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AN ANALOGUE OF DUBROVIN’S CONJECTURE

by Fumihiko SANDA & Yota SHAMOTO

ABSTRACT. — We propose an analogue of Dubrovin’s conjecture for the case
where Fano manifolds have quantum connections of exponential type. It includes
the case where the quantum cohomology rings are not necessarily semisimple. The
conjecture is described as an isomorphism of two linear algebraic structures, which
we call “mutation systems”. Given such a Fano manifold X, one of the structures
is given by the Stokes structure of the quantum connection of X, and the other
is given by a semiorthogonal decomposition of the derived category of coherent
sheaves on X. We also prove the conjecture for a class of smooth Fano complete
intersections in a projective space.

RESUME. — Nous proposons un analogue de la conjecture de Dubrovin pour
le cas ou les variétés de Fano ont des connexions quantiques de type exponen-
tiel. Cela inclut le cas ou les cohomologies quantiques ne sont pas nécessairement
semi-simples. La conjecture est décrite comme un isomorphisme de structures algé-
briques linéaires, que nous appelons systémes de mutation. Etant donné une telle
variété de Fano X, 'une des structures est donnée par la structure de Stokes de
la connexion quantique de X, et ’autre est donnée par une décomposition semi-
orthogonale de la catégorie dérivées des faisceaux cohérents sur X. De plus, nous
prouvons la conjecture pour une classe d’intersections compleétes lisses de Fano
dans un espace projectif.

1. Introduction

The purpose of this paper is to propose an analogue of Dubrovin’s con-
jecture [15] in a more general setting. We shall firstly recall the original
conjecture of Dubrovin in Section 1.1. We also review Gamma conjecture
of Galkin—Golyshev-TIritani [17], [18] in Section 1.2 since their result plays
a key role in this paper. Then we explain the outline of the formulation
and the main result in Section 1.3-1.6.

Keywords: mirror symmetry, Fano manifolds, quantum cohomologies, Stokes matrix.
2020 Mathematics Subject Classification: 14J33.



622 Fumihiko SANDA & Yota SHAMOTO

1.1. Dubrovin’s conjecture

Let X be a Fano manifold. B. Dubrovin predicted some relations between
the derived category D?(X) of bounded complexes of coherent sheaves on
X and the quantum cohomology ring of X. More precisely, he conjectured
that D®(X) has a full exceptional collection if and only if the quantum
cohomology ring of X is (generically) semisimple. This conjecture is proved
for many examples [2], [9], [10], [19], [22], [40], etc.

In the case where these two conjecturally equivalent conditions hold, he
also predicted a relationship between full exceptional collections of D?(X)
and the quantum connection associated to the quantum cup product. To be
more precise, let us roughly recall the definition of the quantum connection.
For simplicity, we take the quantum parameter 7 to be 0.

Let Hx := H*(X)®Oc, be the trivial (Z/2Z-graded) O¢_-module. Here,
C, denotes the complex plane whose coordinate function is z, and Oc,
denotes the sheaf of algebraic functions on C,. The quantum connection
V:Hx — Hx © Q. (log{0}) ® Oc, ({0}) is defined by

vimd- (L) -n) L,

z

where ¢ (X) is the first Chern class of X, g is the quantum cup product
with respect to the quantum parameter 7 = 0, and p is the grading operator
(see Definition 3.1 for details).

The quantum connection has a regular singularity at z = oo, and an ir-
regular singularity at z = 0. If the quantum cohomology ring is semisimple,
we have a matrix called a Stokes matrix. We consider the following form
of Dubrovin’s conjecture:

CONJECTURE 1.1. — If the quantum cohomology ring of X is semisim-
ple, then there exists a full exceptional collection Ej,...,E,, of D*(X)
such that the Stokes matrix of (Hx,V) at z = 0 is equal to the matrix
(X(Ei, Ej))i,;, where x(E,F) := Y, (—1)*dimHom(E, F[k]) for objects
E,F € D*(X).

Conjecture 1.1 has been proved for some X with semisimple quantum
cohomology rings [13], [21], [29], [54], [55], etc.

1.2. Gamma conjectures

Gamma conjecture IT proposed by Galkin—Golyshev—Iritani [17] refines
Conjecture 1.1. The conjecture is described as a coincidence of two kinds
of cohomology classes of X: Asymptotic classes and Gamma classes.
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AN ANALOGUE OF DUBROVIN’S CONJECTURE 623

Let C'x be the set of eigenvalues of the linear operator ¢; (X ) on H*(X).
Fix a real number 6, (for simplicity of notation, we assume 0 < 0, <
27). We assume that 6, is generic with respect to —Cx in a certain sense
(see Section 2.1). Then we have an ordering 79, : —Cx — {1,...,m}. If
the quantum cohomology ring of X is semisimple, the space of solutions
on the sector {z||argz — 0| < 7/2 + ¢} with sufficiently small ¢ > 0
have a basis (y;)7 ;. The basis (y;)7, is characterized by their asymptotic
growth as z — 0, and y; corresponds to exp(c;/z) where ¢; = Ta_ol(i).
Since the fundamental solution at infinity identifies this space of solutions
with H*(X) (see Proposition 3.3 or [17, Proposition 2.3.1]), the basis (y;);
gives a basis (4;)7", of H*(X). The classes A; are called asymptotic classes
(see [17, §4.5] for more precise).

The Gamma class [26], [30], [36] of X is defined by

dim X

Ix:= [] ra+4;)
j=1

where d1,...,dqim x are the Chern roots of the tangent bundle of X and
I'(x) is the Gamma function. Gamma conjecture II states that there exists
a full exceptional collection Ej, ..., E,, of D*(X) such that

A; = T'x Ch(E))

for all 4 (under the semisimplicity of the quantum cohomology ring and the
existence of at least one full exceptional collection of D’(X)).
This conjecture refines Conjecture 1.1 in the following sense. Let

[, )x H'(X)®H*(X)—C

be a non-symmetric linear map defined by

1 i —7i
la,8)x = W/Xem“e xaUp

where p, is the cup product ¢;(X)U. Then, on the one hand, the Stokes
matrix coincides with ([4;, A;)x )i ;. On the other hand, we have

X(E;i, Ej) = [fx Ch(E;),T'x Ch(Ej)) -

1.3. Mutation systems

The goal of this paper is to give an analogue of Conjecture 1.1 in the case
where the quantum cohomology ring is not necessarily semisimple. To do
this, we introduce a notion of mutation systems. For a finite dimensional
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624 Fumihiko SANDA & Yota SHAMOTO

vector space V over a field k, we call a pairing [-,-) : V®V — k of V non-
degenerate if the induced map V 3 v — (w — [v,w)) € VY = Hom(V, k) is
isomorphic. We often assume non-degenerateness of the pairings without a
mention.

A mutation system is a tuple of a (finite dimensional) vector space V'
with a pairing [-,-), a family of vector spaces with pairings (V_, [+, )¢)eccc
indexed by C, a bijection 7 : C — {1,...,m}, and an isomorphism of
vector spaces f : @, V. = V with some conditions (see Definition 2.30 for
details).

Mutation systems admit a kind of mutation, that is, we have a series of
functors between categories of mutation systems with braid relations.

In the case where dimV, = 1 for all ¢ € C, similar structure has been
investigated in various contexts [3], [17], [34], [43], [56].

1.4. A-mutation systems

We can construct a mutation system from the quantum connection of X
under an assumption (Assumption 3.3). The construction has the following
steps.

(1) Apply the Riemann—Hilbert correspondence [38], [51] for the quan-
tum connection (around z = 0), we get a local system on S' with
a filtration called a Stokes filtration. We use the assumption here.
(2) A reformulation of Stokes data by Hertling and Sabbah [23] gives
a mutation system (we also use the Poincaré pairing on H*(X)).
Here, we need to fix a real number 6, with a genericity condition.
We give this reformulation in Section 2.
(3) By using the fundamental solution at z = oo, the vector space V
with a pairing [-,-) underlying the mutation system constructed
in (2) is identified with (H*(X),[-,")x)-
The resulting mutation system is called an A-mutation system. Each step is
closely related to the construction of asymptotic classes in the semisimple
case. Although the resulting mutation system depends on the choice of 6,,
they are all equivalent by mutations.

1.5. B-mutation systems
We can construct a mutation system for a semiorthogonal decomposi-

tion of D’(X) (see, for example, [32, Definition 2.3] for the definition of

ANNALES DE L’INSTITUT FOURIER



AN ANALOGUE OF DUBROVIN’S CONJECTURE 625

semiorthogonal decompositions). Put HHy,(X) := @, _,_, HI(X, Q%) and
HHe(X) := @),z HHi(X). We have a pairing [-,-)x defined by
[a, B)x := Wﬁ /X e W (o) U B,

where W(a) = iP*a for a € HI(X, Q%) (cf. [7], [44], [46], [47], [52]). Let
D*(X) = (Ay,...,Am) be a semiorthogonal decomposition. Then, by us-
ing a theorem of Kuznetsov [32], [33], we can define the subspace HHq(A;)
of HH4(X), which we call the Hochschild homology of A; (cf. [7], [32],
[45], [52]). They satisfies HHq(X) = @, HHq(A;). Roughly speaking, this
decomposition defines a mutation system, which we call a B-mutation sys-
tem. The braid group action on the set of semiorthogonal decompositions
of D?(X) is compatible with the mutation on the B-mutation systems.

1.6. The formulation of the analogue and the main theorem

Using the Gamma class, we define an isomorphism
I':HH,(X) = H*(X)

with [o, B)x = [['(«),['(8))x. We define an analogue of Dubrovin’s con-
jecture by the existence of a semiorthogonal decomposition such that the
B-mutation system for the semiorthogonal decomposition is isomorphic to
the A-mutation system via I'. We call the analogue “Dubrovin type conjec-
ture”. For more precise, see Definition 5.2. In the case where the quantum
cohomology ring is semisimple, Gamma conjecture IT implies this conjec-
ture.

The main result of this paper is to give a class of examples such that this
Dubrovin type conjecture holds. More precisely, we have the following.

THEOREM 1.2 (Theorem 7.9). — Let X be a smooth Fano complete
intersection in a projective space. If Fano index of X is larger than 1, then
X satisfies Dubrovin type conjecture.

1.7. Plan of the paper
In Section 2, we introduce the notion of mutation systems, and define
the mutation on mutation systems. We also relate it with Stokes filtered

local systems, and recall some general facts on the Riemann—Hilbert cor-
respondence for meromorphic connections on a germ of complex plane at
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626 Fumihiko SANDA & Yota SHAMOTO

the origin. In Section 3, we give a definition of A-mutation systems. In
Section 4, we give a definition of B-mutation systems. In Section 5, we
formulate an analogue of Dubrovin’s conjecture, which we call “Dubrovin
type conjecture”. In Section 6, we show some properties, which are used
to prove the main theorem, of quantum connections of Fano manifolds. In
Section 7, we show the main theorem, that is, we give a class of examples
which satisfies Dubrovin type conjecture.

2. Preliminary
2.1. Stokes filtrations and Stokes data

Recall the definition of Stokes filtrations on local systems over S' =
{t € C||t| = 1} in the sense of [23] (see also [51]). Let k be a field. Let
Locg, := Locg(S!) denote the category of (finite rank) k-local systems on
S1. We identify S* with R/277Z in the standard way and denote them
simply by S' = R/27nZ. For § € S' = R/27Z, let <g be the partial order
on C defined by the following relation:

(2.1) c<od & Re ) <Re ) or c=C.
We also set ¢ <y ¢’ if and only if ¢ <g ¢’ and ¢ # .

DEFINITION 2.1 ([23, 2.a]). — Let £ be a k-local system on S'. A
family 2, of subsheaves Z¢. C £ (c € C) is called a Stokes filtration if
the following conditions are satisfied:

(1) For each 0, the germs form an exhaustive increasing filtration of %y
with respect to the order defined by the equation (2.1) above.

(2) Set Lecp := Y oo L<e 0. It defines a subsheaf L. in £. The
second condition is that the sheaves gr..¢ = L./ ZL<. are in
Lock(S1).

(3) Set gr.Z := @_.gr..Z. It has a natural filtration given by

(grec)o = @ gr.Ly.
c’<gc

The last condition is that near any point § € S, there are local

isomorphisms 1 : & = gr¥ such that n(%<.) C grZ. for all

c € C, and that the induced graded morphism is identity.
We call the pair (£, .%,) a Stokes filtered local system. Let (£, £%) be
two Stokes filtered local systems (i = 0,1). A morphism of local systems
A LY — £ s called a morphism of Stokes filtered local systems if it
preserves Stokes filtrations, i.e. /\.ZgoC - féc for all ¢ € C.

ANNALES DE L’INSTITUT FOURIER



AN ANALOGUE OF DUBROVIN’S CONJECTURE 627

For example, we define a Stokes filtration on kg1 by ksi<9p = 0 and
ksi<oo = kg1 for all § € S1. For two Stokes structures (£, £} (i = 0,1),
the tensor product £° ® £ is equipped with a natural Stokes filtration
by

(2.2) (L°® L)< = Z L2u0p® Lo p-

cO+cl<pe

Let ¢ be a involution on S! = R/27Z defined by 1(§) = 0 + 7. If (£, L)
is a Stokes structure, ;=% has a natural Stokes filtration by

(2.3) (17 L) <o = Le—cpin (c€T, B SY.

The graded quotient gr,(:~1.%) is naturally identified with :~1gr_..# ([23,
§3.a]). The dual local system £V = #om(Z, ks:) also has a natural
filtration defined by

(2.4) (ZY)<e = (Lemo)®

where (Z-.)* consists of local morphisms . — kg1 which send .2~ to 0.
The graded quotient gr.(£Y) is naturally identified with (gr_..#)Y. Hence

D.Z = 171.#"V has natural Stokes filtration by

(&

(2.5) DL)<e = (Lecpin)™ (c€C,0€SY),

whose graded quotient gr,(D.%) is naturally identified with D(gr,.%).

The category of Stokes filtered local systems on S!' defined above is
denoted by Stg(S!). In this paper we only consider Stokes filtered local
systems on S'. We abbreviate S' and simply denote it by Sty. For each
(L, %) € Stg, the set {c € C|gr,Z # 0} is called exponents of (.Z,.Z,).
For a finite subset C' in C, Stg denote the full subcategory of Stokes fil-
tered local systems whose exponents are contained in C'. We remark that
D defines a contravariant functor from St§ to itself.

For two distinct points ¢ # ¢ in C, the Stokes direction of the pair is
the set of points 6 in S* such that R(e~¥(c — ¢’)) = 0. For a finite set
C C C, an open interval I C R is called C-good if the image in R/27Z of
I contains exactly one Stokes direction for each pair ¢ # ¢ in C. We put
Iy, := 10, — 5 —¢€,0,+ 5 +¢f for fixed , € R where ¢ is a sufficiently small
positive number. If Iy, is C-good for sufficiently small € > 0, 6, is called
C-generic. It is equivalent to the condition that 8, + 7/2 is not the Stokes
direction of any pair ¢ # ¢’ in C.

TOME 70 (2020), FASCICULE 2



628 Fumihiko SANDA & Yota SHAMOTO

PROPOSITION 2.2 ([23, Proposition 2.2]).

(1) On any C-good open interval I C R, there exists a unique splitting
2L = grZ|iy compatible with the Stokes filtrations where
[I] is the image of I in R/27Z.

(2) Let \ : (&, %) = (£',Z]) be a morphism in St§. Then, for
any C-good open interval I C R, the restriction A|;; is graded
with respect to the splittings in (1). In other words, the induced
morphism A : gr..f — gr.,.Z is zero for any pair ¢ # ¢ in C.

Let Repy (k) be the category of finite dimensional representations of the
fundamental group 7 (S*) ~ Z over k. This category is considered as the
category of pairs (V,T) of a finite dimensional k-vector space V' and an
automorphism 7 on V. Let C be a finite set and 7: C = {1,2,...,m} be
a bijection.

DEFINITION 2.3. — Let (V,T) be an object in Rep,(k). Stokes data
on (V,T) of type (C,7) are a family of objects (V,T.)cec in Repy(k),
isomorphisms [ : @..c Ve =V, and f*: V = @ . Ve of vector spaces
with the following properties:

(1) Let f.: V. — V be the composition of f and the natural inclusion
Ve = @uee Ve Let f7 2V — V. be the composition of the pro-
jection @ Voo — V. and f*. Then, f o f. =0 if 7(c') < 7(c), and
frofe=idy, forallceC.

(2) Set fl:=T ' o froT force C. Then f., o f. =0 for (c) < 7(c'),
and flo f.=idy, for all c € C.

Let ((V(a),T(“)), (Vc(a),Tc(a))cec, f(“),f*(a)) (a = 0,1) be two objects in
Rep; (k) with Stokes data of type (C, 7). A morphism

g: (VO TV) = (v, 70)

is compatible with the Stokes data when the induced maps (fV))~1ogo f(©)
and f*1) o go (f*©)=1 are graded.

Remark 2.4. — We do not need to assume that f* is an isomorphism
since it is deduced from the condition (1) and the condition that f is an
isomorphism. Similarly, we can show that f' :==[[.f.:V — @, V. is an
isomorphism.

Let Stdg(C,7) denote the category of representations in Repy(k) with
Stokes data of type (C, 1) defined above (a morphism in this category is
defined as a morphism in Rep,(k) compatible with the Stokes data). Fix
an m-point set C' C C and C-generic point 6, € R. Then we have a unique

ANNALES DE L’INSTITUT FOURIER



AN ANALOGUE OF DUBROVIN’S CONJECTURE 629

bijection 79, : C' = {1,2,...,m} with the following property: when we put
¢ = 7'9_01(2') for i =1,2,...,m, we have
C1 <o+m/2 C2 <Oo+m/2 """ <Oo+n/2 Cm-

In the rest of Section 2.1, we shall construct the functor g, : St —
Stdg(C, 79, ) and show that 2y, gives an equivalence of categories.

To prepare for the construction of the functor, we recall the equivalence
Locy — Rep, of categories. Let p : R — S' := R/27Z be the quotient
map. This gives a universal covering of S'. For ¥ € Locg, set Vg :=
['(R,p~1.%) and define the map Ty : Vo — Vg by Tyv(f) := v(0 + 27).
The correspondence . — (V, T») is functorial and we can construct the
quasi-inverse functor explicitly, this is an equivalence of categories.

By Proposition 2.2(1), we have a unique splitting

Mioy) * L ine,) = &L N1y, -

We put g, := (0" 0z, lie, = (07 L)1, — (0~ 'erL)|1,, , which is an
isomorphism of sheaves on Iy, C R.
For an object (£, %) € Stf,, we have (Vg,Ty) and

(VC, TC) = (Vgruf’ Tgrcﬁf)
force C.Letrd o: @, Ve = T(Ig,p'grZ) and rly : Vo = T(Ip,p~'.L)

be the restriction maps for § € R. We define fg, : @, Ve — V as a
composition:

00— - 0o
fo, :==(rg) to F(Ieoa%ol) OTgrep-
Similarly, we define f; :V =P ccc Ve as a composition:
* Oo—m\— Oo—m
f@o = (rgrf ) ! o ]'—‘(10077{-7,’700771-) o Tg .
Then, féo =@, T; "o f; oT is described as a composition:
! oty — 0o
féo = (Tgrgﬂ') ! © F(Ieo+7r’ 7790"1‘71') © TD%’JFW'

PROPOSITION 2.5. — The data ((%,Tc)cec,fgo,fgo) are Stokes data
on (Vg,Ty) of type (C, 1y, ). Moreover, the correspondence

(&, 2) = (Vg,Te), Ve, Te)ecos fo., f1,)

and A — T(R,p~\) (where \ is a morphism in St ) gives a fully faithful
functor Ay, : St — Stdp(C,7p,).

Proof. — Let 79" : Vare = T'(Ig N Ip, gr L) be the restriction map for
6,0’ € R. The composition f4, © fo, can be described as the composition:

(reoﬂo—ﬂ)—l OF(I@Q 019077777]&37#) OF(IBO m[ngmnefol) o plosblo—m .
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630 Fumihiko SANDA & Yota SHAMOTO

The fact that 79, and 7y, are splitting implies fg .o fp, = idy,. Since
No,—= and ng, are compatible with filtration, we have fgo,c, o fo,,c = 0 if
¢ <g,—n/2 . This proves the condition (1) of the Definition 2.3 because
¢ <g,—r/2 ¢ is equivalent to 7, (c’) < 7p,(c). Similarly, the composition
féo o fp, is described as the following composition:

(raoaac"rﬂ')—l o 1-\(190 N IGO+7T77790+7r) ° F(IGO N I90+7T7,’70701) o ,,,90790-"-71'.

Since ¢ <g_4x/2 ¢ is equivalent to 7y, (c) < 79, (c'), we have the condi-
tion (2) of Definition 2.3.

Let (£, %) and (£, %!) be objects in St§. Let A : £ — 2’ be a
morphism of local systems. It induces a morphism

g = F(Rapil)\) : (Vfan) - (Vf’an’)'

Proposition 2.2(2) implies that A is compatible with Stokes filtration if and
only if g is compatible with Stokes data constructed above. This shows that
the correspondence gives a fully faithful functor

g, - Stg — Stdg(C, 79,)- |

We shall prove the essential surjectivity of 2g_ . We recall a classification
result of Stokes filtered local systems with a fixed graded Stokes structure.
For a Stokes filtered local system (%,.%4,), &nd(.¥) is equipped with a
natural Stokes filtration. We put

Aut<0(Z) := idg +End(L) <o C End(L)<o.

A local section of Aut<9(¥) is a local endomorphism A : ¥ — & of
the local system which is compatible with the Stokes filtration such that
the graded morphism gr(A) is identity. For a set of local systems (¥4.).cc
indexed by C, put ¢ := @ . % and define a Stokes filtration on ¢ by

Yo = Dorgpe Y-

LEMMA 2.6 ([51, Proposition 1.42]). — The set of isomorphism classes
of Stokes filtered local systems (£,.%,) with an isomorphism from the
graded part gr.¥ to 9 is identified with H'(S1; Aut<°(%)).

Proof. — The proof is standard and shown in more general contexts.
Here, we only give the construction of the Stokes filtered local system from
a class a € HY(S'; Aut<%(9)). Let (I)i_, be a covering on S! by open
intervals such that I, N Iy = 0 if |k — k| # 1,£ — 1. Then « is represented
by a Cech cocycle (ay)t_, where oy, € HO(I); N Ij1; Aut<0(9)) for k =
1,2,...,0 —1 and ay € H(I; N I; Aut<%(%)). Then, by gluing, there
exists a unique (up to isomorphisms) local system . with isomorphisms
Br : L1, = 9|1, such that ay = Brr1(Be) ! for k = 1,2,...,4—1 and
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AN ANALOGUE OF DUBROVIN’S CONJECTURE 631

ap = B1 o (By)~t. The Stokes filtration on . is defined via £, and it is
well defined and its graded part gr.Z is isomorphic to ¢ since oy is a local
section of Aut<%(9). |

THEOREM 2.7. — The functor g, : St§ — Stdy(C, 79,) constructed in
Proposition 2.5 is essentially surjective, and hence gives an equivalence of
categories.

Proof. — Let ((V, T),(Vo,Te)eeo, f, f*) be an object in Stdg(C, 79, ). Let
¢, be the local system corresponding to (V, T¢). Set & := D o Y. Define
a local endomorphism \* : 4,1, _ n1,.) = 9 p(1s, _»n1e,) DY the following
composition:

T(Ip,—n N 1o, 0™ %) < V. L DV, 5 T (I, —n N 1o, p7'F)

where the first and the third isomorphisms are the restriction maps re-
garding V, as I'(R,p~'¥.). By Definition 2.3(1), \* is a local section of
Aut<%(%) on p(Iy, _ N Iy). Similarly, we can define a local endomorphism
AN Yoty wnte) = Dlpre, _n1y) by using f'o f and it defines a local
section of Aut<%(¥) on p(Iy, _» N Iy). The pair (\*,\') defines a class in
H(S'; Aut<°(%)) as Cech cocycle for the covering S* = p(Iy, )Up (g, r)-
By Lemma 2.6, it defines a Stokes filtered local system (£, % ). The fact
that g, (&L, L) ~ ((V7 T), Ve, Te)eeo, |, f*) is obvious by the construc-
tion of ™Ay, and the proof of Lemma 2.6. O

Remark 2.8. — By this theorem, the notion of Stokes data introduced
here is equivalent to the notion of Stokes data introduced in [23].

2.2. Mutations on Stokes data

DEFINITION 2.9. — Let ((V, T), (VC,TC)CGC,f,f*) be an object in the
category Stdg(C,T). For each i € {1,2,...,m}, we define the endomor-
phisms R;, R}, L;, L} on V as follows:

R :=idv —fr-15) © [7-1(5)
=idy =T o fro1i) 0 Ty © fioa),
Li:=idy —fr-14) 0 f;—l(i)a
L‘z = ldV 7T71 o f.,-—l(l‘) @] TT—l(i) [e] f':-—l(z)

We remark that T o Rf oT = L; and T'o L} o T~! = R;. We also have
R;oR;=R;oR; = R;, and L; oL; =L;oL; =L; by easy computation.
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632 Fumihiko SANDA & Yota SHAMOTO

PROPOSITION 2.10. — Let ((V,T),(Ve,T.)cec, f, f*) be an object in
Std(C, 7). For i € {2,...,m}, we define

Riofe (r(c)=i—1)
fe otherwise,

(sz)c = {

. feo Ry (7(c)=i-1)
(sz )c = " .
fe otherwise.
Then the tuple ((V,T), (Ve,Te)cec, Rif, Ri f*) is an object of the category
Stdw(C, (i, i — 1) o 7). Similarly, for i € {1,...,m — 1}, we define

Liof. (r(c)=i+1)

fe otherwise,

(sz)c = {

o [feToLioT! (r(@)=i+1)
(sz )c = " .
fe otherwise.
Then the tuple ((V, 7),(Vo,Te)eeo, Li f, ]Lif*) is an object of the category
Stde(C, (i, i +1)oT).

Proof. — We show the first half of the proposition. The second half is
shown similarly. Let ¢, ¢’ be two distinct elements of C. We only consider
the case where 7(c) = ¢ — 1 and 7(¢’) = 4 since the discussion is easier in
the other cases.

We first show that (R;f). = R; o f. is injective. Let u be any vector in
V. and assume R;fcu = 0. It implies fou = fo o f o fou. Next, we show
that the intersection of the image (R;f).(V;) and fo V. is (0). Let v be
a vector in V, such that R;fv € V.. It implies that fov — fo f fv € Vo
Hence f.v € V., and it implies v = 0. The first and the second assertions
show that R;f defines an isomorphism of vector spaces.

Finally, we show that (R;f,R;f*) satisfies the conditions (1) and (2) in
Definition 2.3. We only need to consider the case where 7(¢) =4 — 1 and
7(c') = i. We have

(26)  (Rif*)co (Rif)e = (f2 = foTfo T fo)(fe = fo for fe)
= fofe =TT fofe + fiT T fo fe

=idy, .
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Here, we used f!fo = 0 from (2.6) to (2.7) and f¥f. = id (f} fe = id)
from (2.7) to (2.8). We also have

(Rif*)er 0 (Rif)e = for o (fe— ferforfe)
=0.

by using f% fo = id. They show the condition (1). The condition (2) is
shown similarly, which proves the proposition (see Remark 2.4). a
We put o; : Stde(C,7) — Stde(C,(i i + 1) o 7) to be the functor

((‘/7 T)v (Vca Tc)cGCa fa f*) — ((‘/v T)7 (‘/;, Tc)cEC; Ri+1fa Ri+1f*) and put
o; ! Stdy(C,7) — Stdx(C, (i i + 1) o 7) to be the functor

((Vv T)v (‘/m Tc)cGCa fv f*) = ((V, T)v (‘/;7 TC)C€C7H-‘ifa sz*)

These functors act trivially on the morphisms. It can easily be checked that
~1 actually define functors.

0i,0;

—1ym—1
% i=1

PROPOSITION 2.11. — The functors {o;, 0
braid relations.

satisfy the following

(1) o;00; ' =id, 0;00; " =id,
(2) 040041004 =041 000041, and
(li=jl=22).

In particular, by the relation (1), o; and o; * are equivalences of categories.

(3) giooj=0j00;

Proof. — The component (L;R;11f). is the composition L;1R;y1fe if
7(¢) = i, otherwise f.. Easy calculation shows that L;11R;y1f. = fe. Sim-
ilarly, we have L;R; 1 f* = f*. This implies oi_l o g; = id. The relation
o;00; " =id is shown similarly. Hence we get (1).

We shall prove (2). Let

((Vv T), (Vm TC)CGCa fa f*)
be an object of Stdg(C, 7). Then we have the following:

RipoRivafe 7(c)=1i
(Riy1Ri 2R 41 f)e = § Riv1fe T(c)=i+1
fe otherwise,
Ri oRivafe 7(c)=i
(RitaRip1Riy2f)e = § Riy1fe T(e)=i+1
fe otherwise,
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where R, :=idy —Rivafr-1(41)f7-1 (i1 Riyo- Put R, := Ri3. Then
we have R;_,'_Q o R;Z—i-l = Ri+2 ] RiJrl, which implies Ri+1Ri+2Ri+1f =
R;+2R;11R; 12 f. Indeed, we have
Rip0 Ry = (id—Riyz0 (id —Rit1) o Ri;5) o Rito
=Rito — Riyoo(id—Riy1) o Riya

= Rijj20 Rip1 0 Riqo,

and

RiyooRiyi0(id—Riys)
= Ri20 (id _fr—l(z'+1) © :71(1‘4-1)) © (fT—l(i+2) ° f:,l(i+2))
= Rit20 (fr-1342) © [7-1(i42))
=Rji00(id—R;42) =0.
The relation R;oR; 1 1R; o f* = Ry 1R 2R 41 f* is shown similarly. The
relation (3) is obvious by the definition. O

Let Br,, denote the braid group of m-strands with the standard generator
01,.-.,0m—1. For an element ¢ € Br,,, let ¢ denote the image of ¢ via the
quotient map Br,, — 5,, to the symmetric group of degree m. In particular,
s; = o; are the permutations s; = (i i + 1), (i =1,2,...,m —1).

DEFINITION 2.12. — For ¢ € Br,,, define a functor
M, : Stdg(C,7) = Stdp(C, 5 0 7)

as the composition of mutations defined above.

2.3. Stokes factors and Mutations

Fix a finite subset C C C and a bijection 7 : C = {1,...,m}. Let
((V.T), (Ve, Te)eec, £, f*) be an object of Std(C, 7).

DEFINITION 2.13. — We define a map (-)r : Sy, — Bry, by (s)r =
05, -+ - 04, for a reduced expression s = s;, - - - S;,. This map is well defined
(see, for example, [5, Chapter 4, §1.5, Proposition 5], [41, Theorem 2]).

For s € Sy, set Ii(s) :=={j € {1,...,m}|i < j,s(i) > s(j)}, and I(s) :=
{(i.4) 17 € Li(s)}.
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Notation 2.14. — Let A = {a1,as2,...,ax} be a finite ordered set with
a1 < ag < -+ < ag. Let (hy)aeca be a sequence of endomorphisms of V
indexed by A. Then, we use the following notation:

Hh :=hq, 0 hay_, 0+ 0 hq,, Hh = ha, 0 ha, 0+ 0 ha,.

a€A acA
Recall that for o € Bry,, we have M, : Stdg(C,7) = Stdx(C,5 o 7)

(Definition 2.12). Define o f and o f* by M, ((V,T), (Ve, Te)cecs f, [*) =
((‘/a T)7 (‘/07 TC)CEC? Uf7 Of*)

LEMMA 2.15. — For s € S,,,, we have the following formulas:
—
(2.9) ((Drf).=| I Ri|ofe
i€, (0 (5)
N
(2.10) (rf) =0 TI &
€1, () (5)

Proof. — For s € S,,, let £(s) be the length of s. We shall show the
lemma by induction on £(s). If (s) = 0, s is identity and the lemma is
obvious. If £(s) > 0, then there exists some s; such that s = s’ - s; with

U(s) =4(s") + 1. Set

sz{ﬁ (7(c) # )
o Riofe (1(e) =),
Rj = Rji (i=17)

id—Rjy10 fe, ofC*J oR7, (i=j7+1),
where ¢; = 771(j). By induction hypothesis, we have

+—

(()rf). = I[I =&i)or

ie[sj- ot (c) (5/)

Since {(s) = £(s") + 1, we have j + 1 ¢ I;(s'), and

I(s) = {Sj(fsj(k:)(S’)) k#j
K(s) = , . :
si(ls, ) (s)U{j+1} k=3
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Ifj+1¢ Isjm.(c)(sl), then

— —
/
I == I &
i€1s 0r(c)(s) 1€55(Is;0r(c)(s"))

hence we have (2.9). If j + 1 € I or(c)(s), then j € Iy or(c)(s") since
s'(j) < s'(j+1) by j+1 ¢ I;(s"). By the proof of Proposition 2.11, we
have R, , o R} = Rji1 o R;. This implies (2.9). The equation (2.10) is
shown similarly. O

As a special case, we have the following.

PROPOSITION 2.16. — Set A := (wg)r € Br,, where wg € Sy, is the
longest element, i.e.,
1 9 e m
wo = .
0 m m—1 --- 1

Then we have Af = (f*)~', and Af* = (@, Tc)o fLoT™ 1.

Proof. — Set Af' := (P, T.) Lo Af*oT. Weshow Afof*of = f, and
flofoAf' = f'. We use the notation ¢; = 771(3) (i = 1,...,m). Then the
restriction Af o f*o f |Vci is

ZRmO"'ORjJrloijofé;ofCi

i<

:Rmo"'oRi-‘rlofCi+ZRmO"'O j-‘rlofcjof:jofci

i<j
=Rpo--oRis10fe,+ Y. Rpo-—-Rjpi0fe,
i<j<m
_ Z Rpo---oRjo f,

i<j<m
= fc,; .
We also see that the composition fc' ofoAfis

! !

chiofcjoijoLj-l‘lo"'Lm
i<

! !

:fc'iOLi+lo"‘OL77L+ Z fc.ioLj-‘rlO"'OL?n
i<j<m
!
- Z fe,oLjo-- 0Ly,
<j<m
|

= 7.
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This implies the proposition. g
For an endomorphism g € End(@_ Ve) and (¢, ') € C'xC, let ger denote
the component V., — V... Using this notation, we define

(2.11) End° (@ Vc> = {g € End (@ V)

gee = idy, for all c € C} ,

ceC ceC
and
geer = 0 for (7(c),7(c")) ¢ I(s)
(2.12) Sf,(s):=4g€End’ | PV - . (o
it with ¢ # ¢
where s is a element of S,,, and 7 is an isomorphism 7: C' = {1,...,m}.

Remark 2.17. — If (i,7) € I(s), then i < j. If (4,5),(4,k) € I(s), then
(i,k) € I(s). These properties imply Sf,(s) is a group.

LEMMA 2.18. — Take s € Sy, and put o := (s)g, then (of)"to f €
St (s).

Proof. — Since Sf,(s) is a group, it is enough to show f~loof € Sf,(s).
We have

—

oflve=|{ TI Ri|ot

i€1, () (s)
-
= I[I Gav—foofi)|ofe
(r(e),7(c")€I(s))
This implies f~1 oo f € Sf,(s). O

2.4. Stokes factors and mutations for Stokes filtered local
systems

Let C be a set of m-points in C. Let 6, be a C-generic real number.
Recall that we have the bijection 19, : C =5 {1,2,...,m} such that

79, () < 79, () & ¢ <gyny2 €.
We put ¢; :=7_ 1(4). We also have an equivalence of categories
Ay, : Sty — Stdr(C,79,).
We also recall that we have a functor
M, : Stdi(C, 19,) — Std(C, 5 0 79,)

for o € Br,,. The purpose of Section 2.4 is to show the following:
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THEOREM 2.19. — Let 6,,0, be C-generic real numbers. Then there
exists an element o € Bry, such that M, oy, =~ 2y, . Moreover, if we have
0o = 0. > 0, — 7, then we can take o = (1o © Tél)R,

Take an object (Z,.%4) € Sty and put (V,T), (Ve, Te)eec, fo, f3) =
Ao (L, %) for a C-generic real number 6 € R.

DEFINITION 2.20. — For a real number 6 € R, we define the following:

R(0) := {(c,d) € C x C|S(e (c — ¢)) = 0,and R(e ?(c — ) > 0},

Sf(6) := { g € End® (@ Vc>

ceC

Sm(0) := {g € End® (@ VC>

ceC

geer = 0 for (c,c’) ¢ R(0) with ¢ # c’} ,

Gece! = 0 for C/ <9+ﬂ—/2 C} s

where End® (@, V.) is defined in (2.11). For a fixed ¢ € C, we also define
R.(0) as the subset of elements ¢’ of C such that (c,c’) is in R(8).

For C-generic 0,0 € R, set spg := Ty © T(;l € S,,. For 6 € R, set
89 1= Sgye,0—c for 0 <e < 1.

LEMMA 2.21. — If0 > 0’ > 0 — «, then we have

(213) ITG(C)($979/) =Ty < |_| RC(Q“)> .

0>0"">6'

Proof. — The condition ¢’ € 7, (L, (¢)((s0,6/))) is equivalent to ¢ <g /2
d,c <girs2 c. Consider the following function Im : ¢ — (e **(c —
), ¢ € [0',0]. Then ¢ € 7, (I,,)((s6,60))) is equivalent to Im(#) <
0 < Im(#"). Since 6 > 0" > 6 — m, this is equivalent to the existence and
uniqueness of 8” € 10',0[ such that Im(6”) = 0, and Im(#”" +¢’) < 0 <
Im (6" —¢’) for a sufficiently small positive number &’. This is equivalent to
c € Re(0"). ]

COROLLARY 2.22. — We have Sf(0) = St (sg) for (0 <e < 1). If 0

is C-generic, then we have Sm(6) = Sf,, (wy).

Fix C-generic 6, € R. Take 0; (i =1,...,¢) so that 8, > 6 > 0 > --- >
O >0 —m, {01,...,00} ={0 €R|0, — 7™ < 0 <6, and R(0) # 0}. Then
we have

{(Cv C/) eCxC ‘ € <g,+m/2 C/} = |_|R(91)
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LEMMA 2.23 ([1, Lemma 2]). — Forall g € Sm(0,), there exists a unique
element (g;); € [[,<;<,St(6;) such that
(2.14) g=geoge-10---0gi,
ie., SE(0,) x - - x SE(61) = Sm(6.).

Proof. — For a pair (i,7), 1 <1i < j <m, let k(i,7) be the number such
that (c;,c;) € R(Og(i5)) Let gi; be the (cq, ¢j)-component of gy (; ;). Then
the (¢;, ¢;)-component of the right hand side of (2.14) is

(215) Z Giq_1iq """ Gioia
i=ig<i1<--<ig=j
where ¢ =19 < i1 < --- < i, = J runs so that
ek(io,il) < ek(il,iz) <se< t976(21171’@1)'

Since (2.15) is the sum of g;; and products of g;;» with j' —i' < j —1, we
can uniquely determine g;; by induction on (j — ) for given g. O

Set Ag, := (s9,)r € Brm, (fo, fo) := (fo,, f5,), and
(fi? fi*) = (Aeifi—:h Aaifi*,l)-
We remark that f;l ofii1= (g, fii1) i1 € Sfﬂ,#s (se,) = S£(6;).

LEMMA 2.24. — Agz . A9271 ----- Agl = A.

Proof. — We have sg, -+ 59, = Tg,—7 © 7'9_01 = wp, and Zf:l U(s,) =
S, #R(6;) = £(wp). This implies the lemma. 0

LEMMA 2.25. — Set Sfy, := fej.l_s o fo,+e. Then Sfy, is an element of

SE(6;).

Proof. — Since fg,_. and fg, ;. preserve the filtration on Iy, N I, 4,
(Sfo,)cer = 0 if there exists a ¢ € Iy, _. NIy, 4. such that ¢ <, ¢. Therefore,
if (Sfp,)cer # 0 and ¢ # ¢/, then 6; — e < arg(c — ) < 6; + £ which implies
(¢,c) € R(6;). Since fg,+. and fg,_ are splitting, (Sfp,)cc = id, which
implies the lemma. O

LEMMA 2.26. — We have Afq, = fo,—» and Afy = f5 .

Proof. — By definition, we have (f; )1 = fy. _x. Using Proposition 2.16,
we have the following:

(Afo,, AfG) = ((féko)l, (@Tc> o fot oT1>

= (f(?ofm f9:1_27r)
= (f90—7r7 fe*o—‘n')'
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LEMMA 2.27. — We have f; = fo,—c and fI = f; __.

Proof. — For o € Bryy,, set of := (6f)~! o f. Then we have
Sfy, - - - Sfy, = fgzl_ﬁ o fo,

= Ao,
:Aeg"'AalfO

—_~—

= Ay, fe—10---0Ag, fo.
This implies Sfy, = A/g:f_;l. Hence we have f; = fo,_.. Set 0. := 6, — m,
0; == 0; —m, (fo. fo") = (f%afgg)ﬂ and (f], fi*) = (A%fi/—hAG;filil)' By

the first part of this lemma, we have f] = f@;_s. By Lemma 2.26, we see

that

(Do, -+ Doy fis Doy - Doy, [7) = (o, for),
which implies f] = Agr -+ Dgy - Dy, -~ Ay, fi = Afi. Combined with
Proposition 2.16, we have fo,_. = (f7)~1, which proves the lemma. O

COROLLARY 2.28. — If0,6' € R are C-generic and 6 > ¢’ > 6 —«, then

— —

* * *

Jore = Il &Ri)efoe foc=fio ] R
iGITe(C) (8919/) ’L‘GITQ(C) (59191)

Proof of Theorem 2.19. — In the case § > 6’ > 6 — w, Theorem 2.19 is
a direct consequence of Corollary 2.28. The general case can be reduced to
this case. O

2.5. Pairings on Stokes filtered local systems and Mutation
systems

For (V,T) € Repy(k), a pairing [,-) : V. ® V — k is called compatible
with T if

(2.16) [v,w) = [Tw,v) for all v,w € V.

If the map [ -, - ) is non-degenerate, then the monodromy T is determined by
the compatibility condition. Here, non-degenerate means that the induced
map v — (w +— [v,w)) is an isomorphism. The condition is equivalent to
that the map v — (w — [w,v)) is an isomorphism. A pair (V,[-,-)) of a
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vector space V' and a non-degenerate pairing |-, - ) is called polarized vector
space.

We often assume that the pairing is non-degenerate without a mention.
For two polarized vector spaces (V,[-,-)) and (V',[,-)’), a linear map f :
V — V' is called a morphism of polarized vector spaces if it is compatible
with the pairings: [v, w) = [fv, fw)'.

DEFINITION 2.29. — Let ((V, T),(Vo,Te)eeo, f, f*) be an object of the
category Std(C, 7). A pairing [-,-) on V compatible with T is called com-
patible with the Stokes data if the following conditions hold:

e The induced map [v,w). := [fev, few) (v,w € V..) is non-degenerate
on V. and compatible with T, for all c € C.

e For every c € C, the map f} : V — V. is left adjoint to f. in the
sense that [v, fov.) = [fFv, v.). for allv € V,v. € V.

A representation (V,T) equipped with Stokes data and a compatible
pairing is equivalent to the following structure, which we call “mutation
systems”.

DEFINITION 2.30. — A mutation system is a tuple

((Vva['7'>)7(V:27['a'>C)C€C77—7f)

consisting of

(1) a polarized vector space (V,[-,-)),
(2) a family of polarized vector spaces (V[ )c)ccc indexed by a
finite set C,
(3) a bijection T : C' =5 {1,2,...,m} (the pair (C,7) is called type of
the mutation system), and
(4) an isomorphism f : @ . Ve — V of vector spaces
such that (7, f) gives a semiorthogonal decomposition of (V,[-,-)) with
respect to (Vi, [+, )e)ecc in the sense that
(a) forevery c € C, the restriction f. := f|y, is a morphism of polarized
vector spaces, and
(b) ifv eV, we Vo and 7(c) > 7(c), then [fev, fow) = 0.
We call the underlying pair (7, f) the splitting data of the mutation system.
The category of mutation systems with fixed type (C, ) (whose morphisms
are the morphisms of underlying Stokes data compatible with the pairings)
is denoted by Mutg(C, 7).

We remark that we can reconstruct the maps f (resp. f.) for ¢ € C
by the condition [v, fow) = [ffv,w). (vesp. [fow,v) = [w, flv).) for all
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v eV, we V.. We also have [v, Ryw) = [Riv,w), and [L;iv,w) = [v, Liw).
The functor M, : Stdg(C,7) = Stdy(C,507) defined in Definition 2.12 for
o € Bry, can be extended to the functor M, : Mutg(C,7) = Mutg(C,507).

Let .Z be a local system on S*. A sesquilinear pairing on .% is a morphism
h:17 12 ®% — kg1 of local systems. It induces two morphisms

gh,Dghtf—)Dg.

Here, ¢, is defined by (nt(s) := h(s,t) where t € £, s € 171.%, and D¢y,
is its dual. It is called non-degenerate if ¢;, is an isomorphism. It is called
symmetric if ;7'hoex = h where ex : 1 1.2 ® .Y = £ ® 1'% is the
exchanging operator. This is equivalent to the condition D¢}, = ¢},.

LEMMA 2.31. — Let .Z be a local system on S' and (V,T) = (V,Ty)
be the corresponding object in Rep(S*'). Then there is a natural one-to-one
correspondence between the set of non-degenerate symmetric sesquilinear
pairings on .£ and the set of pairings on V compatible with T.

Proof. — Let h be a non-degenerate symmetric sesquilinear pairing on
#. Then the pairing [-,-), on V is given by the formula

(2.17) [5,)n :=p ‘h(Tgs,t) (s,t € Ve =T (R, p~1.2)).

Here, 7 : Vo — V,-1.o is given by 7¢s(0) = s(0—n) for € R. Symmetry
of h implies compatibility of |-, - }; with T and non-degeneracy of h implies
that of [+, )p. O

DEFINITION 2.32. — Let (£, %) be a Stokes filtered local system. We
call a sesquilinear pairing h : 1 ' 2 ®.% — kg1 compatible with the Stokes
filtration %, if the induced morphism £} is a morphism of Stokes filtered
local systems. The category of Stokes filtered local systems with exponents
C with symmetric non-degenerate sesquilinear pairings compatible with
the Stokes filtration is denoted by StPg. The morphism in this category is
the morphism in Stg such that the pairing is preserved.

Remark that h is compatible with the Stokes filtration if and only if
by 1 £ — D.Z is a morphism of Stokes filtered local systems.

LEMMA 2.33. — We have a functorial isomorphism of Stokes data

Oy (D.Z,D.ZA)

= | (VY (T, (VAT Deecs (£5,)" <@TCV> fo, 1"

ceC
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Via this isomorphism, ®g_(¢y) is identified with the map
V=S VY0 [e,0)).

Proof. — The morphism 7¢ (in the proof of Lemma 2.31) gives an iso-
morphism 7% : Vpy — V. The morphism @y, () : Vo — Vpg is
by definition identified with V' = VV;v + [e,v);,. We also have the
isomorphism 7, o : Vg pg =5 VY. Via these isomorphisms, the pair
((fo, _) "5 (f)~") underlies the Stokes data @4, (D.Z,D.Z,). Since we
have fo,—» = (f5.)"', and f5 _. = T_lfe_ol(GﬂC T.), we have the conclu-
sion. 0

LEMMA 2.34. — Let ((V, ), Vo, Te)eeo, | f*) € Std(C, ) be an object
of Std(C, 7). Then the tuple

—1
(218) (Vv7(TV)71)7(‘/cvv(ch)il)CECa(f*)v’ (@T!) fvTV

ceC

is also an object in Std(C, 7). A pairing [-,-) on V compatible with T is
compatible with the Stokes data if and only if the induced map

V=S VY0 [e,0)

gives an isomorphism of Stokes data between ((V, T), Ve, Te)eeos [, f*) and
(2.18).

Proof. — Put g = (f*)¥, and g* = (D, TY) ' fYTV. We also put
g = (B, T))g*(T¥)~ . Then we have g*g = (D, T.)f (D, T.)")",
and ¢'g = (f*f)V. This implies the first part of the lemma. Let £: V — V'V
be the map v — [e,v). We also define gr.(¢) : V. = V.Y by ve — [fee, feve).
The induced morphism @, V. — @, V.’ is denoted by gr(¢). The compo-
sition g~'4f is given by w ~ [(f*) ‘e, fw). This map is graded if and
only if it is equal to gr(¢). This condition is equivalent to the compatibility
condition of the pairing with the Stokes data. By (2.16), we have TV = ¢V.
Hence the composition g*¢(f*)~! is given by (g7 '¢f (€D, Tc_l))v. There-
fore, g*(f*)~! is graded if and only if g~*¢f is graded. This completes the
proof. O

By these lemmas, the equivalence Ay, : Sty —» Stdg(C,7p,) gives an
equivalence StP§ = Muty(C, 7y, ), which is also denoted by 2y, . We re-
mark that the pairing [-,-). (¢ € C) underlying Ay, (£, %, h) is canon-
ically identified with ['7'>gru(h)' In particular, it does not depend on the
choice of 6,.
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Remark 2.35. — We also counsider a Z/2Z-graded version of these struc-
tures. If V' is a Z/2Z-graded vector space, the compatibility condition of
pairing [+, ) with T is defined by

[TU’ U)> = (*1)degv[w7 U>’

where v, w are homogeneous elements. The symmetry of pairings on local
systems is replaced by the graded-symmetry. For Z/2Z-graded local system
L = L%p L, his graded symmetric if the following equalities hold:
WLt L) = 0fori # j,and 1~ hoex = (—=1)*hon . L.L @ % fori =0, 1.
The functor A, : StPY = Mutk(C,75,) enhanced to these categories is
also denoted by the same notation.

2.6. A generalization of the construction of Stokes data

We generalize the construction of Stokes data from Stokes filtered local
systems. This construction is only used in the proof of Lemma 6.14 and
Theorem 7.9.

Let (£,.%,) € St be a Stokes filtered local system with exponents
C c C. Fix C-generic 6,. A tuple of real numbers 0, = {0.}.cc is called
C-generic if 0, are C-generic for all ¢ € C. Set

L(;C = {c—reiec 0< r} c C.

DEFINITION 2.36. — Let 64 be a C-generic tuple of real numbers with
0o = 0. > 0, — 27 for all c € C. We define a binary relation <g, /> as
follows:
0c >0 and L, N L;C, =0 or

Cc <g,+ 20/ 54
v/ 0. =0 and ¢ <g_4r/2 .

The next lemma gives another description of <g, /2.

LEMMA 2.37.

, ¢ <g4rj2c0rc<g,yns2c 0.0y >0,—1),

& <g.+ﬂ-/20 <~ , ,
' <g,ynjpcorc’ <o, pspc (O —m>=0).

Proof. — Set

Ly, := {c — retfe

reR}y, Ly =1L \ L.
If 6. = 0. or 6. = 0. +m, then the lemma easily follows. Hence we consider
the following two cases:

(1) 6. €16, — 7,60, (mod 2m).

(2) 0. €16.,6.+ 7| (mod 2m).
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We first consider the case (1). In this case, we see that ¢ <g, i /o ¢ if and
only if Lg, N Ly, C Lgc/ and ¢ <g_, /2 ¢ if and only if Ly, N Ly, C L(jc.
Therefore ¢ <g_yr/2¢ or ¢ <g,4r/2c if and only if Ly N L;c, = (). The
lemma easily follows from this. The proof of the case (2) is similar. O

In general, the binary relation <y, /2 is not a partial ordering.
DEFINITION 2.38. — A tuple of real numbers 0, is said to be ordered if

te is C-generic, 0o > 0. > 6, — 2w for all c € C, and <g, /2 gives a total
ordering.

For ordered 6,, we have the isomorphism of ordered sets
C = {1,2,...,m},

where the order of C'is given by <g, /2. This isomorphism is denoted by
To, - Set

foo =1 fooer f5.:=1] #7.c0

ceC ceC
where the symbol [] means the direct sum.

PROPOSITION 2.39. — If 0, is ordered, then ((Vc,Tc)cec,fe.,f;.) are
Stokes data on (V,T) = (Vg,Ty) of type (C, 19,).

Proof. — 1t is sufficient to show that fj .ofp, ~ = 0and fé , %S0, =0
for ¢ <g,4 /2 ¢. We first consider the case 6. > 6 > . — . In this case,
we see that

96—7'('/2, 0. —7T/2 S I@C,Wﬂfgc,.

Combined with Lemma 2.37, we have fg .o fy, o =0 (see also the proof
of Proposition 2.5). By rotating 7, we also see that

90+7T/2, 0. +7T/2 € Iy, OIOC/er

which implies fé L © fo.,c = 0. The case 6. — m > 0 is similar. Note that
in this case we have

90—371'/2, (96/+7T/26190_7Tﬂ[9c/. O

Similar to Proposition 2.5, this correspondence gives a fully faithful func-
tor

Ay, : Sty — Stdr(C, 79, ).

The following is a direct consequence of the above proposition.

COROLLARY 2.40. — If (£, .%,,h) € StP{, then the corresponding
pairing [-,-) on (Vg,Ty) is compatible with the Stokes data 2y, (L, Zs).
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By the above corollary, we have a functor from StP§ to Mut(C, 7, ). To
simplify notation, this functor is also denoted by 2y, .

Remark 2.41. — We also consider a Z/2Z-graded version (see Rem-
ark 2.35). This generalized functor is also denoted by 2y, .

2.7. A reminder for Riemann—Hilbert correspondence

We recall some fundamental results on Riemann—Hilbert correspondence
for meromorphic connections on the germ (C,0) of a complex plane at
zero. A comprehensive reference is [51]. Let .# be a finite dimensional
Ot 0(¥{0})-vector space together with a C-linear map V : .4 — .4 @ Q¢
satisfying the Leibniz rule: V(as) = aVs+s®da, (a € Oco(x{0}),s € A).
We call such a pair (.#,V) a meromorphic connection on (C,0). We often
abbreviate V.

For ¢ € C, we define a meromorphic connection &¢/% := (Oc o (*{0}),
d+d(c/z)).
DEFINITION 2.42. — A meromorphic connection .4 is called of expo-

nential type with exponents C C C if there is an isomorphism of formal
meromorphic connections:

(2.19) MR C((2)) ~ (@g—c/z @%) ® C((2)),

ceC
where Z. is a regular singular meromorphic connection for each c. The cat-
egory of meromorphic connections on (C,0) of exponential type is denoted
by Me. For a finite subset C' C C, Me¢ denotes the full subcategory such
that the exponents of objects are contained in C'.

Let @ : Bl§((C) — C be the real blowing up of the complex plane C at
zero. We have natural inclusions jc- : C* < BIS(C) and

ig : ST ~ dBIF(C) — BI§(C)

where dBIj(C) is the boundary. We put 0 = (jc)+Oc+ where O is
the sheaf of holomorphic functions on C*. We define subsheaves .&7™°4 and
™ of O as follows: For an open subset U in B1]§((C), put U* := U NC*.
A section f of 5(U) = O(U*) is a section of &/™°4(U) if and only if for
any compact subset K C U, there exist a constant C'x and a non-negative
integer Ng such that |f(2)| < Ck|z|7Vx for all z € U* N K. A section
g € O(U*) is a section of &/*(U) if and only if for any compact subset
K c U, and for any non-negative integer N, there is a constant Cx x such
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that |g(z)] < Ck n|z|N for all z € U* N K. For ¢ € C, we also have the
subsheaves €%/%.g7™°d and e¢/?a7*d where e¢/% is considered as a section
of 0.
Using these sheaves as coefficients, we define various de Rham complexes
as follows:
e DR(#Z) :={0@w 'l - 00w Q' @.4)},
o DRe (M) = {e/*d™ @w it — e/* ™ @ (O ®.4)},
¢ DR_ (M) :={e/* AN @\l — e/* 7" @w Y (O @ .4)},
where ﬁﬁ(//{ ) has cohomology in degree 0 at most.
Then the pair

RH(.#) := (#°DR(A), #° DR, (M)

is considered as a Stokes filtered local system on S* via z'gl, where 7Y is
the cohomology of degree zero.

THEOREM 2.43 ([38], [51, Theorem 5.7]). — The Riemann—Hilbert func-
tor RH : Me¢c — Stg is an equivalence of categories.

Remark 2.44. — Let (&£, .%,) be the Stokes filtered local system corre-
sponding to (.#,V) € Mec via RH. Then the rank of gr. .Z is equal to
the rank of %; in (2.19). It is also equal to the dimension of V., of the
corresponding Stokes data.

Let ¢ : (C,0) — (C,0) be the involution z +— —z. Set
MY = AHom (M ,0(x{0})).
Then we define D(.#) := .~ L./V.

PROPOSITION 2.45 ([51, Proposition 5.15]). — The Riemann—Hilbert
functor is compatible with duality, i.e. RH(D.#) ~ DRH(.#).

Proof. — The compatibility with dual .# +— .#" is shown in [51,
Proposition 5.15]. The compatibility with the involution ¢~! is shown sim-
ilarly. O

DEFINITION 2.46. — We define the category MeP of meromorphic con-
nections of exponential type with pairings as follows:

(1) An object in MeP is a pair (.#,2) of a meromorphic connection
M € Me and an isomorphism

(2.20) M =DM

of meromorphic connections such that D2 = 2.
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(2) Let (A ,2) and (M',2') be objects in MeP. A morphism from
(M, 2) to (M',2'") is a morphism X\ € Home(#,.#") such that
DAo 20X = 2.

For a finite set C' C C, we also define MeP¢ as a full subcategory of MeP
whose exponents are contained in C.

COROLLARY 2.47. — The Riemann-Hilbert functor RH : MePs —
StPS is well defined and gives an equivalence of categories.

Remark 2.48. — As in Remark 2.35, we consider Z/2Z-graded meromor-
phic connections. The connections are assumed to be grade-preserving. The
only difference with non-graded case is the pairing. The pairing is defined
to be graded-symmetric so that the equivalence RH : MePo — StPg is gen-
eralized to the Z/2Z-graded case. The generalized functor is also denoted
by RH.

3. A-mutation systems
3.1. Quantum connections of exponential type

Let X be a Fano manifold, that is, X is a smooth projective variety
whose anti-canonical bundle wy' := det TX is ample. Let H*(X) denote
the Betti cohomology group of X over C. For ay,as,...,a, € H*(X),
let (o, a, ... ,oz,ﬁéfn’d denote the genus-zero n-points Gromov—Witten in-
variant of degree d € Ho(X,Z). The quantum cup product aq *, ag of two
classes oy, a0 € H*(X) with parameter 7 € H*(X) is given by

(3.1) (o1 %r a2, a3) x Z Z Qr, 2, O3, T a""T>OX,3+n,d

deEff(X

where (o, 8)x = [, a U is the Poincaré pairing and Eff(X) C H3(X;Z)
is the set of effective curve classes. It is not known if the quantum products
%, converge in general, however the quantum cup product for 7 € H?(X)
makes sense since X is a Fano manifold.

DEFINITION 3.1 ([14]). — Consider the trivial vector bundle Hx :=
H*(X) ® O¢ over C,. Define the meromorphic flat connection

V:Hx = Hx © Qg (log{0}) ® Oc({0})

called a quantum connection by

(32) vimd- (L) -n) L,

z
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where z denotes the coordinate on C, u € End(H® (X)) is the grading opera-
tor defined by | v (x) := (p — dime X)/2-idpy»(x), and c1(X) € H*(X;Z)
is the first Chern class of X. We also set the meromorphic connection
Mx =HxQ0¢,o. We define a Z/2Z-graded symmetric sesquilinear pairing
Qx :"Hx ®Hx — Oc by Qx(s,t)(2) := (s(—=2),t(z))x where s,t € Hx.
The induced pairing on .#x is denoted by 2x.

We consider the following assumption [30, Conjecture 3.4]:
(3.3) The meromorphic connection .#x is of exponential type.

Under this assumption, we have the following:

COROLLARY 3.2 (Corollary of assumption (3.3)). — Let Cx be the set
of eigenvalues of ¢1 (X )*q. The set of exponents of #x coincide with —C'x.
In other words, we have an isomorphism

Mx @ C((2)) ~ ( P &/ @%’c> ® C((2))
ceCx

where %, is regular singular. The rank of the regular singular part Z%. is

the dimension of the eigenspace of ¢1(X )*q associated with c.

Proof. — For the lattice Hx, we have (2°Vg,)|.—0 = —c1(X)*o identi-
fying the fiber of Hx at z = 0 with H*(X). By Exercise 5.9 in [49, II],
we have a decomposition .#x ® C((2)) ~ @, ¢, #. compatible with the
lattice and the generalized eigenvalue decomposition of ¢;(X)*g. On the
other hand, by assumption (3.3), we have an isomorphism

m
Mx @C((2)) = (@ £%/7 @ %) ® C((2))
i=1
for some distinct complex numbers ¢y, ..., ¢,,. Consider the induced mor-
phism ¢ : . — (/% @ %;) @ C((2)) for some c € Cx and i = 1,...,m.
We claim that ¢ = 0 if ¢ # ¢; (This claim implies the corollary). Take a
frame v = (vg )k of A, so that vy, € Hx ® C[z]. Then we have

V.o.v =v(— 2" c - 1d+N) + A(2))

where Id is the identity matrix, IV is a nilpotent constant matrix, and A(z)
is a matrix with entries in C[z]. We also take a frame w in (£%/* ® %;) ®
C((2)) so that V,o.w = w(—z"1¢; - Id+A’(2)) where A’(2) is a matrix
with entries in C[z]. If we take a matrix B = B(z) with entries in C((z))
so that ¢(v) = wB, the flatness condition of ¢ is written as follows:

(3.4) 20.B + (A'B — BA) = 27 'B((c; — ¢) - 1d +N).
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Since we assume that ¢ # ¢ and N is nilpotent, ((¢; — ¢) - Id+N) is an
invertible constant matrix. By comparing orders of entries between both
sides of (3.4), we conclude that B = 0. O

3.2. Fundamental solutions, pairings, and A-mutation systems

Although the following proposition is proved for even degrees of the co-
homology, the same proof can be applied for the Z/2Z-graded case.

PROPOSITION 3.3 ([16, Lemma 2.4, and Lemma 2.5], see also [17, Propo-
sition 2.3.1]). — There exists a unique holomorphic function

S :P'\ {0} — End(H*(X))
with S(00) = idge(x) such that
V(S(z)z7#z’xa) =0 foralla € H*(X),
T(z) := 2"S(2)z™" is regular at z = 0o and T'(c0) = idge«(x),
where p, = (¢1(X)U) € End(H*(X)) and we define z—* := exp(—pulog z),
2Px = exp(py log 2).
Moreover, we have

(S(—2)a, S(2)B)x = (o, B)x for all o, B € H*(X).

Let 6, be a real number generic with respect to —C'x. Under assump-
tion (3.3), we have the mutation system 2Ap, RH(.#x, 2x). Denote the
underlying polarized vector space by (V.zy,[*, )2y ), which is indepen-
dent of a choice of 6,.

Let BI§(C) be the real blowing up of C at 0. Let Bl (C) be its universal
covering. The universal covering @E of C} can be considered as an open

subset of BIS(C). Its complement is identified with R, which is universal
covering of S'. By construction, the vector space V 4, can be identified
with the space of flat section of p*Hx where p : C; — C, denotes the
composition of the universal covering and the inclusion. Namely, we can
canonically identify V4, with
(3.5) {s:@—)H'(X)‘Vs:O}.

The first half of Proposition 3.3 gives an isomorphism H®*(X) ~ V.4, by

D) == (2m) " ImX/2G () HePx q,
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where V. 4, is identified with (3.5). By the second half of Proposition 3.3,
if we put

1 . )
008)x = g [ e R aUs
X

(2)dim X
for a,8 € H*(X), the isomorphism ® is compatible with the pairings
['a')X and ['7')32)('

DEFINITION 3.4. — The mutation system on (H®*(X),[-,-)x) defined
via the isomorphism

(O3 (H.(X>7['a')X) = (V//lx7["'>£2x)

described above is called an A-mutation system of X, which is also denoted
by Ao, RH(Ax, 2x). The pair (1, ,“fs,) denotes the underlying splitting
data.

We can describe this mutation system more concretely as follows:

LEMMA 3.5. — Fix a hermitian metric || - || on H*(X). Let ¢ be a com-
plex number in —Cx. A class a € H*(X) is in Im “fy_ . if and only if there
exists a non-negative integer N such that

(3.6) le™/=®(a)(2)|| < O(|2]~™)
for Slogz € Iy, .
Proof. — In general, for (%Z,.%4,) € St¢ and C-generic 0, € R, we have
Imfp,, ={s€Vy|sge(p ' Lec)oforbely}.

In the case (£, %) = RH(#x), the germ (p~'%<.)s can be identified
with the space of & € H*(X) with the following properties: There exists

an open neighborhood U of @ in BI§(C) (remark that § € R  BIg(C))
such that for any compact subset K in U there exists a positive integer
N with [le=¢/?®(a)(2)|| < O(|z|™N) for logz € K N C*. Hence the condi-
tion (3.6) implies a € Tm “4fy_ .. On the other hand, by replacing I, with
a bigger (—Cx)-good open interval, we see that a € Im“f,_ . implies the
condition (3.6). O

Remark 3.6. — By Remark 2.44 and Corollary 3.2, the dimension of
Im fy, . is equal to the dimension of the eigenspace of —c; (X )#*( associated
with c.
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4. B-mutation systems
4.1. Hochschild homology for smooth projective varieties

We recall some definitions and properties of Hochschild homology of
smooth projective varieties. We mainly follow the formulation of [25, §5]
(see also [37]).

Let X, Y, Z be smooth projective varieties defined over C. The dimension
of X,Y, Z are denoted by dx, dy,dz respectively. We denote by D°(X) the
triangulated category of bounded complexes of coherent sheaves on X. The
shift functor is denoted by [1]. For a morphism f : X — Y, we denote by
f+« the right derived direct image functor and f* the left derived inverse
image functor. Moreover the left derived tensor product is denoted by ®.

Let £ € D*(X xY) and F € D*(Y x Z) be bounded complexes. We
define the exact functor

de : D°(X) — DO(Y)

by

De (=) = (m2)+(m1 (=) ® &),
where 7; is the projection from X X Y to the ¢-th factor. For the diagonal
sheaf

Oa = A, Ox € Db(X X X),
we have ®», =1id, where A : X — X x X is the diagonal embedding. We
define the composition of kernels £ and F by

Fo& = (m3)«(m] € @753 F) € DY(X x Z),

where 7; ; is the projection from X x Y x Z to the i*" x j*® factor. Then
we have (I)]:Og = (I)]: ] (I)g.
We define the Hochschild homology of X as follows:

HHy(X) = @ HYX,0%), HH(X):= P HH(X)
p—q=k kEZ
This is a Z-graded vector space.

Remark 4.1 (see, e.g., [6], [24], [53], [57]). — More precisely, the definition
of the Hochschild homology is

HHy,(X) := Homps(x)(Ox [k], A"Oa)

and we have the Hochschild-Kostant—Rosenberg isomorphism

Iukr : @ HHL(X) = P P HUX,9%).

kEZ kEZ p—q=k
We use the right hand side as a definition of the Hochschild homology.
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For a homogeneous element o € HH, (X)), the degree of « is denoted by
deg . We identify HHq (X)) with H*(X) via the Hodge decomposition (as
7. /2Z-graded vector spaces). For a morphism f : X — Y, we denote by f.
the Gysin map.

Remark 4.2. — By definition, f, satisfies the following:
1 1 .
ey REUER g KN
Here a € HH,(X) and 8 € HH,(Y).

For £ € D*(X x Y), a morphism ¢¢ : HH4(X) — HH,(Y) is defined as
follows:

P (=) = (m2)« (77 (=) Uv(£)),

v(€) 1= Ch(E)/Tdx xy

is the Mukai vector. Then we have

b0, =1d,  ¢F 0 ds = Proc.
We note that ¢¢ preserves the Z-grading.

where

Remark 4.3. — By definition, Chern characters Ch and Todd classes Td
of bounded complexes of coherent sheaves on X are elements of

Im (é H?* (X, Z(k)) — H'(X)) ,

k=0
where Z(k) is the k-th Tate twist of Z (see [17, §3.4]).

An exact functor F : D*(X) — D®(Y) is called a Fourier-Mukai functor
if there exists £ € D’(X x Y) such that F = ®¢. The complex £ is called
a Fourier—-Mukai kernel of F'. For a Fourier-Mukai functor F =& &g, we
define ¢ by ¢e. By the next lemma, we see ¢ is independent of a choice
of a Fourier—-Mukai kernel £.

LeEMMA 4.4 ([8, Corollary 4.4]). — Let £;,E € DY(X x Y). If we have
an equivalence ®g, = O¢,, then ¢g, = ¢¢,.

Proof. — By [8, Corollary 4.4], we have [€;] = [€2] in the K-group, which
implies the lemma. O

Let & — & — & — &1[1] be an exact triangle in D*(X x Y). Since
Chern characters are additive, we have

g, = dg, + dg,.
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By considering the case & = 0, we have ¢g[1) = —¢s.
We define the left and right adjoint kernels £*,&' € D*(Y x X) by

&= (oxy)* (€Y @mwyldy]), & = (oxy)* (€Y ® mfwx[dx]),

where oxy : Y x X — X x Y is the natural isomorphism, £V is the dual
Rstom(E,Ox«y), and wx,wy are the canonical bundles. Then we see that
Dgew is the left adjoint of &g and D¢ is the right adjoint of ®¢. Since the
operations * and ! preserve exact triangles, it follows that

(4.1) bey = Qe + Gez,  Pey = et + ey

for an exact triangle & — & — &3 — &[1].

4.2. Hochschild homology for admissible subcategories

We define Hochschild homology for admissible subcategories and con-
struct objects of Repy(C). Similar construction has already been considered
by many people (e.g., [7], [32], [45], [52]).

For a functor F, we denote by F* (resp. F') the left (resp. right) adjoint
functor. Let A be a full triangulated subcategory of D’(X) and we denote
by i : A< Db(X) the inclusion functor. A is called admissible if i 4 has
left and right adjoint functors. Note that an admissible subcategory A is
saturated, and hence all fully faithful functors to triangulated categories
of finite type are also admissible (see [4, §2]). For a functor F' to A, the
functor i 4 o F' is denoted by F. For an admissible subcategory A, we define
left and right orthogonal to A by

tA={A eD"X)|VAc A Hom(A', A) =0},
At ={A eD"X)|VAec A Hom(A4,A") =0}

Then +A and A+ are also admissible (see [4, Proposition 3.6]). Moreover
we have semiorthogonal decompositions

DY(X) = (A, 1A) = (AL A).

See Definition 4.12 for the definition of semiorthogonal decompositions.
We denote by L4 (resp. R4) the projection functor from D®(X) to A with
respect to the semiorthogonal decomposition (A, ~A) (resp. (AL, A)).

LEMMA 4.5. — i% 2 L4 and iy & R4.
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Proof. — For E € D°(X), we have an exact triangle
Ri E — E — LiE — R.4EJ1].

Since Home(X)(ﬁytE,A) = 0 for A € A, by applying Hompsx)(—, A)
to the above exact triangle, we have a functorial isomorphism

HomA(LAE, A) = Homps(x)(E, A).
This implies i% = L 4. The proof of z'A > R4 is similar. |

To define gf)}:A and ¢§A’ we need the following lemma.;:

LEMMA 4.6 ([32]). — L4 and R4 are Fourier-Mukai functors.

Proof. — Apply [32, Theorem 3.7] for semiorthogonal decompositions
(A, LA) and (A+ A). O

Using the above lemma, we define the Hochschild homology of A as
follows:

DEFINITION 4.7. — We define the Hochschild homology HHe(A) of A
by Imé; C HH(X).

Let B C D*(Y) be an admissible subcategory. A functor F : A — B is
called a Fourier-Mukai functor if there exists & € D’(X x Y) such that
De|g = F. The complex £ is called a Fourier—-Mukai kernel of F. To define
¢r for a Fourier-Mukai functor F', we need some lemmas.

LEMMA 4.8. — Let B C D(Y) be an admissible subcategory of D*(Y)
and £ € D*(X x Y) be a bounded complex. If ®¢(A) C B, then we have
¢5(HH0 (A)) C HH, (B)

Proof. — By assumption, we have
@SOEAEﬁgoCI)goEA.
Hence we have
Im(¢g 0 ¢ ) CImog
which implies the lemma. 0

LEMMA 4.9. — IfCI)Sl |.A = @52|A, then ¢51 |HH.(A) = ¢€2|HH.(.A)-

Proof. — By assumption, we have ®g, o EA = Pg, 0 ﬁA. This implies
the lemma. ]
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For a Fourier-Mukai functor F' : A — B with a Fourier—-Mukai kernel
&, we define ¢r by ¢¢|un,4). By Lemma 4.8, we can consider ¢r as a
morphism from HH,(A) to HH,(B). By Lemma 4.9, this is independent of
a choice of a Fourier—Mukai kernel. Note that id 4 and i 4 are Fourier—Mukai
functors with a Fourier-Mukai kernel O . Hence we have ¢iq, = idHH.( A)
and ¢; , is the natural embedding of HH,(A). To define HHq(A), we used
the specific projection R A- The next lemma implies that the definition of
HH,(.A) is independent of a choice of a projection.

LEMMA 4.10. — Let P : D*(X) — A be a Fourier-Mukai functor which
satisfies P|4 = id 4. Then Im ¢p = HH,(A).

Proof. — By assumption, we have Po EA 2 Ryand Ry o P = P. Hence
we have Im¢r, CIm¢p and Im¢p C Im g, . O

We construct an object of Rep;(C) from A and the Serre functor. We
recall that for E € D?(X), the functor—®FE is a Fourier-Mukai functor with
a Fourier-Mukai kernel A,E. Hence the Serre functor Sx & — ® wx|[dx]
of D(X) is a Fourier-Mukai functor.

LEMMA 4.11. — R4 0Sx oiy4 is the Serre functor Sy of A. Especially,
S 4 is a Fourier-Mukai functor.

Proof. — Let Ay, Ay € A. This lemma is proved by the following func-
torial isomorphisms:

HOmA(Al, Ag) = HOme(X)(AQ, SX (Al))v
gHOInA(AQ,RAOSX(Al))V. 0
Let F' : A — B be a Fourier-Mukai functor with a Fourier-Mukai kernel
£. Then we have an equivalence F' = Rp o ®¢ 0 i 4, which implies the left
adjoint F* =2 L 4 o g« 0ipg is a Fourier-Mukai functor. Hence, if F' is an
isomorphism, the quasi-inverse F~! = F* is a Fourier-Mukai functor and
¢F is an isomorphism with the inverse ¢pp-1. Set

Ty:= (71)deg¢5;‘1’

where (—1)4¢8 is the sign operator defined by (—1)* -id on HHg(X). The
above argument shows that (HH.(A),T4) is an element of Rep;(C). More-
over, for an isomorphism F, we have F'o Sy = Sgo F (see, e.g., [25,
Lemma 1.30]), which implies

¢poTa=Tpo¢p.

Thus ¢r is a morphism in Rep,(C). For simplicity of notation, we write
Tx instead of Ty (x). Then we have (HH4(X),Tx) € Repz(C).
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4.3. Stokes data from semiorthogonal decompositions

In this section we construct Stokes data from (framed) semiorthogonal
decompositions. We first recall the definition of semiorthogonal decompo-
sitions.

DEFINITION 4.12. — Let T be a triangulated category. A sequence of
full triangulated subcategories Ay, As, ..., A,, is called a semiorthogonal
decomposition of T if A; C .AjL for i < j and for every T' € T there exists
the following sequence of exact triangles:

0= T %—THLl 77124>"'4>T1 TOZT-

Ax
Here A; are objects of Aj.

Let C be a finite set and 7 : C = {1,2,...,m} be a bijection. Let
{er,D*(X)}cec be a family of admissible subcategories in D°(X).

DEFINITION 4.13. — A pair ({A;}1<i<m, {Feteec) is called a framed
semiorthogonal decomposition of type (C, T) with the frame {gr.D°(X)}.cc
if {A; }1<i<m is a semiorthogonal decomposition D®(X) = (A1, As, ..., Apm)
and {F.}.cc is a tuple of Fourier—-Mukai isomorphisms

F.:gr.D"(X) = Ao

We denote by P; the projection functor from D®(X) to A; with respect
to the semiorthogonal decomposition {A;}1<i<m- Then we have

Pi o Pj = ! ( J)
0 (i # 7).
The next theorem of Kuznetsov is essential for our construction.

THEOREM 4.14 ([32, Theorem 3.7]). — Every P; is a Fourier—Mukai
functor. Moreover, we have the following sequence of exact triangles in
DY(X x X):

0=Dp, Dyt Dypg—---—Dy Do = Oa
N / N / N /
pm Pm—l ¢1

where P; is a Fourier—Mukai kernel of P;.
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Since P; is a projection to A;, using Lemma 4.10, we have
Im¢p, = HHe(A;) .
Hence, as a corollary of Theorem 4.14, we have the following:

COROLLARY 4.15. — HH,.(X) = @], HH,(A;).

1=

Let ({A;}1<i<m, {Fe}eec) be a framed semiorthogonal decomposition of
type (C,7) with a frame {gr,D?(X)}.cc. Then

¢, : (HHe (gr.D*(X)) , Ty pr(x)) — (HHe(Ar(o) A, (,,)
is an isomorphism in Repy(C). Set

B i= bu,, 0 6r,  HH (a1, D)) = HHL(X), #7 = [ %,

ceC
B = ¢plo Or.,,  HHo(X) — HH, (er.D* (X)), Bre= ] Pfs,
ceC
Bfi = 65! 0 $r,  HHo(X) — HH, (gr.D*(X)), Pf' =[] %ft.
ceC

Since Ra, iy, = Sa, 0i%, 0 Sy, we have Bfl =T 1o Bfr o Tx.

THEOREM 4.16. — ((HH.(ngDb(X)) ’TgrcDb(X))cec’Bﬁ Bf*) defines
Stokes data on (HH4(X),Tx) of type (C,T).

Proof. — By Corollary 4.15, Bf is an isomorphism. By the definition of
semiorthogonal decomposition, we have A; C LA, for i < j. Hence we have

L, oig, = idg, (i=7)
' 0 (1 < 7).
This implies

Bpe By _ idy, (c=¢)
Je oo te {O (r(c) < ().

Similarly, we have

0 (7(c) > 7(c)),

which proves the theorem. O

gt o, {idvc, (=)

DEFINITION 4.17. — Let ({Ai }1<i<m, {Fe}eec) be a framed semiorthog-
onal decomposition of type (C,7) with a frame {gr.D?(X)}.cc. We define
Stokes data

B(({Aiti<icm, {Fe}eee))
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on (HH.(X),Tx) of type (C,7) by the tuple

((HHo (gI‘CDb(X)) aTgrcDb(X))Cec ) Bfa Bf*) .

4.4. Mutations of framed semiorthogonal decompositions

In this section, we define mutations of framed semiorthogonal decompo-
sitions. Essentially, this construction is due to [4] (see also [32]).

Let ({A;}1<i<m, {Fe}eec) be a framed semiorthogonal decomposition of
type (C,7) with a frame {gr,D®(X)}ccc-

DEFINITION 4.18 (cf. [32, §2.4]). — For each i € {1,2,...,m — 1}, we
define

A, (G #iri+1)
(Rit14e)j:= ¢ Aipr (4 =1)
J‘<-'417'-~)-'472—1;~’47l-i-1>m<-/4i-‘y-2a"'a-’47n>L (.7:7’+1)7

{Fc (m(c) # 1)

Ri Fo c =
(Riv1Fe) Ria,, oF. (r(c)=1i).

The pair ({(Ri+1«4o)j}1gjgm7 {(RiHF.)C}CeC) is called the right mutation
of {Aitici<m, {Fe}eec). Similarly, we define the left mutation

({(LiAe)j r<icm: {(LiFe)ceec)

as follows:
Aj (j#i,i41)
(LiA.)jZZ A; (j=1i+1)
J_<A17'~-a~’4i—1>O<Ai,Ai+27"'7Am>L (]ZZ)a
(]LiFo)c:: {FC (T(C) ;é Z N 1)
Larok, (r(c)=1i+1).

To prove the propositions below (Propositions 4.20 and 4.21), we need
the following:

LEMMA 4.19 ([4]). — RLAI.H\AZ;“ : A%, — TAi4 is an isomorphism
and the quasi-inverse is given by L Ak [ia

i4+1°

Proof. — See the proof of [4, Lemma 1.9]. O
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PROPOSITION 4.20. — The pairs ({(R;+14a)j }1<j<ms {(Rit1Fe)c}teec)
and ({(L;Ad); }1<j<m, {(LiFe)c}eec) are framed semiorthogonal decompo-
sitions of type (C,s; o T) with the frame {gr,D’(X)}.cc.

Proof. — We only prove that ({(RiHAo)j}lgjgm, {(RiHF.)C}ceC) isa
framed semiorthogonal decomposition. The proof for the left mutation is
similar. By definition, {(R;y1.A4s);}1<j<m is a semiorthogonal decomposi-
tion of DY(X). Thus it is sufficient to show that (R;11F,). is an isomor-
phism between gr,D’(X) and (Ri11.4e)s;0r(c). We only consider the case
¢ = 771(i) since the case ¢ # 771(i) is obvious. For A; € A;, we have the
following exact triangle:

Ry (AZ') — A; > Ly (AZ) — RJ__Ai+1 (Ai)[l}.

i+1 i+1

This implies
Rig,, (As) € ((Ai, Aipr) N A1) = (RiprAe)ig

From Lemma 4.19 and A; C Af, y, it follows that R. 4,,, |4, is fully faithful.

It remains to show that Rig4, |4, 1 Ai = (Ri41.44)i41 is essentially sur-
jective. Since A; is saturated, Im R1 4, |4, C (Riy1.44)i11 is admissible.
Hence it is sufficient to show that

(Ri+1~/40)i+1 n J'(IHI RLAH»l

Choose A € (Riy1As)it1 N (Im Ry, | 4,)- Then, for all B € A;, we have

Home(X)(A,B) = HOHILAH_1 (A,RLAH_lB) =0.

Thus we have A € 1 A4; N (R;;1Aq)i+1 = 0, which completes the proof. O

We construct an action of the braid group Br,, on the set of framed
semiorthogonal decompositions. Set

ci({Aihicicms {Feteeo) == ({(Rip1Aa)j 1<i<m {Rig1Fo)c}eec)
o7 ' ({Aiticicm, {Feteeo) == ({(Lida); hicicm: {(LiFs)c}eec).-

ProprosiTION 4.21.
(1) o;'o; = 00, =id.
(2) 01054105 = 041050 41.
3) oigj = oj0i (li—jl>2).

In other words, o;, 0, ' satisfy the braid relations.

%
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Proof.
(1). — By definition, we have

Fe (7(c) # 1)
LAiLJr1 oRiy,,, ok (t(c) = 1).

(Li(Riy1Fy)e), = {

From Lemma 4.19 and A; C A, we see that
L‘Az%rl ] RLAiJrl o FT—I(,L') = FT—I(i).

This implies o, lo; = id. Similarly, we can prove 0,0, —=id.

(2). — Set A}y :=ImR1y4,,,

A;41- By definition, we have

F. (t(c) #4,i+1)
(Rit1 (Rit2 (Rix1F3),),), = § Ry, 0 Fe (r(c)=i+1)

Rig,,,0Rig,  oF, (t(c) = 1),

F. (t(c) #i4,i+1)
(Riv2 (Riy1 (RivaFl),),), = § Ria,, 0 Fe (r(c)=i+1)

Roig,,0Rup,,,0F (t(c) =1)

Hence it is sufficient to show that

RiAiJrz ORLAHr1 = RLA2+2 ORLAi+2.

Choose A € D(X). Then we obtain the following sequences of exact tri-
angles:

0—>RLA+2oRLA+1A—>RLAH

S e

RJ‘A +2 © RJ‘A +1 L.AL+2 © RJ‘.A +1 L.AH»I
O\\} RLA: ORLA +2 RL_A +2 /
RLA§+2 ORLAi+2A ;+2 ORLA +2 L.A7+2

From these sequences of exact triangles, we see that Riy, , 0o Riy,,, is
the projection to (A1, 4;12) and RLA;+2 o Riy,,, is the projection to
HAjr2, Al ). Since

(Ai+1 5 Ai+2> = <Ai+2 ’ A;+2>
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as subcategories of D’(X), it follows that
Rig, ,oRi4, = RLA2+2 oRiy, .,
(3). — Obvious from definition. O
Remark 4.22. — More precisely, the braid group Br,, acts on the set

of equivalence classes of framed semiorthogonal decompositions with the
frame {gr.D%(X)}.cc. Here two framed semiorthogonal decompositions

({Aih<icm, {Fe}eeo) and ({Af}i<icm, {Fi}eec)
with the frame {gr,D’(X)}ecc are equivalent if and only if F, = F for all
ceC.

For o € Br,,, we can define the framed semiorthogonal decomposition
U({Ai}lgigmv {FC}CEC) of type (C, oo T) with the frame {grcDb(X)}ceC
as the composition of mutations.

THEOREM 4.23. — We have
%(U({Ai}l@éma {Fc}cec)) =M, (%({Ai}lgigmy {Fc}ceC))'

Proof. — By the braid relations, it is sufficient to show the case o = o;
for some i. We only show that

ORis1Fo). = Riv10 [,

PRipr Fo): = fo 0 Ritq-
for ¢ = 771(i) since the rest of the proof is evident. The first equality is
shown by

Riy1 = ldVX o ¢ZA-L+1 - ¢ELA«;+1 '
We will show the second equality. Note that, for an admissible subcategory
A, we have
(Ra)* = (iaoRa)" = La.

Since (R;y1Fe)c = ﬁLAi+l 04, o F, we have

(Ri—HFo): ~ plog LA{, o E*Awl'

c

Hence it follows that
¢(Ri+1F.)Z = fc* O¢

LLAI’-H
. T D — D!
Since Liy,,, = (Rig,, )" = Lo R, ©Sx, we have
—1
- =Ty 0~ oy .
QSLL_A_ X ¢RL X
i+l Ait1
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By simple computation, it follows

d)g!_ = lde — ¢PA
A1 i1
=idy, — ¢
X RA7'+1
= Ly,

where in the first line we use (4.1). Thus we have

b5 =TxoLi10Tx" =R},

LLAH»I

which proves the claim. O

4.5. Pairings on Hochschild homology and B-mutation systems

In this section, we introduce a slightly modified version of the general-
ized Mukai pairing and show that this pairing is compatible with the mon-
odromy T'x and the Stokes data constructed from a framed semiorthogonal
decomposition.

DEFINITION 4.24 (see also [7], [44], [46], [47], [52]). — We define a Pair-
ing on HH4(X) by

o, B)x = ﬁ /X eTix W (a) U B,
where W («) := iPT % for « € H1(X, Q%).
Since
T — TRy T — § —dX TRy T
we see that [-,-)x = [, )x. To compute Tx, we show the following lemma.

LEMMA 4.25. — For E € D*(X), we have ¢_gr = — U Ch(E).

Proof. — Let 71 (resp. m2) be the projection from X x X to the first
(resp. second) factor.

We recall that — ® E is a Fourier-Mukai functor with a Fourier-Mukai
kernel A,E. We compute ¢_gg(a). By definition, we have

¢_®E(Oé) = T2% (WT(O&) U Ch(A*E)\/ TdXxX)~

Using the Riemann—Roch theorem and the projection formula, we have
Ch(A,E)\/Tdxrx = A (Ch(E) Tdx) U v/Tdxnx

= A, (Ch(£)A*(v/Tdxxx)) U/Tdxsx
= A, (Ch(E)).

1
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Thus we have

¢-gp(a) = T2 (1] (a) U Ay (Ch(E)))
= 2. Ay (A*7} (@) U Ch(E))

= aUCh(E). a
As a special case of E = wy'[~dx], we have Tx = (—1)9x (—1)dege2mirx
To show some statements about [, -)x, we use the following properties

of the morphism W:
e W is a ring homomorphism.
For a, 3 € HH,(X), we have [ (~1)XW(a)UB = [, W(3)U .
W (X)) = 6100, W (Ch(E")) = Ch(E)
W (VTdx) = yTdx U gm0,

For amap f: X — Y, we have

Woff=foW, Wof,=(-1)™"9f oW
PROPOSITION 4.26. — [-,-)x is compatible with Tx.
Proof. — We need to show [Txa, 8)x = (—1)%8%[3, a)x, i.e.,

1 . . —1)dega )
W/Xe’””xW<<—1>deg“—dXe2”1"x a)up =(<27T)>/X W (B)Ua

for homogeneous elements «, 5 € HH4(X). Using the above properties of
W, this follows from simple computation. O

The next proposition gives a characterization of ¢g«, ¢! in terms of the
pairing [+, ) x.

PROPOSITION 4.27 (cf. [7, Theorem 8]). — For £ € D*(X xY),a €
HH,(Y), € HH.(X), we have

(1) [a7¢5(5)>Y = [¢>$* (a)7ﬁ>X7
(2) [p(B), )y = [B, pe(a))x

Proof. — Set my := m 0 oxy and 3 :=m 0 oxy. We first show
(42) (—]_)dyW(V(g )) Um ~* Trlcl(X) — U;(Y (1/(5) U ﬂ'* 71'101(Y))

By definition, we have Ch(£*) = 0%y (Ch(EY) U (—1)%r rje=2mian(¥))
which implies

W(Ch(g*)) = o%y (Ch(f) U (_1)dy,n_;e27ric1(Y)).
Hence we have
W (v(€7)) = W (Ch(E)) UW (y/Tdy xx)
= 05y (Oh(E) U (1) m3e™ ) UTW (Y Tey),
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where we use 0%y \/Tdxxy = y/Tdy xx. Using
W(y/Tdxxy) = \/Tdxxy Ue ™ (XxY)

it follows that
W(v(€7)) = oy (Ch(E) U (—1)™ m3e™ M) U \/Tdx sy Une ™1 (X))
= oy (Ch(&) Umse™ ) U\ /Tdxxy) U (1) Fze a0

which implies the equality (4.2).
We next show (1). By definition, we have

W /X e W (T (T Up(E7))) U B

_1)dy .
- (U/)(%z*(%fW(a)UW(z/(f*))) Uemiox g

(2mi)dx
(-1

[Pe- (), B)x

where in the third line we use the projection formula. Using the equal-
ity (4.2) and the projection formula, we have

1 .
[¢£* (Ck)» 5>X = W /Y N 0;()/ (W;‘W(a) U ,/(g) U ,n_;eﬂ'lcl(Y) U Wiﬂﬁ)
1 A
= (2ri)dxcr /X LT (e W(a)) UmiBUV(E)
1 .
= W /Y ity W(a) U o, (Wfﬂ U y(g))

This proves (1).
Finally, we show (2). Since ®¢: & Sy o g« 0 55!, we see that

Per = T);l o ggxoTy.
Hence the statement follows from (1) and Proposition 4.26. g
Let A be an admissible subcategory of D’(X). We define a pairing [, - )4
on HH,(A) by the restriction of [-,-)x to HHe(A).
LEMMA 4.28. — The pairing |-, ) 4 is compatible with T 4.

Proof. — By Lemma 4.11, we have S4 = R4 0 Sx oi4. Hence we have
S;ll =5 LAOS;(1 oigand Ty = ¢, o Tx|um,4). Since L!A X4y, the
statement follows from Proposition 4.26 and (2) of Proposition 4.27. O

LEMMA 4.29. — Let A and B are admissible subcategories of D*(X).
Suppose that B C A+. Then [a, B)x = 0 for o € HH,(A) and 3 € HH,(B).

TOME 70 (2020), FASCICULE 2



666 Fumihiko SANDA & Yota SHAMOTO

Proof. — Note that E'A = (igoLy) = R_4. Hence we have
(o B)x = 67, (0, B)x = o b5 (8)x.

Since B C A+ we see §A|B 2 0, which implies the lemma. a

Applying this lemma to A and A, we see that [-,-) 4 is non-degenerate.
In general, for a Fourier—Mukai functor F', the morphism ¢pr does not
preserve the pairings.

LEMMA 4.30. — Let F' : A — B be a Fourier—Mukai functor. Suppose
that F' is fully faithful. Then ¢ preserves the pairings.

Proof. — Note that F™* is a Fourier—Mukali functor. Since F' is fully faith-
ful, it follows F* o F' = id4 (e.g., [25, Corollary 1.22]). Thus we have

[0r(c), 0p(B))5 = [Pr-or (), B)a = [, B)a. O

Let ({Aiti<i<m, {Fe}eec) be a framed semiorthogonal decomposition
of type (C,7) with a frame {gr.D?(X)}.cc of D*(X). Combining Lem-
mas 4.28, 4.29, and 4.30, we conclude

THEOREM 4.31. — The pairing [-,-)x is compatible with the Stokes
data B (({Ai}1<i<m, {Fe}eec)), and hence gives a mutation system.

DEFINITION 4.32. — This mutation system is called a B-mutation
system.

To simplify notation, the B-mutation system is also denoted by

B(({Aiticicm, {Fe}eeo))-

5. Dubrovin type conjectures

Let X be a Fano manifold. Fix —C'x-generic 6, € R. In Section 3, under
assumption (3.3), we construct the A-mutation system A, (RH(#x, 2x))
with the splitting data (74,,“fs,). On the other hand, in Section 4, we
construct the B-mutation system B (({A;}1<i<m {Fe}ee—cy)) with the
splitting data (7g,,Pf) from a framed semiorthogonal decomposition of
type (—Cx, 7g,) with a frame {gr.D’(X)}ce—cy-

Let
dx

Ix =][TA+6) € H(X)

i=1
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be the Gamma class of X, where 01,5, ...,0q, € H*(X;Z) are the Chern
roots of TX and I'(z) is the Gamma function. We define an isomorphism

I HH,(X) - H*(X)

by I'(@) := (a UTx)/v/Tdx, where we identify H*(X) with HH,(X) via
the Hodge decomposition.

LEMMA 5.1. — For a, p € HH (X)), we have [I'(a),T'(8))x = [, B) x -

Proof. — Note that [a, 8) x = [«, 8)x. Hence it is sufficient to show that
[T(a), T(8))x = [, B) x. By the identity
. 2mi
(1= 2)D(14+2) = T,
we see that

eﬂ-ipXW(Fx) U FX = TdX .
From this and W (y/Tdx) = e~ ™*x y/Tdx, we obtain
e™Px W(I'(a)) UT(B) = ™ x W (a) U B.

Hence we have [I'(«), T'(8))x = [«, 8) x. O

DEFINITION 5.2. — We say that X satisfies Dubrovin type conjecture
if the following conditions hold:
e The meromorphic connection .#x is of exponential type (3.3).
e There exists a framed semiorthogonal decomposition of type
(—Cx,7,) with a frame {gr,D’(X)}.c_cy such that T' gives an
isomorphism of mutation systems, i.e.,

Im“fy, . = Im(T o Bf,)
for all c € —Cx.

Remark 5.3. — For another —C'x-generic 67,

A-mutation system. By Theorem 2.19, these mutation systems are related
by the braid group action. From this and Theorem 4.23, we see that X
satisfies Dubrovin type conjecture for 6, if and only if X satisfies Dubrovin
type conjecture for 7.

Remark 5.4.

e If (even part of) the quantum cohomology of X is semisimple and
DP(X) has a full exceptional collection, then Dubrovin type conjec-
ture defined above follows from Gamma conjecture II ([17, Conjec-
ture 4.6.1]).

e Gamma conjecture IT is closely related to Dubrovin’s (original) con-
jecture [15] (see [17, §4.6] for a more detailed explanation)

we can construct another
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6. Properties of quantum connections of Fano manifolds

6.1. Symmetry of fundamental solutions of quantum
connections

Let X be a Fano manifold. We denote by rx the Fano index of X, that
is,
a(X)

rx = max{r €EZLso| —— € HQ(X;Z)}.
r

Recall that Pic(X) & H?(X;Z) since X is Fano. Let O(k) be the line bundle
which satisfies ¢1(O(k)) = kei1(X)/rx. Set Hx := ¢1(O(1)). Let C4 be the
complex plane with the coordinate q. Set c1(X)*, := c1(X)*¢, (x)10gq- NOte
that ¢1(X)*, € End(H*(X))®C[g"*] by the divisor axiom. Recall that the
set of eigenvalues of the operator ¢;(X)# is denoted by Cx. We denote by
E(c) the generalized eigenspace of ¢;(X)xo associated with the eigenvalue

c € Cx. Set logwy, := —(27ik)/rx and wy, := €!°8@* for k € Z. We recall
the following equation (See, e.g., [17, §2.2]):
(6.1) q"(c1(X)xq)g " = g(e1(X)*o).

By substituting wy, for g, we have the following lemma:

LEMMA 6.1. — If ¢ € Cx, then we have wic € Cx. Moreover, we have
E(c) = E(wyc) and this isomorphism is given by o — w; "o

Proof. — Since ¢1(X)%, € End(H*(X)) ® C[g"~], it follows that

c1(X)ky, = c1(X) *g .

Hence the lemma follows from the equation (6.1). O

We introduce a one parameter deformation of the quantum connection
(Hx,V) of X, which is the restriction of the usual Dubrovin connection
([14], [15]) to the ¢;1(X) direction (see also [12, Chapter 8], [31, §3.2.1] and
references therein). We consider the trivial bundle

Hx := (H*(X) x C, x C; = C, x C,)

with the meromorphic connection

Vi—d- (i(cl(X)*q) _u) de (Cl(X)*q> dg.

z z q

By definition, the restriction of (7—~l X, 6) to ¢ = 1 is the quantum connection

(Hx, V).
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s -5() () ()

This is a holomorphic map defined on the universal cover @; X ((~:;‘

Set

LEMMA 6.2. — S gives a fundamental solution of the meromorphic con-
nection (Hx,V), that is, VS = 0.

Proof. — Set S’(z) := S(z)z7#2”x . This lemma is proved by the follow-
ing computation:

~ 1 /ds’ z 1/q z
L il i N el
Vas=a q<d2> (Q)+q q<z)us (Q>

o é (4) (@)’ (2)

where we use the equation (6.1). O
Recall that T'(z) = 2#S(z)z"*.
PROPOSITION 6.3. — T'(z/wi) = T(2).
Proof. — Since VS = 0 and ¢, (X)#w, = c1(X)*g, we see that
S(z,wi) = 2 M (2w )2 x wy, X

is a fundamental solution of (Hx, V). Hence z~#T'(z/wy)z"x is also a fun-
damental solution. It is obvious that T'(z/wy) = id at z = co. This implies
T(z/wy) = T(z) by uniqueness (Proposition 3.3). O

6.2. Gamma conjecture I

In this section, we recall Gamma conjecture I and derive some assertions.
First, we recall Property O. Set

Tx :=max{|c||ce Cx}.
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DEFINITION 6.4 ([17, Definition 3.1.1]). — We say that X satisfies Prop-
erty O if the following conditions hold:
e Ty €Cxy.
o Ifce Cx and |c| = Tx, then ¢ = w;Tx for some k.
e The multiplicity of Tx is one, i.e., dim E(Tx) = 1.

Remark 6.5. — Galkin—Golyshev—Iritani [17] only considered the even
part cohomology H®(X) := @,y H*(X). But the next lemma implies
our definition of Property O is equivalent to the original one. Note that the
set of eigenvalues of (c1(X)*o)|mev(x) is equal to Cx (see, e.g., the proof
of [18, Proposition 7.1]). Hence we easily see that our Property O implies
the original one.

LEMMA 6.6. — Assume that H®(X) satisfies the same conditions as
Definition 6.4. Then X satisfies Property O.

Proof. — The proof is the same as [22, Proposition 1.2]. Set
HYYX) = @ HF(X).
k—1€2Z

Let a be an element of H°d4(X)N E(c)\ {0}. Take 8 € H°44(X) such that
(o, B)x = 1. Then we have axo 3 € H®(X)NE(c)\ {0}, and (ax*g3)* = 0.
Thus we have dim(H®"(X) N E(c)) > 2, which implies the lemma. O

We define the subspace
Aie) C {s . C: = H*(X) ’ Vs = 0}

of flat sections as follows (cf. [17, §3.3]). A section s is an element of .7, g) if
and only if there exists a constant C' and a non-negative integer N such that
le/#s(2)|| < Clz|~N forlog z € (E: with Slogz = 0, |z| < 1. Here the norm
of e“/#s is given by a fixed hermitian metric on H*(X). D on Tx ,—27k/rx)
is denoted briefly by «7.. Recall that the isomorphism

i H(X) = {5:CL = H(X) ’vs =0}
is defined by ®()(z) = (27)~4x/28(2)z 2 x .

DEFINITION 6.7 ([17, Conjecture 3.4.3]). — We say that X satisfies
Gamma conjecture I if X satisfies Property O and <y = (C<I>(f x)-

We have the following lemma:

LEMMA 6.8. — (¢ 0) = H(w,c,0—2nk/rx)- Lhis isomorphism is given by
a — Ch(Ox(k)) U« via the isomorphism ®.
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Proof. — For s € 4/ ¢), choose a € H*(X) which satisfies s = ®(a). By
Lemma 6.2, we have w; "s(z/wi) € H(u, c.0—2xk/rx)- By Proposition 6.3,
we have w, *s(z/wy,) = ®(w, ™ Ua). The lemma is proved by the equation
w, ™ = Ch(Ox (k). O

From this lemma together with Gamma conjecture I, we can calcu-

late <7},.

PROPOSITION 6.9. — If X satisfies Gamma conjecture I, then we have
o, = CO(T'x Ch(Ox (k))).

Proof. — Obvious from Lemma 6.8. O

6.3. Vanishing cycles

In this section, we fix (—C'x)-generic 6, and assume .#x is of exponential
type (3.3). Let g, (RH(#x,2x)) be the A-mutation system with the
splitting data (7g,, 4fs, ).

DEFINITION 6.10. — Let A C D°(X) be an admissible subcategory. We
say that A is a vanishing cycle at (c,0,) if Im4fy, _. = T'(HHq(A)).
Recall that E € D?(X) is called an exceptional object if
C (k=0)
0 (k #£0).

Let (E) be the smallest full strict triangulated subcategory of D®(X) which
contains E. We note that (E) is an admissible subcategory of D?(X) if E
is an exceptional object. (see, e.g., [25, Lemma 1.58]).

Hom(E, E[k]) = {

LEMMA 6.11. — Let E € D*(X) be an exceptional object. Then
I'(HH.((E))) = CI'x Ch(E).
Proof. — We consider E as an object of D’({pt} x X). Let
®p : D"({pt}) = D"(X)

be the Fourier-Mukai functor with the Fourier-Mukai kernel E. Then we
have Im @5 C (E) and this inclusion induces an isomorphism. Hence we see
that ¢ induces an isomorphism HH, (D’({pt})) = HH,((E)). By defini-
tion, we have HH,({pt}) = C, which implies Im ¢ = Cv(FE), where v(E)
is the Mukai vector. The statement follows from I'(v(E)) = I'x Ch(E). DO
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We note that O(k) is an exceptional object since X is Fano. Moreover,
we easily see that the collection of objects (Ox (0), Ox(1),...,0x(rx —1))
is exceptional, i.e., (Ox(k)) C (Ox(1))* for k < L.

PROPOSITION 6.12. — Suppose that —7/2 < 0, < w/2. If X satisfies
Gamma conjecture I, then the subcategory (Ox (k)) is a vanishing cycle at
(wka, 00 — 271’]{)/?")().

Proof. — By Lemma 3.5, we have
Im fy. onkjry,—wptx C F = C®(Lx Ch(Ox(k))).

By Remark 3.6 and Lemma 6.1, we have dim Im Afgo_gﬂ.k/,rx7_wkTX = 1.
Thus we have

Iy, o /ry, -t = C®(Lx Ch(Ox (K))).
Combined with Lemma 6.11, we have the statement. O

In the proof of Lemma 6.14, which is used in the proof of Theorem 7.9,
we use the following notation:

Notation 6.13. — Let (V,[-,-)) be a finite dimensional vector space V/
over a field k with a pairing [-,-) and W be a subspace of V. Set

W={veV|vw) =0 foral wecW},
Wt={veV|[wv)=0foralweW}.
LEMMA 6.14. — Suppose that 8¢ = {0.}cc—cy is ordered. Take c, €

—Cx. Let {A(—c0.)}ee—Cx\{co} De a family of vanishing cycles. Assume
that A_cq.) C A%—c/,o N for ¢ <g,4r/2¢. Set

A(_COyGCQ) = ﬂ J_"4(_Cx96) ﬂ ﬂ Aé__caec)

Cc<gq+m/2C0 Co<pq+m/2C

Then A(_, p,,) is a vanishing cycle at (—co,0.,).

Proof. — By construction, {A(_g.)}cc—cx gives a framed semiorthog-
onal decomposition

({Ai}léiéma {Fc}ce—Cx)

of type (—=Cx,7p,) with a frame {A_. g )}ce—cx by requiring F. = id for
all c¢. Hence we can construct a B-mutation system

B(({Aiticicm, {Felee—cx))
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with the splitting data (7y,,2f). By semiorthogonality of the pairing
[+, )x, we have

(6.2) ImPBf., = N ‘m®.) N N m?h)"
¢<gq+m/2Co Co<pq+m/2C
On the other hand, Im“fy, .., of the splitting data (7g,,“fs,) of the
mutation system g, (RH(// x, 2 X)) has a similar expression as the equa-
tion (6.2), i.e.,

(6.3) ImAfG.wo = ﬂ L(ImAfG.,J m ﬂ (ImAfOMC)J_

C<gq+7/2C0 Co<gq+m/2C

By the definition of vanishing cycles, we have Im(T o Bf.) = Im“4f,, .
for ¢ # c,. Thus we have Im(T o Bf. ) = Im“4f,, .., which proves the
lemma. ]

7. Examples

In this section, we prove that complete intersection Fano manifolds in
projective spaces with Fano index greater than one satisfy Dubrovin type
conjectures. The proof is similar to the proof of Gamma conjectures for
projective spaces ([17, §5]).

7.1. Calculations of cohomology

Let F' be an ample vector bundle on a Fano manifold Y, that is, the tau-
tological line bundle of the projective space bundle P(F') is ample. By [42,
Proposition 1.8], F' is generated by global sections. Hence F' is convex, that
is, H* (P!, f*F) = 0 for all non-constant holomorphic maps f : P! — Y. We
assume 1 <tk F' < dy. Let s be a global section of F' and set X := 5’1(0).
By a Bertini type theorem ([42, Theorem1.10]), we can choose general s so
that X is reduced and smooth. We assume X is a Fano manifold. We denote
by i : X — Y the inclusion and set H? , (X) := Im¢*. Since F' is convex,
H? ,(X) is closed under the quantum cup product *, for 7 € H} , (X)
(see, e.g., [11], [27, §2.4], [28, §3.4]). The next lemma is well known (see,
e.g., [39, §2.2]) and we only use the case Y = P9 but we give a detailed
proof for completeness.
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LEMMA 7.1.
o H*(X) = Hy,(X)® Hy (X))

e H? (X)' c H*(X).
Here H? , (X)* is the orthogonal subspace of H? , (X) with respect to

the Poincaré pairing.

Proof. — By definition, we have

(XN HS (X)) = {i*a / i*aUi*B=0 forall B¢ H'(Y)} :
X

Using the projection formula and i,i* = (271)% ~9xe(F)U, we obtain

/ i*an*B:/ e(F)Uaup,
X Y
where e(F') € H*(Y;Z) is the Euler class of F. Thus we have

H (X)) N HS (X)) =% ker(e(F) U —).

amb amb

By Sommese’s theorem (see, e.g., [35, Theorem 7.1.1]), it follows that i* :
H*(Y) — H¥(X) is an isomorphism for k < dx. Choose an ample line
bundle L on Y. Then

(i*er(L) U =) 7F: H¥(X) — H***7F(X)
is an isomorphism for k& < dx by the hard Lefschetz theorem. Consider the
following commutative diagram:
HE(Y) —— H*(X)
(61(L)U—)dxki J{(i*m(L)U—)dxk
HQdX—k(Y) i H2dx—k(X)

Here the top and right arrows are isomorphisms for k£ < dx. This diagram

implies that
it H*(Y) — H¥(X)

is surjective for k # dy. Hence we obtain H? , (X)) C H*(X). By the

hard Lefschetz theorem for ample bundles (e.g., [35, Theorem 7.1.10]), it
follows that

e(F)U—: H¥*(Y) — H*¥~dx(Y)

is injective. Thus HZX, (X) N HE,,(X)* = {0}, which proves the lemma.
O

We consider the quantum connection .#x as a Oc o(x{0})(0,)-module.
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LEMMA 7.2. — The decomposition H*(X) = H?

amb

(X) & Hepp, (X)+
induces the decomposition

H*(X) ® 0c,0(+{0}) = H3p, (X) @ Oc0(+{0}) @ Hip,(X)© ® Oc,0(+{0})

as a O¢,o(x{0})(0.)-module. Moreover H? | (X)* ® O o(x{0}) is of expo-
nential type.

Proof. — Recall that H? , (X) is closed under the quantum product .
For a € H? ,(X)* and B € H? , (X), we have

amb

(c1(X) x0 a0, B)x = (o, c1(X) %0 B)x =0,

where we use ¢1(X) = i*(a1(Y) — a1(F)) € H?,,,(X). This implies that
c1(X) %0 a € H? ,(X)*. Hence c1(X)*o and p are compatible with the
decomposition H*(X) = H? . (X) ® H2,, (X)*, which implies the first
statement. We will show the second statement. Since ;1 = 0 on the subspace
H? (X))t C HI¥x(X), the differential 9, acts on H? , (X)+ € H* (X) as
d/dz — (c1(X)*0)/2%. Let ¢1(X)*o = S + N be the Jordan decomposition,
where S is the semisimple part and NV is the nilpotent part. Without loss
of generality, we can assume N has only one Jordan block. Take a basis
e1,ea,...ep of H;mb(X)J- such that N(e;) = e;41 for 1 < i < k—1 and
N(er) = 0. We define a grading operator Gr by Gr(e;) := i - ¢;. Then we
easily see that

arf(d aX)x\ _¢¢ d Gr N S
z — )z
dz 22

and the right hand side is obviously of exponential type. O

If the Fano index of X is greater than one, we can calculate the action
of ¢1(X)*o on H? , (X)* as follows:

LEMMA 7.3 ([18, §7]). — If rx > 2, then ¢1(X) %9 o = 0 for o €
He (X)L

amb

Proof. — Since a € H? , (X)* C H¥X(X) and rx > 2, we have
a(X)xae H*(X)e @ HYX).
k<dx —2
But ¢y (X)*oa € H?

amb

(X)+ c H%(X). Hence we have ¢, (X)*oa =0. O
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7.2. Dubrovin type conjectures for complete intersections in
projective spaces

In this section, we assume that Y is the projective space P? of dimension
dy and F = O(dy) & - - - ® O(dy). Moreover, we assume

di>2, dX:dykaig, ’I’X:dy+1*d17d27”~fdk>2.

PROPOSITION 7.4. — The quantum connection .#x is of exponential
type.

Proof. — By Lemma 7.2, it is sufficient to show that the meromorphic
connection (H? 1 (X) ® Oco(x{0}), V¥™P) is of exponential type, where
Vamb is the restriction of V to H?, (X) ® Oco(+{0}). Let logq € C. Set
q = €9 w := gz, and 7 := ¢1(X)logq. Note that c;(X)*, defines an
endomorphism of HY , (X) since 7 € Hy 1 (X). Then we can easily check
that

d 1
q VAPt = (w + 41— cl(X)*T) ‘
dz w

dw H? (X)®6¢c,0(x{0})

By [48, Corollary 6.14], we see that the right hand side is equipped with a
non-commutative Hodge structure for |g| < 1 (see [50] for the definition),
and hence of exponential type. O

As a corollary of Givental’s mirror theorem, we calculate the ring struc-

ture of H® . (X) with respect to the quantum product.
P q p

amb

LEMMA 7.5. — Set Dx = d*dg?---d{*. Then
v (X) = C[z]/ (2177 (2™ — Dy))

amb
as a ring.

Proof. — By [20, Corollary 9.3], Hx € H?*(X) satisfies the relation
H;XH — DXH§(1+d2+“'+d’Fk = 0. Hence we have the ring morphism

Cla] /(x> 77 (2™ — Dx)) = Hypp(X)

which sends x to Hx. We easily see that these rings have the same dimen-
sion. Since
l

HY =HxUHx U---U Hyx +(lower degree term),

the ambient cohomology H? . (X) is generated by Hx. Hence the above

morphism is an isomorphism. (|
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Remark 7.6. — Similarly, by using [20, Corollary 10.9], we have
b (X) = Cla]/((z + D)™ (2" — Dx + D))
for the case rx = 1, where Dy := dylda! - - - dj!.

COROLLARY 7.7. — Tx = rXD;/TX,CX = {Txwy | k € Z}U{0}. More-
over, X satisfies Property O.

Proof. — This statement easily follows from Lemmas 7.3 and 7.5. O
ProprOSITION 7.8. — X satisfies Gamma conjecture.

Proof. — By [17, Theorem 5.0.1], projective spaces satisfy Gamma con-
jectures I. By [18, Corollary 3.9, Theorem 8.3], it follows that X satisfies
Gamma conjecture I by induction on k. O

THEOREM 7.9. — X satisfies Dubrovin type conjecture.

Proof. — Choose a sufficiently small positive real number 6, € R. Set
¢o:=0and ¢ := —Txwr (k=0,1,...,rx —1). We define a ordered tuple
of real numbers 0, by

0. .— 0, (c=co)
< —2rk/rx + 6 (c=cg)-
Then the order <g, /2 on —Cx is given by

Co <Pgtm/2 CO <Pg4m/2 C1 <Og4m/2 """ <Og+7/2 Crx—1-

Note that 0, and 6, are (—C'x )-generic. By Corollary 2.40, we can construct
a mutation system 2y, (RH(.#Zx, 2x)) with the splitting data (g, ,“fs, ).

Since X satisfies Gamma conjecture I, using Proposition 6.12, we see
that A_., := (O(k)) is a vanishing cycle at (—cg, 6, ). It is easy to see that
{A_c. tere—cx\{co} satisfies the assumption of Lemma 6.14, which implies

A_e, = (0(0),0(1),...,0(rx — 1))+

is a vanishing cycle at (—co,0.,). We define a framed semiorthogonal de-
composition

({Ai}lgigma {FC}CE—CX)
of type (_CXaTG.) with the frame {grcDb(X)}Cefcx = {A*C}CGCX by
requiring F, =id 4__. We consider the corresponding B-mutation system

B(({Aiticicm, {Felee—cx))

with the splitting data (7g,, Zf). Then, by the definition of vanishing cycle
categories, we have Im(T" o Bf.) = Im Afghc for all c € —Cx.
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Let g, (RH(Ax,2x)) be the A-mutation system with the splitting
data (7, ,“fs,). By Theorem 4.23, it is sufficient to show that

(70, *f0,) = (7 0 79,07 f5,)

for some o € Br,, 1. To show this statement, we introduce the following
ordered tuple of real numbers {@e }cc—cy:

e {ec (6, > 6o — )

90_77' (9c<90—7r).

We can easily see that ¢e is —Cx-generic. Let 24, (RH(.#x, 2x)) be the
corresponding mutation system with the splitting data (T¢.,Af¢.). Note
that V.4, is identified with H*(X) via the isomorphism ® (see Defini-
tion 3.4). We define elements of the symmetric group s, s” by 74, 079_01, Tg, ©
7'¢_.1 respectively. We claim that

(760> Moa) = (50705, (9)rM0,), (700, 0.) = (8 0 760, ()R s.)-

We first show (74,,4fs.) = (so 79, (s)r*fs,). By Lemma 2.15, we have

—

((s)r"fo.), = II &%

ie[.reo (c) (S)

On the other hand, by Corollary 2.28, we have

—

Yoo = I[I &%

i€lry (c)(500.0c)

Hence it is sufficient to show that

€ <gyans2C
/ = —Cx

c <00+7r/2 Cl}
C/ <¢.+ﬂ-/2 c

/
¢ e —-Cyx
{ ¢ <gopnj2c

for all ¢ € —Cx. By simple consideration, we see that both sets are equal
to

0 (c=co)
{cl’c<90+w/2 cl,l<k} (c=ck,b; >0, —m)
{cl|c<90+ﬂ/2 cl,}u{co} (c=ck, b, <0, —m).

We next show (79, , fs,) = (s'074., (s') r*fs. ). It is sufficient to show that

C<pytm/2 C/} _ {C/ € —Cyx € <go+m/2 Cl}

{C/ e —Cx| , /
c <9.+7r/2 c c <90+7r/2 c
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for all ¢ € —Cx as ordered sets, where order of the left hand side (resp.
right hand side) is defined by <4, /2 (resp. <y 1x/2). We see that both
sets are equal to

0 (c=co)
] (c=cp,0c, >0o—)
{cl‘c <Go—m/2 cl7l<k} (¢ =ck, b, <0—m).

Since ¢, = 0o — 7w for ¢ with 0., < 0, — 7w, we see that <y, 4./ and
<¢.4n/2 define the same order on this set, which completes the proof. [J

Remark 7.10. — Similarly, we can prove that X satisfies Dubrovin type
conjecture if rx =1 and dx is odd (see also Lemma 6.6 and Remark 7.6).
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