphism. O

3. Quantum D-modules for a proper target

This section serves to recall the basic definitions and constructions of
Gromov—Witten theory and to set notation. We recall how the genus zero
Gromov—Witten theory of a smooth and proper Deligne-Mumford stack
X defines a flat connection known as the Dubrovin connection, which in
turn gives a quantum D-module with integral structure. See [15, 21, 23]
for more details.

For the remainder of the paper, X will be a smooth Deligne-Mumford
stack over C. We will use the same notation to denote the corresponding
complex orbifold. We always assume further that the coarse moduli space
of X, denoted by X, is projective.

DEFINITION 3.1. — Given X as above, let .} ,(X,d) denote the
moduli space of representable degree d stable maps from orbi-curves of
genus h with n marked points (as defined in [1]). Here d is an element of
the cone Eff = Eff(X) C Ha(X,Q) of effective curve classes. Denote by
[ M}, (X,d)]"" the virtual fundamental class of [1] and [6].

Recall that for each marked point p; there exist evaluation maps

evi : Mpn(X,d) — IX,

ANNALES DE L’INSTITUT FOURIER



NARROW QUANTUM D-MODULES 1149

where IX is the rigidified inertia stack as in [1]. By the discussion in [1,
Section 6.1.3], it is convenient to work as if the map ev; factors through
IX. While this is not in fact true, due to the isomorphism H*(IX;C) =
H*(1X;C) it makes no difference in terms of defining Gromov-Witten in-
variants.

DEFINITION 3.2. — Given au,...,a, € Hig(X), d € Eff and integers
h,by,...,b, = 0, define the Gromov—Witten invariant

n

(o, ... any? ”> nd /[//( e Hevf(ai)Ud)g’i.
h.n X vir

=1

3.1. Twisted invariants

Many of the results of Section 5 and Section 6 are in terms of twisted
invariants, which we define below. See [14] for details of the theory.

Let £ be a vector bundle on a Deligne-Mumford stack X. Given formal
parameters s; for k£ > 0, one defines the formal invertible multiplicative
characteristic class

s: & exp (Z Sk c~hk(5)>

k>0

The twisted Gromov-Witten invariants depend on the parameters s =
(S0, 51, - ..) and take values in C[s]. Let f*(€) denote the pullback of £ to
the universal curve C over .4y (X, d).

DEFINITION 3.3. — Given au, ..., o, in Hig(X), d € Eff and integers
h,bi,...,b, >0, define the s-twisted Gromov—Witten invariant of X to be

<0<11/Jb1 e >h n,d
= /7 exp(Zskchk Rr. f*(€ )Hev a;) Ut
(A o (X))o k>0 i=1
DEFINITION 3.4. — Define an s-twisted Gromov—Witten pairing as fol-

lows. Given a, 8 € H R (X) ® C[s], define

(o, BYF% = <exp<Zskchk ) ,B> )
k>0
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3.2. Quantum connections

Choose a basis {T; }ics for the H¢ (X) state space such that I = I' [[1”
where I” indexes a basis for the degree two part of the cohomology sup-
ported on the untwisted sector, and I’ indexes a basis for the cohomology
of the twisted sectors together with the degree not equal to two cohomol-
ogy of the untwisted sector. Let ¢/ =Y,/ t'T; and let ¢ = >, ;0 t'T}.
Let ¢ = €' for i € I”. Choose ar,...,a, from Hg(X). For O = X or
O=(X,s),

(3.1) (aw?, ... e ) (t)

-y

deEf k>0

| —

b by 0
'<0611/1 1,...,Oén’l/} ata"'7t>0,n+k,d

=

where a summand is implicitly assumed to be zero if d =0 and n 4+ k < 3.
Let C[t'] := C[t'],.; and C[q] := C[¢'];c;- By the divisor equation [15,
Section 10.1], if b = --- = b, = 0 then (3.1) can be viewed as a formal
power series in C[[t/, g]] or C[[t/, q, s] in the twisted case.

Notation 3.5. — Denote by PY the power series C[[t/, q] when 0 = X
refers to Gromov—Witten theory, or C[t', q, s] when O = (X, s) refers to a
s-twisted theory.

DEFINITION 3.6. — For elements «, § in Hip (X) with(O = X or (X, s),
define the quantum product o o) § € HEp(X) ® PY by the formula

O
<Oé o ﬂ7’7>D - <<O[, Ba 7>> (t)
for all v € H g (X).
In the non-twisted setting (s = 0) this is equivalent to

el g = Z Z %I* o evs, (evf(a) U evs (0)

dEEf k>0
k+3 o ,
U H ev; (t) N [ A o k43 (X, d)]mr>
j—=4

where to simplify notation we suppress the Poincaré duality isomorphism
PD : H}p(X) — HBEM(IX) from (2.1) which identifies the vector spaces
on the left and right side of the expression.
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DEFINITION 3.7. — For elements «, 8 in H{, (X) define the Chen-Ruan
cup product aU 8 € H g (X) by the formula

(@U B, MY = (. B,7) 7™ (0)|q=0

for all v € Hip (X).

3.3. Quantum D-module

Following [23], define a z-sesquilinear pairing SU on H g (X)®@PP[z, 271
as

S9(u(2), v(2)) 1= (2my/"T2) ) (u(—2), 0(2))P.
DEFINITION 3.8. — The Dubrovin connection is given by the formula
Ve =0+ %Ti.lt:’7
where recall that {T;},cr is a basis for Hiy (X). These operators act on

HEgp (X) @ PPz, 271,

When we are not in the twisted setting, we can define the quantum
connection in the z-direction as well.(?) Define the Euler vector field

1 i
€= Jyx) +Z<1 — 2degﬂ)t 0;
iel
where p(X) := ¢ (TX) C H*(X;C).
Define the grading operator Gr by

deg o
=—o«

Gr(a) : 5

for o in Hp (X). Then define

1 1
szaz——QL’Eof +-Gr.
z z

z

Define the operator LU (t, z) by

19, 2)a = a+ > _ZO‘_ 5 Ti>>D(t)Ti.

i€l

(2) The definition of VY is based on the fact that (when we are not in the twisted setting)
the virtual class is of pure dimension on connected components.
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When we are not in the twisted setting this is equivalent to

(3.2) L*Y(t,2)(a)

wi o\ k42
=a+ Z Z %I* o eva, (ezl(ai) 1—[3 ev; ()N [J//o,k+2(2\?7d)]“”>.
j=

deEft k>0

PRrROPOSITION 3.9 ([15, 23]). — Let O = X or (X,s). The quantum
connection VY is flat. In the untwisted case,

(3.3) VE(LY(t,2)2~ O 2/ V) = V(LY (t,2)2~ F2rMa) =0
fori € I and o € H{(X). In the twisted case,
(3.4) VO (L2 (¢, 2)a) = 0.

In both the twisted and untwisted setting the pairing S© is flat with respect
to V5. For o, 8 € HER (X),

(3.5) (LP (@, —2)a, LP(t, 2) B) = (o, B)F.

DEFINITION 3.10. — The quantum D-module for X, QDM(X), is de-
fined to be the triple:

QDM (X) := (HEg(X) @ P2, 271, VY, 87Y).

3.3.1. Ambient Gromov—Witten theory

There is a restricted quantum D-module for local complete intersection
sub-stacks.

DEFINITION 3.11. — A vector bundle & — X is called convex if, for
every representable morphism

f:C— X
from a genus zero orbi-curve C, the cohomology H'(C, f*(£)) is zero.

Remark 3.12. — Note that convexity of £ implies that it is pulled back
from a vector bundle E — X on the coarse space [13, Remark 5.3]. Fur-
thermore one can check that F will itself be convex in this case.

Let X be as before. Consider £ a convex vector bundle on X, and let Z
be the zero locus of a transverse section s € I'(X, ). Let j : Z — X denote
the inclusion map and define Hég ., (2) = im(57).
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ASSUMPTION 3.13. — As in [24], we will always assume that the
Poincaré pairing on HEg ,.,,(2) is non-degenerate. This is equivalent to
the condition that

(3.6) Hgg(2) = im(5") @ ker(j).

Assumption 3.13 holds for instance if £ is the pullback of an ample line
bundle on X and Z intersects each twisted component of X transversally.

PROPOSITION 3.14 ([23, Corollary 2.5]). — For t € Hg ., (2), the
quantum product 'tg is closed on H¢g .y, (Z). The quantum connection
and solution L? (&, z) preserve Hig ., (2) for t € Heg 00, (2).

Remark 3.15. — The proof of the above proposition in [23, Corollary 2.5]
follows an argument from [28]. The assumptions on X and £ above are

weaker than in either, but the same argument goes through, as observed
in [12, Remark 2.2].

DEFINITION 3.16. — The ambient quantum D-module is defined to be
QDMamp(2) = (HEp amb(2) @ PZP[2, 271, VZ, 57)

Z,amb ) Z *
where P=*™ denotes the restriction of P= to HEg app,(2)-

3.4. Integral structure

In [21], Iritani defines an integral structure for Gromov-Witten theory.
We recall the ingredients here.

For F a vector bundle on X, let F, := F|x, denote the restriction of F
to a twisted sector X,. Recall as in Section 2.2, that F, splits into a sum

of eigenbundles
Fy = @ Fof
o< f<1

where the action of v on F,_ ; is multiplication by ™V ~1/,

DEFINITION 3.17. — Define the Gamma class T'(F) to be the class in

H*(IX):

R rk(Fy, r)

I(F) == @ H H L(L—f+ pvri)

YET 0K <1 =1

where T'(1 + ) should be understood in terms of its Taylor expansion at
x =0, and {py,f:} are the Chern roots of Fy, y. Define I'x to be the class
IN(TX).
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3.4.1. Flat sections

DEFINITION 3.18. — Define the operator deg, to be the degree operator
which multiplies a homogeneous class by its unshifted degree. In Gromov—
Witten theory it multiplies a class in H™(1X) (with the standard grading)
by n.

Denote by D(X) := D?(X) the bounded derived category of coherent
sheaves on X'. We will omit the superscript b. Given an object F in D(X),
define s¥ (F)(t, z) to be

1 ~ ~

S — R N Gl P 2mv/—1)%¢80 /2 1*(ch(F))),

or /D) (t,2) x Urx (2mv-1) (ch(F)))

where Ury denotes the ordinary cup product on H*(1.X).

PROPOSITION 3.19 ([23]). — The map s* identifies the pairing in the
derived category with S :

SH(s¥(F)(t,2), 8% (F')(2,2)) = ™Y 14X (F/ F).
ASSUMPTION 3.20. — Assume that H{g (X) is spanned by the image of
ch: D(X) — HEg(X).
The set
{s*(F)(t,2)| F € D(X)}
forms a lattice in ker(V®). This is the integral structure of the quantum
D-module QDM (X).
Let j : Z — X be a smooth subvariety defined as in Section 3.3.1 (i.e. by

a convex vector bundle). Then again with assumption 3.20 we can define
an integral structure for the ambient quantum D-module as

{s%(F)(t,2) | F € j*(D(X))}.

Note that by orbifold Grothendieck-Riemann-Roch, ch(F) will lie in
HER amp(Z) for F € j*(D(X)).

4. Quantum D-modules for a non-proper target

In fact most of the constructions of genus zero Gromov—Witten theory go
through in the case of a non-proper target ). We explore this in this section.
The majority of this section is known to the experts, see e.g. [20, 24]. The
perspective of Section 4.2 in terms narrow cohomology, however, is new.
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Let YV denote a smooth Deligne-Mumford stack with quasi-projective
coarse moduli space Y. Although Y may not be proper, if the evaluation
maps

ev; %h,n(y,d) — Iy
are proper, one can still define Gromov—Witten invariants in many cases.
In particular, there is still a well-defined virtual class [.#Z, (), d)]""" over
which one can integrate classes of compact support.

DEFINITION 4.1. — Assume the maps ev; : M, ,(Y,d) — IY are proper
for 1 < i< n. Given oy € H6R7C(y), Qg,...,0n € HER (V) and integers
bi,...,b, > 0 define the Gromov—Witten invariant

(™, )Y, = /7

[ o (VD)) 55

n

ev} (o) U 1#2“.

Given ay, g € HER 10, (Y), @3, .. an € Hig (V) and integers by, ..., b, >
0 define the Gromov—Witten invariant

n
(o, ..., Oéniﬁb"%’n’d = /7 a1 Ue ag U H ev}(a;) Ul
[ A 4 (Y d)]ViT i=3
where recall the product Ue : HEg 1, (V) X HER par (V) = Heg (V) was
defined via a lift o € HéRyc(y) as in Definition 2.8.

The lemma below gives an important scenario when the evaluation maps
are in fact proper. Let X’ be a smooth proper Deligne-Mumford stack, and
€ — X a vector bundle on X. Let ) denote the total space of £V over X.

LEMMA 4.2. — For 1 < i < n, the evaluation map ev; : Mo, (Y,d) —
IY is proper in the following situations:
(1) The degree d = 0;
(2) The vector bundle £ is convex.

Proof. — In the first case, the evaluation map ev; : #o,(Y,0) — IV
factors through a rigidification of I"Y = ]_[g Yai.....qn» the stack of n-
multisectors [3, Example 2.5]. The map 71 : .#.,(Y,0) — I"Y forgets
the source curve while remembering the maps Bu,, — )V at each marked
point p;. The map ev; : I™Y — IV sends the component Yoi,....gn 10 Vg, .
The evaluation map ev; is the composition of the proper map 7; and the
closed immersion €v; and is therefore proper.

In the second case, we note that a map fy : C — Y consists of a map
to f : C — X together with a section s € H(C, f*(£V)). Let ¢ : C — C
be the map to the underlying coarse curve. Let ¢ be the map IX — X.
By [2, Theorem 1.4.1], the composition C — X — X factors through a
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map |f] : C — X. By Remark 3.12, £ is the pullback of a vector bundle
E — X and E is convex. Therefore on each irreducible component C; of
C,Ex=%"_, O(k;) with each k; > 0. Therefore the evaluation map

evi : HO(C, f*(£Y)) = HY(C,|f[*(EY)) — EY||fitre()) =T EY [ £z

is an injection (see [24, Lemma 3.8]). Then .#, (Y, d) is seen to be a
substack of <%O,n()(ad)evi X proj tOt(i* EV) via the map ev;. Here proj is
the projection from tot(i*EY) to IX. In fact we have the following fiber
square

Mon(V,d) 2 A o0 (X, d)en, Xproj tot(i*EY)

| |

Mon(Y,d) —— Mon(X,d)ev; Xproj tot(EV).

The bottom map is proper by [24, Lemma 3.8], and therefore so is the top
map. The map

(evi,ida) = _
e

M o0 (X, d) e, Xproj tot(i*EY) TXiq Xproj tot(i*EY) = TV

is proper. The evaluation map ev; : ]/0’”(3)761) — TY is equal to the
composition (ev;,ids) o inc. O

Remark 4.3. — More generally, for a noncompact space ), the evaluation
map ev; : M 4n(Y,d) — IV will be proper if Y is projective over an affine
variety [27]. However we will not use this in what follows so we omit the
proof.

4.1. Quantum connections

Let us assume from now on that ) is not necessarily proper, but that
the (genus zero) evaluation maps are proper.

As in Section 3 we may define double brackets. The setup is as before.
Choose a basis {T;}ier for the Hip ()) state space such that I = I'[ 1"
where I” indexes a basis for the degree two part of the cohomology sup-
ported on the untwisted sector, and I’ indexes a basis for the cohomology
of the twisted sectors together with the degree not equal to two cohomol-
ogy of the untwisted sector. Let ¢/ = Y,/ t'T; and let ¢ = >, t'T;.
Let ¢° = e’ for i € I". Denote by PY the power series C[[t’, q]. Choose
aty...,ap from Heg (V) U Hig (V). Assume that for at least one i, o is
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in Hég (), or that for some i < j, o, aj € HEg ., (V). Then define
41) (e, ... o )Y (1)
1
= Z Z H<alwbl PRI Oénq/)bn’t’ o ’t>8}7”+kvd

deEf k>0
where a summand is implicitly assumed to be zero if d = 0 and n + k < 3.
In the absence of 1-classes this yields a formal power series in PY.
In the case of a non-proper target, there are two possible quantum prod—
ucts, in analogy with (2.2). For elements «, § in H i (Y), define o oy jBe
H{p (V) ® PY by the formula

(vee 7)Y = (e, 8,7)7 (1)
for all v € Hgm(y). Similarly to the cup product, we can also multiply
a cohomology class with a cohomology class with compact support. If a €
HEg (V) and B € Hig (V), define o o) B c Heg (V) by the formula

(.00 ) = (e 8,107 (2)
for all v € H{ R (Y). Alternatively, in the first case the above definition is
equivalent to

(4.2) ae) f:= Z Z .I oev3*<ev1( ) Uevs(B)

deEff k>0
k+3

U H ev} (t) N [ o 143(V, d)]v">

The second case is the same but replacmg evs and evs, with evs} and evs,
the pullback and pushforward in cohomology with compact support.

Exactly as in the proper case, The pairing (-,-)” can be extended to a
z-sesquilinear pairing S between HEg (V) @ PY[z,27'] and Hg (V) ®
PY[z,271] by defining

¥ (u(2),0(2)) 1= (2rV/=12) O fu(—2), v(2))?.

DEFINITION 4.4. — As before, the Dubrovin connection is defined by
the formulas

VY =0+ (Tie}
and
V=0, el 4 Gr
where recall that {T;}icr is a basis for Hy(Y). These operators act on
both Hig (V) ® PY[z,27"] and Hgg (V) ® PY[z,27"]. In particular, for
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a€ Hig (V) ® PY[z,27Y, T; o a and therefore VY« lies in Hig (V) ®
PY[z,271]. To avoid confusion, we will denote the connection by V> when
acting on cohomology and by V¢ when acting on cohomology with com-
pact support.

Define LY (t, 2) by

(4.3) L¥(t,2)(a)

= OL+Z Z%Lf Oevz*(ivl @) H N [ M o, 142(, d)]mr>

deEff k>0

for v in H¢z (V). Define LY4(¢, z) by

(44) L¥°(t,2)(a)

_ OZ+Z Z I oe <6U15 Hev %O k+2(y d)]mr)

deEff k>0

for v in Heg ().
There is a completely analogous result to Proposition 3.9 in the non-
proper case.

PROPOSITION 4.5. — Let Y be a non-proper space. The quantum con-

nection VY is flat, with fundamental solution LP(t, z)2~ " 2P() . More pre-

cisely,

(4.5) VI(LY (t,2)2~ 9 2Pa) = VY(LY(t,2)2~ € 2rPa) = 0
for o € H R (YY) and

(4.6)  VY(LYC(t,2)2~ C 2PV B) = VY (LY (¢, 2)2~ ST 2PV B) = 0
for 5 € H¢g (). Furthermore the pairing S¥ satisfies

(4.7) 8;5% (u,v) = Y (VYu,v) + 5% (u, VY v).

In other words VY and VY are dual with respect to S¥. Finally, for
a€ Hig(Y) and B € Heg (V).

(4.8) (LY (¢, —2)a, LY(8,2)8)Y = (o, )7

Proof. — The proof of these statements is almost identical to the case of
a proper target. The only difference is the precise statement of the topologi-
cal recursion relation for a non-compact target, which is used to prove (4.5)
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and (4.6). In this context the statement is that for o € H¢g (V), 8,7 €
HéR(y)7 and b17b27b3 P 07

(a1, Byt )Y =3 (e TV (T, By®, vy )
i€l
where recall that {T;}ic; and {T"}ic; are bases for Hég (V) and Hég (V)
respectively, so both factors in the right hand sum are well-defined. Simi-
larly, if o, 8 € HEg (V) and v € Heg (V) we have

(o *h, gyt )Y =3 (™ TO)Y (T, e 70"
iel
The proof of these statements is identical to the proof in the case of a
proper target, after using the following version of the Kiinneth formula

HE‘R(‘)}) ® HéR,c(y) = HE'R,cfvert(y X y)7

where the right-hand side denotes cohomology with compact vertical sup-
port (i.e. in the second factor). Under this isomorphism, the class of the
diagonal [A] in HEg o e (Y x V) is given by >, T; @ T O

Remark 4.6. — The notion above of the compactly supported quantum
connection and solution were described previously in [22, Section 2.5]. We
expect VY and V¢ to be related to the conjectures of [7].

4.2. Narrow quantum D-module

We cannot define a (non-equivariant) quantum D-module in the case that
Y is non-proper due to the fact that HER(JJ) does not have a well-defined
pairing. In this section we show that there is a well-defined narrow quantum
D-module for ), defined in terms of the narrow cohomology of Section 2.
We will see in Section 6.2 the geometric significance of this construction.

PROPOSITION 4.7. — The map ¢ : Hfg (V) — HEg(Y) commutes
with the quantum product, quantum connection, and the fundamental so-
lution: For u € Heg (V) @ PY and T; € Hii (V)

(4.9) T; o) ¢(u) = (T; o7 w);
(4.10) VY p(u) = ¢(VYu);
(4.11) LY (t,2)p(u) = ¢(LY°(t, 2)u).
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Proof. — To prove (4.9), it suffices to show that for T7, 3 € Hg (V)
(T o7 6(8), T7)Y = (&(Ti ¢ B), T7).
The left hand side is equal to (T}, ¢(3), T? >>y By the fact that ¢ commutes
with pullback and (2.3), we note that
ev3($(B)) U evss (T7) = evzg (B)) U evss (T7) = eval(B) U evs(T7).
This implies that
(T, 0(8), T7)” = (T3, 5.T7).
Again by (2.3),
<¢(Tz .1)&} 6)7Tj>y = <¢(Tj)aTl .%} 6>ya
but by an identical argument as above, this is given by
(T, 8, 0(T7))” = (T;, 8,77).

Thus the two are equal. Formula (4.10) follows immediately from (4.9),
and (4.11) uses a similar argument. O

Define a z-sesquilinear pairing S¥ " on HER par (V) ® PY[z, 271 by
S5 (=), v(2) = (/T (u(=2), 0(z))¥

COROLLARY 4.8. — For any t € Hy(Y), the narrow state space is
closed under the quantum product 0%} . The quantum connection V¥ and
solution LY (t, z) preserve HER par(YV). The pairing SYmar js flat with re-

spect to V7, i.e.
0;8Y AT (y, v) = Y1 (VY v) 4+ SY (u, VY v).
Finally, for a, B € HER yar (V)
(L¥(t, ~2)0, LY (£,2) ) = {a, )70,
Proof. — The first two claims are immediate from (4.9), (4.10), (4.11),

and the definition of H¢g ., () as the image of ¢. The last two claims
follow from the same equations together with Proposition 4.5. O

With this we can define

DEFINITION 4.9. — The narrow quantum D-module of ) is defined
to be

QDMyar(V) := (HEp par (V) ® PV 2,271, VY, §¥02)

Note that the coefficients ring PY is not restricted to just the dual coordi-
nates of the narrow cohomology.
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4.3. Integral structure

Identical considerations to Section 3.4.1 in the non-proper case allow one
to define dual integral lattices in ker(V?Y) and ker(VY+¢), compatible with
the Dubrovin connection.

ASSUMPTION 4.10. — The compactly supported Chern character
ch : De(V) — Heg (V)
is given as Definition B.4 of the appendix. Assume that H¢g .()) is spanned

by the image of ch and that H, ér(Y) is spanned by the image of
ch : DY) — Heg (V)

Importantly, Assumption 4.10 holds if Y is the total space of a vector
bundle £ on X and H{g (X) is spanned by the image of ch. Let F' be an
object in D.()), assume F can be represented by a complex F'® which is
exact outside a proper substack X. Define s(F)(t, z) to be

1 =~ ~c
Ve —Gr_p(Y) —1)dego /2%

Oy T)Tm) LYC(t, z)z~ " 2Py Ury ((2mv/—1)9%80 /2" (ch (F))),
where CABC(F) = &1C(F°) is given by Definition B.4 and Uy denotes the or-
dinary cup product on H*(I)). Similarly, for F' € D(Y), define s¥(F)(t, z)

to be

1 B N L~
Gy T L (b2)2 Ty Ury (2 =T)T% 21 (ch(F))).

We obtain lattices
{s¥°(F)(t,2)|F € D(¥)} and {s”(F)(t,2)|F € DY)},

which are dual with respect to the pairing S¥. Proposition 3.19 holds in
this context by the same argument. Namely,

SY(8¥(F)(t,2), 87 °(F')(t,2)) = ™V TNy (F' F).

See [22, Section 2.5] for a similar description.

By Proposition B.5 the orbifold Chern character map ch: D(Y) —HEg (V)
maps Dc(Y) to HEg 0, (V). Therefore, given an object I in D(Y), define
sYmar(F)(t, z) as

]. fy ~
y —Gr p(Y) —1)dego /2 *
2r/—T) i) LY (t, 2)z" " 2Py Ury ((2mv/—1)980 /2T* (ch(F"))).

DEFINITION 4.11. — Define the integral structure for QD M,.,()) to be
{sV"(F)(#, 2)|F € De(Y)}-

This set forms a lattice in ker(Vy\HéR o))
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5. Equivariant Euler twistings

In many cases, twisted invariants of a vector bundle £ — X are closely
related to Gromov—Witten invariants of both the total space and a corre-
sponding complete intersection. In this section we recall the connections
to each, with a particular focus on the relationship to the non-equivariant
Gromov-Witten theory of the total space of £, which has not been studied
as thoroughly as the complete intersection.

Let £ — X be a convex vector bundle. Let

jiZ—4X
denote a smooth sub-variety of Z defined by the vanishing of a regular

section of £. Let T = C* act on & by scaling in the fiber direction, with
equivariant parameter \.

5.1. Subvarieties

Choose s such that s(£) = ex(€), the equivariant Euler characteristic:
(5.1) 50 = In(\), sp = (=D)L (k = 1)1/\* for k > 0.

In this case, the genus-zero s-twisted invariants with respect to £ are related
to invariants of the local complete intersection subvariety Z cut out by a
generic section of £ by the so-called quantum Lefschetz principle ([14, 31]).
One way of phrasing this is the following;:

PROPOSITION 5.1 ([23, Proposition 2.4]). — Let L) (t, z) denote the
fundamental solution of the equivariant twisted theory of £ after specializ-
ing parameters as in (5.1). Then the non-equivariant limit

LEEN(t, 2) = lim L)t 2)
—

is well defined. Furthermore, for o € H (X)),
FLEE(t, 2)a) = LZ(5*(t), 2)5" (a).

5.2. The total space

On the other hand, let ) denote the total space of £Y. One can consider
the equivariant Gromov—Witten invariants of )} with respect to the torus
action described above. We will denote the equivariant Gromov—Witten in-
variants by (a9, ..., a1 )7, These take values in H(pt) = C[A], the
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equivariant cohomology of a point. Let 7w : J — X denote the projection.
If we specialize the twisted parameters to

(5.2) sh = —In(=\), s}, = (k= 1)!/A* for k > 0

then s'(EY) = e;*(£Y). In this case by (virtual) Atiyah-Bott localiza-

tion [20], the e, '(EV)-twisted invariants compute the equivariant invari-

ants of ) after inverting the equivariant parameter. Given ay,...,q, €

HEg 7(X) and by, ..., by € Zxo, we have
ex ' (€Y)

HT'LI ev’f(ai) @] lﬂbl
(. ot ) :/ N B S E)Y)
! ' e ()i EXRTfH(E)Y)

PROPOSITION 5.2. — Let LE;I(EV)(t,z) denote the fundamental solu-
tion of the equivariant twisted theory of £V after specializing parameters

as in (5.2). Then the non-equivariant limit
Lefl(gv)(t,z) = lim Legl(gv)(t,z)
A0

is well defined. Furthermore, for o € H g (X),
(L €L, 2)a) = LY (% (), 2)7* (a).

Proof. — By [18, Section 4] using the virtual localization formula
of [20], the equivariant Gromov—Witten invariants of ) may be calculated
as twisted invariants of X"

' (E)
(5.3) ()™, a2 T = (e an T

where Y denotes the T-equivariant Gromov—Witten theory of ). By the
(non-virtual) localization theorem, the e ' (€Y)-twisted pairing agrees with
the equivariant pairing on ):

(5.4) (0, )% ) = (n*(a), 7" (8))".
Thus if we are given a basis {7} };cr for X and a dual basis {T%};c; with
respect to the ey ' (V)-twisted pairing, then {7*(T})}ier and {7*(T%)}ier
will be dual bases with respect to the equivariant pairing on ).

By comparing term-by-term, we conclude that the fundamental solutions
agree:

(5.5) (L EN(, 2)a) = L7 (7% (8), 2)7 ().

Because we assume £ is convex, by Lemma 4.2 the genus-zero evaluation
maps are proper and the non-equivariant limit of the right hand side is well
defined.
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If we pull back the left hand side via the map i : X — ) we re-
-1 \

cover L°» ¢7)(t, 2)a, which proves the first statement. Taking the non-

equivariant limit of (5.5) finishes the proof. O

In Proposition 5.6, we describe the non-equivariant limit of the 6;1(5 V)-
twisted quantum product more explicitly. To our knowledge this description
is new. It is similar (or more accurately dual) in spirit to the eZ product
of [28].

LEMMA 5.3. — Assume that £ is convex. For a stable map

f:(cvplv"'7pn) — X

from a genus zero n-marked orbi-curve C,
HO(C, f*(€¥)(~pi) =0
for any choice of 1 < i < n.
Proof. — Let r : C — C' be the map to the underlying coarse curve. By
Remark 3.12 £ is the pullback of a convex vector bundle £ — X. By [2,

Theorem 1.4.1], the map C — X — X factors through a map |f]|: C — X.
Therefore f*€ = r*|f|*E. We observe that

HO(C,ru(fH(EY)(=pi))) = HO(C,ri(r™ | f1"(EY) (=p2)))
= H°(C,|fI"EY @ r.(Oc(~p)))
= H°(C,|fI"EY ® Oc(—pi)),
where the second equality is the projection formula and the third can be
checked using local coordinates. On each irreducible component C; of C,
E =37, O(k;) with each k; > 0. From this we see that the only global
sections of |f|*(EY)(—pi)|c, are constant sections (possibly just the zero
section) if p; is not on C, and the zero section if p; does lie on C;. By an

induction argument on the number of components, the only global section
of |fI*(EY)(—p;) is the zero section. O

Consider the short exact sequence over the universal curve C lying over

M (X, d):

0— ()" (=pi) — f(E)Y — [(€)"|p. — 0.
Pushing forward we obtain the distinguished triangle

R, f* (€)Y (=pi) — R f*(€)" — evi(q™(€Y)[1],

where ¢ : IX — X is the natural map.
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From this and the previous lemma we can rewrite the twisted invariant
—1 \
b barex (E7)
(1™, .. apd) >0fn7d as

e a®mE) )
(5.6) /[ B jl;[l(evj ()0 2

Mo,n (X,d)]VT

The above expression motivates the following definition.

DEFINITION 5.4. — Fixi between 1 andn. Given az, ..., ay € Hég 1(X)
—1 v
and by, ..., b, € Zso, define {a19® ... a;pbi, ..., anwbﬂg’n’(f ) to be the
integral

& * b *
[ Tl ) Ue®n g (€) (-p).
(Ao, (X, )] 521
Note that Rlm, f*(€)Y(—p;) may be represented by a vector bundle by
Lemma 5.3. We now define a new quantum product on X"

DEFINITION 5.5. — Let {T;} be a basis for Hi,z (X) and let {Tz} denote
the dual basis. For o and f € H{ (X), define

ao=X .= ((a, 8, TN €T
PROPOSITION 5.6. — The pullback

7 Hip(X) @ PY — HER(YV) @ PY

VX
t

is a ring isomorphism from the e -product on X to the quantum product

o%) on).

Proof. — We first show that in the non-equivariant limit, the product
oigl(gv) specializes to e 7.

The bases {T';} and {Tl} give dual bases with respect to the equivariant
pairing on H¢g (&) via the inclusion Hg (X) C Hig p(X) = HEg (X) @
C[\]. Define T; := ex(EV)UT; and T* := T'. Note that with respect to
the e, ! (€Y)-twisted pairing, {7;} and {T"} are dual bases. Therefore, for
o, € HEg (X),

« 0:11(5” 8= Z<<a75,Ti>>e;1(€v)Ti
(5.7) e -
- Z«avﬁ,e,\(év) UT; ) )

el
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By (5.6) and Remark 2.14, the factor of €;(£Y) in the third insertion
cancels with part of the twisted virtual class and this expression becomes

T'i
IPIPIY evi () Uev (8) U evi (Ty)
C S Mo k3 (X,d)] VT

il dEEf k>0
k+3
U H ev(t) U ex(RU7 f*(E)Y (—p3))-
j=4
In the nonequivariant limit A ~ 0, this is exactly o o) 7% 3.
On the other hand, by (5.3) and (5.4), if we pull back (5.7) by © we
obtain
Y (@), 7 (B), 7 (TN ™ (T7),
iel
which may be rewritten as

Z Z Z %I* 0 evs, <evf7r*(a) Uevsm™ ()

i€l deEf k>0

U H ev;m"(t) N (M o115V, d)]”"),

where [.# ¢ 13(Vr,d)]""" is the equivariant virtual fundamental class. In
the non-equivariant limit we recover 7*(a) o2, ) 7*(B) by (4.2).
Combining the above results we conclude

-1 \4
™ (a o) 7¥ B) = 7*(lim a o;* (%)
A0

B)
NG

— i * €x
= imr(ae © )

= lim (7" (@) 9%,y 7 (8))

=7"(a) o;f*(t) T (8). O

6. Quantum Serre duality

In this section we use the definition of the compactly supported quan-
tum connection and the narrow quantum D-module to reframe quantum
Serre duality in two new ways. First we relate the compactly supported
quantum connection of ) to the quantum connection of Z. Second, we
show there is an isomorphism between the narrow quantum D-module of
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Y and the ambient quantum D-module of Z. In both cases we show these
correspondences to be compatible with the integral structures.
In all of this section we assume:

The vector bundle £ — X is convex;
Assumption 3.13;

Assumption 3.20;

The stack X has the resolution property.

6.1. Compactly supported quantum Serre duality

In [24], it is observed (Remark 3.17) that the e(&)-twisted quantum D-
module can be viewed as the quantum D-module with compact support of
the total space £Y. We make this observation precise by relating the Eu-
ler twisted fundamental solution Le(‘g)(t, z) with the compactly supported
fundamental solution LY*°(¢, z). This then allows us to directly relate the
compactly supported fundamental solution of ) with the ambient funda-
mental solution LZ(t,z), obtaining a new perspective on quantum Serre
duality. In Remark 6.6 we explain that the results of this section should be
viewed as adjoint to a similar theorem in [24]. The majority of the tech-
niques of this section appeared already in [24], it is mainly the perspective
which is new. This particular formulation of quantum Serre duality, de-
scribed in Theorem 6.5, is convenient for then proving the more refined
statement in Section 6.2.

Recall the definition of P* given in Notation 3.5. Consider the map
) : Heg p(X) = Heg 7(X) ® PY[A] given by

(6.1) @)= e, Ty T
iel
where {T;} and {T"} as dual bases with respect to the ey ' (£¥)-pairing.

PROPOSITION 6.1. — The map P‘(t)/e)\(é'v) has a well defined non-
equivariant limit f<(t) given by

S (LT EOT,

icl

where {T;} and {TZ} as dual bases with respect to the usual pairing on
Heg ().
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Proof. — Due to the difference in the usual pairing on H¢g (&) and
the ey *(£Y)-twisted pairing, JA(t)/ex(€Y) can be expressed as
o —1lioVy—
> (ea(€), Ty €T
iel
The claim then follows by the same argument as in Proposition 5.6. (|
PROPOSITION 6.2. — Let f¥(t) = f¥(t) — my/—1c1(E). The isomor-
phism
is : Hop(X) — Hig (V)
identifies the connections (f% o i*)*(V*(€)) and V¥-¢. Furthermore,
(62)  LY(t,2)is(8) = i (LO (FX (0" (2)), z)e ™Y1/
for all € HER(X).

Proof. — The first claim follows from the second. By Theorem A.3, the
symplectic transformation

A® = T 7161(5)/2/6)\(5\/)

maps .2 €7) to ger ()
By (A.3) and (A.5), Aoza_ex(gV)Jeil(gv)(t, —z) is a C[z]-linear combi-
nation of derivatives of Je () (¢, —z) at some point £. Observe that

Aoza,e(‘gv)(]e;\l(gv)(t, —Z)
(L+mV=Ter(€)/2)(—en(€7)2

6)(5 )
+ D (ea(€Y), TiH™ {EDTiy 4 0(1/2)
i€l
- _zm(lgv)(Z«eA(m ) >Tl> /=11 (€) + O(1/2).
icl

From this we can see that AOZB,E(EV)Jeil(SV)(t, —z) is equal to
JAE(FA(t), —2z) where

_ 1 —1/pv .

A t) = \ 771 €y (5 )TZ _ 71

f ( ) 6)\(5\/) (1621«6)\(5 )a >> ™V Cl(g)

= PA#)/ex(€Y) = mv/=1er(€).
This implies that
AO(

e 1(EY ex(€
T T ) =T 0,-0Z
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and so by (A.6), A+(8QJ611(SV)(t,—z)) is a Cl[z]-linear combination of
derivatives of Je(€)(£, —2) evaluated at £ = f*(t). Comparing z°-coeffic-
ients, we see

e ™ —1ci1(€)/z

W@A(svmﬂe; EN(t, 2) = 0, JE) (X, 2)

—
where we have replaced —z by z. By (A.4), this equation can be written as
e~ —1c1(€)/= 1oy B
- e (E ) —1 \V2 o e (E) 1
@y L ) e va) = 12O F )
or, equivalently,

(6.3) Lox €N, 2)(ex(EV)Ua) = ex(EY) U LPEV(F, 2)e ™V 1))z,

By Proposition 6.1, the non-equivariant limit of f(¢)/ex(EY) exists.
Then by Proposition 5.1 the right side therefore has a non-equivariant
limit for o € Hg p(X) C Heg (X)) @Ry ST

To finish the proof, let o, f € H¢ i (&) and consider the following:

(LY (t, —2)7* (), LY °(t, 2)iS B)Y = (7*(a),iB)Y
= (a, B)*
where the first equality is (4.8) and the second is the projection formula [8].

Note that this equation completely determines L*°(t,z) in terms of
LY(t,z). On the other hand, we have

(o, 8)*

— 1 X
= lim (a, )

= lim (o, ex(EY) U B)x €7
A—0

= lim (L5 (0 (0), ~2)a L5 €@ (1), 2)ea€) U )
= lim (L% €D (i" (1), ~2)a,
ex(EVYU LAE (FA(i*(t)), z)e ™ 71C1<£>/z5>e;1<5v>
= )1}_)11%)<Le;1(£v)(i*(t), ~2)a, LAE (P (), 2)e ™ ,151(5)/Zﬂ>x
= <L€71(€V)(i*(t), _Z)a’Le(g)(fx(i*(t))7z)6_ﬂ _101(5)/25>X
= (" (L ED G (8), —2)a), i (LXE (FX (i*(1), 2)e ™1 E)/2g) )

= (LY (t, —2)m" (), 15 (L) (FE (1), 2)e™ ™V 1er(€)/25) )
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The third equality is (3.5), the fourth is (6.3), the fifth is from the difference
in the twisted and untwisted pairing, the seventh is again the projection
formula and the last is Proposition 5.2.

Combining the above two chains of equalities yields (6.2). O

DEFINITION 6.3. — Define
A =g omi Hog oY) — Higamb(2)-
Define
A = (2#\/—lz)rk(5)A3_.

We will show that Z‘i is compatible with the quantum connections,
integral structures and the functor

jfom : DY)y — D(Z2).

LEMMA 6.4. — Assume that X has the resolution property. Consider
the functor j* om, : D(Y)x — D(Z). The induced map on cohomology
from Heg (V) to HEg 4y (2) s given by AL (- UTA(7*EY)), i.e.

(6.4) AS (ch”(F) UTd(x*EY)) = choj* o m.(F)
for all F € D(Y)x, where ch® is defined in Definition B.4.

Proof. — By [5, Lemmas 4.6 and 4.8], D())~ is strongly generated by
i«(D(X)). Thus any element of D())x may be expressed, via a finite se-
quence of extensions, in terms of elements in i, (D(X)). It therefore suffices
to check the statement when F' = i,(G) for some G € D(X). By orbifold
Grothendieck—Riemann—Roch [30, 31], &10(2*(6’)) UTd(r*EY) = z*(ch(G))
Then,

AS (b (@) UTA(x"€)) = A (i (ch(G))

= j*(ch(G))

= j*(ch(m, 0 9.G))

= ch(j* o, 04, G)) O
THEOREM 6.5. — A% maps (Y, c)-flat sections to Z-flat sections. In

particular,

(65) EiOLy’C(t Z)(,B) _ LZ,amb(j*ofTXoi* (t), Z)OZSFO@—TF\/TIQ(W*E)/Zﬁl
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Furthermore it is compatible with the integral structure and the functor
j* om,, ie., the following diagram commutes;

JTom.

DY)y ———— j*(D(X))

(6.6) J{y ) lsz,mb

c

ker(VY:¢) B, ker((j* o f* 0i*)*(V?)).

Proof. — The first statement is an immediate consequence of the previ-
ous proposition, the fact that 7¢ is the inverse of i, and Proposition 5.1.
To show that

AS 087t 2)(F) = 8790 (j% o [¥ 0" (t), 2) 0 j* o m(F),

note the following facts. First, recalling the definition of fy from Defini-
tion 3.17, we see that

~

Fy = 7'(* (fxf(g\/))

=7* (e”\/?lcl(g) fl—:;) (QW\/jl)degO /2 Td(é'v)>

where p; are the Chern roots of £. Second,
T ~
* <AX> =Ts.
(&)

Ai(Z_GTZp(y)(27T\/j1)dego /2( . ))
5 rk(€) 7G dog, /
_ <m) 2 (2my/—1)%80 1275 (),

Observing that
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by Lemma 6.4 we then have that for all F' € D(Y)x,

rk(€) . e
(6.8) (2 ﬁ) Ai<e—ﬂ\/?101(ﬂ*E)/zZ—GrFy<27T /_1>dego /2]*(Ch (F)))
T/ —

= 2~ T2 (2mV/=1) % 2T (ch(j" o m.(F))).

Finally, note that dim(Y) = dim(Z) +2rk(€). The claim follows from this,
(6.5), and (6.8). O

Remark 6.6 (Relation to [24]). — A very similar statement was shown
in [24, Theorem 3.13] and the proof above uses the same ingredients. In-
deed the statement above may be seen implicitly in the results of [24] as we
explain below. Among other things, they show that the ambient quantum
connection VZ is related to Ve (€ by the functor j, after a twist by
det(&)[rk(€)]. After composing with the pullback 7*, that result is essen-
tially the adjoint to Theorem 6.5, the observation of which almost gives
a second proof of Theorem 6.5, via Proposition 4.5 and the relations in
Section 4.5.

Note, however, that the statements differ further in the change of vari-
ables. One is the inverse of the other which, to the author’s knowledge,
is most easily seen a-posteriori by comparing the statements of [24, The-
orem 3.13] and Theorem 6.5 above. The presentation given above implies
more directly the results below involving the narrow quantum D-module
of Y, and the change of variables given above is designed to be useful in
applications such as the LG/CY correspondence of [29].

6.2. Narrow quantum Serre duality

In this section we prove a variation of quantum Serre duality which
gives an isomorphism between the narrow quantum D-module of ) and
the ambient quantum D-module of Z. An application of this theorem is
given in [29].

DEFINITION 6.7. — Define the map f¥: Hip (V) = Hég pae (V) @ PY by

k42

P](t) = Z Z %I* o 61)2*(6’UT(6(€\/)) U H e,U;f(t) N [%07k+2(y7 d)}vir).
! e

dEES k>0

Since the evaluation maps are proper and e(£Y) € H{g ..(Y), fy(t) will
also lie in the narrow cohomology.
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LEMMA 6.8. — In Hg (V) @ PY,
@) =i (FYGE @)

Proof. — Using (5.3) and (5.4) and the same analysis as in the proof of

Proposition 5.2,
PY(8) = lim = (P 0" (1))
—0
Next note that

i(F(@)/ex(€Y)) = 7 (i (1.(FA(B) Jer(€Y))))
=7 (f(2)
and FX(£) = limyso P (8) /er(6Y). 0
DEFINITION 6.9. — We define the transformation A : Hég .. (V) —

HER amn (2) as follows. Given o € Hig ., (V), let v € Hig (V) be a lift
of a. Define
Ap(a):= A ().
Define
Ay = 2rV/—12)"EA L.

LEMMA 6.10. — With assumption 3.13, the map Ay @ Heg .. (V) —
HER amn (2) described above is well-defined.

Proof. — The lift & is only defined up to an element of ker(¢). We check
that

7 (ker(6)) © ker(j").

Given a € ker(¢), since ¢ is an isomorphism there exists an element
B € HEr (X) such that & = ¢$(8). Then 7¢(a) = w(i(B)) = 5. We want
to show that j*(8) = 0. By assumption, ¢(a) = ¢ 0 i$(8) = i.(8) = 0.
Write 3 as i*(7y), for some v € HR (V). Consider the following diagram

Viz Iy
U AL
zZ —— X.

Then j*(8) = j*i*(y) = i*j*(7) is zero if and only if j*(v) = 0. By Assump-
tion 3.13, j*(v) = 0 if and only if j,j*(y) = e(€) Uy = 0. Up to a sign, this
is equal to e(EY) U~y = i.i*(y) = i+(B), which is zero by assumption. O

LEMMA 6.11. — Given a = e(EY) U B € HER (X),
A (o)) = °5.

In particular, Ay @ Hig 10, (V) = HER amb(£) is an isomorphism.
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Proof. — Observe that
7 (a) = e(EY) U T (B)
=14, 00" o™ (f)
= ¢oiy(B).

Therefore, AL (7*()) = j* o w0 4$(B) = 7*(5). The second claim follows
from

HEg amn (2) = 1m(j7)
= Heg(X)/(ker(- Ue(€Y))
~im(- Ue(EY))
=71*(im(- Ue(EY)))
= HER par(Y)-
where the second and third terms are isomorphic by (3.6) and the final
equality is by Proposition 2.15. a
We will need the following lemma.
LEMMA 6.12. — A, (fY(t)) = j* o [¥ 0 i*(t).
Proof. — By Lemma 6.8 and the definition of A,
AP () = A4 (0 (FX (1)
— AL (o (FX (1))
— oS (FY (1))
= j* o [X o i*(t). O

PROPOSITION 6.13. — The following operators are equal after a change
of variables:

Ay oLY(t,2)op =A% o LYC(t,2)
_ LZ,amb(j* o jTX Oi*(t),z) OAi_ oe ™ Ty (n*E) /2

— LZ,amb(jTy(t)’Z) ° A+ ce ™ “Tei(n*E)/z ° (b’

where
@) = A1) — nv=Tei(€)
(6.9) = A+< > <<e(5v),Ti>>y(t)Ti> — v/ —=1c1 (€).
1€ Thar
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Proof. — This follows almost immediately from the previous section, by
applying the map ¢ : Heg (V) — HER par(Y)- Recall (6.5):

(6.10) A< o LY(t,2)(B)
= L& (5% o f¥ 0" (t),2) 0 A 0 e ™V I (TE/2 (),
By Proposition 4.7, the left hand side of (6.10) is equal to
A 0 ¢(LYC(t,2)(8)) = Ay o LY (¢, 2)(¢(8))
for all B € H¢g (V). By Lemma 6.12 the right hand side of (6.10) is
LZamb(V(8),2) 0 A 0 =™ TNz ()
= L2 (P (1), 2) 0 Ay o™V E (5(3)). D

THEOREM 6.14. — Assume X has the resolution property. The map
A identifies the quantum D-module QD M. () with f*(QDMamb(Z2)).
Furthermore it is compatible with the integral structure and the functor
¥ omy, ie., the following diagram commutes;

JTom.

DY)y —— j*(D(X))
(6.11) ly ) lsz,mb
QD Mo (V) —55 QDM (2).

Proof. — The fact that VY72 is mapped to VZ2*™ follows from Propo-
sition 6.13. To see that the pairings agree, first observe that for o, €
HER (X)v

(Ayica,AinB)? = /1 @) Uiz LG

Ix
=% [ aupLis(e)
Ix
= —1 rk(g) ™ I* i
(—1) /Iyl*aUIy (i<6)
— (—1)7k(&) s e L (s
(—1) /I)il aUry, (i+3)

= (-1, a,i.8)Y,

where Uyz (resp. Usy, etc.) indicates we are using the usual cup product
on IZ (resp. IY, etc.) as opposed to the Chen—Ruan cup product. The
fourth equality is the projection formula ([8, Proposition 6.15]). In the fifth
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equality we use the fact that i.aUry o I.(i.8) = (¢poila)Ury o L. (¢0isB) =
1S Ury I(i$8) by Definition 2.8 of the compactly supported cup product.
Because A contains the factor of z™(€)

1)7E) 2/ TT2)AmZH2IEN A 0, A4, )
mV/—=12)" (5, 0, B)Y

SZ(Ayiva, Ayinf) = (-
= (2m
= 5V (i, i.f3).

Because Hpg ..(Y) = im(i.) by Proposition 2.15, we conclude that Ay
preserves the pairing on all of H¢g .. (Y).

Commutativity of the square (6.11) follows from the equalities of Propo-
sition 6.13 and Theorem 6.5 after observing that ch = ¢o ch’. O

Appendix A. Givental’s formalism

Let O denote either Gromov—Witten theory of a proper Deligne—
Mumford stack X or an s-twisted theory over X. In this section we recall
Givental’s formalism of an overruled Lagrangian cone for encoding genus-
zero Gromov—Witten theory. For more details see [19].

Let H be the state space for the theory. Given a basis {T}}sc7, a point

in H” may be written as t = > ier t'Ti. Denote by £(z) the power series

z) = Ztkzk = ZZt}cTzzk

k=0 i€l k>0
in HY[2]. Define the genus zero descendent potential as the formal function
! O
= D0 D W) (W)
deEffn>0

Let 75 denote the infinite-dimensional vector space H9[z][z'][s]
(where s = 0 in the untwisted case). We endow ¥ with a symplectic
pairing defined as follows:

Q7 (f1(2), f2(2)) = Res(f1(=2), fa(2))"
The vector space ¥~ may be polarized as
7/+D = H" [2],
yB = 2 HP[ .
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The polarization on ¥ determines Darboux coordinates {4}, pr,:}. Each
element of ¥ may be written as

DD GTE ) D peali (=)
k>0 i€l k>0 i€l
We view F5'(t(z)) as a formal function on 72 via the dilaton shift
q(z) =t(z) — 2.
DEFINITION A.1. — Define the overruled Lagrangian cone for O to be
(A1) LY = {p =d,F5}.
Explicitly, &5 contains the points of the form
(A2) —z+) 2"
k>0
icl
tflll e tfl”:z a a a O i
T2 e T T T g o T

deEff ay,...,an,a20
U1yeenstn,t €T

As shown in [19], Z5 takes a special form:
e it is a cone;
o forall fe .5,
LONT . =T
where Ty.Z is the tangent space to £ Uat f.
Consider a generic family in Z5Y parameterized by HU, this will take
the form
{f)|te HY} c 2",
and will be transverse to the ruling. With this, the above properties imply
that we can reconstruct £ as

(A.3) LY = 2Ty 2P |t € HOY.
Givental’s J-function is such a family. It is given by the intersection:
JEt,—2) =L n—zate v .
More explicitly,

JD(t—z)——z+t+Zzzl< Ly t>D Ti
L —2) = ot .

dEEfF n>0 i€l 0,n+1,d

By (3.5), we see that
(A.4) LB, 2)ta = LP(t, —2)Ta = 0, J5(t, 2).
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In [19] it is shown that the image of JP(t, —2) is transverse to the ruling
of £5, so JU(t, —2) is a function satisfying (A.3). It follows that the ruling
at JU(t, —z) is spanned by the derivatives of J&, i.e

3
ZTJD(tVZ)f{JD(t, —2) 42 ) alz) 55T —2) o

:{zz (2 )%Jm(t —2) e

where the second equality is by the string equation, Z%JD (t,2) = JO(t, 2).
We note finally that

(A.6) Tiog, L = {Z i(z )%Jﬂ(t —2) e

i(2) € C[2]
(A.5) }

) et .

) et .

A.1. Quantum Serre duality with Lagrangian cones

Since its discovery in [17], quantum Serre duality (or non-linear Serre
duality) has been formulated in many different ways. Below we recall one
of the most general and applicable, in terms of twisted theories and La-
grangian cones. Let s denote the twisting parameters of Section 3.1 and
define s* by

sz _ (_1)k+13k

Note )
* g\/ _ .
s7(€7) 5(E)
In this case (genus zero) quantum Serre duality takes the following form.
THEOREM A.2 ([14, Corollary 9]). — The symplectic transformation
ys(€) . ysT(EY)
fz) — s"(£Y)f(2)

identifies %) with £ (7).

See [31] for the orbifold version of this theorem.

Note however that the specializations of the twisting parameters given
by (5.1) and (5.2) are not exactly of the form given above, i.e. s’ # s*. The
statement must be modified slightly in this case. We state here the modified
statement of the above theorem for the case of the Euler class-twisted
theories of Section 5. This specific formulation appears as Theorem 5.17
in [26].
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THEOREM A.3 ([26, Theorem 5.17]). — The symplectic transformation

A°yen (€ Ly pea(®
er —Ic1(€)/=z

f(z) — WﬂZ)

identifies £ (") with £ex(©),

Appendix B. Orbifold localized Chern character

Given a complex F* € K%(Y) (exact off X), there exists a localized

Chern character
ch¥% (F*) € H*(Y,Y — X)
as described in [16, Example 19.2.6] (see also [4, 25]).

On the other hand, given a bundle F' on a stack ) with the resolution
property, there is an orbifold Chern character [30, 31] landing in the co-
homology of the inertia stack and defined as follows. Restricting F' to a
twisted sector F,, — ), I, decomposes into eigenbundles according to the

action of v on F
F, = @ Fy s,
0<f<1

where the generator v acts as multiplication by e2™V=1f on F, ¢. Define
oF) = 3 VTR,
0<f<1
Observe that for a complex
F*=0—F"— ... > F S Ffl ... s F" 0
of vector bundles, the map d?, : F! — F.*! is compatible with the splitting
into eigenbundles. L.e. dﬁy is a direct sum of the maps

i i i+1
d%f : F%f — F'y,f'

Consequently p gives a well-defined map on K°(),).
Summing over each twisted sector, this defines a map p : K°(IY) —
K°(1Y).

DEFINITION B.1. — The orbifold Chern character ch: K(¥)— Hgp (V) =
H*(IY) is defined as the composition

KOY) L5 KO(1y) 25 KO(1Y) - H* (1Y),
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where q : 1Y — Y is the natural union of inclusions and ch is the usual
Chern character defined by passing to the coarse space.

One can combine the two notions above to obtain a localized orbifold
Chern character. Let X be a closed substack of ) and let F'® be a complex
on Y, exact off of X'. Consider the restriction to a twisted sector ), by the
observation above, F3 splits into eigen-complexes

Fr= @

0<f<1

with each F; 7 exact off X,. This implies that the twisting p gives a well
defined map on K% (¥,). Summing over all twisted sectors defines a map
p i K9(1Y) = Ky(1Y),

DEFINITION B.2. — Define the localized orbifold Chern character
iy s K§(9) — Hen(D,Y - X)
to be the composition
KS) 5 KO, (1Y) 25 KO (1) by H*(IV,IY — IX).
For Y a non-compact manifold, define K2(Y') to be the direct limit
K(Y) = lim K% (Y)

over all compact subvarieties X C Y. Assume X; C Xo C Y and F* is a
complex exact off X7 (and therefore also exact off X5), let j : X; — Xo,
i1 : X1 — Y, and i3 : Xo — Y denote the inclusions. Then the following
diagram commutes:

K%, (Y) ——"—— K%,(Y)

J{ch};l J{chf(z

HA(Y,Y — X)) H(Y,Y — Xa)
(B.1) lﬁ[Y] lm[y]

H.(X)) ——2 5 H.(Xs)

. ¢ e
J/ll* J/’lQ*

H,(Y) 2 H:(Y) — H,(Y) = H:(Y).

The commutativity of the top square follows, for instance, from [16, Defi-
nition 18.1 and Example 19.2.6].
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DEFINITION B.3. — Fori: X — Y the inclusion of a closed and proper
subvariety, define ch : K$(Y) — H(Y) by

ch (F*) = i (ch% (F*) N [Y]).
By diagram (B.1), this induces a homomorphism
ch®: K2(Y) — H(Y)
which we will refer to as the compactly supported Chern character.

The above argument can be extended to the situation where ) is a
smooth Deligne-Mumford stack, we obtain:

DEFINITION B.4. — The compactly supported orbifold Chern character
" KQ(V) — Heg (V) = H (1Y)
is defined to be the composition
KAY) 5 KA1Y) 25 KA1Y) 5 HL(1Y).

Given i : X — Y the inclusion of a closed and proper subvariety, by [25,
Theorem 1.3],
ix(chX% (F*) N [Y] = ch(F*).

This immediately gives the following.

PrOPOSITION B.5. — For F* a complex of vector bundles on Y with
proper support,
~c ~
¢(ch (F*)) = ch(F*)
in HER ().
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