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TWISTERS AND SIGNED FUNDAMENTAL DOMAINS
FOR NUMBER FIELDS

by Milton ESPINOZA & Eduardo FRIEDMAN (*)

ABSTRACT. — We give a signed fundamental domain for the action on R:_l X
C*™2 of the totally positive units E of a number field k of degree n = r1 + 2ra
which we assume is not totally complex. Here 71 and r2 denote the number of real
and complex places of k and R4 denotes the positive real numbers. The signed
fundamental domain consists of n-dimensional k-rational cones Cy, each equipped
with a sign po = %1, with the property that the net number of intersections of the
cones with any E4-orbit is 1.

The cones Cy and the signs po are explicitly constructed from any set of fun-
damental totally positive units and a set of 3”2 “twisters”, i.e. elements of k whose
arguments at the ro complex places of k are sufficiently varied. Introducing twisters
gives us the right number of generators for the cones C and allows us to make
the Cy turn in a controlled way around the origin at each complex embedding.

RESUME. — Soit k& un corps de nombres de degré n = r1 + 2ry admettant au
moins une place réelle (i.e. r1 > 0). Nous présentons un domaine fondamental signé
pour ’action des unités totalement positives Fy de k sur R:_l xC*"2, ou Ry désigne
I’ensemble des nombres réels positifs. Le domaine fondamental signé est formé de
cones k-rationnels C, de dimension n, chacun muni d’un signe puo = £1 avec la
propriété suivante : pour chaque E-orbite, la somme signée des intersections des
cones avec 'orbite est égale a 1.

Nous construisons explicitement les cones Cq et les signes po & partir d'un
ensemble arbitraire d’unités fondamentales totalement positives et d’un ensemble
de 32 « twisters ». Ces derniers sont des éléments de k& dont les arguments aux
ro places complexes de k sont suffisamment bien distribués. L’introduction des
« twisters » fournit le nombre exact de générateurs pour les cones C,, et permet
de les faire tourner autour de l'origine de fagon contrélée dans chaque plongement
complexe.
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1. Introduction

The usual embedding of a number field £ into a Euclidean space V' gives
rise to an action of the units of £ on V. Good fundamental domains for this
action are important in the study of abelian L-functions. For totally real
fields, Shintani [8] showed in 1976 the existence of fundamental domains
consisting of a finite number of k-rational polyhedral cones, now known as
Shintani cones. A few years later, in a posthumous and rarely cited work [9],
Shintani extended this to all number fields.

Shintani’s papers gave no practical procedure to construct his cones, or
even to estimate how many cones were needed. In the late 1980’s Colmez [2]
showed for totally real fields the existence of certain special subgroups of
the units for which he could explicitly construct Shintani-type fundamen-
tal domains for the action of this subgroup on V. This was a significant
theoretical advance, but it was not effective since no practical procedure
is known for producing Colmez’s special units, except in the quadratic or
cubic case [3].

A few years ago Charollois, Dasgupta and Greenberg [1], and inde-
pendently Diaz y Diaz and Friedman [4], found a way around this non-
effectiveness for totally real fields by introducing signed fundamental do-
mains. Espinoza [6] then found effective signed fundamental domains for
number fields having exactly one complex place.

Signed fundamental domains can be naturally defined if one defines fun-
damental domains using characteristic functions. Indeed, a set of subsets
{C4}acs of aspace Y, on which a countable group G acts, is a fundamental

DD xe ey =1 Vyey),

acJeeG

domain if

where x . is the characteristic function of Cy. A signed fundamental do-
main is a finite list {Cy}acs of subsets of Y and a corresponding list of
signs po = %1 such that

> ta Y xc.(ey) =1 (Vyey).

acJ eeG
For technical reasons [4, Lemma 5|, we also require that the cardinality of
Co N (G - y) be bounded independently of y € Y.

Before going into details, we outline the difficulties that appear with
Shintani cones when k is not totally real. Let k be a number field of degree
n = r1 + 2ro having r; real places and 7y pairs of complex conjugate
embeddings. The most obvious problem is that we no longer have n natural
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generators for the n-dimensional Shintani cones. In the totally real case,
following Colmez, we can use 1 € k and n — 1 independent units of k to
generate the cones, but each complex case leaves us a unit short of the n
generators that we need. Thus, we must introduce one new generator for
each complex place. An additional difficulty is that R} x C*"2, while it
is a cone, is not convex if ro > 0. This means that n independent vectors
are liable to generate a cone including (nonzero) points outside R} x C*"2,
for example where one complex coordinate vanishes. We choose the new
generators for the cones so as to force all of them inside convex subsets
of R x C*™. These generators we call twisters, as their arguments at
the complex places are chosen so as to twist the generators into a convex
conical sector.

The approach to signed fundamental domains in [4, 6] and here can be
summarized in the following commutative diagram of topological spaces

X xR —2> R} x C*
f

(1.1) lfr lﬂ

~

T4F>T.

We begin by explaining the vertical arrow on the right. Suppose we are
given totally positive independent units €1, . .., &, generating a subgroup &
of finite index in the units of k. Thus £ acts on R’} xC*"2, where R, denotes
the multiplicative group of positive real numbers. Let T = (R} x C*"2)/&
be the quotient manifold and m : R}! x C*"2 — T the natural map.

It is well-known that T is homeomorphic to the product of an (n — 1)-
torus with R. This is made explicit by the left vertical arrow in (1.1) and
the maps g and G, in the following sense. The standard (additive) model
for T'is T := (R"~!/A) xR, where A C R"L is a lattice of dimension n—1.
We let 7 : R"~! x R — T be the natural quotient map and g : R*~! x
R — R’! x C*™ the group homomorphism (“exponential”) which induces
a homeomorphism G : T — T of the quotient manifolds, i.e. Gom =mwog.
Now let X be a fundamental domain for the action of A on R"~! and restrict
g and 7 to X x R. This defines everything in (1.1), except the interesting
part, namely f and F.

We obtain a classical fundamental domain F (used by Hecke and Landau,
for example) for the action of £ on R! x C*" by letting F := g(X x R).
Unfortunately, F is of limited use because of its complicated geometry. In
particular, it is difficult to describe the intersection of F with fractional
ideals of k, a vital step in Shintani’s treatment of L-functions.
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482 Milton ESPINOZA & Eduardo FRIEDMAN

To remedy this, for totally real fields Colmez deformed g to a new and
simpler function f so that its image f(X x R) is a union of k-rational
polyhedral cones. From our present standpoint, the work of Colmez [2]
can be described as follows. Take the fundamental domain X = [0,1]"~!
for the lattice A := Z"~! c R"~!. There is a well-known decomposition,
parametrized by the symmetric group S,_1,

x= (J xa

a€Sn_1

of the hypercube into simplices X, [4, (19)]. For each a € S,,_1, let A, :
Xo — R? be the unique affine function which on each vertex x of X,
takes the value g(x x 0) € R} (recall that Colmez only dealt with the
totally real case). Then we can unambiguously define f : X x R — R} by
[z xt):=e" Ay(z) where x € X,, t € R. As R is convex, f takes values
in R? and f(X, x R) is the cone C,, generated by the g(x x 0) as x ranges
over the vertices of X,. Colmez [2] proved that if the cones C,, meet only
along common faces, then (J, Cy is a fundamental domain for the action
of & on R”. Here C,, is C, minus some boundary faces.

Colmez’s proof is rather complicated, but it can be greatly simplified [4]
by observing that the decomposition X = (J_, X, is good enough that f
induces a map F : T — T of the quotient manifolds in (1.1). One can then
use topological degree theory to show that [ J, C, is a signed fundamental
domain with weights u, given by the degree of f restricted to X, x R. If
we add Colmez’s hypothesis that the C\, meet only along common faces,
then p, =1 for all @ € 5,1 and the signed fundamental domain is a true
one.

When k is not totally real we would like to have a similar construction.
The topology is unchanged, as the manifolds T and T in (1.1) are still
homeomorphic to the product of an (n — 1)-torus with R. It is also easy to
write down the homomorphism g inducing the homeomorphism G in (1.1).
However, as we remarked above, the cone R’ x C*"2 is not convex, so
to define f we must ensure that the generators of the cones lie in convex
subsets of R”! x C*". Moreover, the decomposition X = |, X, must again
allow f to descend to a map F' of the quotient manifolds.

An additional difficulty is that the natural choice of g does not give cone
generators in k, as in general g(x x 0) ¢ k for s a vertex of X,. We fix this
by modifying g slightly. Fortunately, the homotopy involved in formalizing
this approximation does not alter topological degrees, and so this turns out
to be a minor difficulty.
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SIGNED FUNDAMENTAL DOMAINS FOR NUMBER FIELDS 483

Espinoza [6] obtained a signed fundamental domain for fields k with
exactly one pair of complex embeddings. In this paper we extend the ideas
there to all non-totally complex number fields. We exclude totally complex
fields solely because in this case we have not been able to give a satisfactory
description of the boundary faces that should be included in the signed
fundamental domain. The reader will find in the next section a detailed
description of the signed fundamental domain obtained.

As mentioned at the beginning of this paper, signed fundamental domains
are useful for working with abelian L-functions. More precisely, as in [4,
Cor. 6] and [6, Cor. 3], using a signed fundamental domain one can explic-
itly write any abelian L-function as a finite linear combination of Shintani
zeta functions [8]. The Shintani functions do not in general satisfy a func-
tional equation of the usual kind, but they do satisfy a ladder of difference
equations and are normalized by vanishing integrals [7, eqs. 1.4 and 1.7].
In a more geometric vein, in a forthcoming doctoral thesis Alex Capunay
gives a practical algorithm producing a true k-rational fundamental cone
domain starting from a signed one.

2. Signed fundamental domain

We fix a number field k of degree [k : Q] = n, having 7 real embeddings

T1,...,Tr, and ro pairs of conjugate complex embeddings

Tr1+17?r1+17 cee ,Tr1+r27?r1+rza
which we use to embed k in R™ x C™ by v — (y®); where () :=
Ti(y) (1 < i < 71+ r2). To save notation, we identify v € k with its
image (7(?); € R™ x C™. We also fix independent totally positive units
€1,...,&p of k, where r = r1 +r9 — 1, and assume we have chosen an integer

N; >3 (1 < j < ry) for each complex embedding. To have the smallest
number of cones we should take N; = 3 for all j.

2.1. Raising the dimension of a complex

An ordered p-complex X for us will be a decomposition
(2.1) X = Xa<.
a€d
where the X, <, CV are ordered p-dimensional simplices in a p-dimensional
real vector space V. Thus, for each « in the (possibly infinite) index set J
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we are given the set of vertices Vt(X,) of the p-simplex X, and a total
ordering <, on Vt(X,). We will later want our complexes to satisfy quite
a few properties, but the above definition will do to identify a complex.
We shall be loose with the notation and denote by X both the underlying
point set and the complex, i.e. its decomposition (2.1). Similarly, we shall
often write X, for both the simplex and the ordered simplex X, <., .

Our purpose in this subsection is to construct a new ordered (p + 1)-
complex

(2.2) Y =Y (X,w,[M, M) := | Y5z, CV xR
yeJ

from a given p-complex X = |J,c5 Xa,<, C V,alinear functionw : V. — R
and an interval [My, M5]. Here the M, are integers and M; < Ms. In
our application w will either vanish identically or be determined by the
arguments of the units €; at some complex embedding. The new ambient
vector space is V' x R, and the new index set is

(2.3) Ji={(,v,0)|a €T, veEVH(Xy), LE€Z, My << My},
If 7 is a finite set, then so is J and its cardinality is
(2.4) |J| = (My — My)(p+1)|3].

To define the simplex Y, for v = (o, v,¢) € J requires some preliminaries.
Let A : V — (0,1] be the upper fractional part of w, i.e. A(u) € R is
uniquely determined by
(2.5) A(u) —w(u) € Z, 0<A(u) <1 (uweV).

We use A to define a new total order <4 on Vt(X,) by
(2.6) u =<2y — [[A(u) < A(W)] or [A(u)=A() and u <4 UIH

for u,u’ € Vt(X,). Note that if w = 0 identically, then <4 = <,,.

We now define Y, in (2.2) for v = (a,v,f) € J. Order the vertices
{vo,v1,...,vp} of X, so that vy <2 vy <4 --. <4 v,. Since v € Vt(X,,) by
definition (2.3), there is a unique j = j, such that v = v;. Note that j de-
pends on the order <4. Let [sq, ..., 5] denote the convex hull of s1,. .., s;.
Then Y, C V x R is defined as

(2.7) Yy == [vo x (A(vo) — w(vg) +£), v1 x (A(v1) —w(v1) +0),...,
v X (A(v)) = w(v;) +£) ;05 x (A(v;) —w(v;) +£-1),
Vi1 X (A(vj1) —w(jp1) +€=1),. ., vp X (Avp) —w(vp) +€—-1) |.
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Note that vertices of Y, map to vertices of X, by the projection 7y :
V xR — V, and that the coordinate we have added to each vertex is an
integer (see (2.5).

Finally, the new ordering <. on the vertices of the new simplex Y is
defined by

(28) p=y/p

= [[rv(p) =a 7 ()] or [7v(p) = 7y (p') and ma(p') < ma(p)] ],

where 7g : V X R — R is the projection onto the second factor. Note that
= is defined using the original order <, on the vertices of X, even though
we used the modified order <4 to construct Y.

2.2. The (n — 1)-complex X

We start from the trivial 0-complex
(2.9) Xo = X0.<, C R,

where R? := {0} is the trivial vector space, the index set is {O} (or any
one-element set), and the ordered 0-simplex X ~, = {0} is equipped with
the trivial (empty) ordering <o on the single vertex 0. For 1 < j < r :=
r1472—1,let wj_1 : R97! — R be the trivial linear function w;_1(z) := 0,
and define

Xj = Y(Xj_l,wj_l, [O, 1}) C RJ (1 g ] g T‘),

where Y was defined in (2.2).() If k is totally real, so r = n — 1, we are

done constructing X := X,,_;. Otherwise, we must carry out further steps,

one for each complex place of k. For 1 < j < 7o, let wyqj_1 : R7H -1 5 R

be given by

g ()= 23S ol arg () (@ = (alt].af2)...afr +5 - 1]),
27

where we recall that for each 1 < j < 72 we have fixed an integer N; > 3.
For the sake of definiteness, the arguments above are taken so that —7 <
arg(z) < m, but any branch would do as well. Define

(210)  Xppj =Y (Xppjo1, w1, [0, N;]) CR™ (1< <o),
with Y as in Section 2.1.

(1)A1th0ugh we will not need this, X, is the well-known decomposition of the r-cube
[0,1]" into r! simplices determined by the order of the coordinates [4, (19)].
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We have thus constructed an (n — 1) ordered complex

T2
(211) %= []J X0:=X,; CR"! Ol=m-D]N; ],
aEgd j=1

corresponding to j = ro above. We have dropped the order <, on Vt(X,)
from our notation since, once X is constructed we will have no further
interest in ordering the set of vertices

(2.12) Vt(:{a) = {Uo’a, Vi,a5 - - - ,Unfl,a} czr L.

However, we will use the fact that the vertices vg, have integral coordi-
nates. This is clear since we started from the single vertex 0 of Xy. As we
noted after (2.7), in passing from X;_; to X; the new coordinate appended
to a vertex is always integral.

2.3. The twister function j3

Recall that we have fixed r := r; + r9 — 1 independent totally positive
units €1,...,&, in the number field £ and integers N; > 3 for 1 < j < ro.
We must now also fix “twisters” §(x), which are totally positive elements
of k* whose arguments at the various complex places are sufficiently close
to those of certain roots of unity determined by x. More precisely, choose
a function 3 : Z"~! — k* with the following properties:

e [(x) is a totally positive element of k.
e For z = (z[1],...,z[n —1]) € Z" 1 and 1 < j < 7o, there is a
t;j(z) € R such that

i) _1_ 1

2.13 - — —
(2.13) N; 4 2N;’
By
For example, if N; = 3 this requires that, at the (j + 71)-th em-
bedding, the argument of 5(z) be no farther than 7/6 from that of
exp(2rixz[j +1]/3).
e We have

(2.14) Bx+AN) =8(x) (z€Z" '\, NeA:=Z"x NyZ x --- x N, 7).
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Thus, the twister 4 amounts to a function on the finite set Z"~1/A.
Note that in (2.13) we can take ¢t;(z+ A) = ¢;(x). Twister functions
exist by our assumption N; > 3 and the density of k in R™ x C™ 2

2.4. Signs

We need to compute three determinants to define the sign
(2.15) fo := (—1)"2("27D/ 2 5ign (det(R) det (V) det(W,)) .

Although R and V,, will prove to be invertible matrices, W, may not be.
Thus, p, may take the values £1 or 0.

Recall that we have listed the embeddings 7; of k so that they are real
for 1 < 7 < 1 and are complex conjugate pairs 7;, 7; for r1 < ¢ < r1 + 9.
The (rq +72) X (r1 + r2) matrix R = (r;;) is defined by

1 if i =1,

. 1<i,j<T1+T2.
log|5§i)1| if 2<i<ry+ro, (1< = )

(216) Tij = {

Actually, |det(R)| = 27"2nReg(ey, ..., &), where Reg is the regulator of
the units ¢;, but we care here only for the sign of det(R).

Define V,, as the (n—1) x (n—1) matrix whose é-th column is v; o —v9,o €
Z" 1 (1 <i<n—1). Here Vt(X,) = {v0,a, V1,01 - - - Un—1,a} C Z"" " was
given in (2.11) with the complex X. To define the matrix W, in (2.15), let

(2.17) wp = wea = Bluge) [[ e (0<e<n-1).

j=1

Thus wy € k*. Define W, as the real n x n matrix with (¢ 4+ 1)-th row

T1(we), Ta(we),y -+ Ty (W), Re (T 41 (we)) , T (70 11 (wpe)) - - -

Re (Tﬁ +72 (wf)) ,Im (Tﬁ +7r2 (wg))

)

for0<li<n—1.

(2),8(33) can be computed by taking a Q-basis v1,...,7vn of K C R™ x C"2, finding for
z €Z" 1 with0 < z[j+7] < N; (1<j<r2), rational solutions ay = ag(z) (1< €< n)
to the approximate equality

n

(1., Lexp(2mialr + 1]/Ny), ... exp(2rizln = 1]/Npy)) ~ Y av,
(=1

and letting B(x) := 22:1 agye- Then extend B to all € Z™~! by periodicity (2.14).
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2.5. Cones

For oo € J as in (2.11), let

n—1
(2.18) Co = {Z oWy,
£=0

where wp o € k C R™ x C™ was defined in (2.17).(3) If woar- s Wne1,a
is not an R-basis of the real vector space R™ x C™, i.e. if u, = 0, we will
not define the subset C,, of Cy. If j1o # 0, we can write e; = (1,0,...,0) €
R™ x C™ uniquely as e; = Z;:Ol Ye,aWe,o, Where yp o € R. We shall prove
(see Lemma 4.12) that ys o # 0 for 0 < £ < n — 1. Define the cones

xg>0for0<€<n—l}—{0},

n—1 s
0, fyra >0,
(219) Ca = § TeWe,o | T € Rl,oz ) R@,a = [ OO) 1 o
— (0,00) ifyeq <O.

Note that C, is the open n-dimensional cone generated by the wy q, to-
gether with some of its boundary faces.
We can now state our main result.

THEOREM 2.1. — Let independent totally positive units €1, ...,&, and
a twister funtion [ be given as in Section 2.3 for a number field k, let
E := (e1,...,&r) be the subgroup of the units of k generated by the ey,
and assume that k is not totally complex. Then {Cy, lia }ae3, po0, defined
in (2.19), (2.15) and (2.11), is a signed fundamental domain for the action
of E on R} x C*" consisting of k-rational signed cones.

Thus, the cones C,, have generators wy , € k defined in (2.17), and for
any x € R"' x C*™ we have

(2:20) > s Y xe, (ex) =1,

acd eElR

Ha#0
where X is the characteristic function of Cy. Furthermore, x_(ex) = 0
except for € in a finite set of cardinality bounded independently of x.

We recall that in (2.11) there is a free choice of integers N; > 3 for
1 < j < ry and that the number of cones C, is at most (n — 1)! Hj N;,
where n = [k : Q]. If we pick all N; = 3, then there are at most 3" - (n—1)!
cones.

(3) Note that we removed the origin in (2.18). A great part of our efforts will be directed
to showing that Cq is contained in Rll x C*"2. Here the difficulty is in ensuring that
the complex components do not vanish.

ANNALES DE L’INSTITUT FOURIER
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If k is totally complex, we still prove (2.20), but only for x outside the
E-orbit of the boundary of all C,,. The excluded set has Lebesgue measure
0, but is still unfortunate for the calculation of abelian L-functions.

There are two very different parts to the proof of Theorem 2.1. The
first (see Section 3) consists of showing that if a complex X has a num-
ber of properties with respect to a lattice A, then so does the complex
Y(X,w, [M1, Ms]) with respect to the lattice A x (My — M;y)Z. This al-
lows us to construct inductively an (n — 1)-complex X and a function
[ X xR =R} x C* whose image gives the cones in the signed funda-
mental domain. The second part of the proof (see Section 4) is mainly a
calculation of certain global and local topological degrees associated to f.
As in [4, 6], degrees enter because Theorem 2.1 can be interpreted as an
instance of the local-global principle on suitable manifolds.

3. Lattice-adapted ordered simplicial complexes
3.1. Affine preliminaries

Let V' be a real vector space and {vo,...,v,} C V a finite subset. It is
called affinely independent if for a fixed j the set {v; — v;}ogigp is linearly

i#]
independent. This notion does not depend on the choice of j. If p = 0, any
vy € V is affinely independent.

The convex hull S of {vg,...,vp} is

p p
(3].) S:[’l}07’l)1,...7’l)p] = OJ:Zt]“Uj tj 20, th:].
7=0 j=0

We call S a simplex if the v; are affinely independent. Then Vt(S) :=
{vo,v1,...,vp}, its set of vertices, is uniquely determined by the point set
S. If we wish to note the dimension of S, we call it a p-simplex. An /-face,
or simply a face, of S is an ¢-simplex K such that Vt(K) C Vt(95).

The t; in (3.1) are called the barycentric coordinates of w and Z?:o t;v;
is called its barycentric expansion (with respect to S). If S is a simplex we
write SpVt(w) = SpVt(w; S) for the set of spanning vertices of w, i.e. those
v; € Vt(S) with ¢; > 0in (3.1). Note that if w € K C S, where K is a face
of the simplex S, then

(3.2) SpVt(w; S) = SpVt(w; K).

If U is a real vector space, a map A : V — U is affine if A(v) = L(v)+C,
where L : V' — U is R-linear and C' € U is fixed. If S = [vg,v1,...,v,] CV
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is a simplex, a map H : S — U is called affine if it is the restriction to S of
an affine map A : RS — U. Here RS is the vector subspace of V' spanned
by the v;. In terms of the barycentric expansion such a map satisfies

p

P P
(3.3) H(w):thH(vj) w:thvj, thzl, t;20for 0<j<p],
j=0

=0 =0

and so is determined by the H(v;). In fact, H(w) is determined by the
values of H on the spanning vertices of w. Conversely, if for each vertex
vj of S we choose some H(v;) € U, then (3.3) defines a unique affine map
H:S—-U.

If S' = [ug,u1,...,ug) C U is a simplex in U, amap T : S — S’ is
called simplicial if it is an affine map from S to U that takes vertices of
S to vertices of S’. An injective simplicial map T preserves barycentric
coordinates, i.e. if ¢; is the barycentric coordinate of w € S corresponding
to a vertex v;, then t; is also the barycentric coordinate of T'(w) € 5’
corresponding to the vertex T'(v;).

3.2. A-complexes

Recall that in Section 2.1 we defined an ordered complex X = (J,c5 Xa-
A map of complexes X — X', where X’ = Uﬂefl' X, is a map of index
sets T : 3 — 7' together with a map of point sets 7 : X — X’ such
that T restricted to each X, is a simplicial map to X’T(a). If T and T are
bijections, the set-theoretic inverse of T is also a map of complexes, and so
the complexes are isomorphic.

DEFINITION 3.1. — Suppose V is a p-dimensional real vector space,
A C V is a full lattice (i.e. a discrete subgroup of V' whose R-span is V),
and X = J,cy Xa,<, CV isan ordered p-complex in V. We shall say that
X is a A-complex if it satisfies the following five properties.

(i) X is a simplicial complex, i.e. for ., f € J, Xo N Xp is empty or
(34) XoNXg=[v1,...,v, where {v1,...,ve}:=Vt(Xy)NVt(Xp).

In other words, simplices intersect along common faces.
(ii) The orders are compatible, i.e.

(35) v=qw <= v<gw (o, B €T, v,w e Vt(Xo) NVE(X3)).
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(iii) The orders are A-invariant, i.e. for a, o' € 7, if v,w € Vt(X,) and
v+ A\ w+ X € Vt(X,) for some X € A, then

(3.6) V=<qW <= V+A<qupw+A
(iv) X is nearly a fundamental domain for A, i.e. the restriction to X
of the natural quotient map from V to V/A is surjective, and it is

injective when restricted to the union | J .4 X of the interiors of
the X,.
(v) The spanning vertices are A-equivariant,® i.e.

[z,2/ € X, e A, ' =2+ = SpVit(z’) = SpVt(z) + .

Note that if X is simplicial (in the sense of (i) above) and X’ is an
isomorphic complex, then X’ is also simplicial.
Next we state the main result of this section.

PROPOSITION 3.2. — Let the p-complex X = |J,c5 Xa,<, be a A-
complex in V = RA, let M1 < My be integers, let A=A x (My — My)Z,
and let w : V — R be a linear function. Then the ordered (p + 1)-complex
defined in Section 2.1,

Y(Xawv [MlaMQ]) = U Y%<7 CVx Rv
yeJ

isa K—comp]ex. Furthermore, if v = (a,v,£) € J and we define Q : VxR —
R by Q(s x t) := w(s) +t, then for all k € Y., we have

(3.7) A(w)+£—-1<Q(k) < A(v) + ¢,
where A(v) is the upper fractional part of w(v) defined in (2.5).

In the next three subsections we prove a series of lemmas leading to a
proof in Section 3.6 of the above proposition.

3.3. Simplicial decomposition of X x [My, Ms]

LEMMA 3.3. — Let I = [0,1] C R be the unit interval, let S = S~ be
an ordered p-simplex in some real p-dimensional vector space V , and write

4) As the complex X = Uae:l Xa is assumed simplicial, (3.2) shows that the set

SpVt(xz) = SpVt(x; X«o) of spanning vertices of € X is independent of the simplex X
containing z used to calculate the barycentric expansion of . We will write SpVt(z; X)
when we wish to specify the simplicial complex involved.
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S = [vo,v1,...,vp| as the convex hull of its p + 1 vertices, ordered so that
vg < v1 < --- < vp. For any vertex v = v; € Vt(5), let

(3.8) SY=8Y%:=[vox1v1 x1,...,0; x L,v; x 0,041 X 0,...,0, x 0]
CcSxIcCVxR.
Then SV is an ordered (p + 1)-simplex if we define, for w,w’ € Vt(S),
(39) w=<"uvw <=
[[mv (w) < 7y (w)] or [ry(w) = 7y (w') and mr(w') < mr(w)]],
where Ty : V X R — V and mr : V X R — R are the natural projections.

Furthermore, S x I = UvGVt(S) SV, and this is an ordered simplicial (p+1)-
complex, i.e. it satisfies (3.4) and (3.5).

Proof. — Tt is immediate that SV is a (p+1)-simplex and that (3.9) makes
U, SV into an ordered complex satisfying (3.5). To see that it is simplicial,
i.e. satisfies (3.4), we will show that it is isomorphic to the standard simpli-
cial decomposition of A, x I, where A, is the standard p-simplex. Indeed,
let eq,...,e, be the standard basis of R? and set Ey := Ore € R?, E; :=
ei+E;—1 (1<i<p),andlet A:V — RP be the unique affine isomorphism
satisfying A(v;) := Ep—; (0 <i < p), so that

A(S)=[Ep, Ep-1,...,Eo)=0p ={a€R? | 1221 > 02> 21, >20}.

> WV

Let A:V x R — RP x R be the affine isomorphism given by A(v X y) :=
A(v) x y e R? x R =R Then A(S x I) = A, x I, and

A(SU) = [Ey x1,...,Ep j x 1,E,_j X 0,E, ;1 x0,...,Ey x0]
={zeR 1z > 20 2an >0 0> 21 >0}
(0 < j < p). This is the standard decomposition of the product A, x I,
easily seen to be simplicial. O
Next we record some simple properties of the above decomposition of
S x I

(i) The projection my : VxR — V maps SY onto S, and maps the ver-
tices of SY bijectively onto the vertices of S, except for the vertices
v X 0 and v x 1, both of which map to v.

(ii) Let S*~ and S”% be the p-faces of SV defined by

(3.10)
Sii =S5 I:[’UO X 171}1 X 1,...,’Uj_1 X 1,’Uj XO,UJ'+1 XO,...,’UP XO],
SZ+ ZSDJF Z:[Uo X 1,1}1 X 1,...,1}j_1 X 1,1}]‘ X 1,’()j+1 XO,...,UP XO],
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If w e S, then w x 0 is contained in a proper face of S*°, namely
in §Y°7 = [vg x 0,v1 x 0,...,v, x 0] C S¥. Similarly, w x 1 is
contained in a proper face of S»,

(3.11) ST i=[ug x Livg x 1,...,0, x 1] = 8"~ 4 (0y x 1) C S*,
where Oy € V is the origin in V.

LEMMA 3.4. — Suppose X = |
complex. Then

(3.12) xxr=) U X

a€JveEVH(Xy)

wey Xa,<o 1s an ordered simplicial p-

is an ordered simplicial (p + 1)-complex. Here I is the closed interval [0, 1]
and X, L. was defined in Lemma 3.3, taking S< := X, <., .

Proof. — The equality of sets in (3.12) is clear from Lemma 3.3. By the
same lemma, it is easy to see that (3.12) is an ordered (p+ 1)-complex. We
now show that the decomposition is simplicial. Suppose § =w x y € X2 N
X§. We will show that the spanning verticies of ¢ satisfy SpVt(d; X)) =
SpVt(d; X§'). This suffices as it shows that J lies in the convex hull of
Vi(X5)NVE(XY). Let L := X,NXp, a non-empty simplex as w € L, and a
common face of the simplices X, and Xg. Then § € Lx I, so by Lemma 3.3,
§ € L* for some vertex p € Vt(L) = Vt(X,) N Vt(Xg). But L* is a face of
X! and of X g , as follows immediately from the construction of Lemma 3.3.
Therefore 6 € X}, N X and 6 € Xj N XY, Since Xo X I =, cvi(x.) XA
is simplicial by Lemma 3.3, we have

SpVt(d; X)) = SpVt(d; X#) = SpVt(d; L*)
= SpVt(d; Xj5) = SpVt(d; X§). O

Next we use translations in the last coordinate to extend the decomposi-
tion of Lemma 3.4 from X X I to X x [M7, Ms]. Given an ordered p-complex
X = U,y Xa,<, CV, define the ordered (p + 1)-simplex X7 = X7 by

(313) X" =X+ 0y x&) (y=(,v,8), a €T, veVt(X,), L€Z),
where <., is defined by (3.9). Thus, for w,w’ € Vt(X7),
(3.14) w=y v =

[y (w) <o mv(w)] or [my (w) = my (w') and mr(w') < 7Tr(w)]].

Note that when v € J in (2.3), then M; < ¢ < Ma.
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LEMMA 3.5. — Let My < Ms be integers, suppose X = {J,cq Xa <.
is an ordered simplicial p-complex, and let X7 = XIw be as in (3.13)
and (3.14). Then
(3.15) X x [My, My] = | J X7 = | ) X2,

yeJ yeJ
is an ordered simplicial (p + 1)-complex.

Proof. — As in the proof of Lemma 3.3, applying an affine isomorphism
it is easy to see that

Xox [My,My]= ] (XZ+ (0v x0))
My << M,y
vEVH(Xqa)

is an ordered simplicial (p + 1)-complex. The rest follows the proof of
Lemma 3.4. O

We can take My — —oo and My — 400 in (3.15), as we record next.
COROLLARY 3.6. — Let X be as in Lemma 3.5 and let
Joo = {(o,v,0) |a €T, v € Vt(X,), L €Z}.
Then X xR=J eJ., X7 is an ordered simplicial (p + 1)-complex.

Lemma 3.5 shows that any p € X x [M;, Ms] belongs to some simplex
X7 with v = (o, v, £). Our next result shows that v can be chosen to be a
spanning vertex of the projection 7y (p) € X.

LEMMA 3.7. — Let X, My and My be as in Lemma 3.5. Suppose p €
X X [My, Ms] and 7y (p) € X,. Then there is some v € SpVt (my(p)) C
Vt(X,) and an integer £ satisfying My < £ < M such that p € X", where

v = (a,v,£).

Proof. — Lemma 3.5 shows that p € X? for some A = (a,w, ) € J. If
w x £ or wx (£+ 1) is a spanning vertex of p (with respect to X2), then
w=my(w x ) = 7wy (wx ({4 1)) is a spanning vertex of my (p), and we
may pick v := w. Otherwise,

(3.16)  SpVt(p) = {v1 x (0+1),...,00 x ({+1),wy x {,...,wp x £},

where, by definition (3.15) of X7 and definition (3.8) of X, the v; and w;
are vertices of X, satisfying

V1 <a V2 <q " <Ra UVt <qg W <q W1 <q W2 <g *** <q Wr.
Applying my to (3.16) we obtain
SpVt (v (p {vl,...,vt,wl,...,wr}.
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If t > 0, let v := v;. Otherwise, let v := w;. Then, from (3.16), (3.15)
and (3.8), SpVt(p) C Vt(X7). Hence p € X7 and v € SpVt (my (p))- O

3.4. The complex Y

Throughout this subsection we assume, as in Proposition 3.2, that M; <
My are integers and that X = J,cy Xa,<, C V is a simplicial p-complex
contained in some vector space V', with compatible orders <, in the sense
of (3.5). So far in this section we have made no use of the linear function
w : V — R in Proposition 3.2. Now we will use w to make two changes in
the construction of the simplices X7 in Lemma 3.5. First we will replace
the given order <, on the vertices of X, by a new order <2 which depends
on w. Then, using the piecewise affine map 7' defined below, we will make
a change in the last coordinate of elements of X x R to obtain the simplices
Y, in Proposition 3.2.

Recall that for u,u’ € Vt(X,) we defined in (2.6)

(3.17) u <2 v/ — “A(u) < A(W)] or [A(u)=A() and u <, u’]],

where A is the upper fractional part of w. A trivial verification shows that
if the orders <, are compatible, then so are the orders <2.

Applying Lemma 3.5 to the ordered simplicial complex X :=J KXo, <4,

a€ed
we obtain the simplicial complex

(3.18) X x [My, My] = | X4 = X4,
yeJ
where we have called the new simplices X7 (instead of X7) to clarify that

the original order <, on the vertices of X, has been replaced by <£.(5)

We have also denoted by X the corresponding simplicial decomposition
of X x [My, Ms]. By Corollary 3.6, we also get a simplicial complex
XxR= | x7* = X2
V€)oo
For v = (a,v,4) € Joo, 1.e. € € T, v € Vt(X,) and £ € Z, let
T,=VxR—=VxR

be the unique affine function which on any vertex o € Vt (X %A) satisfies

(3.19) T, (0) := o+ (0v x (A(my(0)) —w(my (o) — 1) (o€ VE(X74)),

(5)We do not consider X4 as an ordered complex since this is not the complex Y
appearing in Proposition 3.2. To get Y we will still need to apply the map T studied in
Lemma 3.8 below.
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where 7y : V X R — V is the projection to the first component and Oy
is the origin in V. Actually, T,(c) € X x Z since 0 € X x Z by (3.8)
and (3.13), while A(v) —w(v) € Z by (2.5). Since T, (o) depends only on o
(and not on the simplex X74 to which it belongs) and X2 is a simplicial
complex, there is a unique piecewise affine function

(320) T: X xR— X xR,

T(p) =Ty(p):i= >, cTy(0) (pe XM,
oceVH(X7:4)
where
(3.21) p= > o Y =1 620
cEVH(XTA) CEVH(XT-A)

Note that T'(p) = p if w vanishes identically.

LEMMA 3.8. — Suppose X = {J,c5 Xa,<., C V is a simplicial complex
in some vector space V, with compatible orders <. Then the piecewise
affine function T : X x R — X x R defined in (3.20) is a bijection. It
satisfies the identities

(3.22) wyoT=my,

T((sxt)+ 0y xt)=T(sxt)+(0y xt') (s€X, t,t'eR),
and
(323) T(sxt)=sx(re+t) (s€X, teR, sxry:=T(sx0)).

Proof. — The last identity implies the first two, and hence that T is
a bijection. To prove (3.23), let p = s x t € X7VA, where v = (a,v,£).
From (3.19), (3.20) and (3.21), we get

T(p)= Y, colo+ 0y x(Alnv(o) —w(mv(o) — 1))
(3.24) TEVE(XTA)
=p— (Ov xw(mv(p))) + (Ov x q),

where ¢ = q(s x t) := =14+ c,A(ny(0)).

Now, 7y restricted to Vt(X74) is a bijection onto Vt(X,), except for

the two vertices v x £ and v x (£ + 1), both of which map to v (see (3.13)
and (i) after the proof of Lemma 3.3). From (3.21) we have

s=my(sxt)= Z comy (o) = Z ds$,

TEVH(X7A) SEVH(Xa)
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where in the last equation we have simply written the barycentric expansion
of s with respect to X, (see the remarks after (3.1)). Since barycentric
coordinates with respect to a simplex are unique, we have ¢y ¢+ Cyx (041) =

dy and ¢, = dr (o) for my (o) # v. Hence

q(s xt): —1—|—ch o) =-1+ Z ds A(d

SEVE(Xa)

But the ds are uniquely determined by s, so g(s x t) = ¢(sx0). Now (3.23)
follows from (3.24). O

By the lemma just proved, the affine function 7, : VxR — V x R is
injective when restricted to a non-empty open subset of V' x R, namely on
the interior of any X4, Hence T, is an affine bijection. Thus

TX"M) =T, (X" Cc X xR
is a (p+ 1)-simplex and

T(X x [My, Mp]) = | T(X7%)
yeJ

a (p + 1)-complex, the isomorphic image by T of the (p + 1)-complex
n (3.18)

(3.25) XA =X x [My, My] = ] X7
yeJ

Since, as remarked before (3.18), X4 is a simplicial complex, so is T(X4).
We can now prove part of Proposition 3.2.

LEMMA 3.9. — With the hypotheses and notation of Proposition 3.2,
the following hold.
(i) Y, =T(X"4), Vi(Y,) =T (Vt(X7?4)) (v € J), and so by (3.25),
Y = T(X X [Ml, Mg])
(i) ¥ = Y(X,w,[M1,Ms]) = U,c,Ys,<, is an ordered simplicial
(p + 1)-complex and the orders <. are compatible.
(iii) Define Q:V xR — R by Q(s x t) := w(s) +t. Then for all k € Y,

A)+£—-1<Q(k) < Aw) + /4 (v = (o,0,0) € J).

Proof. — The second and third equations in (i) follow directly from the
first one and Lemma 3.8. To prove the first equation in (i), we start with the
case v = (a,v,0) with & € J and v € Vt(X,). Unraveling definition (3.18),
X774 = §Y where we have applied Lemma 3.3 to S := Xa,<a- If we order
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the vertices of X, as vg <4 vy <4 .-+ <4 v, then by (3.8) the vertices of
X4 are

{vo x 1o x1,...,v5 x 1,v; X 0,041 X 0,...,v, x 0} (v; = ).
Applying definition (3.19) of T, the vertices of T(X7V4) = T, (X"4) are

{vo x (A(vo) = w(v0)) ;- .-, v5 X (A(vs) —w(vy)), v x (Av;) = w(vs) = 1),
V41 X (A(j41) —w(vit1) = 1), 0 X (A(vy) —w(vp) — 1) }.

Comparing this with the definition (2.7) of the vertices of Y-, we find that
we have proved (i) for v = («,v,0). This implies (i) for any v = («, v, ¢)
since Y(q,v,0) = Y(a,0,0) + (Ov x £) by (2.7), while by (3.13) and (3.22)

X(a,v,[),A :X(a,v,O),A+(0V % g),
T ((s x 1)+ 0y x £)) = T ((s x ) + (Oy x £).

As we remarked just before stating Lemma 3.9, the (p 4+ 1)-complex
U,es T(X™#4) is simplicial. By (i), T([X x [M1, Ms]) = U,e,; Y, = Y
is simplicial. This proves (ii) since the assumed compatibility of the <,
immediately implies that of the <, defined in (2.8).

We now prove (iii). Just as in the proof of (i), it suffices to take v =
(a,v,0). Since Q is linear, it suffices to prove (iii) for all vertices k € Vt(Y5).
Since £ = 0, by (i) we have k = T(§ x t), where § € Vt(X,), t = 1ifd <4 v
and t = 0 if v <2 6. By (3.19),

(3.26)  Q(r) = Q6 x t) + Q (O x (A(S) —w(8) — 1)) =t + A(S) — 1.

There are two vertices with 6 = v, namely T'(vx0) and T'(vx 1). From (3.26)
we have Q (T'(v x 0)) = A(v) — 1 and Q (T(v x 1)) = A(v), proving (iii) for
the vertices T'(v x 0) and T'(v x 1).

We may therefore restrict to k = T'(d x t) € Vt(Y,) with 6 # v. We
consider first the case A(d) = A(v). Then (3.26) gives Q(x) = A(v) — 1 if
t = 0, while if ¢ = 1 we have Q(x) = A(v). Hence (iii) holds if A(§) = A(v).
If A(0) # A(v), then by definition (3.17) of the order <4, we have ¢t = 1 if
and only if A(§) < A(v). If t = 1, then (iii) follows from

A(v) =1 <0< A() = Q(r) < A(v),
where we again used (3.26) for the equality. If ¢ = 0, so A(J) > A(v), then
A(v) > 0= A(6) —1=Q(k) > A(v) — 1,

which proves (iii) in the last remaining case. |
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3.5. A-invariance

Although we have assumed in Proposition 3.2 that the orders <, on
Vt(X,) are invariant with respect to a lattice A, the new orders <% on
Vt(X,) in general are not A-invariant. We shall prove now that this devi-
ation is determined by

0 if A(v) +A(N) <1,
1 if A(v) + A(N) > 1,

N

(327)  Aux:=AW) +AN) - A+ ) = {

where the last equality used (2.5) and the linearity of w.

LEMMA 3.10. — Let A C V be a lattice for which X = ,c; Xa,<.
has A-invariant orders <, (see (3.6)), let w : V' — R be a linear function,
define <2 and A as in (3.17) and (3.27). Suppose v and w are vertices of
Xo and, for some A € A, v+ A and w + A are vertices of X (o, & € J).

Then, translation preserves order if A, x = Ay, z, i.e.

(3.28) v=tw = v+ A<D w+ A (Ayx = Auwn),
while it reverses order if A, x # Ay 2, 1€

(3.29) v=tw = w+A<L v+ (Apx # Aypn).
Moreover,

(3.30) AWw) = Alw) <= A(wv+ ) = Alw+ A),

and

(3.31) A(w) = A(w) = Ay =Ay .

Proof. — From (3.27) we obtain
(3.32) (A(v+N)—A(w+N))—(A(v)—A(w)) = Ay r—Ayx = —1,0, or 1.

As A takes values in (0, 1], (3.30) and (3.31) follow.

We now turn to the first two claims in the lemma. If A(v) = A(w), then
Ay x = Ay x and the orders <4 and <§, in (3.28) reduce to <, and <,
respectively. In this case (3.28) follows from the assumed A-invariance of
the order (3.6). We may therefore suppose A(v) # A(w). Then A(v+ \) #
A(w + A) and the orders <4 and <%, in (3.28) and (3.29) reduce to the
usual order of A-values (see (3.17)). If Ay, = A, 5, then (3.32) shows that

A(v) —A(w) = A(v+ ) — A(w+ N), so (3.28) follows. If A, x # Ay z, then
[(A(v+A) = A(w + X)) = (Av) - A(w))| = 1.

But this is the distance between two real numbers in the open interval
(—1,1), which must therefore have opposite signs. This proves (3.29). O
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LEMMA 3.11. — Let A C V be a full lattice in a vector space V, let
X = Uaes Xa €V be a A-complex (see Definition 3.1), w : V. — R a
linear function, Y =J,c; Y,,<, CV xRasin (2.2) and mry : VxR =V
the projection. Assume that for some a € J, v € Vt(X,) and A € A we
have (v + \) € Vt(Xq) for some o' € 3. Suppose also that k € Vt(Y(q,v,¢))
and (my (k) + ) € V(X o). Then (k + X) € Vt(Y(ar v4r,0)), Where

~

(3.33) N=AxGEAXZ, ji=AN) —w\) - Av,\),
A being as in (2.5) and A as in (3.27).

Note that A and 7/ := (a/,v + A, ) depend on A and on v = (a, v, £),
but not on k € Vt(Y5).

Proof. — That j € Z is immediate from (2.5) and (3.27). Now, s €

Vi(Y,) =T (Vt(X74)), by Lemma 3.9 (i). Thus,

k=Twxt), wxte V(X" tec{tl+1}, w=mny(k) € Vt(X,).
By (3.19),

(3.34) k=T(wxt)=wxt+0y x (Alw) —w(w)—1).

By assumption, both v+ A and w+ X are vertices of X,/. Thus there exists
a vertex

(3.35) pe VH(XTA), p= (w+A) xt', t' € {{+1,0}, v = (/,v+\,0).

Notice that for w # v, the value of ¢’ in (3.35) is determined by w + A, but
for w = v there are vertices p = (w + A) x t' € Vt(X7"4) for both values
of /. We now calculate

T(p)=p+0y x (Alw+ ) —ww+A)—1) [by (3.19) and (3.35)]
=(w+ ) xt' + 0y x (A(w) + A\) — A(w, \) — w(w) —w(A) — 1)
[by (3.27)]
=wxt+ 0y x (Alw) —w(w) = 1) + A x (AN) —w(A) — A(v, M)
+ Oy x (A(v, ) — A(w,\) +t' —t) [t as in (3.34)]
= k4 A+ 0y X (AW, A) — A(w,\) +t' — 1) [by (3.33) and (3.34)].
Since T'(p) € Vt(Y,/), Lemma 3.11 will be proved once we show
(3.36) A(v, ) — A(w,\) +t' —t =0.
We will do this by checking various cases, bearing in mind that A = 0 or
land ¢,/ =for £+ 1.

If w = v, both (w+ ) x £ and (w + A) x (£ + 1) are vertices of X7"+4.
Hence we can pick the vertex p so that ¢ = ¢, making (3.36) hold trivially.
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We may therefore assume w # v, which makes ¢ and ¢’ uniquely determined
by <4 and <4,. Namely, t = £+1 is equivalent to w <2 v (see Lemma 3.3).
Otherwise, t = ¢. Similarly, ¢’ = £+ 1 if and only if w + A <£, v+ A

If A(v,A) = A(w, ), Lemma 3.10 shows ¢t = ¢, proving (3.36) in
this case. We may therefore assume A(v,\) # A(w,\). Thus, again by
Lemma 3.10, t # t/, A(v) # A(w) and A(v+ A) # A(w + A).

We consider first the case t = £. Then v <2 w, so A(w) > A(v) by
definition (3.17) of <4. Also, ¥’ # ¢, so t' = £ + 1. We claim A(w,\) = 1.
Indeed, otherwise A(w,A) = 0 and so A(v,A) = 1. Therefore, by (3.27),
A(v)+A(XN) > 1, whence A(w)+A(X) > 1. Then, again by (3.27), A(w, \) =
1, a contradiction. Hence, A(w, A\) = 1 and A(v, A) = 0, from which (3.36)
follows.

Lastly, if t = £+ 1, then A(w) < A(v) and ¢’ = £. We claim A(v,\) = 1.
Otherwise A(v,A) = 0 and A(w,\) = 1. By (3.27), A(v) + A(\) < 1.
Hence A(w) + A(X) < 1, proving A(w,\) = 0, a contradiction. Thus,
A(v,A) =1, A(w, ) =0, and (3.36) follows. O

3.6. Proof of Proposition 3.2

We need to show that YV = {J . ;Y5,<, CV x R is an ordered (p + 1)-
complex satisfying inequality (3.7), and properties (i) to (v) in Defini-
tion 3.1 with respect to the lattice

A=A x (My — M,)Z.

Parts (ii) and (iii) of Lemma 3.9 show that Y is an ordered simplicial
(p + 1)-complex with compatible orders and satisfies inequality (3.7). We
must still prove that Y has properties (iii) to (v).

We now prove (iii), i.e. if k,6 € Vt(Y;) and x + Mo+ A€ Vt(Y,) for
some \ € IA\7 v =(a,v,8), v = (/,v',¢) € J, then we must show

(3.37) K =~y 0 — K+ A <4 0+ .

By (3.22) my o T = my, so my maps Vt(Y,) = T (VH(X74)) to Vt(X,)
(see (i) in Lemma 3.9 and remark (i) following the proof of Lemma 3.3).
Of course, my maps A to A. Since X is by assumption a A-complex,

(338) Wv(li) <a 71'\/((5) = 71'\/(;‘6—"-/):) <o’ Wv((s—‘y—/):)
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If my (k) # my(0), then ﬂv(li—l—X) # 7rv(5—|—3\\), 0 (3.37) is clear from (2.8)
and (3.38). When 7y (k) = 7y (0), (2.8) defines

K=<y0=1t <t (k=uxt, d=uxt).

Hence (3.37) is again clear and we have proved (iii).

We now turn to the proof of (iv) in Definition 3.1, i.e. that Y is nearly a
fundamental domain for A € V x R. By assumption, X surjects onto V/A.
Recall from (3.23) that T'(x x s) = x X (rz+s), where r, € R is independent
of s € R. Thus, Y = T(X x [My, Ms]) surjects onto (V' X R)/JAX

To complete the proof of (iv), we show that the union of interiors |, ; Y5
1nJects into (V' x R)/A Suppose p = T(s x t) €Y, and p' = T(s' x t’) €

Y map to the same point in (V' x R)/A for some v = («,v,¥), =
(a v',¢") € J. Since p is in the interior of Y., = T(X“f A and 1y (V) = Xa,

it follows that s = my (p) € X Similarly, s EXOU But we are assuming
the congruence

(s,7s+t) =T (sxt) =T(s'xt') = s x (rg +t') (modulo Ax (My— M;)Z),

so s = s’ (modulo A). By assumption, X = |J, X, injects into V/A. Thus,
s =¢§'. Then

X (re+t)=T(sxt)=T(sxt')=sx (rs+t) (modulo A),

showing t—t' € (My—M4)Z. Tt t # ¢/, thent = My or My as t, t' € [My, Ma].
However, t € Z means that s x t lies in a proper face of some X 7",A (see
remark (ii) after Lemma 3.3). Hence p = T'(s X t) lies in a proper face of

Y.,». Since Y is a simplicial complex, this contradicts p € Y,,, proving (iv).
We now turn to the proof of (v), i.e. the A-equivariance of the spanning
vertices. To this end, suppose

(339) yy €Y =T(X x[M,M]), v/ =y+X A=AxjeA.
We must show that their spanning vertices satisfy
(3.40) SpVt(y;Y) = A+ SpVi(y; Y),

where for clarity we have written SpVt(y;Y") to indicate that the spanning
vertices are calculated with respect to Y, i.e. with respect to any simplex
Y, CY containing y. We claim that it suffices to prove

(3.41) KESPVH(Y;Y) = K+ e Vi(Ys)
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for some 7 € J independent of . Indeed, the barycentric expansion

(3.42) y= Zc,m (/@ € SpVt(y; Y Z e =1, c¢. > O)

implies y/ = y + A = Do Crlk + X), proving (3.40) since k + A € Vi(Y5)
by (3.41).

We now prove (3.41). By (3.22) and (3.39),
d=x4+reX, z=myy)eX, 2 :=my@)eX, N=my())eA.
Since X = U,BeJ Xp is by assumption a A-complex,

(3.43) SpVt(z'; X) = A+ SpVit(xz; X).

Asy € Y = T(X x [My,M,]), we have y = T(p) € Y, for some v =
(a,v,€) € J and p € XA, Therefore SpVt(y) C Vt(Y). Similarly, y' € Y,
for some 7' = (o/,v',¢') € J. By Lemma 3.7 and (3.22), we can assume
v € SpVt(z) C Vi(X,).

Let k € SpVt(y;Y) C Vt(Y,). Then my (k) € SpVt(z) C Vt(X,).
By (3 43), U—l—)\ € Vt(Xo ) and 7y (k) + A € V(X ). By Lemma 3.11, there
isaX=Axj €A xZ, independent of k, such that x+ \ € Vt(Y(a EAD))-
By adding Oy x g to \ for some q € Z, we may ensure e A and

(3.44) 5 X € V(Yo o),

where ¢ := ¢ + ¢. By again adding 0y x ¢'(My — M;) to X for some ¢ € Z,
we may assume ¢ € [M7, Ms). Note that v/ = (a/,v + A, ¢') is independent
of k. Using the barycentric expansion (3.42) of y, let

(345)  F=) culh+A) =y+A€Yy CY =T(X x [My, My)).

Asy',y €Y, we can write
v =T xt), g=T@xt) (2, TeX, t',te[M,M)).
Applying the projection 7y and (3.22), we find
¥ =my(y)=mvy+N) =+ A=mv(y+A) =1 (f) =2
Therefore, using (3.23),
AX—A=y —J=T(' xt')—T(z' x1)
=2' X (rg +t') — 2’ X (e +1) =0y x (¢ —1).
Since A — A € A := A x (My — M,)Z and t',t € [My, My], there are only
three possibilities:

() ¢ =1,
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(ii) ¢/ = My, t = Mo,

(iii) ¢ = M, t = M;.
Note that ¢ and ? are independent of k € SpVt(y) since X and \ are
independent of k. Hence the same case (i), (ii) or (iii) above occurs, inde-
pendently of «.

In case (i), A = A, so (3.44) implies (3.41) with 7 := «/. In this case we
are done. Consider now case (ii), so ¥ = T(Z x M) and

(3.46) X=X+ (0y x (M; — My)).

Order the vertices v; of X,/ so that vy <£, U1 <§/ <§, vp. Using the
notation of (3.10), let

(vavaf)vf‘)i = (X2 )i +(0y x ) c X@v0A (g e7).

a,<§

From (3.11) we have
(?L'\ X M2> c (X(O/vvvaE_l)aA)+ C X(O‘/aU:DvM2_1)1A.

Hence .
SpVt(Z x My; X4) C (X(a’,vp,MQ_l),A) 7

where X4 is the simplicial complex X4 := U, X714 = X x [My, Mo
in (3.18). Thus,

§=T(@ x My) € T (X0 Mem D)) @ p(x (e 0p M1
=Y v, My—1)-
As§:=3, cx(r +A) by (3.45), we see from (3.44) that
(3.47) K+ A€ SpVt()) C Vt (T((X(a/v”f”MZ‘l)’A)Jr)) .
By (3.11) again,
(X (@ op M=) A)+ _ (x (@0 M)AV |0y x (My — My)) .
Applying T and (3.22) we find
(3.48) T ((x( ettt
=T ((X(a"“U’Ml)’A)_) + (O x (My— My)).
Using (3.46), (3.47) and (3.48) we obtain
KA = K+ A+ (O x (My — M) €Vt ((Yiarwnr) ™) € Vt (Yiarwon) s
proving (3.41) with 4 := (o, vg, M7).
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Case (iii) is analogous, for then § = T'(Z x M) € (Y(a/ vo,a1,))” and A=

XJr(OV x (Mg —Mjy)). Reasoning as above, we find K+ € V(Yo 0, 1,-1)),
concluding the proof of Proposition 3.2.

4. Degree theory and the signed fundamental domain

In this section we prove Theorem 2.1. Thus we have fixed independent
totally positive units ¢, € k, principal logarithms log Egrlﬂ ) of these units
at the complex embeddings, and integers N; >3 1<l ri=ri+ra—1,
1 < j < 7). Lastly, we have also fixed a twister function 8 : Z" =1 — k*,

as defined in Section 2.3.

4.1. The function f on X xR

PROPOSITION 4.1. — The (n — 1)-complex X = {J, ey Xa C R de-
fined in Section 2.2 is a A-complex (see Definition 3.1), where A := Z" x
N1Z xNoZ x -+ X Ny, Z. C Z"~L. It has the following additional properties.

(i) The vertices have integral coordinates, i.e. Vt(X,) C Z"~! for all
aed.
(ii) There are 3| = (n — 1)!]}2, N; simplices Xq.
(iii) For any integer 1 < j < 1y and any index o € J, there is an a; € R
such that any k € X, satisfies aj < (k) < o + 1, where

(11) Q(w) = nlr+ 5]+ 52 D wlt]arg ()
(=1

and —m < arg(aéﬁﬂ)) <
Proof. — Recall from Section 2.2 that X := X,,_; was constructed in-
ductively starting from the trivial one-point complex X, letting
Xj =Y (X 1,wj-1,[0,Q;])
where Q; :=1, wj_1(z):=0if 1< j <r, and

T

N, L .
Qryj i =Nj, wrpj_1(x) = 2—; x[] arg(5§ lﬂ)) (1<j<mr).
=1
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Since X is obviously a Ag-complex for the trivial lattice Ag := {0}, Propo-
sition 3.2 and induction on j shows that X; C R7 is a Q1Z x - X Q;Z-
complex for 1 < j < n—1.0) Taking j = n—1 shows that X is a A-complex.

Property (i) in Proposition 4.1 was already proved in (2.12), while (ii)
follows from (2.4). To prove (iii), let k € X, and let m,4; : R"™! — R"™J
be the projection to the first r + j coordinates (1 < j < r2). Then w4 (k)
is contained in some (r + j)-simplex Y, = m4;(¥Xs) C X,4; for some
index v = (5, v, £) depending only on j and «. Here the complex X, ; was
defined in (2.10), v is a vertex in a simplex in X;;,_1 indexed by (3, and ¢
is an integer in the range 0 < ¢ < Nj. Inequality (3.7) in Proposition 3.2,
applied to w4 (k) € Yy, to X := X, 11, V=R w:=w,. ;1 and
to [My, Ms] := [0, N;], yields (iii) with o := A(v) + £ — 1 and A(v) as
n (3.7). O

We now define the function f in (1.1). Henceforth we keep the notation
of Proposition 4.1, i.e. X,J,A and §;. For o € J, let A, : R ! - R™ xC"
be the unique affine function which on vertices v = (v[1],...,v[n —1]) €
Vt(X,) C Z" 1 is given by

(4.2) A (v) = f(v) Hg[ €k* CR™ x C".

Here we used (i) of Proposition 4.1 and the twister function g recalled at
the beginning of this section. Note that since by definition (5 is A-periodic,

(4.3) Flu+ ) H S (wezrt Aen).

Let A: X — R™ x C" be the piecewise affine function which equals A,
on X,. Since X = (J,cyXa is a simplicial complex by Proposition 4.1,
and f(v) in (4.2) does not depend on o € J, the A, define a unique (and
continuous) piecewise affine function A : X — R which restricts to 4, on
X.. Let

(4.4) flz xy):=e¥ A(x), f:XXxR—=>R™ xC™,

where €Y is regarded as a real scalar multiplying each one of the ry + ro
coordinates of A(z). Writing 2 = Y20 civ;, where S0l ei = 1, ¢ >
0 (0<i<n—1),(3.3) gives

(4.5) f(xxy)zeyzn:ciwi (me%a = [voy. .., Un-1], YER, wi::f(vi)).

i=1

(6) We identify 0 x RJ with R7, of course.
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We now prove some basic properties of f.

LEMMA 4.2. — The function f defined in (4.4) above has the following
properties.

(i)

1 1
(4.6) f(%axR)C”Ha::Rile<al+2> ><-~-><H<ar2+2>,
Nl NT2

where o; € R was defined in Proposition 4.1 (iii) and where H(t) C
C* is the open half-plane
H(t):= {re%i(t%) €eC*|r>0,0e(-1/4,1/4)}.
Thus,
(4.7) f(X xR) C R} x C*.

(ii) For o € J, let vy, ...,v,—1 be the vertices of X, (in any order) and
let w; == f(v;) = f(v; x 0) € k C R™ x C™, and let C,, be as
defined in (2.18). Then

(4.8) Cu = f(X0 x R)
= {t0w0+t1w1+-~+tn_1wn_1 t; >0for0<z§n—1}—{0},

the closed k-rational polyhedral cone generated by the w;, minus
the origin.

(iii) If y € R and 2/ = x + X\ with x,2’ € X and A € A (see Proposi-
tion 4.1), then

(4.9) f(a'xy) =N f@xy), eV =[] (= QA0l,.... Al —1])).
=1

Note that €()) is a unit belonging to the subgroup generated by €1, ..., &,.
The product () f(x x y) is taken in the ring R™ x C"2. Recall that we
regard k C R™ x C".

Proof. — We begin with the proof of (4.6), i.e. f(X, x R) C Hy. The
set H, is a convex cone, so from (4.5) it is clear that it suffices to prove
f(rk x0) € H, for K € VE(X,). From (4.3) and (4.5),

(s

@10)  fex0® =0 [[(#)" G <i<nim)
(=1
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For 1 < j <71, B(k)Y) > 0 and ey) > 0,50 f(kx0)¥) >0.For1<j<rg,
recall from (2.13) in the definition of twisters,

(4.11) B(r)"H) = |B(x )(”“)Iexp(%i(ﬁ[rﬂ]+tg(f€))/Nj)
5 (%)| 1
(% <5a%)

Using Proposition 4.1 (iii) and (4.1), we can write

(4.12)  Q(k) = K[r + 4] + 2% Skl arg( <’1+J'>) —a; + % +0;(k)

=1
for some 0;(k) € [—1/2,1/2]. Then, letting r;(k) = ‘f(,i)(m-s-j)’ > 0,
from (4.10) we have
Tl

T

=r;(k)exp 2mi(k[r + j] +t;(k))/N;) exp (z

Kmmg(m”0>
=1
= r;j(k) exp <2N < r+ ] +fj Z | arg ( (”ﬂ)))) exp(2mit;(k)/Nj)

=rj(k) exp(2mi€;(K)/N;) eXp(thj( )/N;)
=r;j(k)exp (27ri(ozj + %/Nj) exp (2mi(t;(k) +6,(k))/N;).

By (4.11) and (4.12), |t;(x) + 0;(x)|/N; < L1, showing that f(x)("1 ) ¢
H ((aj + 3)/N;) and proving (4.6).

To prove (4.9), write the barycentric expansion of x = Y . c;v; € X, as
n (4.5), but only include vertices v; with ¢; > 0, i.e. v; € SpVt(x). Since
X is a A-complex by Proposition 4.1, every v; + A is a spanning vertex of
2’, and therefore a vertex of some X, where ' is independent of v; (see
property (v) in Definition 3.1). Hence we obtain the barycentric expansion
of ' as

=+ = /\—l—Zcivi = Zci(vi—&—)\).
2 3

By (4.5) and (4.3),
fla' xy)=¢eY Zcif(vi +A) =eY Z cif ()e(N) = e(\) f(z x y),

proving (4.9).

We now prove (4.8). Since f(x x 0) = A, () for x € X,, and A, is an
affine function, it follows that f(%, x 0) = [wo, ..., w,—1], the convex hull
of the w; := A, (v;). From (4.4), f(z x y) = e¥ f(z x 0). It follows that
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f(X4 x R) C H, is the closed cone generated by the w;, minus the origin.
It does not contain the origin since 0 ¢ H,,. O

4.2. Global and local degree computations

As in Theorem 2.1, let €1, ...,&, be fixed independent totally positive
units of k, where r = r1 +73 — 1. We use them to define a homomorphism g
from the additive group R™ to the multiplicative group R’ x C*"*. Namely,
let the j-th coordinate of g (1 < j < r;+72) be
(4.13)

g(x)V =

exp (z[n] + > )_, z[l ]loge(]))

exp x[n]+w¢+z []10g5m> ifry <.

=71

if 7 <rq,

Here Nj is as in Theorem 2.1 and log z denotes the branch with —m <
Im(logz) <7

LEMMA 4.3. — The homomorphism g in (4.13) is onto, infinitely differ-
entiable and

(4.14) g7 ((e1s . v6)) =A=AX0=Z"x NyZ x --- x N;,Zx 0 C R",
where (e1,...,&,.) Is the subgroup of the units of k generated by the e,.

Proof. — From (4.13) it is clear that g is infinitely differentiable. Let
us show that ¢ is onto. Let {E;}? ; be the standard basis for R™. Then
g(E;) =¢; for 1 <i<r,and g(E,) = (e,...,e). Define L : R} x C*"2 —
RF72 at 2 = (21, ..., 2(nF72)) by

(4.15)  (L(2)), := e;log |2V
(ej:=1if1<j<ry, ej:=21ifry <j<ry+ro).

Then L (g(z)) = z[n]F + Z@le[f]L(W), where F; := e;. As the ¢; are
assumed independent and F does not lie in the span of the L(gg), given
z € R} x C*™, there exists x € R” such that L (g(x)) = L(z). But then
all coordinates of zg(—x) € R} x C*" have absolute value 1, so z() =
g(x)9) exp(2mi0;) with §; € R (r1 < j < r1 + r2). On letting 2'[(] =
x[€] + No—p0p_ryq1 for r < £ < n—1 and 2'[f] := z[{] for all other ¢, we
have g(a') = z.

A similar use of L shows that = € ker(g) if and only if z[j] = 0 for
1 <j<randj=mn,and z[r+j] € N;Z for 1 < j < ry. Hence (4.14)
follows. O
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LEMMA 4.4. — With g and Hq as in (4.13) and (4.6), g(Xa x R) C Ha.

Proof. — For 1 < j < 7 it is clear that g(z x y)¥) > 0 for 2 € R*!
and y € R. For 1 < j < 7y, observe that g(z x y)"+9) = e¥ g(z x 0)("1+9),
Hence it suffices to show that g(x x 0) € H, for x € X,. Now g(z x
0)"+9) = 1, sexp (2miQ;(z)/N;), where r,; > 0 and Q;(z) was defined
n (4.1). Property (iii) in Proposition 4.1 concludes the proof since N; > 3
by assumption. 0

Let A C R" be as in (4.14), and define the n-manifolds
(4.16) T :=R"/A, T := (R} x C*")/(e1, ... &)
It follows from Lemma 4.3 that g induces a bijection G : T — T,

Rn $ R:} X C*T‘Q

(4.17) lfr J/”

T—C -7

making the diagram commute. Here 7 and 7 are the natural quotient maps.
LEMMA 4.5. — The map G : T — T defined above is a homeomorphism.

Proof. — Since T is not compact, it is not quite obvious that G—!
continuous. But, as G is a continuous and bijective map between locally
compact metric spaces, it suffices to prove that G is proper. Thus, let
K C T be compact, and let us show that G=1(K) C T is compact. Define
the “norm” map N : R}! x C*"2 — Ry by

r1+r2

(4.18) N(z) =TT 297 (z:(z(l),...,z(7'1+7'2))),
j=1

with e; =1 or 2 as in (4.15). Then N(g;) =1 (1 < i <), 80 N induces a
continuous map N : T — R,.. Since K is compact, N'(K) C [a, b] for some
positive real numbers a and b. As N (g(z[1],...,z[n])) =

by Lemma 4.3 and (4.16),

e[ we have

G YK) c7([0,1]" x [0,N1] x --- x [0, N,,,] x [(loga)/n, (logb)/n]),

a compact subset of T O

From Lemma 4.5 and T := R" //AX, it is clear that 7 and T are homeo-
morphic to an (n — 1)-torus x R. Thus, G is a homeomorphism between
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connected, orientable n-manifolds. We fix any orientation of R™ and orient
R"™ x C™ by declaring the homeomorphism Z : R™ x C™ — R",

(4.19) Z(z1,- .., Zry4rs)
= (Z17 SRR ZT17R6(2T1+1)7 Im('zﬁ+1)v LR Re(Zerm)v Im(zﬁJﬂ‘g)) )

to be orientation-preserving. The orientation on R™ x C™ induces an ori-
entation on its open subset R’! x C*" = domain(r). Finally, we orient T
and T by declaring 7 and 7 in (4.17) to be orientation-preserving.

In practice, this means for the homeomorphism G that deg(G) = £1 is
the sign of the determinant of the Jacobian matrix Jac,(Z o g) of Zo g :

R™ — R™ at any point z of its domain, a number which we now compute.(”

LEMMA 4.6. — With the orientation on T and T defined above,
deg(G) = (~1)" (=170 sign (det(R) 0.
where R = (r;;) is the matrix defined in (2.16).
Proof. — We have det(R) # 0 since the rows with ¢ > 1 span the hyper-
plane
{z=(2); € R |2y + - 4 2, + 28, 01+ - + 285, 4, = 0},

while the first row is off the hyperplane. Since G is a homeomorphism,
deg(G) = locdegp(f), the local degree at any p € T [4, (39)]. As 7 and 7
are orientation-preserving local homeomorphisms, deg(G) = locdeg, (g) for
any x € R™. By definition of the orientation on R} x C*"*, locdeg, (g9) =
locdeg,,(Z o g), with Z as in (4.19). If the differential d(Z o g), : R® — R”
is invertible at some x, then [4, Prop. 22]

deg(G) = locdeg,, (T o g) = sign (det(d(Z o g),)) = £1.

To compute the sign of det(Jac,(Z o g)), note that (4.13) and (4.19) show
that the coordinates corresponding to 1 < j < ry are

(Zog)()), = eI Iy wlos(el”) — grlnl+320, wléliosef”|
since the gy are assumed positive at all real embeddings. For the complex
embeddings we have two real coordinates, corresponding to the real and

(") The degree of any (proper, continuous) function from an oriented manifold L to itself
is independent of the orientation on L. Thus, deg(Zog) is independent of the orientation
of R™ fixed above. A summary of degree theory in five pages, based on Dold’s textbook [5]
and sufficient for our purposes, can be found in [4, §7].
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imaginary parts of g(x)"). Thus, setting Qéj) :=arg(

v )
(Tog)())gy 1y, =Ty wl1081E"] <

Milton ESPINOZA & Eduardo FRIEDMAN

J

N;

€§j+7“1))

for 1<j<ry,

271’33][{[-1— 7"] +Z$[£]9éj)
=1

N 5 9 . r )
((Iog)(m))2j+rl = ex[n]+21:1 z[f] log |57 sin(W _|_Z I[f]@§])

It is now easy to calculate the matrix J := Jac,—¢(Z o g). Namely, abbre-

viating Léj) = log |€gj)‘ (I1<j<ri+re, 1<),

{=1

Lgl) Lg’l‘l) L(1T1+1) @51) . L5T1+7‘2) @E’l‘g)
Lgl) L;rl) LngJrl) Qél) L Lg7"1+7'2) 6%702)
S L7(:1) L7(:r1) Lq(ﬂr;+1) @il) ' L£T1.+T2) @7(}2)
0o - 0 0 27 /Ny - 0 0
0 0 0 - 0 21N,
1 1 1 0o .- 1 0

To compute det(J), permute the rows so that the bottom row becomes the
first row, and row ¢ becomes row i +1 (1 < i < n — 1). This introduces
a factor of (—1)"~!. Now permute columns so that all columns coming
from imaginary parts at complex places are placed to the right of all those
coming from the real parts (with the places in the same relative order as

ro—1 .
before). This gives a factor of (—1)29‘2:1 7 = (=1)r2(r2=1/2 " and results
in a lower-right ro X ro diagonal block and a lower-left block of 0’s of size
r9 X (11 + r2). Hence,

T2
det(J) = (~1)"1(=1)22 D72 qet(R) [ (2r/N;) # 0,
j=1
from which the lemma follows. O

We now incorporate the map f of Lemma 4.2 into our maps between
manifolds. By (4.7) and (4.9), f induces a (continuous) map F : T — T
making

I xR T> R x C*™
(4.20) lff J/”

T ——T
F
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a commutative diagram (4.20),where f, 7, T and 7 are as in (4.17).

LEMMA 4.7. — Fix the orientation on T and T as in Lemma 4.6. Then

F in (4.20) is a proper map and
deg(F) = deg(G) = (—1)"}(—1)"2("2=Y/2 sign det(R)) = +1.

Proof. — By Lemma 4.6, it suffices to prove that F' is proper and that
deg(F') = deg(G). This will follow once we construct a proper homotopy
between G and F. Suppose z X y € X X R. Then z € X, for some o € 7.
By Lemmas 4.2 and 4.4, both f(z x y) and g(z x y) lie in the same convex
set Ho C RY! x C*"2. Hence we can define ¥ : X x R x [0,1] — R} x C*"2,

Hexyxt)=tflxxy)+(1—-tglzxy) (xe€X, yeR, tel01]).
Note that

Haxyxt)=e’d(xx0xt),

as f(xxy)=¢e¥ f(zx0)and g(z xy) =eYg(x x0). For z € X, y € R and
AEAN=Z" X N1Z x --- X N,,Z, we have by (4.9) and (4.13),

(4.21) f((z+A) xy) =N f(x xy), g((z+A)xy)=eNg(z xy).
As e(A\) € E := (e1,...,&), the homotopy ¥ descends to the quotient
manifolds,

O:Tx[0,1] =T, OFxxy)xt)=r0(zxyxt).

Since @ provides a homotopy between F' and G, our only remaining task
is to show that © is a proper map [4, Prop. 21(4)]. To this end, let K C T

~

be compact. We must prove that K := @~1(K) c T x [0,1] is compact.
From this it will follow that F' is proper, since F~}(K) ={Z € T|Z x 1 €
6~ (K)}.

As the A-complex X C R"! is nearly a fundamental domain for A
(see (iv) in Definition 3.1),
(4.22) F(XxR) =T,
so it suffices to prove the compactness of

K:=7YK)=0"(r"1(K)) C X xR x[0,1].
As in the proof of Lemma 4.5, N(K) C [a,b] for some a,b > 0. Since
L:=m (9% x0x[0,1])) is a compact subset of T', N'(L) C [¢, d] for some
c,d>0.If z xy xteK, then
[a,b] 3 N (r(¥(z x y x 1)) = ™ N (7((x x 0 x 1)) € €[c, d].

It follows that 1log(a/d) <y < Xlog(b/c). Thus, y is bounded and K is
compact. (|
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We now calculate another Jacobian determinant.

LEMMA 4.8. — Given n affinely independent elements vy, v1, . ..,V,_1 €
R"!, and any n elements wq,ws,...,w,—1 € R™ x C™2, let B: R*1 —
R™ xC" be the unique affine function such that B(v;) = w; (0 < i< n—1).
Define K : R* — R™ by

K(z[1],...,z[n)) =T (exW B([1],...,z[n— 1})) :

where the linear isomorphism Z : R™ x C™ — R" was defined in (4.19).
Then

(4.23) det(Jacy (K)) = (=1)" " e det (W) / det(V)

where x = (x[1],...,z[n]) € R", W is the n X n matrix whose i-th column
is T(w;—1) (1 < i < n), and V is the invertible (n — 1) x (n — 1) matrix
whose i-th column is v; —vg (1 <i<n—1).

Proof. — The matrix V is invertible since, by definition of affine inde-
pendence, the v; — vy (1 < i < n— 1) are linearly independent. By (3.3),
B satisfies B (3.1, yivi) = >y yiw; provided Y1 y; =1, y; € R. Let
E, :=(0,0,...,0,1) € R® and 0; := v; x 0 € R* = R""! x R, and define
U:R" = R" by

Uz[1],...,z[n]) = z[n]E, +UO+Z 7 — o).

Then, for 1 < j < rq,

(Ko U)(x))[j] = o] (w(()j) + ni i) (w; — wo)(ﬂ')) ’

i=1
while for 1 < j < ro,

(KoU)(@)) 2] — 147

— ”(Re( (n+a))+

(Ko U)(x)) [2] + ]

n—1
_ ex[n] (Im (wéT1+j)) + Z :E[Z] Im ((wz _ wo)(h+j)>> .
i=1
The above formulas and elementary row operations yield
det(Jacy (K o U)) = e™*"(—1)" 1 det(Z(wp), . - . , Z(wn))
= el (1)1 det(W).

n—1

z[i] Re ((wi - wo)(rl+j))> ;

i=1
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Now,
det(Jac, (K o U)) = det(Jacy (4 (K)) det(Jac, (U))
= det(Jacy(y)(K)) det(V),
SO
_, det(W) _ det(W)
K)) = nxn] —1)" 1 — onU(z)[n] —1)" 1 )
det(Jacy o) (K)) = ™" (~1) det(v) ¢ D" e

Since U is surjective, the proof is done. O

We now use (4.20) to calculate the local degree of F.

LEMMA 4.9. — Let * = 7(x) € T, where & = k x y € Xo x R, let
Vo, .. .,Vn—1 be the vertices of X, (in any order) and let w; := f(v; x 0).
Assume that the w; are R-linearly independent and that x is an interior
point of X,. Then the local degree of F' at T is defined and

(4.24) locdeg,, (F) = (—1)"" " sign (det(V)) sign (det(W)) =: da,
with V and W as in Lemma 4.8.

Proof. — By Lemma 4.8 and the inverse function theorem, f is a local
homeomorphism in a neighborhood of z, so locdeg, (f) = +1 is defined.
Note that deg(Z) = 1 as Z in (4.19) is an orientation-preserving homeo-
morphism, by definition of the orientation of R’} x C*"2. Hence (4.23) shows
that locdeg, (f) is given by the right-hand side of (4.24). Here we used the
fact that the local degree is invariant under composition with orientation-
preserving local homeomorphisms [4, Prop. 21 (7)].

We now consider the commutative diagram (4.20). Note that 7 is a local
orientation-preserving homeomorphism in a neighborhood of = since X is
nearly a fundamental domain (see property (iv) in Definition 3.1). The same
holds for the covering map 7 at any point of its domain, and in particular
at f(x). Thus, locdeg; (F) = locdeg, (f). O

Next we prove that the number of points in any orbit E - inside a cone

C is bounded independently of z, as claimed at the end of Theorem 2.1.

LEMMA 4.10. — Let C, := f(X4 X R) be the cone in (4.8) and let
E := (e1,...,&.) be the subgroup of the units of k generated by the &,.
Then there exists ¢, € N such that for any z € R} x C*"*, the orbit E - z
has at most c,, elements in C,. Moreover, given any compact subset K C
R’ x C*"2, there are at most finitely many e € E such that eK NCyo # @.

Proof. — We begin by proving the first claim. Let N be the “norm” map
defined in (4.18). As C,, is a cone, the map z — 21 := N (2)71/"2 gives a
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bijection between (E - 2) N Cy and (E - z') N C,. Hence we may assume
N(z) =1.

Let m and M be respectively the minimum and maximum values of V" on
the convex hull [wy, . .., w,_1] of the generators w; of C. Then m, M > 0,
and by homogeneity we have

n—1 n n—1 n—1 n
=0 =0 =0

Hence I' := ker(N) N C, is compact. Applying the logarithmic map L
in (4.15), we are reduced to bounding the number of ¢ € E such that
L(z) + L(e) € L(I"). This is bounded independently of z since the lattice
L(E) is discrete, proving the first claim.

The second claim is proved similarly. Namely, if eK N C,, # @ with K
compact, then eKTNCy # @. AseKTNC, C T :=ker(N) N C,, we need
to bound the number of ¢ € E such that L(z) + L(¢) € L(T') for z € K.
But this is again bounded since KT is compact. O

We can now prove that generic points z € R’! x C*" satisfy the basic

count formula (2.20) in Theorem 2.1. More precisely, let 0%, = X,— %a
be the boundary of X, and let

(425) B:= |J @axR) U |J(0x.xR), B:=]ef(B),
a€d acd eek
Ha=0 Ha7#0
where FE := (g1,...,&,) and p, was defined in (2.15). Note that B C
R’ x C*" is a subset of Lebesgue measure 0 since the cone C, is degenerate
if po = 0.
We now prove the following claims.

(a) If g # 0, then f maps X, x R bijectively onto the cone C,, in (4.8).
(b) The restriction of 7 to X x R — B is a bijection onto T' — 7(B).
(c) F is surjective.

Because of (4.8), to prove (a) it suffices to show that f is injective on X, x
R. Let x = Z:.:Ol civ; € Xo with ), ¢; = 1 be the barycentric expansion of
x € X,. Similarly, let 2’ = 3", cjv; € X, and suppose f(z xy) = f(a' xy').
From (4.5) we find e¥ ), c;w; = eV >, Ciw;. As we are assuming jiq # 0,
the w; are linearly independent. Hence eV ¢; = oY’ ¢ (0<ig<n-1).
Summing over ¢ and using >, ¢; = 1 = >, ¢, gives y = ¢ and ¢; = ¢},
proving claim (a).
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Claim (b) follows since the quotient map R"~1 — R"~!/A is surjective
when restricted to X and injective when restricted to | J,c5 Xa (see Propo-

sition 4.1 and (iv) in Definition 3.1). Claim (c) follows from Lemma 4.7, as
deg(F) # 0 implies the surjectivity of F' [4, Prop. 21(3)].

LEMMA 4.11. — Let z € R"! x C*"* — B, where B was defined in (4.25).

Then
Dot D, 1=1,

a€cd eel
HaF#0 e-z€Cqy

where o, = do/deg(F) was given in (2.15) using (4.24) and Lemma 4.7.

Proof. — With the notation of (4.20), set v := ©(z) € T and suppose
T € F71(y) C T. Such 7 exists since F is surjective by (c) above. By (4.22),
Z = 7(x) for some x € X x R. But

m(f(2) = F(7(z)) = F(Z) = v = 7(2),
shows that f(z) = ez for some ¢ € E. As we assumed z ¢ B, we have x ¢ B.
By (b) above, Z uniquely determines x. Conversely, given € X x R such
that f(z) = ez for some ¢ € E, then 7 := 7(z) € F~1(v). As f(x) € C,
for some o € J with p, # 0, Lemma 4.10 and (a) above show that the set
of such 7 is finite and that F' is a local homeomorphism in a neighborhood
of Z. The local-global principle [4, Prop. 21(9)], Lemma 4.9 and (a) above

give
deg(F') = deg, (F) = Z locdeg, (F) = Z locdeg () (F)
zeX XR zeXXR
#(@)EF—1(y) J@)EE=
Y Y Y Y :
acd r€EX L XR acd eekE
pa#0  f(z)EE-z ra#0  c.zeC,

4.3. End of proof of Theorem 2.1

Having proved the basic count (2.20) for generic z, we extend it to all
z € R} x C*" following Colmez’s unpublished idea for selecting boundary
parts of the C’s. It is only here that we must finally assume that k has at
least one real embedding.

LEMMA 4.12. — Let v1,...,v¢ € k CV :=R"™ x C™ be elements of k
with £ < n := [k : Q], assume r > 1, and define e; € V by egl) =1 and
egj) = 0if 2 < j < ry+ry. Then ey is not contained in the real span of
V1y.e..,Vp.
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Proof. — Following the proof in [4, Lemma 9], define the R-bilinear form
onV,

r1 1472
(4.26) (z,w):= Z 2@ 42 Z Re (z(j)w(j)) (z,weV).
j=1 j=ri+1

Note (z,w) = Tracey, q(2w) for z,w € k. As £ < n, there exists x € k* such
that Trace(zv;) = 0 for 1 < ¢ < £. Let ¢ : V — R be the R-linear function
P(w) = (x,w). Thus, ¥(v;) =0, and so (e;) =0if e € Rvy + - -+ + Ruoy.
But (4.26) and r; # 0 give 2 = (2,e;) = (e;) = 0, contradicting
x € k*. O

For any subset C' C V and z,y € V, we shall say that z, § pierces C' if y €
C and the closed line segment m connecting x and y intersects the interior
of C. We now characterize piercing of a cone in terms of coordinates [4,
Lemma 14].

LEMMA 4.13. — Let wy,...,w,_1 € V be a basis of a real vector space
V, let

C =C(wo, .., wWp_1) = {t0w0+-~-—|—tn_1wn_1 ‘ti >0for0<i<n—1}

be the corresponding closed polyhedral cone. In the basis wo,...,wy—1,
write x = Z;:Ol zjwj and y = Z;:Ol yjw;. Then

T,0 pierces C < {yj>0(0<j<n—1) and [yj:O:>xj>0”.

Furthermore, if ﬂ/ pierces C and s € ﬂ is an interior point of C, then
every point of ﬂ is an interior point of C, except possibly for y.

Proof. — Suppose , 7 pierces C. Then y; > 0 since y € C. Let s € Z, 4
be in the interior of C. Then s = (1 — t)z + ty for some t € [0,1] and
s =) ;sjw; withs; >0 (0<j<n-1).Buts; =(1—t)a; +ty; >0
implies z; > 0 whenever y; = 0. Conversely, if y; > 0,and y; =0 = x; > 0,
then for some sufficiently small positive € and all ¢ € [1 — ¢, 1), the point
s := (1 — t)x + ty lies in the interior of C. To prove the last claim in the
lemma, assume s; > 0 (1 < j <n). Then (1 —t)s+ty), > (1 —t)s; >0
ift €[0,1). O

Lemma 4.13 shows that an equivalent definition of the cone Cy, in (2.19)
is

C, = {y € C, | 1,7 pierces éa}.

This is useful because of the following “piercing invariance” of ey.
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LEMMA 4.14. — Assumer; > 0,lety € V :=R™ xC"™ and let ¢ € R} x
C*"™2. Then ey, 1 pierces a closed polyhedral cone C = C(wo, ..., wp_1) CV
if and only if ey, § pierces C.

Proof. — We may assume that the n generators of C are R-linearly inde-
pendent, for otherwise there is no piercing at all and the lemma is trivial.
As ee; = eWey, where the real scalar ¢() > 0, the lemma follows from
Lemma 4.13. g

To complete the proof of Theorem 2.1 we will prove the basic count (2.20)
in the form

(4.27) 1_2“5‘ Z 1—Z,uaCard (y)) (yeR} xC™),

a€d e€l,(y) a€d
a0 HaF0

where we have set
I(y):={e€E|leye C,} ={c € E| e1,20 pierces Ca}.

Note that Lemma 4.11 established (4.27) only for y € R! xC*"™* —=B.If ji, =
0 we have I,(y) = @, for in this case C,, has an empty interior. As in [4,
Lemma 25|, we will prove that the I, stabilize along the path from e; to y.

LEMMA 4.15. — Fort € [0,1] and y € R'}! x C*"2, parametrize the line-
segment ey, ) by P,(t) := (1—t)ey+ty. Then there exists Ty = To(y) € (0,1)
such that I (y) = I, (Py(t)) for all o € 3 and all t € [Ty, 1]. Moreover, Ty
can be chosen so that P,(t) ¢ B for all t € [Ty, 1).

Proof. — Suppose ¢ € I,(y) for some a € 7, i.e. eﬂ pierces Cy. By
Lemma 4.14, Zey, 2y pierces Cqo. Thus, for some s = s(a,e) € (0,1), the
point (1—s)ee; +sey is an interior point of C,,. By Lemma 4.13, (1—t)ee; +
tey is also an interior point of C, for s <t < 1. But ePy(t) = (1—t)ee; —l—tay.
Hence € € I, (Py(t)) for s <t < 1. Thus I, (y) C I, (Py(t)) for Ty <t <1,
where Tp := Sup,ej cc1, (y)15(@, €)}. Since J and I,(y) are finite sets, we
have Ty € (0, 1).

We now prove the reverse inclusion, i.e. I, (Py(t)) C Io(y) fort € [1—¢, 1]
for some € > 0. Note that Py(t) € R"! x C*™ for ¢ near 1, as Py(1) =y €
R’} x C*™. If the inclusion claimed is false, then there is a sequence t; €
(0,1) converging to 1, and corresponding ¢; € I, (P,(t;)) with €; ¢ I, (y).
Thus €;P,(t;) € Cq but gy ¢ Co. By Lemma 4.10, if I' ¢ R} x C*"
is a small neighborhood of y, there are finitely many ¢ € E such that
el'NCy # @. Hence the set of €; is finite. Passing to a subsequence, we
may therefore assume ¢; = ¢ is fixed, € € I, (Py(t;)), € ¢ Io(y). Thus

el,sPy(tj; pierces Cy. In particular, ePy(t;) € Cy. As P,(t;) converges to
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y and C, U {0} is closed in R™ x C"2, it follows that ey € C,, U {0}. Since
ey # 0, it follows that ey € C,. As 61,€Py(tj; pierces C,, Lemma 4.14
shows that eeq, e P, (t;) pierces Cy, i.e. contains an interior point of Cy,. But

661,€Py(tj; =c- (el,Py(tj )) Ce- (el,Py(li) = ¢ (e1, 1) = &e1, €.

Hence Zey, ey contains an interior point of Cy. As we have already shown
that ey € C,, we have proved that sew pierces C,. Hence, again by
Lemma 4.14, elﬁ pierces C,. Thus ¢ € I,(y), contradicting our choice
of e.

To prove the final claim in the lemma, suppose it is false. Then Py (t;) € B
for a sequence t; € (0,1) converging to 1. From the definition (4.25) of B
we see that there are ¢; € E and «; € J such that P,(t;) € ¢;f(0Xo, X R)
if po, # 0 or Py(t;) € €jf(Xo, X R) if i, = 0. Thus 5;1Py(tj) € Cq, =
J(Xa, xR). Hence the ¢; belong to a finite set. Passing to a subsequence we
can assume that the e; = € and o; = av are fixed. If 1o, = 0, the cone genera-
tors wo, . .., w,_1 in (4.8) are R-linearly dependent. Hence f(X, xR) = C,,
is contained in the R-span H, of ¢ elements of the number field k£, with
¢ < n. Thus, for two distinct values t; we have Py(t;) € ¢H,. In par-
ticular, the straight line connecting both of these points lies in eH,. As
the P,(t;) € e1,y, this line includes e;. Thus e; € eH,, contradicting
Lemma 4.12. If pu, # 0,

n—1
f(0Xa4 xR) C U H,.;, H,, = Z Rw,y,.
=0 o<mgn—1
Passing again to a subsequence of the t;, we may assume Py(t;) € eHn
for a fixed ¢. This again contradicts Lemma 4.12. O

We can now finish the proof of Theorem 2.1, i.e. the basic count (2.20)
for all y € R’' x C*", as reformulated in (4.27). Using Lemma 4.15, we
have I, (Py(t)) = I,(y) and P,(t) ¢ B for some ¢t € (0,1). Hence, by

Lemma 4.11,
IND ST SIS SN
ff;go e€la(y) ;ggo e€la(Py(t))
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