Université Grenoble Alpes

ANNALES DE
LINSTITUT FOURIER

Kiyoshi TAKEUCHI

Bifurcation values of polynomial functions and perverse
sheaves

Tome 70, n° 2 (2020), p. 597-619.
<http://aif.centre-mersenne.org/item /AIF_2020__70_2_597_0>

© Association des Annales de 'institut Fourier, 2020,

Certains droits réservés.
Cet article est mis a disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 3.0 FRANCE.
http://creativecommons.org/licenses/by-nd/3.0/fr/

s

MERSENNE

Les Annales de I'institut Fourier sont membres du
Centre Mersenne pour I’édition scientifique ouverte
Www.centre-mersenne.org


www.centre-mersenne.org
http://aif.centre-mersenne.org/item/AIF_2020__70_2_597_0
http://creativecommons.org/licenses/by-nd/3.0/fr/

Ann. Inst. Fourier, Grenoble
70, 2 (2020) 597-619

BIFURCATION VALUES OF POLYNOMIAL
FUNCTIONS AND PERVERSE SHEAVES

by Kiyoshi TAKEUCHI

ABSTRACT. — We characterize bifurcation values of polynomial functions by
using the theory of perverse sheaves and their vanishing cycles. In particular, by
introducing a method to compute the jumps of the Euler characteristics with com-
pact support of their fibers, we confirm the conjecture of Némethi—Zaharia in many
cases.

RESUME. — Nous caractérisons les valeurs de bifurcation de fonctions polyno-
miales en utilisant la théorie des faisceaux pervers et leurs cycles évanescents.
En particulier, en introduisant une méthode pour calculer les sauts de caractéris-
tiques d’Euler a support compact de leurs fibres, nous confirmons la conjecture de
Némethi-Zaharia dans de nombreux cas.

1. Introduction

For a polynomial function f: C* — C it is well-known that there exists
a finite subset B C C such that the restriction

(1.1) c*\f'(B)—C\B

of fis a C* locally trivial fibration. We denote by By the smallest subset
B C C satisfying this condition. Let Sing f C C™ be the set of the critical
points of f: C* — C. Then by the definition of B¢, obviously we have
f(Sing f) C By. The elements of By are called bifurcation values of f.
The determination of the bifurcation set By C C is a fundamental problem
and was studied by many mathematicians and from several viewpoints,
e.g. [3,4,9, 10, 19, 20, 23, 24, 29] and [30]. The essential difficulty consists
in the fact that in general f has a lot of singularities at infinity. Here we
study By via the Newton polyhedron of f. We denote by I' (f) the convex
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598 Kiyoshi TAKEUCHI

hull of the Newton polytope N P(f) of f and the origin in R™. We call it the
Newton polyhedron at infinity of f. Throughout this paper we assume that
dim ' (f) = n. Recall that f is said to be convenient if T'w(f) intersects
the positive part of each coordinate axis. Kouchnirenko [13] proved that if f
is convenient and non-degenerate at infinity (for the definition see Section 3)
then By = f(Sing f). However, in the non-convenient case, Némethi and
Zaharia [19] showed that more bifurcation values may occur due to so-called
“bad faces”. Let us explain this phenomenon here and refer for details to
Section 3.

DEFINITION 1.1 ([26]). — We say that a face v < I'so(f) is atypical if
0 € v, dim~ > 1 and the cone o(y) C R™ which corresponds it in the dual
fan of T'oo (f) (for the definition see Section 3) is not contained in the first
quadrant R} :=RZ%, of R™.

This definition is closely related to that of the bad faces of NP(f — f(0))
in Némethi-Zaharia [19]. See Section 3 for the details and examples. In this
paper, we consider the case where f is not convenient. Let +1,...,7v, be
the atypical faces of ' (f). As we see in Theorem 1.2 below, in the generic
case where f is non-degenerate at infinity, the singularities at infinity of f
are produced only from ~;. For 1 < i < m let K; = f,, (Sing f,,) C C be
the set of the critical values of the v;-part

(1.2) fy : T=(C)" —C
of f. Let us set

(13) Ky = f(sme U oo (U).

Then Némethi-Zaharia [19] proved the following fundamental result.

THEOREM 1.2 (Némethi-Zaharia [19]). — Assume that f is non-degen-
erate at infinity. Then we have By C Kj.

Moreover they proved the equality By = K for n = 2 and conjectured
its validity in higher dimensions. The essential problem is to prove the in-
verse inclusion Ky C By. This has been a long standing conjecture until
now. Later Zaharia [30] proved Ky \ {f(0)} C By for n > 2 under some
additional assumptions. In particular, he assumed that f has isolated sin-
gularities at infinity on a fixed smooth toric compactification of C". We
can easily see that even if f is non-degenerate at infinity this condition
is not satisfied in general. See (4.13) in the proof of Theorem 4.3 below.
Namely his assumption is very strong and moreover depends on the choice
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BIFURCATION VALUES OF POLYNOMIAL FUNCTIONS 599

of a particular smooth toric compactification of C". In this paper, we over-
come this problem by introducing the following intrinsic definition. For
1<i<mlet L, ~ R4m i he the linear subspace of R™ spanned by ;
and set T; = Spec(C[L,, N Z"]) ~ (C*)4m7i We regard f,, as a regular
function on T;.

DEFINITION 1.3. — We say that f has isolated singularities at infinity
over b € Ky \ [f(Sing f) U {f(0)}] if for any 1 < i < m the hypersurface
f5H(b) C T; ~ (C*)4m™ 7% in T; has only isolated singular points. We simply
say that f has isolated singularities at infinity if it is so over any value

be Ky \[f(Sing f) U{f(0)}].

With this new definition at hand, by using also the more sophisticated
machinary of vanishing cycle functors for constructible sheaves we can even-
tually work on a singular toric variety. Then we use the theory of perverse
sheaves to improve Zaharia’s result. In this way, we prove the inverse in-
clusion K\ {f(0)} C By and confirm the conjecture of [19] in many cases.
In particular, for n = 3 we obtain the following result.

THEOREM 1.4. — Let f : C3> — C be a non-degenerate polynomial at
infinity such that dimT'w(f) = 3. Then, if f has isolated singularities at
infinity over b € Ky \ [f(Sing f) U{f(0)}], we have b € B;. In particular, if
f has isolated singularities at infinity, we have K\ {f(0)} C By.

For n = 3 in the generic case, we thus confirm the conjecture of [19]. In
fact, to prove Theorem 1.4 we show moreover that the Euler characteristics
with compact support of the fibers of f : C"* — C jump at the point b.
The jump of Euler characteristics was used as a test for the bifurcation
locus in case of “isolated singularities at infinity” (defined in various ways)
in many other articles and from different points of view (see [1, 2, 3, 9, 10,
23, 24, 25, 27] etc.). To introduce our results in higher dimensions, we need
also the following definition.

DEFINITION 1.5. — We say that an atypical face v; < Too(f) is rela-
tively simple if the cone o; := o(v;) C R™ which corresponds to it in the
dual fan of T (f) is simplicial or satisfies the condition dim o; < 3.

This condition implies that the constant sheaf on the affine toric variety
associated to the cone o; such that dimo; = n — dim~y; is perverse (up
to some shift). If o; is simplicial, then the affine toric variety associated
to it is an orbifold and the perversity follows. If dimo; < 3 we can show
the corresponding perversity by a result of Fieseler [7] on the intersection
cohomology complexes of toric varieties. See Lemma 2.5 below. In higher
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600 Kiyoshi TAKEUCHI

dimensions, this perversity is essential in our proof of the inverse inclusion
K;\{f(0)} C By. Note that if dim~; > n — 3 we have dim o; < 3 and the
atypical face ~; is relatively simple. In particular, if n < 4 this condition is
always satisfied. Now we define a function x.: C — Z on C by

(1.4) yelt) = S(—17 dim HI(f 71 (1);C)  (teC).

JEZ
Let us fix a point b € Ky \ [f(Sing f) U{f(0)}] C U, K; and define the
jump Ef(b) € Z of the function x. at b by

(1.5) Ef(0) = (=1)" " {xc(b+¢) — xc(b)} € Z,

where ¢ > 0 is sufficiently small. Recall that for a polytope A in R”™ its
relative interior rel.int(A) is the interior of A in its affine span Aff(A) ~
RI™A iy R”™. Then we have the following result.

THEOREM 1.6. — Assume that dim T« (f) = n, f is non-degenerate at
infinity and has isolated singularities at infinity over b € K \ [f(Sing f) U
{f(0)}] and for any 1 < i < m such that b € K; we have rel.int(v;) C
Int(R? ). Assume also that there exists 1 < i < m such that b € K; and
vi < To(f) is relatively simple. Then we have E;(b) > 0 and hence b € By.

If n = 4, all the atypical faces 7y; are relatively simple and we obtain the
following corollary.

COROLLARY 1.7. — Let f : C* — C be a non-degenerate polynomial
at infinity such that dimT'o(f) = 4. Then, if f has isolated singularities
at infinity over b € Ky \ [f(Sing f) U {f(0)}] and for any 1 < i < m
such that b € K; the condition rel.int(v;) C Int(R%) is satisfied, then we
have E¢(b) > 0. In particular, if f has isolated singularities at infinity and
Poo(f)\ {0} € Int(R%), we have Ky \ {f(0)} C By.

For general n > 2 we have also the following corollary.

COROLLARY 1.8. — Assume that dimI'o(f) = n and f is non-degen-
erate at infinity. Then, if moreover f has isolated singularities at infinity,
Io(f) \ {0} C Int(R%}) and all the atypical faces v; (1 < i < m) are
relatively simple, then we have Ky \ {f(0)} C By.

Since 7; is relatively simple if dim~; > n — 3, Theorem 1.6 extends the
result of Zaharia [30]. Indeed, he assumed the much stronger condition
that for any 1 < ¢ < m such that b € K; we have dim~; = n — 1 (which
implies also rel.int(vy;) C Int(R’)). His assumption means that on a fixed
smooth toric compactification of C" compatible with T'o (f) the function f
has isolated singular points only on T-orbits at infinity of dimension n — 1
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over the point b € Ky \ [f(Sing f) U {f(0)}]. However under our weaker
assumption, in the proof of Theorem 1.6 we encounter non-isolated singular
points of f at infinity on such a smooth compactification (see (4.13)). We
overcome this difficulty by reducing the problem to the case of isolated
singular points. To this end, we consider the direct image of the vanishing
cycle of a constructible sheaf by a special morphism

(1.6) T X =Xy, — X5,

of toric varieties. In this way, we can eventually work on the singular toric
variety Xy, canonically associated to I'o (f). This is the reason why we can
employ our intrinsic definition in Definition 1.3. Then, on Xy, the function
f has only isolated singular points at infinity (over the point b € Ky \
[f(Sing f)U{f(0)}]). Finally, to finish the proofs of Theorems 1.4 and 1.6,
we apply the theory of perverse sheaves and their vanishing cycles. Here
we use the perversity of the constant sheaf on the toric variety associated
to the cone o; to obtain the positivity E(b) > 0. For the moment, it is not
clear if we can further relax the assumption on o; by using the very general
formula for vanishing cycle sheaves in Massey [15, Lemma 2.2] etc. Note also
that our condition rel. int(vy;) C Int(R? ) in Theorem 1.6 is equivalent to the
one 0; NR"} = {0}. However in higher dimensions, there still remain some
atypical faces for which this condition is not satisfied (see Example 3.5
below). So it is desirable to relax the condition o; N R’} = {0}. In this
direction, we have only a partial answer in Theorem 4.5 which extends
Theorems 1.4 and 1.6 in a unified manner. We hope that we can drop some
of the conditions in it in the future.

Acknowledgement. The author would like to express his hearty grati-
tude to Professor Mihai Tibar for drawing our attention to this interesting
problem. Several discussions with him were very useful. The author thanks
him also for his encouragement during the preparation of this paper. More-
over he is very grateful to the referee for many valuable suggestions.

2. Review on constructible and perverse sheaves

In this section, we recall some results on constructible and perverse
sheaves. In this paper, we essentially follow the terminology of [5], [11]
and [12]. For example, for a topological space X we denote by D?(X) the
derived category whose objects are bounded complexes of sheaves of Cx-
modules on X. Denote by D%(X) the full subcategory of D?(X) consisting
of constructible objects.
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DEFINITION 2.1. — Let X be an algebraic variety over C. Then we say
that a Z-valued function ¢: X — 7Z on X is constructible if there exists
a stratification X = | | X, of X such that 1|x_ is constant for any a. We
denote by Fy(X) the abelian group of constructible functions on X.

Let F € D%(X) be a constructible sheaf (complex of sheaves) on an alge-
braic variety X over C. Then we can naturally associate to it a constructible
function x(F) € Fz(X) on X defined by

(2.1) X(F)(z) =Y (-1) dim H/(F), (v € X).
JEL
For a constructible function v: X — Z, we take a stratification X =

L], Xo of X such that 9|x is constant for any « as above. We denote the
Euler characteristic of X, by x(X4). Then we set

(2.2) /X b= Y x(Xa)  Y(za) €2,

where z,, is a reference point in X,,. Then we can easily show that [ YWVEL
does not depend on the choice of the stratification X = | |, X, of X. Hence
we obtain a homomorphism

(2.3) /X D Fy(X) — Z

of abelian groups. For ¢ € Fz(X), we call [, 1 € Z the topological (Euler)
integral of ¢ over X. More generally, to a morphism f : X — Y of
algebraic varieties over C we can associate a homomorphism [ P Fr(X) —
Fz(Y) of abelian groups as follows. For ¢ € F7(X) we define ff e Fy(Y)
by

(2.4 ([#)w=[ vez wen

Then for any constructible sheaf F € D%(X) on X we have the equality
(2 ) =xms),

Now we recall the following well-known property of Deligne’s vanishing
cycle functors. Let X be an algebraic variety over C and f : X — C a
non-constant regular function on X and set Xo = {z € X | f(z) =0} C X.
Then we denote Deligne’s vanishing cycle functor associated to f by

(2.6) pr : DY(X) — Dg(Xo)
(see [5, Section 4.2] and [12, Section 8.6] etc. for the details).

ANNALES DE L’INSTITUT FOURIER
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PROPOSITION 2.2 (cf. [5, Proposition 4.2.11] and [12, Exercise VIII.15]
etc.). — Let w: Y — X be a proper morphism of algebraic varieties over
C and f: X — C a non-constant regular function on X. Set g = fow :
Y —-C Xo={reX| f(zr)=0}and Yy ={y € Y | g(y) = 0}. Then for
any G € D%(Y)) we have an isomorphism

(2.7) o (Rm.G) ~ R(7|y, )« pg(G),
where the morphism 7|y, : Yo — X, is induced by .

Recall that for an algebraic variety X over C the category Perv(X) of
perverse sheaves on it is a full subcategory of D%(X). Here we use the con-
vention that for smooth X the shifted constant sheaf Cx|[dim X] € D%(X)
is perverse. The following result is a very special case of [5, Corollary 5.2.17].

LEMMA 2.3. — Let X be an algebraic variety X over C and Y C X a
hypersurface in it. Set U = X \'Y and let j : U — X be the inclusion map.
Then the functors

(2.8) ji. Rj, : D(U) — DY(X)
preserve the perversity.

Now for F € D%(X) let S : X = Uyeca X, be a Whitney stratification of
X adapted to it. Then for a non-constant regular function f: X — C on
X we define a subset Singg(f) C X of X by

(2.9) Sings(f) = | | Sing(flx.) C X.

acA

We call it the stratified singular locus of f with respect to S (see [5, Defini-
tion 4.2.7]). By the Whitney condition on S it is a closed algebraic subset
of X. By [5, Propositon 4.2.8] we have

(2.10) supp ¢#(F) C Xo N Singg(f).
Recall also that the shifted vanishing cycle functor
(2.11) Por(+) = ¢s(-)[-1] : DYX) — DY(Xo)

preserves the perversity. Then we obtain the following result (see the proofs
of [5, Propositions 6.1.1 and 6.1.2]).

LEMMA 2.4. — Assume that F is perverse and the dimension of Xy N
Singg(f) is zero. Then we have the concentration
(2.12) H{Pop(F)}~0 (1 £0).

TOME 70 (2020), FASCICULE 2
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Proof. — By our assumption the perverse sheaf Py(F) € Perv(Xy)
is supported on some points in Xy. Then the desired concentration
follows immediately from the perversity of P¢;(F) (see [11, Proposi-
tion 8.1.22]). O

The following lemma will be used in the proofs of our main theorems.
Let 7 be a strictly convex rational polyhedral cone in R™ and X, the fan in
R™ formed by all its faces. Denote by Xx_ the (n-dimensional) toric variety
associated to X, (see [8] and [21] etc.).

LEMMA 2.5. — In the above situation, assume also that T is simplicial
or satisfies the condition dim 7 < 3. Then the constant sheaf Cx, on Xy,
is perverse (up to some shift).

Proof. — If 7 is simplicial, then X5 _ is an orbifold (see [8, p. 34]) and the
assertion follows from [11, Proposition 8.2.21]. It is the case when dim 7 < 2.
Assume that dim7 = 3. Let T, ~ (C*)"~4™7 C Xy, be the (minimal) 7-
orbit in Xy, associated toT € ¥, and i, : T — Xx_, jr : Xo \Tr <= X5_
the inclusion maps. Then by Fiesler [7, Theorems 1.1 and 1.2] we obtain

Cr. (1=0),

2.13 H'i='R(j,).C ~
( ) T (.7 ) X, \T- { 0 (Z _ 1).

This implies that we have
(2.14) H'Y% Cx, ~0 (I <3 =codimT,).

Then the assertion follows from [11, Proposition 8.1.22]. O

3. Some compactifications of C"

In this section, we recall the constructions of some smooth compactifica-
tions of C™ in Zaharia [30] and Takeuchi-Tibar [26]. Let f(z) = >

be a polynomial on C" (a, € C).

v
vEL AT

DEFINITION 3.1.

(1) We call the convex hull of supp(f) := {v € Z%} | a, # 0} C ZI} C R%}
in R™ the Newton polytope of f and denote it by NP(f).

(2) (see [14] etc.) We call the convex hull of {0} U NP(f) in R™ the
Newton polyhedron at infinity of f and denote it by T s (f).

ANNALES DE L’INSTITUT FOURIER
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For an element u € R™ of (the dual vector space of) R™ define the
supporting face 7, < I (f) of w in T (f) by

(3.1) Yo = {v € Too(f) | (u,v) = min (u,w}}.

wET o (f)

Then we introduce an equivalence relation ~ on (the dual vector space
of) R® by u ~ v <= 7, = ~vuw. We can easily see that for any face
v < T (f) of T (f) the closure of the equivalence class associated to 7 in
R™ is an (n — dim 7)-dimensional rational convex polyhedral cone o(v) in
R™. Moreover the family {o(y) | ¥ < T'so(f)} of cones in R™ thus obtained
is a subdivision of R™. We call it the dual subdivision of R™ by T'o(f). If
dim ' (f) = n it satisfies the axiom of fans (see [8] and [21] etc.). We call
it the dual fan of T's(f).
We have the following two classical definitions due to Kouchnirenko:

DEFINITION 3.2 ([13]). — Let 0f: C* — C™ be the map defined by
Of(x) = (O1f(x),...,0nf(x)). Then we say that f is tame at infinity if
the restriction (0f)~1(B(0;¢)) — B(0;¢) of Of to a sufficiently small ball
B(0;¢) centered at the origin 0 € C™ is proper.

DEFINITION 3.3 ([13]). — We say that the polynomial

f(z) = Z ay,x’  (a, € C)

vEL
is non-degenerate at infinity if for any face v of T'oo(f) such that 0 ¢ ~
the complex hypersurface {z € (C*)" | f,(x) =0} in (C*)™ is smooth and
reduced, where we defined the y-part f, of f by f(x) =3

v
veynzy Gvd

Broughton showed in [3] that if f is non-degenerate at infinity and conve-
nient then it is tame at infinity. This implies that the reduced homology of
the general fiber of f is concentrated in dimension n— 1. The concentration
result was later extended to polynomial functions with isolated singular-
ities with respect to some fiber-compactifying extension of f by Siersma
and Tibar [24] and by Tibar [28, Theorem 4.6, Corollary 4.7]. In this paper
we mainly consider non-convenient polynomials.

DEFINITION 3.4 ([26]). — We say that a face v < I'so(f) is atypical if
0 € v, dim~ > 1 and the cone o(y) C R™ which corresponds it in the dual
subdivision of I's, (f) is not contained in the first quadrant R} of R™.

This definition is related to that of the bad faces of NP(f — f(0)) in
Némethi-Zaharia [19] as follows. If A < NP(f — f(0)) is a bad face of
NP(f — f(0)), then the convex hull v of {0} U A in R™ is an atypical

TOME 70 (2020), FASCICULE 2
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one of T'wo(f). Conversely, if v < T'wo(f) is an atypical face and A =
YN NP(f — f(0)) < NP(f — f(0)) satisfies the condition dim A = dim~y
then A is a bad face of NP(f — f(0)).

Example 3.5. — Let n = 3 and consider a non-convenient polynomial
f(x,y,2) on C3 whose Newton polyhedron at infinity I'no(f) is the con-
vex hull of the points (2,0,0),(2,2,0),(2,2,3) € Rf_ and the origin 0 =
(0,0,0) € R®. Then the line segment connecting the point (2,2,0) (resp.
(2,0,0)) and the origin 0 € R? is an atypical face of I's,(f). However the
triangle whose vertices are the points (2, 0,0), (2,2,0) and the origin 0 € R?
is not so. Note that for the line segment - connecting (2, 0,0) and the origin
we have dimo(y) NR3 = 2.

From now we recall the smooth compactifications of C™ in [26] and [30]
(for their applications to monodromies at infinity see [6, 17, 18] and [26]).
Assume that the polynomial f(z) = Zvezi ayz® € Clzy,...,z,] is “non-
convenient” and dim ', (f) = n. Let Xy be the dual fan of o (f). Assume
also that f is non-degenerate at infinity. We consider C™ as a toric variety
associated with the fan = in R™ formed by all the faces of the first quadrant
R C R™. Denote by T' ~ (C*)" the open dense torus in it. Let ¥; be a
subdivision of the dual fan Xy of T'o(f) which contains = as its subfan.
Then we can construct a smooth subdivision ¥ of ¥; without subdividing
the cones in = (see e.g. [22, Lemma (2.6), Chapter II, p. 99]). This implies
that the toric variety Xy associated with 3 is a smooth compactification of
C™. This construction of Xy coincides with the one in Zaharia [30]. Recall
that T acts on Xy, and the T-orbits are parametrized by the cones in X.
For a cone ¢ € ¥ denote by T, ~ (C*)"~4m7 the corresponding T-orbit.
If ot ~ R"~dim7 js the orthogonal complement of (the affine span of)
o we have T, = Spec(C[o+ N Z"]). There exist also natural affine open
subsets C"(c) ~ C™ of Xy associated to n-dimensional cones o in ¥ as
follows. Let o be an n-dimensional (smooth) cone in ¥ and {wy,...,w,} C
Z"™ the set of the (non-zero) primitive vectors on the edges of o. Let o°
be the dual cone of 0. Then by the smoothness of o the semigroup ring
C[e° NZ™] is isomorphic to the polynomial ring Clys, . . .,y,]. This implies
that the affine open subset C"(¢) := Spec(Clo® NZ"]) of Xy is isomorphic
to Cj,. Moreover, on C" (o) ~ C the function f(z) = czn a,x" has the

veLY
following form:

(32)  f@) =Y awy” eyl =gyl < fo (),

vEL
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where we set

3.3 b = mi ) <0 i =1,2,...,
(33) vergl;r}f)w v) (i n)

and f,(y) is a polynomial on C" (o) ~ Cj. In C" (o) ~ C}; the hypersurface
7Z = f~1(0) C Xy is explicitly written as {y € C"(0) | f»(y) = 0}. By (3.2)
we see that f is extended to a meromorphic function on C" (o) ~ C}. The
variety Xy is covered by such affine open subsets. Let 7 be a d-dimensional
face of the n-dimensional cone ¢ € X. For simplicity, assume that w1, ..., wq
generate 7. Then in the affine chart C" (o) >~ Cj; the T-orbit T} associated

to 7 is explicitly defined by

TT:{(ylv"'ayn)e(Cn(J)‘yl:"':ydzov yd+17"'7yn7é0}
~ ((C*)”fd.
Hence we have

(3.4) Xe= |J CYo)=| ]| T
dimo=n TED

Now f extends to a meromorphic function on Xy, which may still have
points of indeterminacy. For simplicity we denote this meromorphic exten-
sion also by f. From now on, we will eliminate its points of indeterminacy
by blowing up Xy (see [17, Section 3] and [18, Section 3] for the details).
For a cone o in ¥ by taking a non-zero vector u in the relative interior
rel. int(o) of o we define a face v, of ' (f) by 75 = Yu. Note that -y, does
not depend on the choice of u € rel. int(c). We call it the supporting face of
o in T (f). Following Libgober—Sperber [14], we say that a T-orbit T}, in
Xy (or a cone o € X) is at infinity if the supporting face v, < ' (f) satis-
fies the condition 0 ¢ v,. We can easily see that f has poles on the union of

T-orbits at infinity as follows. Let p1, po, ..., p be the 1-dimensional cones
at infinity in . Then T}, ,T,,,...,T,, are the (n —1)-dimensional T-orbits
at infinity in Xy. For any ¢ = 1,2,...,r the toric divisor D; := 1), is a

smooth hypersurface in Xy. Let us denote the (unique non-zero) primitive
vector in p; N Z™ by u;. Then the order a; > 0 of the pole of f along D; is
given by

3.5 a; = — min (u;,0).
(3.5) i verw(f)< i50)
From this we see that the poles of f are contained in the normal cross-
ing divisor D := D; U ---U D,. Moreover by the non-convenience of f,

there exist some cones ¢ € ¥ such that o ¢ = and 0 € ~, i.e. 7, is an
atypical face of T'w(f). For such o the function f extends holomorphi-
cally to a neighborhood of T, C Xy \ C". For this reason we call them
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horizontal T-orbits in Xy, (in the tame case where f is convenient, they
do not appear). Note also that by the non-degeneracy at infinity of f, for
any non-empty subset I C {1,2,...,7} the hypersurface Z = f~1(0) in
X intersects Dr := (¢,
At such intersection points, f has indeterminacy. We can easily see that
the meromorphic extension of f to Xy has points of indeterminacy in the
subvariety D N Z of Xx, of codimension two. Now, in order to eliminate
the indeterminacy of the meromorphic function f on Xy, we first consider

D; transversally (or the intersection is empty).

the blow-up 1 : Xg) — Xy, of Xy along the (n — 2)-dimensional smooth
subvariety Dy N Z. Then the indeterminacy of the pull-back f o of f to
Xg) is improved. If f o m; still has points of indeterminacy on the inter-
section of the exceptional divisor F; of m; and the proper transform 2
of Z, we construct the blow-up 75 : Xg) — Xg) of Xg) along F1 N ZM,
By repeating this procedure a; times, we obtain a tower of blow-ups

(3.6) xim — XxP — X5,

For the details see the figures in [17, p. 420]. Then the pull-back of f to
Xg“) has no indeterminacy over T}, . It also extends to a holomorphic
function on (an open dense subset of) the exceptional divisor of the last
blow-up 7,,. For this reason we call it and its proper transform Fj in
the variety 3(; that we construct below horizontal exceptional divisors.
Note that for any ¢t € C the closure of the hypersurface f=1(t) ¢ C" in
Xg“) intersects Fi transversally. Moreover it does not intersect the other
exceptional divisors.

Next we apply this construction to the proper transforms of Dy and Z

in X g“). Then we obtain also a tower of blow-ups
ai)la a1)(1l ay
(3.7) Xl o xlm _ x(en

and the indeterminacy of the pull-back of f to X (Eal)('”) is eliminated over
T,, UT,,. By applying the same construction to (the proper transforms of)
D3, Dy,...,D,, we finally obtain a proper morphism 7: 3(\5 — X5 such
that g := f o7 has no point of indeterminacy on the whole 3(\5 Note that
the smooth compactification 3(\5 of C™ thus obtained is not a toric variety
any more. By constructing a blow-up 5(\/2 — Xy of Xy to eliminate the
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indeterminacy of f we thus obtain a commutative diagram:

C”%/X;

(3.8) fl lg

C——F

of holomorphic maps, where ¢ : C" < /)‘(; and j : C < P! are the inclusion
maps and ¢ is proper. On Xy, we have constructed also r (smooth) hor-
izontal exceptional divisors Fi, Fy,..., F,.. The other exceptional divisors
in 5(; are called intermediate exceptional divisors. By our construction of
the blow-up 7: }; — Xy, F1 UFy U---UF, is a normal crossing di-
visor in Xy and for any non-empty subset I C {1,2,...,r} and t € C
the hypersurface g=1(t) C Xy, intersects Fy := N;er F; transversally. More-
over g~ 1(t) does not intersect intermediate exceptional divisors. For a point
b € C define a function h : C — C on C by h(t) =t — b so that we have
h=1(0) = {b}. Then by the above-mentioned property of F; and (2.10) the
support of the constructible sheaf ¢p4(:1Ccn) does not intersect the union
of the exceptional divisors in 7: 3(\5 — X5. Moreover, for the pole divisor
D=DyU---UD, C Xy, of (the meromorphic extension of) f to Xx, the
support does not intersect 7=1(D).

4. Bifurcation sets of polynomial functions

In this section we study the bifurcation values of polynomial functions.
Let f : C* — C be a polynomial function. Throughout this section we
assume that f is non-degenerate at infinity and dim ', (f) = n. Let X be
the dual fan of T'o (f). Let 71, ..., vm be the atypical faces of T'o(f). For
1 <i<mlet K; C C be the set of the critical values of the ~;-part

(4.1) fr i T=(CH" —C

of f. We denote by Sing f C C” the set of the critical points of f: C* — C
and set

(12) Ky = f(sme U oo (U).

Then the following result was obtained by Némethi-Zaharia [19].

THEOREM 4.1 (Némethi-Zaharia [19]). — In the situation above, we
have By C Ky.
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Remark 4.2. — If for an atypical face v; of T'o(f) the face A = 4; N
NP(f — f(0)) < NP(f — f(0)) of NP(f — f(0)) is not bad in the sense
of Némethi-Zaharia [19], then dim NP(f,, — f(0)) = dimA < dim~;,
fv. — f(0) is a positively homogeneous Laurent polynomial on T = (C*)”
and we have K; = {f(0)}. Therefore the above inclusion By C K coincides
with the one in [19].

Moreover the authors of [19] proved the equality By = Ky for n = 2 and
conjectured its validity in higher dimensions. Later Zaharia [30] proved it
for any n > 2 but under some supplementary assumptions on f. By using
the definitions and the notations in Section 1 we can improve his result as
follows.

THEOREM 4.3. — Assume that f has isolated singularities at infinity
over b€ K\ [f(Sing f) U{f(0)}] and for any 1 < i < m such that b € K,
the relative interior rel.int(v;) of v; < I'(f) is contained in Int(R? ).
Assume also that there exists 1 < i < m such that b € K; and v; < Too(f)
is relatively simple. Then we have E;(b) > 0 and hence b € By.

Proof. — By our assumption, for any 1 < ¢ < m the hypersurface
M) € T ~ (C*)4™7 in T; = Spec(C[L,, N Z"]) has only isolated
singular points at p;1,...,p;n;. Here some n; can be zero. Obviously we
have n; > 0 if and only if b € K;. From now we shall freely use the smooth
compactification 5(; of C™ and the notations related to it in Section 3. Let
Coness (f) C R? be the cone generated by I'oo(f). We define its dual cone

C C R} by
(4.3) C={ueR"| (u,v) >0 for any v € Cones(f)}.

Then a cone o € ¥ is at infinity if and only if it is not contained in C. We
shall prove that the jump Ef(b) € Z of the constructible function on C

(4.4) Xe(t) =Y (=1 dim HI(f'(1);C)  (t€C)
JEL

at the point b € K\ [f(Sing f) U {f(0)}] is positive. For the point b € C
define a function h : C — C on C by h(t) = t — b so that we have
h=1(0) = {b}. Then we have

(4.5) By(b) = (~1)""" 3 (~1) dim Hgy (RACe ),
JEL
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where ¢, : D2(C) — DY({b}) is Deligne’s vanishing cycle functor associ-
ated to h. Since we have f = go¢ on a neighborhood of b € Ky \[f(Sing f)U
{f(0)}] and g is proper, by Proposition 2.2 we obtain an isomorphism

(4.6) on(RfiCcn) =~ R(glg—1(5))+Phog(t1Ccn).
This implies that for the constructible function x{@noy(11Ccn)} € Fz(g7(b))
on g1 (b) = (hog)~1(0) C X5 we have

(4.7) > (=1) dim H g, (RAiCcn )y =/ X{@hog(Ccr)}.

JEZ g~ 1(b)

Hence for the calculation of Ef(b), it suffices to calculate

(48) X{whog(L!CC")}(p) = Z(fl)j dim H]Sﬁhog(L!(CC" )p

jez
at each point p of g71(b). Let X (resp. Xf,) be the fan formed by all the
faces of the cone C' (resp. by all the cones in 3 contained in C') and denote
by Xx. (resp. Xy, ) the possibly singular (resp. smooth) toric variety as-
sociated to it. Then X := XE'C = UyccT, is an open subset of Xy and
there exists a natural proper morphism

(4.9) T X =Xy, — Xz,

of toric varieties. Note that for the pole divisor D of (the meromorphic
extension of) f to Xy (see Section 3) we have X = X5 \ D. Recall also
that the centers of the blow-ups in the construction of 3(; — X5 are
above D = Xy \ X. Hence we can consider X also as an open subset of
/X\;. Since the Newton polytope NP(f) of f is contained in the dual cone
C° = Coney(f) of C and

(4.10) Xs. = Spec(C[C° NZ")),

we can naturally regard f as regular functions on Xy and X = Xy . This
implies that X' = Xy is an open subset of g7t ((C)ﬂj(;. In particular, if o €
¥ is not contained in R’} then T, C X'\ C" and f extends holomorphically
to T,. Namely T, is a horizontal T-orbit in X \ C". By our assumption
b ¢ f(Sing f) and the result at the end of Section 3, we see also that the

support of the constructible sheaf ¢po,(tiCcn) € D8(g71(b)) is contained
in (X \ C")Ng1(b). We thus obtain an equality

@y B = | {hes (1Ce )}
(X\C™)Ng=1(b)

Namely, for the calculation of E¢(b) it suffices to calculate the constructible

function x{@hog(t1Ccn)} only on T-orbits in X \ C™ associated to the cones
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0 € ¥ C ¥ such that rel.int(c) € C'\ R}. For 0 € X, C ¥ such that
rel.int(o) C Int(C) \ R} we have v, = {0} < I'so(f) and the restriction of
glx : X — C to the T-orbit T, C X is the constant function f(0) € C.
Hence we get ¢g~!(b) N T, = 0 for the point b € K \ [f(Sing f) U {f(0)}].
For 1 < ¢ < mlet 0; = o(y;) € Lo be the cone which corresponds to
v; in the dual fan ¥ of T's(f). Recall that by the definition of atypical
faces we have 0 € ~; and the face o; < C of ' is not contained in R’} . For
0 € ¥ C ¥ such that rel.int(o) C 9C \ R’} there exists unique 1 <i < m
for which we have rel.int(o) C rel.int(c;). If dimo = dimo; we have an
isomorphism 7T, ~ T; = Spec(C[L,, N Z"]) ~ (C*)4m7 and the restriction
of glx : X — C to T, C X is naturally identified with f,, : T; — C.
This implies that the hypersurface g~ (b)NT, C T, ~ T; has only isolated
singular points p; 1,...,Pin, € T, = T; and

(4.12) To N supp @hog(ttCen) CH{Pits-- Dim,

in this case. On the other hand, if dim o < dim o; we have dim T, > dim T;
and for the hypersurface g=1(b) N T, C T, there exists an isomorphism

(4.13) g’l(b) AT, ~ f;l(b) % (C*)dimTc,fdimTi.

This implies that ¢g~1(b)NT,, C T, has non-isolated singular points if n; > 0.
From now on, we shall overcome this difficulty by using Proposition 2.2.
For 1 < ¢ < m let ¥; be the fan in R™ formed by all the faces of o; and
denote by Xy, the (possibly singular) toric variety associated to it. Then
Xy, is an open subset of Xy . Let 07 C R" be the dual cone of o; in R".
Then ¢¢ ~ C; x RI™M7i for a proper convex cone C; in R*~4m% and we
have an isomorphism

(4.14) Xy, ~ Spec(Clo} NZ™]).

Note that the (minimal) T-orbit Ty, in Xy, which corresponds to o; € ¥;
is naturally identified with T; = Spec(C[L,, N Z"]) ~ (C*)4m7 . More
precisely Xy, is the product X; x T,,, of the (n — dim ~;)-dimensional affine
toric variety X; = Spec(C[C; NZ"~4m ]} and T, ~ T; ~ (C*)4™ 7. Since
NP(f) C 07 and f € Clo? NZ"], we can naturally regard f as a regular
function on Xx,. We denote it by f; : Xy, — C. For 1 < i < m let
Y7 C X be the subfan of ¥ consisting of the cones in 3 contained in ¢; and
denote by Xy the smooth toric variety associated to it. Then Xy is an

open subset of X C 5(; and there exists a proper morphism

(415) T - XE; — Xzi
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of toric varieties. Moreover we have a commutative diagram
Xg; —_— X = XZ/C
(4.16) wi lﬂ

Xzi — ch

such that 771Xy, = Xg; C X, where the horizontal arrows are the inclu-
sion maps. It is also easy to see that the closed subset (X \ C") N g~1(b) of
X is covered by the affine open subvarieties Xy ,..., X5y C X. Note that
for the restriction g; = g|x,, : Xz, — C of g|x we have g; = f;om;. Then
by applying Proposition 2.2 to the proper morphism 7; : Xy — Xy, we
obtain an isomorphism

(417)  R(mil, ) <#nog: (4Cenlx,, ) = nos, { R(mi)e(uCenlx,, )}

The advantage to consider @pof {R(mi)«(1Ccnlx,, )} instead of
X, ) is that its support is a discrete subset of () C Xz, C

Phog; (1Ccn
Xy, by our assumption that f has isolated singularities at infinity over
be Ky \[f(Sing f) U{f(0)}]. Set

(4.18) Fi = R(m;)«(uCer|x,,) ~ R(m )i Cennx,, €DL(Xx,).

Then the topological integral

@19 [ MeneluCen = [ X hog(1Cen)}
g—1(b) (X\C™)Ng~1(b)

is equal to

(4.20) > Z X{@nos. (Fi)pi ;1

i=1 j=1

If b ¢ K, (<= n; = 0) we have gpoy,(Fi) =~ 0 on a neighborhood of
T,, C Xx,. Let us consider the remaining case where b € K; (<= n; > 0).
Then by our assumption rel.int(vy;) C Int(R?) we have o; N R’} = {0}.
This implies that for the embedding ¢; : T = (C*)™ — Xy, there exists
an isomorphism F; ~ (¢;)iCr. Hence by Lemma 2.3, F; is a perverse sheaf
on Xy, (up to some shift). Since the support of ¢poy, (F;) is discrete, by
Lemma 2.4 we thus obtain the concentration

(421) Hl(phofi (]:i)m,j ~0 (l #Fn— 1)
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for any 1 < j < n,. Set ;5 = dim H" 'opoy, (Fi)p,, = 0. Then Ef(b) can
be expressed as a sum of non-negative integers as follows:

m ng

@) Bye) = ey (uCen)} = 3° 3 i

Y-, 22
By our assumption there exists 1 < ¢ < m such that n; > 0 (<= b € K;)
and v; < T'o(f) is relatively simple. Then the cone o; € ¥ satisfies the
condition o; N R} = {0}. For a face 7 < 0; of 0; we set Y, = T, C Xy,
and fr = fily. : Y, — C. Note that we have T,, = Y,,. Then for any
1 < j < n; we can easily show that (—=1)" "' ; = x{@nos, (Fi)p.,} =
X{@hos, (¢t )1Cr)p, ; } is equal to the alternating sum
(4.23) > (=DM x{@nos, (T, )., 3

T<0;

Here we used the additivity of the vanishing cycle functor ¢poy, (). Since
v; is relatively simple, by Lemma 2.5 for any face 7 < g, of ¢; the constant
sheaf Cy. on Y; is perverse (up to some shift). Moreover by our assumption
that f has isolated singularities at infinity over b € K¢\ [f(Sing f)U{f(0)}],
the support of ppor, (Cy, ) is discrete on a neighborhood of T,,, C X5,. By
Lemma 2.4 we thus obtain the concentration

(4.24) H'¢pos, (Cy,)p,, 20 (I #dimY; —1=n—dim7 — 1)
forany 1 < j < n; and 7 < o;. Set
(4.25) fi g = dim H" 4™y 0 (Cy,)p, , = 0.

Then ;5 = (=1)" "x{@hos, (Fi)p,,} = 0 is expressed as a sum of non-
negative integers as follows:

(426) /Ji,j = Z /“Li,jﬂ' 2 O

T<0;
Moreover the integer pi; j», is positive by the smoothness of T,, = Y.
Consequently we get Ey(b) > 0. This completes the proof. O

In the generic (Newton non-degenerate) case, for any 1 < i < m and
1 < j < n; we can explicitly calculate the above integer u; ; > 0 by [16,
Theorem 3.4, Corollary 3.6 and Remark 4.3] as follows. First by multiplying
a monomial on T, ~ (C*)¥m to f; we may assume that f; is a regular
function on X; xC4™ 7 Next by a translation in C4™ % we reduce the prob-
lem to the case p; ; =0 € CYm i Then we can apply [16, Theorem 3.4 and
Corollary 3.6] t0 Ynors, (Fi)pi; = Yhos,(Fi)p,, if fi + (X; x CH™Yi 0) —
(C,0) is Newton non-degenerate at p; ; = 0 € C4™ 7 In this way, even if o;
is not simplicial we can express the integer y; ; > 0 as an alternating sum of
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the normalized volumes of polytopes in R \I'y (f); j, where I' (f); ; C R}
is the (local) Newton polyhedron of f; at p; ;. See [16, Corollary 3.6] for
the details. We conjecture that it is positive in our situation. In the case
where n = 3 we have the following stronger result.

THEOREM 4.4. — Assume that n = 3 and f has isolated singularities
at infinity over b € K\ [f(Sing f) U {f(0)}]. Then we have E;(b) > 0 and
hence b € By.

Proof. — The proof is similar to that of Theorem 4.3. We shall use the
notations in it. For any 1 < ¢ < m the dimension of the atypical face
¥ < Too(f) is 1 or 2. If dim~; = 2 and n; > 0 we have x{@noy, (Fi)p, , } >
0 for any 1 < j < n; by the result of Zaharia [30]. If dim~y; = 1 and
n; > 0 the two-dimensional cone o; is simplicial but o; N Ri can be bigger
than {0}. Nevertheless we can show the positivity x{¢nos, (Fi)p,,} > 0 for
any 1 < j < n; by calculating F; € D%(Xy,) very explicitly depending
on how o; intersects Ri. First we consider the case where dimo; = 2,
dimo; NRY = 1 and rel.int(o; NR3) C rel.int(o;). Then for any point
g € T,, C Xy, its fiber of the map

(427) 7ri|(C3ﬁXE( : (Cg N Xg; — Xzi

is isomorphic to C*. For its cohomology groups with compact support
HL(C*;C) (I € Z) we have

C (I=1,2
(4.28) H{(C*;C) ~ (=12),

0 (I#1,2).
Hence for the point ¢ € T,;, we have

C (I=12
(4.29) HY(F), ~ (t=1.2),

0 (I#1,2)

and x(F;)(¢) = 0. Since the two one-dimensional faces p; 1, p; 2 of o; are
not contained in Ri there exists also an isomorphism

(4.30) Filxg1,, = () Crlxg 1, = Crlxg\12,,-

It follows from (4.29) and (4.30) we have an equality

(4.31)  x{enor (Fidpi ;} = x{pnor, (LihCr)p; ;} = X{Phor, (Cr)p ;
for any 1 < j < n;. Then for any 1 < j < n; we obtain the positivity
(4.32) x{enos. (Fi)pi;} = x{bnos.(Cr)p,,} > 0

by the proof of Theorem 4.3. Next we consider the case where dimo; = 2
and o; N Ri is one of the two one-dimensional faces p; 1, p; 2 of 0;. We may
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assume that o; NR3 = p;1. For 1 < j < 2 we denote by T;; ~ (C*)?
the T-orbit in Xy, associated to p;; < 0;. Then for Yi2y = Ti2 we have
an isomorphism F; ~ (CXE_\y{z}. Since Cxy,, is a perverse sheaf (up to

some shift) and the two-dimensional variety Yioy = T; 2 is smooth, for any
1 < j < n; we obtain the positivity
X{@hofi (}—l)p”} = X{@hofi ((CXEi )p77} - X{Qphofi (CY{Q} )pi,j}

> _X{QphOfi (CY{z})Pi,j} > 0.
Finally, let us treat the case where dim o; = dim o; ﬁRi = 2. Since the face
v; is atypical, its dual cone o; is not contained in Ri and hence we have

0; NR3 # o, in this case. Assume also that rel. int(c; NR3) C rel. int(o;).
Then for any point g € T,, C Xx, its fiber of the map

(4.34) Tilesnxy, 1 CPN Xy — Xy,

(4.33)

is isomorphic to the singular algebraic curve {(x1,x3) € C? | 2125 = 0} C
C2. By calculating its Euler characteristic with compact support, we obtain
X(F:)(q) = 1. Moreover we have the isomorphism (4.30) in this case. We
thus obtain the positivity

(435) X{<ph°fi (‘Fi)pi,j} = X{@hofi ((CT)Pi,j} + X{<ph°fi (CT” )Pi,j} >0

for any 1 < j < n;. Similarly we can prove the non-negativity and the
positivity also in the remaining case. This completes the proof. (|

We thus confirm the conjecture of [19] for n = 3 in the generic case.
Similarly, we can improve Theorem 4.3 as follows. In fact, Theorem 4.5
below extends Theorems 4.3 and 4.4 in a unified manner. Note that the
condition rel.int(v;) C Int(R’) is equivalent to the one o; NR’} = {0} for
the cone o; = o(v;) € .

THEOREM 4.5. — Assume that f has isolated singularities at infinity
over b€ K\ [f(Sing f) U{f(0)}] and for any 1 < i < m such that b € K,
the set o; N R is a face of R’ of dimension < 2. Assume also that there
exists 1 < i < m such that b € K;, 7; < Too(f) is relatively simple and
moreover in the case dimo; "R’} = 2 the number of the common edges of
i NRY} and o; is < 1. Then we have E(b) > 0 and hence b € By.

Proof. — The proof is similar to those of Theorems 4.3 and 4.4. We
shall use the notations in them. In the proof of Theorem 4.3 we proved
for 1 < i < m such that o; N R} = {0} (resp. o; NR%} = {0} and ~; is
relatively simple) we have (—1)" ! x{@nof, (Fi)p, ,} = 0 (resp. > 0) for any
1 < j < n;. Let us consider the remaining cases where 1 < dimo; NRY} < 2.
For a face 7 < o, of such o;, by taking a reference point ¢ € T, C Xy,
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of the T-orbit T, associated to it we set e(7) = x(F;)(¢). Then as in the
proof of Theorem 4.4 we can easily show that
1 (di NRY = di
(4.36) e(r) = 41 (dimmNRE = dimr),
0 (dim7NRY <dim7).

In particular, for the zero-dimensional face {0} < o; of o; we have Tpy = T,
Filr ~ Cr and e({0}) = 1. We thus obtain an equality

(437) (_ )n IX{SOhOfI(fi)Pi,j} = (_1)n—1 Z X{(phofi(CTr)pi,j}

T:e(T)=1
for any 1 < j < n;. First let us consider the case where dimo; "R} = 1. If
o; NRY is not an edge of the cone o;, by (4.37) we have
(4.38) (D" denos, (Fidpis} = (1) "'x{@nosi (Cr)p, , }
for any 1 < j < n;. By the proof of Theorem 4.3 this integer is non-negative.
Moreover it is positive if v, is relatively simple. Let p; 1, pi2;-- ., Pid; = 0i

be the edges of 0;. For 1 < j < d; we denote by T; ; ~ (C*)"~! the T-orbit
in Xy, associated to p;; < o5. If o; NRY is an edge p of g;, by (4.37)
we can easily see that for the remaining edges p;; (1 < j < d;) of o,
satisfying p; ; # p and the hypersurface Z; := Uj:pi’ﬁép T;; C Xy, defined
by them there exists an isomorphism F; ~ C X, \Zs Since the hypersurface

complement Xy, \ Z; is an affine open subset of X, F; is perverse (up to
some shift) and we obtain the non-negativity

(439) (=) ""x{enor. (Filpis} = (D" x{@nos (Cxs\2.)pi s} =0

for any 1 < j < n;. Moreover we can rewrite this integer as follows:
(4.40)
()" xlpnon (Fpe, b = (1" 3 (<) (o, (Crp,
TpAT
If ~y; is relatively simple, the right hand side is a sum of non-negative integers
and for a facet 7 of o; such that p £ 7 the closure T, of T, is smooth and
we have the positivity

(4.41) (=1 ono s, (C7)pe s > 0.

Finally let us consider the case where dimo; N R} = 2. Assume that
(0iNR7} )\ {0} C rel.int(o;). Since the case where dim o; = dim o; NR?} = 2
was already treated in the proof of Theorem 4.4, here we treat only the
case where dimo; > dimo; N R’} = 2. Then by (4.37) we obtain the non-
negativity

(4.42) (=" " hos, (Fidpo, } = (1) ' x{@hos, (Cr)p, , } 2 0
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for any 1 < j < n;. Moreover it is positive if 7; is relatively simple. Similarly
we can prove the non-negativity and the positivity also in the remaining

cases. We omit the details. This completes the proof. O
In the case n = 4 we can also partially verify the conjecture of [19] as
follows.
THEOREM 4.6. — Assume that n = 4, f has isolated singularities at

infinity over b € Ky \ [f(Sing f) U{f(0)}] and for any 1 < i < m such that
b € K; and dimo; = dimo; N Ri = 3 there exists no common edge of o;
and o; N Ri. Assume also that there exists 1 < i < m such that b € K;
and in the case dim o; = 3 and dim o; NR% = 2 the number of the common
edges of o; and o; NRY. is < 1. Then we have Ef(b) > 0 and hence b € By.

COROLLARY 4.7. — Assume that n = 4, f has isolated singularities at
infinity over b € K\ [f(Sing f) U {f(0)}] and for any 1 < i < m such that
b € K; we have dimo; NRY < 1 or dimo; < 2. Then we have E¢(b) > 0
and hence b € By.

Since the proof of Theorem 4.6 is similar to those of Theorems 4.3, 4.4
and 4.5, we omit it here.
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