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A GINZBURG-LANDAU MODEL WITH
TOPOLOGICALLY INDUCED FREE DISCONTINUITIES

by Michael GOLDMAN,
Benoit MERLET & Vincent MILLOT (*)

ABSTRACT. — We study a variational model which combines features of the
Ginzburg-Landau model in 2D and of the Mumford-Shah functional. As in the
classical Ginzburg-Landau theory, a prescribed number of point vortices appear
in the small energy regime; the model allows for discontinuities, and the energy
penalizes their length. The novel phenomenon here is that the vortices have a
fractional degree 1/m with m > 2 prescribed. Those vortices must be connected
by line discontinuities to form clusters of total integer degrees. The vortices and
line discontinuities are therefore coupled through a topological constraint. As in
the Ginzburg-Landau model, the energy is parameterized by a small length scale
e > 0. We perform a complete I'-convergence analysis of the model as ¢ | 0 in
the small energy regime. We then study the structure of minimizers of the limit
problem. In particular, we show that the line discontinuities of a minimizer solve a
variant of the Steiner problem. We finally prove that for small € > 0, the minimizers
of the original problem have the same structure away from the limiting vortices.

RiESUME. — Nous étudions un modele variationnel en deux dimensions qui com-
bine les caractéristiques des fonctionnelles de Ginzburg-Landau et de Mumford—
Shah. Comme dans la théorie classique de Ginzburg-Landau (et dans le régime de
faible énergie) un nombre prescrit de vortex apparait ; le modele autorise aussi la
formation de lignes de discontinuité dont 1’énergie pénalise la longueur. Le phéno-
meéne nouveau est que les vortex ont un degé fractionnaire 1/m prescrit et qu’ils
doivent étre connectés par les lignes de discontinuité pour former des agrégats de
degré total entier. Vortex et discontinuités sont donc couplés par une contrainte
topologique. Comme dans le modele de Ginzburg-Landau, ’énergie contient une
échelle de longueur € > 0. Nous faisons une analyse complete de la I'—convergence
de ce modele lorsque € | 0 dans le régime de faible énergie. Nous étudions ensuite
la structure des minimiseurs du probléme limite et montrons en particulier que les
lignes de saut d’un tel minimiseur sont solutions d’une variante du probleme de
Steiner. Enfin, nous établissons que pour € > 0 petit, les minimiseurs du probléme
initial possedent la méme structure, du moins loin des vortex.

Keywords: Free discontinuities, Ginzburg-Landau, Steiner problem, Calculus of
Variations.

2020 Mathematics Subject Classification: 35Q56, 49505, 82D55, 49J10, 49S05.

(*) The authors have been supported by the Agence Nationale de la Recherche through
the grants ANR-12-BS01-0014-01 (Geometrya), ANR-14-CE25-0009-01 (MAToS), and
by the PGMO research project COCA. BM was partially supported by the INRIA team
RAPSODI and the Labex CEMPI (ANR-11-LABX-0007-01).



2584 Michael GOLDMAN, Benoit MERLET & Vincent MILLOT

1. Introduction

The purpose of this article is to study the asymptotic behavior of a family
of functionals combining aspects of both Ginzburg-Landau [13, 54] and
Mumford—Shah [4, 33, 42] functionals in dimension two. Those extend the
standard Ginzburg—Landau energy, and give rise to the formation of vortex
points connected by line defects in the small energy regime. Interestingly,
vortices and line defects are coupled through topological constraints.

To be more specific, let us introduce the mathematical context. We
consider for m € N, m > 2, the group of m-th roots of unity G,, =
{1,a7a2, . 7am_l} with a := e*7/™_ We are interested in maps taking
values in the quotient space C/G,,. We identify C/G,, with the round

cone
N = {(z,t) ECxR:t= |z|\/m2—1} CR?

by means of the map P: C — N defined as

m

P(z) := ( ), |2[v/m —) with p(z mﬁ

The map P induces an isometry between C/G,, and N, and restricted
to C\ {0} it defines a covering map of N\ {0} of degree m. For a given
open set  and p > 1 we can thus say that u € WH?(Q, C/G,,) if P(u) €
WP (Q,N) (where we say that a map v € W1P(Q, N) if v takes values in
N and v € WHP(Q, R?)).

m=3

p(u;)/m
Figure 1.1. The cone N and the projection P. P(uy) = P(u2) = P(us).

For a simply connected smooth bounded domain 2 C R? and a “small”
parameter € > 0, the standard Ginzburg-Landau energy over 2 of a vector
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valued W12-map reads

1 1
E.(u) := 3 /Q |Vul? + @(1 — |u?)?dx .

Here, the main functional under investigation is defined for u € SBV?(Q)
satisfying the constraint P(u) € W12(; ) by

(L.1) F2(u) == E.(P(u)) +H'(Ju),

where J,, denotes the jump set of u (see [4] and Section 2.3 below). We
stress that FY extends E., that is FO(u) = E.(u) whenever u € W12(Q),
which comes from the isometric character of P. In the same way F? appears
as a Mumford—Shah type functional since

1 1
FO(u) = §/Q|Vu|2—|—@(l— [u?)? de + H' (1),

where Vu denotes the absolutely continuous part of the measure Du. The
constraint P(u) € W12(Q;N) rephrases the fact that the functional is
restricted to the class {u € SBV?(Q) : u™ /u~ € G, on J, }. In particular,
only specific discontinuities in the orientation are allowed. The case m = 2,
which consists in identifying v and —u, is of special interest as it appears
in many physical models, see Section 1.2 below.

We also consider an Ambrosio—Tortorelli regularization of (1.1) where
the jump set J, is (formally) replaced by the zero set {¢) ~ 0} of some
scalar phase field function 1, and the length #'(J,) by a suitable energy
of 1. We introduce a second small parameter 1 and consider for u € L?(Q)
and ¥ € W12(€;]0, 1]) satisfying P(u) € WH2(;N) and uy € WhH2(Q),
the functional

(12)  Fuww) = B(PW) + 5 [ alVeP+ (01— vfdr.

Compared to the original Ambrosio—Tortorelli functional [5, 6], u and ¥
are only coupled through the constraint ui) € W12(Q), and not in the
functional itself. As for F?, the functional F? extends E. in the sense that
F(u,1) = E.(u) whenever u € W2(Q).

We aim to study low energy states (in particular minimizers) of the
functionals F? and F under Dirichlet boundary conditions of the form
u = g on 99 for a prescribed smooth g € C*°(99Q;S'). Concerning F?,
we work in the class G,(2) of maps satisfying P(u) = P(g) on 99Q. Then,
we penalize possible deviations from g on 92 by considering the modified
energy

F? (u) = F2(u) + H' ({u # g} N 09) .

TOME 70 (2020), FASCICULE 6
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Notice that such a penalization is necessary in order to have lower semi-
continuity of the functional (see for instance [34]). For the functional F7,
we restrict ourselves to admissible pairs (u, ) satisfying ui) = g and ¢ =
1 on 09, and write H4(€2) the corresponding class. In this setting, the
functionals F?, and F7 still extend E. restricted to W,2(£2), so that

1.3 min 7 < min E. and min F? < min E..

(13) Go(@) 9 T wiia) Ho (@) °©  wiie)
As in the classical Ginzburg-Landau theory [13], we assume that the wind-
ing number (or degree) is strictly positive, i.e.,

d = deg(g,00) > 0.

In this way, g does not admit a continuous S'-valued extension to . This
topological obstruction is responsible for the formation of vortices (point
singularities) in any configuration of small energy E. as ¢ — 0, and the
minimum value of E. over W2 is given by md|loge| at first order. In view
of (1.3), creating discontinuities in the orientation may lead to configura-
tions of smaller energy. Indeed, direct constructions of competitors show
that the minimum value of F?, or F is less than %dﬂoge\ at first order,
and thus (almost) minimizers must have line singularities (or “diffuse” line
singularities for F7), at least for ¢ (and 1) small enough.

1.1. Heuristics

The starting point is the identity

B(Pw) = 5B (o) + "B ().
m2° m2

Following the standard theory of the Ginzburg-Landau functional [13, 54],
one may expect that for configurations u of small energy, the leading term
is 1 F.(p(u)), and that p(u) has (classical) Ginzburg-Landau energy E.
close to the one of the minimizers under the boundary condition p(u) =
p(g) on 99. Since p(g) = g™, its topological degree equals md, and p(u)
should have md distinct vortices of degree +1, i.e., md distinct points xy
in 2 such that p(u)(zg) = 0 and

T —

p(u)(z) ~ ag for e < |z — x| < 1 and some constant aj, € S'.

|z — x|

In terms of E., the energetic cost of each vortex is 7|log e| at leading order,
and therefore E. (P(u)) should be less than Z¢|log e, again at leading order.

ANNALES DE L’INSTITUT FOURIER
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AJ2
Figure 1.2. Top: profile of the A—phase. Bottom: profile of the A/2—phase.

This discussion led us to consider the energy regimes
d d
(14)  F,(u) < %|1ogs| +0(1) and F'(u,v) < %\logd +0(1)

for u € G4(R2) or (u,v) € Hq(K2), respectively. Once again, it corresponds to
the energy regime of md vortices of degree +1 in the variable p(u). By an
elementary topological argument, one can see that any pre-image by p of
r—x

|:cfz:\
a (formal) winding number around xzj equal to 1/m (in other words, the

must have at least one discontinuity line departing from x, and has

phase has a jump of 27 /m around zy). For this reason, any configuration
u satisfying (1.4) must be discontinuous. In the sharp interface case (1.1),
we actually expect that each connected component of the jump set J,
connects mk vortices for some k € {1,...,d}, since the winding number
around any such connected component must be an integer. A similar picture
should hold in the diffuse case (1.2) with J, replaced by the zero set {¢ =
0}. The energy associated with discontinuities is their length (or diffuse
length), and there should be a competition between this term which favors
clustered vortices and the so-called renormalized energy from Ginzburg—
Landau theory which is a repulsive (logarithmic) point interaction.

1.2. Motivation

Our original motivation for studying the functionals (1.2) and (1.1)
stemmed from the analysis of the defect patterns observed in the so-called
ripple or Py phase in biological membranes such as lipid bilayers [10, 43, 46,
52, 53]. In this phase, which is intermediate between the gel and the liquid
phase, periodic corrugations are observed at the surface of the membranes
(see [52] for instance).

TOME 70 (2020), FASCICULE 6
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Figure 1.3. Creation of two vortices of degree 1/2.

Two different kinds of periodic sawtooth profiles are observed. A sym-
metric one and an asymmetric one respectively called A and A/2—phases
(see Figure 1.2 for a schematic representation of a cross-section). In the
asymmetric phase, only defects of integer degree are allowed while in the
symmetric phase half integer degree vortices are also permitted. Since two
vortices of degree 1/2 have an energetic cost of order 7 |loge| (where ¢ is
the lengthscale of the vortex) while a vortex of degree 1 has a cost of or-
der wllogel, it is expected that even in the regime where the A/2—phase
is favored (which happens for nearly flat membranes), a phase transition
occurs around the defects with the nucleation of a small island of A—phase
leading to the formation of two vortices of degree 1/2 (see Figure 1.3). In
the model proposed by [10], the order parameter is given by f(p), where f
is a fixed profile (corresponding to the one on the right part of Figure 1.2)
and ¢ is the phase modulation. Their functional corresponds to F, for
e=mn,m=2and u= Ve (so that u represents the local speed at which
the profile f is modulated). In [10], the authors further argue that the con-
straint of u being a gradient can be relaxed so that we recover completely
our model.

ANNALES DE L’INSTITUT FOURIER
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We also point out that (1.1) and (1.2) have connections with many other
models appearing in the literature. As an example, we can mention the issue
of orientability of Sobolev vector fields into RP?, see [8]. More generally, our
functionals resemble the ones suggested recently to model liquid crystals
where both points and lines singularities appear, see [9]. Similarly to [8], a
central issue here is to find square roots (and more generally m—th roots)
of WLP-functions into S* (see [39]), and this is intimately related to the
question of lifting of Sobolev functions into S*, see [14, 21, 28, 30, 48].

While completing this article, we have been aware of the work [7], where
the authors perform an analogous I'-convergence analysis for a discrete
model, obtaining in the continuous limit almost the same functional as
ours. These authors were motivated by applications to liquid crystals, mi-
cromagnetics, and crystal plasticity, and we refer to their introduction for
more references on the physical literature.

1.3. Main results

Our first main theorem is a I'-convergence result in the energy regime (1.4)
(we refer to [16, 26] for a complete exposition on I'-convergence theory).
To describe the limiting functional, we need to introduce the following ob-
jects. First, set Ay to be the family of all atomic measures of the form
=2 EZ;dl 0z, , for some md distinct points xz € Q. To p € Ay, we
associate the so-called canonical harmonic map v, defined by

Ap,=0 inQ
() = eten® H with Pu s
|9C - $k| v, =g™ on dN.

In turn, the renormalized energy W(u) can be defined as the finite part of
the energy of v, i.e.,

1
W(p) == lim 7/ |Vv,|? dz — mmd|logr| ¢ |
o | 2 Jo\B. ()

and we refer to (2.15) for its explicit expression.
We provide below a concise version of the I'-convergence result, complete
statements can be found in Theorem 3.1 and Theorem 3.2.

TOME 70 (2020), FASCICULE 6
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THEOREM 1.1. — The functionals {Fgg—%dﬂoge\} and {F)— %‘ﬂlog el}

(respectively restricted to G4() and H4(§2)) I'-converge in the strong L'-
topology as € — 0 and np — 0 to the functional

1 1
Foglu) == g [ [Vl da W30 + my,
+H (Ju) + H ({u # g} N 09Q)

defined for u € SBV (%;S') such that u™ = e*fv, for some p € Ay and
o € WH2(Q) satisfying e'? = 1 on 9Q. The constant =,,, referred to as
core energy (see (3.1)), only depends on m.

We point out that there is of course a compactness result companion to
Theorem 1.1. Namely, if a sequence {u.} satisfies the energy bound (1.4),
and is uniformly bounded in L>°(Q), then {u.} converges up to a subse-
quence in L'(Q), and {p(uc)} converges (again up to a subsequence) in the
weak WP-topology for every p < 2. As can be expected, the proof of The-
orem 1.1 combines ideas coming from the study of the Ginzburg—Landau
functional [2, 13, 24, 40, 45, 54], together with ideas from free discontinuities
problems [4, 6, 15, 17]. Concerning the compactness part, we have included
complete proofs to provide a rather self-contained exposition. Although
some estimates (such as the W bound, see Lemma 2.12) are certainly
known to the Ginzburg-Landau community (see for instance [24, 45]),
they have never been used in the context of I'-convergence. The I'-lim inf
inequality is a relatively standard combination of techniques developed
in [2, 17, 24], while the construction of recovery sequences is a much more
delicate issue. The main difficulty comes from the constraint u™ = e*?v,,,
which prevents us from applying directly the existing approximation re-
sults by functions with a smooth jump set, see e.g. [11, 18, 25, 29]). Our
approach uses a (new) regularization technique (see Lemma 3.17) which is
somehow reminiscent of [5] and could be of independent interest. Another
difficulty comes from the optimal profile problem defining the core energy
Ym- The underlying minimization problem involves the Ginzburg-Landau
energy of A-valued maps, and one has to find almost minimizers which can
be lifted into C-valued maps in SBV?2, see Section 3.2.

The T'-convergence result applies to minimizers of either Fg g or FJ
(whose existence is proven in Theorems 2.7 and 2.8). It shows that they
converge in L'(Q) to a minimizer u of Fy 4. Our second main result deals
with the characterization of such minimizer w. It is based on the following
observations. First, from the explicit form of £y 4, it follows that ¢ = 0 in
the representation u™ = ewvu. In particular, u can be characterized as a

ANNALES DE L’INSTITUT FOURIER



A G.L. MODEL WITH FREE DISCONTINUITIES 2591

solution of the minimization problem
1
min {mQW(M) + M1 (Ju) + H ({u # g} NOQ) :

u € SBV(;S'), u™ = v, for some p € Ad} .

In turn, this later can be equivalently rewritten as

:Ielgld min {WlﬂW(u) +H (Ju) + H ({u# g} N O9Q) :

u € SBV(;8Y), u™ = Uu} .
As a consequence, fixing u € A4 and solving
L(p) := min {7—[1 (Ju) + H' ({u # g} N 0Q) 1 u € SBV(;8"), u™ = vu},

we are left with a finite dimensional problem to recover the minimizers
of FO,g-

Given u € Ay, we compare in Theorem 1.2 below the minimization prob-
lem L(p) with the following variant of the Steiner problem (see e.g. [35]):

A(p) := min {Hl(F) : T C Q compact with spt u C T’
and every connected component Y satisfies
Card(XNsptu) € mN} .

We shall see that any minimizer T of A(u) is made of at most d disjoint
Steiner trees, i.e., connected trees made of a finite union of segments meet-
ing either at points of spt u, or at triple junction making a 120° angle. From
now on, when talking about triple junctions we always implicitly include
this condition on the angles.

Our second main result is the following theorem, in which we assume 2
to be convex (to avoid issues at the boundary).

THEOREM 1.2. — Assume that Q) is convex. For every u € Ag, L(u) =
A(p). Moreover, if u is a minimizer for L(u), then its jump set J,, is a
minimizer for A(p), u € C*(Q\ J,), and u = g on 9. Vice-versa, if
T is a minimizer for A(p), then there exists a minimizer w for L(u) such
that J, =1T.

TOME 70 (2020), FASCICULE 6
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To complete the picture, we shall give several examples illustrating the
fact that the geometry of minimizers for A(u) strongly depends on m, d,
and the location of spt . In the case m = 2, a minimizer for A(p) is always
given by a disjoint union of d segments connecting the points of spt u (see
Proposition 4.7). However, for m > 3 and d > 2, minimizers are not always
the disjoint union of d Steiner trees containing exactly m vortices (see
Proposition 4.8 and Proposition 4.10).

In our third and last main result, we use the characterization of the
minimizers of Fy 4 provided by Theorem 1.2 to show that for e > 0 small
enough, minimizers of Fg , have essentially the same structure away from
the limiting vortices.

THEOREM 1.3. — Assume that () is convex. Let €, — 0, and let uj, be
a minimizer of F, , over Gq(€2). Assume that uj, — u in L'(2) as h — oo
for some minimizer u of Fy 4. Letting ;1 € Aq be such that v™ = v,
for every o > 0 small enough, if h is large enough (depending on o), the

following holds:

(i) Ju, \ Bo(p) is a compact subset of Q\ B, (1) made of finitely many
segments, meeting by three at an angle of 120° (i.e., triple junc-
tions).

(ii) up € C(Q\ (Bs () U Ju,)) and up, = g on 09

In addition,

(iv) Ju, converges in the Hausdorff distance to J,.
(v) up = win CE _(Q\J,)NCL(Q\ J,) for every k € N and a € (0,1).

loc

In proving Theorem 1.3, we actually show a stronger result that we
now briefly describe (see Theorem 5.1, Remark 5.2, and Section 5.1). In
each (sufficiently small) ball B,(z) C Q\ B,() and € small enough, u. is
bounded away from zero, and it can be decomposed as u. = ¢.w. where
¢ € SBV%(B,(x)) and w. is minimizing the classical Ginzburg-Landau
energy E.(-,B,(x)) with respect to its own boundary condition (and as
a consequence, w, is smooth). The proof of this decomposition relies on
the energy splitting discovered by Lassoued and Mironescu [41]. Combined
with the classical Wente estimate [19, 55], it leads to a lower expansion of
the energy of the form

FEO(UE,BT(ZE)) > E.(we, B, (z))

+ 1 (/ Vo |* dz + aH' (Jp. N Br(x))> ,
B, (x)

«

ANNALES DE L’INSTITUT FOURIER
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for some constant o > 0 (see Proposition 5.11). Using suitable competitors,
we deduce that ¢, is a Dirichlet minimizer of the Mumford—Shah functional
in B, (x). Applying the calibration results of [1, 49], we infer that ¢. takes
values into the finite set G,,, reducing the problem to a minimal parti-
tion problem in B,.(z). The classical regularity results on two dimensional
minimal clusters then yield the announced geometry of the jump set.

The paper is organized as follows. Section 2 is devoted to a full set of pre-
liminary results. First, we present some fine properties of the BV -functions
under investigation, and then we prove existence of minimizers for F and
Fg g- In a third part, we provide all the material and results concerning
the Ginzburg—Landau energy that we shall use. The I'-convergence result
of Theorem 1.1 is the object of Section 3. In Section 4, we prove Theo-
rem 1.2 and give the aforementioned examples of A(u)-minimizers. In the
last Section 5, we return to the analysis of minimizers of Fg > and prove
Theorem 1.3.

2. Preliminaries
2.1. Conventions and notation

Throughout the paper we identify the complex plane C with R%. We
say that a property holds a.e. if it holds outside a set of Lebesgue measure
ZETO.

For a,b € R%, we write a A b := det(a, b);
For a € R? and M = (by,...,b,) € May,(R), we write

aANM:="aAby,...,aNb,) €R";

e For M € Mgy, (R), we write | M| := [tr(M tM)|'/?;

e For a = (a1,az) € R? we let at = (—az,a1)

e for a set O C R2, we call v its external normal and 7 its tangent
chosen so that (v, 7) is a direct basis (in particular v+ = 7 and 99
is oriented counterclockwise);

e The distributional derivative is denoted by D f;

e For v € R"™, we let 0, f := Df(v) be the partial derivative of f in
the direction v and if v = ¢; is a vector of the canonical basis of R™
then we simply write 0y f := O, f;

o Vf = (O1fk)r, is the Jacobian matrix of the vector valued func-
tion f;

TOME 70 (2020), FASCICULE 6
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e For j = (ji1,j2), we denote by curl j := 01jo — 0271 the rotational
of j;

e For A C R"™, we denote by B,(A) the tubular neighborhood of A
of radius r. For a measure u, we simply write B,.(u) := B,-(spt u);

e In most of the paper, we work with  a given bounded open and
simply connected set. Nevertheless, since in Sections 4 and 5 we will
require that €2 is convex, we will repeat at the beginning of each
section the hypothesis we are making on 2;

e We shall not relabel subsequences if no confusion arises.

2.2. Finite subgroups of S! and isometric cones.

Given an integer m > 2, we denote by G,, the subgroup of S! made of
all m-th roots of unity, i.e.,

G, = {1,a75127 - 7am_l} with a 1= e*7/™
We consider the quotient space C/G,,, endowed with the canonical distance

dist = i —z= mi —at
ist ([21], [22]) 216[231)1;126[22”21 2l=,_min |1 -az|,

where [z] is the equivalence class of z € C. We note that C/G,, is iso-
metrically embedded into R? ~ C x R by means of the Lipschitz mapping
P:C — R? given by

m

P(z) := ( ), |zl vVm ) where p(z) := Vrm
In this way we identify C/G,, with the round cone of R?,
N :=P(C) = {(m,t) ERZxR:t=|z|v/m?— 1},

and one has dist([21], [22]) = dar(P(21),P(22)) for every 21,2, € C, where
dy denotes the geodesic distance on N induced by the Euclidean metric
(in particular, [P(z)| = |z| for every 2z € C). Similarly, S'/G,, coincides
with the horizontal circle

S:={(z,t) EN:|z| =1/m,t = /1—1/m?} =P(S'

Note that in the case m = 2, S ~ S!/{4-1} is the real projective line RP1.
Finally, we point out that P is smooth away from the origin, and since P
is isometric,

(2.1) |VP(2)v| = |v| for every v € R? and every z € C\ {0},

ANNALES DE L’INSTITUT FOURIER
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where VP(z) € M3x2(R) is the differential of P at z represented in real
coordinates. Similarly, we write Vp(z) € Max2(R) for the differential of p
at z.

2.3. BV and SBYV functions, weak Jacobians

Concerning functions of bounded variations, their fine properties, and
standard notations, we refer to [4]. Let us briefly introduce the main prop-
erties and definitions used in the paper. For an open subset © of R2, we
first recall that BV (2, R9) is the space of functions of bounded variation
in Q, i.e., functions u € L'(Q, RY) for which the distributional derivative
Du is a finite (matrix valued) Radon measure on 2. We recall that for a
function u € BV (2, RY), we have the following decomposition

Du = Vudz + D'u + Du,
where
(2.2) Diy:=(ut —u ) @uv, H'LJ,.

The functions u® denote the traces of u on the jump set .J, which is a
countably #!-rectifiable set. Since all the properties we will consider are
oblivious to modifications of J, on sets of zero H! measure, we shall not
distinguish between J, and the singular set of u (usually denoted as S,,).
In particular, when J, is regular or a finite union of polygonal curves, we
will also not distinguish between J,, and its closure so that we shall often
consider it as a compact set. Analogously, for sets F of finite perimeter, i.e.,
such that xg € BV (Q), we simply denote by F the reduced boundary.

The space SBV (2, R?) is defined as the subspace of BV (2, R?) made of
functions u satisfying D°u = 0. For a finite exponent p > 1, the subspace
SBVP(Q,R?) C SBV(Q,RY) is defined as

SBVP(Q,RY) := {u € SBV(Q,RY) : Vu € LP(Q) and H(J,) < oo} .

Remark 2.1 (pre-Jacobian). — For a smooth function u, we define the

pre-Jacobian of u as
Jj(u) :=uAVu,

which also writes j(u) = Re(iuVu) in complex notation. Notice that if
u = pe'? for some smooth functions p and 6, then j(u) = p?V6 so that j(u)
measures the variation of the phase. In particular, if € is simply connected
and u takes values into S!, then curl j(u) = 0 and we can write j(u) = V0,
hence recovering the phase 6.
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To our purposes, we need to extend the notion of pre-Jacobian to BV-
maps.

DEFINITION 2.2. — For u € BV (Q), we define the pre-Jacobian of u to
be the measurable vector field

Jju) :=uAVu,

where Vu is the absolutely continuous part of Du. It belongs to L'(Q)
whenever u € L>(2) or Vu € L*(Q) (since BV (Q) is continuously embed-
ded in L*(Q)).

LEMMA 2.3. — Let u € BV(Q). Then V := P(u) and v := p(u) are of
bounded variation in §2, and

(i) V(x )ENfor a.e. x € Q;

(iii (V+ V ) ( Z/u) on Jy;

( ) (_ ) for every x € Ju\ Jv;

ii)
)
(iv)
(v) |VV]| = |Vu| a.e. in Q;
(vi) [DV] = |Dul;
(vii) j(v) =mj(u) a.e. in Q.

Proof. — The fact that V € BV (Q;R3?), as well as items (i), (ii), (iii),
and (iv), is a direct consequence of the 1-Lipschitz property of P, see [4,
proof of Theorem 3.96]. Moreover, |DV| < |Dul. It remains to prove (v),
(vi), and (vii). Recall that, by [4, Proposition 3.92], we have |Du|(Z,) =0
where

Zy i ={z € Q\ J, :u(z)=0}.
For k € N, we set

Agi={z e Q\ Jy: |u(z)] > 1},

Ap={z e Q\ J,:27F < |u(z)] < 27"},
so that Q\ Z, = |J, Ar with a disjoint union. Then, for each k € N, we
consider P;, € C1(C;R?) such that Py(z) = P(z) whenever |z| > 27F.
Using the chain-rule formula in BV (see [4, Theorem 3.96]), for Py (u) and
the locality of the derivative of a BV function (see [4, Remark 3.93]), we
readily obtain (v) and (vi).

To prove (vii), we first notice that for € C\ {0} and X € R?, we have

p(2) A (Vp(2)X)=mzAX.
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Therefore, if x € Q\ Z, is a Lebesgue point for Vu and VV'| we have for
each [ € {1, 2},

v(z) AGv(x) = p(u(x)) A (Vp(u(m))@lu(:ﬂ)) = mu(x) A Qu(z),
and the proof is complete. O

COROLLARY 2.4. — Ifu € BV(Q) is such that P(u) € WhP(Q; N) for
some p > 1, then u € SBV(Q) and Vu € LP(Q). Moreover, u*(z) # 0 for
every z € J,,, and ut(z)/u~(z) € G,. If, in addition, |u| > § a.e. in  for
some & > 0, then u € SBVP(Q) and |D7u| > 6la — 1|H L J,.

Proof. — The fact that v € SBV(Q) and Vu € LP(Q) is a direct con-
sequence of (vi) and (v) in Lemma 2.3, respectively. Next, assume that
ut(z) = 0 for some z € J,. Then (iv) in Lemma 2.3 yields u™ (z) = 0,
so that * ¢ J,. Hence u*™ does not vanish on .J,. Moreover from (iv) in
Lemma 2.3, we directly infer that ut/u~ € Gy, \ {1} on J,,.

Finally, if |u| > 6 > 0 a.e. in , then |[u*| > & on J,. Therefore, for every
r € J, we have

lut (z) —u™ (z)] = Slut(z)/u"(x) — 1| =6 ~ min ) la¥ — 1] = dla — 1],

and thus |D7u| > §|la — 1|HL J, by (2.2). In particular, H*(J,) < oo and
u € SBVP(Q). O

DEFINITION 2.5 (weak Jacobian). — For an open set  C R? and u €
BV (Q) such that j(u) € L'(Q), the weak Jacobian of u is defined as the
distributional curl in € of the vector field j(u). It belongs to (Cy*(2))*,
and its action on a Lipschitz function ¢ € Cg’l(ﬂ) that vanishes on the
boundary is

(curl j(u), @) = —/Qj(u) Viodz.

LEMMA 2.6. — Assume that Q C R? is simply connected. Let uy,uy €
SBV(Q;S') be such that p(ug) € WH1(Q;SY) for k = 1,2. Then, the
following properties are equivalent

(i) curl j(uy) = curl j(usz) in D'(Q);
(ii) there exist ¢ € W11(Q) and a Caccioppoli partition {Ey}{, of
(see e.g. [4, Chapter 4, Section 4.4]) such that

(2.3) Uy = (Z akXEk> euy .
k=1

In addition, if P(u;) = P(ug) and (i) holds, then ¢ is a multiple constant
of 2m /m.
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Proof. — Define u := usti; € SBV(Q;S!) and v := p(u) € WhH(Q;Sh).
By Corollary 2.4, we have H!(J;) < oo. Then Lemma 2.3, together with
the fact that p(u) = p(uz)p(uy), leads to

§(®) = j(p(uz) p(wr) ) = j(p(u2)) = j(p(u1)) = m(j(uz) — j(ur)).

If (i) holds, then curl j(¥) = 0 in D’'(Q2). By [30] (see also [21, Theorem 7))
there exists p € W11(Q) such that ¥ = ¢"™¥. Consequently, p(e~u) = 1
and thus e~u € BV(Q;Gy,), so that e=#u = S 7" 'akyp, for some
Caccioppoli partition {Ej};"' of Q. This proves (2.3). When p(u;) =
p(us), then ¥ = 1, and we infer that p(z) € 27Z for a.e. z € (). Since
¢ € WH(Q) we conclude that ¢ is constant.

If (ii) holds, then for each [ € {1,2},

Oiug = (Z a XEk> 5’lu1 + zalgoul) a.e.in Q.

Consequently, j(uz) = j(u1) + Vo a.e. in Q, and (ii) follows. O

2.4. Energies, functional classes, and existence of minimizers

Throughout this section, we assume that Q C R? is a smooth, bounded,
and simply connected domain. For ¢ € {2,3} and € > 0, we consider the
Ginzburg-Landau functional E; : Wl’z(Q' R?) — [0, 00) defined by

/ |Vu|? dz ti2 (1 — |ul?)? d=

For any Borel set A C Q, we let

B.(u, A) / IVl de + 412/(1— )2 d

We shall use the analogous notation for the localized version of most of the
energies under consideration.
For u € SBV?(Q) such that v := p(u) = u™/[u|""1 € W12(Q), we have
(by Lemma 2.3)
1 m? —1
(2.4) E. (P(u)) = WEE(U) + ?EE(M) =: G.(v).

Equivalently, the functional G, : W12(2) — [0,00) can be defined by

_L 2 2 2 L 11232
(2.5) Go(v) = 2mQ/Qm\ 4 (m? —1)| V]| dx+4€2/9(1 (w2)2 dz
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For the phase field we consider the functionals I,, : W12(Q; [0, 1]) — [0, 00)
defined for n > 0 as

1
I,(¥) = Q/ |V|* dz + —/(1 —¢)?dz.
2 Ja 2n Jo
The classes of functions we are interested in are the following
H(Q) = {(u,w) e L2(Q) x Wh2(Q;[0,1]) :
P(u) € WH3(Q;N) and yu € Wl’z(Q)},
and
G(Q) = {u € SBV2(Q) : P(u) € WLQ(Q;N)}.

Notice that in the definition of H(f2), the condition u € W12(Q) degen-
erates on the set {1y = 0} allowing for discontinuities of w. Typically, u
may jump through lines where 1 vanishes and (since P(u) does not jump)
the jump satisfies formally the constraint P(u*) = P(u™) in the spirit of
Lemma 2.3 (iv).

On H(Q) and G(Q2), we define the functionals FY : H(Q) — [0,00) and
FY:G(Q) — [0,00) by

(2.6) F(u,v) == E.(P(u))+1,(¢)) and F2(u):= E.(P(u))+H (Ju).

Note that F? is a functional of the type “Mumford-Shah” Indeed, by
Lemma 2.3 we have

1 1
FO(u) = 5 /Q |Vul? + @(1 — Ju*)?dx + H (J,) .

As already pointed out in the introduction, F! can be seen as an
“ Ambrosio—Tortorelli” regularization of F (with a coupling between u and
¥ in the class H(f2) rather than in the functional itself).

We aim to minimize F7 and F? under a given Dirichlet condition on the
boundary. We fix a smooth map g : 9Q ~ S' — S! of topological degree
d > 0. Accordingly, we introduce the subclasses

27)  H(Q) = {(u, ¥) € H(Q) 9 =1 and ¢u =g on aQ} :

and
Gy(Q) = {u € G(Q) : P(u) = P(g) on 89} .

Note that in G4(Q2) we do not impose the condition v = g on 99Q. Instead
we penalize deviations from g minimizing over G,4(€2) the functional

(2.8) F2 (u) == F2(u) + H' ({u # g} N 09)

TOME 70 (2020), FASCICULE 6



2600 Michael GOLDMAN, Benoit MERLET & Vincent MILLOT

in place of F?. As already mentioned in the introduction, this penalization
is necessary to ensure lower semi-continuity (since Fg g s precisely the
L (Q)-relaxation of FY).

As a warm-up, let us prove that the functionals F and Fg o, admit min-
imizers.

THEOREM 2.7. — The functional FJ admits a minimizing pair (ue, e )
in Hy(Q). In addition, any such minimizer satisfies |[uc| ) < 1.

THEOREM 2.8. — The functional F?, has a minimizer u. in Gy(Q2). In
addition, any such minimizer satisfies ||uc|| o) < 1.
The proof of Theorem 2.7 rests on the following compactness result.

PROPOSITION 2.9. — Let 2 C R? be a bounded open subset. Let
{(un,¥n)Inen € H(Q) be such that

Slflbp {Huh||L°°(Q) + ||vwh||L2(Q) + HV(P(UFL))|’L2(Q)} < 00.
Then, there exist a subsequence and (u, ) € H () such that

("/}hvwhuth(uh)) - (%ﬂ’uap(“)) weakly in W1’2(9)~

Proof. — Set ¢y, := Ypup, Vi := P(uy), and notice that P(¢y) = Vi,
Therefore,
V(P(¢n)) = YnVVh + Vib, @ Vi, .
By (2.1), |Vén| = [V(P(¢n))| a.e. in €, and since 0 < ¢, < 1, we infer
that

/Q Vonl? dar < 2 / VAl dz + 2 un o / Vn? da.

Hence {¢n}, {Vi}, and {¢n} are bounded in W2(Q). Thus, we can find
a subsequence such that (¢p, ¢n, Vi) — (¥, 6, V) weakly in W12(Q) and
a.e. in €, for some (¢, ¢, V) € WH2(;]0,1]) x WH2(Q) x WH2(Q; N). On
the one hand, since {up} is bounded in L*>°(2), the sequence {up(z)} is
bounded for a.e. x € £, and we deduce that ¢(x) = limy, ¥y (x)up(z) = 0
for a.e. € {tp = 0}. On the other hand, one has limy, up(z) = ¢(x) /9 (z)
and V(z) = limy, Vi(x) = P(é(z)/¢(z)) for a.e. z € {¢p # 0}. Now, we
define w € L () by setting

¢
wi= X0y + V)X =0
where a : N'— C is the “unrolling map” of the cone N, i.e.,

m|z|e??/™  for z = |z]e?? € C\ {0} with 6 € [0,27),
a(z,t) =

0 otherwise .
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By construction, we have ¢ = ¢u and V = P(u), and the proof is
complete. O

Proof of Theorem 2.7. — Let {(un,¥n)} € Hy(2) be a minimizing
sequence for F in H,(Q2). Since P(up) € WH2(Q; R?), we have |uy| €
WL2(Q) and thus also [max(1,|up|)]~t € WH2(Q) N L>(Q). Since ¢y, = 1
and Ypup, = g on 99, we have |up| = 1 on 9Q and then also

[max(1,|up|)]~! =1 on 9. Consequently, setting

~ Up
2.9 =7
(2.9) U (1, unl)

it quickly follows that ¢y, € WH2(Q), ¥ptip =g on 99, and ||Up|| L o) <1.
Since also,

Pupn) P(un)
max(1, lup|)  max(1, |P(un)|)

we have (¢p,un) € Hqy(2). Moreover, (2.10) implies that E.(P(us)) <
E.(P(up)) with equality if and only if |P(up)| < 1 a.e. in Q (and since
|P(up)| = |unl, equality holds if and only if |up| < 1 a.e. in ).

As a consequence, F(up,¥n) < F(up, ¥n), and thus {(dp, ¥n)} is also
a minimizing sequence for I in H,(Q). Since |[tp||L~o) < 1, we can ap-
ply Proposition 2.9 to find a subsequence such that (¢, Yptn, P(un)) —
(e, eus, P(us)) weakly in WhH2(Q) for some (uc,v.) € H(Q) with
|P(uc)| = |ue| < 1 a.e. in Q. From the continuity of the trace operator,
we deduce that 1. = 1 and ¢.u. = g on 09, that is (u.,¥.) € Hq(Q).
Finally, the functional F! being clearly lower semi-continuous with respect
to the weak convergence in W12(Q), we conclude that (uc,1).) minimizes
F2 over H,4(£2). Since the truncation argument above shows that any min-
imizer satisfies the announced L* bound, the proof is complete. O

(2.10) P (i) = e W N),

Proof of Theorem 2.8. — The truncation argument is identical to the
one above so we may reduce ourselves to the class of functions u satisfying
[l L) < 1. Let {un} € Gy(2) be a minimizing sequence for F? .

We fix some ry > 0 small enough in such a way that

(2.11) Q= {z € R? : dist(z,Q) <70}

defines a smooth domain, and that the nearest point projection on 952,
denoted by II, is well defined and smooth in {z € R? : dist(x,9Q) < 2ro}.
We extend each uy, to Q by setting up,(z) = g(I(z)) for z € Q\ Q. Then
we have J,,, N Q= (Ju, V) U ({un # g} N0N), so that

F2(up, Q) = F2 (un) + Cy ,
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for a constant Cy depending only on g, ro, and Q. Since |[Vuy| = [V(P(us))]
by Lemma 2.3, we deduce that {Vuy} is bounded in L2(€2). Hence we can
apply [4, Theorem 4.7 and 4.8] to find a subsequence such that u, — u.
weakly* in BV() and a.e. in Q to some u. € SBV2(). From the a.e.
convergence, we deduce that u.(z) = g(Il(z)) for = € Q \ Q. Then, still

by [4, Theorem 4.7],
(2.12) liminf H*(J,, N Q) + H ({un # g} N Q) = liminf H!(J,, N Q)
h—o0 h—o0
> H (SN Q) = H (Ju. N Q) + H ({uc # g} N Q).

Since {P(up,)} is bounded in W12(Q2) and P(up,) — P(u.) a.e. in §2, we infer
that P(up) — P(uc) weakly in W12(Q). As a consequence, u. € G4(Q).
Finally, the lower semi-continuity of E. with respect to the weak W2-
convergence, together with (2.12), leads to F? (u;) < liminf, F2 (up).
Hence u, is a minimizer of FY , in Gy(9). O

2.5. Asymptotic for the Ginzburg—Landau functional

The aim of this subsection is to recall some classical facts about the
asymptotic limit as € | 0 of low energy states for the Ginzburg-Landau
functional E.. In this section we still assume that Q C R? is a smooth,
bounded, and simply connected domain. Some of the material below can
be found with greater details in [2, 13, 54] and the references therein. We
start with the notion of renormalized energy originally introduced in [13].

2.5.1. The renormalized energy and canonical harmonic maps

Let us denote by Ay the set of all finite positive measures p of the form

md

(2.13) p=2w> 0y,
k=1

for some md distinct points {x1,...,Zmaq} C Q.

Given p € Ag, the canonical harmonic map v, : \spt 4 — C associated
to w is the map defined by

md
2.14 = eion(@) TT L2k
( ) Uﬂ(m) € kl_[l ‘l’ — 2 )
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with

Ap,=0 inQ,
v, =g¢g™ ondQ.

Note that ¢, is a smooth function in Q uniquely determined up to constant
multiple of 2. The canonical map v, is a smooth harmonic map from
Q \ spt p into S*. It satisfies

divj(v,) =0
curl j(v,) = p

It turns out that v, € W'P(Q) for every p € [1,2), but fails to be in
W12(€)). However, the Dirichlet energy of v,, still have a well defined finite
part called the renormalized energy given by

(2.15) W(p):= —WZlog |z — 2
kAl

in D'(Q) .

1 g™ =
- m d dH! —
+ 5 /mg A o wdH 7rk§:1R#(:ck),

where ®,, is the solution of

AD, =pu in O,
% =g™A L(gj) on 99,
Jog @udH =0,

and R, (z) := ®,(x)—>_, log|xr—x}| . Note that R, is an harmonic function
in , smooth up to 9€2. The function ®,, is related to the harmonic map
v, through the relation

(2.16) J(ve) = qu)u )

and W(p) is the finite part of the Dirichlet energy of v, in the sense that

1
(2.17) lim < - / |Vv,|? dz — mmd|logr| p = W(u).
0 2 JanB, (0

2.5.2. Asymptotic for low energy states

We are now ready to state the following compactness result, which is a
slight improvement of [2, Theorem 6.1]. The proof is postponed to the end
of this section.
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THEOREM 2.10. — For a sequence ¢y, | 0, let {vy} C ng;n,z(Q) be such
that {vp,} is bounded in L*(Q)), and
(2.18) E., (vy) < mmd|logen| + O(1) ash — co.
There exist a subsequence, a measure j € Ag, and a phase ¢ € WH2(Q)
such that

(i) vy — e*Pv, weakly in W1P(Q) for every p € [1,2);

(i) vp — €, weakly in W22 (0 \ spt p);
(iii) e =1 on 0%
(iv) for r > 0 small enough,

(2.19) lim inf {Eeh (vn, By (1)) — mmdlog ;} > C.,
h

h—o0

for a constant C, independent of r, and

1
lim inf lim inf < - / |Vop|? dz — mmd|log 7|
rl0 h—o0 2 O\B. (1)

1
> 5 [ 196l dz W),
2 Ja
Moreover, uyp, := curl j(v,) € L*(Q) converges to u = curl j(e'?v,) in the
weak* topology of (Co' (2))*.

The proof of this theorem relies on the following two auxiliary results.
In particular, Lemma 2.12 provides an a priori WP-bound for sequences
of low Ginzburg-Landau energy. We believe that Proposition 2.11 and
Lemma 2.12 are already well known to experts (see in particular [24, Theo-
rem 1.4.4]). Since we did not find clear statements and proofs in the existing
literature, we have decided to provide here (mostly) self-contained proofs.

PROPOSITION 2.11. — Let v € WHY(Q; S') and p € Ay be such that

curl j(v) =p inD'(Q),
v=g" on 0N

Ifve WI})CQ(Q \ spt ) and

1
(2.20) liminf ¢ = / |Vou|? dz — mmd|logr| b < oo,
o 2 e, ()

then v = e'?v,, for some ¢ € W'2(Q) such that e** = 1 on 9. In addition,

1 1
lim f/ |Vv|? do — mmd|logr| 3 = 7/ IVol?dz + W(u).
rl0 | 2 Q\B, (1) 2 Q
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Proof. — The fact that v = e’?v,, for some ¢ € W11(Q) with e’* = 1 on
0N follows as in the proof of Lemma 2.6. Moreover, v € VVI}N? (2 \ spt u; S)
yields ¢ € Wb2(\ spt p). Let us prove that in fact ¢ € W2(Q). First
notice that
(2:21)  [Vol* = [j(0)* = [Vel* + i (va) > + 2V - j(vy)

— Vil + Vol + 2V 40,

where the last identity follows from (2.16).
For each k € {1,...,md}, we set

RZ(:&) =@, (z) —log |z — x|,

so that R is a smooth harmonic function in €\ {J, 2x{@i}. Notice in par-
ticular that

0-®, = aTRZ on 0B, (xy).

Integrating by parts (2.21) in Q, := Q\ B,(u) with > 0 small enough,
leads to

md
/ |Vv|2dx:/ \ch|2dsc+/ |VUH\2dx+QZ/ 00, @, dH?
Q. Q.. Q. =1

837‘ (xk)

md
(2.22) :/ \V<p|2dx+/ |Vvu\2dx+22/ 00, Ry dH" .
Q Q, k=1 OB (xx)

By the boundary trace theorem for BV functions [4, Theorem 3.87], and
the embedding of W1! into L?,

1
(2.23) / ol dH! < / Vol + Lol da
0B, (zk) B, (xy, r

1/2
§/ |Vo|dz + / lo2da —0.
B, (zk) By (k) =0

Using the smoothness of RE near xj, we can combine (2.17), (2.20), (2.22),
and (2.23) to deduce that

/ |Vo|?dz =0(1) asr—0.

T

Therefore o € W2(Q). Going back to (2.22), we subtract wmd|log | from
both sides of this identity, and we let » — 0 to reach the conclusion. d
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LEMMA 2.12. — For a sequence €, | 0, let {v,} C ng,’f(Q, C) be such
that {vp} is bounded in L*>(§2), (2.18) holds, and for which pup := j(vs)
weakly* converges in (Cg''(Q))* to some measure i € Ag as h — co. Then
{vn} is bounded in WP (Q) for every 1 < p < 2.

The proof of Lemma 2.12 rests on the so-called “ball construction” in [54,
Theorem 4.1] that we now recall.

THEOREM 2.13 ([54]). — For any « € (0, 1) there exists £¢(a) > 0 such
that, for any € € (0,e0()) and any v € C*(Q) satisfying E.(v) < e* 1,
the following holds for some universal constants cg, c¢1, and co: for any
r e [cosa/z, 1) there exists a finite collection B, = {Bj }jeJ of disjoint
closed balls such that

(i) r= Zj Tjs
(ii) setting Q. := {x € Q: dist(x,00) > e} and V,F := Q. N (UJ Bj),

{a?EQE v(z)] — 1] 260“/4} CVes

(iii) setting d; = deg(v,0B;) if B; C ., and d; = 0 otherwise,

r
(2.24) E.(v,V?) 27D, (log D cl>
whenever D, := 3, |d;| # 0;
(iv) the following estimate holds
E
Co E(U) .
alloge|

(2.25) D, <
Finally, if r1 < rq, then every ball of B,, is contained in a ball of B,,.

Proof of Lemma 2.12. — Since Q is a smooth bounded domain and g is
smooth, any map in ngn?(Q) N L*° () can be (strongly) approximated in
the Wl2-sense by a sequence in {v € C®(Q2) : v = g™ on dQ} which also
remains bounded in L™ (). Hence, we can assume v, € C*°(Q) for each
h. Recall that u writes y = 27w ZZfl 0z, - Setting

1
00:= 7 min {1, mkindist(xk,aﬂ),rlzl;? |z — ml\} ,

we may assume without loss of generality that og = 1. We choose a« = 1/2 in
Theorem 2.13 (this choice of « is arbitrary). By (2.18), we have E., (vp,) <
6;1/ ? for ep, small enough, and we can therefore apply Theorem 2.13 to vy,.

We claim that for ej, sufficiently small,

(2.26) D, >md for every r € [005}/4, 1/6].
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Let us introduce the modified function

Up, := min |1}7h|1/8,1 U—hewl’z(ﬂ).
1—¢, ||

Noticing that

j(Up,) = min ! ! j(v
j(vh) - {(15}11/8)2’ th}]( h)v

and setting jip, := curl j(vy,), we estimate

[Fin — Nh”(cgvl(g))*

_ 1 1 , N
= sup / min , —1]j(vp) - V—oda
19001 <1 Q< {(1—5,{/8)2 IthQ} )
B Y R T
< min ) -
o[\ (= 2 TP

2.27) < e85 .
(2.27) = €hn 17 (o)l (Q)h:;(),

|7 (vn)|da

where in the last step we have used that since j(vy) = vy A Vop,

7 (va)llr ) S llvnllzee @) VRl Lo ()

(2.18)
S lonllze@EL?(0n) < llonlles () llogen|/?.

Eh ~
Given r € [0052/4, 1/6], we set
Asr={te[1/2,1 7] : 0B(n) NV =0} .

By item (i) in Theorem 2.13, we have |AS"| > 1/2 — 2r > 1/6. Then, for
each k = 1,...,md, we define a function ¢} € C%1(Q) compactly supported
in © by setting

1
Ck(z) = / Xach (t) dt.
min(1,|z—zg])
Notice that ||k |co. (o) < 2. Since fir, — p in (C*' (Q))* by (2.27), we have
Il 2n, — /L||(08,1(Q))* < w/12 for £, small enough. Consequently, by definition
of oy and for e small,

(s Ge) > (1, Go) = 207 — pill 1@ > 27142 = /6 > /6,
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for each k = 1,..., md. Moreover, using that for t € A%» and x € B (zy),

~ v

Vp = W’ we have

(fin, Ck) = */B ( )j(ﬁh) V¢ de

1
=/ Xasn () </ j(on) 'TdH1> de
:/ / j(”h> rdH | at
Ash OBy (zr) ||

= 271'/ deg(vhﬁBt(mk)) dt,
Af-h
and we conclude that for ej, sufficiently small (independently of r),

/ deg(vn, 0By (w)) dt > 1/12 foreach k=1,...,md.
Ash

Hence, for each k£ = 1,...,md, there exists a radius pfl € A°r such that
deg (vh, 8Bp1;; (xk)) # 0 whenever ¢, is small enough (independently of 7).
In turn, it implies the existence, for each k = 1,...,md, of an element
Bl(r) € B, such that BF(r) C B (k) € €2, and deg(vp, OBf(r)) # 0,
whenever ¢, is small. By the very definition of D,., we infer that (2.26)
holds for &, small (independently of r).

Combining (2.18) and (2.25), we deduce that D, < C for some constant
C independent of e, and r. Then, (2.24) yields for &}, small enough,

E., (vp, Ve") = mmdlog (;) —C foreveryre [cosi/{ 1/6],
h

where C' is still a constant independent of r and . In view of (2.18), we
thus have

(2.28) E., (vp, 2\ V") < mmdllogr| +C for every r € [0082/4, 1/6].

Now we define on the set {|v,| > 0} the map vy, := vy /|vp|. Given r €

[0052/4, 1/12], we have ||v,|—1| < 5}1/8 on V3 \ Ve and we can apply [54,

Proposition 4.2] to deduce that for ¢, sufficiently small (independently of 1),

md
1 1
7/ VO, |?dz > > 7/ |VO,|? dz > mmdlog 2.
2 Jugmvin o2 e

Therefore, if €5, is small, using that

Von|* = [VIonll* + [vn VOR[> > |vn*[VOR[
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we obtain
1 2
(2.29) - |Vop|* dz
2 V;Th\vfh
1
> f/ \vh|2|Vﬁh|2dx>7rmd10g2—05,1/8,
2 Vsh\vsh
2r ~

for some constant C' independent of r and ej,. Then set for j € N, r; :=
277 /6 and define
Jp = max{j eEN:r; > 0052/4}.

Using the fact that V;°»  C V°", estimate (2.28) leads to

Ti+1 =

Jp—1

1
(2.30) L / Von|? da
Z 2w,

< Eq, (vp, 2\ ij’;) < (mmdlog2)Jy, + C'.

Since J, = O(|logep]|), we infer from (2.29) and (2.30) that

(2.31) / Vo2 dz < C(1+ Jue)/®) < C
V‘Eh\vgh

for every j =0,...,J, — 1,

for a constant C' independent of ¢,.
Finally, fix an arbitrary p € [1,2). Noticing that [V"| = O(r3), we
estimate by means of (2.28), (2.31), and Holder’s inequality,

Jp—1

/ [Vop|P dz < / |Vop|P dz + Z / Vo, |P de
Q\VTEJ};L Q\VTEO}L k=0 VTEJ"L\VTEJ"LH
Tn—1 p/2 o
<C 1+ Z 7“]2-_1) / |V’Uh‘2d$ < 59—p 1
— VIR\VSh 227p —1
k=0 Tj Ti+1

for some constant C' independent of €, (and p). Since,

p/2 _
/ |V |P dr < Cr?,;p (/ Vvh|2dx> < Cep 7 |logenP/? < C,
€h v Q

T
we conclude that {v,} is indeed bounded in WP (Q). O

Proof of Theorem 2.10. — In view of (2.18), we can apply [2, Theo-
rem 6.1] to find a subsequence such that u;, = p weakly* in (C'' (Q))* for
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some measure g = 27 ZZ;dl 0z, € Aq. Moreover, for a radius r satisfying
1
0<r<og:= fmin{l,mindist Tk, 0Q), min |z — },
<ovi= g in dist (4, 02, i fo —

estimate (2.19) holds by [2, Theorem 4.1]. Consequently,
(2.32) E., (vn, 2\ By (p)) < mmdllogr|+ C,

for a constant C' independent of r and £j,. As a consequence of (2.32), we can
extract a further subsequence such that v, — vy weakly in Wéf(ﬂ \ spt 1)
for some vy € WI})CQ(Q \ spt i; S1). By lower semi-continuity we have

1

(2.33) liminf E., (vy, 2\ By (p)) > 7/ |Vg|? de .
h— o0 2 O\ B, (1)

In addition, from the continuity of the trace operator we deduce that vg =
g™ on 9Q. Thanks to Lemma 2.12, {v,} is also bounded in W1?(Q) for
every 1 < p < 2 so that v, — vy weakly in WP(Q) for every p € [1,2).
From this convergence, we easily derive

ns€) = = [ (o) ¢ — = [ () - V¢ do = (eurd ). ).
Q -0 Q

for every ¢ € D(Q), and thus curl j(vg) = p in D'(Q2). Combining (2.32)
with (2.33) yields

1
limsup ¢ = / |Vug|? do — mmd|logr| p < oo.
710 2 Jo\B, ()

Hence, we are now in position to apply Proposition 2.11 to conclude that
vy = €“Pv,, for some ¢ € W?(Q) satisfying e’? =1 on 91, and the proof
is complete. O

3. The I'-convergence results

In this section, our main objective is to determine the I'-limit of the
functional F? defined in (2.6) as n | 0 and ¢ | 0. We introduce F7 :
LY (Q) x LY(Q) — (—o0, 00| given as

F2(u, ) — Tloge| if (u, ) € Hy(Q),
00 otherwise,

F(u, ) = {

where F]! and the class H,(f2) are defined in (2.6), (2.7) respectively.
Throughout this section © C R? denotes a smooth, bounded, and sim-
ply connected domain.
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In a first part, we shall prove that the domain of the I'-limit is determined
by the class of functions

Ly(Q) = {u € SBV(Q;S') : u™ = e, for some p € Ay
and ¢ € W'2(Q) satisfying e’ = 1 on 89} ,

where A, is the family of measures defined in (2.13), and v,, is the canonical
harmonic map associated to p through (2.14). We emphasize that £,4(2) C
SBVP(§;SY) for every p € [1,2) by Corollary 2.4. In turn, the I-limit is
given by the functional Fy 4 : £4(2) — R defined by

Fog(u) := Eo(u) + H' (Ju) + H' ({u # g} N 0Q) ,

where we have set for u™ =: e'?v,,

Bof) = 5oz [ 96l o+ =W +miy,.

~ om?
In the expression above, 7,, is a structural constant which is usually inter-
preted as the core energy of a singularity. In our context, it is defined as

(3.1) =,,:= lim min {El(w,BR) - %logR cw € WH(Bgr; N,
R—o0 m

w(z) = e (z’ vm? — 1) on 833} .
m\ 2|

Existence and finiteness of this limit follows from a classical comparison

argument (see Lemma 3.9, and [13, Lemma III.1]). We also note that the

value of Fy 4(u) only depends on u and not on a particular representation

u™ = "y, Indeed, one always has p = curlj(u™) and |V| = |V (v,u™)|.
To properly state the I'-convergence result, it is now convenient to intro-

duce Fy : LY(Q) x L}(Q) — (—o0, o0] given by

Fog(u) ifueLy(Q)andyp =1,

00 otherwise .

Fo(u, ) := {

THEOREM 3.1. — Let ¢, | 0 and n, | 0 be arbitrary sequences. The
sequence of functionals { F ?Z} I'-converges in the strong [Ll(Q)] 2—topology
to F o as h — oo. More precisely:

(i) If {(un,¥n)} € Hy(2), {un} is a bounded sequence in L> (1), and
supy, ﬁ;’}’: (up,vn) < oo, then there exist a subsequence and u €
L4(2) with u™ =: e"v, such that (up,vn) — (u,1) in L'(),
vp, = p(up) — u™ weakly in WHP(Q) for every p < 2 and weakly in
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Wli’f(ﬁ\spt 1), and the measures py, := curl j(vy) weakly™ converge
to u = curl j(u™) in the (Cy''(Q))* topology.
(ii) Under the conclusions of (i),

(3.2) lihniioIolf {Esh (P(uh)) - glogsﬂ} > Eo(u),
and
(3.3) lim inf 1, () > H(J,) + H' ({u # g} 1 00) .

Moreover, if Fo(u,1) = limy, ﬁgg (up,n) < oo, then p(up) — u™
strongly in WYP(Q) for every p < 2 and strongly in Wli)’f(ﬁ\spt 1,
1

- |V(um)|2 dz
2m* Jo\ B, ()

(3.4)  lim E., (P(up), Q\ Br(p))
for every r > 0,
and
(3.5) Jim 1, (¥n) = H (Ju) + H ({u # g} N 09Q) .

(iii) For every u € L£4(f2), there exists a sequence {(un,¥n)} C Hq(£2)
such that up, = g on 98, (up, ) — (u,1) in LY(Q), p(up) — u™
strongly in WP (Q) for every p < 2 and strongly in Wli)cz (Q\spt p),
and satisfying

(3.6) i { B (P) = Tollogen = Fofu).
(37) lim 1, (6) = 1 () + H ({u # 9 19).

We proceed analogously with the sharp interface functionals F; 807 o defined
in (2.8), and introduce F9 : L1(€2) — (—o0, 00] and Fy : L'(€2) — (—o0, o0
defined as

F? (u) — Z|loge| if u € G4(Q),

ﬁg(u) =
00 otherwise,
and
ﬁo(u) _ Fog(u) ifue Ly(),
00 otherwise .
THEOREM 3.2. — Let €y, | 0 be an arbitrary sequence. The sequence of

functionals {ﬁgh }heN I'-converges in the strong L'(Q)-topology to ﬁo as

h — o00. More precisely:
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(i) If {un} C Go(Q), {un} is bounded in L>(R), and sup, F, (up) <
oo, then there exist a subsequence and u € L4(Q) with u™ =:
e"$v, such that u, — u in L*(Q), vy := p(up) — u™ weakly in
WLP(Q) for every p < 2 and weakly in Wéf(ﬁ \ spt u), and the
measures py, := curl j(vy,) weakly* converge to yu = curl j(u™) in
the (CJ(€2))* topology.

(ii) If {un} C G4(%) is such that up, — u in L' (), then

(3.8) lihrr_1>i£f F? (up) > Fo(u).

Moreover, if Fo(u) = limy, ﬁ(e)h (up) < oo, then p(up) — u™
strongly in WHP(Q) for every p < 2 and strongly in WILCQ (Q\spt ),
identity (3.4) holds, and for every open set A C R? such that
H (Ju N (QNDA)) +H ({u# gy NN IA) =0,

(3.9)  lim H (Ju, N (AN A)) +H ({un # g} N 02N A)
=H' (Ju.N(QNA)+H ({us#gtnoQnA).

(iif) For every u € L4(2), there exists a sequence {up} C G4(Q) such
that up, — u in L'(Q) and

(3.10) lim FO (up) = Fo(u).
h—o0

As a standard consequence of these I'-convergence results, we have the
following corollaries concerning the minimizers of F and F. 50, g+ Whose exis-
tence was proved in Theorems 2.7 and 2.8 respectively (together with the

uniform L°°-bound allowing for compactness).

COROLLARY 3.3. — Let €, | 0 and n, | 0 be arbitrary sequences. For
each h € N, let (un, ) be a minimizer of F* in H4(2). There exists a
subsequence and a map w minimizing Fy 4 over L4(€2) such that (up, ) —
(u,1) in LY(Q), p(up) — u™ strongly in WHP(Q) for every p < 2 and
strongly in Wéf(ﬁ \ spt u) where p := curl j(u™). In addition,

d
Fg}f(uh,wh) = %Hogsh\ + Fog(u) +0(1) ash— oo.

COROLLARY 3.4. — Let ¢, | 0 be an arbitrary sequence. For each h €
N, let up, be a minimizer ofFEOh’g in G4(N2). There exists a subsequence and a

map u minimizing Fy , over L4(S2) such that up, — u in L*(), p(up) — u™
strongly in WP (Q) for every p < 2 and strongly in I/Vlif (2 \ spt i) where

w = curl j(u™). In addition,

d
F? (uh):%|log€h|+F0’g(u)+o(l) ash — oo.

€h,9
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Remark 3.5. — From the definition of Fp 4, any minimizer u of Fy 4 over
L4(9) satisfies u™ = v, where p := curl j(u™) (i.e., in any representation
u™ = e"Pv,, the phase ¢ is a constant multiple of 27). As a consequence,

Foy(u) = %W(u) Y mdry, + H(J) +H ({u# g} 0 09).

The rest of this section if devoted to the proofs of Theorems 3.1 and 3.2.
Starting with Theorem 3.1, compactness, [-liminf, and I-limsup parts
are proved in Subsections 3.1, 3.3, and 3.4 respectively. The proof of The-
orem 3.2 is the object of Subsection 3.5.

3.1. Proof of Theorem 3.1(i): Compactness

PROPOSITION 3.6. — Let €, | 0 and ny, | 0 be arbitrary sequences. Let
{(un, ¥Yn)} € Hq(Q) be such that {uy} is bounded in L>(Q2), and

d
(3.11) sup {Fg,f(uh,wh) - ;Ilogehl} <00,

Then, there exist a subsequence and u € L,4(§) with u™ =: e*?v,, such that
(i) (un,¥n) — (u,1) strongly in L*(Q);
(ii) vp == p(up) — u™ weakly in WP (Q) for every p € [1,2);
(iti) vp, — u™ weakly in W,22(€2\ spt p)
Moreover, py, := curl j(vy) € LY(Q) converges to pu = curl j(u™) in the
weak* topology of (Cy' (Q))*.

The proposition above partially rests on the following preliminary lemma.

LEMMA 3.7. — Let {(un,¥n)} C H(Q) be such that ¢, — 1 a.e. in .
Assume that for some p € (1, 2],

sup {||uh||Lw(Q) + [Yn = U2 @ IVl 2 @) + ||Vp(uh)”m(n)} < 0.
Then there exist a subsequence and u € SBVP(Q) such that P(u) €
WhP(Q;N), up, — u strongly in L'(Q), and P(uy) — P(u) weakly in
whr(Q).

Proof. — By assumption and Cauchy—Schwarz inequality, we have

/9(1 ) [V de < C
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for some constant C independent of h. According to the co-area formula
(see [4, Theorem 3.40]),

/(1_¢h)|wh|dx=/ (1 — tyH! (0 < £} N Q) di
Q 0

3/4
> / (L—t)H' (0{wn <t} NQ)dt.
1/4
Therefore, we can find a level ¢, € (1/4,3/4) such that
1
/(1 - wh)|th\ dz 2 ZHl(aEh n Q), with Eh = {¢h < fh}.
Q

Notice that |Ep| — 0 since 9, — 1 a.e. in Q.
Let us now define

up = (1 — xg,)un -
With our choice of Ej, we have that (1 — xg,)/v¥n € SBVP(Q2) N L>(Q).
Since Ypup € WH2(Q)NL*>®(Q), we deduce that @y, = (Ypup)(1—xw, )/tn €
SBVP(Q) N L*°(Q) with Jz, C 0E. Since P(up) = (1 — xg, )P(un) €
SBV(£;R?), we infer that
[Vin| = |[V(P@n)| = 1 — xg,) |[V(P(ur))| < [V(P(up))| ae in Q.
Consequently,

(3.12) sup {lanllze @) + IVl Lr @) +H' (Ja,) } < oo.
Now select a subsequence such that P(up) — w weakly in WHP(Q). In
view of (3.12), we can apply Ambrosio’s compactness theorem in SBV (see

e.g. [4, Theorem 4.8 and Remark 4.9]) to find a further subsequence such
that @), — u strongly in L!(Q) for some u € SBVP(Q2) N L>=(£2). Then,

lun — ull i) < l[un — ull i) + llunllLe @) Enl — 0.
h—o0

Since P is 1-Lipschitz, we have ||P(un) — P(u)| 11 (q) < |lun — ul|L1(q), and
thus w = P(u). O

Proof of Proposition 3.6. — Let us first recall (2.4), that is E, (P(up)) =
G, (vp) with vy, := p(up). In view of (2.4), assumption (3.11) implies

(3.13) E., (vn) < mmd|logen| + C,
that is (2.18) holds. In turn, we deduce from (3.11) that
1
Jon = @l Vol < § [ IVonfdat 5o [ (1= wn)da
2 Ja 21 Jo
= I, (¥n) <O,
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for a constant C' independent of ny. Clearly, it implies that 1, — 1 a.e. 2,
at least for a suitable subsequence. We are thus in position to apply first
Theorem 2.10 to {vp}, and then Lemma 3.7 to {(up,¥n)} to conclude the
proof. O

Remark 3.8. — We emphasize that, in addition to the conclusions of
Proposition 3.6, assumption (3.11) implies sup, I, (¢¥n) < oc.
3.2. Optimal profiles and the constant ~,,

In this subsection, we first study the core energy associated with one

vortex in the Ginzburg-Landau energies { E.}. We consider for R > 0 and
€ > 0, the minimum value

R
(3.14) (e, R) := min {Ee(w,BR) — % log; tw € Wl’Q(BR;/\/')7

w(z) = 1}1<|z|’ m? — 1) on 8BR} .

In view of identity (2.5) defining the functional G., the value =,, (e, R) can
be written as

Ym (€, R) = min {GE(U,BR) - %logg :
v e WY(Bg), v(z) = é on 3BR} .

Notice that, by homogeneity,
(3.15) Ym (&, R) = ym(1, R/€) =: ym(R/¢) .

We start by proving that ~,, admits a limit as R — oo. This will be
needed for the lower bounds (3.2) and (3.8).

LEMMA 3.9. — The function R — ~,,(R) is non increasing and the limit
(3.16) Yo = lim 7y (R)
R—o0
is finite.

Proof. — The proof of this lemma closely follows the proof of [13, Lem-
ma IT1.1]. Let us first show that 7,, is non increasing. Let 0 < R; < Rs, and
consider an admissible competitor w for the minimization problem defining
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Ym(R1). We extend w by 0-homogeneity in the annulus Bg, \ Bg,, i.e.,
w(z) = w(Ryx/|z|) for x € Bgr, \ Bg,. By construction w € W12(Bg,; N),
and it is an admissible competitor for 7,,(R2). Elementary computations
then yield

RQ

Ry

Hence, v (R2) < Ey(w; Br,)— ;5 log Ry. Taking the infimum with respect
to w yields v, (R2) < Ym(R1), so that ~,, is indeed non increasing. Next,
for an arbitrary w € W2(By; N) satisfying w(z) = (1/m)(z,vVm? — 1)
on OBy, we have w = (1/m)(v,vm?2 — 1|v|) with v € W2(By) satisfying
v(z) = x on 0B;. Consequently, for £ > 0 we have

El(w,BRz) El(w BR1)+—log

1
> —E.(v,B)) > — log

Ea(waBl):Ga(U;Bl) Z 2 C,

1
m? e
for some universal constant C' by [13]. In view of (3.15), we infer that

¥m(1/€) is bounded from below, and thus ~,, > —oco. |

The following lemma and its subsequent corollary will allow us to con-
struct a recovery sequence close to the vortices.

LEMMA 3.10. — For every v € W12(By) satisfying v(xz) = x on 0By,
there exists a sequence {uy} C SBV?(By) such that
(i) p(ux) € WH2(By) and p(ui)(x) = x in a neighborhood of OBy;
(ii) Ju, C Xx where ¥y, is a smooth simple curve (i.e., a smooth image
of [0,1]) contained in By;
(iii) p(ux) — v strongly in Wh2(By).

Proof.

Step 1. — Since the function @ : z — v(x) — x belongs to W, *(By), for
cach k € N we can find ¢, € C2°(By) such that [|[v — ¢pllwr2p,) <277
Implicitly, we extend ¢i by 0 outside B;. Then, we select a sequence of
radii {r} C (3/4,1) such that r, — 1 as k — oo, and spt ¢y, C B,,. By
Morse—Sard Theorem, we can find {cx} C C with |cx| < (1 — 7%)? such
that ¢ is a regular value of the mapping = — = + ¢ (z) for each k € N.
Next, we consider for each k € N a cut-off function x, € C*°(R?;[0,1])
satisfying xx(z) = 1 for |z| < rg, xx(x) = 0 for |z| > (1 + rg)/2, and
(1 —7)|Vxw| < C for a constant C independent of k. Now we define the
smooth function

vk () == + ¢ (x) — crxr(w),
which satisfies v (z) = = in a neighborhood of 9B;. We estimate

ok —vllws.2qy) < 15— Bellwsay + lexllxllwszs) < 27+ O —rs).
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Therefore v, — v strongly in W12(B;) as k — oo.

Step 2. — Let us fix an index k € N. To complete the proof, we shall
produce a map u, € SBV?(B;) such that p(uy) = vy and J,, is contained
in a closed and smooth simple curve. First notice that our choice of ¢; and
the fact that ¢ = 0 on By \ B,, imply that

lvg| = 7k — |ek| > 11/16  in By \ By, ,

so that {vy, = 0} = {vx = 0} N B,, = {x + ¢x(x) = cx} N B,, is a finite
set. Hence we can find a smooth simple curve ¥ contained in B; such
that X N 9By = {ak,br} with ag, by the distinct endpoints of Xj, 3
meets OB; orthogonally at aj and by, and {vy = 0} C 3. In this way,
B1\ 3 = A} U A? where A} and A? are disjoint simply connected open
sets with Lipschitz boundary. Since vy does not vanish in each Ai, it admits
a smooth m-th root u{c in each Ai in the sense that p(uff) = vk in Ai, which
is continuous up to aAi. We define

ug(x) == u{c(x) if v € Ai.
It is then elementary to check that uy € SBV?(Bj). By construction,
items (i), (ii), and (iii) hold. O

COROLLARY 3.11. — Let €5, | 0 be an arbitrary sequence. There exist
{un} € SBV?(B1)NL>®(Q) with |lup| L) < 1, and a sequence of smooth
simple curves {¥,} C By such that J,, C ¥, for every h € N, p(uy) €
WL2(Q), p(un)(x) = z in a neighborhood of OBy, and

. T
lim {Eeh (P(uh),Bl) - W|log5h|} =Y, -

h—o0

Proof. — Let us fix an arbitrary h € N. Consider wy, € W12(By,N) a
solution of the minimization problem (3.14) defining v,,(ep, 1) (existence
easily follows from the direct method of calculus of variations), and write
wp, = (1/m) (vp, |vp|vV'm2 — 1) with v, € W12(B;). We apply Lemma 3.10
to vy, to produce a sequence {uy} and curves {X}. The convergence prop-
erty (iii) in Lemma 3.10 implies that E., (P(u;)) — E., (wp) as k — oc.
Hence, we can find k, € N such that, setting up = ug, and Xp :=
Sk,, one has Jz, C ), and E., (P(us)) < Ee, (wy) + &5 Setting uy, =
ty,/ max(1, [uy]), we observe that u, € SBV?(B1), |uallr=() < 1, and
Jun € Ja, € Ep. Asin (2.10) we have p(up) = p(@s)/ max(1, [p(@s)|), and
we infer that p(up) € W12(Q), p(us)(z) = z in a neighborhood of 9By,
and

Ym(en, 1) < Ee, (P(up)) < E., (P(n)) < Ec, (wp) +&n .
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Since E., (wp) = Ym(en, 1) = ,, as b — oo by (3.15) and Lemma 3.9, the
conclusion follows. O

To close this section, we characterize the optimal one dimensional profile
related to the energy I,. This will be important to go from a recovery
sequence for the sharp interface functional F, 2 4 1o a recovery sequence of
the diffuse interface functional F.

LEMMA 3.12. — For every n > 0,

win{122) =3 [ 1WePas+ g [ 0= ve)2as s v =of -

The minimum is uniquely achieved by 1, (s) = ¥.(s/n) with .(s) =
1—e I8l

Proof. — By rescaling, we may assume without loss of generality that
n = 1. Write

1
O(t) = (1—t])?/2 = / (1—s)ds.
Il
Let v : R — R be such that ¥(0) = 0 and IP(¢)) < oo. First, notice
that the condition I17 (1)) < co implies that lims_,+ ., % (s) = 1. Then, by

Cauchy—Schwarz and Young inequalities, we have

0 ')
1%D<w>>/R|1— W(s)| (s |ds—/_ |<<1>ow>’1ds+/0 (@ o )| ds
> 2(0(0) — ®(1)) = 1.

We have equality in the above chain of inequalities if and only if |¢/| =
|1 — |. Using ¢(0) = 0 and the condition [ [¢'|*ds < oo leads to the
optimal profile ). O

3.3. Proof of Theorem 3.1(ii): The I'-liminf inequality

ProrosiTION 3.13. — Let €, | 0 and ny, | 0 be arbitrary sequences. If
{(un,¥n)} C Hy(Q) is such that (up,vn) — (u,9) in LY(Q), then

(3.17) Fo(u, ) < liminf F7 (up,, ¢y,) .
h— 00

In addition,
(i) if the liminf is finite, then u € L,(2), ¥ =1, and (3.2)—(3.3) hold;
(ii) if equality holds and the liminf is a finite limit, then p(uy) converges
tou™ =: ei“"v# strongly in W1P(Q) for every p < 2 and strongly in
WE2(Q\ spt ), and (3.4)~(3.5) hold.

loc
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Proof. — Without loss of generality, we may assume that
(3.18) lim inf F7 (up, ¢bp) = lim F™ (up, ¥p) < 00.
h— o0 h h—o0 h
We may also assume that ||up ||z~ ) < 1. Indeed, on the first hand (3.18)
clearly implies that |u| = 1. On the other hand, the truncation argument

used in the proof of Theorem 2.7 shows that replacing u, by 4 given
by (2.9) does not increase the energy. Moreover,

(3.19) lun —UnllLi) < llunl = Uzi@) < lun —ullLrq),

so that uy, — u in L'(Q). Hence (up, ) can be replaced by (T, ).

Next, we apply Theorem 3.6 to extract a further subsequence to obtain
all the conclusions of that theorem. As a consequence, ¢ = 1 and u € £4(2)
with ™ = ei‘Pvu. We have to show that

(3.20) Fog(u) < lim F™ (up,4p) -
h— o0 )
We shall prove this inequality in several steps.

Step 1. — We first claim that (3.3) holds. By Remark 3.8, supy, I,,, (¥n) <
0o. We consider the larger domain 2 defined in (2.11), as

Q= {z e R? : dist(z,Q) <o},

for ro small enough and we recall that the nearest point projection II on
99 is well defined and smooth in ©\ Q. We extend (up,¥5) and u to Q by
setting for 2 € Q\ Q, ¢Yp(z) = 1, up(z) = g(II(z)), and u(z) = g(II(z)).
Then, it is elementary to check that (up,¥,) € H(€) and u € SBVP(Q) for
every p < 2. In addition, P(up) — P(u) weakly in Wl’p(ﬁ) for every p < 2,
and

Ih 2 1 2
:Inh(wh) <C.

Next, consider some arbitrary § € (0,1/2). Arguing as in the proof of
Lemma 3.7,

1-5
| on g <00 8)ar< 1,0,
so that we can find a level ¢, € (§,1 — §) such that
1-26 ~
(3.21) T?—P(&Eh NQ) < I, (Yn) with Ej, :== {¢p < tp}.

Notice that Ej, C Q, and |Ep,| — 0 since 1, — 1 in L1(Q).
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Fix some p € (1,2). Defining

ﬂh = (1 - XEh)uh7

we argue as in the proof of Lemma 3.7 to show that u, € SBVP(2) N

L>(Q) with Jz, C OFE, and that up, — u in L'(Q). Moreover, |Viy| <

|V(P(up))| a.e. in ©, so that {Vi,} is bounded in LP(Q2). By [17, Theo-

rem 1], we have
. _ 1-20_, ~
liminf {0 | |Vu,|Pde + ——H (0E, N Q)
h—00 & 2

> 5ﬂ VP de + (1 — 26)H (], A0,
Q

and thus ,
H' (J.NQ) < lihm inf iHl(aEh NQ) +Cs.
—00

Inserting this inequality in (3.21) and letting 6 | 0, we conclude that
lim inf 1, (1n) > HY(J,NQ).
—00

Since u = goll in )\ Q, we have J, C Q, and thus H!(J, N Q) =
HY (T N Q) + H ({u # g} NON), and inequality (3.3) follows.

Step 2. — We now prove the lower bound (3.2). Note that putting (3.2)
and (3.3) together leads to (3.20). First, we recall that (3.18) implies (2.18)
with vy, := p(uy) (by means of (2.4)). Then the proof of (3.2) follows very
closely the ones of [2, Theorem 5.3] and [24, Lemma 4.1.1] for the classical
Ginzburg—Landau functional. We provide a quite detailed proof for the
reader’s convenience. Write y = 27 Z;Cn:dl Tk, and choose o > 0 in such a
way that the balls B, (z)) are contained inside €2 and are pairwise disjoint.
Set

K:= {va :C\ {0} — S* defined as v(z) = aﬁ T € Sl} .
For each k € {1,...,md}, our aim is to prove that either vy is W12-close
to K on 0B, (xy), or it has “large” energy. We define for ¢ € (0,0] and
we WY2(B\ By),

dt(w,lC) = min {HU} — v||W1‘2(Bt\Bt/2) Ve K:} .

It is proven in [2] that for a given ¢ € (0,1), there exists a constant ¢s > 0
independent of ¢ such that the condition liminf, di(vp (- + zx), ) = 9
implies

1
(3.22) liminf — |Vop|? dz > 7log2 + c5 .
"0 2 JBy(@r)\Buya(on)
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Now let L € N be such that
LC5 1 2 1 wd C*
o W/Q Vol dz + —5W(n) +mdy,, ———logo ——r
where ¢; is the constant from (3.22), and C. is the constant from (2.19).
Forl e {1,...,L} we write Cj(z)) := Bai-i,(z1) \ Ba-i,(z)). By the weak

W2 (Q\ spty) convergence of vy, to u™ = e*#v,,, we have for each k and [,

1 1

(3.23) liminff/ |Vop|? dz > 7/ IVol? + |V, > dz > mlog2.
h—o0 Ci(zk) 2 Ci(wk)

We now have to distinguish two different cases.

Case 1. — For h large enough, and for each 1 <[ < L, there exists at
least one k; € {1,...,md} such that doi—i, (un(- + zx,),K) = J. Then, we
estimate

wd 1 wd
By (Pun) = T logen| > — e, (0n) — T flogen)

1
> —{ e (00 By (0) — mdmllog e}

L md

+%ZZ%/€ |Vop|? dz .

1=1 k=1 1(wn)
Taking the liminf in A, and combining (2.19), (3.22), and (3.23) yields

lim inf{EEh (P(up)) — 71-—d|log 5h|}
m

h—o0
wd o C, L
> EIOgQT + oo} + W(debg? + ¢5)

c. L
29

m2  m?2

T
= —logo +
m

1
2m?2

WV

1
(3.24) / |Vep|? dz + QW(M) + md~y,,
Q

and thus (3.2) holds.

Case 2. — For a subsequence there exists I € {1,...,L} such that,
setting & := 2 lo, dz(up(- + x1),K) < § for every k € {1,...,md}. Let
us prove that for €; small enough,

d _
(3.25) Ge, (vn, B3 (1)) — =~ log ; > mdrym (e, 7) — C56,
m h
where, here and below, C5 denotes a nonnegative number depending on
o but not on h or §. To establish this inequality, we shall modify v in
Bz (u) without increasing the energy too much, and in such a way that it is
admissible for (3.16). We can proceed on each ball Bz () separately, and
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we may assume without loss of generality that xy = 0. Up to a rotation,
we can even assume that

(3.26) / ‘Vvh - V(ew)’2 dr < 62,
Bz\Bz,

where 0(x) denotes the argument of x/|z|. As (2.18) holds, we infer from
(2.19) in Theorem 2.10 that

1
/ \Vvh|2+—2(lf lup|?)?dz < Cs .
B3z ,4\B5 /2 €h

Therefore, for every h we can find o, € [7/2,37/4] for which

1
(3.27) / [Vup? + = (1 — |op ) dH' < C5,
9Bs), h
and
(3.28) / |V, — V(ei")\2 dH' < 0567,
oB

Gh

From (3.28) we first derive

o

|Vop |2 dHE = / Vo, — V() + V()| dn’
aB&h

<1+5

X
5 835h

+(1+46) /{)B~ V(e®)[* an!

Sh

Vop, — V(e)] da?

2 2
(3.29) <056+ 2(1468) < Cs6+ =~

Oh Oh
Next, by a scaling argument, one obtains

1
Il = 17 o5, < Cﬁh/ Vul* + (1= [uf*)*dH!

B, h
for every e, < r and u € WH2(9B,.). Hence, (3.27) yields
(3.30) lonl = Ulz=@s,,) < Caei/-

We can thus write v, = pre'®" on dBs, . Moreover, we have deg(vy,, 0Bs, ) =
1 by (3.28), so that 6, — 0 can be chosen to be single valued. Let us extend
pn, and 605, by zero homogeneity outside Bz, . For €5, small enough, we set

2 ~ .
/ , and we define vy, in By, as

Ghi=0n+ep
vp () in B;, ,

(ph(l') on—|z| + LF&h) €i0h(m) in Bé’h \B&h .

Gh—0Ch Gh—0Ch

5}1(%) =
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From (3.27) and (3.30) we infer that

(331) Gsh, (6h7 Bé'h \ Ba’h,) < CE(_:;L/Q .
In turn, (3.29) and (3.30) yield, for €;, small enough,
T

- 2
(3.32) / V5|2 dH! < Cyd 4+ =%
9B, Oh

We now are left to define v, in Bz \ Bs, . We define for z € Bz \ Bs,,

7 — |z || —on

Op(z) = —10), +

o —0p o — o

0,

i.e., the linear interpolation between 6p(x) and 0(x). Setting vp(z) :=
en(®@) in Bz \ Bs,, it can be proven by means of (3.32) and elementary
computations (see [24, Lemma 4.1.1]) that

/ |V5h\2d33<27r10g;+055.
B3\Bgs), Oh

Combining this last inequality with (3.31), we first derive

GEh, (vhvBE)
= GEh (fﬁh’ BE) + GE}L (UhvBE \ BFT}L) - GEh (:Ehv Bz \ B5h)

- 1 ~ -
> Gsh('UhaBE) + ﬁ/ |V’Uh|2 — |Vvh|2d:13 -G, (’Uh,B(;—h \Bg,h)

g \Pay,

~ 1
2 GE;L(UhaBE) + w </;

From (3.26) we then obtain

/ |Vop|? dz
B3z\Bs,

> / |V(ei9)]2 d:c+/ | Vo, — V(ew)|2 dx
B;\Bs,

B;\Bg,,

1/2
—2 </ V(e[ dx) (/ Vo — V()] dz)
Bz\Bs, Bz\Bs,,

|Vop|? do — 2 log aah> —C5(6+ 62/2) .

o Bé—h

1/2

> 27rlogAi - C56,
Oh

and we deduce that for €, small enough,

Ge, (vn, B5) = Ge, (0, Bs) — C5(6 + £/ .
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By the definition of ~v,,(¢,7) (see (3.14)), we conclude that for &;, small,

GE}L (U}M BE) -

™ o
W log a Z 'Wn(ehaa) - 05(5 + 62/2) )

which proves (3.25).
We can now complete the proof of (3.2). Indeed, by (3.25) and the con-
vergence of vj, towards e*#v,, in the weak Wéf(Q \ spt u) topology,

(3.33) liminf {Ggh (vp) — %iﬂog 5h}

h—o0

- wd, 7d o]
= h,fglj.}f{thf(“h’ Q\Bz(n)) — Eﬂog a|+ Ge,, (vn, Bz (1)) — o log }

d
> lim inf{GEh(vh, O\ B (1)) — —[log 0|}+ md lim ~,,(cn,7) — C50
h—o0 m h—o0
1

j d
~2m? Jon () V(e dz — %\bgﬂ + mdy,, — G50,
EAv

where the last inequality follows from (3.15) and Lemma 3.9. In view of
Proposition 2.11, letting first ¢ | 0 and then o | 0 leads to (3.2).

Step 3. — 1In order to complete the proof, let us show that if equality
holds in (3.17), then (3.4) and (3.5) hold. Note that (3.4) rewrites as

1

(3:34) lim Ge, (03, Q\B:(p) = 5

/ |V(e"?v,)|?dz Vr>0,
Q\B (1)

which, combined with the weak convergence of {v;} in I/Vlif (Q\ spt u) to
ei"’vu, classically leads to its strong convergence in VV&DC2 (2 \ spt ).
From (3.2) and (3.3) we first infer that

Jim Ty, () = H(Ju) + H ({u # g} 1 09)

and

. wd 1 1
i {GEh (vn) — m|10g€h|} =52 /Q [Ve|* da + —aW(k) +mdyy, .
In view of (3.24), Case 2 in Step 2 above must hold. We argue by contradic-
tion assuming that (3.34) does not hold. Then we can find a subsequence,
oo > 0, and 79 > 0 such that

1 .
liminf Ge,, (vn, 2\ By, (1)) > IV (e™v,)|? dz + o -
h—o0

~2m? Javs,, (0
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By lower semi-continuity of the Dirichlet energy, the same inequality holds
for every o € (0,0¢). Then, for o and ¢ small enough, we have by (3.33),

1 9 1 . wd
o /Q |V|®da + WW('U) + mdy,, = hlgr;o {Ggh (vp) — m|log5h|}
1

> IV (e%v,)|? dz — 7T—d|10g6| + md-y,,, — C50 + 1o,

2m* Ja\B; (n) m
where & is determined from o as in Case 2 above. Using Proposition 2.11
again, we let § — 0 and then ¢ — 0 to reach a contradiction.

To conclude, it only remains to prove that v, — ewvu strongly in
WLP(Q) for every p < 2. Fix an arbitrary p € (1,2). Since {|Vuy|P}
is bounded in L'(f), we can extract a further subsequence such that
|Vop|P — |V(e?v,,)|P + v, weakly* as measures for some non negative finite
measure v, on £). From the strong convergence of vy, in VVIEC2 (Q\ spt ), we
infer that spt v, C sptp. Since {Vuv,} is also bounded in LI(Q) for every
q € (p,2), we have by Holder’s inequality

v, (Q) < liminf Vo |P de < Cr20-p/0)
h—o0 B, (1)

for every r > 0 and g € (p,2).

Letting r | 0 we deduce that v, = 0 which together with the weak conver-
gence in WHP(Q) of vy, towards e’#v,, concludes the proof. O

3.4. Proof of Theorem 3.1(iii): Construction of recovery
sequences

In this section we prove the I'—limsup inequality.

PropPOSITION 3.14. — Let ey, | 0 and 1y, | 0 be arbitrary sequences. For
every u € L4(Q) with u™ =: e'Pv,,, there exists a sequence {(up,¢n)} C
H,4(Q) such that {u,} C SBV%(Q), and

(i) (un,¥n) — (u,1) strongly in L*(Q);
(ii) p(up) — u™ strongly in I/Vﬁ)f(ﬁ \ spt u) and WP(Q) for every
p<2;

(iii) (3.6) and (3.7) hold.

Moreover, we can choose uy, such that

(3.35) Jim H (Juy,) = H (Ju) + H ({u # g} N 0Q) .
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The proof of Proposition 3.14 relies on a suitable approximation proce-
dure showing that maps in £4(€2) having a compact jump set lying at a
positive distance from the boundary are dense in energy. This is the purpose
of the following section. The proof of Proposition 3.14 is then performed in
Section 3.4.2.

3.4.1. Some density results

LEMMA 3.15. — Letu € L4() with u™ =: ¢*?v,, and p = 21 Y14, 8,
For every § > 0, there exists u, € L,(Q) and constants &1, ..., &nq € St
such that

(i) dist(Jy,,00) > 0, u, = g on 9, and curl j(ul*) = y;
(i) ul(z) kaﬁ in a neighborhood of xj, for each k € {1,...,md};

(iii) [|u — usl[z1(@) < 6 and Ep(u.) < Eo(u) + 6;

(iv) HY(Ju,) < HY(Ju) + H {u# g} N OQ) +6.

Remark 3.16. — If one considers 5 | 0 and {up} C L4(€2) the corre-
sponding sequence provided by Lemma 3.15, then u}’ — u"™ strongly in
WhP(Q) for every p < 2. Indeed, writing u}® = e*?*v,,, item (iii) implies
the strong convergence of {Vy} in L?(Q), which in turn yields the strong
convergence of {uf"} in WP ().

Proof of Lemma 3.15.
Step 1. — We start by modifying u in such a way that (i), (iii), and (iv)

hold. We proceed as follows. We consider the larger domain Q defined
in (2.11), and we recall that the nearest point projection IT on 952 is well
defined and smooth in {z : dist(z,0Q) < 2r¢}. Denote by dg : R? —
R the signed distance to 99, i.e., do(x) := dist(z,0Q) for z € R? \ Q,
and dq(z) := —dist(z,09) for z € Q. Note that dg is smooth in {z :
dist(x, 0Q) < 2rp}. Next we consider a smooth vector field X € C° (Q\
spt p; R?) satisfying X = Vdq in {z : dist(z,0Q) < ro/2}, and we fix
o € (0,79/2) such that spt X C Q\ B, (n). We denote by {¢;}1er the
integral flow on R? generated by X. Then spt(¢; — id) C O \ B, () for
every t € R, so that {¢:}+cr defines a one parameter family of smooth
diffeomorphisms from Q\ B, (1) onto Q\ By ().

We extend u to Q by setting u(z) := g(II(z)) for z € Q\ Q. Then we set
uy := u o ¢y, and we consider the restriction of u; to Q. By construction,
for every t > 0 we have us € L4(Q2), us = g on 012, uy = u in B, (1), and
dist(Jy,,0Q) > 0. Moreover, as t | 0, we have u; — u weakly* in BV (),
Vu; — Vu strongly in L2(Q\ B, (p)), and

Hl(Jut) — Hl(Ju) +H ({U i 9} N 89) .

TOME 70 (2020), FASCICULE 6



2628 Michael GOLDMAN, Benoit MERLET & Vincent MILLOT

Given ¢ > 0, we can then choose ¢ > 0 small enough so that u; satisfies (i),
(iii), and (iv) of Lemma 3.15.

Step 2. — To complete the proof, we shall modify further u; in B, (u)
to achieve property (ii). Fix ¢’ € (0,0) such that 20’ < min{|zy — 2| :
1 < k <1 < md}. From the specific form of v, (see (2.14)), for each
ke {1,...,dm} there exists 1, € W12(B,/(x})) such that

z) LTk

u™ () = e Vel for x € By (z1) -

|z — x|

For p > 0 and 6 € [0,27) we set q,,(pe’?) := pe'®/™, and define 9y, (x) :=
m((x — z)/|z — zi|) for € By (). Since curl j(97) = p = curl j(u™)
in B,/ (7)) and p(de’¥*) = p(u), we can invoke Lemma 2.6 to infer that
there exists Uy, € SBV (B, (zr), Gp) such that

u = ﬂkﬁke“"k in Bg/ (xk) .

We now fix a cut-off function x € C2°(By, [0,1]) such that, x =1 in By s,
and we set xx () := x((x—x)/r) for r > 0. We define for k € {1, ..., md}
and r € (0,07),

(@) 1= ()00 (@) exp (90(2) + Xk, (2) (D — V(@) )
for x € By (z1)

where ’(Zk,r denotes the mean value

By construction, we have
r — Tk

up', (x) = g,wm for x € B, )o(xk) ,

with &, := exp(imiy.,.), and Up,r = U = U in By (xg) \ Br(zg). Finally,
we set

() = {uk,r(m) if x € By (1),
u () if x € Q\ By (1) -

By means of Poincaré’s inequality (and Step 1), it is standard to check that
for r small enough, u, complies to all the requirements of the lemma. O

Now we show that we can substitute to u, a mapping uy with a compact
jump set.
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LEMMA 3.17. — Let u, € L4(Q?) be such that dist(J,,,09Q) > 0. For
every 6 > 0, there exist uy € L4(2), a compact set K C 2, and o > 0 such
that

(i) [Jug — usll 1) <0, uy® = ui, and Hl(Juu \ Ju,) =0;
(i) HYEAT,,) =0;
(iii) H'(K N By(z)) > r for every z € K and every r € (0,0).

Proof.

Step 1. — Given a parameter A > 1, we consider the class of maps
of = {u € Ly(Q)  u™ = u™, H (T, \ Ju.) = o},
and the functional Ay : &/ — [0, 00) defined by
Ax(u) :=H (J,) + )\/Q lu — u,|? de .

We claim that Ay admits at least one minimizer uy € 7. Indeed, |Vu| =
|V(P(u)| = [Vu,] for every u € 7, so that {Vu : u € &/} is bounded in
L?(Q) for every p < 2. Obviously, if {u;} C & is a minimizing sequence,
then A (ux) is bounded. By the compactness theorem for SBV functions [4,
Theorems 4.7 and 4.8, and Remark 4.9], we can find uy € SBV(Q) and a
subsequence such that uy — uy in L'(2) and a.e. in €, and satisfying
Ax(uy) < liminfy Ay (ug). From the pointwise convergence we infer that
uy is S'-valued, and uy' = u}'. Moreover, the sequence of positive mea-
sures {H' L J,, } weakly* converges towards H!'L_J,,. Since H' L J,, <
H L J,,, we have H1 L J,, (U) < liminfy H' L J,, (U) < H' L J,, (U) for
every open set U C . By outer regularity, we deduce that H'L J,, <
H'LJ,, . Hence uy € o7, and thus uy is a minimizer of Ay.

Noticing that Ay (uy) < Ax(u.) and H(Jy, ) < H'(Ju.), we now deduce
that uy — u, in L'(Q) as A — oo. Given § > 0, we choose ) large enough
so that (i) holds with uy := uy. To complete the proof, we have to find a
compact set K and ¢ > 0 such that (ii) and (iii) hold. This is the purpose
of the next steps.

Step 2. — Write curl j(ul") =: p =27 Z;n:dl 0z, , and set

1 1
0 := min (@\,dist(Ju*,aQ), imin{bc;C —xl:1<k<l< md}) .

We claim that for H!'-a.e. z € Juy, there holds

(3.36) H'(Ju, N By(z)) =7 for every r € (0,0).
Let us first recall that for H'-a.e. 2 € Juys

(3.37) H'(Ju, N By(z)) >0 for every r € (0,0).
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Hence, it is enough to establish (3.36) at every x € J,, \ sptp such
that (3.37) holds. Let us fix such a point z and without loss of gener-
ality let us assume x = 0. Setting o := min(a, dist(0, spt ,u)), we shall
distinguish the two cases r € (0, 0¢] and r € (09, 0).

Case 1: r € (0,00]. — Since B,, C 2\ spt p and uy® = uf", we have
curl j(uy) = 0 in 2'(B,,) by Lemma 2.3. Applying Lemma 2.6 in the ball
By, (with w3 = 1 and us = uy), we obtain a function ¢ € W(B,,) and

a Caccioppoli partition {Ey m:_1 of the ball B,, such that
k=0 0

m—1
up = (Z akXEk> e in By, .
k=0

Since ¢ € W11 (B,,), we have
m—1
Ju, N By, = U OF), up to an H!-null set,
k=0
where OE}, denotes the reduced boundary of Ej, in B,,. Moreover (see [4,
Remark 4.22]),

m—1
HY(OE,L N B,) for every r € (0,09).
k=0

(3.38)  H'(Ju,NB,) =

N |

Before going any further, let us recall a slicing property of sets of finite
perimeter (see e.g. [4, Chapter 3, Section 3.11] for further details). For a
Borel set E C R?, we first denote by E' the (Borel) set of points of density
1 for E, i.e.,

E' = {y cR?%: lim7|EmB2p(y)| = 1} .
P40 TP
For r > 0, we write E, := E'N0B,, and we consider E, as a subset of 0B,
(in particular, OF, and int(E,) denote the relative boundary and relative
interior of E,. in dB,., respectively). If E C R? has a finite perimeter, then
for a.e. 7 > 0 the following properties hold:

(3.39) OF, is finite and is equal to 0E N 0B, .

We point out that since {E)} is a Caccioppoli partition of B,,, by [4,
Theorem 4.17]

m—1 m—1

(3.40) By, = |J Bt u | 9B, up to an H'-null set.
k=0 k=0
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For almost all radii r € (0,09), (3.39) holds for each Ey, k € {0,...,
m — 1}. We claim that for such radii

m—1

(3.41) > H(OELNOB,) > 2.

k=0

To prove (3.41), let us fix such a r and assume by contradiction that
OE, N OB, = 9(Ey), =10 for every k € {0,...,m —1}.

Then each (Ey), is either equal to dB, or empty, in particular H!(Ey N
dB,) € {0,2nr}. Since HY(OE, N dB,) = 0 for each k by (3.39), we in-
fer from (3.40) that H'(Ex, N 0B,) = 2nr for exactly one index k,. €
{0,...,m—1}. Consequently, every point of 9B, is a point of density 1 for
Ey. , and of density 0 for Ey with k # k.. We then introduce the competitor

% :=a"e* inB,, u:=uy inQ\B,.

By construction J; \ B, = Ju, \ B, and J; N B, = 0, so that @ is an
admissible competitor. By optimality of uy, we have Ax(u) > Ax(ug). Using
that

[t 2 =g = = (0 = ] + g = ) (18 = ] = Jug = a]) < Afti—ug|

(since |u] = |us| = |ug| = 1), we compute

0 < Ax(@) — A (up) = /\/ @ — wal? — Juy — w.?dz — H'(J,, O B,)
B,

< 4)\/ i — g de — H'(Ju, N B,)
B,

m—1
_ 1
=AY [1—a" M| B n B, - 3 > H'(0E,NB,)
k#k; k=0
<1 3 {16/\|Ek N B,| - HY(OE, mB,.)}.
2 k#k

Since HY(0Ex N 0B,) = 0 and (E;)! N 0B, = () for k # k,., we infer that
Ei N B, has finite perimeter and d(E; N B,) = 0E, N B, for k # k,.
Therefore,

3 {16>\|Ek N By — H (0(Ex N Br))} >0.
k#k,.

By the (two dimensional) isoperimetric inequality, we have

\Ey N B,| < /B, [V/]Er N B,| < ng(a(Ek NB),
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so that
BAr—1) Y H'()(ExNB,)) >0.
k£,

Since 7 < o < (8\)71, the prefactor above is negative, and we deduce that
H'(O(E) N B,)) = 0 for each k # k. As a consequence B, C E} , so that
uy = u. In particular, H'(J,,NB,) = 0 which contradicts (3.37), and (3.41)
is proved.

By (3.41), we can now infer from the coarea formula (see [47, Theo-
rem I1.7.7] for instance) that r € (0, o¢]

m—1

> HYOEL N B,) / HO(OE, NOB,)dt
k=0
rm—1

/ Z HO(OEx N OBy) dt > 2r.
0 —

Combining this inequality with (3.38) yields (3.36) for every r € (0, 0¢].

Case 2: r € (00,0). — In this case, we must have oy < o, so that
oo = dist(0,spt 1) and B, Nsptp # (. Our choice of o then implies that
B, Nspt i is reduced to a singleton, i.e., there exists kg € {0,...,m — 1}
such that B, Nspt pn = {xy, }. Moreover, xy, € 0By,.

By the definition of £,(£2) and the slicing properties of BV-functions
(see e.g. [4, Chapter 3, Section 3.11] for details), for a.e. » € (09,0) we
have spt u N 9B, = (), the trace u, := Ugpp, belongs to SBV?(0B,;S!),
and Jy, = Jy, N OB, is finite. We claim that for every such r,

(3.42) HO(J,,) > 1.

Indeed, let r be such a radius and assume by contradiction that J, = 0.
Then u, € W2 (0B, Sl) and thus u, is continuous. In addition, the trace
(uf")r = w05, belongs to W2(0B,,S") and it satisfies (uj"), = (u,)™
Hence the topological degree ¢ of (uﬁ”)r is equal to m times the topological
degree of u,. Moreover, we have u"(x) = eV (x — xp,)/|x — x1y| in B,
for some ¢ € Wh2(B,) satisfying ¢\9p, € W?(8B,). Hence ¢ = 1 which
contradicts ¢ € mZ, and (3.42) is proved.
By (3.42), we can infer again from the coarea formula that

H' (Ju, N (By\ Boy)) >/ ’HO(JuﬁﬂaBt)dt:/ HO(J,,)dt =7 — g

for every r € (09, 0). Since H'(J,, N B,,) = 0q by Case 1, we deduce that
H' (Ju, N By) = H' (Ju, N (By \ Boy)) + H' (Ju, N Byy) = (r—o9) +00 =7
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for every r € (0p,0), and (3.36) is proved for every r € (og,0).
Step 3. — We define
K:={zxeQ : H'(J, NB.(x)) >r for every r € (0,0)} .

By definition, K is closed and since dist(J,, , 0Q) > 0, it is a compact subset
of . On the one hand, we can deduce from Step 2 that H'(J,, \ K) = 0.
On the other hand,

H(Ju, N By (2))

lim =0 for H'-ae. z€Q\ Jy,,

r]0 r
see e.g. [4, Section 2.9, Theorem 2.56 and (2.42)]. In particular, H!(K \
Ju,) = 0, and therefore H'(KAJ,,) = 0. O

3.4.2. Proof of Proposition 3.14

Proof. — Thanks to Lemma 3.15, Remark 3.16, and Lemma 3.17 and
a diagonal argument, it is enough to make the construction for a map
u € Ly(Q) with u™ =: ¢¥v, and p = 27 Y% §,, and such that there
exists ¢ > 0 and a compact set K C {2 such that

(a) dist(Jy,00Q) > 20 and u = g on 9

(b) dist(spt p, 0) > 20 and |z, — ;| > 20 for k #

(¢) u™(x) = &k(z — xx)/|z — 21| in each B, (zy) for some & € S;

(d) HYKAT,) =0

(e) dist(K,09Q) > 20 and H'(K N B,(z)) > r for every z € K and
r € (0,0).

By a further diagonal argument, it is enough to fix 6 > 0 and con-
struct a sequence {(up, )} C Hy such that {up} C G,(2) N L>®(Q) with
lunllLoe o) < 1, (un, ¥n) = (u, 1) in LY(2) as b — 0o, p(us) — u™ strongly
in W1P(Q) for every p < 2, and

(3.43) lim sup {Eeh, (P(un)) — 7r—d|log Eh|} < Eo(u)+6,
h—o00
(3.44) limsup H' (Ju,) < H'(Ju),
h—o0
(3.45) ll}rlnsup Ly, (0n) < (1 + OH ().
—00

First, by Corollary 3.11 we can find € € (0,1), u € SBV?(B;)NL>®(B;) with
@]l (B,) < 1, and a closed smooth curve ¥ C By such that p()(z) = =
in a neighborhood of 0By, Jz C X, and
™ 1 0
E.(P(u),B1) — —log — < —.
( (@) 1) m2 Oge ’Ym—’—md
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Then, for each k € {1,...,md} we select ¢, € S* such that ([* = &, and
we set for g, € (0,0¢),

() = {u@c) if 2 € Q\ Be, /().
Ckﬁ(fh(x—xk)) if x € B., jc(wx), k€ {l,...,dm}.

By construction, we have uj, € Gy(€2) N L*°(Q) with [|up|| L) < 1 (since
|u| = 1), and
||Uh — u||L1(Q) < 27de(€h/€)2 — 0.
h— 00

For p < 2, we estimate

[p(un) — u™[|wrr )

< ||um||W1,p(B€h/E(M)) + (5h/5)(27p)/p||13(a)||W1=P(B1) hjoo'

Next, changing variables, we have for each k € {1,...,md},
E., (P(un); B., (1)) = E-(P(i); By) < —log * +~,, + - .
€h y Dey, /e € ) m2 c m md
Consequently,
wd 1 wd €
Een (P(uh)) _H lOg a < EEh (P(u)7 Q\Bsh/e(:u’)) _E IOg a+md7m+6
1

d

== |V(um)|2dx—w—logi+mdﬁym+5,

2m= Jo\B., e () m.oCEh
and (3.43) follows from Proposition 2.11.

By construction, we have

Ju, CKp:=KU (sptu + %(831 U Z)) up to an H'-null set,
so that
HY(J,,) < HUEK) + md%h (2 +H (D).

Since HY(K) = H'(J.), (3.44) follows letting h — oo in the inequality
above.

To produce the sequence {1y, }, we argue in a way similar to [5, Section 5].
We start by introducing a family of smooth profiles approximating the
optimal profile 1, (s) = 1 — e~ s from Lemma 3.12. For A > 0 we define
¥y 1 [0,00) = [0,1] as

1 —exp(—%) ift <A,

’(/J,\(t) =

1 otherwise.
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Notice that 1—1 and ¢} are supported on [0, A]. Setting e () := (z/Jg\(t))Q—i—
(1 — 1y (t))2, elementary computations yield

A—00

A
Sx 12/ ex(t)dt — 1.
0

Hence we can find A > 0 such that sy < 146. Setting dp (z) := dist(z, K3),

we define vy, as
() = <dh(x)) '
M

The function 1, is Lipschitz continuous and for e, € (0,0¢) we have

dist(Kp,092) > o so that ¢ = 1 on 02 whenever n, € (0,0/\). Since

up, € WH2(Q\ Kj) and ¢, = 0 on Ky, we infer that (up,¢n) € Hy(Q).
To estimate I, (1), we first notice that dj, is 1-Lipschitz. This leads to

1

= — ex(dp(x)/np) dx .
3 S, (dn(@)/nn)

Iﬁh(wh) < ﬁ/{ze)\(dh(l‘)/nh) dx

We use Fubini’s theorem to obtain

A
/ ex(dn(z)/mp) dz = —/ (/ en(t) dt) dz
Kn+Bay, Kn+Bxy, dn(z)/nn

A
—— [ I+ By .
0
Noticing that €/ (t) < 0 and

3

1>
[+ Bun, | < |K + Buy, | +md | (0B US) + B,

we derive

A
K+ B
(3.46) Iy, (n) < — / tel (1) Bl g
0 2tnn

A cr (9B UX) + B
- md/ te’)\(t)| 2(0B1UE) + Buy,
0 2tnn

dt =: J} + J2.

By the Ahlfors regularity assumption on K stated in (e), we have (see
e.g. [4, Theorem 2.104])

. |K+ B,
hmi =

1
K).
rl0 2r H ( )

Hence, by dominated convergence

A
(3.47) Jm“m:—H%KX/té@ﬁhza%%h)<ﬂ+®%%%y
—00 0
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We now claim that

(3.48) lim JZ =0.

h— o0
To prove (3.48) we may argue on subsequences if necessary. We distinguish
the two complementary cases limp (ep,/n,) < oo and limy (ep/np) = oo. If
limy, (ep/np) < oo, then we estimate for ¢ € (0, \)

€h
?(8B1 U E) + Btnh < |Btnh+5h/6‘ S t277l21 + (gh/5)2 < C>‘277}21 3

so that JZ = O(ny) as h — co. We now assume that limy, (e, /n5,) = oo, and
we write for ¢ > 0,
=(0B1UY) + By, | _ (ih) [(0B1 UX) + Biey, /e, |
2tny, 2tenn [en '
By smoothness of 0B; and ¥, we have
BiUX)+ B
L 1@BLUD) 4 B
rl0 2r
and we conclude that J? = O(gy,) as h — oco. In both cases (3.48) holds

true.

Eventually, putting together (3.46), (3.47), and (3.48) leads to (3.45). O

3

H (OB, UY),

3.5. Proof of Theorem 3.2

The proof of Theorem 3.2 is very similar to the proof of Theorem 3.1
but we include a sketch of proof for the reader’s convenience. It is divided
as usual into three parts: compactness, the I'-liminf inequality, and the
construction of recovery sequences. Concerning recovery sequences, we note
that they are actually provided by Proposition 3.14 since (3.6) and (3.35)
clearly lead to (3.10). We proceed with the proof of points (i) and (ii) of
the theorem.

Compactness, proof of (i). — For the compactness part, we argue as
in the proof of Proposition 3.6 and apply in particular Theorem 2.10. We
can argue in particular that {Vuy,} is bounded in LP(Q) and that H'(J,, )
is bounded. Therefore, since we also know that |[u|| () is bounded, we
may apply [4, Theorem 4.8] to conclude the proof as in Theorem 2.8. [

The T-lim inf inequality, proof of (ii). — Without loss of generality, we
can assume that

lihrggf ﬁgh (up) = hler;O ﬁgh (up) < 0.
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Moreover, the truncation argument in the proof of Theorem 2.8 together
with (3.19) shows that uj, can be replaced by @y, defined in (2.9). Hence we
can also assume that |lup||L~(q) < 1, and the proof of (i) above applies.
In particular vy, := p(uy) satisfies (2.18), and we reproduce verbatim the
proof of Theorem 3.1 to show that (3.2) holds.

Moreover, up to extending wu; and w to a larger domain Q as in
the proof of Theorem 2.8, we may assume that H!'({u, # g} N IN) =
H({u # g} N ON) = 0. We consider the sequence of non negative finite
measures on £}

v =M L(Ju,na) -
Since v, () = H'(Jy,) is bounded, we can extract a further subsequence
such that v, — v, weakly™ as measures for some non negative finite mea-
sure v, on 2. Since spt v, C Q, we have sptv, C Q and v, (Q) — v, ().

We claim that

(3.49) ve 2 H'L(J,NAQ).

Before proving (3.49), we observe that it implies

(3.50) lim H(Jy,) = lim v,(Q) = v.(Q) > H (J,) = H (),
h—o00 h—o0

which, combined with (3.2), leads to (3.8).

To prove (3.49), we fix an open set A C Q. Consider an arbitrary compact
set K C A, and choose another open set B such that K C B C B C A. By
the proof of (i) above, we can apply [4, Theorem 4.7] in the open set B to
derive

ve(A) = vo(B) > liminf v, (B) = limianl(Juh NDB) > Hl(Ju NB).

h— o0 h—o00
Hence v, (A) > H!(J,NK), and by inner regularity it implies that v,(A4) >
H'(J, N A). By outer regularity, we conclude that (3.49) holds.
Let us now assume that Fo(u) = limy, ﬁg(uh) In view of (3.2) and (3.50),
we have

h— o0

d
(3.51) lim {GE,L(%)— ;uogm}

1 ) 1
= W/Q [Vep|” da + ﬁW(,u) + mdy,,
and

(3.52) ve(Q) = lim H'(J,,) = H (Ju).

h—o00

From (3.51), we can argue exactly as in the proof of Proposition 3.13,
Step 3, to deduce that v;, — u™ strongly in W1P(Q) for every p < 2 and
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strongly in Wi)’f(Q\spt 1), and that (3.4) holds. Then, we infer from (3.49)
and (3.52) that v, = H'L J,. As a consequence, if A C R? is an open set
such that v,(0A) = 0, then

HY (T, NA) =1, (A) = Jim v, (4) = H (T, NA),

which proves (3.9) since v, (0A) = H'(J, NOA). |

4. The limiting problem

The aim of this section is to study minimizers over £,4(€2) of the limiting
functional Fy 4. To avoid some technical issues (at the boundary), we shall
assume for simplicity that €2 is a smooth bounded convex set.

By Remark 3.5 and Lemma 2.3, minimizers of Fy 4 over £4(2) coincide
with solutions of

(4.1) min {ﬂ;\wm) +H' (Ju) +H ({u# g} N0Q) :

u € SBV(S;8Y), pu:=m curlj(u) € Ag and u™ = Uu} .
In turn, (4.1) amounts to solve for each p € Ay,
(4.2) L(p) ::min{’Hl(Ju)+’H1({u%g}ﬁﬁﬂ) :u€SBV(Q,Sh), um:vu},

and then minimize -z W(-) + L(-) over Ay which is a finite dimensional
optimization problem. Let us however point out that since on the one hand
Steiner type problems are usually very hard to solve and since on the other
hand, the minimization of W can be rarely explicitly done (see [38]), this
finite dimensional problem does not seem easy to handle.

For the rest of this section we fix a measure u € Ay, and focus on
problem (4.2). First, we notice that existence of minimizers in (4.2) follows
as in the proof of Lemma 3.17 (Step 1) since |Vv,| € LP(Q) for every p < 2
and |Vu| = L|Vu,| for any admissible competitor u (see Lemma 2.3). We
will prove that minimizers of (4.2) are related to a variant of the Steiner
problem that we now describe.

Write p =: 27 ka:dl 0z,, and recall that the z;’s are distinct points of
the domain Q. We let

(4.3) A(p) = min{Hl(F) : sptp C T, and for every connected

component ¥ of ', Card(X Nsptpu) € mN}.
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Notice that since we can always remove connected components which do
not contain any vortex xj, we can reduce the above minimization problem
to sets I' with the property that every connected component contains a
positive number of vortices. Of course, this implies that I" has at most d
connected components. Each of these connected components ¥ is a competi-
tor for the Steiner problem related to sptpNX. This shows that minimizers
of (4.3) exist and are made of (at most d) Steiner trees i.e. finite union
of segments meeting only at the vortices or at triple junctions (see [50,
Prop. 2.2)).

DEFINITION 4.1. — A compact set T' is said to be a A(u)-minimizer if
it solves (4.3).

Remark 4.2. — Since we assumed that Q is convex, any A(u)-minimizer
I" is contained in the convex hull of spt u. More precisely, since projecting
on convex sets reduces distances, if X is a connected component of I', then
. is contained in the convex hull of ¥ Nspt u. Since X is a tree, we also infer
the following property: if C' C ¥ is an open segment, such that C' Nspt u =
0, then 3\ C is made of two connected components A and B satisfying
Card(ANsptu) € mN \ {0} and Card(B Nspt u) € mN \ {0}. Otherwise,
'\ C would be an admissible competitor for A(u) with strictly lower length,
contradicting minimality.

We are now ready to prove the main result of this section, which states
that the jump set of any minimizer of (4.2) is a A(p)—minimizer.

THEOREM 4.3. — Assume that € is a smooth, bounded, and convex
open set. For every u € Ag, it holds
(4.4) Lp) = A(p) -

Moreover, if u is a minimizer of L(y), then J, is a A(u)-minimizer, u €
C>(Q\ Ju), and u = g on 9. Vice-versa, if T is a A(u)-minimizer, then
there exists u minimizing L(p) with J, =T .

Proof.

Step 1. — Let u=2m ZZfl dz, be fixed. We first prove that

Lp) < Ap)-

Consider I' a A(p)-minimizer. Treating each connected component of T
separately, we may assume without loss of generality that I' is connected.
Since R? \ T is connected, we can find a smooth injective curve with arc-
length parameterization v; : [0,00) — R? satisfying v1(0) = z1, |71 ()| —
o0 as t — oo, and ¥1(0,00) NT = (). Setting D; := v1((0,00)), we orient
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D, according to its parameterization v; (i.e., in the direction of increasing
t’s). Since R? \ D; is simply connected, we can find a smooth map ¢; :
R?\ D; — R which is smooth up to D; from both sides, has a constant
(oriented, pointwise defined) jump across Dy equal to 27, and such that
e1(®@) = (x — 1) /|x — x1|. We then set u; := e*¥1/™,

Since T is a tree, for each k € {2,...,md} there is a unique injective
polygonal curve v : [0,1] — T such that 74(0) = x; and (1) = ;.
Setting Dy, = v,((0,1)), we orient Dy according to the curve 7. Notice
that for k& # [, the orientation of Dy coincides with the orientation of D;
on Dy N D;. Moreover, one has I' = Uk>2 Dy, by minimality of I'. As a
consequence, I' inherits the orientation induced by the Dy’s.

Since R? \ (D U Dy) is simply connected, we can find a smooth map
or : R?\ (D1 U D) — R, smooth up to Dy U Dy, from both sides, with
a constant (oriented) jump across D; U Dy equal to 27, and such that
k(@) = (z — x3,)/|x — xx|. We consider

. md
7
up 1= exp (m PYu+ E sD;|> R
k=1

where ¢, is the map defined in (2.14). By construction, we have ur €
SBV(Q;S') and ul' = vy, i.e., ur is an admissible competitor for L(p).
In addition, ur is smooth outside I' U D;. Since % Zk ©k has a constant
jump equal to 27d across Dy, we infer that ur is actually smooth in Q\ T,
and u = a’g on 99 for some j € {0,...,m — 1}. Replacing ur by a=Jur
if necessary, we can assume that ur = g on 9). Now consider an arbitrary
point = € T\ spt u. By Remark 4.2, the number of s before z, according
to the orientation of I, is not a multiple of m. This shows that the jump of
% > ¢k across I' at x is not a multiple of 27, and consequently = € J,,..
Therefore J,. =T, and L(p) < H'(Jup) = A(p).

Step 2. — We now prove that
(4.5) L) > A).

Let us consider an arbitrary minimizer u of L(u), and assume without loss
of generality that 0 € 2. We shall first prove in this step that

(4.6) u=gon 9, and dist(J,, Q) > 0.

To show that (4.6) holds, we consider I' a A(u)-minimizer, and ur the
map constructed in Step 1. We extend u and ur to R? by setting u(x) =
goIl(z) and ur(z) = goll(z) for z € R?\ €, where II denotes the
orthogonal projection on the convex set Q. Then, J; C Q, Js. C T, and

ANNALES DE L’INSTITUT FOURIER



A G.L. MODEL WITH FREE DISCONTINUITIES 2641

H (Ja) = H'(Ju) + H ({u # g}). We can thus from now on identify u
(respectively ur) and @ (respectively ur). We define

w:=u/ur.

Since u™ = v, = u, we have w € SBVo.(R? G,,) with w =1 in R?\ Q
and we can find a Caccioppoli partition {Ek}z;_ol of R? such that
m—1
w= ) a"xg,,
k=0
with B, C Q for k = 1,...,m, and R?\ Q C Ejy. Since ur is smooth in
Q\ T, we deduce that
m—1
(4.7) JuN(R®\T) = J 0B \T up to an H'-null set.
k=0
Let K be the convex envelope of spt 1. The set K is then a closed polygonal
subset of . By an elementary geometric construction, we can find a strictly
convex open set w with C'-boundary satisfying K C w and Q C Q, and
such that the Hausdorff distance between K and Q is arbitrarily small.
Given such w, we consider the mapping ® : R? — R? defined by ®(z) :=
1(z +1IL,(z)), where II,, denotes the orthogonal projection on Q. Then ®
is a (global) C!-diffeomorphism of R? satisfying ®(x) = z for every = € Q.
Consider now the sets E, := O(Ey) fork=1,...,m—1,so that {Ek}?:_ol
defines a Caccioppoli partition of R2. As a consequence, the map

m—1

~ . k

u = a XEk ur
k=0

is an admissible competitor for L(u). By the chain rule formula for BV-
functions and (4.7), we have J; \ Q = ®(J, \ Q) and J,NQ = J, N Q.
The minimality of u together with the area formula (see [4, Theorem 2.91])
then leads to

(4.8) HU(J,\ Q) < H (T2 \ Q) < / V| A .

Ju\Q
Our assumption on w implies that |[V®(x)| < 1 — ¢, dist(z, Q) for every
x € Q and some constant c,, > 0 depending only on w and €. Inserting this
estimate in (4.8) shows that #*(J, \ Q) = 0, which clearly implies (4.6).

Step 3. — In this final step we show (4.5). Let us fix an arbitrary ball
Bs,(y) C Q\ spt p. Since v, is smooth in By, (y), we can find a smooth
function ¢ on B, (y) such that v, = ¢ in B,(y). The map u, := /™ is
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then smooth on B,.(y), and satisfies u™ = v, in B,(y). Arguing as above,
it implies that any competitor ucomp for L(p) can be written as

m
Ucomp = <Z akXFk> Uy in Br(y) )
k=0

for some Caccioppoli partition {F 2”:701 of B,.(y), and

m—1
Tucomp N Br(y) = U OF, N B,(y) up to an H'-null set .
k=0
In addition,
1 m—1
(4.9) H (Vo 1 Br(y)) = 5 > H' (0F: N B, (y)) .
k=0

As a consequence, the minimizer v of L(u) that we consider can be written
as u = (3, a"xp, ) ux, for some Caccioppoli partition {Ep}y of Br(y)
minimizing the right-hand side of (4.9). By classical results on minimal
planar clusters (see for instance [23, Theorem 5.2]), |J, OE; N B(y) is
locally a finite union of segments meeting at triple junctions. Since uy is
smooth in B,(y), it implies that J, N B, /2(y) = U, 0Ex N B, /2(y), and
w € C(Byya(y) \ Ju).

We are now ready to prove that J, is a A(p)-minimizer. Let us fix for a
moment o > 0 such that B, (z3) N By (z;) = 0 for k # [, and B, (u) C Q.
By the discussion above, u € C*(Q\ (J, U B,/2(p))), and Jy \ By /a(p)
is a finite union of segments. Hence, J, U B, (i) is a compact subset of
Q. Since J, U B, () converges to J, Usptu as 0 — 0 in the Hausdorff
distance, we infer from Blaschke’s theorem that J, U sptu is a compact
subset of €. Moreover, we have J, 2 sptu since u™ = v,. Therefore J,
is a compact subset of 2, and u € C*°(2\ J,). To complete the proof, it
now only remains to prove that any connected component of J,, contains a
multiple of m vortices (possibly equal to zero). Indeed, this would lead to
L(p) = H'(Jy) = A(u), and (4.5) would be proven. Furthermore, by Step
1, we would also obtain that .J,, is a minimizer of A(u).

Let us consider ¥ a connected component of .J,,, and A C € a connected
smooth open neighborhood of ¥ such that (J, \ ¥) N A = 0. We may
write A = Ap\ Ufy:l A,, where the A,, are connected and simply connected
smooth open sets satisfying A,, C Ag forn =1,..., N, and A,, are pairwise
disjoint. Since v, and u are smooth on 9A, forn =0,..., N, and u™ = v,

deg(vy, 04,) = mdeg(u,0A,) € mN
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and thus

N
Card(X Nspt p) = deg(v,, 0Ag) — Z deg(v,, 04,) € mN,

n=1

concluding the proof. O

Remark 4.4. — The proof of Theorem 4.3 shows that every L(u)-minim-
izer u is smooth on both sides of J,, away from spt u. More precisely, one can
find a radius r > 0 such that if B,.(z) C Q\ spt 1, then B,.(z) \ J, is made
of at most three connected sets and v, = €' in B,(z) for some smooth
function . In each connected region of B,(x)\ J,, we have u = aFe’/™
for some k € {0,...,m —1}.

Remark 4.5. — When § is simply connected but not convex, (4.4) still
holds true if one adds the condition T' C Q for the admissible sets for
A(p). For minimizers, the set I' N 9 can then be non-empty. The proof
would follow the same lines as in the convex case using boundary regularity
of minimizers for the constrained Steiner and constrained minimal cluster
problems.

Remark 4.6. — Given a reference map u, which is an admissible com-
petitor for L(u), we have seen that any other competitor u can be written as
u=( Zl:_ol a¥y g, )us for some Caccioppoli partition {Ey}7""," of Q. This
allows to rephrase the minimization problem defining L(u) as an optimal
partition problem. Notice however that H*(J,) does not coincide in gen-
eral with the boundary length of the partition plus H*(.J,,) since possible

cancellations have to be taken into account (see Figure 4.1).

4.1. Structure of A(y)-minimizers.

We now move on to the study of the A(p)-minimizers. In the case m = 2,
it reduces to a variant of the classical minimal connection problem (see for
instance [20]). We recall that if P := {p1,...,pqs} and Q := {q1,...,q4}
are two sets of given points in R?2, then the length of a minimal connection
between P and (@ is defined as

d
Hgnz [Pk — dor)l 5
k=1
where the minimum runs over all permutations ¢ of {1,...,d}.
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Figure 4.1. Cancellations in the case m =2 (E1 = E, Eg = Q\ E).

PROPOSITION 4.7. — Assume that m = 2. Let y € Ay and T’ be a
A(p)-minimizer. Then, T' is made of exactly d disjoint segments 'y, ..., Ty,
and each T'j, N spt p contains exactly two points {pk,qr}. In particular,
Ty = [pk,qx] for each k, and H*(T) is the length of a minimal connection
between P = {p1,...,pq} and Q = {n1,...,qq}

Proof. — Let T' be a A(u)-minimizer, and let us prove that every con-
nected component I'y of I' contains exactly two points of spt u. It would
obviously imply that each T, is a segment, and that H!(T) is the length of
minimal connection by the definition (4.3) of A(u).

To prove the claim, we start with the following observation. By Theo-
rem 4.3, we can find a map u achieving L(p) and such that J, =T'. Then,
consider an arbitrary open ball By, (x) C Q\spt p. Since v, = u? is smooth
in that ball and deg(v,, B, (z)) = 0, we can find u, € C*(Ba,.(z);S')
such that u? = v,. Arguing as in the proof of Theorem 4.3, we infer that
u = (xg — XEe)Ux in B,.(z) for some set E having a minimizing perimeter
in By.(z). By minimality, 0F N B, j5(x) = J, N B, j2(x) = I'N B, ja(x) is
smooth, and thus I' N B, o (=) does not contain triple junctions. Hence I" is
a finite union of segments, only intersecting at points of spt p.

Let us now consider I'y a connected component of I'. Assume by con-
tradiction that there is a point = € I'y N spt u such that J > 2 segments
meet at z (if J =1 for every point of I'y N'spt p, then there is nothing to
prove). For j € {1,...,J}, let C; := [z, y,] be the segments in I';, depart-
ing from z. Denote by n; the number of points in spt u belonging to the
connected component of I'y, \ {z} containing C; \ {z}. Notice that each n;
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Figure 4.2. Construction of a competitor.

must be odd (otherwise one could remove the corresponding segment C;
from T, thus contradicting minimality). Moreover, the cardinal of spt uNTy
is even, and since it is equal to 1—|—E}]:1 n;, we deduce that J is odd. Hence
J > 3, and among the segments C, at least two of them are not collinear.
Assume without loss of generality that C; and Cs are not collinear. Then
we can replace Cy and Cy by the segment [y1,y2] to obtain a competitor
with strictly lower length than T' (see Figure 4.2), which again contradicts
minimality. This establishes that J = 1, and concludes the proof. g

The case m > 3 is more involved, and it is no longer true that any
A(p)-minimizer is a disjoint union of d Steiner trees.

PROPOSITION 4.8. — Assume that d € {2,3,4} and m > d + 1. There
exists {1 € Aq such that every A(p)-minimizer is connected.

Proof. — For clarity reason, we shall start by giving full details of the
proof for d = 2 and m = 3. We will then explain how to extend this
construction to the other cases. Let Y7, Ys, and Y3 be three equidistant
points on the unit circle. The unique solution to the Steiner problem for
connecting these three points is given by the triple junction . Given ¢ < 1,
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Ty T2 p

Figure 4.3. An example of a connected minimizer with six vortices of
degree 1/3.

let {x1,..., 26} be such that (see Figure 4.3)
w1 = V1| = |32 = V1| = [ag — V2| = |wg — Yo| = |ws — V3| = |we — V3| = €.

Consider the measure p. = 27 22:1 dz,, and let T'c be a A(u)-minimizer.
Set 2. to be the union of ¥ with the segments connecting each z; to the
closest Y;. By minimality,

(4.10) HYUT) < HY (D) S HY(E) + 6¢.

If T, is not connected, then it is has two connected components I'! and
I'2) each of them containing exactly three points among the x;’s. Then, at
least one of the pairs {z1, 22}, {73,724} and {x5, 6}, intersects both T'!
and I'2 say {x1,72}. Up to a subsequence, we have that each I'. converges
to a connected set I'" with I" := I'' UT'? admissible for the Steiner problem
related to Y7, Y3 and Y3. Therefore, by (4.10)

HY(E) > lim i(r)lle(FE) >HYT) > HY(D).
e—
Hence, the above inequalities are actually equalities and since
lim iélf'Hl(FE) = HNTY) +HY(T?),
E—r

we have H}(T1 UT?) = HY(T?) + H(T?) so that T'! and T'? only intersect
at Y;. We have thus obtained a connected graph I' containing Y3, Ys and
Y3 but for which the degree of Y7 is two. Since X is the only minimizer of
the Steiner problem for (Y7,Ys,Ys),

HID) > H (D),
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contradicting (4.10) for & small enough.

Figure 4.4. Minimizers of the Steiner problem for the vertices of the
square on the left and of the regular pentagon on the right.

If now m > 3, we can repeat the same construction placing m — 1 points
close to Y7, m — 1 close to Y5 and two close to Y3 to construct an example
where the minimizer is connected for 2m points.

For d = 3,4 and m = d + 1, the construction is similar to the case
d = 2. For this we let (Y7,...,Y;,) be the vertices of a regular m—gone(*)
inscribed in the unit circle and consider (x1, ..., Zm,q) points such that for
every k € [1,m], there are exactly d of these points at distance ¢ from Y.
Let ¥ be the minimizer of the Steiner problem for (Y1,...,Y,,). Then, as
for the case d = 2,

(4.11) A(p) < HY(E) + mde .

As above, let T'. be a minimizer for A(p) and assume that it is not con-
nected. Let fe be the set made of I'; and the union of the segments joining
the points x; to the nearest Y}. Since every connected component of I,
contains a multiple of m points among the points x;, it must also be the
same for the connected components of fg. However, at the same time, it
should also be a multiple of m — 1 since each Y} is connected to the m — 1
closest points x;. Therefore, fs must be connected. Letting € — 0, we ob-
tain a set I' which is admissible for the Steiner problem for (Yi,...,Y.,)

(1) That is a square if m = 4 and a regular pentagon if m = 5.
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but for which at least one of the points Yj; has degree at least two. Since
all the points Yj have degree one for the minimizer of the Steiner problem
for the m—gone with m = 4,5 (see for instance [31] and Figure 4.4), we
reach a contradiction with (4.11). The extension to d = 4,5 and m > d+1
is obtained as before by placing m — 1 points x; at distance ¢ from d points
Y}, and d points x; at distance € from the last Y. O

Remark 4.9. — For m > 6, the solution of the Steiner problem for the
vertices of a regular m—gone is known to be the m—gone itself minus
one of its side [31]. For this reason our construction does not work for
d > 5. It would be interesting to understand if it is possible to find another
construction which works for every d € N.

In light of Proposition 4.8, one could conjecture that the maximum num-
ber of points that a A(u)-minimizer can carry is equal to m(m—1). However,
as the following example shows, this is again not the case.

PROPOSITION 4.10. — Assume that m = d = 3. There exists p € Ag
such that every A(u)-minimizer is connected.

Proof. — The idea is to iterate the construction made above (see Fig-
ure 4.5). Let 1 > ¢ > §. We first fix the points (Y7, Ys,Ys) as before and
then choose the points (X7, Xa, X3, X4) so that

|1X1 —Yi|=|Xo - Y| =|X3 - Yo| = | Xy — V2| =¢,

and that all the angles are of 120°. Let (x1,...,zs) be such that each
X}, is at distance 0 of exactly two x;’s and let finally 9 = Y3. Let I" be
a minimizer of the corresponding A(u). As above, by comparing with a
connected competitor, it holds

(4.12) HUT) <3 +4e+85.

If T is not connected, then it can have either two or three connected compo-
nents. Arguing as in the proof of Proposition 4.8, we see that the connected
component containing xg must also contain at least one of the vortices
close to Y7, say 21 and one of the vortices close to Y5 say xg (otherwise T’
would be very close to a non-optimal competitor for the Steiner problem for
(Y1,Y2,Y3)). Let T'; be this connected component. If T' has three connected
components, then each of them must contain exactly three points. Up to
relabeling, this means that I's contains xs, x3 and x4 and I's contains x5, T4
and x7. Letting 3, be the triple junction connecting zg9, X; and X4 (see
Figure 4.5), we obtain that,

HYT) = HY(S1) + [ X1 — Xa| + [ X5 — Xa[ + O(6) .
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Ty

Figure 4.5. An example of a connected minimizer with nine vortices

of degree 1/3.

A simple computation gives | X1 — Xa| = | X3 — X4| = V3e and H!(X,) =
3+ ¢ so that H*(T') = 3 + (1 + 2v/3)e — O(4), which contradicts (4.12) for
0 and € small enough. The cases when ¥; must be the triple junction
connecting X5, xg and X3 or X7, zg and X3 can be treated analogously.

If now I' is made of only two components, then I'y must contain six
points and the other connected component I's must contain the remaining
three points. Without loss of generality, we can assume that {x;, zo, 23, 24,
xg,9} C Ty and {x5,z¢,27} C Ta. Let Xy be the optimal Steiner tree
connecting X1, Xo g and X4 (see Figure 4.6). We then have

HUT) = HY(D2) + | Xy — X3 — O(6).

In order to compute H!(X3), we notice that since at first order, it must
have length 3, it must have at least one triple junction. If it has only one,
then we are basically back to the situation of Figure 4.5. Otherwise, it
has exactly two triple junctions and we can obtain H!(X3) by constructing
the two equilateral triangles X;X25; and Xyx9S2 (see Figure 4.6) and
computing the distance S1.52 (see [51]). After some computations using for
instance complex numbers, we find that H'(32) = 3 + 2¢ + o() so that

H%D>3+<z+wﬂe+q@0®%

contradicting (4.12) again. O

Remark 4.11. — In light of these examples, it would be interesting to
understand what is the maximal number of vortices which can be carried
by a single tree, given m > 3.
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Figure 4.6. The set Xs.
5. Structure of minimizers at small € > 0

The aim of this final section is to use the structure of the minimizers of
the limiting functional Fj 4 given by Theorem 4.3 to prove that minimizers
of Fg ¢ have the same structure for ¢ > 0 small enough. In turn, this
gives an improved convergence result for minimizers as € | 0 (compare to
Corollary 3.4). Since we will use some tools developed for the analysis of
the Mumford—Shah functional, we will only focus on the sharp interface
functional Fg g+ 1t would be interesting to understand if similar results can
be obtained for the “phase field approximation” F.

As in the previous section, we shall assume that €2 is a convex domain.
The main results of this section can be summarized in the following the-
orem. We recall that the L'-convergence of minimizers of F, = towards
minimizers of Fy 4 is given by Corollary 3.4.

THEOREM 5.1. — Let ¢, — 0, and let u;, be a minimizer of Feoh’g over
Gy(2). Assume that up, — u in L*(Q) as h — oo for some minimizer u of
Fy 4. Setting p := curl j(u™), for every o > 0 small enough, and every h
large enough (depending on o), the following holds:

(i) Ju, \ Bo(u) is a compact subset of Q\ B, (1) made of finitely many
segments, meeting at triple junctions.
(ii) up € C(Q\ (By (1) U Jy,)) and up, = g on 09
(iii) If B, (x) € Q\ B, (), then there exists ¢y, € BV (B, (x); G,,) such
that up, /¢y € C*°(B,(x)).
In addition,
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(iv) Jy, converges in the Hausdorff distance to J,.
(v) up — win CE_(Q\J,)NCL(Q\ J,,) for every k € N and o € (0, 1).

(vi) If B.(z) C Q\ B,(u), then there exists ¢ € BV (B, (x); G,,) such
that up/¢n — u/¢ in CF (B, (x)) for every k € N.

Remark 5.2. — In the proof of Theorem 5.1, we are actually going to
prove a stronger result on the structure of u, (see Section 5.1). As a con-
sequence, it solves in  \ B,(u) the Ginzburg-Landau system with free
discontinuities

=Aup = (1= Jun)up 0 Q\ (Bo (i) U Juy,) ,

()™ = (uy )™ on Ju, \ B () ,
Un =g on 09.
Remark 5.3. — As a consequence of items (iii) and (vi) above, we have

p(up) € Co"(ﬁi\ B,(u)) for h large enough, and p(up) — u™ in C{f)C(Q\
By (1)) NCH(Q\ By ().

Remark 5.4. — In the case m = 2, J, is made of d disjoint segments
connecting points of spt u, see Proposition 4.7. In particular, J, contains
no triple junctions. Concerning the minimizer u; of F807 g» 1t implies that
(for h large enough), the set Jy, \ By (1) is made of d disjoint segments
connecting components of B, (j).

Remark 5.5. — Let us notice that in the case deg(g,09) = 0, Theo-
rem 5.1 shows that for £ small enough, the minimizer of F’ 2 ¢ 1s unique and
smooth, i.e. there is no jump set, and it coincides with the unique minimizer
of E. over W) *(Q) (see [56]). For the classical Mumford-Shah functional,
similar results were obtained using calibration methods [1] (see also [33,
Theorem 3.1] for a simple proof originally due to Chambolle).

Remark 5.6. — Theorem 5.1 does not provide regularity results near
spt u. Nevertheless, repeating verbatim the proof of [22, Theorem 3.1], one
can prove that for every € > 0 and every minimizer u of FQ g+ the jump set
is essentially closed, that is H1(J, \ J,) = 0. Since Q C R?, the proof of this

result only requires the simplest forms of [22, Lemma 2.3 and Lemma 2.4].

Remark 5.7. — It would be interesting to study the behavior of the min-
imizers up, close to the vortices, i.e., in B, (). One could expect that there
is only one point in each component of B, (u) where u;, vanishes, and that
the jump set of u, is a union of Steiner trees connecting those zeroes in the
spirit of the A(u) minimization problem. In this direction, a first step may
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consist in understanding the optimal profile problem

v#(e,R) := min{EE(P(u),BR) +HY(J,NBg) — % logg :
u € G(BRr), P(u)(z) = 731<|§7 vm? — 1) on 833}.

Considering a solution u of this problem, one may ask if |u| is radial, in-
creasing, vanishing at the origin, and if J, is just a segment joining the
origin to the boundary. It seems to be a difficult question since it combines
both issues related to the presence of an expected singularity in the jump
set in the spirit of the so called crack tip (see for instance [27]) for the
Mumford-Shah functional, with the fact that P(u) should have the same
regularity as minimizing harmonic maps with values into the singular cone
N. Such harmonic maps satisfy non standard elliptic equations, and are
usually more singular than minimizing harmonic maps with values into a
smooth target [36, 44, 37, 3](2).

5.1. Sketch of the proof of Theorem 5.1.

Before starting the proof of Theorem 5.1, let us explain the strategy.
Away from spt p, the limiting function v, is smooth. Therefore, if we con-
sider a small enough ball B,.(x) outside B, (1), then the oscillation of v,, on
this ball is very small. By the strong convergence in W12(B,.(z)) of v, to
v,, (recall Theorem 3.2), this will still be true for vj, on 0B, (x) (actually, on
dB,, () for some py, ~ r). Hence®, we can find g, € WH2(9B,(x)) such
that p(gn) = vp on OB,(z). Considering wy, a solution of the Ginzburg—
Landau equation

= 1 2 .
(51) {_Awh - ﬁ(l - |wh‘ )wh mn Br(x)

wp =gp in 0B, (x),

we aim at proving that in B, (x), up = (ZZL:_Ol akXEz) wy, where the EF
are pairwise disjoint and satisfy (up to a relabeling)
(i) if B.(z) N J, =0, then EY = B,() i.e. up, = wy, in B.(z);
(i) if By(2) N Jy is a segment then u, = (Xgo + ak(1 — Xgo))wy for
some k # 0 with OEY N B,.(x) a segment;

(2)qu0ting [44]: “Unfortunately, the equations satisfied by s and u are so bad that no
existing result can be applied”.

3) Notice that actually, some care is needed in the choice of g; to guarantee that no
Yy g g
jump is created at the boundary.
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(ili) if By(z) N Jy contains a triple point then up = (xgo + akle:1 +
ak2XE’zL)wh with 0 < k1 < ko < m —1 and 6E2 U 8Efl U aE’;z a
triple junction in B, (x).
In order to show that indeed wuy is of this form, a powerful tool that we
introduce in the next section is the Lassoued—Mironescu decomposition ar-
gument [41] which allows to conveniently split the energy into a Ginzburg—
Landau term and a Mumford—Shah type energy.

5.2. Ginzburg—Landau minimizers and energy splitting

In this section, we consider a radius r > 0, a sequence ¢, — 0, and a
sequence of boundary conditions {g,} C W12(9B,) N L>(9B,) satisfying

(5.2) lgnllLe=(0By) <1,
1
(53) [ ool - lan2ant <,
oB, h
for some constant C' > 0 independent of £;,. We further assume that
(5.4) gn — g« uniformly on 9B, as h — oo,
for some g, € W12(0B,;S!) satisfying
(5.5) deg(g«,0B;) = 0.
From this last assumption, we can write g, = e*** for some harmonic
function ¢, € W12(B,) (which is unique up to a constant multiple of 27).
As in [12], the map
w,y = e € W;;Q(B,.; sh
is the unique solution of the minimization problem
(5.6) min / IVl de.
w,.2(B,;8Y) JB,
We are now interested in the minimization problem

(5.7) min  E., (w,B,).
weWy;?(By)

We recall that minimizers of (5.7) are in particular solutions of (5.1). We
shall make an essential use of the following proposition. It constitutes a
slight extension of [12, Theorem 2] to the case of a boundary condition
which merely belongs to W2?(9B,.). Since the estimates obtained in [12,
Theorem 2] only depend on the W'2(dB,) bounds satisfied by gy, the
proof of Proposition 5.8 readily follows from [12, Theorem 2] together with
an approximation argument (to regularize the boundary condition).
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PROPOSITION 5.8. — Assume that (5.2), (5.3), (5.4), and (5.5) hold.
There exists {w,} € WH2(B,) N C°(B,) N C*(B,) such that wy, solves
(5.7), and

wy, — w,  strongly in WY2(B,.),
|wp| — 1 uniformly in B, ,
wy, — wy  in CF (B,) for every k € N

For the rest of this subsection, we still denote by wjy, a solution of (5.7)
obtained from Proposition 5.8. We continue with a very useful energy de-
composition, originally introduced in [41].

LEMMA 5.9. — Let u € G(B,) N L>(B,) be such that p(u) = p(gn) on
O0B,.. For ej, small enough, we have u = wy,¢ for some ¢ € G(B,.) N L>°(B,)
satisfying p(¢) = 1 on 0B,

(5.8) E.,(P(u),B,) = E., (wp, B,)

+;/BT lwp 2|V + |wh’|l (1—|62)%+ jl i(p(0)) - ji(wn) da,

2e2
and H'(J, N B,) = H'(J, N B,).

Proof. — By Proposition 5.8, we have |wy,|> > 1/2 for &), small enough.
Setting ¢ := u/wp, we have ¢ € SBVZ(B,)NL*>(B,) and P(¢) € W?(B,),
thus ¢ € G(B,.)NL>®(B,). Since |wy|? and |¢|? belong to W12(B,.), by chain
rule we have

1
[Vul* = 62 [Vwnl* + [wn*[VS* + 5V (I6]) - V(|wal?) +25(¢) - j(wn)
a.e. in B, .

Recalling that mj(¢) = j(p(¢)) (see Lemma 2.3), and since |¢|> = |p(¢)|?,
we obtain

(5.9) / Vul? de = / ID(6) 21V wn 2 + [on PV

4 5VpOP) - T(hunl) + = (p(@)) - j(wn) da

Testing equation (5.1) with |p(¢)|*w, € W12(B,.), we derive

.10 [ Ip(@)F IVl + V(@) - V(lwn ) da

T

1
— [ Bywp-wpdn + / (1 = Jwn?)lwn 2lp(0)  da,
9B, B, €h
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where the first integral in the right hand side is understood in the W—1/2:2 —

W1/2.2 sense. Here we have also used the fact [p(¢)|?> = 1 on 8B, (so that
Ip(¢)|?wp, = wp, on B,.). Testing now (5.1) with wy, yields

1
Oyun - undi = [ [Funf? = (1w Plun o
oB, B, h

Putting together this identity with (5.9) and (5.10) leads to

1
2 212
/B,,, |Vul® + E(l — |ul?)* dz

- / Veonl? + [wnl2 V6P + 2 5(p(6)) - j(wn)
B, m

+ |30 P Ip@P)? - (@ = sl
h

+ (1= [wnf*)[wn*[p(¢)*| da.

In view of the algebraic identity

1

2(1 —a?*h?)? — (1 — a®)a® + (1 — a*)a?b?

1 22 a* 22
:5(1—a)+?(1—b) for a,b >0,

we have obtained
1 1
5/3 |Vu\2 + ?(1 - |u|2)2 dz = E., (wp, B)
- h

o5, (oo s e - o+ 25w i ar

22
Finally, since wy, € W%(B,.) we have J, N B, = Js N B, (up to an H'-null
set), and the conclusion follows. O

We now use Lemma 5.9 to derive a lower bound on the energy. In par-
ticular, we want to be able to control the last term in (5.8), which is the
purpose of the following lemma.

LEMMA 5.10. — There exists a universal constant C, > 0 such that if
(5.11) / |Vwp|? dz < 8,
B,
and
1— 212 1/2
s ([ e S ) s
9B, 2Eh
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for some constant § > 0, then for every ® € W12(B,.) satisfying ® = 1 on
OB,., there holds

/ J(®) - j(wn) da
B,

< 0*5/ V®|? dz.
B,

Proof. — Rescaling variables we may assume that r = 1. Arguing by
approximation as in Proposition 5.8, we may assume that wy, is smooth.

First, using equation (5.1) we derive that div j(wy) = w, A Awy, = 0. By
Hodge decomposition, we can find a smooth scalar function H such that
j(wp) = V+H. Notice that H is defined up to an additive constant that
we shall fix later on.

By approximation, we may assume that the test function ® is smooth.
Since ® is constant on dBj, the vector field j(®) satisfies j4(®) - v = 0
on 0Bj. Since curl j(®) = 2det VP,

/Blj(<1>)~j(wh)dz/31 jL(<I>)~Vde:7/ 2H det(V®) dz.

B

We may now estimate

/ §(@) - j(wp) dz
By

< / H|[VOP de < [ H| g (5) / VP de,
Bl Bl

and we are left to prove that ||H| p~(p,) is controlled by 6. We consider
the function H; solving

AH; =2det(Vwy,) in By,
{Hl =0 on 0By,
and set Hy := H — Hy. Then, Hs is harmonic in B since
AH, = —divj* (wy) — 2det(Vwy) = curl j(wy) — 2det(Vwy) = 0.
In addition,

(5.13) 0-Hy = 0;H = —v-j(w,) ondBy.

Thanks to Wente’s estimate (see [55] or [19, Lemma A.1]), there exists a
universal constant Cy > 0 such that

| H1ll Lo (By) < Cﬁ/ [V |? de < Cyd .
B

Moreover, by the maximum principle,

inf H, = inf H, and sup Hy = sup Hs.
B1 0By B 9B:
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We now fix the additive constant for H so that supp, Ha + infp, Hy = 0.
This yields
1 1
Hsl| = — |supHs — inf Hy| < = 0, Ho| dH" .
1H2 ]|~ 51y = 5 LBI: 2~ nf 2} 4/@31| 2
Recalling that |wy| < 1, we have by (5.13) [0;Hz| < |wp||0ywn| < |0y whl,
so that by Cauchy—Schwarz inequality,

m 1/2
| Hal| 1o (By) < e / |0, w, |2 dH? .
a8,

Let us now recall that the Pohozaev identity applied to equation (5.1) (see
e.g. [54, (5.2)]) leads to
1— 2\2 1— 2\2
/ A lenl) g, / 10, w0n? — (B2 + L1 g0
B, €h 0B, 2¢j,
Hence,

_ 2)\2
/ |auwh‘2d7-[1 < / |87—'wh‘2 + % d'Hl7
0By 2€h

B1

which then implies

v 2T (1 — |wh|2)2 1/2 (5.12) /271
| Ha||£oo(By) < o (/ |0rwp |2 + 22d7-11> < Té'
0B, 2

The conclusion now follows with C, := Cy + /27 /4. O

Combining Lemma 5.9 and Lemma 5.10 yields the following lower bound
for the energy.

PROPOSITION 5.11. — Let C, be the constant given by Proposition 5.10,
and let 6 > 0 be such that C,§ < ﬁ. For ey, small enough, if wy, satis-
fies (5.11) and (5.12), then

1

(514)  F%u,B,) > E., (wp, B,) + g/ Vo2 de +H!(J, N B,)
B,

for every u € G(B,) N L*™(B,) satisfying p(uv) = p(gr) on 9B,, where
¢ :=u/wy € G(B,) N L>®(B,).

Proof. — By Proposition 5.8 and Lemma 5.9, identity (5.8) holds and
|wp,|? > 1/2 for &}, small enough. Applying Lemma 5.10 with ® := p(¢),
we derive that
1

1
EEh (P(u>7 BT) = EEh (whaBr) + 7/ ‘V¢|2 + 72(1 - ‘¢|2)2 dz
4 /g, dey

1
- W/B \VP(¢)|2dx~
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By Lemma 2.3 we have

1 2 2 _ 2
o [ IvpP < [ vp@Rar= [ vorar,

and the conclusion follows. O

Remark 5.12. — Under the assumptions of Proposition 5.11, we can ob-
tain that the minimizer of (5.7) is unique. Indeed, any solution wj, of (5.7)
satisfies ||wp | £ (p,) < 1 by minimality. Applying (5.14) to wy, then yields

~ 1
B (@0, B,) > Buy(un B+ [ (V0 da
B,
with ¢ := Wy, /wy,. Since E., (W, By) = E, (wh, B;), we deduce that ¢ = 1,
that is Wy, = wy. A similar idea was used in [32] to prove uniqueness results,
extending those from [56].

5.3. Proof of Theorem 5.1

This section is devoted to the proof of Theorem 5.1. We fix a sequence
en — 0, and minimizers uy, of FEO}”g over G,4(€2). We assume that u, — u
strongly in L'(Q) as h — oo, where u is a minimizer of Fp , over L£,4(1).
We recall that by Theorem 3.2 vy, := p(u) — u™ strongly in WHP(Q) for
every p < 2 and in Wéf (Q\ spt p1), where y := curl j(u™) € Ag. According
to Section 4, the compact set I' := J,, C Q is a A(p)-minimizer in the sense
of Definition 4.1, and thus a union of at most d Steiner trees. We denote by
T C Q the (finite) set of Steiner points of I"\ spt y, i.e., the triple junctions
of I away from spt . We finally recall that u € C°(Q\ T), u = g on 91,
and that u™ = v, € C>(2\ spt p).

Writing spt o =: {@1,...,Zma} and T := {y1, ..., yq}, we now fix o9 > 0
satisfying

1. . . . .
op < 5 Inin { I]gléIll |xe — 2] ,I]gléIll lye — wi] , dist(T, 99) , dist(T', spt u)} ,

and we set for o € (0, 09),

(5.15) Ko = [[Vuull=@\B, 1w -

Moreover we fix the positive constant § to be

§ :=min {1/(4y/7m),1/(16mC.,)},
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C, being the constant given by Proposition 5.10. For o € (0, 0¢), we finally

set 5
. o
To i = mln{l—o, 8ﬁKU }

Theorem 5.1 is a consequence of a covering argument combined with Propo-

sition 5.13, Proposition 5.16 and Proposition 5.18 which respectively give
the structure of u away from I'; close to I but away from the triple junc-
tions and at the triple junctions.

5.3.1. Smoothness and convergence away from I'

PROPOSITION 5.13. — Let o € (0,0¢). For h large enough, u, € Wy?(Q\
B,(T")) and uj, minimizes E., (-,Q\ B,(T")) under its own boundary con-
dition. In addition, u, € C*®(Q\ B,(T)) and uj, — u in CH*(Q\ B,(T))
and CF _(Q\ B,(T')) for every a € (0,1) and k € N.

The proof of Proposition 5.13 is a direct consequence of Lemma 5.14 and
Lemma 5.15 below, together with a suitable covering argument.

LEMMA 5.14. — For o € (0,00), let r € (0,r,) and o € Q be such
that Ba,(z9) € Q\ B, (I'). For h large enough, u;, € WY2(B,(x¢)), and uy,
minimizes E., (-, Br(zo)) under its own boundary condition. In addition,
up, € C®(B,(z0)) and up, — u in CF (B, (x¢)) for every k € N.

Proof.
Step 1. — Without loss of generality, we may assume that xo = 0. Set
1
Vh ::/ \Vvh—Vv,t|2+|vh—vu|2dx+272 (1 — |up*)?dz.
Ba, €h Ba,

By Theorem 3.2 and Corollary 3.4, v, — 0 as h — oo. Since I' N By, = 0,

(3.9) shows that
-

(5.16) H' (Ju, N Bay) < 3

for h large enough. From now on, we assume that (5.16) holds.
By the coarea formula (see [47, Theorem I1.7.7]), we have

2r

HO(Jy, NOBy)dt < H'(Jy, N Bay) <

N3

Setting
Ah = {t c (’I“7 27‘) : ']uh N aBt = (0}7
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we deduce that H'(Ay) > r/2. Notice that uy L 0B; € WH2(0B;) for a.e.
t € Ay. Since

1
/ {/ \Vz)h—VvM|2—|—|11h—vu|2—|—72(1—|uh|2)2d3'-l1 dt < vy
A, LJoB, 2ep,
we can find a radius pj, € A, such that v, L0B,, € W172(8Bph; C) and

(5.17) / Vo —
0B,

By definition of p, |Vuy| < |Vo,| and thus

/ |Vuh|2d7—l1</ |Vop|? dH?
9B, B

Ph

1 2
5o (1~ lunl)? 4! <

< 2/ [Von = Vou|? dH + 4mpn || Voul 7 5,
9By,

4
7h+8 rK2,

which leads to

(5.18) !’ ( /8 i

for h large enough since pp < 2r,.

1/2
1
[Vun|* + ?}12(1 — [upl?)? dHl) <4

Ph

Step 2. — We select a subsequence such that p;, — p € [r,2r]. Define
gn(z) := up(ppx) for € OBy. Then g, € WH2(0B;) N L (B;) satisfies
lgn] <1, and

1 1/2
(5.19) ( [ ool + o S (1=l ) <5,
0B,

where &}, := &5 /pp. Extracting a further subsequence if necessary, we may
thus assume that g, — g, uniformly of dB; for some g, € W12(9B;;S!).
Estimate (5.17) yields

(5.20) ¢ (z) = lim p(gn)(z) = lim vp(pnx) =v,(pr) Vo€ dB.
h— o0 h—o00

Since deg(v,,0B,) = 0, we deduce that deg(g,,0B1) = 0. We are now in
position to apply Proposition 5.8 to produce minimizers wy, of Es, (-, B1)
over Wj2(By). Then wy, — w, strongly in W'?(By) where w, is the unique
solution of (5.6). We claim that

wi'(x) =vu(pr) Vaeb.

Indeed, recalling (2.14), v,(pz) = ¥ for x € B; and a smooth har-
monic function 1, (which is unique up to a constant multiple of 2m).
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Moreover, w, = €*#* for some harmonic function ¢, € WH2(By). In view
of (5.20), we have my, = 9, + 2km on 0B, for some constant k € N. By
uniqueness of the harmonic extension, we infer that mey, = v, + 2k7 in
Bi, and the claim follows.

As a consequence of this last identity, we deduce that

1 Arr? K2 1)
/ |Vw,|? do = —2/ Vo, |*dz < Lf’ <.
B m Bph m 2

Since wy, — w, strongly in W12(By), we thus have for h large enough
(5.21) / |Vwp|? dz < 6.
B,

Step 3. — Let us define Wy, (x) := wp(x/pp), and consider the competitor
Up, € G4(2) given by

- up  in Q\ B, ,
Up =9
wy in B, .

By minimality we have F° _(up) < F2

€h>9 €h,9

(@), and since J,, NOB,, =0,
we deduce that

S, (un, By,) < Ex, (@n, B,) -
Setting Uy (x) := up(ppx) and rescaling variables, we obtain

(5.22) E:, (P(un), B1) + pnH' (Ja, N B1) < Ez, (wy, By).

In view of (5.19) and (5.21) (and our choice of §), we can apply Lemma 5.9
and Proposition 5.11 to derive that

(5.23)  Eg, (P(un), B1) + ppH' (Ja, N B1)

> Ex, (wn, By) + é/B \Vou|* dz + pnH' (Jy, N By)
for h large enough, where ¢y, := up/wy, satisfies ¢, = 1 on 9B;. Putting
(5.22) and (5.23) together leads to fBl |Von|>dz = 0= H!(Jg, NB;), and
thus ¢, = 1. In other words, u; = wy, for h large enough.

Scaling back to the original variables (and recalling that w;, — w in
L'(£2)), we conclude from Proposition 5.8 that for h large enough, u; min-
imizes E., (-, B,) in W%2(B,.) under its own boundary condition, uj €
C*>(B,) and uj, — u in CF (B, for every k € N. Since the limit is unique,
we deduce that these facts actually hold for the full sequence (and not only
for a subsequence). |
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The next lemma is devoted to smoothness and convergence of uj near
the boundary of €. Since 01 is assumed to be smooth, we can find a radius
rq > 0 such that

(5.24) HYOQN B, (z)) <3r Vre(0,rq), Vaocon.

For the sake of variety, in the proof below, we do not use the energy split-
ting argument. Notice that, either way, it could be possible to adapt this
alternative argument to prove Lemma 5.14, or to adapt the energy splitting
approach to treat boundary points.

LEMMA 5.15. — For o € (0,00), let r € (0,min{r,,rq}) and zo € I9N.
For h large enough, u, € W12(B,.(x¢) N Q) with u, = g on QN B,.(z0)
and uy, minimizes E., (-, B,(xo) N ) under its own boundary conditions.
In addition, u, € C®(B,(x0) N Q) and up, — u in CL%(B,(z0) N Q) and
CE (B, (x9) N Q) for every o € (0,1) and k € N.

loc

Proof. — Without loss of generality, we may assume that o = 0. As
in the proof of Proposition 5.14, it is enough to find p, € (r,2r) such
that (5.18) holds (with dB,, N Q in place of 0By, ), Ju, N (B,, N Q) =0
(so that u, € WH%3(B,, N Q)), and u, = g on 92 N B,,, for h large
enough. Indeed, for any w € Wl}hz (B,,), one can consider the competitor
up € G4(Q) given by U, = w in B,, N, and U, = up in Q\ B,,. By
minimality, F? (up) < FY, ,(4y), which then leads to

EEh (uhv BPh QQ) = th (uhv BPh QQ) < Feoh (’LU, BPh QQ) = Esh (w; Bﬁh ﬂQ) :

Hence uj, minimizes E., (-, B,, ) in W?(B,, N$) under its own boundary
condition. Then the remaining conclusions follow from [12] (see also [13,
Theorem A.3]) together with the fact that u, — u in L*(£).

We select the radius pp by repeating the Fubini type argument used in
Step 1 of the proof of Proposition 5.14. The main additional point is to
select py, so that uy, belongs to W2(9B,, NQ) with up = g on 8B, NIQ.
This is possible via the coarea formula since (3.9) implies that for h large
enough

H (Ju, O Bay NQ) +H ({un # g} NN By,) <

N3

By our choice of pj, the map gp, defined by g := uy in 0B,, N, and
gn := g in B, NS, belongs to W2(9(B,, N)). In view of (5.18), for h

ANNALES DE L’INSTITUT FOURIER



A G.L. MODEL WITH FREE DISCONTINUITIES 2663

large enough we have |gy| > 1/2 on 9(B,, N ), and

1/2
|879h|2dH1>

By, NQ2)

08Cy(B,, NQ) Ih < ("Hl((’)(Bph N Q)))1/2 </6(

|0-g|> dH' + /

8B, NQ

1/2
|vuM%ﬂ#>

</%m<L

(5.15),(5.24)&(5.18)

< V2mpn (3pn K2 +52/Ph)1/2

< V2 (6rPK2 + 52)1/2
1
2m

oy NOQ

N

Rotating coordinates in the image if necessary, we may assume that g5, (0) =
1, which in turn yields

(5.25) Ip(gn(2)) — 1] < Vazed(B,,NQ).

N =

We claim that

(5.26) | Inin Ge, (v, B,, NQ) = nin E.,(u,B,, NQ).
veWp{gh)(Bpth) uEW = (B, NKY)

Before proving this claim, let us show how (5.26) leads to the conclusion.
By minimality of u; (and our choice of pp,), we have
min E., (u,B,, N§Q)
uEW % (B, NQ)

. 0
= min F;, (u,B,, NQ)
u€Wy,”(B,, NQ)

> i 0 1
> uegghn(lgihm) {FEh, (u, By, ") +H' ({u# gn} NO(B,, N Q))}

=G, (vn, By, NQ) 4+ H(Ju, N (B,, NQ))
+H' ({un # g} N (02N B,,))

> min Ge, (v,B,, NQ).

1,2
vEWp(gh) (By,,N2)

Then, (5.26) implies that all the inequalities above are in fact equalities
and as a consequence

H! (Ju, N (Bp, N Q) +H! ({un # g} N (02N By,)) = 0.

Hence J,,, N (B,, NQ) is empty, and up = g on 0NN B,,, .
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In view of the above chain of inequalities, to prove (5.26) it is enough to
show that
(5.27) min G, (v,B,, NQ) > min E.,(u,B,, NQ).
veW&’jh)(Bpth) WEWLA(B,, AQ)
We consider ¢ a minimizer of the left-hand side. To establish (5.27), it is
enough to construct @ € W,,*(B,, N Q) satisfying p(@) = ¥ since, in this
case, G, (0,B,, NQ) = E., (4, B,, NNQ). Let IT: C — C the map defined
by II(z) := |Re(z)| + i¢Im(z). By (5.25) we have II(p(grn)) = p(gn) and
(v) € W, | (B,,NQ). In addition, Ge, (T1(2), B, NQ?) = G-, (3,, B, N9).
Replacing o by I1(?) if necessary, we may thus assume that the real part of T
is nonnegative in B, N{2. Now, let us introduce the map q : CN{Re(z) >
0} — C defined by q(z) = |2[e?/™ for z = |z]e?? with 0 € [~7/2,7/2].
Then, q is Lipschitz continuous left inverse of p. In view of (5.25) we have
a(p(gn)) = gn, and as a consequence @ := q(v) € W, *(B,, N Q) with
p(a) = 7. O

5.3.2. Smoothness and convergence away from triple junctions

We continue our asymptotic analysis by considering the local behavior of
up, near I', but away from T'Uspt p. In the statement below, we understand
the convergence of half spaces in the sense of local Hausdorff convergence.
Let us write

Cm = |1 —al?

PROPOSITION 5.16. — For o € (0,09), let r € (0, min{r,, ¢, /32}) and
xg € I'\ B,(T Usptu). For h large enough, there exist a half space Hp
and k € {1,...,m — 1} such that up =: (xm, + akXHE)wh with wy, €
WL2(B,.(x0)), and wy, minimizes E., (-, B.(z¢)) under its own boundary
conditions. In addition, wy, € C*(B,(x¢)), H, — H for some half space
H satisfying OH N B,.(x¢) = I' N B,.(x0), and wy, — (xz +a *xpe)u in
Cf (By(w)) for every ¢ € N.

Proof.

Step 1. — Once again we may assume that o = 0. We follow the
strategy used in the proof of Lemma 5.14 considering

1—|uyl?)?d .

By Theorem 3.2 and Corollary 3.4 we have (3.9), and thus #*(J,, NBs,) —
HY(T' N Bs,) = 10r. As a consequence, H'(J,, N Bs,) < 11r for h large

Yh ::/ \Vvh—Vv#|2+|vh—vu|2dx+
Bs,
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enough, which in turn leads to

5r
(5.28) HO (T, NOBy) dt < H'(Jy, N Bs,) < 117,

r

Setting
Ap=AUALUAZ with AF .= {t € (r,5r) : H°(Ju, NOB;) = k} :

we infer from (5.28) that H!(Ay) > r/3 for h large enough. Notice that
up, € WH2(9B,) for ae. t € AY, and uj, € SBV?(9B;) for a.e. t € A} U A3.

We claim that H*(AY) < r/6 for h large enough. Indeed, assume by
contradiction that H'(AY) > r/6 for some subsequence. Then, we could
apply the proof of Lemma 5.14 (choosing a good radius py, € A(,)L) to infer
that uy, is smooth in B, for h large enough, and thus that J,, N B, = (.
However (3.9) tells us that H!(J,, N B,) — 2r as h — oo, a contradiction.
We have thus proved that H'(A}, U A?) > r/6 for h large enough. Now
we claim that for h even larger, we have H!(A}) < r/12. By contradiction
again, assume that H!(A}) > r/12 for some subsequence. Then, we can
find a good radius pj, € A} such that uj, € SBV2(9B,,) and

(5.29) / \Vop, — V|2 + o, — v > + %(1 — |up?)? dH! < 127 .
9B, 2€h r

By our choice of pp, there is a single point x;, € 0B,, such that u;, €
Wh2(8B,, \{zn}). Rescaling variables if necessary, we may assume without
too much loss of generality that the radius p, = p is independent of h.
By (5.29), vp, = v, uniformly on 0B,. As a consequence, |up| = |vs| > 1/2
on 0B,, and deg(vy,0B,) = 0 for h large enough. In particular, we can
write up = |uple’" on dB,, \ {z} for some ¢, € WH2(0B,, \ {z1n}).
Let @if be the traces of ¢y, at xy. Since vy, = |uy|e?™?r € WH2(9B,), we
have m(p} — ¢, ) = 2w deg(vy, dB,) = 0. Hence ¢, = ¢, , which yields
on € W12(dB,). We obtain that uj, € W2(9B,) contradicting our choice
pE A}

We may now assume that h is sufficiently large so that H!(A2) > r/12.
Arguing as in the proof of Lemma 5.14, we select a good radius p;, € A so
that up, € SBV%(9B,, ) and (5.18) holds together with (5.29). Here again we
shall assume for simplicity p, = p is independent of h (otherwise we rescale
variables as in the proof of Lemma 5.14). We write {zs,ys} := Jy, NOB,,
and then C} and CJ the two (open) arcs in 9B, joining zj, and yj,. As above,
we infer from (5.29) that |up| = |vp| > 1/2 on 0B, and deg(vs, 0B,) =0
for h large enough. Since uy € Wl’Q(Cf) for j = 1,2, we deduce that there

exist @) € Wh2(Cl) such that u), = |uh\ewib on Cl'. Denote by @' the
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trace of @] at xy, and @)” the trace of ¢} at y,. Since v, € WH2(0B,),

and vj, = |up|e™#h on CI', we obtain the relation
2,1 1,1 2,2 1,2
m(p, — @) = 27k and m(p,” — @) = 2k}

for some k' k% € Z\ {0}. Define k;, € {1,...,m — 1} to be such that
akr = 62”]’33/’”, and consider the map

Up, in C{l,
gh ‘= .
a~kry;, inCh.

By construction we have p(gn) = vp and g, € WH2(0B, \ {z1}). How-
ever, since deg(vi,dB,) = 0, we can argue as above (when proving that
H'(A}) < r/12) to show that g, € W1?(8B,). In addition, (5.18) yields

1/2
1— 2\2
(5.30) pt/? </ |07 gn|* + (9’L|)d7{1> <96
o

2
, 2e3

We also notice that [|gnl/L~(p,) <1 since [up| < 1.

Step 2. — Define Hj to be the half space containing C* and such that
ZTn,yn € OHp. We claim that k), = k € {1,...,m — 1} is independent
of h for h sufficiently large, that H;, — H for some half space H such
that I' N 0B, = 0H N 0B,, and that g, — g, uniformly on 0B, where
g« € WH2(0B,;S') is given by

(5.31) g = {u inodB,NH,

a*u indB,\ H.

First observe that lim inf}, |xp, —yp| > 0. Indeed, if for some subsequence we
have |z, —yp| — 0, then either x g, — 0in L*(9B,) or xue — 0in L*(0B,).
Assume that xge — 0 in L*(dB,) (the other case being analogous). From
Proposition 5.13, we infer that u, — u in L*(9B,), so that g, — u in
LY(9B,). In view of (5.30), we deduce that u belongs to W2(9B,), a
contradiction. Next, by Proposition 5.13 again, uj, — u in C (8B, \ T),
which now implies that {zs,yn} - ' NOB, as h — co. Writing I' N B, =:
{Z,Yx}, we may assume that x, — x4 and y, — ys. In the same way, we
may assume that C} — C; where C; is an arc of 0B, joining x, and y,. This
clearly implies that H;, — H where H is the half space containing C; and
such that z,,y, € OH. In view of Remark 4.4, there exists a unique k €
{1,...,m — 1} such that the map defined in (5.31) belongs to W12(9B,).
Combining this fact with (5.30) and the convergence of uj; toward w in
LY(dB,), we deduce that g, — g, uniformly in dB,, and that kj, = k for
h large enough.
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Since ¢g7* = u™ = v, on 0B,, and deg(v,,dB,) = 0, we derive that
deg(gs, 0B,) = 0. We can now apply Proposition 5.8 to produce minimizers
wy, of E.,(-,B,) over W)*(B,). Then w;, — w, strongly in W"?(B)
where w, is the unique solution of (5.6). Arguing as in the proof of Lem-
ma 5.14 (Step 2), we obtain that w}* = v, in B,, which leads for h large
enough to

(5.32) / |Vwp|>dz < 8.
B

P

Step 3. — Consider the competitor u;, € G4(€2) given by

=N Up, inQ\Bp,
Up ‘= & .
(Xm, +a"xu:)wn, in B,.

By minimality we have FY,  (un) < F2 ,(@s), and since J,, N IB, =

€h,9 €

{zh,yn}, we deduce that
(5.33) F? (up, B,) < F? (un, By) = E., (wh, By) + Ly,

where Ly, := |z, — yn|. Since p(up) = p(gn) on 0B,, and in view of (5.30)
and (5.32) (and our choice of §), we can apply Lemma 5.9 and Proposi-
tion 5.11 to derive that

1
(5.34)  F? (un,B,) = E., (wn, B,) + g/ |Vén|* do + H' (J4, N B,),

B,

where ¢y, 1= uy /wy, satisfies ¢p, = xm, —l—akXH}c; on 9B, (and thus p(¢p) =1
on 0B,). Putting (5.33) and (5.34) together leads to

1
(5.35) Ly > g/B |Vn|* do + H' (J4, N B,).
P
Let us now prove that
(5.36) H' (Jy, N B,) = Ly,

Up to a rotation, we assume that z, = (a,t) and yp = (b, t) with b—a = Lj,.
For s € (a,b), we write Vs := {s} x R. Now, assume by contradiction that
H'(Jy, N B,) = L, — v for some v > 0. Then we infer from the coarea
formula [47, Theorem I1.7.7] that

b
(5.37) Ly —~v=H'(Js, NB,) > / HO(J,, N B, NV,)ds.
a

Set Ay, == {s € (a,b) : Js, N B, NV, =0}, and recall that ¢, € WH3(B, N
V,) for a.e. s € Ay. From (5.37) we deduce that H(Ap) > 7. Since, ¢, =
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XH, + akXH; on 0B, we have ¢, =1 on ChNV,and ¢, =a* on CE NV,
for a.e. s € (a,b). Therefore,

1— k|2 "
/ |0y | dH > p-at > I for ae. s € (a,b).
BV, 2p 10r

Integrating with respect to s (and recalling that r < ¢,,/80) yields

1
f/B |Vn|* dx + H' (J4, N B,)

8
1
27/ / 102 dH dz + L —
8 /A, B,NV;

C
>L (—’"—1) Ln,
n+ 307 Y > Ln

which contradicts (5.35).

By combining (5.35) and (5.36) we deduce that |Vp(¢r)| < m|Vep| =0
in B,. Since p(¢y) = 1 on 0B,, we conclude that p(¢,) = 1 in B,. In
other words, ¢y, takes values in G,,,. Hence, there is a Caccioppoli partition
{E; };”:_01 of B, such that

m—1
on = Z a'xp,; .
Jj=0

Recalling [4, Section 4.4], we have

(5.38) Ly =H"(Jy, N B,)
m—1
1
:Hl(anme) + 5 Z Hl(an ﬂaEgﬂBp).
JA=1, j#L

Using that xg, = xm, on 0B,, we have that H'(0Ey N B,) > L; with
equality if and only if Ey = Hy, N B,. Therefore Ey = Hj, N B, and the
sum on the right-hand side of (5.38) vanishes. Since xg, = xme on 9B,
we conclude that E, = Hf N B, and E; = () for j ¢ {0, k}. In other words,
on = xm, + akXHﬁ in B,, and thus up = (xa, + akXHﬁ)wh in B,,.

To conclude, we observe that w, = (xm, + a_kXH;)uh. Since uj, — u in
L'(Q) and H, — H, Proposition 5.8 tells us that wy, — (xu, +a *xpme)u
in Cf(B,) for every £ € N. O

Remark 5.17. — In order to prove (5.36) one could also use a calibration
argument (see [1, 49]). However since our proof is elementary, we have
decided to keep it this way.
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5.3.3. Smoothness and convergence near triple junctions

We now focus on the behavior of u; near the points of T, i.e., triple
junctions. It will be convenient to describe a triple junction in the following
way. First write for j = 0,1,2, Y7 := {z € C\{0} : arg(2) € (2jm/3,2(j +
1)m/3)}. We say that an ordered triplet of open sets (Y?,Y!,Y?) is a triple
junction if there are 29 € C and 6 € [0,27) such that Y7 = o + €Y7,
for 7 = 0,1,2. Then, we say that z( is the center of the triple junction
(Y2, Y1 Y?). In the statement below, we understand the convergence of

triple junctions in the sense of local Hausdorff convergence.

PROPOSITION 5.18. — For o € (0, 09), let r € (0, min{r,, ¢, /128}) and
xo € T. For h large enough, there exist a triple junction (Y,?,Y;!,Y}?) and
distinct kq, ko € {1,...,m—1} such that uj, =: (XY;? +ak’1xyh; +ak2th2)wh
with w, € WY2(B,.(z0)), and wy, minimizes E., (-, B.(z¢)) under its own
boundary conditions. In addition, w, € C*(B,(z0)), (Y),Y,1,Y?) —
(YO, Y1, Y?) for some triple junction satisfying J; Y7 N By(z¢) = T'N

By (x0), and wy, = (xyo + a_klxyhl + a_k2xy};z)u in Cf,.(B,(w0)) for every
¢ eN.

Proof.

Step 1. — Without loss of generality, we may assume that zo = 0.

From Remark 4.4, we infer that there exist a triple junction (Y9 Y Y?)
centered in 0 and distinct kq, ko € {1,...,m—1} such that the map (xyo +
a Fiyy1 + a~*2yy2)u is smooth in Bs,, and Uj 0Y7 N By = T N By,.
Since the values of k1 and ks play no role we will assume that k; = 1
and ko = 2 to keep notation simpler. We write {a} := Y2 N oY" N dB,,
{b} :=0Y°NAY NIB,, and {c} := Y NIY2NIB,.

Choosing a sufficiently small radius 0 < x < r/2, we can apply Propo-
sition 5.16 in the balls Ba,(a), Bak(b), and Bas(c), and infer that there
exist half spaces Hy, H}, and H? such that Hp N Bag(a) — Y° N Ba,(a),
H} N Bay(b) = YN By (b), H? N Bay(c) = Y2 N By, (c), and

(5:39)  (xmo +a Xm0y Jun — (xyo +a 2xy2)u in Ch(Ban(a)),
(5.40)  (x(mpye + ailelll)'LLh — (xyo +a xy1)u in CF (Bak(b)),
(5.41) (a_lx(Hi)c+a_2XH§)uh — (a xyr+a2xy2)u in OF (Bax(c)).
In view of Proposition 5.13, we deduce that for h large enough, J,,, N(B,4\

B,_,) is made of three (disjoint) segments, each of them intersecting dB;
almost orthogonally (in particular at a single point) for every ¢ € (r — &,

r+k). As a consequence, for h large enough the open set (B, .\ Byr—x)\Ju,
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has three connected components Z3, Z}, and Z7 satisfying Z] — (By1x \
B,_,)NYJ. Combining (5.39)(5.41) with Proposition 5.16, we derive that

(xz0 +a 'xz1 +a  xz2)un = (xyo +a 'xy1 +a Pxyz)u
in Cl%c(BrJrﬁ \ Br—x)-

Step 2. — Arguing as the proof of Lemma 5.14 (Step 1), we find a good
radius pp, € (r,r+#/2) such that (5.18) holds (for h even larger). Rescaling
variables if necessary, we may assume without too much loss of generality
that p, = p is independent of h. To simplify, we will further assume that
actually p = r. Setting

gn = (xzo +a 'xz +a *xz)un € CF(9B,),

estimate (5.30) holds, ||gn | r(p,) < 1, and gr — g« := (xyo +a 'xy1 +
a~2yy2)u uniformly on OB,. Once again, since g7* = v, we have
deg(gx, 0B;) = 0. Then, we apply Proposition 5.8 to produce minimizers
wyp, of E, (-, By) over quf(Br), and wy, — w, strongly in W12(B,.) where
w, is the unique solution of (5.6). Again, as in the proof of Lemma 5.14
(Step 2), we obtain that w]* = v, in B,, which leads to (5.32) for h large
enough.

Step 3. — By Step 1, we have J,, N 9B, = {x},yn,2n} for h large
enough, with z, — a, y, — b, and 2z, — c. For h large enough, we can
then find a triple junction (Y}?,Y;!,V;?) (which might not be centered at
the origin) such that {z),} = 9Y2 N aYY NIB,, {yn} = Y, N oY} NoB,,
and {z,} := 8Y;} NAY;2NIB,. Obviously, Y — Y7 as h — oo. Notice also
that gn, = (xyo +a~'xy1 +a ?xy2)us on 9B,.

Next, we consider the competitor u, € G4(Q2) given by

R Uup, in Q\ B,,
Up ‘= 9 .
(Xyo +axyy +a’xyz)w, in B;.

By minimality we have FY,  (up) < F2,

{zh, yn, zn}, we deduce that

(dp), and since J,, N OB, =

(5.42) F° (up,, B,) < F° (an, B,) = E., (wy, B,) + HY(Y, N B,),

h h

where we have set Y, := [, dY;. Once again p(us) = p(gn) on dB,, and
by (5.30) and (5.32), we can apply Lemma 5.9 and Proposition 5.11 to
derive that (5.34) holds, where ¢y, := up, /wy, satisfies ¢n = xyo +ak1Xth +
akZXY}? on 0B, (and p(¢r) = 1 on 0B,). Combining (5.34) with (5.42)
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leads to

1
(5.43) HY (YN B,) > 5 /B \Vén|? dz + H' (g, N B,.).

Our choice of r (small compare to ¢,,) allows us to use the calibration
in [49, Example 5.4] (with @ = 16) to deduce that for h large enough the

map Yyo +axy; +a’xyz is a Dirichlet minimizer of the Mumford-Shah
functional™® [49, Definition 3.1]. As a consequence,
1
(5.44) 6 IVon|?dz +H (Jy, N B,) = HY(YrNB,).
B’V‘

Putting together (5.43) and (5.44) yields

/ IVén?de =0 and H'(Jy, NB.) =H(YLNB,).

r

Arguing as in the proof of Proposition 5.16 (Step 3), we deduce that

m—1
én = a*xp,
k=0
for a Caccioppoli partition {Ek};“:_ol of B, satisfying
(5.45) FEoN(B.\B,_.)=2Z'nB,, By N(B.\ B,_.)
=Z'NB,, BN (B \B,_.)=2ZNB,,

and By, C B,_, for k ¢ {0,1,2}.

Let us now consider an arbitrary Caccioppoli partition {Fk};”zfol of B,
such that each FyAE) is compactly contained in B,, and define the com-
petitor up € G4(2) by

. m—1
~ up, in Q\ B, ) i
Up, 1= with ¢ := E a“xr, -
{qbwh in B,, per S

By minimality FY,  (up) < F2, (), which leads as before to

€h,9
H'(Jg, NB,) <H' (JyNB,).

As in the proof of Theorem 4.3 (Step 3), it implies that {Ey}7".' is a
minimal partition of B,, so that Jy, N B, = |, 0E, N B, is locally a
finite union of segments (see [23, Theorem 5.2]). Since we already know
that Jy, is made of three segments in a neighborhood of 9B,., we conclude
that |, 0E, N B, is made of finitely many segments with ( J, 0E, N 0B, =

(4) Even though the calibrations defined in [49] (see also [1]) are given for centered triple
junctions, we can consider restrictions to B, of calibrations defined on a larger ball
centered at the center of Yy,.
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{xn,yn, 2, }®). In view of (5.45), we have {xs,yn} C dEo N B,, and the
connected component of 0 EyN B, containing xj, is a polygonal curve joining
xp, to yp. Similarly, 0Fs N B,. contains a polygonal curve connecting x;, to
zp. Set I', to be the union of these two curves. Then I'j, is a connected set
containing {xp, yn, 21}, and contained in Jy, N B,. Since Y, N B, is the
unique solution of the Steiner problem relative to the points {xn,yn, 21},
we have

HY (YL, NB,) =H(Jy, NB,) =H (T =H (YnNB,),

and it follows that Jy, N B, =Ty, N B, = Y, N B,.. From (5.45) we conclude
that

b = Xyp +axyy + aQXYh? )
that is up, = (xyo +axy; +a’xyz2)wy in B;.
Since up, — w in L'(Q) and Y} — Y, Proposition 5.8 implies that
wp, = (xyo +a txyr +a 2xy2)u in CF _(B,) for every k € N, and the
proof is complete. O
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