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EXAMPLES ON LOEWY FILTRATIONS AND
K-STABILITY OF FANO VARIETIES WITH
NON-REDUCTIVE AUTOMORPHISM GROUPS

by Atsushi ITO (¥*)

ABSTRACT. — It is known that the automorphism group of a K-polystable Fano
manifold is reductive. Codogni and Dervan constructed a canonical filtration of the
section ring, called Loewy filtration, and conjectured that the filtration destabilizes
any Fano variety with non-reductive automorphism group. In this note, we give a
counterexample to their conjecture.

RESUME. — 1l est connu que le groupe d’automorphismes d’une variété de Fano
K-polystable est réductif. Codogni et Dervan ont construit une filtration cano-
nique de l'anneau des sections, appelée filtration de Loewy, et ont conjecturé que
la filtration déstabilise n’importe quelle variété de Fano avec le groupe d’automor-
phismes non réductif. Dans cette note, nous fournissons un contre-exemple a leur
conjecture.

1. Introduction

For a Fano manifold X over C, it is known that X admits Kéahler—
Einstein metrics if and only if X is K-polystable [2, 3, 4, 5, 6, 14, 18, 19, 20].
The K-polystability of X is defined by using the Donaldson—Futaki invari-
ant DF(X, L) of a test configuration (X, L) of X. Roughly, X is called
K-polystable if DF(X, L) > 0 for any test configuration of X, and equal-
ity holds only for a special type of test configurations, called of product
type. On the other hand, Matsushima [15] shows that if X admits K&hler—
Einstein metrics then the automorphism group Aut(X) of X is reductive.
Hence Aut(X) is reductive if X is K-polystable. In a recent paper [1],
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this result is generalized for log Fano case, that is, it is shown that a K-
polystable log Fano pair over an algebraically closed filed of characteristic
0 have reductive automorphism group.

Let X be a Q-Fano variety over an algebraically closed filed K of char-
acteristic 0. If Aut(X) is not reductive, X is not K-polystable by [1]. Then
there exists a test configuration (X,L) of X which destabilizes X, i.e.
DF(X,L) <0, or DF(X,L£) =0 and (X, £) is not of product type.

By this observation, Codogni and Dervan [8] consider the following ques-
tion:

QUESTION. — If Aut(X) is not reductive, can we find a (canonical)
destabilizing test configuration (X, L) of X related to Aut(X)?

A test configuration (X, £) can be interpreted as a suitable finitely gen-
erated decreasing filtrations FoR = {F;R};cz of the section ring R =
@d>0 HO(X, —de) by

(X, L) = (ProjAl @(fiR)t*i, 0(1)> — A' = SpecK[t],
where F, R is called finitely generated if @,(F; R)t" is a finitely generated
K[t]-algebra.

Using the action of Aut(X), Codogni and Dervan construct a canonical
filtration FLXR of R, called the Loewy filtration of X. In general, we do not
know the multiplicativity of the Loewy filtration, i.e. F;R-F;R C Fi1 ;R
for any i, j [8, 9]. Hence we do not know whether or not €,(FFR)t™ is a
K[t]-subalgebra of R[t,t~!]. However, the Loewy filtration still produces a
sequence of test configurations. We note that the multiplicativity holds for
toric case [9].

The following is a special case of [8, Conjecture B], i.e. the case when
the Loewy filtration is multiplicative and finitely generated:

CONJECTURE 1.1. — Let X be a Q-Fano variety with non-reductive au-
tomorphism group. Assume that the Loewy filtration of X is multiplicative
and finitely generated. Then the induced test configuration (Xyee; LLoe)
destabilizes X.

We note that they state the conjecture [8, Conjecture B] not only for
Q-Fano varieties but also for polarized varieties.

The purpose of this note is to give a counterexample to Conjecture 1.1,
and hence to [8, Conjecture B] as follows:
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THEOREM 1.2. — There exists a smooth toric Fano 3-fold X with non-
reductive automorphism group such that the Loewy filtration is multiplica-
tive, finitely generated and the Donaldson—Futaki invariant DF(XLe, L10e)
is positive. In particular, (Xoe, LLoe) does not destabilize X .

In a preliminary version [7] of [8], they also mention Socle filtrations,
which are “dual” of Loewy filtrations. In Appendix, we also study Socle
filtrations and show the following proposition.

ProproOSITION 1.3. — Let R = EBZO:O Ry be a finitely generated graded
integral K-algebra and let U be a unipotent algebraic group which acts
on R as a graded K-algebra. Let G§ R = {G? R};cz be the induced Socle
filtration. For x € QiSR \ gf_lR and y € QJSR \ Q]S_lR, it holds that xy €
G ;R\ G ;1 R. In particular, GJ R is multiplicative.

We note that in this proposition, we do not need to assume that Proj R
is Fano. As we will see in Corollary A.6, the Socle filtration induces a
valuation on the function field of Proj R by Proposition 1.3. Thus we might
expect that the Socle filtration is a better candidate for Question in the
beginning than the Loewy filtration, and destabilizes any Q-Fano varieties.
However, the answer is no, at least for singular X. See Subsection 4.3.

This note is organized as follows. In Section 2, we recall K-stability and
Loewy filtrations. In Section 3, we explain some known results about toric
varieties. In Section 4, we give a counterexample to Conjecture 1.1. In
Appendix, we show a property of Socle filtrations. Throughout this note,
we work over an algebraically closed field K of characteristic 0. We denote
by N the set of all non-negative integers.
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2. K-stability, test configurations, and filtrations

Throughout this section, X is a Q-Fano variety, that is, X is a normal
projective variety with at most klt singularities such that the anti-canonical
divisor —Kx is Q-Cartier and ample.

2.1. K-stability

DEFINITION 2.1. — A test configuration (X, L) of X consists of the
following data:

e a variety X with a projective morphism 7 : X — A!,

e a Q-line bundle £ on X which is ample over A",

e a G,,-action on (X, L) such that 7 is G,,-equivariant and (X \ Xo,
L|x\x,) is Gm-equivariantly isomorphic to (X x (A \ {0}),
pi(—Kx)), where G,, acts on A' multiplicatively and Xg is the
fiber over 0 € Al.

For a test configuration (X, L) of X, we can define a rational number
DF (X, L), called the Donaldson—Futaki invariant of (X, L). See [13] for the
definition of DF (X, L).

DEFINITION 2.2. — A Q-Fano variety X is called
(1) K-semistable if for any test configuration (X,L) of X, we have
DF(X,L) > 0.
(2) K-polystable if X is K-semistable and, if DF(X, L) = 0 for a test
configuration (X, L) of X, then the normalization of X is isomorphic
to a test configuration of product type, i.e. the normalization of X
is isomorphic to X x Al over Al.

Let

R=@Ri= H* (X, —dKx)

d>0 d>0

be the section ring of X. In this note, a decreasing filtration F¢R of R is a
sequence of vector subspaces

"'DERD.FZ‘J,_lRD"'

of R for i € Z such that ;R = @ -,(F: RN Rq) holds for any i € Z and
Uiez FiR = R.
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A decreasing filtration F, R is called
e multiplicative if 73R - F;R C Fiy;R for any 7,5. We note that
if 7R is multiplicative, @,,(FiR)t"* has a natural K[t]-algebra
structure.
e finitely generated if it is multiplicative and the K][¢]-algebra
@D, (FiR)t " is finitely generated.

An increasing filtration G4 R of R is a sequence of vector subspaces
CQiRCQi+1RC--~

of R for i € Z such that G;R = @ -,(G;R N Rq) holds for any i € Z and
Ui GiRt = R.
An increasing filtration G4 R is called
e multiplicative if G;R - G;R C G4 ;R for any 4,j. In that case,
@D, (GiR)t" has a natural K[t]-algebra structure.
e finitely generated if it is multiplicative and the K][t]-algebra
@Dic(GiR)t" is finitely generated.
If a decreasing filtration Fe R is finitely generated, we have

(X, L) = <Pr0jA1 @(fiR)ti,O(l)> — Al
i€z
which is a test configuration of X. We call this (X, L) the test configu-
ration induced by the finitely generated filtration F, R. We say that Fo R
destabilizes X if so does the induced test configuration (X, £).
Similarly, if an increasing filtration G, R is finitely generated, we have the
induced test configuration

(X, L) = (ProjAl @(giR)ti, (9(1)> — AL

1€Z

2.2. Loewy and Socle filtrations

DEFINITION 2.3. — Let U be a unipotent algebraic group, and V be a
finite dimensional U-module.
(1) The Loewy filtration FLV = {FEV},en is a decreasing filtration
of U-modules defined by
() FEV =V,

(ii) for i > 0, FLV is the minimal U-submodule of FF |V such
that the quotient F= | V/FFV is semisimple, i.e. the action on

FE L V/FEV is trivial.

TOME 71 (2021), FASCICULE 2
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(2) The Socle filtration G&'V = {G7V },cn is an increasing filtration of
U-modules defined by
(i) G5V = VY, the invariant part of V by the action of U,
(ii) fori >0, GZV/GS |V = (V/G5  V)Y.

Remark 2.4. — Loewy filtrations can be defined for not necessarily
unipotent algebraic groups. However, we can reduce the general case to
the unipotent case by taking the unipotent radical [8, Lemma 2.3].

Since U is unipotent and V is finite dimensional, F*V = {0} and GF'V =
V for i > 0.

We also note that the indexes of the Socle filtration in Definition 2.3 are
shifted by one from those in [7]. More precisely, it is defined as G5V =
{0},67V =VU .. in[7].

Example 2.5. — Fix N € N and set Vy = {f € K[z]| deg(f) < N} C
K[z]. Let U be the additive unipotent algebraic group G, = (K, +), and
consider the action of U on Vy by a2 := z + « for a € U = K. In this
case, it holds that

FiVn ={f € V|deg(f) <N —i}, G Vn={f€eV|deg(f)<i}.

DEFINITION 2.6. — Let X be a Q-Fano variety and U be the unipotent
radical of the automorphism group Aut(X) of X. Then U acts on Ry =
H°(X,—dKx) for each d > 0.

(1) The Loewy filtration FLR of X is a decreasing filtration of R de-
fined by
o FLR=R fori <0,
o FLR = @d>0 FERy for i > 0, where FLR, is the Loewy
filtration of the U-module R,.
(2) The Socle filtration GJ R of X is an increasing filtration of R defined
by
e GPR={0} fori <0,
e G°R:= Do GZRy for i > 0, where G5 Ry is the Socle filtra-
tion of the U-module Rg.
(3) If the Loewy filtration FEX R (resp. Socle filtration GJ R) is finitely
generated, we denote by (XLoe,LrLoe) (resp. (Xsoe, Lsoc)) the in-
duced test configuration of X.

Remark 2.7. — We note that (J,c;, FFR = U;c; 67 R = R holds by
Remark 2.4. Tt is not known whether or not the Loewy filtration of a Q-
Fano variety is multiplicative in general [9]. At least, if we take a unipotent
subgroup of Aut(X) as U in Definition 2.6, the obtained filtration can be
non-multiplicative [9].
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On the other hand, we will show that the Socle filtration is multiplicative
in Appendix.

Example 2.8. — Let S — P? be the blow-up of P? = Proj K[X,Y, Z] at
[1:0:0] and [0 : 1 :0]. The Loewy filtration of S is computed in [8,
Subsection 3.2] as follows.

The unipotent radical of Aut(S) consists of matrixes of the form

1 0 «o
01 p for a,f €K,
0 0 1
which acts on K[X,Y, Z] by
(2.1) X X+aZ YeY+BZ ZesZ

Since —Kg = 3H — Ey — E5, where H is the pullback of Op2(1) and
FE4, FE> are the exceptional divisors, we have

Ry = H°(S, —dKs) = (X°Y* 237970 < a,b < 2d,a + b < 3d).

In [8], it is shown that FLR,; = (X2Y°Z34=27%|0 < a,b < 2d,a + b <
3d — i) for i > 0, and hence FFR is finitely generated. In this example,
DF(XLoe; L1.0e) < 0 holds as computed in [8].

For the Socle filtration GZ R, we need to compute the invariant part of
the action of U. By (2.1), an element in Ry = (X?Y?Z34-970|0 < a,b <
2d,a + b < 3d) is invariant if and only if it is a polynomial of Z. Hence we
have

Gs Ra = Rf = (Z*").
For G R4, we need to consider the action on

R4/GS Ry = (XY 7347971 |0 < a,b < 2d,a 4 b < 3d) /(Z3%).

Since (Rg/Gy Rq)V = (XZ34=1 yz3d=1 734)/(73d) we have G{ Ry =
(X Z3d=1y 73d=1_73d) Tnductively, it holds that

GP Ry = (XY Z31797b |0 < a,b < 2d,a + b < min{i, 3d})

In this example, the Socle filtration is essentially the same as the Loewy
filtration. More precisely, GZ Rq = FL,_.Rg4 holds for any i,d and hence
(Xsocs Lsoc) coincides with (Xpoe, LLoe). In Section 4, we will give examples
where the Loewy and Socle filtrations are different.

TOME 71 (2021), FASCICULE 2
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3. Toric varieties

Let M ~ Z"™ be a lattice of rank n, and N be the dual lattice of M. An
n-dimensional lattice polytope P C Mg := M ® R is called reflexive if P
contains 0 € M in its interior and the dual polytope

P*:={ve Ng:=NR|{u,v) > —1 for any u € P}

is a lattice polytope as well. A reflexive polytope P C Mg defines an n-
dimensional Gorenstein toric Fano variety X by

(X, —Kx) = (ProjK[I'p], O(1))
where I'p = {(d,u) € Nx M |u € dP} and K[I'p] = @ (4 4)er, Ky (@) is
the semigroup ring graded by N. In particular, it holds that

H(X,-dEx)= @ Kx“v.

uedPNM

In the rest of this section, P C Mpy is a reflexive polytope and X is the
corresponding Gorenstein toric Fano variety.

3.1. Toric test configurations

Let f : P — R be a piecewise linear concave function with rational
coefficients. As is well known, f induces a test configuration of X as follows.
Consider a decreasing filtration F{ R of the section ring R = K[['p] by

FIR= (| (d,w) € Tp, f(u/d) > i/d).
This filtration FJ R is multiplicative by the concavity of f, and finitely
generated since f is piecewise linear with rational coefficients. Hence FiRr
induces a test configuration (X, L) of X.

Similarly, a piecewise linear convex function g : P — R with rational
coefficients induces a finitely generated increasing filtration G R by

GIR = (x'*") | (d,u) € Tp,g(u/d) <i/d).

In particular, GJ R induces a test configuration (X,, L,) of X.
We note that (X, Ly) = (Xy, Ly) holds if g = C' — f for some rational
number C.

Remark 3.1. — If f is an integral affine function, we can define an iso-
morphism
EB(]:{R)fi — R[t] : X(d’“)tﬂ- — X(d’“)fHd'f(“/d)
i€z

ANNALES DE L’INSTITUT FOURIER
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and hence Xy ~ X x Al over A!, i.e. the induced test configuration (Xy, L)
is of product type.

Similarly, the test configuration (X,,L,) is of product type if g is an
integral affine function.

Other than the Donaldson-Futaki invariant DF(X, £), there exists an-
other invariant Ding(X, £) introduced in [2], called the Ding invariant of
(X, L), which also can be used to define K-stability.

For toric test configurations, the following formulas are known:

THEOREM 3.2 ([13], [21, Theorem 5, Proposition 7]). — Under the above
notation, it holds that

DF (X, Ly) =n <Vol / flu V01(8P) f(U) dU) ,

Ding(Xy, Lf) = f(0) — VOI(P) /Pf(u) du

1 1
DF(,: ) =1~ [otwauns o [ gtuyan).
Ding(,. £;) = ~4(0) + 55 [ a(wdu

where du is the Fuclidean measure on Mg and do is the boundary measure
on OP induced by the lattice M. The volumes vol(P),vol(OP) are with
respect to du,do respectively.

Furthermore, it holds that

DF(Xy, L) > Ding(Xf, Ly) (resp. DF(X,, Ly) > Ding(X,, L)),

and the equality holds if and only if f(resp. g) is radically affine, where
we say that a function ¢ : P — R is radically affine if p(tu) — p(0) =
t(o(u) — ¢(0)) for any t € [0,1] and u € OP.

2. Automorphism groups

The automorphism group of toric varieties are studied by [10, 11, 12, 17],
etc. For simplicity, we only consider the Gorenstein Fano case here.
Let vy,...,uvny € Ng be all the vertices of P*. Then we have

P ={ue Mg|(u,v;) > —1 for all i}.

We denote by D; the torus invariant prime divisor on X corresponding
to v;.

TOME 71 (2021), FASCICULE 2
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Let S = K[x1,...,zn], which is called the Cox ring of X, be the polyno-

mial ring whose variables correspond to the prime divisors Dq,..., Dy on
X. Hence a torus invariant effective Weil divisor D = " a;D; corresponds
to the monomial z{*z5* ... 2% € S, which is denoted by 2"

Under this notation, S is the direct sum of Kz for all torus invariant
effective Weil divisors D. Hence the Cox ring is graded by the Chow group
AL(X) of X by

EB Sa= B | DK,
a€Al(X a€AL(X) \[D]=a
where [D] is the class of D in A(X).

We note that the monomial x4 € H(X, ~dKx) defines an effective
torus invariant divisor ), ({u, v;) +d)D; € |[-dKx|. Thus we can naturally
identify H°(X,—dKx) with S|_qk]. Hence the section ring R = K[I'p]
can be identified with the subring of S

P Si—axy C S

d=0
DEFINITION 3.3. — An element m € M is called a root of P if there
exists some i such that (m,v;) = —1 and (m,v;) > 0 for any j # i. In other

words, m € M is a root if and only if m is contained in the relative interior
of a facet F of P.

A root m is called semisimple if —m € M is a root as well. Otherwise,
m Is called unipotent.

We note that —m is called a root in [10, 12] for a root m in Definition 3.3.
We follow the notation in [16].

Example 3.4. — The reflexive polytope in Figure 3.1 has two semisimple
roots A and two unipotent roots .

Figure 3.1.
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For each root m € M, we have a corresponding group homomorphism
Ym : Go — Aut(X), and the unipotent radical U of Aut(X) is generated
by U,, ¥m(Ga), where we take the union over all the unipotent roots of P.

Recall the definition of y,,. Let @ be the unique index with (m,v;) = —1
as in Definition 3.3. Then D, is linearly equivalent to the effective Weil
divisor D =3, ,(m,v;)D;. For each a € K, we have an automorphism of
S defined by

z; — x; + az?, xj—x; for j#i,
which preserves the A!(X)-grading. This induces an automorphism ,, (a) €

Aut(X).

4. Examples

Let P C My be a reflexive polytope and X be the corresponding Goren-
stein toric Fano variety. In this section, we only consider examples with the
simplest non-trivial unipotent radical, that is, we assume that there exists
a unique unipotent root m of P throughout this section. Hence the unipo-
tent radical U of Aut(X) is isomorphic to G, via the group homomorphism
Ym- In this case, the Loewy and Socle filtrations and the Donaldson—Futaki
invariants of them are described as follows.

Let F be the unique facet of P containing m. Without loss of generality,
we may assume M = M’ x Z for M' ~ 7", m = (0,—1) € M’ x Z, and
F = F' x {—1} for a lattice polytope F' C M'g. By [16, Lemma 5.9], there
exists a piecewise linear concave function h : F’ — R such that

(4.1) P={(/ t)e FFxR|-1<t<h(u)}

Example 4.1. — For the reflexive polytope P C R? in Figure 4.1, F/ =
[-1,1] C R and h(v') =1 — |u/|.

Figure 4.1.
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For v’ € dF' N M’, set

v = () |y = (u/,1) € AP N M)
= (X" |u = (1) with | € Z,—d <1 < [dh(u'/d)]) C Rq.

By (4.1), we have a decomposition
Ri= P Ry
u' edF’'NM’

as vector spaces. In fact, this is a decomposition as U-modules by the
following lemma:

LEMMA 4.2. — Foranyu' € dF'NM’, RY is a U-submodule of Ry. Fur-
thermore Rg/ is isomorphic to V| an(u’/d)|+4 in Example 2.5 as U-modules.

Proof. — As in Subsection 3.2, let Dy, ..., Dy be all the torus invariant
prime divisors on X. We may assume that the facet F > m = (0,-1)
corresponds to D;. Recall that & € K = U C Aut(X) acts on the Cox ring
S by

x1»—>a:1+amD, r; — x; for i > 2,

where D =3, ,(m, v;) D;.

Fix v/ € dF' N M'. For simplicity, set y; = x(»%) ¢ Rzl" for u = (u/,1)
with —d < I < [dh(v//d)]. By the identification of R = K[I'p] with
@d>0 S[—dK ) in Subsection 3.2, x; € Rfj/ C R is identified with

N
X; = Hxﬁu,v,;>+d € s.
=1

Since v; = (0,1) € N’ x Z, where N’ is the dual lattice of M’, we have
(u,v1) +d =1+ d. Hence

N
X; = l‘l1+d ngu’vi>+d €5,

=2

which is mapped to

N
(x1 + OzzD)l+d H z§u’vi>+d

=2
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by the action of a € K. Since 2P = va 5 x<m i)

I+d
T d\ . e
(21 + azP)Hd = g ( + )ajxll+d IqiP
X J
7=0
I+d

Z<l+d>aj l+d— jH ](mv,)

Thus by the action of a € K, X; is mapped to

N
(21 + aaPy A T a0+

i=2
I4d N
l d m,v i
_ Z T g Lrd— gH j(m,vs) Hml{u,de
]:O =2 =
I+d
l+ d> l+d u+ m,v;)+d
— ) O[‘j JH J 4
Jj= 0< =2
I+d
I+d\ ;
= ( - )anlj7
=0~/

where the last equality follows from u+jm = (v/,1)+5(0,—-1) = (v, 1 —j).
In particular, (X;|—d < I < |dh(v'/d)]) C S is closed under the action
of U. Hence so is R“ = <Xl |—d <1 < |dh(u//d)]) C Rg, ie. RY is a
U-submodule.

By the above argument,

(42) Rg/ — Vth(u’/d)jer ¢ B d LL'H_d

is an isomorphism as U-modules. g

LEMMA 4.3. — Under the above setting, for v = (u/,l) € dP N M,
x4 € Ry is contained in FF Ry if and only if | < dh(u'/d) —i.

On the other hand, x“*) ¢ R, is contained in GZ Ry if and only if
1 <i—d.

Proof. — By (4.1), this lemma holds for 4 < 0. Hence we may assume
12 0.

We use the notation in the proof of Lemma 4.2. By Lemma 4.2, we have
a decomposition Ry = @u/edF'mM’ Rg/ as U-modules. Hence fiLRd =
D carnm FFRY holds.
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Since FEV an(u jdy|+a = (27 |0 < j < |dh(u//d)|+d—i) by Example 2.5,
we have
FERY = (| ~d <1< [dh(u'/d)] — i)
by (4.2). Thus y; = x(*® for u = (u,1) is contained in FF* Ry if and only
if I < |dh(v'/d)| — i, which is equivalent to | < dh(u’/d) — i since [ and i
are integers.
Similarly, we have QiSRd =D carnm Q;ngj/ and

G Ry = (x| —d <1< —d+1i).
Hence x; = x(**) is contained in G? Ry if and only if | < —d + . U

PROPOSITION 4.4. — Under the above setting, the Loewy filtration
FLER of X coincides with the decreasing toric filtration Fi{R induced by
the concave function f defined as

f:P—=TR, (u,t)— hu)—t.

On the other hand, the Socle filtration G§ R of X coincides with the
increasing toric filtration G R induced by the affine (hence convex) function
g defined as

g:P—-R, (u,t)—~t+1

In particular, both FXR and G5 R are finitely generated and induce test
configurations (Xpoe; LLoe) and (Xsoe, Lsoc), respectively. Furthermore,
(Xsoc, Lsoc) is of product type.

Proof. — By the definition of toric filtrations, for u = (v',1) € dP N M,
x4 € Ry is contained in fif R, if and only if

i/d < f(u/d) = fu' [d,1/d) = h(a' /d) — 1/d,

which is equivalent to I < dh(u'/d) — i. Hence F{ R coincides with the
Loewy filtration FZR by Lemma, 4.3.
Similarly, x(4*) € R, is contained in GY R, if and only if

i/d > g(u/d) =g(u'/d,l/d) =1/d+1,

which is equivalent to | < i—d. Hence GJ R coincides with the Socle filtration
GJ R by Lemma 4.3.

Since toric filtrations F{ R and G{R are finitely generated, we obtain
test configurations (Xree, Lroe) = (Xf, Lf) and (Xsoc, Lsoc) = (Xy, Ly).
The last statement follows from Remark 3.1 since ¢ = ¢ 4+ 1 is integral
affine. |
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Since P = {(v/,t) € F x R| —1 <t < h(v')}, roughly Proposition 4.4
states that the Loewy (resp. Socle) filtration is determined by the distance
from the top facets of P defined by h (resp. the distance from the bottom
facet FF = F' x {—1}).

By Theorem 3.2, we can compute the Donaldson—Futaki invariant and
the Ding invariant of these test configurations as follows:

COROLLARY 4.5. — It holds that

Ding(XLoewCLoe) = %(P) /P(h(o) - h(u’) + t)du/dt,

1
DF(XSOC7£SOC) = Ding(XSOC7£SOC) = W/ tduldt
P

If h: F' — R is radically affine, DF (X100, L1.oe) = Ding(XLoe, L1.0c) holds.

Proof. — This follows from Theorem 3.2 and Proposition 4.4. We note
that g(u',t) = ¢ + 1 is affine, in particular, radically affine. On the other
hand, f(u',t) = h(u') — t is radically affine if and only if so is h. O

In all the following examples, h is radically affine and hence DF (A7 oe,
ACLoe) = Ding(XLoe, ELoe) hOldS.

4.1. A singular toric del Pezzo surface

In this subsection, we give a counterexample to Conjecture 1.1 with sin-
gular X.

Let P C R? be the reflexive polytope in Figure 4.1. We note that the
corresponding X is a singular del Pezzo surface of degree 6 with one ordi-
nary double point. In this case, F/ = [—1,1] and h : F' — R is defined by
h(z) =1 —|z| as stated in Example 4.1. Since h is radically affine, we have

1 2
_— t)dzdt = —
7 el + ozt = £ >0,

1 2
DF(XS0C7‘CSOC) = vol(P)/PtdIdt = —5 < 0.

DF(XLoea ‘CLoe) =

by Corollary 4.5. Hence the Loewy filtration does not destabilize X, but
the Socle filtration does.

4.2. A smooth toric Fano 3-fold
In this subsection, we show Theorem 1.2, i.e. we give a counterexample

to Conjecture 1.1 with smooth X.
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The reflexive polytope
P = COHV((L 1)’ (07 1)v (727 *1)7 (17 *1)) C R2

in Figure 4.2 corresponds to the Hirzebruch surface ¥1 = Ppi (O @ O(-1)).
Let X be the smooth toric Fano 3-fold obtained as the blow-up of X1 x P!
along C x {p}, where C' C ¥ is the torus invariant section with (C?) =
1 and p € P! is a torus invariant point. Since ¥; x P! corresponds to
F’ x [-1,1], the polytope P corresponding to X is written as

P={(z,y,t) e ' xRCR?*| -1 <t < h(z,y) :=min{l,1 4+ y}}.

We note that P has two semisimple roots and one unipotent root m =
(0,0,-1).

_—

L]
m

F' F' x [-1,1] P

Figure 4.2.

Since h is radically affine, we have

—1

1 20\'7 21
- 0,—y} + Bdadydt = (22 ) - L= ==
vol(P)/P(maX{’ v} +1)dady (3) 8~ 160°

1 20\ "/ 7 21
DF(Xsoc, Lsoc) = F(P)/Ptdxdydt = (3) . <_8) = ~ 160"

Proof of Theorem 1.2. — The above X satisfies the conditions in the
theorem. 0

DF(XLoeu £Loe)

4.3. A singular toric Fano 3-fold

For examples in Subsections 4.1 and 4.2, the invariant DF(Xsoc, Lsoc) is
negative, and hence the Socle filtration destabilizes X.

As we will see in Appendix, the Socle filtration is the filtration induced
from a valuation on the function field of X, and hence multiplicative in
general. Thus we might expect that the Socle filtration destabilizes any
Q-Fano varieties.
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However, the answer is no, at least for singular X. The following is an ex-
ample of a Gorenstein toric Fano 3-fold with non-reductive automorphism
group such that DF(Xsoc, Lsoc) = Ding(Xsoc, Lsoc) > 0.

Let F' C R? be the hexagon with vertexes (1,0), (0,1), (—1,1), (—1,0),
(0,—-1), (1,—1). We define a function h : F* — R by

_J1=2z (z>0)
Mz, y) = {1—90 (x £0)

for (x,y) € F'. The polytope P C R3 in Figure 4.3 is defined by h and (4.1).
We can check that P is reflexive, and m = (0,0,—1) € P is the unique
unipotent root. By Corollary 4.5, we can compute

—1
16 3 9
DF(XLoe7£LOe) = <3> ’ (_8> - _HS <0,

DF(XSO(la LSOC)

Figure 4.3.

Appendix A. On Socle filtrations

Let R = @Zio Ry be a finitely generated graded integral K-algebra and
set X = Proj R. We do not assume that X is Fano. Let U be a unipotent
algebraic group which acts on R as a graded K-algebra. By exactly the
same definition as Definition 2.3, we can define the Socle filtration Q,S R
of R.

Recall that an increasing filtration G, R is multiplicative if and only if
GiR-G;R C G;;R holds for any i, j.
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LEMMA A.1. — Under the above setting, the Socle filtration GSR is
multiplicative.

To show this lemma, we use the Lie algebra u of U. Since U acts on R
as a K-algebra, any D € u acts on R as a K-derivation, i.e. D¢ = 0 for any
c € K and

D(zy) = (Dx)y + x(Dy)

holds for any x,y € R. By induction, for any Dy,..., Dy € u it holds that

(A.1) Dy -+ Di(zy) = Z (DY --- Dy a)(Dy N - Dy ~ty),
(e1,..,en)€{0,1}N

where D% = x by convention.
LEMMA A.2. — For any i,d > 0, it holds that
QfRd = {a: € Ry|Djy1...D1x =0 for any Dy,...,D;y1 € u}.

Proof. — For i = 0, x € Ry is contained in the invariant part gg Ry =
(Rq)Y if and only if Dx = 0 for any D € u. Hence the statement holds for
1 = 0. By the induction on 4, this lemma follows. O

Proof of Lemma A.1. — Take x € G°R and y € G°R for i,j € Z.
We need to show xy € QiSHR. Since g;fR = {0} for k < 0 by definition,
zy=0¢€ ngR holds if ¢ or j is negative. Hence we may assume 7,5 > 0.

Set N =i+ j+ 1 and take any D1,...,Dn € u. It suffices to show
Dy ...Di(zy) = 0 by Lemma A.2. For each (e1,...,en) € {0,1}, one of
ek =i+ 1lor ) (1 —eg) > j+ 1 must hold. Hence DI --- D'z =0
or Dy N ...D}7®'y = 0 holds by Lemma A.2. By (A.1), we have
Dy ...Dy(zy) =0. O

In fact, we can show the following proposition, which refines Lemma A.1.

PROPOSITION A.3 (=Proposition 1.3). — Let * € G°R\ G2, R and
y € QJSR \ QJ{IR fori,j > 0. Then xy € ggrjR \ gf«kjflR holds.

Proof. — Since zy € giSHR by Lemma A.1, what we need to show is
Ty & Qf+j_1R. By Lemma A.2, it is enough to find D;,..., D;4; € usuch
that Di+j e D1 (l‘y) 7é 0.

Consider the set ® which consists of sequences of non-negative integers
(ak)g2, satisfying

e > .2, a = i. In particular, there exists m such that a; = 0 for any
k>m+ 1.
e For the above m, there exist D1, ..., D,, €usuch that D¢m---D{*x #0.
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We note that ag could be zero even if k < m. For simplicity, we denote
(ak)g2y by (@1,...,am) if ay =0 for any k > m + 1.

Since = ¢ gf,lR, D;---Di(x) # 0 for some Dq,...,D; € u. Hence
(1,1,...,1) is contained in ®. In particular, ® # ().
——

Let (a1,...,am) = (a1,...,am,0,0,...) € ® be the maximum element
with respect to the lexicographical order. Take and fix Dy,...,D,, € u
with D&m ... D{'x # 0.

Consider another set ®' C N™ defined as follows: (a,...,a,,) € N™ is
contained in @’ if and only if

en:=j—(a)+-+al,) = 0and D;L...D’lD?,;m~~D(fl1y # 0 for
some Dj,..., D] €u.

Since y & G5 | R, D);--- Djy # 0 for some Dj,..., D}. Hence (0,0,...,0)

———

m
is contained in ®’. In particular, ®' # ().

Let (a},...,al,,) € ® be the maximum element with respect to the
lexicographical order. Take and fix Dj,...,D, € u with D/ ...Dj

Df,;’”--~DT/1y7é0forn:j—(a'1+-~-+a;n).
To prove zy ¢ gf+j_1R, it suffices to show

(A.2) D+ Dy Dy DY () £ 0

since Y1t (ap +ay)+n=>3 " ar+(n+ Y a,) =i+
By (A.1), D!, --- D\ Dgr % ... DI (2y) s equal to

(A3) > cae(D,™--- D™D - Dia)
aLE
« (D/ l—en D 1_€1Dam+a;n7am . Da1+a’17a1y)
n 1 m 1 ’
where the sum is taken over all (e, &) = (a1,...,Qm,€1,...,&,) With
ap €{0,1,...,ar +ai}, €€{0,1}"
and the coeflicient cq € N is

m
ar + aj,
e =11 |
a,

k=1

If S0+ S0 & > 4, it holds that D" - D{** D& .. D'z = 0 by
v €GPR I o+ 3 e <

1—e 1—¢ am—+al —om a1+a’ —a
D, ... Dy T DT DIV My =0
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by y € QJ-SR and Y_}" (ag +a), — o) + > 1=, (1 —&;) > j. Hence it suffices
to take the sum in (A.3) over (e, €) with

(A.4) Z o + ZE[ =1.
k=1 =1

Assume that (v, €) satisfies (A.4). By the definition of ®, D’ " ... D}*!
D&m...DMe =0if (o1,...,Qm,€1,...,6n) € . Since (a1,...,an) € @
is the maximum element, it suffices to take the sum in (A.3) over («,€)
with (A.4) and

(A.5) (A1ye oy Qmy €1y En) < (A1, .0 Q).

By the definition of @, D],' 7" ... D} pgmamTam L plitaTen,

0if (a1 +af —1,...,am +al,, — ay) € ®'. Since (af,...,al,) € P’ is

s Ym

the maximum element, it suffices to take the sum in (A.3) over (a,€)
with (A.4), (A.5) and

(A.6) (a1 +ay —a1,...,am +a, —am) < (d),....al,).

Assume that the index (a,€) satisfies (A.4), (A.5), and (A.6). Then
a1 < ap and a; + a] — a1 < @) hold. Hence «; must be a.
Since a; = aj, we have as < ag and as + a — as < ab, which imply

as = az. Repeating this, (aq,...,q,) must coincide with (aq,...,amn).
By (A4) and Y., | ar, =14, we have e = (0,...,0).
After all, the index (o, &) which we need to take is only ((ay,...,am),

(0,...,0)). Hence D, - - - D’lDﬁlm-M;" . ~D?1+a/1 (zy) is equal to
Clarmnan)y(0e0) (D5 - DY @) (D, ... Dy Dy« DY'y),

which is nonzero since both D% ... D'z and Dj, ... DiD%m - D?;y are
non-zero elements in the integral domain R, and ¢4, ,....a,,),(0....,0) 7 0. Thus
xy & G5 ;_1 R follows. 0

Proposition A.3 implies that the Socle filtration induces a valuation on
the function field of X as follows.

DEFINITION A.4. — For xz € R, we set
Wz) =inf{i € Z|zr € G°R} € {—oc0} UN.

We note that {i € Z|xz € G°R} # 0 for any x € R since | J,G°R = R, and
t(x) = —oo if and only if x = 0, and v(c) = 0 for ¢ # 0 € K C Ry. For
x,y € R, t(xy) = t(x) + ¢(y) holds by Proposition A.3.
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DEFINITION A.5. — Let K(X) be the function field of X. We define a
function v : K(X) — Z U {oo} by

o(2) =)+ )

ford > 0,z,y € Rq,y # 0.

COROLLARY A.6. — The above function v is well-defined. Furthermore,
v is a valuation which is trivial on K.

Proof. — For the well-definedness, we need to check
(1) for z,y € Rq,y # 0, —t(x) + t(y) € ZU {o0}.
(2) if z/y =2'/y € K(X), it holds that —u(x) + t(y) = —e(z") + ().
As in Definition A.4, «(y) € N if y # 0. Since —t(z) is in Z U {o0}, we
have —u(x) + t(y) € Z U {oo}. Thus (1) follows.
For (2), if z/y = 2'/y’ € K(X), we have zy’ = 2’y € R. Then

U@) +uy) = uzy’) = uay) = ua’) + u(y)
by Proposition A.3. Hence —t(x) + t(y) = —t(a’) + ¢(y') holds. Thus v is
well-defined.
By Lemmas A.1, A.2 and Proposition A.3, we can check that v satisfies
the definition of valuation, i.e.

e v(0) = o0 and v(z) # oo for x € K(X) \ 0.

).
xy) = v(x) + v(y) for z,y € K(X).
) =0 for a € K\ 0.

O

Example A.7. — Let P be a reflexive polytope with a unique unipotent
root m = (0,—1) € M’ x Z such that

P={(/ t)e FFxR|-1<t<h()}

for some F’,h as in Section 4. In this case, the valuation induced by the
Socle filtration G5 R is the toric valuation corresponding to (0, —1) € N'xZ.
We note that this is not the divisorial valuation ordp, which corresponds
to (0,1) € N’ x Z, for the prime divisor D C X corresponding to the facet
F=F x{-1} of P.

For example, for the singular del Pezzo surface in Subsection 4.1, the
valuation v is nothing but the divisorial valuation ordg, where E is the
exceptional divisor of the blow-up of the ordinary double point in X.
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Recall that the function g in Section 4 corresponding to the Socle filtra-
tion is not only concave but also affine, contrary to the convex function f
by Proposition 4.4. The affineness is due to Corollary A.6.

The author does not know whether or not the valuation v is the divisorial
valuation for some prime divisor over X in general.
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