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ISOPERIMETRIC INEQUALITIES, SHAPES OF
FOLNER SETS AND GROUPS WITH SHALOM’S
PROPERTY Hyp

by Anna ERSCHLER & Tianyi ZHENG (*)

ABSTRACT. — We prove an isoperimetric inequality for groups. As an appli-
cation we show that any Grigrochuk group of intermediate growth has at least
exponential Fglner function. As another application, we obtain lower bounds on
Fglner functions in various nilpotent-by-cyclic groups. Under a regularity assump-
tion, we obtain a characterization of Fglner functions of these groups. As a further
application, we evaluate the asymptotics of the Fglner function of Sym(Z) x Z.
We study examples of groups with Shalom’s property Hrp among nilpotent-by-
cyclic groups. We show that there exist lacunary hyperbolic groups with property
Hpp. We find groups with property Hgp, which are direct products of lacunary
hyperbolic groups and have arbitrarily large Fglner functions.

RESUME. — Nous prouvons une inégalité isopérimétrique pour les groupes.
En application, nous montrons que la fonction de Fglner de tout groupe de Gri-
gorchuk & croissance intermédiaire est au moins exponentielle. En tant qu’autre
application, nous obtenons des bornes inférieures sur les fonctions de Fglner dans
divers groupes nilpotents par cycliques. Sous une hypothese de régularité, nous
obtenons une caractérisation des fonctions de Fglner de ces groupes. Comme autre
application, nous évaluons le comportement asymptotique de la fonction de Fgl-
ner de Sym(Z) x Z. Nous étudions des exemples de groupes avec la propriété de
Shalom Hpp parmi les extensions d’un groupe nilpotent par un groupe cyclique.
Nous montrons qu’il existe des groupes hyperboliques lacunaires avec la propriété
Hpp. Nous trouvons des groupes avec la propriété Hrp, qui sont des produits di-
rects de groupes hyperbolique lacunaires et ont des fonctions Fglner arbitrairement
grandes.

1. Introduction

Given a finitely generated group G, equipped with a finite generating set
S, we denote by dg the word metric on G with respect to S and lg(g) the
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word length dg(e, g). For a subset V' C G, the boundary dsV of V is the
set of elements of V' at the word distance one from the compliment of V:
v € V such that dg(V,G\ V) = 1. We denote by Fg s(€) the minimum of
the cardinality of the sets V' such that #0sV/#V < €, where the sign #V
denotes the cardinality of V. We put Folg s(n) = Fg,s(1/n). Folg s(n) is
called the Fglner function of G. It is well defined whenever G is a finitely
generated amenable group.

In this paper we prove an isoperimetric inequality for groups and study
its applications. Our result provides information on the structure of Fglner
sets: we prove that they contain subsets that are “satisfactory” in the sense
defined below.

Given a set T in a group G and a subset V' C G, let us say that v € V is
r-good, if there exists at least r distinct elements v € T such that vu € V.
Given a constant C' > 0 and a finite subset T" C G, we say that V is a
C-satisfactory set with respect to T if each v € V is C#T-good.

THEOREM 1.1. — There exist constants Cy,Cs € (0,1) such that the
following holds. Let G be a group, S be a finite generating set of G. Let
T C G be a set such that ls(t) < r for all t € T. Take a subset V C G
such that #9sV/#V < Cy/r. Then V contains a subset V' which is Ca-
satisfactory with respect to T. In particular, we can take C; = 1/24 and
Cy=1/4.

Given radius r, finding an “optimal” set T such that every subset V C G
such that #9sV/#V < Ci/r implies V contains a subset which is Cs-
satisfactory with respect to T is related to the dual isoperimetric problem
discussed in [25, Section 6.3].

Combining Theorem 1.1 with Lemma 2.3, which will be proven in Sec-
tion 2, we have the following:

COROLLARY 1.2. — Let G be a group with finite generating set S. Sup-
pose G contains as a subgroup H = @@ B;, i € I, where I is a countable
set. Let v(i,n) = #{b€ B;: b+#e,ls(b) <n} and

N(n,k) =#{i:v(i,n) > k}.
Then the Fglner function of G satisfies

Folg s(n) > (k4 1)V Mk
for any n,k € N and some absolute constant C' > 0.

Corollary 1.2 follows as well from an inequality of Saloff-Coste and the
second author [33, Proposition 3.1]; and the case with £k = 1 from the
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inequalities proven in Gromov [25, Section 6.1] where the fibers B; in the
product were assumed to be cyclic assuring that the lower bound is valid not
only for the Fglner function, but also the linear algebraic Fglner function,
introduced in [25]. Before explaining examples where the estimate from
Theorem 1.1 is better than the one obtained from Corollary 1.2, as in
Corollary 1.4 below, we point out some consequences of Corollary 1.2.

Given two functions f1, fo we say that fi < fo if f1(z) < Cfa(Kx) for
some positive constants C, K and all z. If f; < fy and fo < f1, we say that
f1, fo are asymptotically equivalent : f; ~ fs. It is clear that the asymptotic
class of the Fglner function of G does not depend on the choice of a finite
generating set S in G. We recall that the growth function vg g(n) counts
the number of elements of word length < n. The asymptotic class of vg s
does not depend on the choice of the generating set. We write Folg and vg
for the equivalence classes of the corresponding functions.

Recall that the wreath product of A and B, which we denote by A}
B, is a semi-direct product of A and ), B, where A acts on ), B by
shifts (in many papers, the authors denote it by B! A). As a particular
application of Corollary 1.2, we have that the Fglner function of the wreath
product G = Al B, where B is a nontrivial finite group satisfies Folg(n) >
exp(va(n)). This statement has been known previously since it follows from
the inequality of Coulhon and Saloff-Coste [6] and isoperimetric inequality
for wreath product [11] applied to the case of finite lamp groups. Obtaining
this statement as a consequence of Corollary 1.2 provides a unified setting
for these inequalities. To see that Corollary 2 the Coulhon—Saloff-Coste
inequality va(n) < Fgla(n), for a group A, take a finite group B = Z/27Z,
and fix a finite generating set S of A. Observe that Fglner function of
G = A B with respect to generating set S = S U {(bc,,€4)} is clearly
< 2F9las(m)  On the other hand, as stated above, we have Folg 5(n) >
exp(Cva,s(n)). We conclude therefore that Foly s(n) > va g(C"n), for
some positive C” and all n.

Another application of Corollary 1.2 is the following. See the end of
Section 2 for the proof of its statement.

Example 1.3. — The Fglner function of the Grigorchuk group G, where
w € {0,1,2}" is not eventually constant, satisfies

F(Zﬂgws(n) > 2Cn
for some absolute constant C' > 0.

These groups are introduced by Grigorchuk in [19] as first examples of
groups of intermediate growth. In particular, the exponential lower bound
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on the Fglner functions cannot be obtained by the Coulhon—Saloff-Coste in-
equality mentioned above. It is not known if there exists a finitely generated
group with intermediate Fglner function, see [21, Problem 12]. The Gap
Conjecture of Grigorchuk on Fglner functions ([21, Conjecture 12.3 (ii)])
states that the Fglner function of a finitely generated group is either polyno-
mial or at least exponential. This conjecture is an isoperimetric counterpart
of the more well-known Gap Conjecture on volume growth formulated by
Grigorchuk in [20], which asks if a finitely generated group G with volume
growth function asymptotically strictly smaller than eV” is of polynomial
growth. The volume growth lower bound e’ for G, where w is not even-
tually constant, is due to Grigorchuk (see [19], where it is proven using so
called “anti-contraction” property). A weaker form of the Gap Conjecture
asks if there exists a 8 > 0 such that vg(n) = ") implies that G is of
polynomial growth.

The lower bound obtained from Theorem 1.1 can be better than the
estimate that one gets from the product subgroups as in Corollary 1.2.
One of the illustrations is provided in the Corollary 1.4 below.

COROLLARY 1.4. — Consider a group Sym(H) of finitary permutations
of the elements of a finitely generated group H. Let G = Sym(H) x H
be the extension of this group by H. Then the Fglner function of G is
asymptotically greater or equal to vy (n)"# (™),

In particular, the Fglner function of Sym(Z) x Z is asymptotically equiv-
alent to n™. More generally, the Folner function of Sym(Z%) x Z¢ (or of
Sym(N) x N, N of growth ~ n?) is asymptotically equivalent to nn’

As another application of the isoperimetric inequalities, we construct
nilpotent-by-cyclic groups with prescribed isoperimetry, see Theorem 1.5
below. In particular, for any a > 1, there exists a nilpotent-by-cyclic group
with Feglner function asymptotically equivalent to exp(n®). Alternatively,
we can choose the group to be step-2 nilpotent-by-abelian. In the special
case for a € [1,2], the group can be chosen to be step-2 nilpotent-by-cyclic.

Gromov states in [25, Section 8.2, Remark (b)] that locally-nilpotent-by-
cyclic groups give examples of elementary amenable groups with prescribed
Folner functions, provided that the prescribed function has sufficiently fast
growing derivatives. Further examples of groups with prescribed Fglner
functions were provided in the paper of Brieussel and the second named
author [3]. In contrast to examples in [3], the groups we consider here are
nilpotent-by-cyclic, and the regularity assumption on the prescribed func-
tion is milder. In the special case that the prescribed function is comparable
to exp(n) for a union of infinitely many sufficiently long intervals, the group

ANNALES DE L’INSTITUT FOURIER



ISOPERIMETRIC INEQUALITIES 1367

in Theorem 1.5 mentioned above can be chosen to have some additional
properties, namely to have cautious and diffusive random walk along an
infinite time subsequence. Recall that for a random walk (W,,) on G, we
say it is diffusive along a time subsequence if there is a constant C' > 0
such that

(1.1) lim inf E(ls(W,))/v/n < C,

Following [16], we say that a p-random walk on G is cautious if for every
c>0,

(1.2) lim sup P ( max [s(Wy) < c\/ﬁ> > 0.
n 1<k<n
It is not known whether the diffusive condition (1.1) and the cautious

condition (1.2) are equivalent.

THEOREM 1.5. — Let ¢ € Nand 7 : N — N be a non-decreasing function
such that
0<7(n) <n.
Then there exists a nilpotent-by-cyclic group G = N x Z and a constant
C > 1 such that N is nilpotent with class < ¢ and the Fglner function of
G satisfies

Cnexp (n+ 7(n)) > Folg s(n) > exp <é (n+ T(n/C’))) .

Alternatively, a group satisfying the estimate above can be chosen as a
direct product Gy x Go where each Gy, i € {1,2}, is a nilpotent-by-cyclic
group on which simple random walk is cautious.

The rest of the Introduction is devoted to discussions on some properties
of the examples we construct in Theorem 1.5 and Section 7 in connection
to the phenomenon of oscillating Fglner functions and drift functions and
Shalom’s property Hgp.

1.1. Oscillating Fdlner functions and oscillating drift functions

Theorem 1.5 allows us to construct groups with prescribed Folner func-
tions, in particular, the prescribed Fglner function can oscillate. Recall the
drift function of a random walk with step distribution p is defined as

Lu(n) = 3 Is(e, o) (@),

zeG
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The phenomenon of oscillating Fglner function and drift function has been
observed in various classes of groups. We give a brief review here.
Grigorchuk [19] has constructed groups G, of intermediate growth and
shown that if w contains long subsequence of constant 000... then G,
in some scale is close to a solvable group which is a subgroup of H™ (m
depends on the scale), where H is commensurable with a wreath product
on which one can check that simple random walk has drift Ly ,(n) <
C/n. Thus the results of [19] imply that for any «(n) tending to infinity,
there exists a choice of sequence w such that the resulting group G, is of
intermediate volume growth and simple random walk p on it satisfies

Ly(ni) < alni) /i

along an infinite subsequence (n;). For the same reason we have that along
a subsequence (m;), Folg,, (m;) < exp(m;a(m;)), and one can find a Fglner
set V; with #9V;/#V; < 1/m; within the ball of radius m;a(m;). On the
other hand, if w contains long subsequences of 012012012..., then [19]
shows that G,, is close on some scales to a group commensurable with
Go12. The group Goi2 is defined with sequence w = (012)*° and is usually
referred to as the first Grigorchuk group. The result of [12] shows that the
drift function of simple random walk on G2 satisfies Lg,,, .(n) = n®%
for infinitely many n. This implies that by choosing w appropriately, the
drift of simple random walk on G, can oscillate between n'/?a(n) and
n%% /a(n) for any a(n) — 0o as n — oo, see [14, Section 3.1].

The construction of piecewise automatic groups in [13] (see also [14])
shows that in a group of intermediate growth, the drift function L, (n) can
oscillate between n'/2a(n) and arbitrarily close to linear; and the Fglner
function can be bounded from above by exp(na(n)) along one subsequence,
and arbitrarily large along another subsequence.

In all classes mentioned above it is not known how to evaluate the asymp-
totics of L, (n) and Felg(n).

The evaluation of L,(n) in a family of examples including those with
oscillating drift functions was done by Amir and Virag [1], who has shown
that a function f satisfies the condition that there is a constant v € [3/4,1)
such that a®*f(z) < f(ax) < a”f(z) for all @ > 0,2 > 0, then f is
equivalent to the drift function of simple random walk on some group. In a
paper of Brieussel and the second author [3], via a different construction,
it was shown that for any function satisfying a'/2f(z) < f(az) < af(x),
there is a group such that f is equivalent to the drift function of simple
random walk on it. This construction also provides examples of groups with
prescribed Fglner function.

ANNALES DE L’INSTITUT FOURIER
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The examples of G, in [19], piecewise automatic groups in [13] and ex-
amples of [3] can be chosen to satisfy L,(n) < y/na(n) for infinitely many
n for any given « tending to infinity, but none of these examples can have
L,(n;) < Cy/n; along some infinite subsequence (n;). Now our examples
discussed in Subsection 4.2, Section 7 and those described in [4, Subsec-
tion 3.3] provide groups with oscillating drift function satisfying diffusive
upper bound along a subsequence (1.1). More precisely, examples in Sub-
section 4.2 can be chosen to satisfy the following.

COROLLARY 1.6. — Given any 3 € (3%,1), there exists a nilpotent-
by-cyclic group G such that for any symmetric probability measure p
with finite generating support on G, the drift function L,(n) satisfies that
L,(t;) < Ct§/2 along an infinite subsequence (t;) and L, (n;) > %nf along
another infinite subsequence (n;).

Corollary 1.6 is proved in Subsection 4.3.

1.2. Fglner functions and groups admitting controlled Fglner
pairs along a subsequence

Theorem 1.5 provides groups with Fglner function asymptotically equiv-
alent to e”T7(") under some assumptions on 7. Among them some groups
have the additional property that they admit controlled Fglner pairs along
some subsequences. In Subsection 4.4, we explain that if a group G admits a
subsequence of controlled Fglner pairs, then G has Shalom’s property Hpp
(see Corollary 4.6). Below we recall necessary background and definitions.

Fglner pairs were introduced in Coulhon, Grigoryan and Pittet [5] to
produce lower bounds on return probability (equivalently upper bounds on
(2-isoperimetric profiles). We recall the definition: a sequence (F/, F},) of
pairs of finite subsets of G with F! C F,, is called a sequence of Fglner
pairs adapted to an increasing function V(n) if there is a constant C' < oo
and such that for all n, we have

(i) #F, < C#Fy,
(ii) d(F.,G\ Fy) = n,
(i) #F, < V(Cn).
Note that admitting such a sequence of Fglner pairs implies that Folg(n) <
V(n).

TOME 70 (2020), FASCICULE 4
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Fglner pairs provide lower bound for return probability p(*™(e) for a
symmetric probability measure p of finite support on G, see [5]. We mention
that the group with prescribed Fglner function in Theorem 1.5 admit Fglner
pairs adapted to a functions of the same order as its Fglner function. For
example, from Theorem 1.5, we have nilpotent-by-cyclic groups with return
probability decay equivalent to e="", for any « € [1/3,00).

The notion of controlled Fglner pairs was introduced by Tessera in [37].
We say (F), F,) with F} C F, is a sequence of controlled Folner pairs if
they satisfy (i) and (ii) as above, and

(iii") F,, C B(e,Cn).

Note that it follows from definition that controlled Fglner pairs are adapted
to the volume growth function of the group. We say that a group admits
a subsequence of controlled Fglner pairs if there is an infinite subsequence
(ni) and pairs (F}, , F},,) which satisfy (i), (i) and (iii’).

Recall that as defined by Shalom in [35], a group G have property Hgp
if every orthogonal G-representation 7 with non-zero reduced cohomology
Fl(G ,7) admits a finite-dimensional sub-representation.

By [35], having property Hpp is invariant under quasi-isometries of
amenable groups. Thus it seems natural to find sufficient conditions for
property Hpp which is stable under quasi-isometry as well. The first suf-
ficient criterion for Property Hgp which uses random walks is given by
Ozawa in [32]. The main application of Ozawa’s argument is a new proof
of Gromov’s polynomial growth theorem. However in [32, Proposition], a
sufficient criterion for Hpp is formulated for general groups. In [16, Corol-
lary 2.5], it is shown that if G admits a symmetric measure p with finite
support such that for every ¢ > 0,

(1.3) limnsup w*(B(e,cv/n)) > 0,

then G has property Hgp. Admitting a subsequence of controlled Fglner
pairs implies (1.2), see Lemma 4.5, therefore it implies the group has Prop-
erty Hpp by [16, Corollary 2.5].

The conditions in [32, Proposition] are not straightforward to verify even
in the simplest examples of exponential growth groups, see [15]. The con-
dition of admitting controlled Fglner pairs is more geometric in the sense
that it is stable under quasi-isometry (see [37]). It is not known whether the
conditions in [32, Proposition] and of [16, Corollary 2.5] are quasi-isometric
invariant.

On the other hand, there exist groups with Shalom’s property Hgp such
that simple random walks do not satisfy (1.3), see [4] and Subsection 4.4.

ANNALES DE L’INSTITUT FOURIER
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Such examples show that admitting a cautious simple random walk is a
strengthening of Property Hgp. In particular, we show that groups with
property Hep where simple random walks do not satisfy (1.3) can be found
among nilpotent-by-cyclic groups considered in Theorem 1.5. Indeed, from
the connection of Fglner function to the decay of return probability, a
lower bound on the Fglner function implies an upper bound on the quantity
w"(B(e,r)), see Remark 4.3. Therefore random walks on groups with Fglner
functions growing sufficiently fast do not satisfy (1.3).

In Section 7, we construct locally-nilpotent-by-cyclic groups with
Shalom’s property Hpp that are lacunary hyperbolic. By definition, lacu-
nary hyperbolic groups are hyperbolic on some scales, in some sense they
are very “large” on these scales. We show that they can be constructed
to be at the same time quite “small” on some other scales. Namely, they
can have simple random walk which is cautious and diffusive along some
infinite subsequence. Among direct products of lacunary hyperbolic
groups, there are groups with Property Hrp whose Fglner function can
be arbitrarily large.

There are open questions for some other aspects of lacunary hyperbolic
groups, regarding how “small” they can be on the scales that are not hy-
perbolic. For example, Olshanskii, Osin and Sapir [30] ask whether a la-
cunary hyperbolic group can have sub-exponential volume growth or non-
uniform exponential growth. On the other hand, some questions regarding
how “large” an amenable group with Shalom’s property Hpp can be are
also open. We mention that in particular, it is not known whether a finitely
generated amenable group admitting a simple random walk with non-trivial
Poisson boundary can have property Hgp.

Acknowledgements

We are grateful to the referee for their helpful comments which improved
the exposition of the paper.

2. Proofs of the isoperimetric inequalities

Let G be a finitely generated group, S be a finite generating set. Recall
that lg denotes the word distance on (G, S). Take a subset V' C G such
that #0sV/#V < 1/r.
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LEMMA 2.1 (Generalized Coulhon—Saloff-Coste inequality). — For each
p:0<p<1,Cy > 0such that C; < 1—p there exists C > 0 such that the
following holds. Let V' C G be a finite subset such that #9sV/#V < Cy/r.
Suppose also that T is a subset such that ls(t) < r for any t € T. Then for
at least p#V element v € V there exists at least C#1 distinct elements
t € T such that vt € V. More precisely, we can take C : 1—C = Cy/(1—p).

Proof. — Suppose not. Then for at least 1 —p proportion of the elements
v of V, there is strictly less than C'#T multiplications by elements in T’
for which vt € V. The idea of the proof is analogous to one of the known
arguments (see e.g. [24, 6.43]) for the proof of the Coulhon-Saloff-Coste
inequality [6].

For each v € V consider the sets U, = {vs,s € T}, and consider the
total number N of point of the union U, intersected with G \ V, taking
into account the multiplicity, that is

N =3 #U,N(G\V)).
veV

This cardinality N is at most #0gV#7Tr. Indeed, for each element ¢ € T'
fix a geodesics 7 from e to T If for some v € V the element vt ¢ V, then
the shifted geodesic v, vy, intersects the boundary 9V at least once. Let
u € JV be the first intersection of v,vy; with the boundary 0V, and let
d = d(v,u). It is clear that d < lg(t) and by the assumption of the lemma
we have therefore d < r. Observe that the point v is uniquely defined by
u, t and d. Therefore the upper bound on N follows.

On the other hand, by the assumption of the lemma for at least (1—p)#V
points v in V there exist at least (1 — C')#T elements in T such that vt is
not in V. Therefore, N > (1 — p)#V (1 — C)#T. We conclude that

(1=p)#V(1 - CO)Y#T < N < #OV#Tn < %#V#Tr,
and hence
(1-p)(1-0C)<Cy,
which contradicts the choice of C. O

The following combinatorial edge removal lemma is along the same line
of reasoning as [11, Lemma 1].

LEMMA 2.2. — Let V be a graph with vertex set V and edge set E.
A vertex v is m-good if it has at least m edges connecting to distinct
neighbors. Suppose that at least p#V vertices are m-good, where p > 2/3,
then V contains a non-empty subgraph such that every vertex is (¢cm)-good
for where ¢ < min{(3p — 2)/p,1/2}.

ANNALES DE L’INSTITUT FOURIER
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Proof. — Consider all the vertices in V' that are not (¢m)-good. Remove
all of them and all the edges adjecent to them. After the removal there
can be new vertices that are not (c¢m)-good. Remove again all of them and
their adjacent edges. Repeat the process. We need to show that the process
stops before the graph becomes empty.

Orient the removed edges AB as A — B if A is removed earlier than B.
Suppose v is a m-good vertex, but gets removed after several steps. Consider
edges adjacent to v, then at least (1 —¢)m edges must be removed in order
for v to fail to be (¢m)-good. This implies that number of oriented edges
ending at v is at least (1 — ¢)/c as the number of edges starting with v.

Let C be the number edges in V such that at least one of its end vertices
is not m-~good. Let C5 be the number of edges removed that originally
both of its end vertices are m-good. Since for every m-good vertex that
gets removed at some stage, the number of edges ending at v is at least
(1 —¢)/c as the number of edges starting with v, we have

c 1
R e
Note that C; < m(1—p)#V. On the other hand, the total amount of edges
in the graph V satisfies

total number of edges removed < C; + Cy < Cy +

1
‘E| P §p#vm'

Since ¢ < (3p — 2)/p, we have that the total number of edges removed
is strictly less than |E|, therefore the remaining graph is non-empty. This
finishes the proof the lemma. O

Now we return to the proof of Theorem 1.1.

Proof of Theorem 1.1. — Given any p : 2/3 <p < 1,0< C; < 1—
p, let V. C G be a finite subset such that #9sV/#V < Cy/r. Then by
Lemma 2.1, for at least p#V elements v in V there exists at least C#T
distinct multiplications by ¢ € T such that vt € V. Now consider the
graph V for which the vertex set consists of elements in V and v,u €
V are connected by an edge of there is some ¢ € T such that v = vt.
Then we have that at least p#V vertices are C#T-good. By Lemma 2.2,
V contains a subgraph V' such that every vertex is cC#T-good, where ¢ <
min{(3p—2)/p,1/2}. In other words, the vertex set of V' is cC-satisfactory
with respect to T. The choice of constants in the statement is somewhat
arbitrary: we take p =5/6, C; = 1/24 and ¢ = 1/3. O

In order to derive a lower bound for Fglner function from Theorem 1.1,
we need to estimate the volume of a set V'’ which is C-satisfactory with
respect to T. In the situation that the set T is contained in a product

TOME 70 (2020), FASCICULE 4
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subgroup [] B;, one can bound volume of V' from below by the following
lemma. It is analogous to [11, Lemma 3]

LEMMA 2.3 (Satisfactory sets for G containing €P B;). — Let G be a
group containing as a subgroup H = @ B;, i € I, I is a countable set. Let
S; be a subset of B;. Given a subset V' C G, consider the cardinality of the
following set: forg € V, k € N,

there exists at least k distinct s; # e, s; € S, }

Mi(g) = # {’ el such that gs; € V

If for each g € V, the cardinality #My(g) = m, then the cardinality of the
set V is at least (1 + k)™.

Proof. — Induction on m. The statement is obviously true for m = 1.
Suppose we have proved the statement forf m — 1. Consider the set of coset
classes G = JgaH, Go == goH. V = JV,. If V satisfies the assumption,
all V,, satisfy it also. It is enough therefore to assume that V' belongs to
one coset class, and without loss of the generality we can assume that
V C H =[] B;. Fix one position ¢ where the value B; takes at least k + 1
possible values. For each fixed value apply the induction hypothesis for
m — 1. The cardinality of V is at least (k 4+ 1) times as much.

Proof of Corollary 1.2. — Let G be a finitely generated group, S is
a finite generating set, N(n, k) defined as the statement. For each index
i € N(n,k), choose k distinct elements {b1,,...,bx;} from the set {b €
B;: b#e,lg(b) < n}. Define T as the union of these elements

T= |J {bri-- bri}
i€N(n,k)

Consider a Fglner set V' C G such that #0V/#V < 1/n. Then by
Theorem 1.1, V contains a subset V’ which is C-satisfactory with respect
to the set T' defined above. It follows from the definition of C-satisfactory
and the structure of T that for any g € V/,

My (g) > %N(n, k), where k' = max{1,Ck/2}.

By Lemma 2.3 the cardinality of such set V' is at least (k' + 1) Eo N(nak),

Consequently, the cardinality of V' admits the same lower bound. We con-
clude that the Fglner function of G satisfies

Folg(n) > (K + 1)2ch(n,k:) > (k+ 1)C'N(n,lc)’

where C, C’ are some universal constants. O
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Proof of the statement of Example 1.3. — We apply Corollary 1.2 to
show that the Fglner function of the first Grigorchuk group is at least
exponential.

We recall the definition of the first Grigorchuk group G = Gg12, which
was defined by Grigorchuk in [18]. The group Go12 acts on the rooted binary
tree T, it is generated by automorphisms a, b, c,d defined as follows. The
automorphism a permutes the two subtrees of the root. The automorphim
b, ¢, d are defined recursively:

b= (a,c), ¢c=(a,d), d=(1,b).

For more details see [18, 19] and also [28, Chapter VIII], [2, Chapter 1].

The rigid stabilizer of a vertex w in G, denoted by Ristg(u) is the
subgroup of G that consists of these automorphisms that fix all vertices
not having u as a prefix. By definition it is clear that automorphisms in
rigid stabilizers of different vertices on a given level commute. To obtain
a lower bound for the Fglner function, given a level k, consider the sub-
group €D, cp, Ristg(u), where T} denotes the level k vertices in the tree.
We show that for in each summand Ristg(u), u € Tk, there is an element
gu € Ristg(u) such that g, # e and Ig(g) < 6 - 2F.

Consider the substitution ¢ which was used in the proof of the growth
lower bound in [19, Theorem 3.2]:

o(a) = aca, o(b) =d, o(c) =0b, o(d) =c.
k
——

First take g;x = o%(abab), where 1¥ = 1...1. We verify that gx is a
non-trivial element in the rigid stabilizer of the vertex 1¥. To show this, it
suffices to have

gix = (1,0" " (abab)),
where 1 is the identity element. By the definition of o, we have that for any
word w in the letters {a,b,c,d}, o(w) is in the stabilizer of the first level
of the tree, hence we can write o(w) = (w1, ws). Observe that we = w and
wy can be obtained from w by sending a — d, b — (), ¢ — a, d — a, where
() denote the empty word. Note that the word w; is on letters {a,d} only.
In the first iteration, o(abab) = acadacad, by direction calculation we have
that

g1 = o(abab) = (1, abab).

For k > 1, o*(ab) is a word in blocks of acab, acac and acad. Under the
substitution,

o(acab) = (dad, acab), o(acac) = (dada,acab), o(acad) = (dada, acad).
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Let wy, be the word on the left branch of o**!(abab) under the wreath
recursion. Then wy, is a product of blocks dad and dada. Since a, d generate
the dihedral group (a,d|a?=1,d*> =1, (ad)* =1), we have that (dad)? = 1,
(dada)? = 1 and the two elements dad, dada commute. Therefore wy can
only evaluate to dad, dada or their product daddada = a in {(a,d). In each
case we have that wpwy evaluates to the identity element. It follows that

" (abab) = (wrwy, o* (ab)o® (ab)) = (1, 0" (abab)).

We have proved the claim that gix+1 = (1, g1#). Since o doubles the word
length in each iteration, we have that Ig(g.x) < 282

To get nontrivial elements in Rist,, for other vertices in level k, we take
appropriate conjugations of the element g;». Since the Schreier graph of
the level-k vertices with respect to generators {a, b, ¢, d} is connected (and
has diameter 2¥), for any u € T}, we can fix an element p, € G such that
u-p, = 1% and Ig(p,) < 2%. Take

Gu = Pugirpy -
Since gy» is a nontrivial element in Ristg(1¥), it is clear that g, is a non-
trivial element in Ristg(u). We have that [g(g,) < 2% +2F+2 4 2~ = 6. 2k,
Apply Corollary 1.2 with H = €P,,c7, Ristg(u) and n = 6 - 2% we have
that for some absolute constant C' > 0,
Folg,g(6-2%) > 202",

which is valid for all k. In other words, we have an exponential lower bound
Flegys(n) > 20n/6.

The same argument applies to more general Grigorchuk group G,,, where
w is not eventually constant. Namely, by taking appropriate substitutions,
we can find nontrivial elements in Ristg,, (u) of word length at most 6-2% for

every u € Tj. It follows from Corollary 1.2 that there is an absolute constant
C > 0 such that for any w € {0, 1,2} which is not eventually constant,

Folg, s(n) > 20,

By [19], these groups G,, have sub-exponential volume growth. (]

3. Abelian extensions of nilpotent groups: first examples

In this section we consider step-2-nilpotent-by-cyclic groups, which we
denote by G = Gznil2, Gp,2, and Gp 2k, see definitions below. Their
Fglner functions can be estimated by applying the isoperimetric inequalities
from the previous section.
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Consider 2-step free nilpotent group N = Ny, with generators b;, ¢ € Z.
Let Nz be the quotient of N, over relations b7 = 1 for all i € Z. Let Z
act on the group Nz o by shifts of the index set, and consider the extension
group G' = Gz Nil,2-

Consider N and b;, i € Z, as above, put b; ; = [b;,b;], ¢ > j. Note that
bf)j =1 and [bj,b;] = [b;,b;]7' = b;]-l. Given a subset D C Z, consider a
subgroup Bp of the group generated by b; ;, which is generated by b; ; such
that ¢ — j € D. Observe that Bp is a normal subgroup of Gz nii,2. Indeed,
subgroup generated by b; ; is central in the subgroup generated by b;, and
the action an element z € Z sends b; j to b;1. jt., and preserves ¢ — j.

Denote by G p 2 the quotient group of Gz nii2 over Bp.

Moreover, given a sequence k = (k;) with k; € N, j € Z, consider the
quotient of G = Gz nil,2 over relations

biyits = bithy itjth;-

A subgroup generated by such elements is a normal subgroup, we denote
by Gz nil2,x the quotient of G = Gz i1 2 by this normal subgroup and we
denote by Gp 2k the quotient of Gp o by the image of this subgroup in
Gp.

Example 3.1. — When k is constant 1, which means [b;, b;] = [bit&, bj4)
for all 4,4,k € Z, the groups Gp 21 were considered in P. Hall [27]. Note
that in this special case Gp 21 is a central extension of Z (Z/2Z).

The groups Gp2 and Gp g2k admit the following normal forms for el-
ements. The group Gz nii2 is generated by two elements: by and a gen-
erator zg of Z. We use this generating set {bg, 20} for its quotients as
well. Any element of Gni2 can be written a (f,z), where z € Z and
f=T12,07 [1i; bi'f s where each €;,¢;; € {0,1}. In the product there
are only finitely many terms with €; or ¢; ; nonzero. Note that since the
elements b; ; are in the center of Nz o, the ordering of b; ; does not matter.
Similarly, any element of Gp o can be written as (f, z), where z € Z,

o0
_ €; €i,j
r=11e II iy
—0o0 1<j,j—i¢D

In the further quotient Gp s x, an element can be written as (f, z), where
z €Z,

r=10w 11wy

—oo i<j,j—i¢D,
0<i<kj_i
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Given a word in zoﬂ,bo, the standard commutator collecting procedure
(see [26, Chapter 11]) rewrites it into the normal form described above.

As an illustration of the isoperimetric inequality in Corollary 1.2, we first
consider the following example.

Example 3.2. — The Fglner function of the group Gz nii,2 is asymptoti-
cally equivalent to exp(n?).

Proof. — Consider the subgroup B, C Bgz generated by b;;, —r < ¢ <
J < r. The length of each b; ; is at most C’'r, and B, is isomorphic to the
product of (b; ;), —r < i < j < r. Applying Corollary 1.2 we conclude that
the Fglner function of G is at least exp(Cn?).

The upper bound that the Fglner function is bounded by exp(C'n?) is
explained in the proof of (1) of the Corollary 3.3 below, applied by taking
D to be the empty set. 0

More generally, Corollary 1.2 provides an optimal lower bound for the
Fglner functions of various quotients of Gii,2.

COROLLARY 3.3 (Foluner function of Gp 2 and Gp 2 .).

(1) Let pp(n) be the cardinality of (N\ D) N [1,n] and D C N. Then

the Folner function of Gp 2 is asymptotically equivalent to
exp(npp(n) + ).

In particular, for any non-decreasing p(n) such that p(n+1)—p(n) <
1 the function exp(np(n) + n) is a equivalent to a Fglner function
of Gp, for some choice of a subset D C N.

(2) Let Tp,x(n) = X_;.1<j<n jep min{k;,n}. Then the Folner function
of G'p x satisfies

exp(Cn + C71p x(Cn)) < Folg,, , (n) < exp(4n + 27p k(2n)).

In particular, for any non-decreasing function T such that T(n +
1) — 7(n) < n the function n + 7(n) is asymptotically equivalent to
logFolg(n) for some G = Gp 2 k.

Proof.

(1). — We say that a configuration f is contained in an interval I if in
the normal form of f, all the nonzero entries ¢;, ¢; ; satisfy ¢,j € I. For
D C Z consider the subset Qp(n) of Gp 2,

Qp(n) ={(f,z) : 0 < z <n, the configuration f is contained in [0, n]}.

Observe that if g € Qp(n), then zby € Qp(n). Therefore, if g € INp(n),
then gz ¢ Qp(n) and z = 0 or z = n. For g € Qp(n), consider its “slice”
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j axis

0] i axis

Figure 3.1. Supports of configurations b, ; for g in the Folner set Q(n)
(of the group Gz ni2) are nodes inside the black triangle; for Q1p(n)
(in the group Gp2) these are green nodes inside the black triangle:
green diagonals consist of i, 7,4 > j such that i — j ¢ D; this picture is
forn =7, D contains 2, 6 and 7 and does not contain 1, 3, 4 and 5

in Qp(n): h € Qp(n) such that h = fz{", here zg is a generator of Z and m
is some integer. Observe that for each g € Qp(n), the cardinality of such
slice is equal to n + 1 and exactly two points of each slice belong to the
boundary f 9Qp(n), for all n > 1.

Therefore for all n > 1
#6'QD (T‘L) o 2

#QOp(n)  n+1
Observe that the cardinality of Qp(n) is equal to

(n+ 1)2"+1+Zig[0,n]ﬂ(N\D)(’ﬂ+1—i).

It implies that for any D, the Fglner function of Gp s is at most 2n exp(2n+
2npp (2n)).
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j axis

0] i axis

Figure 3.2. Supports of configurations b; ; for g inside the Fplner set
Qp.k;(n) (of the group Gp 2 x) are green nodes of truncated diagonals
inside the black triangle. The choice the set of green diagonals (con-
sisting of i,j : i — j ¢ D) and the choice of the lengths k; of truncated
diagonals is arbitrary in the definition of Gp2x; this picture is for
n = 7, D contains 2, 6 and 7 and does not contain 1, 3, 4, and 5,
k1=5ks=4,ky =25, ks =3

Let us show that Corollary 1.2 implies that there exists C' > 0 such
that the Fglner function of Gp o is greater than exp(Cnpp(Cn)). Consider
the collection of b, ; with 0 < ¢ < j < n, j —i ¢ D. The length of b, ; is
bounded by ls(b;, j) < 4n, and the subgroup they generate is isomorphic to
a product J[(b; ;) where in the product there are ;1 ,jnanpy(n+1—1)
copies of Z/2Z. By Corollary 1.2, we have that

Folg, ,(n) Zexp [ C Z (n+1—14) | >exp <C;npD(n/2)> .
i€[0,n]N(N\D)
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Since Gp o is of exponential growth, we also have Folg, ,(n) > exp(Cn).
We conclude that
FglGD,z (n> ~ eXp(n(pD(n) + 1))
Finally, given any non-decreasing function p(n) with p(n + 1) — p(n) < 1,
we can select the set D C N such that
(N\ D)1 [0,n] ~ p(n).
Then the corresponding group Gp 2 has Fglner function as stated.

(2). — The proof is similar. Given a subset D C N and a sequence
k = (k;), consider the function

Tpx(n) = Z min{n, k; —i}.
i€[0,n]N(N\D)
With the same argument as in the previous part we see that the cardinality
of 1p k is equal to

(TL + 1)2n+1+zi6[0,n]ﬁ(N\D) min{n+1—1,k; }

)

and that for alln > 1
#8QD,k(n) _ 2
#QD,k(n) n+1

Observe that

xm/2)< Y min{n+1-ik} < pk(n).
i€[0,n]n(N\D)

The Fglner function of Gp 2 x is therefore at most exp(n + 7p x(n)). By
the same argument as in the previous part, from Corollary 1.2 we know
that the Fglner function of Gp o is greater than exp(Cn + C7p x(Cn))
for some C' > 0.

Given a prescribed non-decreasing function 7 with 7(n 4+ 1) — 7(n) < n,
we select D C N and k;, j € N by the following rule: if |[7(n)| = [7(n—1)],
then n € Dj; otherwise n ¢ D and k,, = |7(n)| — |[7(n —1)]. Then we have

T(n/2) < Tpx(n) < 7(n).
Then the statement follows. O

Remark 3.4. — Under the assumptions of part (2) of Corollary 3.3, we
are not able to say that Folg,, , (n) is asymptotically equivalent to exp(n +
7(n)) because it is not necessarily true that there exists a constant A > 1
such that 7(An) > 27(n) for all n. For example, such constant A does not
exist for the following function 7: take a fast growing sequence (n;) such
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2

that n;y1 is much larger than n?, and take 7 to be equal to n? on the

2

interval [n;,n7] and linear in between such intervals.

4. Further examples. Groups with strengthened versions
of Property Hyp

For nilpotent groups of higher nilpotency class, we can take cyclic ex-
tensions similar to the previous section. We consider in this section two
specific constructions. In these examples, the group G is a quotient of the
semi-direct product Nz nii,c X Z, where N = Nyjj 7, is the step ¢ free nilpo-
tent group generated by b;, i € Z, subject to relation b7 = 1 for i € Z. The
upper bound for the Fglner function of G follows from taking the standard
test sets similar to these in Corollary 3.3. We apply the isoperimetric in-
equality in Corollary 1.2 to obtain lower bound for the Fglner function: we
count the rank of the subgroups in the center of the nilpotent group N
whose generators are inside the ball of distance n in G.

4.1. A construction similar to Gp»

We first recall the notion of basic commutators on letters b;, i € 7Z, as
in [26, Ch.11]. The basic commutators, together with their weight and an
order, are defined recursively as

(1) ¢; = by, i € Z are the basic commutators of weight 1, w(b;) = 1;
ordered with b; < b; if i < j.

(2) Having defined the basic commutators of weight less than n, the
basic commutators of weight n are [u,v] where u and v are basic
with w(u) + w(v) = n, u > v, and if u = [ug, us] then uy < v.

(3) For a basic commutator u of weight n and a basic commutator v
of weight n — 1, we have u > v. Commutators of the same weight
can be ordered arbitrarily, we use the following: for commutators
on different strings, order them lexicographically, and for different
bracketing of the same string, order them arbitrarily with respect
to each other.

The basis theorem (see [26, Theorem 11.2.4]) states that the basic commu-
tators of weight n form a basis for the free abelian group F,,/F, 11, where
Fy = F is the free group on generators (b;),., and F,, = [F, F},_1]. Observe
that the relations b? = 1 imply that u?> = 1 for any basic commutator w.

ANNALES DE L’INSTITUT FOURIER



ISOPERIMETRIC INEQUALITIES 1383

Consider the free nilpotent group Nz nic as above and the extension
Nz nile X Z, where Z acts by translating generators of Nz i, that is
b7 = bi1.. Note that Z acts also on commutators by translating the in-
dices, and we write u* for the conjugation: for u a basic commutator
on string (b;,,...,b;, ), write u® for the same bracketing on the string
(biyos- s biy):

We will take quotients of the group Nz . X Z in what follows. First we set
some notations. Let () be a subset of basic commutators of Nz . satisfying
the condition that

o If u € @, then u* € @ as well for any z € Z,
o If [u,v] € @ where u and v are basic commutators, then u,v € Q
as well.

Let Nz q be the quotient of Nz . with the relations that all basic com-
mutators except those in Q% are set to be identity. Note that such an
operation is well defined because the basic commutators form a basis in
the free nilpotent group Nz_..

The commutators in ¢ inherit the ordering of basic commutators. The
standard word collecting process in Nz o (see [26, Section 11.1]) yields a
normal form for elements: every element f € Nz g can be written uniquely
as an ordered product of b;’s and basic commutators in @), that is

=TT

ceQ JEZ

where b;, 0. € {0,1} and only finitely many b; and ¢é.’s are 1.

Let E4(n) be the subset of weight d basic commutators on letters from
the set {b_p,...,b,}. Write E(n) = 5_, Fa(n) and Eq = (o, Eq(n).
By construction, basic commutators in @ N E4 form a basis for the abelian
quotients (Nz g)a/(Nz,Q)a+1, for each 2 < d < c.

The extensions by Z of Ng is denoted by Gg = Ng x Z.

By a similar reasoning as in the step 2 case, we obtain a lower bound
of the Fglner function by counting the number of basis element in each
abelian quotient.

COROLLARY 4.1. — Let pg(n) be the cardinality of the set Q N E(n).
Then there exists a constant C' depending on ¢ such that the Falner function
of Gg = Nz o x 7 satisfies

Cnexp (pg(n)) = Folg,(n) > exp (épQ(n)> .
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Proof. — We show the lower bounds first. Given n, let d = d(n) €
{1,..., ¢} be an index such that [Eq(n) N Q| = 1 p(n). Consider the projec-
tion of Gg to step d quotient, so that now Q% N Ey is in the center of the
nilpotent group. Observe that each basic commutator Q%N Ey(n) is within
distance 2912n to identity element of G¢q. The number of such non-trivial
basis element is |E4(n) NQ|. We can now apply Corollary 1.2 to obtain the
lower bound on Fglg,, (n) in the same way as in Corollary 3.3.

The upper bound on the Fglner functions follow from sets §2,, which is
defined as all group elements that can be written as (f, z) where z € [—n, n]
and f is a product of basic commutators only involving generators b; with
j € [—n,n]. O

4.2. A construction similar to Gp >k and proof of Theorem 1.5

Now similar to the case when Z acts on a step-2 nilpotent group, we
can consider the case that on a nilpotent group of step ¢, where ¢ > 2,
and impose relations such that the Z-orbits of commutators are periodic.
Note that introducing such relations on commutators has consequences
on the relations of higher commutators where they appear. Here we will
consider a specific way of assigning periodicity, which is sufficient to prove
Theorem 1.5 on nilpotent-by-cyclic groups with prescribed Fglner function.

Proof of Theorem 1.5. — If 7 is bounded, then the lamplighter group
Z (Z/27Z) satisfies the inequality in the statement. In what follows we
assume that 7 is unbounded.

Define a sequence of indices (k;) recursively as
(4.1) kiy1 = min{n > k; : 7(2") > 27(2%)}.

By assumption on 7, we have that 7 (2%) < (25)°. For each i, let ¢; be
the integer such that
(2) 7 < 7 (28) < (25)"

For each k;, we consider the group N; which is a quotient group of Nz ;.
The group N; is generated by {b;,j € Z}, with relations
b2 =1, b;=b;ifi=j mod 2",

and relations imposing that a commutator on a string (b;,, b;,,...,b;,) is
trivial whenever

min_ d(ij,ix) < 2875,
1<g,k<L
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where d denotes the distance on the cycle Z/2¥:Z. Note that the finite
cyclic group Z/2%Z acts on N; by shift. Let G; be the extension of N; by
7./2%7. By construction, the Z/27 rank of the center of N; satisfies

1
5(2")% < Rankg oz (Center(N;)) < C(2%)°.

Under the action of Z, the elements of the center of N; are divided into
7./2%i Z-orbits and each orbit has size 2¥:.

Further, we choose to keep |7(2)/2" | of distinct Z /2% Z-orbits under
the action of Z/2% Z in the center of N;. The other orbits in the center of
N; under action of Z/2%:7Z are set to be equal to identity element. Since this
operation is performed in the center, it does not affect the lower levels. We
denote by N; this quotient group of N;. By construction, the Z/2Z-rank
of the center of N; is comparable to 7(2%¢).

We denote by G; the extension of N; by Z/2%Z. It is a quotient group
of I' = Nz x Z. Let m; be the quotient map

m: = G;.

We take the group G in the claim of the theorem to be
o0

G=T/(Nker(m:T = G;).

i=1

That is, G is the smallest group that projects onto each G; marked with

generating set {bo,t}.

We now verify that the Fglner function of G satisfies the estimate as

stated. In order to prove the lower bound for the Fglner function, for n €
[2Fi 2ki+1] | consider the quotient group G;, then we have

F@1G7s(n) > Fﬁ]é“S(Qk"’).

By construction of the group G, we have 7(2%) central nodes within dis-
tance O2%:. Therefore, by Corollary 1.2 we have

F@léhS(CQki) > eXp(T(Qki)/C).

By definition of k;;1 we have that 7(n/2) < 27(2%?), thus we have proved
the lower bound on Folg g(n).

In order to show the upper bound of the Fglner function, note that for
n € [2%i 2F+1]  the ball of radius n around identity in G; with 2k=¢ > n
are the same as the ball of same radius in Z{ (Z/2Z). Then take the test
set to be those elements which have support contained in [—n,n]. We have
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that the volume of this set is bounded from above by

2n2%" H #G; < 2n2*" H exp(C7(287)) < exp (Cn + C7(Cn)).
ji2ki—c<n ji2ki—c<n

In the last inequality, we used the fact that by choice of kj, 7(2%-1) <

%7(2’”), thus the summation in the exponential function is bounded by a

geometric sum. This completes the proof of the first claim of the theorem.

Next we show the second claim of the theorem. For a sequence of in-
creasing integers (m;), and a given prescribed function 7, set

7(n) for n € [mo;_1,mo;
7_1 (n) _ [ J J]
7(mg;) for n € [maj, maji1);
and
- (n) o T(mgj_l) forn € (mgj_l,mgj)
5(n) =
T(TL) for n € [mgj,m2j+1}.
Then both functions satisfy the assumption that 0 < 7;(n) < nf, i =1,2.
Then as in the proof above, there is a nilpotent-by-cyclic group G; such that
log Folg, is equivalent to n + 7;(n). It follows that for the direct product
I' = G1 x G, log Felp(n) is equivalent to n+max{7i(n), 72(n)} = n+7(n).
It remains to verify that for sufficiently fast growing sequence (m;), the
random walk on each Gy, ¢ = 1,2, is cautious. Since 7; is constant on

[maj, maji1), it follows from the construction that there is index i(j) such
that

2ki(j) < maj and Qki(j)Jrl 2 maj41.

It implies that in G'1, the ball of radius cmg;11 is the same as in

Gijn =T/ [ ker(@ = Gi)Nker(mo: T — Z1(Z/2Z))
1<k<i())
The group éi(]—) fits into the exact sequence
1= Nyj) — Gijy — 22 (Z/22),

where Nj(;) is a finite nilpotent group depending only on value of 71 on
[0, mg;]. Take maj 41 to be sufficiently large such that

mojy1 > Diaméi(j),S(Ni(j)).
Then we have that for simple random walk on G1, k < cmajt1,

W] < Diam@i(j),S(Ni(j)) + [Whl,
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where W, is the projection of the random walk to Z{ (Z/27). It follows
that for cmojiy > 16> Diaméi(]_%S(Ni(j)), for any ¢’ >0

/
P max [Wi|g, < dVt) =P | max |Wk| < C—\/E > 6c,
1<k<t 1 1<k<t Gi ™ 9

where 6(c¢’) > 0 is a constant only depending on ¢’. The last inequality used
the fact that simple random walk on the lamplighter Z(Z/27Z) is cautious.
The argument for the random walk on G, is the same, by choosing ma; to
be sufficiently larger than mg;_;. 0

Example 4.2. — A few examples of functions that satisfy the assumption
of Theorem 1.5:
e 7(n) =n®, for some a € [1,¢].
e The function 7 admitting an increasing sequence of integers (n;)
and a, 8 € (0, c] such that

T(n) =n® for n € [ng;_1,ng;] and 7(n) = n? forn € [n2j, n2jt1)-

Note that if a < 1, then n + n® is equivalent to n.
e The function 7 admitting an increasing sequence of integers (n;)
and a € (1, ¢] such that

7(n) =n® forn € [anfla n2j]

and 7 is constant on [na;, noji1].

4.3. Corollaries on return probability and drift

By the general relation between isoperimetry and decay of return proba-
bility (see e.g. [39, Theorem 14.3]), a lower bound on Fglner function implies
an upper bound on the return probability x™(e). In particular, if there is
some § > 0 such that the Fglner function of G satisfies Fglg(n) = exp(n?*?)
over a sequence of sufficiently long sub-intervals, then there exists a time
subsequence (n;) such that

s
K (e) 2 exp | —n; .

Recall the drift function of a random walk with step distribution pu is
defined as

Lu(n) = 3 ds(e,0)n™ (z).

ze€G
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Remark 4.3. — Although in general it is not sharp, one can use the fact
that return probability 1(2™) attains its maximum at identity e to give the
following bounds:

> ug < Y u®e) = vas(r)u* ).

geB(e,r) gE€B(e,r)
Since the entropy satisfies H,,(2n) > —log 1™ (e), we have
L,(2n) = cH,,(2n) = —clog u®™ (e).

It follows that in this case if there is some § > 0 such that the Fglner
function of G satisfies Folg(n) = exp(n®*9) over a sequence of sufficiently
long sub-intervals, the p-random walk is neither cautious nor diffusive.

We now show that groups considered in the previous section with appro-
priate chosen parameters provide examples with oscillating drift function
as stated in Corollary 1.6 in the Introduction.

Proof of Corollary 1.6. — Given [, let a be an exponent such that

51a > B Take a rapidly growing sequence (m;), and set

7(n) = n® for n € [mg;, maji1] and 7(n) = ms;,; for n € [majy1, majy2).

By Theorem 1.5, there is a nilpotent-by-cyclic group G such that
%(n +7(n)) <logFolg(n) < Cn+ C1(n).
Recall that in the proof of Theorem 1.5, the group G is defined as the
smallest group that projects onto a sequence G; marked with generating
set {bg,t}, where by construction the Cayley graph of G; coincide with the
Cayley graph of the lamplighter Z (Z/2Z) in the ball of radius 2* around
identity. The sequence (k;) is determined from the prescribed function 7 as
in (4.1).

From the definition of the function 7 and the sequence (k;) as in (4.1),
we have that there exists a subsequence (p;) such that

kp,+1/kp; = majia/majia.

Indeed, this is because the function 7 is constant on the interval (ma;y1,
maj+2). Mark Go = Z1 (Z/2Z) with the generating set {by,¢} and write
J
Gj:F/ﬂker(mF%@)
i=0
Then the Cayley graph of G with respect to the marking {bg,¢} and the
Cayley graph of G; coincides in the balls of radius 2ki+1 around the iden-
tities. Note that since each G;, i > 1 is finite, the group G; is a finite
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extension of the lamplighter group Go. Note that
Lg,(n) < Diamg, s(ker(G; — Go)) + LG-O’H(n) + nP(|W,| > 2’“”1).

When (m;) grows sufficiently fast such that k;; is much larger than the
diameter of the finite set ker(G; — Gy) in G;, we have that

Lau(ti) < 2Lg, ,(t:) < CV/(t:)

along a time subsequence (¢;).
Next we show that if (m;) grows sufficiently fast, then along another
subsequence (n;), we have

p'i(e) < exp (—cnfw) .

As explained in Remark 4.3, this implies that the g-random walk is not
cautious and L, (n;) > cn "

We conclude that L, (n) oscillates between nz+a and n'/?, O

4.4. Examples of groups with property Hyp

As we have mentioned in the Introduction, a group G is said to have
Shalom’s property Hyp if every orthogonal G-representation 7w with non-
zero reduced cohomology H (G, ) admits a finite-dimensional sub-repres-
entation.

By a result of Gournay [17, Theorem 4.7], if the quotient of a group over
its F'C-centre has Shalom’s property Hpp, then the group also has this
property. Recall that the conjugacy class of an element g € G is the set
{hgh™! : h € G}. The FC-center of the group consists of elements with
finite conjugacy classes. We say G is an FC-central extension of H if the
kernel of the quotient map G — H is contained in the FC-center of G.

LEMMA 4.4. — The nilpotent-by-cyclic group G in Theorem 1.5 is an
FC-central extension of Z (Z/2Z).

Proof. — A formal commutator v on a string (b, , bi,, - .., b;,) is nontriv-
ial in only finitely many nilpotent groups NV; in the construction. Indeed,
to be nontrivial in N;, we need miny<; r<e d(ij, i) > 2%~ on the cycle
Z/2% 7. Since G =T/ ;2 ker (7r2- :T'— éi), we have that the conjugacy
class of image of u in G is contained in a subgroup of the direct product
of finitely many N;’s. Since each N; is a finite nilpotent group, it follows
that the commutator u is in the FC-center of G. We conclude that G is an
FC-central extension of Z (Z/27). O
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Therefore by applying Gournay’s result and Lemma 4.4, for the groups
constructed in Theorem 1.5, we have that they have property Hgp. Alter-
natively, by a generalization of Gournay’s result, [3, Proposition 4.7] implies
that the group N1z, X Z has property Hpp. Therefore its quotient groups
considered in the previous subsection have property Hgp as well.

Recall that by [16, Corollary 2.5], if G admits a cautious random walk
1 with finite generating support, then G has Property Hgp. A sufficient
condition for a symmetric pu-random walk to be cautious is that the ¢2-
isoperimetry inside balls satisfies the upper bound in the following lemma.
Recall that

Au(Bl(e, 7))

=it 2 37 (F() — Flay)uly)  swpp(f € Ble,r): 1 fllo =1}

z,yeG

Note that by Coulhon—Saloff-Coste isoperimetric inequality [6], it always
admits a lower bound that for some constant ¢ = ¢(u) > 0, for all r > 1,

Au(B(e,r)) = cr2.

If the opposite inequality holds along a subsequence of balls B(e,r;), then
the random walk is cautious:

LEMMA 4.5. — Suppose there exists a constant C' > 0 and a sequence
of balls B(e,r;) with r; — 0o as i — oo, such that

(4.2) Mu(Ble,ri)) < Cri7?,
Then the p-random walk is cautious in the sense of (1.2).
Proof. — Let (W},) be the p-random walk trajectory. We first show that

merg?éf') P, (Wi, € B(e,r) for all k < n) = (1 — Au(e, 7)™
This inequality is a known bound which can be obtained from the eigenbasis
expansion of the transition probability with Dirichlet boundary on the ball
B(e,r). We provide a proof for the convenience of the reader. Let PP be
the semigroup with Dirichlet boundary on the ball B(e,r). We recall that
by definition

Py?f(x) = El[f(W’ﬂ)]l{ﬂ<T}]7

where f has zero boundary condition on B(e,r), W, is the random walk
with step distribution p and 7 is the stopping time that the random walk
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first exits B(e,r). Let Ay < -+ < A, be the eigenvalues of I — p with Dirich-
let boundary on the ball, and ¢4, ..., ¢, be the corresponding eigenfunc-
tions normalized in such a way that ||¢;||2 = 1. Note that Ay = A, (B(e,r))
and ¢ is non-negative. Then

PP(x,y) = (1= X)"pi(x)ei(y)-
=1

Let x¢ be a point in B(e, r) such that ¢ achieves its maximum at z¢. Then

Z P 1’0, Q01 fﬂo Z P an 901( )

yEB(e,r) yEB(e r)

= (1=2)"p1(o) | >, e1(y)?
yEB(e,r)
= (1 = A1)"p1(20)-
Therefore

P,, (Wi € B(e,r) for all k < n) = Z PP (20,y) = (1 — \u(e,m)™.
yEB(e,r)

To see that the assumed bound (4.2) imply cautiousness, note that

P, <max [Wy| < 2r> > max P, (W, € Ble,r) for all k < n).
k<n z€B(e,r)

Given any constant ¢ > 0, take the time subsequence n; = (r;/c)?, we have

P, (ingax W] < 20\/777;) > (1—Cr2)7e 2 6(c,C) > 0. O

Tessera [37] defined a class of groups (£) which includes polycyclic
groups, solvable Baumslag—Solitar groups and wreath products Z F' with
F finite, and showed that a group from this class admits a full sequence
of controlled Fglner pairs. Moreover, in [38], he proved this property holds
for quotient of any solvable algebraic group over a g-adic field where ¢ is
a prime. Shalom [35] proved that polycyclic groups have property Hpp,
using a theorem of Delorme [8] concerning the cohomology of irreducible
unitary representation of connected Lie groups. Controlled Fglner pairs in
polycyclic groups provide another argument to establish property Hgp for
these groups, which does not use Delorme’s result.

Having a controlled Folner pair F/ C F; as above implies (see [37, Propo-
sition 4.9])

A\u(B(e,Cn;)) < Cn; 2

for any finitely supported symmetric probability measure u.
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COROLLARY 4.6. — Suppose a finitely generated group admits a subse-
quence of controlled Fplner pairs, then it has property Hgp.

Remark 4.7. — By [36, Theorem 1], the asymptotic behavior of the £2-
isopemetric profile inside balls A, (B(e, r)) is invariant under quasi-isometry.
Therefore the property of satisfying the assumption of Lemma 4.5 is stable
under quasi-isometry.

In Theorem 1.5 we have shown that group satisfying the claim of the
theorem can be chosen to be a direct product of two groups, where each
admits a subsequence of controlled Fglner pairs. As a consequence of the
discussion above, simple random walk on each factor is cautious. Thus
an alternative way to prove property Hpp of these groups is to use [16,
Corollary 2.5] (and the fact that the direct product of groups with Shalom’s
property also has this property). Corollary 4.6 is used to show Property
Hyp for certain lacunary hyperbolic groups considered in Section 7 as well.

It was shown in [4] that the construction of [3], as well as a variation of it
can be used to provide groups with Shalom’s property Hpp and prescribed
Fglner function. Groups we consider in Subsection 3 and 4 provide another
simple construction of this kind. These examples show that the property of
admitting a cautious simple random walk is strictly stronger than having
property Hyp.

5. Torsion free examples

We mention here some other extensions of nilpotent groups where the
isoperimetric inequality of Corollary 1.2 can be applied to obtain good
lower bound for the Fglner function. In the construction of the groups in
Subsections 3, 4, we can drop the torsion relation that b2 = 1 and consider
cyclic extensions of torsion free nilpotent groups.

Example 5.1. — Let Nz . be the free nilpotent group of class ¢ on gen-
erators b;,7 € Z. Let G = Gz, be the extension Nz . X Z, where Z acts
by shifting indices. Then S = {bg,t} is a generating set of G. The Fglner
function of G is asymptotically equivalent to n .

Proof. — The proof of the lower bound is similar to the torsion case, we
look for elements in the center of Ny . that can be reached within distance
n and apply Corollary 1.2.

For a given tuple i; < is < -+ <ic, let u(iy,...,ic) = [[biy, bin)s-- -, 0i.]-
Note that it is in the center of N and belongs to the collection of basic
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commutators. We have that
U(il, sy Zc)m = [[bil,bi2], ey b:’z’]
Given n, consider the abelian subgroup of the center of N

Hy= [[ (ul.. uo).

0<iy <+ <ic

For each cyclic factor in H,,, we have the length estimate
Is(u(in, ..., uc)™) = ls([[bi,, biy], - . ., 0]"]) < C(c)(n +m),

where C(¢) > 0 is a constant only depending on ¢. Now we apply Corol-
lary 1.2 with the choice of length bound 2C(c) and k = n. The number
N(2C(¢)n,n) of indices such that are least n distinct non-identity elements
in the cyclic group (u(iy, ..., uc)) is (f) It follows from Corollary 1.2 that

Folg s(2C(c)n) = n™.

The upper bound that Folg g(n) < nC (7" follows from choosing the
following test set. For an element in G, it can be written uniquely in the
normal form (f, z) where z € Z and f is a ordered product in terms of basic
commutators f = [[u/™, where f(u) € Z is non-zero for only finitely
many commutators. Recall that w(u) denotes the weight of u, which is
equal to the commutator length, e.g. w([i1,i2]) = 2. Take the subset

Q. = {(f,2) € G : suppf C [0,n], |f(w)] < 0", 0 < z < n},

it is easy to verify that #,/Q, < C/n. And it is clear that the volume of
Q,, is bounded by
#Q, <n- nC(t)nt. O

We can then consider various quotients of Gz . similar to Subsection 4,
namely by adding relations that certain basic commutators vanish or im-
posing finite orbits under the action of Z as in the proof of Theorem 1.5.
The resulting groups are torsion-free-nilpotent by cyclic. To bound the Fgl-
ner function from below, in the same way as illustrated in Example 5.1,
we look for elements in cyclic factors of the center of the nilpotent group
within the ball of radius n of identity in the ambient group and apply
Corollary 1.2.

Since torsion free nilpotent groups are left-orderable, their cyclic exten-
sions are left-orderable as well, see e.g. [9, Subsection 2.1.1]. By a result of
Gromov [25, Section 3.2], for such left orderable groups, the linear algebraic
Fglner function (for definition see [25]) is equal to the usual (combinatorial)
Fglner function. Removing the torsion relations from the construction of
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groups in Theorem 1.5, we obtain that for any prescribed increasing func-
tion 0 < 7(n) < nflogn, there exists a group G = N xZ where N is torsion
free nilpotent of step < ¢ and log Folg s(n) is asymptotically equivalent to
nlogn + 7(n). Moreover in the lower central series of N, each quotient is
torsion-free abelian. Therefore the group G is left-orderable. It follows that
the linear algebraic Folner function coincide with the usual combinatorial
Fglner function, thus satisfying the same estimate.

For the free nilpotent group Nz . of step ¢ on generators b,z € 74, we
can consider the extension Nza . X 74 and its various quotients. The method
of looking for elements in cyclic factors in the center of the nilpotent group
and applying Corollary 1.2 provides sharp lower bounds for the Fglner
functions of these groups as well. For example, we have

de

Foly , YA (n) = n"

We mention that none of the torsion free nilpotent-by-abelian groups
discussed in this section have Shalom’s property Hpp, because they all
admit Z!7Z as a quotient group. The wreath product Z!Z does not have
property Hpp by [35, Theorem 5.4.1.].

6. Extensions of a symmetric group

Let H be a finitely generated group equipped with a symmetric finite
generating set S, e.g. H = Z%. Consider the group of permutations of H
with finite support. Let Symy be the extension of this group by H. It is
clear that Symy; is a finitely generated group, one choice of generators S
is transpositions (e, s), s € S and the generators S of H. In this section
we derive a lower bound on the Fglner function on Symy in terms of the
volume growth of H.

Let Sym(X) be the symmetric group on a countable set X. For a finite
subset Y C X denote by T'(Y') the set of transpositions between points in
Y, T(Y) ={(y1,y2) : y1,y2 € Y}. Here (y1,y2) denotes the permutation
that transposes y; and y». The following lemma provides a lower bound for
the cardinality of sets in Sym(X) which are C-satisfactory with respect to
T(Y). By definition, V is C-satisfactory with respect to T'(Y) if for each
v € V and at least C#T(Y) = %#Y(#Y — 1) multiplications by distinct
transpositions ¢ € T(Y') remain in V, that is, vt € V.
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LEMMA 6.1 (Satisfactory sets in finite symmetric groups). — For each
C > 0, there exists D = D(C) > 0 such that the following holds. Let
Y be a finite subset of X. Suppose that a finite subset V in Sym(X) is
C-satisfactory with respect to T(Y'), then the cardinality of V is at least
(D#Y)P#Y,

Proof. — Write n = #Y. We prove a more general claim. Let m € N,
and we say that V' C Sym(X) satisfies the assumption (x) for m if for each
v € V, there are at least m distinct elements of T'(Y") such that v multiplied
with the element (on the right) remains in V. We show that if V' verifies
assumption () for m, then the cardinality of V is at least (m/(2n))™/ ().
The lemma is stated for m = Cn?.

To prove this, observe that for any given v € V, there exists a y € Y,
such that v(y, z) € V for at least m/n distinct 2’s, z € Y. We fix one of
such vy and y and denote by z = vy *(y). We subdivide V according to
the image of x: consider V, to be elements v of V' such that v(z) = z.
It is clear that V is a disjoint union of Vj, where the union is taken over
k € X. Note that #V > 7t min#V,, where the minimum is take over z
such vy(y, 2) € V.

Next we show that for each V, where z is such that vy(y,2) € V, the
satisfactory assumption (x) is verified for m’ = m — n. Indeed, for u € V,
there are at least m distinct transpositions in T'(Y) such that ut € V.
Among them, if t = (r, s) satisfies ut € V but ut ¢ V,, then it implies that
either r = y or s = y. Changing if necessary the notation, we can assume
that » = y. It follows that among these m distinct transpositions, there are
at most n of them such that ut € V but ut ¢ V,. In other words, for each
u € V,, there are at least m — n distinct transpositions ¢t € T'(Y") such that
ut € V.

Repeat this process for m/2n steps, we have that the cardinality of V is
at least

#V > (m/n) ((m —n)/n) ((m —2n)/n)--- = (m/(2n))™ .

In particular, for V verifying the assumption (¥) for m > Cn?, the car-
dinality of V is at least Dn®?", for some constant D > 0 depending only
on C. ]

We now proceed to prove Corollary 1.4. Given hi, ho € H, the transposi-
tion (h1, ha) has length at most 4y s, (h1)+2lg s, (h2). Indeed, (h1, ho) =
hit(e, hahy)hy. Take a transposition (e, h) where e is the identity ele-
ment. Write h as a shortest path in the generators: h = s;, ...s;, where
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¢ =1lg g(h). We have

(e;h) = (e, 8iy) .- (&85, )(e, 83,)((e,8,) .. (e, 51271))71'
Therefore, lg,,, s((e,h)) < 2lg,s(h) — 1. It follows that

lsym,, §((h1,h2)) < 2lgs(h1) + 2 5(hahit) < 4lg s(hy) + 2lm.5(hs).

Proof of Corollary 1.4. — Given n > 1 consider the set T, of transposi-
tions

T, =T(Bu(e,n)) = {(h,h’) : hyh' € H,where Iy s(h),lg s(h') < n}.

Then by the length estimate above, we have that elements of T,, are of
length at most 6n in Sym .

Let V' be a Folner set of Symy such that #05V/#V < 1/200n. Then
by Theorem 1.1, this set is 1/4-satisfactory with respect to T},. Since T,, C
Sym(H), we can assume, by taking cosets, that V' contains a subset V' C
Sym(H) that is 1/4-satisfactory with respect to T,,. Apply Lemma 6.1 with
Y = By s(e, n), it follows that there exists an absolute constant ¢ > 0 such
that #V > (cvg,s(n))evms), O

Note that the lower bound of Fglgyy,, in Corollary 1.4 is better than
what we would obtain by applying Corollary 1.2 instead of volume lower
bound for satisfactory sets with respect to transpositions. Indeed, for any
choice of abelian subgroup of Sym(Bg s(e,n)), by applying Corollary 1.2,
we only get the lower bound of order exp(n).

Example 6.2. — Take H = Z%, by Corollary 1.4, the Fglner function
of G = Sym(Z%) x Z? is asymptotically greater to equal than n"’. The
group G admits Fglner pairs adapted to the function nn’. By [5] and the
general relation between Fglner function and decay of return probability
(see e.g. [39, Theorem 14.3]), we deduce that the return probability u(?™ (e)
of simple random walk on Sym(Z?) x Z? is asymptotically equivalent to
exp(—n®/4+210g%/4+2 1) We mention that random walk on Sym(H) x H is
called the mixer chain in Yadin [40], where the drift function of the random
walk on Sym(Z) x Z is estimated.

7. Lacunary hyperbolic examples
In this section we show that there exist non-virtually cyclic amenable
groups with Shalom’s property Hpp that are lacunary hyperbolic. Asymp-

totic cones first appeared in the proof of the polynomial growth theorem
by Gromov in [22]. Roughly speaking, an asymptotic cone of a metric space
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is what one sees when the space is viewed from infinitely far away. For a
definition using ultrafilters see van den Dries and Wilkie [10]. A well-known
result of Gromov [23] states that a finitely generated group is hyperbolic
if and only if all its asymptotic cones are R-trees. Recall that a group is
lacunary hyperbolic if one of its asymptotic cone is an R-tree. By Olshan-
skii, Osin and Sapir [30, Theorem 1.1], lacunary hyperbolic groups can be
characterized as certain direct limits of hyperbolic groups. More precisely,
a finitely generated group G = (S) is lacunary hyperbolic if and only if G
is the direct limit of a sequence of hyperbolic groups G; = (S;), S; finite,
with epimorphisms
Gl a_1> G2 2} A

satisfying a;(S;) = S;y+1 and §;/r; — 0 as i — oo, where d; is the hyper-
bolicity constant of G; relative to generating set S;, and r; is injectivity
radius of the map a;.

Osin, Olshanskii and Sapir in [30] constructed lacunary hyperbolic groups
that served as examples/counter examples to various question. In particu-
lar, using central extension of lacunary hyperbolic groups they show that
there exists a group whose asymptotic cone with countable but non-trivial
fundamental group. They prove that what is called “divergence function”
(measuring how much the distance between two points outside the ball of
given radius increases after removing this ball) can be arbitrary close to
linear, but not being linear. They also show that the class of lacunary hyper-
bolic group is quite large: for example, one can find infinite torsion groups
among lacunary hyperbolic groups; some of lacunary hyperbolic groups are
amenable. Properties of endomorphisms and automorphisms of lacunary
hyperbolic groups were investigated in Coulon—Guirardel [7]. In particular,
every lacunary hyperbolic group is Hopfian, see [7, Theorem 4.3].

We now briefly describe the construction of lacunary hyperbolic ele-
mentary amenable groups in [30, Section 3.5]. These groups are locally-
nilpotent-by-Z, which was considered previously in [25, Section 8]. Let p
be a prime number and ¢ = (¢;) be an increasing sequence of positive inte-
gers. Let A = A(p, c) be the group generated by b;, b¥ =1, i € Z with the
following defining relations:

Hbimbil]?"'?bicn] =1 if IIlE}gX|ZJ72k|<n
The group A is locally nilpotent, and it admits an automorphism a; — a;41.
Let G = G(p,c) be the extension of A by this automorphism, G = (A4, t)
where ta;t~' = a;1. By [30, Lemma 3.24], if the sequence c grows fast
enough, then G is lacunary hyperbolic.
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In what follows, we consider a variation of the construction that intro-
duces a sequence of slow scales where the group G is close to a lamplighter,
while on another sequence of scales G can be approximated by hyperbolic
groups. In particular, simple random walk on G is cautious along a subse-
quence of time (¢;) with appropriate choice of parameters.

THEOREM 7.1. — There exists a finitely generated lacunary hyperbolic
non-virtually cyclic amenable group G with Shalom’s property Hpp. More-
over, the group G can be chosen to be locally-nilpotent-by-Z and simple
random walk on G is cautious and diffusive along an infinite subsequence
of time instances.

Proof. — Let M = %j¢z (b;), bé’ = 1 be the free product of copies of
Z/pZ indexed by Z, T = M x Z be its cyclic extension where Z acts by
shifting indices. Let 7y be the quotient map from I' — Z (Z/pZ). Write
Go = Z2(Z/pZ). We define a sequence of quotients of I" recursively as follows
(these quotients are determined by a triple of parameters (¢;, ¢;, k;)ien)-

After we have defined G;, given parameter ¢;,1, take the nilpotent sub-
group in G; generated by bo, ..., bye, (1 4,

Ni+1 = <b07 .- '7b25i+1,1> .

Consider the quotient group M i+1 of M defined by imposing the relations
that for any j, the subgroup generated by (b;,. .., b\ otina _,) is isomorphic
to N;41 (isomorphism given by shifting indices by 7). Let ]/.—‘\iJrl = J\//L-H WA
be the cyclic extension of M i+1- Then le splits as an HNN-extension
of the finite nilpotent group N;yi, therefore r i+1 1s virtually free, see [34,
Proposition 11]. Therefore fi+1 is hyperbolic, let d;11 be the hyperbolicity
constant of fi+1 with respect to the generating set S = {bg, t}. For param-
eters c;11,kiy1 € N, consider the quotient group Tyy1 = Tip1(cip1, kit1)
of lA“Z-H subject to additional relations (x)

H[bjubjz] ’bj?,] Y. )bjm] =0 for any m > cj41,
bj=1b

i rakit for all j € Z.

By choosing c¢;41 and k;11 to be sufficiently large, we can guarantee that the

injectivity radius 7; of the quotient map I'; 11 — T;41 satisfies 7541 > 0;11.

Let ;41 : T' = T';41 be the projection from I' to I'; 1. Recall that mg

denotes the projection from I' — Z(Z/pZ). We take the group G;1 to be
Giy1 =T/ (ker; Nkermy) .

By construction, if we choose ki1, c¢ir1 > liv1, Liv1 > max {{;, ki, c;}
to be large enough parameters, we have that G;; and G; coincide on the
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ball of radius 2%+! around the identity element, and G;,; coincide with a
hyperbolic group fi+1 on the ball of radius r;;41 such that r;;1 > ;41
where &;,1 is the hyperbolicity constant of T';,;. Let G be the limit of (G;)
in the Cayley topology, or equivalently,

G =T/ kerv.
i€N
Since along the sequence (r;), the ball of radius r; around identity in G
coincide with a ball of same radius in a hyperbolic group with hyperbolicity
constant d; < r;, it follows that G is lacunary hyperbolic.

We now show that for parameters ¢;11 > max {¢;, k;, ¢;} large enough, G
admits a subsequence of controlled Fglner pairs, and simple random walk
on (G is cautious and diffusive along a subsequence. The argument is along
the same line as in the proof of Theorem 1.5.

Since the balls of radius 2%+! are the same in G and G;, up to radius
2%i+1 it is the same to consider the corresponding random walk in G;. Let
H; be the subgroup of G; generated by bg,...,byr; _;. Note that H; is a
finite nilpotent group. Then because of the relations () in T;, G; fits into
the exact sequence

1— [Hiyy Hy) = Gy = Z20(Z)pZ) — 1.

We use the same letter my to denote the projection G; — Z1(Z/pZ) as well
(mo was used for the projection T' — Z1 (Z/pZ)). For r < 24+17C let

F; = {g S GZ : 7T0(g) = (fvz)vsuppf C [_7’,7"], |Z| < T}v

F. = {g €qG;: 7T.0(9) = (fa Z),Sllppf C [_7'77'}, |Z| < T/2}
Then by definition, (F,F)) forms a Fglner pair. The outer set F has
diameter bounded by

Diamg, s < DiamGi’s([Hi, HZ]) + 10r.

Since the diameter of the finite subgroup [H;, H;] in G; depends only on
the choice of parameters up to index i, we have that for r > ro(c;, ki) >
Diamg, s([H;, H;]), the set F) is contained in the ball B(e,20r) in G,.
Thus for such r sufficiently large, (F,, F)) is a controlled Fglner pair in G;.
Since the balls of radius 2%+ are the same in G and Gy, for £; 11 > c;, k;
sufficiently large such that 7o(c;, k;) < 24+1=¢ (F,., F') can be identified as
a controlled Fglner pair in G as well. Therefore if the sequence (¢;11) grows
sufficiently fast compared to (¢;, k;) in the sense described above, we have
that G admits a subsequence of controlled Fglner pairs. By Lemma 4.5,
simple random walk on G is cautious.
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Similarly, for simple random walk on G, the drift function is bounded by
L, u(t) < Diamg, s([Hi, Hi]) + Lag,u(n),

where Gy = Z 1 (Z/pZ). Thus when ro(c;, k;) < 24+17C there exists some
constant £; ; depending on ¢;, k;, such that for ¢ € [24+1,2éi+1}, the con-
structed group G; satisfies

Leu(t) = La, u(t) < CVt.
That is, simple random walk on G is diffusive 0

Remark 7.2. — From the construction of the group G, we have that along
a sequence of radius (r;), the ball of radius r; around identity of G coincide
with the ball of the same radius in a virtually free group. It follows that
the drift function can be close to linear along a subsequence of time (%;).

Remark 7.3. — The fact that the lamplighter group Z (Z/2Z) can be
realized as a direct limit of virtually free group with growing injectivity
radius was used by Osin in [31] to show that the Kazhdan constant of
a hyperbolic group is not bounded uniformly from below under changing
generating sets.

It is known that elementary amenable groups can have arbitrarily fast
Fglner functions, see [29, Corollary 1.5] (also the remarks in [11, Section3]
and [25, Section8]).

Remark 7.4. — By taking the direct product of two lacunary hyperbolic
groups as in Theorem 7.1, we obtain locally-nilpotent-by-abelian group
with property Hyp for which it can be shown (similar to [25, Section8])
that the Fglner function is arbitrarily fast. In addition to groups in [3],
they can provide another collection of elementary amenable groups with
arbitrarily fast Fglner functions while simple random walks on them have
trivial Poisson boundary. Amenable (but non-elementary amenable)groups
of with this property were constructed in [13].

BIBLIOGRAPHY

[1] G. AMIR & B. VIRAG, “Speed Exponents of Random Walks on Groups”, Int. Math.
Res. Not. (2017), no. 9, p. 2567-2598.

[2] L. BartHOLDI, R. I. GRIGORCUK & Z. SUNIK, “Branch groups”, in Handbook of
algebra, Vol. 3, vol. 3, Elsevier, 2003, p. 989-1112.

[3] J. BRIEUSSEL & T. ZHENG, “Speed of random walks, isoperimetry and compression
of finitely generated groups”, https://arxiv.org/abs/1510.08040, 2015.

, “Shalom’s property Hpp and extensions by Z by locally finite groups”,

https://arxiv.org/abs/1706.00707, 2017.

[4]

ANNALES DE L’INSTITUT FOURIER


https://arxiv.org/abs/1510.08040
https://arxiv.org/abs/1706.00707

[5]

(6

7

8

9

[10]
[11]
12)
[13)
[14]
[15]
[16]
17)
18]
[19]

20]

21]

(22]
23]
24]
[25]

[26]
27]

(28]

ISOPERIMETRIC INEQUALITIES 1401

T. CouLHON, A. GRIGOR'YAN & C. PITTET, “A geometric approach to on-diagonal
heat kernel lower bounds on groups”, Ann. Inst. Fourier 51 (2001), no. 6, p. 1763-
1827.

T. CouLHON & L. SALOFF-COSTE, “Isopérimétrie pour les groupes et les variétés”,
Rev. Mat. Iberoam. 9 (1993), no. 2, p. 293-314.

R. CouLoN & V. GUIRARDEL, “Automorphisms and endomorphisms of lacunary
hyperbolic groups”, https://arxiv.org/abs/1606.00679, 2016.

P. DELORME, “l-cohomologie des représentations unitaires des groupes de Lie semi-
simples et résolubles. Produits tensoriels continus de représentations”, Bull. Soc.
Math. Fr. 105 (1977), no. 3, p. 281-336.

B. DEROIN, A. Navas & C. Rivas, “Groups, orders, and dynamics”, https://arxiv.
org/abs/1408.5805, 2014.

L. vaAN DEN DRIES & A. J. WILKIE, “Gromov’s theorem on groups of polynomial
growth and elementary logic”, J. Algebra 89 (1984), no. 2, p. 349-374.

A. ERSCHLER, “On isoperimetric profiles of finitely generated groups”, Geom. Ded-
icata 100 (2003), p. 157-171.

, “Critical constants for recurrence of random walks on G-spaces”, Ann. Inst.
Fourier 55 (2005), no. 2, p. 493-509.

—, “Piecewise automatic groups”, Duke Math. J. 184 (2006), no. 3, p. 591-613.
, “Poisson—Furstenberg boundaries, large-scale geometry and growth of
groups”, in Proceedings of the International Congress of Mathematicians. Volume
II, World Scientific; Hindustan Book Agency, 2010, p. 681-704.

——, “Almost invariance of distributions for random walks on groups”, https:
//arxiv.org/abs/1603.01458, 2016.

A. ERSCHLER & N. Ozawa, “Finite-Dimensional Representations constructed from
Random Walks”, https://arxiv.org/abs/1609.08585, 2016.

A. GOURNAY, “Mixing, malnormal subgroups and cohomology in degree one”,
https://arxiv.org/abs/1607.05056, 2016.

R. I. GRIGORCUK, “On Burnside’s problem on periodic groups”, Funkts. Anal.
Prilozh. 14 (1980), no. 1, p. 53-54.

, “Degrees of growth of finitely generated groups, and the theory of invariant
means”, Izv. Math. 25 (1985), no. 2, p. 259-300.

, “On growth in group theory”, in Proceedings of the International Congress
of Mathematicians, Vol. I, II (Kyoto, 1990), Mathematical Society of Japan, 1991,
p. 325-338.

, “Milnor’s problem on the growth of groups and its consequences”, in Fron-
tiers in complex dynamics, Princeton Mathematical Series, vol. 51, Princeton Uni-
versity Press, 2014, p. 705-773.

M. GroMmov, “Groups of polynomial growth and expanding maps”, Publ. Math.,
Inst. Hautes Etud. Sci. (1981), no. 53, p. 53-73.

, Hyperbolic groups, Mathematical Sciences Research Institute Publications,
vol. 8, Springer, 1987, 75-263 pages.

, Metric structures for Riemannian and non-Riemannian spaces, Progress in
Mathematics, vol. 152, Birkhauser, 1999, xx+585 pages.

, “Entropy and isoperimetry for linear and non-linear group actions”, Groups
Geom. Dyn. 2 (2008), no. 4, p. 499-593.

M. HALL, JR., The theory of groups, The Macmillan Co., 1959, xiii4+-434 pages.

P. HaLL, “Finiteness conditions for soluble groups”, Proc. Lond. Math. Soc. 4
(1954), p. 419-436.

P. DE LA HARPE, Topics in geometric group theory, Chicago Lectures in Mathe-
matics, University of Chicago Press, 2000.

TOME 70 (2020), FASCICULE 4


https://arxiv.org/abs/1606.00679
https://arxiv.org/abs/1408.5805
https://arxiv.org/abs/1408.5805
https://arxiv.org/abs/1603.01458
https://arxiv.org/abs/1603.01458
https://arxiv.org/abs/1609.08585
https://arxiv.org/abs/1607.05056

1402 Anna ERSCHLER & Tianyi ZHENG

[29] A. Y. Ov'sHANSKII & D. V. OsIN, “A quasi-isometric embedding theorem for
groups”, Duke Math. J. 162 (2013), no. 9, p. 1621-1648.

[30] A. Y. Ov’'sHANSKIL, D. V. OsIN & M. V. SAPIR, “Lacunary hyperbolic groups”,
Geom. Topol. 13 (2009), no. 4, p. 2051-2140, with an appendix by Michael Kapovich
and Bruce Kleiner.

[31] D. V. OsIN, “Kazhdan constants of hyperbolic groups”, Funct. Anal. Appl. 36
(2002), no. 4, p. 290-297.

[32] N. Ozawa, “A functional analysis proof of Gromov’s polynomial growth theorem”,
Ann. Sci. Ec. Norm. Supér. 51 (2018), no. 3, p. 549-556.

[33] L. SALOFF-COSTE & T. ZHENG, “Isoperimetric profiles and random walks on some
permutation wreath products”, https://arxiv.org/abs/1510.08830, 2015.

[34] J.-P. SERRE, Trees, Springer Monographs in Mathematics, Springer, 2003, trans-
lated from the French original by John Stillwell, corrected 2nd printing of the 1980
English translation, x+142 pages.

[35] Y. SHALOM, “Harmonic analysis, cohomology, and the large-scale geometry of
amenable groups”, Acta Math. 192 (2004), no. 2, p. 119-185.

[36] R. TESSERA, “Large scale Sobolev inequalities on metric measure spaces and appli-
cations”, Rev. Mat. Iberoam. 24 (2008), no. 3, p. 825-864.

[37] ——, “Asymptotic isoperimetry on groups and uniform embeddings into Banach
spaces”, Comment. Math. Helv. 86 (2011), no. 3, p. 499-535.
[38] ———, “Isoperimetric profile and random walks on locally compact solvable

groups”, Rev. Mat. Iberoam. 29 (2013), no. 2, p. 715-737.
[39] W. WoEss, Random walks on infinite graphs and groups, Cambridge Tracts in
Mathematics, vol. 138, Cambridge University Press, 2000, xii+334 pages.

[40] A. YADIN, “Rate of escape of the mixer chain”, Electron. Commun. Probab. 14
(2009), p. 347-357.

Manuscrit regu le 25 octobre 2017,
révisé le 3 octobre 2018,
accepté le 4 avril 2019.

Anna ERSCHLER

Département de mathématiques et applications,
Ecole normale supérieure, CNRS

PSL Research University

45 rue d’Ulm

75005 Paris (France)

anna.erschler@ens.fr

Tianyi ZHENG

Department of Mathematics
UC San Diego

9500 Giman Dr.

La Jolla CA 92093 (USA)

tzheng2@math.ucsd.edu

ANNALES DE L’INSTITUT FOURIER


https://arxiv.org/abs/1510.08830
mailto:anna.erschler@ens.fr
mailto:tzheng2@math.ucsd.edu

	1. Introduction
	1.1. Oscillating Følner functions and oscillating drift functions
	1.2. Følner functions and groups admitting controlled Følner pairs along a subsequence
	Acknowledgements

	2. Proofs of the isoperimetric inequalities
	3. Abelian extensions of nilpotent groups: first examples
	4. Further examples. Groups with strengthened versions of Property H FD
	4.1. A construction similar to GD,2
	4.2. A construction similar to GD,2,k and proof of Theorem 1.5
	4.3. Corollaries on return probability and drift
	4.4. Examples of groups with property HFD

	5. Torsion free examples
	6. Extensions of a symmetric group
	7. Lacunary hyperbolic examples
	References

