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GEOMETRIC INEQUALITIES FOR MANIFOLDS WITH
RICCI CURVATURE IN THE KATO CLASS

by Gilles CARRON

ABSTRACT. — We obtain Euclidean volume growth results for complete Rie-
mannian manifolds satisfying a Euclidean Sobolev inequality and a spectral type
condition on the Ricci curvature. We also obtain eigenvalue estimates, heat kernel
estimates, and Betti number estimates for closed manifolds whose Ricci curvature
is controlled in the Kato class.

RESUME. — On démontre qu’une variété riemannienne compléte vérifiant une
inégalité de Sobolev euclidienne et dont la courbure de Ricci est petite dans une
classe de Kato et a croissance euclidienne du volume. On obtient aussi des estima-
tions spectrales, du noyau de la chaleur et du premier nombre de Betti des variétés
riemanniennes compactes dont la courbure de Ricci est controlée dans une classe
de Kato.

1. Introduction
1.1. Volume growth
1.1.1. Motivation

One of our motivations was a quest for a higher dimensional analogue of
the following beautiful result of P. Castillon ([11]):

THEOREM 1.1. — Let (M2, g) be a complete noncompact Riemannian
surface with nonnegative Laplacian A, Gaussian curvature K, and Rie-
mannian measure dA,. Assume that there is some A > i such that the
Schrédinger operator

A+ MK,
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is nonnegative, i.e.,
VU eCEOn: [ (0 +AK) dd, >0,
Then, for all R > 0 and all x € ]]\/\[4,
Area, (B(z, R)) < ¢(\) R?,
where ¢(\) is a constant which only depends on A.

In fact, P. Castillon has shown that such a surface is either conformally

equivalent to the plane or to the cylinder:
(M?,g) ~ C or (M?g) ~ C*.
conf. conf.

More generally, when the operator A+ \K| is only assumed to have finitely
many negative eigenvalues for some A\ > 1/4, then the same conclusion
holds but in this case supp w depends on M and .

The purpose of this paper is to investigate a possible higher dimensional
analogue of Theorem 1.1. Indeed, it is sometimes crucial to get a Euclidean
volume growth estimate, recall that we say that a complete Riemannian

manifold (M™, g) has Euclidean volume growth, if
(EVG) VR>0: volB(z,R) < CR"

where the constant C' may depend on the point  or not ; for instance this
kind of estimate was one of the difficult results obtained by G. Tian and
J. Viaclovsky ([53]), and this was a key point toward the description of the
moduli spaces of critical Riemannian metrics in dimension four ([54]).

1.1.2. Definitions

According to the Bishop—Gromov comparison theorem, a complete Rie-
mannian manifold (M™,g) with nonnegative Ricci curvature has at most
Euclidean volume growth,

VezeM,R>0: volB(z,R) < w,R",

where w,, is the Euclidean volume of the unit Euclidean n—Dball.

If (M, g) is a Riemannian manifold, we introduce the function Ric_ de-
fined by

Ric_(x) := max{—«(z),0}
where
k(z) = inf Ricci, (U, ¥);
TET, M, gy (7,5)=1

so that we have Ricci, > — Ric_(2)gs.

ANNALES DE L’INSTITUT FOURIER



GEOMETRIC INEQUALITIES AND RICCI CURVATURE 3097

We are looking for a spectral condition on the Schrédinger operator
Ly=A—ARic_

that would imply a Euclidean volume growth. We do not think that it is
possible to prove a result similar to Theorem 1.1 in higher dimension, under
the sole assumption that Ly is nonnegative in L2.

Recall that L, is nonnegative on L? if and only if there is a positive
function h on M such that Lyh = 0. We introduce a stronger condition:

DEFINITION 1.2. — The Schrédinger operator Ly is said to be gaugeable
if there is a function h: M — R and a constant y such that 1 < h < 7y and
Lyh = 0. The constant v is called the gaugeability constant of L.

The behavior of the heat semigroup associated with the Schrédinger
operator Ly can be quite different on L? and on LP. For instance the fact
that the heat semigroup is uniformly bounded on L°°:

—tLy

supHe < 400

>0 HL°°—>L°°
implies the nonnegativity of the Schrédinger operator Ly on L2. It may hap-
pen that a Schrédinger operator is nonnegative on L? but the associated
semigroup is not uniformly bounded on L* (]23]). The uniform bound-

edness of the semigroup (e_th) on L is strongly related to the fact

that the Schrodinger operator L At;sogaugeable (see [57] and Theorem 2.14).
Hence the gaugeability condition could be interpreted as an L°° spectral
condition.

It is well known that a Sobolev inequality is useful in order to control
the behavior of the heat semigroup e *4.

DEFINITION 1.3. — We say that a complete Riemannian manifold
(M™, g) satisfies the Euclidean Sobolev inequality with Sobolev constant

wif

-2
sov)  vwecron: uf [ vay) < [ jaska,
M M

According to a celebrated result of J. Nash and N. Varopoulos ([45, 55]),
the Euclidean Sobolev inequality is equivalent to a FEuclidean type upper
bound on the heat kernel:

_d(=z,y)?

(EUB) Vt>0,zyeM: H(tzy <Ct e ot

That is to say, given the Sobolev constant p and the dimension n, there is
a constant C' = C'(n, 1) such that the Euclidean type upper bound on the
heat kernel (EUB) holds. Conversely, if the Euclidean type upper bound
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3098 Gilles CARRON

on the heat kernel (EUB) holds for some constant C, then (M™, g) satisfies
the Sobolev inequality (Sob) with some constant y = u(n,C).

1.1.3. Main result

THEOREM 1.4. — Let (M™,g) be a complete Riemannian manifold of
dimension n > 2. Assume that
o (M™,g) satisfies the Euclidean Sobolev inequality (Sob) with
Sobolev constant .
e There is a § > 0 such that the Schrédinger operator A — (n — 2) x
(1+ ) Ric_ is gaugeable with gaugeability constant ~y.
Then, there is a constant © depending only on n,d,~y and u, such that for
allz € M and R > 0:

1
3 R"™ < vol B(z, R) < O R".

In fact, we already know that the Sobolev inequality (Sob) implies a
lower bound on the volume of geodesic balls ([2, 7]): there is a constant ¢,
such that for all z € M and R > 0,

capt? R™ < vol B(z, R).
The log-Sobolev inequality ([46, Proposition 5.1]) also yields the same con-

clusion. Hence, the crucial point in the proof of Theorem 1.4 is to get the
upper bound.

Remark 1.5. — If (M™, g) satisfies the Euclidean inequality (Sob) with
constant p then any of the following conditions implies that L) is gaugeable
for some A > (n —2):

(1) There is some € € (0,1) such that Ric_ € L3(1~¢) 0 [30+€) and
the Schrédinger operator A — (n —2)(1 + €) Ric_ is nonnegative in
L2

(2) There is some € € (0,1) such that Ric_ € Lz(1=¢) 0 L5(+€) and

n

. b2
/M RIC_ dVg < <n—2> (1 - €).
<1
(3) sup

n—1 (/ RIC—(y) qu(?J)) dr < €n/J/%,
zeMJo T B(z,r)

where €,, is a computable constant depending only on n.

The first two conditions are due to B. Devyver ([25]). The last one is an easy
consequence of Green kernel estimates (see for instance [20, Theorem 3.1]).

ANNALES DE L’INSTITUT FOURIER
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1.1.4. Overview of the proof (see Section 4 for more details)

Following T. Colding ([14]), when (M™,g) is a nonparabolic manifold,
we introduce b,(z) = G(o, a:)_n%2 where G(o, ) is the Green kernel with
pole at 0 € M, normalized so that b(z) ~,_,, d(o,z). When (M", g) has
nonnegative Ricci curvature, T. Colding has shown that

|dbo| < 1.

The crucial point in the proof of Theorem 1.4 is to prove a uniform bound
on the gradient of b,:
|db,| < T
Hence B(o, R) C {z € M,b,(z) < 'R}, and using [7, Proposition 1.14], we
know that
volg{x € M,b,(x) <TR} < C(u,n)I"R™.

1.1.5. Other definitions

DEFINITION 1.6. — A complete Riemannian manifold (M™, g) is said
to be doubling if there is a constant 0 such that
(D) Ve e M,R>0: vol B(xz,2R) < 0vol B(z, R).

DEFINITION 1.7. — A complete Riemannian manifold (M", g) satisfies

the Poincaré inequality if there is a constant y such that for any geodesic
ball B of radius r, we have

(PI) V€ C\(B): / (v — )2 dv, < WQ/B A2 dv,
B
Here and thereafter, for an arbitrary O C M with 0 < vol, O < +o0,

1
Vo = vol O /indvg.

Recall that the heat kernel of (M, g) is the Schwartz kernel of the heat
operator e~*2. Tt is the positive function H: (0, +00) x M x M — R such
that for any f € L?(M,dv,):

(e72f) (@) = y H(t,2,y)f(y) dvg(y).

DEFINITION 1.8. — We say that the heat kernel of (M™, g) satisfies the
Li—Yau estimates if there are positive constants ¢, C such that

(LY) C _d(,y)? < H(f, ) < C o d(ﬂréy)2
—— ——~¢€ ct X 71‘7 X T 45, t
vol B(z, /1) YIS Lol B(z, /1)

TOME 69 (2019), FASCICULE 7



3100 Gilles CARRON

DEFINITION 1.9. — We say that the heat kernel of (M™,g) admits a
Gaussian upper bound if there is a positive constant C' such that
C _ dz,y)?
Ct

vol B(z, ﬁ)e

Remark that if (M, g) has nonnegative Ricci curvature, then the Bishop—
Gromov comparison theorem implies that it is doubling. According to
P. Buser ([6]), (M, g) satisfies the Poincaré inequality (PI) and, according
to a famous result of P. Li and S-T. Yau [42], its heat kernel satisfies the
Li-Yau estimates. Furthermore, the estimates (LY) are equivalent to the
conditions (D and PI) ([29, 51]). Moreover, according to a nice observation
by T. Coulhon ([16]), we note that the lower bound

(GUB) H(t,z,y) <

d(w,y)?

Vt>0,z,yeM: H(t,z,y) >ct e o

yields a Euclidean upper bound on the volume of geodesic balls.

1.1.6. Consequences of Theorem 1.4

THEOREM 1.10. — If (M, g) is a complete Riemannian manifold which
satisfies the conditions of Theorem 1.4, then:
e (M,g) is doubling and satisfies the Poincaré inequality (PI).
e The heat kernel of (M, g) satisfies the Li—Yau estimates (LY).
e Foranype(1,+00), the Riesz transform dA~% : LP(M) — LP(T* M)
is a bounded operator.

Remark 1.11. — According to D. Bakry ([4]), on a complete Riemann-
ian manifold with nonnegative Ricci curvature, the Riesz transform is a
bounded operator on LP for any p € (1, +00).

1.1.7. Gaugeability and the Kato constant

The gaugeability of the Schrédinger operator A — ARic_ is strongly re-
lated to Kato constants. These constants measure the size of the potential
Ric_ relative to A. For a nice introduction to Kato constants, we recom-
mend [34, Chapter 6].

DEFINITION 1.12. — Let G(-,-) be the positive minimal Green kernel
of (M™,g). The Kato constant of Ric_ is defined by

K(Ric_) := sup /M G(z,y) Ric_(y) dvg(y) .

zeM

ANNALES DE L’INSTITUT FOURIER
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DEFINITION 1.13. — Let {H(t,,Y) }(t,0,y)eR. x Mx M be the heat kernel
of (M™,g). The parabolic Kato constant of Ric_ at time T is defined by

Ky (Ric_) = bup/ / H(t,2,y) Ric_ () dv, (y)dt.

zeM
As we have G(z,y) = [~ H(t,z,y)dt, we easily deduce that
lim kr(Ric_) = K(Ric_).

T—+oco

The observation is as follows.

LEMMA 1.14. — Assume that K(Ric_) < 15, and that A > n — 2 is
such that AK(Ric_) < 1. Then, the Schrédinger operator A — ARic_ is
gaugeable with gaugeability constant

~ AK(Ric_)
~ 1—-MK(Ric_)’

The conditions for gaugeabily given in Remark 1.5 imply an estimate of

the Kato constant of Ric_.

1.1.8. Localization at infinity

It is possible to get a slightly weaker result, if we only get a control of
the Ricci curvature outside a compact set.

THEOREM 1.15. — Let (M,g) be a complete Riemannian manifold
which satisfies the Euclidean Sobolev inequality (Sob). Assume that there
is a compact subset K C M such that

. 1
sup [ Glay) Rie () dvy ) < g
seM\K J M\K n
Then,

e there is a constant © such that, for all x € M, R > 0,
éR” < vol B(z,R) < O R".

o (M",g) is doubling,

e its heat kernel satisfies (GUB),

e forn > 4 and p € (1,n), the Riesz transform dA~2: LP(M) —
LP(T*M) is a bounded operator.

TOME 69 (2019), FASCICULE 7
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Remarks 1.16.

e The value ﬁ is not optimal but quite explicit.

e The constant 6 depends on (M, g). It cannot be estimated from the
dimension, the Sobolev constant. Indeed the geometry of (M, g) on
a neighborhood of the compact set K has some influence on this

constant 0.

According to [25], the assumptions of Theorem 1.15 are satisfied by com-
plete Riemannian manifolds satisfying a Euclidean Sobolev inequality, and
such that for some € € (0,1), Ric_ € L3(1=¢) 0 [30+e),

1.2. The case of closed manifolds

Recents papers have emphasized how a control on the Kato constant
of the Ricci curvature can be useful in order to control some geometrical
quantities for closed or complete Riemannian manifolds ([5, 17, 20, 25, 47,
48, 49, 58, 59]). For a closed Riemannian manifold (M, g), we will explain
how the works of Qi S. Zhang and M. Zhu [59], together with some classical
ideas, can be used in order to obtain geometric and topological estimates
based on the Kato constant of the Ricci curvature. Recently C. Rose has
also obtained similar results based on this idea (]48]).

DEFINITION 1.17. — Let (M™,g) be a closed Riemannian manifold of
diameter D. The scale invariant geometric quantity £(M, g) is the smallest
positive real number & such that, for all x € M,

1

D2
€2
H(t Ric_(y)d dt < —.
/0 /M ()m7y) 1C (y) Vg(y) 16n

If T(M,g) > 0 is the largest time, such that kp(Ric_) < 15— then, we have

§(M,g9)\/T(M,g) = D.

For instance if the Ricci curvature is bounded from below, Ricci >
—(n — 1)k?g, then £(M,g) < 4xD. In this case, it is well known that
the geometry of (M™, g) is well controlled by the geometrical quantity xD.
We obtain almost the same results in terms of the new quantity £(M, g).

THEOREM 1.18. — Let (M, g) be a closed Riemannian manifold of di-
mension n and diameter D. Then there is a constant vy,, which depends
only on n, such that

ANNALES DE L’INSTITUT FOURIER
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(1) the first nonzero eigenvalue A, of the Laplacian satisfies

,y;l—f(M»g)

D2
(2) the first Betti number of M satisfies

A2

Bu(M) < b+ E(M, gy O,
In particular, there exists €, > 0 such that if §(M, g) < €, then
b1 (M) < n.
(3) (M, g) is doubling: for any x € M and 0 < R < D/2,
vol B(z, 2R) < v:+¢(M:9) yol B(z, R);

(4) forallt >0 andz e M,
1+¢(M.9)

vol B(z,/t) '

We can get a slight improvement of the previous theorem with a stronger

H(t,z,z) <

control on the Ricci curvature.

PROPOSITION 1.19. — Let (M, g) be a closed Riemannian manifold of
dimension n and diameter D. Let p > 1, and assume that for some T, A > 0,

T
D=2 sup/ H(s,z,y) Ric” (y) dv,ds < AP.
zeM JO

Then (with q the exponent dual to p: pq =p + q),

o 2 q/2}
£(M, g) < «(n, D, A, T, p) .max{ T (1ona) |

Moreover, there is a constant 0, depending only on o(n, D, A, T, p) and n,
such that for any t € M and 0 <r < R< D,
vol B(z, R vol B(x,r
JpEE
A quick comparison between Theorem 1.4 and Theorem 1.18 naturally
leads to the question whether the Euclidean Sobolev inequality is necessary
in Theorem 1.4. According to Qi S. Zhang and M. Zhu in [59], the results
obtained in Theorem 1.18 could be generalized to complete Riemannian
manifold provided one has good approximations of the distance function:
there exists ¢ > 0 such that, for all 0 € M, there exists x,: M — R4
satisfying

< 02

d(o,z)/c < Xo(z) < cd(0, ),
|dX0|2 + ‘AX0| <ec

TOME 69 (2019), FASCICULE 7
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This is a very strong hypothesis. Our proof of Theorem 1.4 and Theo-
rem 1.15 yields a comparison between the level sets of the Green kernel
and geodesic spheres. As a consequence, we prove the existence of such an
approximation of the distance function.

Our estimates on the first Betti number is a generalization of the one ob-
tained by M. Gromov under a lower bound on the Ricci curvature. Accord-
ing to T. Colding [12, 13], one knows that there exists an e(n) > 0 such that
if (M™,g) is a closed n-dimensional manifold with Ric_ diam?(M) < e(n)
and by (M) = n, then M is diffeomorphic to a torus T™. A natural question
is then to ask what can be said on a closed Riemannian manifold satisfying
&(M,g) << 1 and b1 (M) = n. We believe that such a manifold should be
close to a torus T" in the Gromov—Hausdorff topology. In order to say more,
it would need to understand spaces which are Gromov—Hausdorff limits of
Riemannian manifolds (M", g), with (M, g) < E and diam M < D. Note
that our results yield a precompactness result in the Gromov—Hausdorff
topology for these class of spaces. We hope that the results of this paper
will turn out useful to give some answers to a question of G. Tian and J. Vi-
aclosky about critical metrics in higher dimension (see [54, Section 8.2]).

A lower bound on the Ricci curvature also yields some isoperimetric
inequalities. In [10], we have shown that a bound on the Kato constant of
the Ricci curvature yields some isoperimetric inequality.

In the pioneering paper ([27]), S. Gallot proved isoperimetric inequali-
ties, eigenvalue and heat kernel estimates for closed Riemannian manifold
(M™, g), under a control of Ric_ in L? (for p > n/2). It would be interest-
ing to know whether one can directly get a control of the Ricci curvature
in some Kato class from a control of Ric_ in LP (for p > n/2), without
using Gallot’s isoperimetric inequality.

1.3. Localization in a geodesic ball

Our ideas can be adapted to understand the geometry of a geodesic ball
under some stronger control on the Ricci curvature.

THEOREM 1.20. — Let (M™, g) be a Riemannian manifold. Assume that
B(0,3R) C M is a relatively compact geodesic ball. Let p > 1 and let
q :=p/(p —1). The Green kernel for the Laplacian A on B(o,3R) for the
Dirichlet boundary condition is denoted Gsr. Define the constant A by

W= B s [ Ganlag) Rie- (1) dv, o).
z€B(0,3R) J B(0,3R)

ANNALES DE L’INSTITUT FOURIER
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Assume that
(a(n—2)-2)*
(1) for some 6 > 85001=2)
nonnegative on B(o,3R),
(2) the ball B(o,3R) satisfies the Sobolev inequality (Sob) with con-

stant p.

, the operator A — (1 + 6)(n — 2) Ric_ is

Then, there exist constants 0 and 'y, which only depend on n,p,d, A, u

M7 such that for any x € B(o, R) and

and on the volume density Tr

any r € (0, R),
o 57" < vol B(z,r) < 6r",
oV 1/} € CI(B(‘Tv T)): fB(J;’T) (ql)fwB(ac,r))Z dvg < YTQ fB(m,r) ‘d¢|52; dvg .

1.4. Organization of the paper

In the next section, we review and collect some analytical tools which
will be used in the paper. For instance, we describe Agmon’s type volume
estimate which are mainly due to P. Li and J. Wang ([40, 41]). These
estimates will be crucial in the proof of Theorem 1.4. We also prove a
new elliptic estimate based on a variation of the De Giorgi—-Nash—Moser
iteration scheme which will be useful in the proof of Theorem 1.20. The
third section is devoted to the proof of Theorem 1.18. Theorem 1.4 and the
first part of Theorem 1.15 are proved in the fourth section. The last sections
are devoted to the end of the proofs of Theorem 1.15 and Theorem 1.20.
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2. Preliminaries
In this section we review some classical results which will be used

throughout the paper. We consider (M, g) a Riemannian manifold, and
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a measure dm = ®dv, where dv, is the Riemannian measure and ® a
positive Lipschitz function; the LP norm associated with this measure will
be noted |- ||, or ||+ [l p-

2.1. Laplacians
2.1.1.

The Laplacian Ay, or Ag is the differential operator defined by the Green
formula:

voecron: [ avam = [ (Au0)vdn,

It is associated with the quadratic form:

(QF) v CE (M) — gw) = [ Jauf2dm.
M
The geometric Laplacian will be noted A = A; and we have the formula

Amt) = At — (dlog &, du),.

The Friedrichs realization of the operator A, is associated with the
minimal extension of the above quadratic form. We introduce D(q) to be
the completion of C§°(M) with respect to the norm,

¥ = /Ja(¥) +1Y]3-

The domain of the operator Ay, is given by
D (An) ={v e€D(q), 3C such that V o € C7(M): (v, A} < C|lpll2}-

Remarks 2.1.
e If (M, g) is geodesically complete, then

Ap: C (M) — L*(M,dm)

has a unique selfadjoint extension.

e If M is the interior of a compact manifold with boundary M =
X \ 0X and if g and ® have Lipschitz extensions to X then the
Friedrichs realization of the operator Ay, is the Laplacian associated
with the Dirichlet boundary condition.

ANNALES DE L’INSTITUT FOURIER
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2.1.2. Chain rule

When v € C*(M) and f € C*°(R,R), by a direct computation, we have
Anf(©) = f'(v) Awo — f"(v)|dvl;.

In particular if f is nondecreasing, convex and if Ay v < V where V is a

nonnegative function then Ay, f(v) < f/(v) V. By approximation, this can

be generalized to weak solutions and nonsmooth convex functions. Recall
that if v € L], we say that

Apv <V weakly

if for any nonnegative ¢ € C§°(M):
/ vAmgadmg/ Veodm.
M M

Apv <V weakly
if and only if for any nonnegative ¢ € C§°(M) (or ¢ € D(q)):

/(dv,dgp)gdmg/ Vedm.
M M

When v € VVIIO’C2 then

Then it is classical to get the following (where for z € R: z; = max{x,0})

LEMMA 2.2. — Let v € W,22NC° and let V € L}, be such that V > 0
and Anv < V. Then for any o > 1, we get:

-1
Apv§ < aVol .

Ap(v—1)F <aV(v-1)3"

2.1.3. Integration by parts formula

The formula
(2.1) [d(xv)[; = [dx[3v* + (dv, d(x*v))g,
implies the following integration by parts inequality.

LEMMA 2.3. — Let v € W2, and let V € L}.. be a nonnegative func-

loc ’
tion such that:

Anv <V weakly.

Then, for every Lipschitz function y with compact support,

/|d(xv)\§dm</ \dx|_§vzdm+/ x*vV dm.
M M M

TOME 69 (2019), FASCICULE 7
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We would like to make sure that this inequality is also valid for Lips-
chitz functions which are constant at infinity. The notion of parabolicity is
precisely what is needed.

DEFINITION 2.4. — A Borel measure du on a Riemannian manifold is
called parabolic if there is a sequence (x) of smooth functions with com-
pact support such that,

e 0<xk <1,
e x; — 1 uniformly on compact sets,
o limy oo [y, [dxe[Zdu = 0.
Then we have the following refinement of Lemma 2.3.

LEMMA 2.5. — Let v € W;>? and let V € LL _ be a nonnegative func-

loc ’ loc
tion such that

Anv <V weakly.

If the measure v2dm is parabolic then, for every Lipschitz function x which
is constant outside a compact set and such that fM x?vV dm < oo,

/|d(Xv)\§dm</ \dx|§v2dm+/ x?vV dm.
M M M

Remark 2.6. — 1If (M,g) is geodesically complete and if M(r) :=
fB(O " v2 dm satisfies

< pdr

1 M(r)

then the measure v* dm is parabolic (see [31]).

:+Oo

M(r)=0(r?) or

2.2. Sobolev inequalities

DEFINITION 2.7. — We say that a weighted complete Riemannian man-
ifold (M™, g,m) satisfies the Euclidean Sobolev inequality with Sobolev
constant p if

1-2
(Soby, ) Vo eCP(M): p (/MW—"Q dm) < /M|d¢\§dm

We recall here some classical results which hold in the presence of the
Sobolev inequality.

THEOREM 2.8. — Let (M, g,m) be a weighted Riemanian manifold. As-
sume it satisfies the Euclidean Sobolev inequality (Soby,) with Sobolev
constant p. Then there is a positive constant c,, such that the following
properties hold.

ANNALES DE L’INSTITUT FOURIER



GEOMETRIC INEQUALITIES AND RICCI CURVATURE 3109

(1) The heat kernel associated with the Laplacian A, satisfies:

VeeMYt>0: Hy(tz,z) < —2
(ut)
(2) The associated positive minimal Green kernel satisfies:

(a) Va,ye M: Gm(w,y)gi—%m, |
(b) Vae MVt >0: m({y € M;Gu(z,y)>1t}) < (ut) 2.

(¢) Ifa € (0,n/(n—2)) and if Q C M has finite m-measure, then

</ i) < (=) e

) If B(z, 7") C M is a relatively compact geodesic ball in M, and if
v E VVIOC( (z,7)) satisfies

w\:

Apv <0

then, for p > 2, there is a positive constant c,, , such that:

(@) < W /B ) an)

(4) If B(xz,r) C M is a relatively compact geodesic ball in M, then
1

on ),uzr < m(B(z,7)).

Remarks 2.9.

e The upper bound on the heat kernel comes essentially from an adap-
tation in this setting of old ideas of J. Nash ([45]). In fact both
properties are equivalent ([55]).

e The estimate on the heat kernel implies a Gaussian upper bound
for the heat kernel ([21]):

2 z,y
Va,ye M, Vt>0: Hy(t o,y < —2re 5
(ut)2
and the formula
+o0
Gu(z,y) = Hy(t, @, y)dt

0
yields the estimate (2a) on the Green kernel.
e The property (2b) is equivalent to the Sobolev inequality ([7]).
e The elliptic estimate (3) is proved by a classical De Giorgi—Nash—
Moser iteration method. The lower bound (4) on the volume is a

consequence of this elliptic estimate applied to the constant function
1 (see [2, 7]).
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2.3. Schriédinger operators and the Doob transform
2.3.1. Schrodinger operators

Assume that V' € LY. is a nonnegative function such that the quadratic

form

b € CE(M) — gy (¥) == / ()2 — V62 dm,

M
is bounded from below; i.e., there is a constant A such that

VO ECE(M)av(v) > A | vPdm.

With the Friedrichs extension procedure, we get a self-adjoint operator
which will be denoted:
L:=A,—-V.

An easy consequence of the maximum principle, or of its weak formulation,
is that

where Hj, denotes the heat kernel of the operator L.

DEFINITION 2.10. — The operator L is said to be subcritical, if L has
a positive minimal Green kernel G,.

Remark 2.11 ([31]). — The weighted Laplacian is subcritical if and only
if the measure dm is not parabolic in the sense of Definition 2.4. In that case,
we say that the weighted Riemannian manifold (M, g, m) is nonparabolic.

When L is subcritical, we have

Va,ye M: Gp(z,y) < Gp(z,y).

2.3.2. The Doob Transform

Assume that (M, g) is complete noncompact, and that the operator L is
nonnegative,

Ve CP (M) : /M [|[dy[> = Vip*] dm > 0.

Then, the Agmon—Allegretto—Piepenbrink theorem ([1, 26, 44]) implies that
there is a positive function h € VVﬁ)f such that

Lh =0.
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Remark that because V is assumed to be locally bounded, we also have
h € WP for any p < oc.

Using the formula (2.1) and integrating by parts, we get that for any
P € Ce(M):

(2.2) /M [[d(h)|2 — VE*¢?] dm = /M |dy|2h? dm .
Hence the Schrodinger operator L and the Laplacian Ayz2,, are conjugate :

L(hp) = hApzpp1)
and we have:
Hy(t,z,y) = h(z)h(y) Hpzm (t, 2, y).
This conjugacy is called the Doob transform (or Doob h-transform) and it

is the key point in order to get estimates on the Green and heat kernels of
the Schrédinger operator L.

2.3.3. The Kato condition and uniform boundedness in L

The Laplacian A, is sub-Markovian, that is to say,
(2.3) Vt>0,VaxeM: / Hy(t,z,y)dm(y) < 1.
M

An equivalent formulation is that
He_mm ||Loo*)Loo < 1.

We are interested in similar properties for Schrodinger operators. The
nonnegativity of L implies that the semigroup {e_tL } , s uniformly
bounded on L?; but it is not necessarily uniformly bounded on L>. How-
ever the above Doob transform guarantees that if the Schrodinger operator
L has a zero eigenfunction h satisfying

1<h<y,
then the semigroup {e_tL} , is uniformly bounded on L*.
DEFINITION 2.12. — We say that the Schrédinger operator L = Ay, —V,

with nonnegative potential V, is uniformly stable if any of the following
equivalent conditions is satisfied.

(1) sup;~q He_tLHLMHLOO < 00.
(2) sup;~q He_tLHLlHLl < 00.
(3) There is a constant v such that, for allt > 0 and all x € M,

(e_tLl) (z) = /M Hp(t,z,y)dm(y) < 7.
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The equivalences follow from the study of Qi S. Zhang and Z. Zhao ([57],
see also [60]).

DEFINITION 2.13. — Assume that V' > 0 is not identically zero. We say
that the Schrédinger operator L = Ay, — V' is gaugeable with gaugeability
constant v > 1 if any of the following equivalent conditions is satisfied.

(a) There is an h € Wllof such that
Lh=0 and 1< h<7.

(b) L is subcritical, i.e., it has a positive minimal Green kernel G, and
there is a constant y such that

VaeM: /M Gr(z,y)V(y)dm(y) < v —1.

Proof of the equivalences in Definition 2.13. — If we assume that prop-
erty (b) holds, then

hm>:143AJGLu4»vw>mn@>

is a bounded solution of the equation Lh = 0 such that A > 1, hence the
property (a) holds.

If we assume that property (a) holds, the Doob transform implies that L
is nonnegative. We have assumed that V' is not identically zero, hence the
nonnegativity of L implies that A, is subcritical, now the Doob transform
and the fact that h is bounded insure that the operator L is subcritical.
For a relatively compact domain Q C M, we consider the solution of the
Dirichlet boundary problem:

Ath = VhQ on Q,
hg=1 on Of).

Let G(-, ;) denote the Green function of the operator L on 2, with the
Dirichlet boundary condition. Then we have hg = 1 + vg where

mzA@M%mmwmw

The maximum principle implies that

and that Q — hg is increasing, hence we can define

Blo) = i, it
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and we have
h(z) <7,
and
—1—|—/ Gr(z,y)V(y) dm(y).
Hence the property (b) holds. a
THEOREM 2.14 ([57], see also [60]). — Let L be a Schrédinger operator
with nonnegative potential V. The following relations hold.
(a) The gaugeability condition implies the uniform stability condition.
(b) If (M, g,m) is stochastically complete, i.e.,Vt > 0: (e~*Am1) =1,
then the gaugeability condition is equivalent to the uniform stability
condition.

(¢) If the operator Ay, is subcritical and if the Kato constant of V is
smaller than 1,

:—sup/G (z,y)V(y)dm(y) < 1,
then L = Ay, — V is gaugeable

Remark 2.15. — According to [31], (M, g, m) is stochastically complete
provided that there is some o0 € M and some positive constant ¢ such that
for any R > 0:

m (B(o, R)) < e’

Proof of Theorem 2.14. — Let’s explain why under the stochastically
completeness assumption, the uniform stability implies the gaugeability.

The stochastic completeness condition implies that for all z € M, the
function t — [, Hp(t,z,y)dm(y) is nondecreasing. Indeed, the semigroup
property implies that if £,7 > 0 then

[ e e dn) = [ Huto, 2 Hi(r2) dne) dn)

M MxM

Using Hp (7, 2,y) = Huw(7, 2,y) and [, Hw(7, 2,y) dm(y) = 1, one gets:
/HLtJrT:vy)dm /HLtmy)dm()

Hence if the condition (c) is satisfied then we can define

h(x) —sup/ Hy(t,z,y)dm(y) = lim / Hp(t,z,y)dm(y).
t>0 t—+oo M

We have 1 < h < v and for all 7 > 0:
| Hulre i) dmiy) = ho)
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Hence Lh = 0. g
Remark 2.16. — The set
{A 2 0,A,, — AV is gaugeable (resp. uniformly stable)}

is an interval of the type [0,w) or [0,w].

2.3.4. Subcriticality, Green kernel and parabolicity

The subcriticality of a Schrédinger operator L is a strengthening of the
nonnegativity property.

PROPOSITION 2.17 ([60]). — For a Schrédinger operator L with non-
negative potential V', we have the following equivalent properties:
(1) L is subcritical.
(2) There is a non-empty open set Q@ C M and a positive constant
such that

V€ Ce(M): /1/91/)2dm</M [[de2 — Vp*] dm.

(3) For all relatively compact open subset Q0 C M, there is a positive
constant k such that

Ve Cye(M): n/Qdeg/M [[de2 — Vp*] dm.

(4) There is a positive Green kernel for L.

(5) If h € I/Vli)f is a positive solution of the equation Lh = 0, then
(M, g, h®m) is nonparabolic (see Remark 2.11).

(6) If h € W,\? is a positive solution of the equation Lh = 0, then the

loc
operator Ayz2,, has a positive Green kernel.

2.3.5. Elliptic estimates for Schréodinger operators

The Euclidean Sobolev inequality and the gaugeability property imply
good estimates on the Green kernel of the operator L.

THEOREM 2.18. — Let (M, g,m) be a weighted Riemannian manifold
and assume that it satisfies the Euclidean Sobolev inequality (Soby,) with
constant pu. Let L = Ay, —V be a Schrédinger operator with nonnegative
potential V' and assume that L is gaugeable with gaugeability constant -y.
Then there is a positive constant c¢,, such that the following properties hold:
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(1) The heat kernel associated with the Laplacian Ay, satisfies
ey
(uit)?

(2) The associated positive minimal Green kernel satisfies:

Vee MVt>0: Hy(t,z,z) <

n

& T

ﬂ% d”_Q(l‘, y) .

(3) Let B(x,r) C M be a relatively compact geodesic balls in M, and
Assume that v € W,"?(B(x,r)) satisfies

loc

Va,ye M: Gr(x,y) <

Lv <0.

Then, for p > 2 there is a positive constant C(n,p) such that

C(n,p) ,_
)l < o Bn2er [ jup(y) duy).
(Vi) B(a.r)
All these results follow from the Doob transform and the fact that the
new measure dm = h? dm satisfies the Sobolev inequality:

1—2
fiédﬁl) g/ |dep|2din.
M

Ve C (M) py~ w2 (/M |y

2.3.6. Estimate on the gaugeability constant

In [25], B. Devyver has studied conditions under which a nonnegative
Schrédinger operator is gaugeable. One of his results is the following.

THEOREM 2.19. — Let (M™, g,m) be a complete weighted Riemannian
manifold and V € LS. a nonnegative function. Assume that the Schrédinger

operator L = Ay, — V' is strongly positive: there is some § > 0 such that
the operator Ay, — (14 6)V is nonnegative:

V¢eC§°(M):(1+5)/

quzdmg/ |dg|2 dm .
M M

Assume moreover that the Kato constant of V' is small at infinity: there is
a compact subset K C M and some € € (0,1) such that

Vg K: Gu(z,y)V(y)dm(y) <1-—¢,
M\K

then L is gaugeable.

Moreover [24], B. Devyver has shown:
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THEOREM 2.20. — Let (M, g,m) be a weighted Riemannian manifold
and assume that it satisfies the Euclidean Sobolev inequality (Soby,). Let
V € LiS. be a nonnegative function such that

e for some e € (0,1), V € LU*)3
o ket L={veL"*(M.dm): Lv =0} = {0}.

Then, L is gaugeable.

For geometric applications, it is sometimes useful to obtain explicit
bounds on the function A used in the Doob transform. The second hy-
pothesis in Theorem 2.20 is satisfied whenever

/ Vidm < (1—¢)p,
M

and in this case we can follow the argument given in [24] in order to get
an estimate of [|h||« which only depends on n, e, [, V9% dm and
[ V9% dm. The next proposition gives such a local estimate.

PROPOSITION 2.21. — Let (M™, g, m) be a weighted Riemannian mani-
fold and B(x,2R) C M be a relatively compact geodesic ball. Let V € LY,
be a nonnegative function. Assume that for some constant u,6 > 0, p > 1
and A > 0, the following conditions hold.

e The ball B(x,2R) satisfies the Euclidean Sobolev inequality (Sobyy,)

with Sobolev constant p.
e The Schrédinger operator L is strongly positive:

V2 dm < / |dy|2 dm .
B(z,2R)

Ve C° (B(x,2R)) : (1 +5)/

B(z,2R)

e If Gi(z,y) is the Dirichlet Green kernel of the Laplacien Ay, on
B(z, R), then :

RO sp [ GV () dmly) < A7,
2€B(z,R) JB(z,R)

such that

Then there is a constant v depending only onn,p, A, d, %

Rn

the solution of the Dirichlet boundary problem:

Anh—Vh=0 on B(z,R)
h=1 on 0B(z, R)

satisfies
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Proof. — By scaling, we can suppose that R = 1 and let B := B(x,1)
and 2B := B(z,?2).

We first get an integral estimate on v := h — 1. If W**(B) is the closure
of Cg°(B) for the norm % > ||de||2 + [|¢]|2, we have v € W, *(B) and

Apv—Vo=1V,
hence
/ [[dv|? = Vo?] dm:/ Vodm < ||u||oo/ Vdm.
B B B
We let
L = [|v]|0o-

Using the strong positivity and the function
§(y) = min{2 —d(z,y),1},

1
/Vdmg/ Vdemg—/ |d¢|2 dm < m(2B).
B 2B 1+06 Jop 7

Using again the strong positivity and the Sobolev inequality we get:

/J(; 2n2 2 2
1+5(/an dm> 1+5/ |dv|gdm /B[|dv|ngv ] dm.

So that we get

we get

1—2
n n 2B
(2.4) </ vita dm) <28
B po
The function v is a solution of the integral equation:
(25)  u(z) = /BGm(z,y)V / Gon(2,9)V (4)0(y) dm(y).

Let ¢ = p/(p — 1), using Holder inequality and the integral estimate (2c)
in Theorem 2.8, we estimate the first term in the RHS of (2.5)

e ([ ceomo)’ < (20)".

Introducing
I _ A <m(2nB)> nq ’
M 2
we get
(2.6) /BGm(z,y)V(y) dm(y) < L.
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For the second term in the RHS of (2.5), we introduce:

b(z) = /B Gon (2, 4)0(y) dm(y).

Then using again the Holder inequality, we get:

(2.7) /B Gon (22 9)V ()0(y) dm(y)

< ([ Gutzanv e anw) " i)
B
< AL797 (2).
If 8 is such that
2n
n—2
then with o = /(8 — 1) and the integral estimate (2c¢) in Theorem 2.8
we get:

B>gandﬁ>

Q=

Tl= T~

(m(B))= "% o]l

CN ==

<(G=ga=s)

The estimate (2.4) implies that:

Q=

2

(m(2B))= % |[u]|.

lolls < L7 (
o

After a bit of arithmetic, we get that:

(2.8) /B Gon (22 9)V ()0(y) dm(y)

<TL'-wza <m(2ff,)>”qﬁ <” )
(o0)F (n—2a—n

With (2.4) and (2.8), we get

L<I4+CrLr

where k = -2~ L and
n—2qpf
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In order to conclude, we distinguish two cases:

e The first one being when I < % Because the Kato constant of V' is
smaller than I, we know that 1 < h < 2.
e The second case is when I > % The above inequality implies that

L < max{2I, 2% C}.
But
n—2 m” (2B>
ou
and recall that by Theorem 2.8(4), the Sobolev inequality implies
that ™" (2B)
m
only of n and that ¢f ”T_Q > 1, hence there is a constant ¢ such that
C > cI and we get:

27 C = c(n,p, /)17

is bounded from below by a constant which depends

gu=2 m=(2B)

< g T —
L = C(?’L,p,ﬂ)I min{é, 1}/’6

2.4. Kato constants

In this section, we compare the parabolic and elliptic Kato constants.
This comparison already appears in [33]. Let (M™, g,m) be a weighted
Riemannian manifold and V' € L{¥,
we define the elliptic Kato constant

be a nonnegative function. For A > 0

(2.9) K\(V) = H(AMA)AVH
If G\ (2, y) is the Green kernel of the operator (A, + A), then
K)\(V) = sup Gm,)\(x7 y)V<y) dm.

xeM J M
If T > 0, the parabolic Kato constant of V is defined by

(2.10) kp(V) = sup /H (t,z,y)V(y) dvy(y)dt

reM
T
= / e tAmVdt
0

We always have
KO(V) = k+00(V)

and
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LEMMA 2.22. — For any T > 0:

e Tk (V) <Ku (V) < —2

) ——kr (V).

Proof. — We have the relationship:
“+ o0
(A +2N) 'V = / e MemtAmydt,
0
Hence
T
(A + )\)_1 V> / e MemtAmy gy,
0
it is then easy to deduce the lower bound:
e kr(V) <Ky (V).

We also have

) 0o (k+D)T
Am+N)'V =) / e MemtAmy dt
k=0 kT
fe%s) T
_ e—)\kTe—kTAm/ e—)\te—tAdet
k=0 0

Recall that the heat semigroup is sub-Markovian:

—kTAn

||6 Lore S L
hence
o0 T
H(Am A VH < e / e~ tAmy
k=0 0 0
= 1
< Z eiAkT kT(V) = ﬁ kT(V) O

b
I

0

2.5. Agmon’s volume estimate

In this subsection, we review Agmon’s volume estimates. These estimates
are due to S. Agmon [1] and P. Li and J. Wang [40, 41]). We give a slightly
different proof, as well as a new Hardy type estimate (Proposition 2.26).
This new result will be crucial in the proof of Theorem 1.4. The starting
result is the following.
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PROPOSITION 2.23. — Let m be a locally finite positive measure on R, .
Assume that it satisfies the fo]]owjng spectral gap estimate,
(SG) Vel ( ./ Y2 (t) dm(t) < zy%ﬂdmu)

Then, we have the dichotomy:
(1) Either m(Ry) < 400, and m ([R, +00)) = O (e~ "),
(2) Or m(Ry) = 400, and there is some positive constant C such that,
forall R > 1,
m ([0, R]) > CeE.

Remark 2.24. — In the proof, we can always assume that m is a smooth
measure
dm = L(t)dt.
Indeed, let p be a smooth nonnegative function with compact support in
(0,1) which satisfies fo t)dt = 1. Define the family of smooth measures
m. by

m.(f) = / f(r = et)p(t) dm(r)at.

We have that m. converges weakly to m when ¢ — 0+, and each m, satisfies
the spectral gap inequality (SG) with the same constant.

Proof. — Let’s first consider the case where the measure m is parabolic.
This implies that the spectral gap estimate (SG) is valid for any smooth
function with support in R* and constant outside some compact set, in
particular:

m(Ry) < 4o0.

We introduce the cut-off function:

0 ift <1,
) ={t—1 if1<t<2,
1 if2<t

We test the spectral gap estimate (SG) on the function
hmin{t,R}

Vr(t) =&@) e,

and when R > 2, we get the estimate

/wR £) dm(t (R, +o0)) /w

—e"m ([R,400)) < (1+ h)*e¢* m ([1,2]).

Hence
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In the second case, the measure m is nonparabolic and necessarily
m (Ry) = 4o0.

According to the Remark 2.24, we can always assume that m is smooth:
dm = L(t)dt. We introduce the function

g(t):/tooL(zy

The measure m being nonparabolic, we know that g is well defined. More-
over g is a harmonic function for the Laplacian

1 d d

Ap = —L(t)—.
L(t) dt O
Hence the spectral gap estimate (SG) implies that

/R g2(t) dm(t) < +o0

Indeed if we test the spectral gap estimate (SG) on the function

R (s .
t = ift< R
gr(t) = S0 e
0 ift>R
then we get that:
h2 R
o[ gk dm(t) < e+ gn(2),
2
for some constant ¢ independent of R.
Using the Doob transform with the function g (cf the formula 2.2), we
get for any function ¢ € C§° (Rj_):

/ " (Wg))?dm = / T W dmt [ 02g(Lg)dm

0 0 0
- [ @ gan.
0
Hence we get the spectral gap estimate (SG):
N
Vel (RY): i ¥?(1)g” (1) dm(t) < i (1) (t) dm(t).
+ +

The new measure ¢2dm is finite hence we already know that there is a
constant ¢ such that for all R > 0 then,

/OO g>(t) dm(t) < ce™E.
R
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Choosing 9 (t) = £(t — R+ 1), we get

R+1 9 [e%s)
/ (¢))" (t)dm(t) < / g*(t)dm(t) < ce M.

R R—-1

It follows that .
+
/ E < Ceth,
R L(s)

and the Cauchy—Schwarz inequality yields

R+1 ds R+1 .
1< (/R L(s)) </R L(s)ds) <ce ""'m([R,R+1]). 0

Let us now give some consequences of Proposition 2.23. The following
corollary is borrowed from [40].

COROLLARY 2.25. — Let (M, g, m) be a complete weighted Riemannian
manifold. Let K C M be a compact set, U C M \ K be an unbounded
connected component of M \ K satisfying the spectral gap condition,

2
Vel U): Z()/M¢2dm§/M|d¢2dm.

Assume that f: U — R and A\ < Ag satisfy:
Anf <M.
Let h = 2+/A — A\g. We have the dichotomy:

(1) Either f € L? and fu\B(()’R) f?dm = O (e7"7) | when R — +o0.
(2) Or there is some positive constant C' such that for all R > 1:

/ f2 dm > CeE,
UNB(o,R)

Proof. — We test the above spectral gap for radial function

Y(z) = f(d(K,x))
and with the measure

w([0, R]) =m ({z e U, d(z, K) < R}),

we get
h2
Vo elr (RL): — [ fAdu< [ f(1)*dp
4 Jr, Ry
The corollary is then a direct consequence of Proposition 2.23. g

A logarithmic change of variables yields the following consequence for a
Hardy type inequality.
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PROPOSITION 2.26. — Let m be a locally finite positive measure on
[1,00). Assume that the following Hardy type inequality holds,

(V _ 2)2 +o00o 1/J2(t) +o00o
1 v dm(t) < Y"2(t) dm(t).
1 1
Then, we have the dichotomy:

(1) Either [ 921 < oo and

1 t2
T dm(t 1
/ H=o (R”)
R

when R — +00,
(2) or there is some positive constant C such that for all R > 1:

/ dm(t) > CR.
[1,R]

Ve 5 ((1,00)) :

2.6. Asymptotics of the Green kernel
2.6.1. Near the pole

Let L = A, — V be a Schrodinger operator on a weighted smooth Rie-
mannian manifold (M, g, m) of dimension n > 2, with a smooth potential.
If G is a positive solution of the equation

LG =6,

then according to [37, Section 17.4] G has a polyhomogeneous expansion
near o whose first term is

~ Cn

~ d"2(x,0)’

G(z)

where ¢, = ((n —2)vol S"‘l)_l. More precisely, letting r(x) := d(z,0),
there is some function ¢ € C''(M) such that

v
rhT
In particular, defining b: M — Ry by G = ¢,b>~", then b(0) = 0 and

|db|(z) =14 O (d(o,2)).

G:

5 and (o) = cp.

In general if V' is not smooth but only locally bounded, we get that

G(z) ~ dnc2(270)'
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2.6.2. Near infinity

Let (M, g,m) be a nonparabolic weighted Riemannian manifold, with
minimal positive Green kernel G,,. Let o € M and let K be a compact
subset of M containing o in its interior. Then,

/ |de G (0, 2)|* dm(z) < oco.
M\K

Indeed, we can always assume that the boundary of K is smooth. When 2
is a relatively compact open subset of M, containing K, we let G denote
the minimal positive Green kernel of (€, g, m). We know that

. Q N
Q11_>m]\/[ G (0,2) = G (o, )

where the convergence is in C*°(M \ {o}). But the Green formula yields

that
Q

[ 14:68 0,) P dina) = G2(0,2) 29m (5, 2)do(a),
M\K oK oV,

where 7: 0K — T'M is the unit normal inward normal to K. Hence

/ |dy G (0, )|? dm(z) < G (0, x)aG—_,m(o, x)do(x).
M\K

oK 6Vw

We are now interested in the equality case in the above inequality.

PROPOSITION 2.27. — Assume that lim,_,o, G(0,2) = 0 then

(2.11) /M\K |dy G (0, 2)|* dm(z) = G (o, x)aG—m(o, x)do(x).

oK Oy,
Moreover the measure Gy, (0, 2)? dm(x) is parabolic on M \ K.

Proof. — Let £ > 0, our hypothesis implies that the set {z € M,
Gm(o,2) > £} U {o} is compact. Let u be a smooth function on R, such
that |v/| < 2,4 =00n[0,1] and u = 1 on [2, +00). We introduce the cut-off
function defined by:

§e(z) = u(lGm(0,2))
Let € := inf cox Gm (0, ). If Le > 1 then the maximum principle guarantees
the inclusion:

{x,Gm(o,x) < 2} c M\ K.

The Green formula yields:

/’\%@ummmm%mm:/ 148)|? Gon (0, )% dmn(z).
M\K M\K
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If we introduce

2
Qg:{IEM, gGm(O,J?)g[}

1
l
then we get

/ 0|2 G (0, 2)? dm(z) < 402 / 1y G (0, 7)[2 G (0, 2)? dm()
M\K

Qp
< 16/ |de G (0, 2)|* dm(z).
Qp

Hence

lim |d&¢|? G (0, ) dm(z) = 0,
L—~+o0 M\K

and the equality (2.11) holds. Moreover the sequence (&;) satisfies the re-
quired properties of Definition 2.4 which show the parabolicity of the mea-
sure G, (0,2)%2 dm(z) on M \ K. O

With the Doob transform, we have a similar result for Schrédinger op-
erators.

PROPOSITION 2.28. — Let (M, g, m) be a nonparabolic weighted Rie-
mannian manifold, and V a locally bounded nonnegative function. Assume
that the Schrédinger operator L = Ay, — V is gaugeable and that for some
p € M, the Green kernel of L satisfies lim,_,oo Gr(p,x) = 0. Then, the
measure G3 (p,y) dv,(y) is parabolic on M \ B(o,2).

A last but useful property of the Green kernel, is the following very
general Hardy type inequality [8].

PROPOSITION 2.29. — Let (M,g,m) be a nonparabolic weighted
Riemannian manifold of dimension n > 2. If o € M, we let b(x) =
Gm(o,m)_ﬁ, then

4 b2

In fact when G is any positive harmonic function, the above inequality
1
holds for b = G~ »—=.

2.7. Some formulas for the gradient of the Green kernel

The inequality (2.12) below is due to T. Colding and W. Minicozzi ([15,
Corollary 2.13]).
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Let G be a positive harmonic function on a Riemannian manifold (M™, g)
and b:=G 7. Then, for all p > 2=2

—
(2.12) A (G|dbl?) < pRic_ (G|db|P).
This inequality can also be proved from Yau’s inequality [56, Lemma 2]
—1
VIAGI* < = [vaGP.

This inequality classically implies that

n— — 92 n—
(2.13) AJdG|=T — %Ric_ le= )
Define b by G = b>~". Then,

n—2
n—1

n—2 n—2
dG)F=F = (n— 2)7= G |db

n—2
The Doob transform yields that u := |db|™=T satisfies

-2
Ag2u < "7 2 Ric_ .
n—1

According to (2.1.2), we get that for all @ > 1:
n—2

Ric_ u®.
- Rie—u

Agu® <«

Using the Doob transform again, we get Agzu® = G71A (G |db\a%) and
the inequality (2.12) follows.

2.8. An elliptic estimate

In this subsection, we obtain a new estimate for the gradient of a positive
harmonic function; our result is based on a new variation on the De Giorgi—
Nash—Moser iteration scheme.

ProOPOSITION 2.30. — Let (M™,g) be a Riemannian manifold which
satisfies the Euclidean Sobolev inequality (Sob) with Sobolev constant u,
and assume that the Schrédinger operator L = A — Z—:? Ric_ is gaugeable,
with gaugeability constant . Let G: M — R’ be a positive harmonic
function and define b: M — R’ by

1
pn—2 !

G:

TOME 69 (2019), FASCICULE 7



3128 Gilles CARRON

Assume moreover that R > 0 is such that the set Qﬁ = {z € M, g <
b(z) < 3R} is compact and let Qr = {x € M; R < b(z) < 2R}. Then, for
any p > n,

Cl+paprizgtn=2
sup [db]P7" £ e / |dbJP dv, .
Qr pz Re o#

Remark 2.31. — The second hypothesis is satisfied when we have the
following bound on the Kato constant of the Ricci curvature:

K (Ric_) < "2 (11).

n—2 0%

Proof. — We let
n—22

fi=G|db|" T

Yau’s inequality (2.13) implies that

n

Af —

-2
1Ric_ng.

n—
Let h: M — [1,7] be such that Lh = 0. Then the function F' = f/h
satisfies A2 F' < 0 and for all @ > 1 we have:

A2 FC <0.

So that if £ € C§°(Q%), we have:

(2.14) /|d(£Fa)|2h2dvg</ |d¢)? F2h? dv, .
M M

Moreover the Sobolev inequality and the fact that 1 < h < 7 imply that
for [ := ,ufy%_g, we have:

-2
eis) A @) < [ e,

We now define dm = h?dv,, k := L

— R — R
Ry = 2R+ZW and rj, = R—ZW and Qp, = {b € [rg, Ry]}.
=k =k
We are going to use the inequalities (2.14), (2.15) with
&k = pr(b)

where

P L on [rgq1, Reya]
e =
0 outside [ry, R]
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and
, 2k+2
ZARS R
We get
-3 k+2
_2n_ Y L
i (/ (Fo)7s dm> < ﬁ/ |db2F2 dm .
Qp41 Qe
But )
n_ —gn=
Ao = pRot2iss (4) 7
On Q. we have:
<g “2355 Lo (5R\TV?
J <y [ = )
h) h < 2 )
We now introduce

-1
Br+1 = K2ay, and B = 2a + 2"72’
n_

where

By, = K" <ﬁo—nn_1>+nn_1

n—2 n—2
We have proved the estimate:

1-2 gn=l 4 .o 2n—2
nh gk
(2.16) / FP+1 dm <1 <5R) / o dm |
Quir pR 2 o

Hence for p = Z—j Bo, by iteration we get
o
lim / FPre+1 dm < F/ 2o dm,
k—oo Qk+1 Qﬁ

where

o —2
2= 2n—2\ Zup=0" o
r— (161]%22 <52R) ) 4Dt
u

—n

K
lim / FPr+1 dm = sup Fho—ni=
k—oo Qig1 Qr

= sup B (=) =5 = (p—n)(n—1) |db|P—"
Qr

But

> 4~ (P i= (9R) - (P (=D gup | P

R
and .
= c(n)v”mﬁ_%R"(”_Q).
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Moreover

/# F20éo dm = h/fp% b—p(n—l) ‘db|ph,2 dVg
Q

#
QR

2 p(n—1)
<= p .
< <R> /Q# |dbJP dv,
R

Hence after a bit of arithmetic, we obtain:

R

n—1
AP~P 7z T2
sup |dpfp—r < AT / 1dbJ? v, . O
Qr w2 R™ O ’

R

3. Case of closed manifolds

In this section, we elaborate on a recent result of Qi S. Zhang and
M. Zhu [59] in order to obtain geometric and topological estimates based
on the Kato constant of the Ricci curvature.

3.1. A differential inequality

In [59, p. 486], the authors prove the following:

PROPOSITION 3.1. — Let (M™, g) be a complete Riemannian manifold,
let u: [0,T] x M — R be a positive solution of the heat equation,
ou
— 4+ Au =0,
ot 2

and J: [0,T] x M — R an auxiliary positive function. The function
Q = aJ|dlogul® — 9 1ogu

satisfies

0
((’)t + A) Q — 2<d logu,d Q>

0J 5 |dJ|?
< aldlogul? <8t +AJ+ 5| J|

— (2 = 0)aJ|Vdlogul? + daJ|dlogul* .

— 2Ric_ J)
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3.2. Finding a good gauge function

We are now looking for a solution of the equation

51) {6tJ+AJ+"dJ| — 2Ric_ J =0,

J(0,z) =
If we let
[:=J5 or J=153,

the equation is equivalent to

21+ AI =252 Ric_ I,
I1(0,z) =

Using Duhamel’s formula, this equation can be converted into the integral
equation

I(t, x)—1—|—2—/ / H(t—s,z,y) Ric_(y)I(s,y) dvy(y)ds.

Recall the definition of the (parabolic) Kato constant of the function Ric_:

kr(Ric_) = sup / H(t,z,y)Ric_(y) dvy(y)dt
reM

/ “tA Ric_ dt
0

An easy application of the fixed point theorem in L™ ([0,7] x M) yields
that if § € (0,1) and ke (Ric_) < < then the above integral equation has
a unique solution I € L*°([0,T] x M) with

oo

B B .
1< I(tr) <1+ 42 5 kr(Rie-) < A5 kr (Ric_)
Hence, we have proved

LEMMA 3.2. — If§ € (0,1) and kp(Ric_) < 16, then the equation (3.1)
has a unique positive solution J and this solution satisfies:

e~ 4kr(Ric—) J(t,x) < 1.
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3.3. The gradient estimate of Li and Yau

We now assume that M is closed, and we use the gauging function J
given by Lemma 3.2. Let (o, o) be a point where the function ¢Q) reaches
its maximum on [0,7] x M. We get:

0
Q(tiifo) < (at +A> Q —2(dlogu, dQ)

< —(2=0)aJ|Vdlogul|? + ot |dlogul?.
Let o € (0,1) and assume that Q(to,zo) > 0. We get at (¢, xo):

1 s 1 B 2
2 L _1 2 O
|[Vdlogu|® > - (Alogu) - (|d10gu| 5 logu> ,
(3:2) -1 (Q+(lfaJ)\dlogu|2)2,
n
T2
> lQ2 + 7(1 oJ) |dlog u|*.
n n
So that
0< Q(t;”%) (1 _ 2 _Tf)aJtOQ(tmxo))
0

1— 2
+l0—(2— 6)(Om) aJ|dlogul*.
n

Because 0 < J < 1, we have
~(1-aJ)*< —(1-a)*
Assuming that

2

o< —,
n+1

we choose a =1 — ./%7 and get

n
toQ(to, zo) <

(2—08)ad’

1 _
16, we let 0 =

16ky(Ric_) and o = 1 — /2% With these choices, we have

We now make several choices: Assuming that kr(Ric_) <

0] > e TR (1 -4\ nler(Ric ) ) > e Svmir(Ric),
and

(2-d)at =2 <1 — g) o > 2~ 12kr —4y/nkr(Ric).
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Since

+ Vi)

< 8y/nkr(Ric_),

12ky(Ric_) + 4v/nky(Ric_) < 4v/kr(Ric_) <4f

we have shown the following proposition.

PROPOSITION 3.3. — Let (M™,g) be a closed Riemannian manifold.
Assume that, for some T > 0,

kr(Ric_) = sup / H(t,z,y)Ric_(y) dvy(y)dt <

zeM ﬁ

Let u: [0,T] x M — R be a positive solution of the heat equation

ou
20 Ay =
ot + Au = 0.

Then, on [0,T] x M, we have
678\/nkT(Ric,) |d’LL| 1 Bu n 8\/7’LkT(RlC )’
R 815
and )
_o |dul 10u <2

u? uwdt 2

3.4. Heat kernel estimate
Throughout the remaining part of this section, we make the following
general assumptions

(x) (M",g) is a closed Riemannian manifold
with diameter D := diam(M, g).

We define
e T(M,g) to be the largest time 7" such that
1
kr(Ri
(Rie-) < 76,7
e the scale invariant geometric quantity &(M,g) by &2(M,g) x
T(M,g) = D?,

e VUV i= eQn.

For instance, if we have Ricciy > —(n — 1)x%g, then £(M, g) < 4nkD.
Following the arguments of P. Li and S-T. Yau [42], we easily get:
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LEMMA 3.4. — Assume (x). Let u: [0,T(M,g)] x M — R be a positive
solution of the heat equation. For 0 < s <t < T(M,g) and z,y € M,

uls,z) < (t) ult, ),

S

and
t\2 ,d%@w
usia) < (£) e ue)
s
Proof. — The first assertion is a direct consequence of Proposition 3.3,

indeed we have

e 2 [duf* < @ + Zu = t—%2 (t%u)
w S at 2 ot ‘

Concerning the second statement, we introduce v: [0,¢ — s] — M a mini-
mizing geodesic joining y to x and we define

¢(T) = logu (t =T, ,Y(T)) )
so that ¢(0) =logu (t,y) and ¢(t — s) = logu (s, z). We have

. 10u .
P(r) = ot (¥, du)
v -2 |du|2 .
(3.3) v e? . v e2d?(z,y)
< + 13 =
20— 4 - At—s)?
v d?(z,y)

< .
2(t — 1) (t—s)?
Integrating this, we get

u(s, x) . <t> 2 62d2t(f;y) 0

u(t,y) ~ \s

This result leads to heat kernel estimates.

THEOREM 3.5. — Assume (x). There is a constant ¢, such that, for
0<s<t<T(M,g)/2 and y € Bz, 1),
t\? c
H(s,y.y) < <s) volB(?c, NG)
Moreover for any s > T(M,g)/2 and x,y € M, we have:
cgﬁ&(M,g)
H(s,z,y) < sy
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Proof. — We let T = T((M,g) and & = £(M, g). Let v, = 23¢2. Using
Lemma 3.4, we know that if d(z,y) < v/t and t < T/2, then

H(t,z,2) < vy H(2t,2,y) < ¥2H(3t,x, ).
The function ¢t — H (¢, z,z) is nonincreasing, hence
Yy H(tz, ) < H2t 2,y) < voH(t, z, x),
and
Yo tH(tw,2) < H(ty,y) < H(E 2, 2).
Integrating the inequality, H(¢,z,2) < v, H(2t,,y), over y € B(x,\/t)
and using that

/ H(2t,z,y)dv,y(y / H(2t,z,y)dvy(y) =1,
B(z,\?t)

we get
Tn
Ht,z,2) { ———+,
( ) vol B(x, /1)
and, for y € B(z, V1),
3
Tn
H t7 ) S ——F—-
(t:9,9) vol B(z, /1)

The first part of the Lemma 3.4 implies the first assertion.
Concerning the second assertion: let ¢ < T/2 and let y,z € M be such
that d(z,y) < v/t. Then, for any o > 0,

H(o+t,x,y) < vH(o+2tx,z).
Assume now s > T'/2.
If D < \/ﬁ, using t = D? and 0 = s — t, we get for all y,z € M:
H(s,z,y) < vnH(s+t,x,2).
Integrating this inequality over z € M, we get

Yn
H < .
(s,2,y) -~y

Assume now that \/T/2 < D, and let N € N be such (N—-1)y/T/2< D <

N+/T/2, that is to bay

(N-1)<V2<N

Then we can find yo = y,¥y1,...,yn = z with
d(Yi, yi+1) < VT2

The inequalities

H(s+iT/2,z,y;) < voH(s+ (i +1)T/2,2,yi+1), i € {0,...,N — 1}
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yield
H(s,z,y) <ANH(s+ NT/2,z,z2).

Integrating over z € M, we get

AN
H < —2—.
(s,2,9) < 57
Recall that N < 1 + v/26(M, g), the second assertion of Theorem 3.5
follows. U

3.5. Geometric consequences

3.5.1. Eigenvalue estimate

PROPOSITION 3.6. — Assume (x). There is a positive constant ¢,, such
that the first nonzero eigenvalue of the Laplacian on (M, g) satisfies
—1-¢(M,g)
Cn
M

Proof. — We still let £ = £(M,g). Let f: M — R be a L? normalized
eigenfunction associated with Aq:

Af = )\1f and ||fH2 =1.

Then (t,z) — e~ M!f(z) is a solution of the heat equation and according
to the Bochner formula, the function
u(t,z) == e MY df|(z)
satisfies:
ou

5 + Au < Ric_u

Let 7 = min {w, DQ}. The function

U(s,x) = /M H(t — s, z,y)u(s,y) dvy(y)

satisfies

%%(va) = [ H(r—s,z,y) (ZZ +AU) (5,5) dvg(y)

M
< / H(t — s,z,y) Ric_(y)u(s, y) dvy(y).
M
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Hence integrating this inequality, we get:

U(r,z) —U(0,z) = u(r,z) — y H(r,z,y)u(0,y) dvy(y)

< / H(r — s,2,) Ric_ (y)u(s, y) dv,(y)ds.
[0,7]x M

If we let
L= ||df| s,

then using the estimate on the heat kernel Theorem 3.5, we have

1
Lef‘r)\l < —L + H(T,ﬂf,y)u(oay) dvg(y)
M

16n
1 e een€(M.g)
< —L+>—— 0,y)d
16n + vol M Mu( y) dvy(y)
Ly e
<K——L+———==|u
16n vvol M 2
1 cpecr(M.g)
< — L+ —F—V 1.
16n vvol M !
We have to distinguish two cases.
e First case: e ™ < %, ie.,
log(8 ) log(8n)
A= = = D2

e Second case: e ™ > L then we get that

8n’
CnBC”g(M’g) \/Y
v vol M -

As [, [(y)dvy(y) =0, we can find o € M such that f(0) =0 and
then we have for any x € M:

|f(@)]> < |f(x) — fo)]* < L* D*.

L < 16n

Hence
1 < L2 D?vol(M) < 256n2c2 et (M9 p2) O
3.5.2. Sobolev inequality
PROPOSITION 3.7. — Assume (x). There is a constant ¢,, such that we

have the following Sobolev inequality: ¥V ¢ € C*°(M),
‘701%(J\4)||¢H22%2 < e MDD g5 + [|413.
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Proof. — We have already shown that if z € M and ¢ € [0, 7], then

7\ % cpecnt(M.9)
Ht2,7) < (?) vol M
Defining
v\Y 175 cpecns(M.9)
N (276) volM
we can conclude that, for all £ > 0 and x € M,

H(t,z,z)e 7 <Tt 5.

According to N. Varopoulos ([55]), there is a constant ¢ which depends only
on n, such that we have the Sobolev inequality: V ¢ € C*° (M),

2 1
1%, < er® (lauli + 21u13).
If ¢ € C>°(M) is such that [,, ¥(y) dvy(y) = 0 then we have

113 < AT HIdw 3.

But
D2€c"£(]\/[’g)

2 1
cF?f)\fl <ec, 5
T volv M

)

hence

21

D2ecné(M,g)
maX{CFV cl'v =\ 1} < cnei
T

volv M
We finally get that, for all ¢ € C°°( ),

D2 cné(M,g)
———|ldy|3. O
vol M

|

vol M

3.5.3. The doubling condition

PROPOSITION 3.8. — Assume (%). There is a constant ¢, such that if
r€Mand0<r<R<D, then
vol B(z, R) (L+EOLg) vol B(z, r)
Rl/ rv
Proof. — When 0 < s <t < 7 and y € B(x,/t), we have already shown

that 5
t\? Tn
H ) 9 < - =,
(5:99) (8) vol B(z, /1)

Hence, when Q C B(x,/t), we have

t % \/OIQ
A1(Q)s < / H. du < / I dy < < ) Tn
e RS S, Y, X S, Y, X .
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Assuming that
1
vol @ < o— vol B(z, V1),

Tn
one gets
1
-1 (Q)t < =
e <3
Choosing s = In(2)/\1(Q) < t, we obtain()
2 vol

< Y (EA1(2)) Vol B Vi)

Let 0 < r < R < /7, we distinguish two cases.
e First case: vol B(x,r) > ﬁvolB(x,R).

e Second case: vol B(z,7) < z-volB(z, R). In this case, we have
shown that, for all Q C B(x,r),

1 vol Q -
el ey
)\1( ) R2 (nyn VOIB($aR)>

From [7], we know that the following Sobolev inequality holds,

R2
————— |y,
(vol B(z, R))¥

2
v

V4 € C§(B(a,m)): [l <cn

and according to Theorem 2.8, we get the lower bound
vol B(z, R) .

n RU

We have shown that if p = /7, then for all 0 < r < R < p,

vol B(zx,r) < i 1 rY < i 1 rY
————— - >miny —,¢,— ¢ > min{ c,, — p —.
vol B(z, R) 29, "R 2 | B

v

vol B(z,r) > ¢

In fact this local doubling condition implies a global one: we claim that
there is a constant ¢, such that if > 1 and r € (0, p), then

vol B(z, 0r) < Lt vol B(x,r)

This follows for instance from [36, Subsection 2.3] (however look for in-
stance at the hypothesis of [3, Theorem 1.5]). Because we need an explicit
estimate, we explain the proof of that fact.

(D) where Yn is a constant which only depends on the dimension and whose value can
change from one line to another.
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LEMMA 3.9. — Assume that (X,d, p) is a measure metric space which
satisfies the local doubling condition: for some rqg > 0, v > 0 and for all
r € [0,70],

u(B(z,2r)) < yu(B(z,r)).
Then for every 0 > 1 and r € [0, 1]

u(B(z,0r) <y u(B(z,r))

Proof of Lemma 3.9. — By scaling we can assume that ro = 1. Let

R > 0, we have
1 1
B — | = B — .
(wre3)= U 8(ng)

pEB(z,R)
Using Vitali’s covering lemma, we can find a family of pairwise disjoint
balls B(pa, 1/20) such that

B(x,R+1/20) C | JB (pa,1/4).

Hence, using the doubling condition,

p((B (z, R +1/20)) Zu (Pay 1/4))
< V3ZM((B (Pay 1/32)) .
But the balls B (pq, 1/32) are disjoints and included in B (z, R + 55 ); recall
that each p, € B (z, R), hence
W((B (2, R+ 1/20)) < ¥u((B (x, R+ 1/32))
So that if N € N\ {0}:
#((B (2, N)) < y*u((B (z, N — 1/10))
<Y u((B(z,N - 1))
< YN (B (2, 1)). o

End of the proof of Proposition 3.8. —

vol M o 1+2 p¥ vol B(z, p) 1+2£(M,g)volB(:E,p).

Dv S On Dv pl/ Cn pu 0

Note that Proposition 3.8 yields the following global bound on the heat
kernel.
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COROLLARY 3.10. — Assume (x). There is a constant ¢, such that, if
x € M andt > 0, then

C}L+£(M ,9)

H t,x, < ———F-
t,22) vol B(z,/t)

3.5.4. Poincaré inequality

PROPOSITION 3.11. — Assume (x). There is a constant c,, such that any
ball B of radius r < min{D, (T(M, g)/2)?} satisfies the Poincaré inequality:

Vi eC¥(B), [ —¥slly < cnr ],

Furthermore, for any ball B of radius r:

dvg

1+&(M,g)
p | <ty d,

Vi eC>®(B

Proof. — According to the results of L. Saloff-Coste and A. Grigor’yan
[29, 51, 52], we only need to find a positive constant €, such that, for t < 7
and all y € B(z, V1),

€n

vol B(z, /1)

But we already know that if ¢ < 7 and y € B(x, /1), then

< H(t,x,y).

cYH(t,z,y) < H(t,z,2) < ey H(t, x,y).
Hence for all § € (0,1) :
n vol B(z, Vt)H (t,z,y) > vol B(z, Vt)H(t, x, x)

2/ H(t,z,z)dvy(z)

B(z,Vt)

> (6> / H(6t/2,2,2)dvg(2)
2) JBi

_ (g) (1 _ »/M\B(a:,\/f) H(5t2, 2, 2) dvg(z)> .

Our Harnack type estimate (Lemma 3.4) yields that if ¢ € B(x,v/§t) then

H(6t/2,2,2) < CL H(6, &, 2),
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so that we get the estimate:

/ H(5t/2, 2, 2) dvy (=)
M\ B(z,/t)

<c / H(st, ¢, 2) o) dVa(2).
B(a,V/5) x (M\B(2,v7)) vol B(z, V/dt)
Moreover
/ H(3t,€, 2) v, (€) dv,(2)
B(z,V6t)x (M\B(z,V?))

- / H(3t, €, 2) dvy (€) dv, (2).
o1 B Vo) x (B, (k+1)VE)\B(z,k V1))

Assume that A and B are two Borel sets in M, with finite volume, and
such that, for some R > 0 and all (z,y) € A x B, d(z,y) > R > 0. Then,
Davies—Gaffney estimate [22] yields that

2

H(t, &, 2) dvg(€) dvy(z) < \/voly A vol, B e %7 .

AxB

So that when k2 > §, we get

/ H(61,€, 2) dvy(€) dvy(2)
B(2,V8t) x ( B(x,(k+1)vV)\B(z,kv1))

(k=32

<e 5 (vo1B(x,\/<%)XV01B(x,(k+1)\/£))

Nl

Lemma 3.9 implies that
k
vol B(z, (k + 1)V/t) < eonten'ds vol B(z, Vt),

and, one gets

e k+1  (k—=V3)2
a5

H(0t,€, 2) dvy(€) dvy(z) < Y e s
/B(w,\/ﬁ)x(M\B(%\/f)) ! ! I;

We can choose § = §,, to be small enough so that this sum is small enough,
and then we get

cnvol Bz, V) H(t,z,y) > (2”) . O
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3.5.5. First Betti number

PROPOSITION 3.12. — Assume (%). There is a constant ¢, such that
bi(M)<n+1+¢&(M, g)cE(M 9 Moreover there is a constant €, > 0 such
that if £(M, g) < €y, then by (M) < n.

Proof. — This result relies on an improvement of the upper bound on

the heat kernel. We have shown that
Cib+£(M,g)

<

L2— L vvol M

Hence if P is the L?-projection on the vector space of constant function
then

HS*T(M,Q)A _ p’

T(M,g)
o524

_T(M.g) _ T(M,g)
e T A (e . P)

L2— L

_ T(M.g)
(Gl
L2—Le®

o e (%)

Cn —
1 I
2

Ap 2
v'vol M T

vol M
L Te(M.g)
Recall our lower bound on Ay, that T'(M )52 D2 and that
1

1Pl 2ypoe = Jeolil

L2— L~ H
T(M,g)
_7A)

L2—L?

L2—L?

Then
o]

- A
< He T(M,9)A _

o TPl e

L2—Le®

_ 1 +£C7ll+§(M,g)
vvol M

If @ € C°(T* M) satisfies do = d*av = 0, then the Bochner formula implies
that
Ala| < Ric_ |af.

Hence

T(M,g)
lof(z) < (e*T<M’9>A|a|) (z) + /0 (e7*2 Ric_ |a]) (z)ds

- 1+£Cl+£M.‘7)

S Vol M

1+€ 1+€(M,g)

S VNolM

ledl2 + k(a9 (Ric) [ oo

ladllz + 52—

letlloo-

1
16n
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Finally we obtain that for any a € HY(M,g) = {a € C®(T*M): da =
d*a =0}
foll € L LHEM DT
1- & vvol M
The Grothendieck theorem [50, Theorem 5.1] (see also [39, Lemma 11]
or [28, Théoréme 4]) yields that

1+ &(M g)c?ﬁf(M’g))Q

bl(M)—dim’Hl(M,g)gn< 1 1
~ 16n

Then a bit of arithmetic implies the proposition. 0

3.6. Euclidean type estimate
3.6.1. Improvement

We now assume that

T /ks(Ric_
kn(Ric_) < —— and / Vis(Bic) o g
0

(3.4) ;

According to Proposition 3.3, if u: [0,T] x M — Ry is a positive solution
of the heat equation, then

10u _n k;(Ric_)
I G A2 St
uot 2t +Cn t

Hence if 0 < s <t < T, then
t\¥ ac
u(s,x) < <> e ru(t, ).
S
In particular, if 0 < s < ¢t < T and x € M, then the heat kernel satisfies

sTH(s,x,x) < erOtT H(t,z, z).

And looking at the behavior when s — 0+, we get

—AC,

¢ — < H(t,z,x).
t2

Using the upper bound of (3.5), we get that, for 0 < ¢t < 7 and x € M,
AC, CnE(Mvg)
e Cne
H <—5———,
(502,2) S S5~ lnn
and
vol B (x, \/E) < cneAC"t%.

As a consequence we can improve Propositions (3.7) and (3.8).
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PROPOSITION 3.13. — Let (M™,g) be a closed Riemannian manifold,
such that, for some T > 0, the parabolic Kato constant of Ricci_ satis-
fies (3.4). Then,

e The Euclidean Sobolev inequality holds,
V€ C(M): vol & (M) || 2en < e EMOFAD g3 + 3.

2n_
Py

e There is a constant ¢, such that, forx € M and 0 <r < D,

ergn YOLM vl B(z,1) o ic(arg)+a
" Dr rn = '

3.6.2. Conditions insuring the estimate (3.4)

If p>1and T > 0, we assume that I is such that

T

(3.5) (diam M)?P~2 sup / H(s,z,y) Ric” (y)dv,ds < TP.
zeM Jo

Let g =p/(p—1). For 0 < T < T and z € M, using Holder’s inequality,

we get

1

T N T
/ H(s,z,y)Ric_(y)dvyds < T4 (/ H(s,z,y) Ric” dv, ds)
0 0

&)

T = min {T, (16n1) DQ} ,

-

~

Hence for

one gets
1 L ks (Ric_
kr(Ric_) < — and ﬁds < q/(2v/n).
= 16n 0 s
Hence one gets the following
THEOREM 3.14. — Let (M™,g) be a closed Riemannian manifold of

dimension n and let p > 1 and g = p/(p — 1). There is a constant 'y, which
depends only of n, p, such that if (3.5) holds for some 1, and £ is defined by

D
= max { —, (16nl q/Q} ,
¢ = max { . (16u1)
then the following properties hold.
(1) The first nonzero eigenvalue of the Laplacian satisfies

vyt

)\1 D2 )

WV
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(2) bi(M) <y,
(3) forany 0 <r < R< D:
R)

vol B(z, vol B(xz,r
R(n ,Yl-‘rf 51 ) < Y2+£7
T
(4) the Euclidean Sobolev inequality,
2
Ve (M) volt (M), < ¥ D2 + I3

is satisfied.

3.7. Q-curvature and bound on the Kato constant

It turns out that the Q —curvature gives a natural control on the Kato
constant of the Ricci curvature. Recall that when (M, g) is Riemannian
manifold of dimension n > 4, the Q —curvature is defined by:

B 1 2 .12 2
Q, = 3n — 1)AScalg CEDIE |Ricci |[* + ¢, Scaly,

%. Recall that the Paneitz operator describes the

conformal change of the Q-curvature. It is a differential operator of or-
der 4. Recently, M. Gursky and A. Machioldi ([35]) have discovered some
new maximum principles for the Paneitz operator when the Q-curvature
is nonnegative and the scalar curvature is positive. It turns out that these
hypotheses yield a bound on the L? Kato constant of Ric_.

where ¢, =

PROPOSITION 3.15. — Let (M™, g) be a closed Riemannian manifold of
dimension n > 4 such that:

0< Qg and 0 < Scaly < K2/D2.
Then the conclusion of Theorem 3.14 are satisfied for £ = €, K

Proof. — Indeed if T' > 0, as Q, > 0, we get:

.y o
(n—2)? H (s, z,y)|Ricci|“(y)ds dvy(y
(n=2)% Jio,r)xm ( ) "(y)ds dv,(y)
: TA kAT
< m (Scalg(l‘) — (e Scalg) (.Z‘)) + C”ﬁ
1 ,t<;2 /<J4T

< st + tatep
2n—1)D? D1

If we choose T = ¢, D?/k2, one gets

sup/ H(s,x,y)Ric? (y) dv, ds < apk?
zeM
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and
(kr(Ric_))? < anén. 0

3.8. Localization

It follows from ([58, Proof of Theorem 1.1]), that the results of this
section can be localized on a geodesic ball provided one gets a good cut-off
function:

PROPOSITION 3.16. — Let (M™, g) be a closed Riemannian manifold of
dimension n and let B(x, R) C 2 be a geodesic ball included in a relatively
compact open subset €). Assume that there is a smooth function & with
compact support in §) such that £ =1 on B(z, R) and

|dé[* + |AE] < ¢/ R?.

Let Hqy be the heat kernel on 2 with the Dirichlet boundary condition.
Consider the assumptions,

(A) For all x € Q:

/ Hq(s,z,y) Ric_(y) dvy(y)ds < —.
[0,nR2]xQ 161

(B) For somep > 1, A € Ry and for all x € Q:
/ Ha(s,x,y) Ric” (y) dvy(y)ds < AR
[0,mR2]xQ

Under the condition (A) or (B), there is a constant y which depends only
onn,c,m or on n,c,p, A such that

(1) For any z € B(p, R/2) and 0 < t < R? then

H(t,z,z) <

Yy
vol B(x,\/t)
(2) For any x € B(p,R/2) and 0 <r < R/
vol B(z,r) < yvol B
(3) For any x € B(p,R/2) and 0 < r
satisfies the Poincaré inequality:
Ve COO(B(xaT)) , ”¢ - wBHLz(B) <yr ||d¢HL2(B) .

Moreover if the condition (B) is satisfied then, for any x € B(p, R/2) and
0<s<r<R/2

2:
(z,2r)
< R/2, the ball B = B(z,7)

vol B(z, 1) o yvol B(x, s)

< 2
n X S XY Wn-

TOME 69 (2019), FASCICULE 7



3148 Gilles CARRON

4. Volume growth estimate: global results
4.1. The setting

Thourough this section, (M™, g) is a complete manifold with dimension
n > 3. We also assume

(i) that (M™,g) satisfies the Euclidean Sobolev inequality (Sob) with
constant w,

(ii) that there is some 6 > 0 and v > 1 such that the Schrédinger
operator A — (1 + §)(n — 2) Ric_ is gaugeable with gaugeability
constant -.

According to Remark 2.16, we can assume that

(n —2)2 1
-~ _ and ¢
n(3n —4) an < n—2

n—1 1 ] o
<2~ 1) — 2] ——.
2\2n—21+6 and 2(n 1)1+6<(n 2) 1535

We fix 0 € M, and consider the Green kernel with pole at o and the function
b such that

0<d<

so that

G(Oﬂ ZE) =: b(x)n_ga

where we choose the normalization
A,G(o,x) = (n —2) vol S"16,,

so that b(x) ~ d(o, x), near o.
For p < (14 §)(n — 2), we denote the Green kernel of the Schrodinger
operator A — pRic_ by G,,.

4.2. A preliminary result
ProrosiTION 4.1. — With the above notation,

|db|(1+6)("_2)(a:)
W < G45)(n-2)(0,2).
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4.3. Proof of Theorem 1.4, assuming Proposition 4.1

3149

Proof. — The gaugeability of the Schrodinger operator A — (1 + §) x
(n—2) Ric_ and the Sobolev inequality, together with Theorem 2.18 imply

that
cn Y™ 1

puz d(o,z)"2"

N

G(1+46)(n—2)(0,7) <

Let r(x) := d(o, x) so that we have

1
n\ T (-2
(4.1) ‘df)|(x) < (cnz > == 2 11 '

bT+3 () 2 7T (x)

Integrating along a minimizing geodesic joining o and z, we get

1

n\ 1+8)(n—2)

)T < (7 ) (),
NQ

and
b(z) < Tr(z),

1
r— (C”Zn> 5(n—2) .
N?

where

Hence the geodesic ball B(o, R) is included in the sub-level set {b < 'R}

and from Theorem 2.8(2b), we have
vol B(o, R) < T"p~ 72 R".
Remark 4.2. — By the estimate (4.1), we also have ||db]|. < T
In order to prove Proposition 4.1, we need the following lemma.

LEMMA 4.3. — Let 222 < p< (1+6)(n—2) and a > 2. If

|dbfP\*
— ] dvg <oo
M\B(o,1) \b

then
|dblP ()
2(2) < Gplo, ).
Proof of Lemma 4.3. — Indeed by (2.12), we know that
. |dbJP
(A —pRlc,)bn_2 <0 on M\ {o}.
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The function x ll)g@;gg is (A — pRic_)-subharmonic on the ball
B(z,d(o,x)/2). The gaugeability of the operator A — pRic_ and Theo-

rem 2.18(3) imply that if x € M \ {0}, then

e (] (|db|P>“dV :
b =2(x) ~ d(o,z)% B(z.d(ox)/2) \b" 2 7

Hence

According to what we said in Subsection 2.6.1, there is some 7(¢€) such that
lim._,o 7(¢) = 0, and

P
'bib_'Qgi < (1+7(0)Gylo,x) on B(o,e).
The Maximum principle implies then
|dbP () |db[P(z)
< (1+4+7(e))Gp(o,x) + sup on B(o,R) \ B(o,¢).
i) S TG00+ _swp SIS on Blo, )\ Blowe)

Letting € — 0 and R — oo, the Lemma 4.3 is proved. g

The next step is a bound on the log derivative of the Green kernel.

LEMMA 4.4. — For any x € M :

|db|"~2(x)

< .
bn_2($) X Gn—2(07 :C)

Proof of Lemma 4.4. — Let py = 2=2. We have already noticed that

n—1"

/ 14, G0, 2)[2 dv,(z) < o0,
M\B(o,1)

n—1
dplpo\ 2n=2
/ <| n‘—2 ) dvy < oo
M\B(o,1) \ b

According to Lemma 4.3, we have
|db[Pe ()
b—2(z)

Our main tool is the very general Hardy inequality (Proposition 2.29):
v e Cg° (M),

(n—2)* [ |db?

hence

< Gy (0,2).
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The Schrodinger operator A — (14 §)(n — 2) Ric_ is gaugeable hence non-
negative, and we have the following Hardy type inequality, V ¢ € C5°(M),
(n—2)2 ¢ |db|?

4 146 Jy b2

Yrdv, < /M [[d¢|* — (n — 2) Ric_ ¢?] dv,, .

When p € [pg,n — 2], using the function ¢ = ¢ l‘ib,‘z where ¢ is a Lipschitz
function with compact support in M \ {o} one gets

(n—2)2 § |db|2+2p 5 |db|?P
(42) s [ e < [ ek
Assume that for some p € [pg, n — 2], we have
|db|P ()
b"|2Ex) < Gplo, ).

The operator A—p Ric_ being gaugeable, we know that lim,_,., G,(0, ) =
0. Hence the measure G,(0,x)?dv,(x) is parabolic on M \ B(o,1) (see
Proposition 2.28), so that the inequality (4.2) is valid for ¢ a Lipschitz
function that is zero in B(o,1/2) and is equal to 1 outside B(o,1). In
particular, one gets

/ |db|2+2p d
— av, < 00.
M\B(o,1) D?("D J

If p = (1+ p)2=2 one gets

|db|P 203
/ ( n2) dvy < oo
M\B(o,1) \b

and with Lemma 4.3, one gets

|db|P ()
2(2) < Gplo, ).

k
If we letpkz(n—Q)—(Z—j) (n—2—=po) = (14 pr—1) 2=2, our argu-

mentation yields that for all & € N:

|dbP* ()
m § ka (O, .T) § Gn_g(O, .’,U)
Hence letting £ — oo, we obtain the following estimate on the log derivative
of the Green kernel:
b ~2(a)

< .
() S Grn—2(0,1) O
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4.4. Proof of Proposition 4.1

Proof. — We use again the inequality (4.2), for p = (n — 2). This in-
equality is still valid when ¢ is a Lipschitz function that is zero in near o
and is equal to 1 outside a compact set, we use it with

(x) = f(b)
where f: (0,00) — R is a smooth function that is 1 outside a compact set
and 0 near o:

(n—2) ‘db|2n 1) P |db|2(n=1) ,
4 1+5 e 1 (0)dvy < Mm(f'(b)) dvg .

We introduce the measure m on [1, co] defined by

2(n—1)
m([1, R]) :/ &dvg.

2(n—2
1<ber D22

and we get the Hardy type inequality:

B [T S rwann < [T (e an)

for any smooth function f that is 0 near 0 and constant outside a compact
set. Using Proposition 2.26, we get:

<1 |db|?"—2 C
—dm(t) = / ——dv, { ————.
/R t2 R<b p2(n=1) ! R("_2)\/ 1i5’

n—2

T 2(m-1)

/ <db|p)22én7‘2
< 0
M\B(o,1) \0" 72

Our prior restriction on § allows us to choose r = (n — 1)22 15 and p =

Hence for all r < (n — 2) with p = , one gets

1+§ ’

(n —2)(1+9). Then according to the Lemma 4.3, we have proved Propo-
sition 4.1. O

4.5. Proof of Theorem 1.10

In fact, once the Euclidean volume growth has been proved, the prop-
erties in Theorem 1.10 immediately follow. Indeed, (M, g) is doubling and
satisfies the upper (LY) bound

a2 (z,y)
ce 5t

Vt>0,z,ye M: H(t,z,y) < ———.
Y (t.z,y) vol B(z, /1)
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Moreover, according to (Remark 2.16-b), the operator L := A — Ric_ is
gaugeable and its heat kernel satisfies the same upper (LY) bound. Let H
be the heat kernel associated with the Hodge-deRham Laplacian A acting
on 1-forms

A = V*V + Rici.
By domination, we know that

a?(z,y)
ce 5t

vol B(x, /1)
The results and the proof of [19, Theorem 5.5] imply that

e the heat kernel of (M, g) satisfies the (LY) estimates, hence (M, g)
also satisfies the Poincaré inequalities (PI),
e the Riesz transform dA~2 is LP — L? is bounded for every p > 2.

Vt>0,z,y € M: |ﬁ(t,x,y)| < Hp(tyx,y) <

According to [18], the Riesz transform is also LP — LP bounded for every
p € (1,2].

4.6. Localization at infinity

When the Schrodinger operator A — (n — 2)(1 4+ §) Ric_ is gaugeable
outside a compact set, the arguments of the proof of Theorem 1.4 only
lead to an estimate for centered balls.

PROPOSITION 4.5. — Let (M, g) be a complete Riemannian manifold
which satisfies the Euclidean Sobolev inequality (Sob). Assume that there
is a compact subset K C M, some § > 0, and a bounded positive function
h: M\ K — R, such that

Ah—(n—2)1+0)Ric_h=0 and 1< h<H.
Then, for each o € M, there is a constant © such that for all R > 0:
éR” <volB(o,R) < O R".

Remark 4.6. — A priori, the constant 6 in the conclusion may depend
on the point o. Theorem 1.15 gives conditions under which the constant 0
can be chosen uniformly.

Proof. — In the setting of Proposition 4.5, we can always assume that
§ < (n—2)/(n(3n—4)).
We can find W € C§°(M) nonnegative such that the Schrédinger oper-
ator
L:=A4+W—(n—-2)(1+0)Ric_
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is gaugeable. Indeed if h: M — [1/2,27] is an extension of h, then there is
a bounded function ¢ with compact support such that

Ah +gh — (n—2)(1+6)Ric_h =0.

Hence the Schrédinger operator P := A+g—(n—2)(1+0) Ric_ is gaugeable
and by [25, Theorem 3.2], for any nonnegative function V with compact
support, the operator P + V is gaugeable.

We will note G, the Green kernel of the operator L. Let o € M, we still

define
1

bo~*(z)’

Our previous argument can be used to show the following.

G(o,z) =

LEMMA 4.7. — Let p > 0 such that suppW C B(o,p) and (n — 2)/
(n—1)<p<(n—2)(1+0). Assume that

Then,
(1) on M\ B(o,2p):
|dbo|” ()
b ~*(x)
here A = o (I and a = inf e G
where SUPsc0B(0,20) 7 gy A @ = InfucoB(o,2)) (o, x).
(2) If x € M \ {o} then
|dbo|” ()
b ~*(x)
The same argumentation yields that the hypothesis of the lemma is sat-
isfied for p = (n — 2)(1 + 9).

A
< —
X a GL(Ov SC)

|dbo|”(y)

<aon [ eumywin Gt dv .

PROPOSITION 4.8. — Assume that (M,g) is a complete Riemannian
manifold which satisfies the Euclidean Sobolev inequality, and assume that
for some ¢§ > 0, the Schrédinger operator A—(n—2)(1+40) Ric_ is gaugeable
at infinity. Let o € M. There are positive constants ¢, e which depend on
(M, g) and o such that

(1) For all R > 0: vol B(o, R) < cR™.
(2) For any x € M, the Green kernel satisfies

(7 @)H < Gloa)< <d<1))
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(3) If b is defined by
G(o,z) = b(x)*™"

then
|db| < e

5. Volume growth estimate: local results
5.1. Proof of Theorem 1.15

We are going to improve Proposition 4.8 with the result of Proposi-
tion 3.16. We assume that (M, g) is a complete Riemannian manifold which
satisfies the Euclidean Sobolev inequality and that there is some compact
set K such that
1

ic_(y)d < —.
sup [ Gl Bie ) avy ) < g

zEM\K

We know that this estimate on the Kato constant, implies that for every
A < 16n, the Schrodinger operator A — ARic_ is gaugeable on M \ K.
Hence the conclusion of Proposition 4.8 holds.

Let o € M be a fixed point and define r(z) := d(o,z) and b(z) :=
G(o, x)fﬁ. We know that
1
Er(x)

We already know that geodesics balls centered at o are doubling. More-
over according to the lower Euclidean volume estimate of any geodesic ball,
we have

1
|[db] < = and er(z) < b(z) <
€

vol B(o,r(x)) < Cr(z)" < vol B (z,r(x)/4).
This property is called volume comparison by A. Grigor’yan and L. Saloff-
Coste and according to [32, Proposition 4.7], the doubling condition is
satisfied provided there is some p > 0 such that, for every x € M with
r(x) 2 p and any r < r(x)/4,
vol B(x,2r) < 6 vol B(z, r).

Choose p > 0 such that

62
KcB(o-—p).
< (0’ 1000” )

Let x € M be such that r(z) > p. Let R = r(x)/2. One can define {x =

U (%) where u: R — R is a smooth function with compact support in
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[e/4,4¢] such that u = 1 on [¢/2,2¢]. Then we have g = 1 on B(0,2R) \
B(o, R/2) and the support of {g is included in B (0,4¢2R) \ B(o, 1€?R).

Since
1, (b

1 ,(b 1 b
At =o' [ 2)Ab— —u" ) |db|?
Sr= R (R> b= <R) 2]

1, /b [db)? 1 b
_ _ — 1= e /A 2
(n=1)gu (R) b RV (R) bl

there is some constant ¢ (depending only on e and u) such that

|dér? + |AéR| <

and

c
ﬁ.

By construction, we have supp&r C M \ K and g =1 on B(z,r(z)/2).
Hence we can use Proposition 3.16 and get that there is a constant y such
that, for all r € (0,7(z)/4),

vol B(x,2r) < yvol B(z,r) and H(r?, z,z) < m.

We have shown that (M, g) is doubling,.

It remains to show the heat kernel estimate. According to [30], the con-
junction of the doubling property and of the heat kernel estimates, for all

t>0andall z,y € M,

_d%(ay)
5t

Ce
vol B(z,/t)

is equivalent to the so called relative Faber—-Krahn inequality: there are

H(t,z,y) <

positive constants C, 1 such that for any x € M and R > 0 and any open
domain® Q ¢ B(z, R):
2
C vol 2 T
N@o)y> = ( ———— .
r(©y R2 (volB(g;,R))
But our heat kernel estimates for remote balls imply that the above Faber—

Krahn inequality is satisfied for remote balls and the volume estimate and
the Sobolev inequality insure that the above Faber-Krahn inequality is

(2) We have denoted by AP () the lowest eigenvalue of the Dirichlet Laplacian on Q:

o, 1del?

AP@)y= i .
' vec@ [ o2
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satisfied for balls centered at o. By [9, Proof of Theorem 2.4], the relative
Faber-Krahn inequality holds on (M, g).

Once these properties has been shown, the results of [24] imply that when
n > 4, then the Riesz transform is LP bounded for any p € (1,n). a

5.2. Proof of Theorem 1.20
5.2.1. The setting

Our hypothesis and conclusion being invariant by scaling, we assume
R = 1. We consider (M™, g) a Riemannian manifold and B(0,3) C M a
relatively compact geodesic ball. Let p > 1 and ¢ = p/(p — 1). We assume
that there are > 0, 6 > % and A > 0 such that

e the ball B(o, 3) satisfies the Euclidean Sobolev inequality (Sob) with
Sobolev constant i,
e the operator A — (1 + J)(n — 2) Ric_ is nonnegative on B(o, 3),
® SUD,cp(0,3) fB(o,S) G(z,y) Ric_(y)? dvy(y) < AP, where G is the
Green kernel for the Laplacian A with the Dirichlet boundary con-
dition of B(o, 3).
We are going to prove that there is a constant ¥ which depends only on
n,p, o, A, the Sobolev constant p and vol(B(o,3)), such that, for all z €
B(o,1) and all r € (0,1],
vol B(x, r)
—
Our objectif is to get an L*> bound on the gradient of the Dirichlet Green
kernel. Let p € B(o,1) and consider

<9

1
G(p7 .) = bn_Q

the Green kernel of the Laplacian on B(p,1) for the Dirichlet boundary
conditions and with pole at p. We let B := B(p, 1).

5.2.2. L%-estimate

Let v —2 = (n — 2),/%5, the strong positivity and the very general

Hardy inequality yield: V ¢ € C*°(B(o, 1))

—2)2 db|? :
e /Bbz' 2 dvy < /B [l — (n —2) Ric_ ¢*] dv, .
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If € is a Lipschitz function with compact support in B\ {p}, we use the
test function
db|“
b=l
with @ < n — 2. Using the integration by parts formula (2.5) and the
inequality (2.12),

|db|*
bn—2

o W,
Let 2 C B be such that
Q" ={z e M,dz,Q) <r}cC B\{p}
with &(z) := max{1 — d(z,)/r,0}, we get

(v —2)? |db|‘3Z2+2 \db|’3“2
4 o b2 Vo S 3 . p2n—4 7d

Using Holder’s inequality, we get

|db|*

A — (n—2)Ric_ <0

pn—2

we get

|db|a+1% ﬁ 4 % |db|a2 %
A i dvy < (vol Q) 7(1/ — oy o D dv, .

We are going to iterate this inequality: assume Q" C B\ {p} and r =
r1+---+r,and let Kk = Z—j

ar = (n—2)+ K" (ag — (n —2))

and

k-1
v = E K"
i=0

db[2e
/Q p2n—4 dvy

< (vol Q)™

w4 \EEEE o NE e jdpza0 N
(o) 1) (L=

If we choose r/2*2 < r; < r/2" and if we let k& — +oo, we get that
Q" C B\ {p}, then

|db|2n—4

pan—i vol Q".

(5.1) dv, <

(V _ 2)2n74r2n74
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5.2.3. An integral estimate

We now introduce the function

(ldb] — 1)1
w = prn—2 :

We know that ¢ is bounded (see 2.6.1) and satisfies:

(Idb] — 1)1

Ay — (n —2)Ric_ ¢ < (n —2) Ric_ =

Let 7 € (1/2,1) and let £ be a Lipschitz function with compact support in
B. We have

/ |d(&yT)|? dv, :T/ Ay p?T e dy,
B B

1
—&-/B|d§|21/)27dvg+<7_—1)/B|d1/f|2§2 dv, .

A priori, this holds only if £ has compact support in B\ {p}, but because v is
bounded near p, the inequality holds more generally. And for all € € (0, 1):

1
[ aenPay, = -2 [ ewrpay, - (2 1) [ e a,
so that
2 7|2 1 TV|2 1 2,27
[ v Pav, < 2 [ anPav,+ [ g,

And we get

(5.2) (1—T(11__T€))/Bld(§w7)l2dvg

< T/mewgf—lg? dv, + (1 +% (i — 1)) /B €[22 dv, .

According to our assumptions on 4, we can choose 7 € (1/2,1), ¢ € (0,2 —
1/7) such that

0.

2 21 —1—er T
5.3 21— 1< — d = —
(6:3)  2r—l<om—y and k= =T — G >
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Let c:= (1+ 1 (L 1)), we get:

/s/B |d(&yT)| dv,

1—
< (1 - 7(175)> /B ld(Ep™)[2 dvy —7(n — 2)/BRic_ P27E dv,
< T/B [AY — (n — 2) Ric_ ] %?™1¢% dv, +c/B |d¢]2y? dv,,

dbl — 1 27(n—2)—1
< T(n—z)/ Ric_ (1dbi bQT()ntQ) €2 dv, +c/ |d¢2Y?T dvy, .
B B

We now choose

£(z) = max {1 — 2d(p, x), ;} .

Using the L? estimate (5.1), we get

c/ |dE[Py?T dv, < 40/ Y*" dv, < Cvol B(p, 1).
B B(p,1/2)\B(p,1/4)

Let @ = 27(n — 2), the Holder inequality yields

bl — 1 27(n—2)—1
/ Ric_ (Idb] = 1) 2 dv,
B

p27(n—2)

: 27 ¢2 1_% . 52 6
< (/B Ric_y"7¢ dvg) (/B Ric_ devg>

2
<A / Ric_ ?7€2 dv, +A179 / Ric_ &
B B

be dVg

2
|2 1-Q €
< [ )P avy +27 [ Ric i av,.

We now choose A such that 7(n — 2)A = /2, and we get

K V|2 3 §2

— [ d(&yT)|7dvy < C [ Rico 25 dvy+Cvol B(p,1).
Using Holder’s inequality again, we have:

62
/;RIC_ m dVg

N 1
1 » 1 “
N -
< </B RicZ pn—2 dVg> (/B b((?r—l)q+1)(n—2) dVg)

1 27—14+1 , L
< AC <> (vol B)1—2¢+;(2r—1+5) .
I

ANNALES DE L’INSTITUT FOURIER



GEOMETRIC INEQUALITIES AND RICCI CURVATURE 3161

Defining
A (VOIBSO,S)) na ,
‘LLQ
we get
& (vol B(o,3)* \
. VO o, n _or
\/BR,lcf m dVg < cl (u) (VO]B(O, 3))1 2 .

Recall that according to Theorem 2.8-iv, we have
vol B(0,3) > ¢,

hence

2 27—1
. 52 (VOIB(O, 3))E (r=1/2)
Ricc. ———dv, <l | ——m— u™r .
A b2'r(n72) 9 1

Using the very general Hardy inequality:

(=27 [P, .
[ Sz av < [ aenr

one gets

[dbf2(|db| — 1)}
(5.4) /B(p71/4) p2r(n—2)+2 dvg <T,
with

'=c (VOIB(O,S) +1 ((volB(o,3))% /p)2T71 u"(7_1/2)> .

5.2.4. Bound on the gradient

Recall that
1 Cn

< —=
bn=2(x) ~ prd(p,x)n?

Hence, if R < €,u20-2

f = {];’ <bh< ZR} C B(p,1/4).

By the coarea formula, we have

5R/2
/ |db\2dvg:/ (/ |db|) dt
#
Q R/2 b=t

R
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1dbl.
b=t b1

/# |db|? dv, = ¢, R™.
Q

R

and by the Green formula = ¢,,, hence we obtain

Using the inequality xz27("—2) < 227(n—2) (1 + (x— l)iT("_z)), we deduce
that
/ ‘db|2+27—(n_2) dVg < cR™ + CFR2+2T(TL—2)'
oF

Our hypothesis and Proposition 2.21 yield that there is some v depend-
2

ing only on the constants §,n,p,I and (vol B(0,3))™ /u, such that the

Schrodinger operator L = A — Z:f Ric_ is gaugeable on B(p,1) with con-

stant . We let

p = enﬂﬁ
and using Proposition 2.30, we get that for b < p,
(2r-1)(n-2) <~ gr-1)(n—2)
|db| <B

where
2427 (n—2) 221 4n—2

BeT-H(n-2) ._ (1 _|_1-wp(2‘r71)(n72)> gl

7%
5.2.5. Volume upper bound
If d(p, z) < p/B then we have
b(z) < Bd(p,z)
and hence for r < p, we get
< n
vol B(p, ) o vol{b < Br} < By

TTL = Tn

Whereas for p < r < 1, one gets
vol B(p, ) < vol B(o, 3)
rn = pr :

5.2.6. Further consequence

It remains to show how one can get the Poincaré inequalities. It is a
direct consequence of the following proposition which could have been used
in order to prove Theorem 1.10.
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PROPOSITION 5.1. — Assume that B(x,2R) is a relatively compact ge-
odesic ball in a Riemannian manifold, and assume that

e B(z,2R) satisfies the Euclidean Sobolev inequality (Sob) with con-
stant p,

e the Schrodinger operator A — Ric_ is gaugeable on B(x,2R) with
constant ~y.

Then, letting

Az e vol B(z,2R)

pERr
we have the Poincaré type inequality,
V4 € CH(B(z,2R)): / (% — ¥p@,r))” dvg < 7\R2/ |2 dv, .
B(z,R) B(z,2R)

Proof. — Let ¢ € C'(B(z,2R)) and let ¢ be the harmonic extension of
Yly B(.2R) - The Sobolev inequality implies that

(vol B(z,2R))"

(5.5) 1Y — |13 < [ dep — depl|3.

The function |dyp| satisfies
Aldep| < Ric_ |de],

hence with Theorem 2.18(3), one gets

Cn’Yn 2
sup |l (2) < [ agav,.
2€B(z,R) pY2RY | psoR) J

In particular with ¢ = p(z), one gets:

lg —cl3 < R*vol B(z,R) sup |dy|*(2)
z€B(z,R)
vol B(z,2R)
5.6 < cnR%"i’/ dy|? dv, .

The conclusion now follows from the inequalities (5.5) and (5.6) and the
fact that the ratio

vol B(z,2R)/(u"/?R™)
is bounded from below by a constant which depends only on n. 0

In the setting of Subsection (5.2), we have proved that there is a positive
constant 0 such that for all x € B(o,1) and any r € (0,1) then

% < vol B(z,r) < 0r™.
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Note that by monotonicity of r +— vol B(z, 1), the same kind of inequality is
true for all r € (0,2). Using Proposition 5.1, we get that there is a constant
A such that for any = € B(o,1) and any r € (0, 1):

V€ CH(B(z,2r)): /

@y x| (il
B(xz,r

B(x,2r)

A now classical result of D. Jerison ([38, 43]) implies the announced Poincaré
inequalities.

BIBLIOGRAPHY

[1] S. AGMON, “On positivity and decay of solutions of second order elliptic equations
on Riemannian manifolds”, in Methods of functional analysis and theory of elliptic
equations (Naples, 1982), Liguori Editore, 1982, p. 19-52.

[2] K. AKUTAGAWA, “Yamabe metrics of positive scalar curvature and conformally flat
manifolds”, Differ. Geom. Appl. 4 (1994), no. 3, p. 239-258.
[3] P. AuscHER, T. CouLHON, X. T. DUONG & S. HOFMANN, “Riesz transform on

manifolds and heat kernel regularity”, Ann. Sci. Ec. Norm. Supér. 37 (2004), no. 6,
p- 911-957.

[4] D. Bakry, “Etude des Transformations de Riesz dans les variétés Riemanniennes
a courbure de Ricci minorée”, in Séminaire de probabilités XIX, Lecture Notes in
Mathematics, vol. 1247, Springer, 1983, p. 145-174.

[5] J. BRUNING & B. GUNEYSU, “Heat kernel estimates and the relative compactness
of perturbations by potentials”, https://arxiv.org/abs/1606.00651, 2016.

[6] P. BUSER, “A note on the isoperimetric constant”, Ann. Sci. Ec. Norm. Supér. 15
(1982), p. 213-230.

[7] G. CARRON, “Inégalités de Faber-Krahn et conséquences”, in Actes de la table ronde
de géométrie différentielle en I’honneur de M. Berger. (Luminy, 1992), Séminaires
et Congres, vol. 1, Société Mathématique de France, 1996, p. 205-232.

, “Inégalités de Hardy sur les variétés riemaniennes non compactes”, J. Math.
Pures Appl. 76 (1997), no. 10, p. 883-891.

, “Riesz transform on manifolds with quadratic curvature decay”, Rev. Mat.
Iberoam. 33 (2017), no. 3, p. 749-788.

[10] G. CARRON & C. ROSE, “Geometric and spectral estimates based on spectral Ricci
curvature assumptions”, https://arxiv.org/abs/1808.06965, 2018.

[8]
[9)

[11] P. CASTILLON, “An inverse spectral problem on surfaces”, Comment. Math. Helv.
81 (2006), no. 2, p. 271-286.

[12] J. CHEEGER & T. H. COLDING, “On the structure of spaces with Ricci curvature
bounded below. 17, J. Differ. Geom. 46 (1997), no. 3, p. 406-480.

[13] T. H. COLDING, “Ricci curvature and volume convergence”, Ann. Math. 145 (1997),
no. 3, p. 477-501.

, “New monotonicity formulas for Ricci curvature and applications. I”, Acta
Math. 209 (2012), no. 2, p. 229-263.

[15] T. H. CoLpING & W. P. I. MiNICcOzzI, “Ricci curvature and monotonicity for har-
monic functions”, Calc. Var. Partial Differ. Equ. 49 (2014), no. 3-4, p. 1045-1059.

[16] T. CouLHON, “Off-diagonal heat kernel lower bounds without Poincaré”, J. Lond.
Math. Soc. 68 (2003), no. 3, p. 795-816.

14]

ANNALES DE L’INSTITUT FOURIER


https://arxiv.org/abs/1606.00651
https://arxiv.org/abs/1808.06965

17)
18]
[19]
[20]
21]
[22)
23]
[24]
125]

[26]

27)

(28]

29]

(30]

(31]

(32]
(33]
(34]

(35]

(36]

(37]

(38]

GEOMETRIC INEQUALITIES AND RICCI CURVATURE 3165

T. CouLHON, B. DEVYVER & A. SIKORA, “Gaussian heat kernel estimates: from
functions to forms”, https://arxiv.org/abs/1606.02423, 2016.

T. CouLHON & X. T. DUONG, “Riesz transforms for 1 < p < 2”, Trans. Am. Math.
Soc. 351 (1999), no. 3, p. 1151-1169.

, “Riesz transform and related inequalities on non-compact Riemannian
manifolds”, Commun. Pure Appl. Math. 56 (2003), no. 12, p. 1728-1751.

T. CouLHON & Q. S. ZHANG, “Large time behavior of heat kernels on forms”, J.
Differ. Geom. 77 (2007), no. 3, p. 353-384.

E. B. Davies, “Explicit constants for Gaussian upper bounds on heat kernels”, Am.
J. Math. 109 (1987), p. 319-333.

, “Heat kernel bounds, conservation of probability and the Feller property”,
J. Anal. Math. 58 (1992), p. 99-119.

E. B. Davies & B. SiMON, “LP norms of noncritical Schrodinger semigroups”, J.
Funct. Anal. 102 (1991), no. 1, p. 95-115.

B. DEVYVER, “A Gaussian estimate for the heat kernel on differential forms and
application to the Riesz transform”, Math. Ann. 358 (2014), no. 1-2, p. 25-68.

——, “Heat kernel and Riesz transform of Schréodinger operators”, Ann. Inst.
Fourier 69 (2019), no. 2, p. 457-513.

D. FisCHER-COLBRIE & R. SCHOEN, “The structure of complete stable minimal
surfaces in 3-manifolds of non-negative scalar curvature”, Commun. Pure Appl.
Math. 33 (1980), p. 199-211.

S. GALLOT, “Isoperimetric inequalities based on integral norms of Ricci curvature”,
in Colloque Paul Lévy sur les processus stochastiques (Palaiseau, 1987), Astérisque,
vol. 157-158, Société Mathématique de France, 1988, p. 191-216.

S. GALLOT & D. MEYER, “D’un résultat hilbertien a& un principe de comparaison
entre spectres”, Ann. Sci. Ec. Norm. Supér. 21 (1988), no. 4, p. 561-591.

A. A. GRIGOR'YAN, “The heat equation on noncompact Riemannian manifolds”,
Mat. Sb. 182 (1991), no. 1, p. 55-87, translation in Math. USSR, Sb. 72 (1992),
no. 1, p. 47-77.

, “Heat kernel upper bounds on a complete non-compact manifold”, Rev.
Mat. Iberoam. 10 (1994), no. 2, p. 395-452.

, “Analytic and geometric background of recurrence and non-explosion of
the Brownian motion on Riemannian manifolds”, Bull. Am. Math. Soc. 36 (1999),
no. 2, p. 135-249.

A. A. GRIGOR'YAN & L. SALOFF-COSTE, “Stability results for Harnack inequalities”,
Ann. Inst. Fourier 55 (2005), no. 3, p. 825-890.

B. GUNEYSU, “Kato’s inequality and form boundedness of Kato potentials on arbi-
trary Riemannian manifolds”, Proc. Am. Math. Soc. 142 (2014), no. 4, p. 1289-1300.

, Covariant Schrédinger Semigroups on Riemannian Manifolds, Operator
Theory: Advances and Applications, vol. 264, Birkh&user, 2017.

M. J. GURSKY & A. MALCHIODI, “A strong maximum principle for the Paneitz
operator and a non-local flow for the Q-curvature”, J. Eur. Math. Soc. 17 (2015),
no. 9, p. 2137-2173.

W. HEBISCH & L. SALOFF-COSTE, “On the relation between elliptic and parabolic
Harnack inequalities”, Ann. Inst. Fourier 51 (2001), no. 5, p. 1437-1481.

L. HORMANDER, The analysis of linear partial differential operators. III: Pseudo-
differential operators, Grundlehren der Mathematischen Wissenschaften, vol. 274,
Springer, 1985.

D. JERISON, “The Poincaré inequality for vector fields satisfying Hérmander’s con-
dition”, Duke Math. J. 53 (1986), no. 2, p. 503-523.

TOME 69 (2019), FASCICULE 7


https://arxiv.org/abs/1606.02423

3166 Gilles CARRON

[39]
[40]
[41]
[42]
[43]
f44]
[45]
[46]
[47]

(48]

[49]
[50]
[51]
[52]
(53]
[54]
[55]
[56]
[57]

(58]

[59]

[60]

P. L1, “On the Sobolev constant and the p—spectrum of a compact Riemannian
manifold”, Ann. Sci. Ec. Norm. Supér. 13 (1980), no. 4, p. 451-468.

P. L1 & J. WANG, “Complete manifolds with positive spectrum”, J. Differ. Geom.
58 (2001), no. 3, p. 501-534.

, “Weighted poincaré inequality and rigidity of complete manifolds”, Ann.
Sci. Ec. Norm. Supér. 39 (2006), no. 6, p. 921-982.

P. L1 & S. T. YAu, “On the parabolic kernel of the Schrédinger operator”, Acta
Math. 156 (1986), p. 153-201.

P. MAHEUX & L. SALOFF-COSTE, “Analyse sur les boules d’un opérateur sous-
elliptique”, Math. Ann. 303 (1995), no. 4, p. 713-740.

W. F. Moss & J. PIEPENBRINK, “Positive solutions of elliptic equations”, Pac. J.
Math. 75 (1978), p. 219-226.

J. F. NaAsH, “Continuity of solutions of parabolic and elliptic equations”, Am. J.
Math. 80 (1958), p. 931-954.

L. N1, “The entropy formula for linear heat equation”, J. Geom. Anal. 14 (2004),
no. 1, p. 85-98.

C. RoOsE, “Heat kernel upper bound on Riemannian manifolds with locally uniform
Ricci curvature integral bounds”, J. Geom. Anal. 27 (2017), no. 2, p. 1737-1750.

, “Li—Yau gradient estimate for compact manifolds with negative part of
Ricci curvature in the Kato class”, Ann. Global Anal. Geom. 55 (2019), no. 3,
p. 443-449.

C. Rose & P. StoLLMANN, “The Kato class on compact manifolds with integral
bounds of Ricci curvature”, Proc. Am. Math. Soc. 145 (2017), no. 5, p. 2199-2210.

W. RuUDIN, Functional analysis, McGraw-Hill Series in Higher Mathematics,
McGraw-Hill Book Co., 1973.

L. SALOFF-COSTE, “A note on Poincaré, Sobolev and Harnack inequalities”, Int.
Math. Res. Not. 1992 (1992), no. 2, p. 27-38.

, Aspects of Sobolev-Type Inequalities, London Mathematical Society Lec-
ture Note Series, vol. 289, Cambridge University Press, 2002.

G. TiAN & J. VIACLOVSKY, “Bach-flat asymptotically locally Euclidean metrics”,
Invent. Math. 160 (2005), no. 2, p. 357-415.

, “Moduli spaces of critical Riemannian metrics in dimension four”, Adv.
Math. 196 (2005), no. 2, p. 346-372.

N. T. VAROPOULOS, “Hardy Littlewood theory for semigroups”, J. Funct. Anal. 63
(1985), p. 240-260.

S. T. Yau, “Harmonic functions on complete Riemannian manifolds”, Commun.
Pure Appl. Math. 28 (1975), p. 201-228.

Q. S. ZHANG & Z. ZHAO, “Estimates of global bounds for some Schrédinger heat
kernels on manifolds”, IIl. J. Math. 44 (1990), no. 3, p. 556-573.

Q. S. ZuanNG & M. Zuu, “Li-Yau gradient bound for collapsing manifolds under
integral curvature condition”, Proc. Am. Math. Soc. 145 (2017), no. 7, p. 3117-
3126.

, “Li-Yau gradient bounds under nearly optimal curvature conditions”, J.
Funct. Anal. 275 (2018), no. 2, p. 478-515.

7. ZHAO, “Subcriticality, positivity and gaugeability of the Schrédinger operator”,
Bull. Am. Math. Soc. 23 (1990), no. 2, p. 513-517.

ANNALES DE L’INSTITUT FOURIER



GEOMETRIC INEQUALITIES AND RICCI CURVATURE 3167

Gilles CARRON

Laboratoire de Mathématiques Jean Leray (UMR
6629), Université de Nantes, CNRS

Ecole Centrale de Nantes

2 rue de la Houssiniere

B.P. 92208

44322 Nantes Cedex 3 (France)

gilles.carron@univ-nantes.fr

TOME 69 (2019), FASCICULE 7


mailto:gilles.carron@univ-nantes.fr

	1. Introduction
	1.1. Volume growth
	1.1.1. Motivation
	1.1.2. Definitions
	1.1.3. Main result
	1.1.4. Overview of the proof (see Section 4 for more details)
	1.1.5. Other definitions
	1.1.6. Consequences of Theorem 1.4
	1.1.7. Gaugeability and the Kato constant
	1.1.8. Localization at infinity

	1.2. The case of closed manifolds
	1.3. Localization in a geodesic ball
	1.4. Organization of the paper
	Acknowledgments

	2. Preliminaries
	2.1. Laplacians
	2.1.1. 
	2.1.2. Chain rule
	2.1.3. Integration by parts formula

	2.2. Sobolev inequalities
	2.3. Schrödinger operators and the Doob transform
	2.3.1. Schrödinger operators
	2.3.2. The Doob Transform
	2.3.3. The Kato condition and uniform boundedness in L infty 
	2.3.4. Subcriticality, Green kernel and parabolicity
	2.3.5. Elliptic estimates for Schrödinger operators
	2.3.6. Estimate on the gaugeability constant

	2.4. Kato constants
	2.5. Agmon's volume estimate
	2.6. Asymptotics of the Green kernel
	2.6.1. Near the pole
	2.6.2. Near infinity

	2.7. Some formulas for the gradient of the Green kernel
	2.8. An elliptic estimate

	3. Case of closed manifolds
	3.1. A differential inequality
	3.2. Finding a good gauge function
	3.3. The gradient estimate of Li and Yau
	3.4. Heat kernel estimate
	3.5. Geometric consequences
	3.5.1. Eigenvalue estimate
	3.5.2. Sobolev inequality
	3.5.3. The doubling condition
	3.5.4. Poincaré inequality
	3.5.5. First Betti number

	3.6. Euclidean type estimate
	3.6.1. Improvement
	3.6.2. Conditions insuring the estimate (3.4)

	3.7. Q-curvature and bound on the Kato constant
	3.8. Localization

	4. Volume growth estimate: global results
	4.1. The setting
	4.2. A preliminary result
	4.3. Proof of Theorem 1.4, assuming Proposition 4.1
	4.4. Proof of Proposition 4.1
	4.5. Proof of Theorem 1.10
	4.6. Localization at infinity

	5. Volume growth estimate: local results
	5.1. Proof of Theorem 1.15
	5.2. Proof of Theorem 1.20
	5.2.1. The setting
	5.2.2. L2-estimate
	5.2.3. An integral estimate
	5.2.4. Bound on the gradient
	5.2.5. Volume upper bound
	5.2.6. Further consequence


	Bibliography

