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NEARLY OVERCONVERGENT SIEGEL MODULAR
FORMS

by Zheng LIU

ABSTRACT. — We introduce a sheaf-theoretic formulation of Shimura’s theory
of nearly holomorphic Siegel modular forms and differential operators. We use it
to define and study nearly overconvergent Siegel modular forms and their p-adic
families.

REsuME. — Nous introduisons une formulation faisceau-théorique de la théorie
de Shimura des formes modulaires de Siegel quasi holomorphes et des opérateurs
différentiels. Nous 'utilisons pour définir et étudier les formes modulaires de Siegel
quasi surconvergentes et leurs familles p-adiques

1. Introduction

Shimura developed his theory of nearly holomorphic forms in his study
on the algebraicity of special L-values and Klingen Eisenstein series [42,
45]. With the goal of combining this useful tool with Hida and Coleman—
Mazur theories for p-adic families of modular forms to study special L-
values and Selmer groups by using p-adic congruences and deformations,
Urban [49] introduced a sheaf-theoretic formulation of Shimura’s theory in
the GL(2) /g case. Such a formulation enables him to define and study some
basic properties of nearly overconvergent modular forms.

In this article we generalize Urban’s work to Siegel modular forms. In
the construction of automorphic sheaves over Siegel varieties equipped with
integrable connections, we take a different approach from [49] by using
a canonical Q-torsor over the Siegel variety and (g, Q)-modules. Here g
is the Lie algebra of the algebraic group G = GSp(2n),z and Q is the
standard Siegel parabolic subgroup of G. Compared to G-representations,

Keywords: nearly holomorphic Siegel modular forms, nearly overconvergent Siegel mod-
ular forms, differential operators, overconvergent families.
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2440 Zheng LIU

(g, Q)-modules are more adaptive for p-adic deformations. Combining the
ideas and techniques in [2] with our sheaf-theoretic formulation of nearly
holomorphic Siegel modular forms and differential operators, we introduce
the space of nearly overconvergent Siegel modular forms and their p-adic
families.

One of the main motivations for considering differential operators, nearly
holomorphic forms and their p-adic theory is for arithmetic applications of
various integral representations of L-functions or L-values: the algebraicity
results on special L-values and Klingen Eisenstein series by the doubling
method [20, 21, 44, 45], the construction of p-adic L-functions by evaluating
Eisenstein series at CM points [32], by Rankin—Selberg method [24] and by
doubling method [14, 15, 37], and the study of p-adic regulators of Heegner
cycles by the Waldspurger formula [4], just to name a few.

As we know, the algebraicity of an automorphic representation is mainly
related with its archimedean component. When utilizing integral represen-
tations to study special L-values, differential operators and nearly holo-
mophic forms naturally show up in the analysis of archimedean zeta inte-
grals. Over the field of complex numbers, roughly speaking, cuspidal nearly
holomorphic forms are automorphic forms inside cuspidal automorphic rep-
resentations whose archimedean components are isomorphic to holomorphic
discrete series. The holomorphic forms are those whose archimedean com-
ponents belong to the lowest K.-types of the holomorphic discrete series.
The Maass—Shimura differential operators correspond to the action of the
Lie algebra on the archimedean components. The theory of nearly holo-
morphic forms and differential operators aims to introduce nice algebraic
or even integral structure to the complex vector space of nearly holomor-
phic forms and to the action of the Lie algebra. It also provides explicit
formulas that help the computation of Fourier coefficients and archimedean
zeta integrals. Besides Shimura, the differential operators and nearly holo-
morphic forms have also been studied in [6, 19, 27, 40, 41] through different
approaches.

In Shiumra’s theory of nearly holomorphic Siegel modular forms, there
are three main ingredients. Let h,, be the genus n Siegel upper half space,
I' C Sp(2n,Z) be a congruence subgroup, and (p,W,) be an algebraic
GL(n)-representation of finite rank. Shimura defined

1) the space N/ (h,,I) of W,(C)-valued nearly holomorphic forms on
P P
b, of level T and (non-holomorphy) degree r, together with its al-
gebraic structure defined by using CM points,
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(2) the Maass—Shimura differential operator

Dhn,P : N;(hmF) - NT—H(bmF)’

PRT

where 7 is the symmetric square of the standard representation of
GL(n),
(3) a holomorphic projection N’ (h,,I') — N2(b,,T') for a generic
weight k.
Both the differential operators and the holomorphic projection preserve
the algebraic structure in (1), and they play important roles in choosing
desirable archimedean sections in arithmetic applications of various integral
representations of L-functions and L-values.

This paper consists of two parts. In the first part, we construct the au-
tomorphic quasi-coherent sheaf V, over a smooth toroidal compactification
X of the Siegel modular variety Y of level I defined over Z[1/N] for some
positive integer N. This automorphic sheaf V, has an increasing filtration
V,, and we construct a connection

(1.1) V), — VT 0o, Qx(logC), C=X-Y.

Composing this connection with the Kodaira—Spencer isomorphism, we get
the differential operator D, : V] — V;gi. We show in Section 2.5 that V]
together with D, recovers the first two ingredients in Shimura’s theory, and

there is the commutative diagram
HO(Xg, V) — Ny (bn, T) C—— T\ G°(R))

(12) le iDhn,p \Lq"’—action

HO(XE,Vydr) —— Nydi(hn, T) & C=(I'\ G°(R)),

where X2 is a connected component of the base change of X to C, G° =
Sp(2n), and q* = (7 7)) (LieQ)e (7, 7 )71'

Automorphic sheaves are defined over X using algebraic Q-represen-
tations free of finite rank and the canonical Q-torsor T = Isom y (037,
HIg (A/Y)™) where A — Y is the principally polarized universal abelian
scheme, and the isomorphisms are required to respect the Hodge filtra-
tion and preserve the symplectic pairing of Hig (A/Y )" up to similitude.
Given an algebraic Q-representation V', the associated automorphic sheaf
is defined as the contracted product V = T7 xQV.

If one wants to consider automorphic sheaves further equipped with inte-
grable connections which induce Hecke equivariant maps on global sections,
we show in Section 2.2 that the right objects to consider are (g, Q)-modules.
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2442 Zheng LIU

It is the g-module structure combined with the Gauss—Manin connection
on Hir(A/Y)™ that gives rise to the desired connection. Then in order
to construct the sheaves of nearly holomorphic Siegel modular forms with
differential operators, it remains to select suitable (g, Q)-modules. In Sec-
tion 2.3 we define, for each algebraic GL(n)-representation p free of finite
rank, a (g, Q)-module V,. As a Q-module, V, has an increasing filtration
Vy,r = Osuch that g-V, C V] +1. We define the sheaf of nearly holomorphic
forms of weight p and (non-holomorphy) degree r as V, = T xQ V, . The
general construction in Section 2.2 equips V, with the connection (1.1). The
construction of holomorphic projections is postponed to Section 3.7 where
it is done in the more general setting of nearly overconvergent families.

In the second part, combining the ideas and techniques in [2] with our
construction in the first part, we define and study some basic properties of
the space of nearly overconvergent forms and p-adic families of nearly over-
convergent forms. When replacing dominant algebraic weights by general
p-adic anaylitic weights, it is convenient to construct the corresponding rep-
resentations of the Lie algebra, which can be viewed as a p-adic deformation
of the Lie algebra representations attached to dominant algebraic weights.
However, these Lie algebra representations do not integrate to representa-
tions of the algebraic group, but only integrate to certain p-adic analytic
representations of some rigid analytic subgroup of the rigid analytification
of the algebraic group. In order to construct sheaves of p-adic automorphic
forms with p-adic analytic weights, one natural approach is to modify the
torsor of the algebraic group to a p-adic analytic torsor of its rigid analytic
subgroup, and to form the contracted product of the p-adic analytic torsor
with the representation of the rigid analytic subgroup.

In [2], for v,w > 0 within a certain range, over the strict neighborhood
Xiw(v) of the ordinary locus of the compactifed Iwahori-level Siegel vari-
ety X1w, an Iwahori-like space 77, (v) inside the GL(n)an-torsor 7.5, =
Isom y (O%,w(A/Y)®"), is constructed by using canonical subgroups.
Here the subscript “an” means the rigid analytification. This ’T}?’w (v) can
be viewed as a torsor of a rigid analytic subgroup Z,, C GL(n).ig, the
rigid analytic fibre of the completion of GL(n) along its special fibre. For
a w-analytic weight £ € Homcopn ((Z;< ), (C;), there corresponds a natural
representation W, ,, of Lie(GL(n)) which integrates to a representation of
Z,. The Banach sheaf Wl,w over Xy (v) of overconvergent modular forms
of the w-analytic weight x is obtained as the contracted product of T]?’ w ()
and Wi .
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Taking p to be the trivial representation and r = 1, the construction
in Section 2 gives an automorphic coherent sheaf J = V%, . A quick way
to define the Banach sheaf of degree r nearly overconvergent forms of the
w-analytic weight & is to set V,I}LJ = wLw ® Sym” J (this is similar to the
way of defining #J,, H{ in [49]). For the convenience of defining differential
operators and holomorphic projections as in Section 3.6, 3.7, we need a con-
tracted product interpretation for Vl::v. Associated to the p-adic analytic
weight s, generalizing the previous V,, there is a natural g-module V.,
which integrates to a (g, Q,)-module, where Q,, C Q,,, is the rigid ana-
lytic group defined as the preimage of Z,, of the projection Q,,, — GL(n)an.
We define the Q,,-torsor 757, (v) as the subspace of Ty, whose image un-
der the projection Tj; . — T, lies inside 7., (v). Then 757, (v) together
with V., gives the desired contracted product interpretatidn for the Ba-
nach sheaf V,i:fﬂ.

Now let U be an affinoid subdomain of the weight space whose C,-points
are all w-analytic. The construction above works for the universal weight

as well and produces the Banach sheaf Vlfnw over Xy (v) X U. In Sec-

tion 3.5 we show that the A(U)-Banach module N,/ = HO(Ay (v) x

U,w,v,cusp *
u, Vl;fmw(fC)) is projective. Section 3.9 is devoted to defining the U,-
operators and showing the compactness of the operator U, = resoU, yo0---o

U,,1 acting on NJ,:U v.cusp- Lhen the Coleman-Riesz—Serre spectral theory
is applied to give the slope decomposition of Ng,’jj’v’cusp =U,>0 NZ{’;U’UWSP

in Section 3.11.

The p-adic theory of nearly holomorphic forms and differential oper-
ators has also been considered in [12, 13] (unitary case) and [28] (sim-
plectic case). They define nearly holomorphic forms as global sections of
(Hir(A/ Y)Ca“)®m for some positive integer m, and the differential oper-
ators are then the connections induced from the Gauss—Manin connection
on Hiz(A/Y)®". In order to consider p-adic deformations, their method
relies on unit root splitting of Hig (A/Y )"
the g-expansion or Serre-Tate expansion principle, and does not extend

over the ordinary locus and

to nearly overconvergent forms. We believe that our method here works
also for Shimura varieties for unitary groups. In [23], a construction of the
Gauss—Manin connections for nearly overconvergent forms is given in the
GL(2) /g case, where they consider the action of GL(1) (the Levi subgroup
of the Siegel parabolic of GL(2)) instead of that of Lie(GL(2)). Note that
besides constructing differential operators acting on nearly overconvergent
forms of general p-adic analytic weight, there is another problem of taking
the differential operator to a p-adic analytic power. This is easy for p-adic
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2444 Zheng LIU

forms over the ordinary locus by using the g-expansion principle, but for
nearly overconvergent forms there seems no obvious approach. Recently this
problem has been addressed for families of nearly overconvergent modular
forms in [1]. It is expected that some ideas there extend to our case of
nearly overconvergent Siegel modular forms.

Notation. — Let G be the rank n symplectic similitude group

GSp(2n)z ={g € GL2n)z: "9 (S §)a=v(o) (3 &)}

with the multiplier character v : G — G,,. Denote by Q the standard Siegel
parabolic subgroup of G consisting of matrices whose lower left n x n block
is 0 and by T the maximal torus consisting of diagonal matrices. Write
Q = MxU with M and U as its Levi subgroup and unipotent radi-
cal. Fix the embedding GL(n) < M sending a € GL(n) to (§ fa(ll ). Let
G® = Sp(2n)z be the kernel of the multiplier character v with maximal
torus T° = G, and standard Siegel parabolic subgroup Q° = M° x U.
The embedding GL(n) < M gives an isomorphism of GL(n) onto M°.
The maximal torus T° of Sp(2n) can also be regarded as a maximal torus
of M° = GL(n). We use B to denote the Borel subgroup of M° consisting
of upper triangular matrices and N to denote the unipotent radical of B.
For an algebra F, let Repy Q (resp. Repy ; GL(n)) stand for the category
of algebraic representations of the group Q (resp. GL(n)) base changed to
E on locally free E-modules (resp. locally free E-modules of finite rank).
The projection Q — GL(n) mapping (24) € Q to a € GL(n) defines
a functor Repp ; GL(n) — Repp Q, through which we regard every ob-
ject in Repy ; GL(n) also as a Q-representation. The congruence subgroup
{y € G°(Z):v =1, mod N} of G°(Z) is denoted by T'(IV).

Acknowledgement. I am very grateful to my advisor Eric Urban for
his guidance and insightful suggestions. I would also like to thank Michael
Harris, Vincent Pilloni for their helpful advice, and Adrian Iovita, Johan
de Jong, Ellen Eischen, Kai-Wen Lan, Liang Xiao for useful conversations.

2. Nearly holomorphic forms
2.1. Automorphic sheaves over Siegel varieties
Let N > 3 and Y = Yg r(n) be the Siegel variety parametrizing princi-

pally polarized abelian schemes of relative dimension n with principal level
N structure defined over Z[1/N]. Over it there is the universal abelian
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scheme p : A — Y. Take a smooth toroidal compactification X of Y with
boundary C = X — Y. Then p: A — Y extends to a semi-abelian scheme
p: G — X. Let w(G/X) be the pullback of Qé/x along the zero section of
p. According to [35, Proposition 6.9], the locally free sheaf H}g(A/Y) =
Rlp*(Q;l/Y) has a canonical extension Hjgp(A/Y)™ = H) _r(G/X)
which is a locally free subsheaf of (Y — X),Hiz(A/Y). This canonical
extension Hig (A/Y )" is endowed with a symplectic pairing under which
w(G/X) is maximally isotropic. The Hodge filtration of Hig(A/Y) also
extends to

0 ——> w(G/X) —= Hip(A/Y)™ — Lie('G/X) —0

where G /X is the dual semi-abelian scheme of G/X.

There is a standard way to construct, from a representation in Rep, Q, a
quasi-coherent sheaf over X whose global sections are equipped with Hecke
actions. Equip the free sheaf O%" with a two-step filtration with the first n
copies as the subsheaf, and a symplectic pairing using the matrix ( _(}n Ig )

Define the right Q-torsor over X
Ty = Isom y (OF, Hag (A/Y))

to be the isomorphisms respecting the filtration and the symplectic pairing
up to similitude. The right Q-action is given as

(b- ) (v) = (¢ ob)(v) = d(bv)
for any open subscheme U = Spec(R) C X, ¢ € T;;(U), v € R?" and
be Q(R).
With this right Q-torsor, by forming contracted product, one can define
the functor

€ : Repy Q — QCoh(X)
Vi Ty xQV

from the category of algebraic representations of Q on locally free Z-
modules to that of quasi-coherent sheaves over X. Let us give a more
detailed description of £(V) in local affine charts. Let U = Spec(R) be
an affine open subscheme of X such that Hlz(A/Y)"(U) is free over
R. We identify elements in T5; (U) with ordered basis o = (a,. .., a2,)
of Hir(A/Y)(U), which gives rise to isomorphisms between R?" and
Hig (A/Y)*(U) preserving the Hodge filtration and the symplectic par-
ing up to similitude. Then E(V)(U) is the set of maps v : T}, (U) - V®R
such that v(ag) = ¢g~' - v(e) for all g € Q(R) and o € Ty (U).

TOME 69 (2019), FASCICULE 6



2446 Zheng LIU

Moreover, for all V' € Rep; Q, the space of global sections of the associ-
ated quasi-coherent sheaf (V') comes with a Hecke action constructed via
algebraic correspondence (cf. [16, Section VIIL.3]). Such an £(V) together
with the Hecke action on its global sections is often called an automor-
phic sheaf. Morphisms between algebraic Q-representations induce Hecke
equivariant morphisms between global sections of the corresponding auto-
morphic sheaves. The functor £ is exact and faithful [35, Definition 6.13].
Certainly this functor is not fully faithful (see Example 2.13). Let Vy; be the
standard representation of G restricted to Q and Wy, be the standard repre-
sentation of GL(n) regarded as a Q-representation. Then immediately from
the definition we see that €(Vs) = Hig (A/Y) and E(Wy) X w(G/X).

The multiplier character v : G — G, can be seen as an algebraic rep-
resentation of Q and we denote its corresponding invertible sheaf over X
by £(v). As an invertible sheaf, £(v) is isomorphic to the structure sheaf
Ox. However the Hecke action differs by a Tate twist. For V' € Rep; Q we
define (V) (i) to be E(V @ ') = E(V) @ E(v)".

Remark 2.1. — The Hecke actions are only defined on global sections
not on the quasi-coherent sheaves. However, in the following we say, for
simplicity, a quasi-coherent sheaf with Hecke actions to mean that Hecke
operators act on its global sections, and a Hecke equivariant morphism
between quasi-coherent sheaves to mean that the induced map on global
sections is Hecke equivariant. Also by a morphism between two automorphic
sheaves we mean a Hecke equivariant morphism unless otherwise stated.

2.2. (g,Q)-modules and Gauss—Manin connection

Let g = LieG, q = LieQ be the Lie algebras of G and its Siegel
parobolic Q.

DEFINITION 2.2. — Let E be an algebra. A (g, Q)-module V over E is
an algebraic representation of Q and g base changed to E on locally free
E-modules, such that the action of ¢ C g on V is the one induced from
that of Q and for any g€ Q, X € g, v eV,

g-X-g ' v=(Ad(9)X) - v.
We denote the category of (g, Q)-modules over E by Repg(g, Q).
It is mentioned on [16, p. 223] that G(C)-equivariant quasi-coherent D-

modules over the compact dual DV = G(C)/Q(C) correspond to (g, Q)-
modules. We show below that for an object V' € Repy(g,Q), using the
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g-module structure on V', we can equip its associated automorphic sheaf
E(V) with an integrable connection.

For the locally free sheaf Hlig(A/Y) = Rlp*(Q:‘t/Y) over Y, there is a
canonical integrable connection called the Gauss—Manin connection [33].
We record the following result on the extension of the Gauss—Manin con-
nection to toroidal compactification.

THEOREM 2.3 ([35, Proposition 6.9]). — The Gauss—-Manin connection
Vi HIR(A)Y) — HIR(A/Y) ® Q) extends to an integrable connection
with log poles along the boundary

Vi Hap(A/Y)™ — Hap (A/Y)™" @ Qx (log ©),
which satisfies Griffith transversality and compatible with the symplectic
pairing on Hiy (A/Y )0,

Let U = Spec(R) and basis « be as in our description of the contracted
product defining £(V) in Section 2.1. Given D € Tx (U) = Derzpy/n)(R, R),
a section of the tangent bundle of X over U, by Theorem 2.3 there exists
X(D,«a) € My n(R) = g(R) (in fact g(Frac(R)) with logarithm poles along
the boundary if U intersects with the boundary) such that
(2.1) V(D)(a) = aX(D,a).

For v € £(V)(U) we define the operator Vg (D) acting on it as

(2.2) (Ve)(D)(v))(a) :== Dv(a) + X(D, @) - v(a).
Here D acts on v(a) € V ® R through the action of Derzj;/n)(R, R) on R,

i.e. by coefficients. The action of X (D, «) on v(«) is the action of the Lie
algebra g on V.

PROPOSITION 2.4. — The above defined Vg (D)(v) belongs to
E(V)(U) and the formula (2.2) on local sections patches together to an
integrable connection with log poles along the boundary

Vew) : EV) — E(V) ® Q% (log C).
Proof. — What we need to show is that for any g € Q(R)
(2.3) (Ve (D)())(ag) = g7 - (Ve (D) (v))(a).
The Gauss—Manin connection V satisfies that
V(D)(ag) = V(D)(a)-g+aDg
= (ag)(¢g~' X(D,a)g + g~ Dg)
= (ag)(Ad(g~")X(D,a) + g~ Dg)

9)
)

TOME 69 (2019), FASCICULE 6



2448 Zheng LIU

ie.
X(D,ag) = Ad(g~")X(D,a) + g7 ' Dyg.
We compute the left hand side of (2.3) by definition,
LHS = Dv(ag) + X(D, ag) - v(ag)
=Dl ofa)) + (Adlg X (D
=((Dg™)g) - (97" -v(@) +g7" - (Dv(a ))
+(Ad(g)X(D,0) + g~ 1D9) (97" - v(a))
=—(97'Dg)- (97" -v(@)) + g7 (Dv(a))
+(97" - X(D.a)-g)- ( Lou(@) + (97 Dg) - (97 - v(a))
=g ' (Dv(a) + X(D,a) - v(a)),

+9 'Dg) - v(ag)

which equals to the right hand side. The compatibility of the action of g
and Q is used for the fourth equality. The integrability of the Gauss—Manin
connection implies that for Dy, Dy € Tx (U)

X([Dl, DQ], a) = DlX(DQ,OZ) - DQX(Dl,Oé)
+ X(Dl,()é)X(DQ,Oé) - X(DQ,Q)X(Dl,Q).

Also,
Vew)(D1)Vew)(Dz)
= D1Dyv(a) + (D1 X (D3, )) - v(a) + X (D2, «) - Dyv(a)
+ X (D1, @) - Dov(a) + X (D1, @) - X(Ds, ) - v(a),
Vew)(D2)Vew)(D1)
= DoDyv(a) + (D2 X (D1, ) - v(a) + X (D1, «) - Dav(a)
+ X (Dg,a) - Dyv(a) + X (Do, @) - X(Dy,a) - v(«).
Thus

(Vew)(D1)Vew)(D2) = Ve (D2) Ve (D1)) (a)
= [D1, DsJv(a)
+ (D1 X(D2, ) — D3 X (D1, ) + [X (D1, ), X (D2, a)]) - v(e)
= [D1, DoJv(a) + X([D1, D2, @) - v(a) = Ve ([D1, Da])(e),

i.e. the connection Vg(y) is integrable. O

ANNALES DE L’INSTITUT FOURIER
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Remark 2.5. — If the (g, Q)-module V' can be constructed from the stan-
dard representation Vi of G by taking tensor products, symmetric pow-
ers and wedge products, then applying the same operations to the sheaf
HiIg (A/Y) = E(Vi) we get the locally free sheaf £(V) attached to V,
so the Gauss—Manin connection on Hig(A/Y )" immediately induces a
connection on (V). This is the approach adopted in [12]. The point of
our construction here is that V' does not need to be a representation of G.
The construction works for all (g, Q)-modules and therefore can be eas-
ily adapted to deal with p-adic analytic weights and the universal weight
(see Sections 3.2, 3.4, 3.6). There is another construction for the connec-
tion Vg (v in [47, Section 3.2] using Grothendieck’s sheaves of differentials
when V' is a finite dimensional G-representation. That approach may be
modified to deal with the non-algebraic weight except that there might be
some issue with taking duality when infinite dimensional representations
are involved.

2.3. The (g, Q)-module V,

Now in order to use the constructions in Sections 2.1 and 2.2 to formulate
Shimura’s theory of nearly holomorphic forms in a sheaf-theoretic context,
what we need is to define a suitable (g, Q)-module for a given algebraic
representation of GL(n).

Let (p,W,) € Repy ; GL(n) be an algebraic representation of GL(n)
locally free of finite rank. We define the (g, Q)-module V,, as follows. For
any algebra R, set

Vu(R) == W,(R) ®r R[Y] = W,(R) ®r R[Yijli<i<j<n

where Y = (Yj;)1<i,j<n 1S the symmetric n x n matrix with the indeter-
minate Y;; = Y}; as its (4, ) entry. Elements in V,(R) can be regarded as

polynomials in the % variables Y;; with coefficients in W,(R). Define
the Q-action on V,, by
(2.4) (9-P)(Y) = a-Pla~'b+a"'Yd)

for g = (85) € Q(R) and P(Y) € V,(R). For the action of ¢ C g on V,,,
obviously we take the one induced from the Q-action. It remains to define
the action of u™, the Lie algebra of the unipotent subgroup opposite to
U C G, on V,. First, we pick the following basis of u™

Piig = Eivng, 1<i<n, p;=FEign;+Ejn:, 1<i<j<n,

TOME 69 (2019), FASCICULE 6
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where E;; is the 2n x 2n matrix with 1 as the (¢, j) entry and 0 elsewhere.
We make u™ act on V, by the formulas

(1 - P)(Y) = Z (Yiier; + Yijeri) - P(Y)

1<k<n
9 .
(2.5) = ) VY +Yy ”)aY P(Y), i#j,
1<k<IKn
(p’z_z P)(X) = Z 5161" X Z Ykz zl (Y),
1<k<n 1<kLILn

where €;; € gl(n) is the n x n matrix with 1 as the (¢,j) entry and 0
elsewhere, and it acts via the gl(n)-action on the coefficients of P(Y). The
compatibility of such defined actions of Q and u~ can be shown by direct
computation using the formulas. There is also a more conceptual proof. To
describe it we construct a representation of the group

Ia(Zy) ={(2%) € G(Zy) |c=0 mod p}.

Let Qj,(Zp) be the subgroup of Ig(Z,) whose elements have 0 as the
right upper n x n corner. we make it act on W,(Q,) through its Levi part.
Equip W,(Q,) with a p-adic norm by choosing a basis of W,(Q,), and
since it is finite dimensional all norms defined in this way are equivalent.

We consider the p-adic analytic induction IndeG,(Z(”Z) )Wp(Qp). Thanks to
Ig P

the Iwahori decomposition we know

In dIG(Zp) p(QP) = Wp(@p)<}/2]>1<1<ﬂ<n = WP(QP)<X>7

Qi Zyp)
with g € Ig(Z,) acting on P(Y) € W,(Q,)(Y) by
(2.6) (9-P)Y)=(a+Ye)-P((a+Ye) ' (b+Yd).

Here W,(Q,)(Y) is the space of strictly convergent power series in Y (i.e.
convergent on the closed unit ball). Then the formulas (2.4) and (2.5) can
be deduced from (2.6), and the compatibility of the actions of Q and u~
on V), follows.

Remark 2.6. — One can check that the formulas (2.4) and (2.5) actually
agree with the formulas (2.11) and (2.12) given in [29], so as g(C)-modules,
V,,(C) defined here should agree with O/ (G°(R), Kgo(r), W,(C)) defined
in [29].

Remark 2.7. — A (g, Q)-module of finite rank comes from an algebraic
representation of G. However, the (g, Q)-module defined above is not of
finite rank, and it contains a sub-(g, Q)-module of finite rank. Compared
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to G-representations, (g, Q)-modules are more convenient for considering
p-adic deformations and p-adic families.

As a Q-representation, V), comes with an increasing filtration

(2.7) Fil"V, = V, = WolY]<r,

where the subscript < r means polynomials in Y of total degree less or
equal to r. Let g = _21@'@1 Eitnitn € g. Then Fil"V, can also be
characterized as the sum of generalized ny-eigenspaces with eigenvalues >
—r [16, p. 230]. The eigenvalues of 7y are also called F-weights [16]. Viewing
the GL(n)-representation W, as a Q-representation we have Vp0 =W, It
follows from the definition formulas that

T r+1
(2.8) g-Vycvyth

Let Viiv be the (g, Q)-module constructed as above by taking p to be
the trivial representation. Denote by J the Q-representation V.., . We note

here the following useful isomorphism of Q-representations
(2.9) V= V?®Sym"J =W, ® Sym" J.

For a dominant weight x = (k1,...,k2) € X(T°)" of GL(n) with respect
to B. Set k' = (—kp,...,—k1). We define W, to be the algebraic GL(n)-
representation

morphism of schemes satisfying

(2.10) f:GL(n) = A' | f(gb) = £'(b)f(g)
for all g € GL(n) and b€ B

with GL(n) acting by left inverse translation. Putting W, = W, we get the
(g, Q)-module V,; and Q-representations V', r > 0.

Denote by 7 the symmetric square of the standard representation of
GL(n). Let 7V be the dual representation of 7. In the following we mostly
consider GL(n)-representations which are tensor products of some x with
symmetric powers of 7 and 7V.

Remark 2.8. — We can twist V,, by the i-th power of the multiplier char-
acter v and denote the resulting (g, Q)-module by V(7). Such a twist will
change the F-weights by —i and corresponds to a Tate twist [16, p. 222].

2.4. The sheaf V] of nearly holomorphic forms

Let k be a dominant weight of GL(n). With preparations in previous
sections we give the following definitions.
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DEFINITION 2.9. — The locally free sheaf over X of weight k, (non-
holomorphy) degree r nearly holomorphic forms is defined to be V] =
E(V)-

When r = 0, we also use w, to denote V0 which is the sheaf of weight
# holomorphic forms. More generally for p € Repy ; GL(n) we define the
locally free sheaves V, = £(V,), Vi = £(V;) and denote V) by w,. The
nearly holomorphic forms are defined to be global sections of the sheaf V.

DEFINITION 2.10. — Let R be a Z[1/N]-algebra. The space of
nearly holomorphic forms (resp. cuspidal nearly holomorphic forms)
over R of weight k, principal level N and (non-holomorphy) degree r
is defined to be NL(T'(N),R) = H°(X g, V%) (resp. NJ cusp(D(N), R) =
HO(X 5, Vi(=C))).

,cusp

There is the moduli interpretation a la Katz for nearly holomorphic
forms. Away from the cusps, a nearly holomorphic form f over R of weight
K, principal level N and degree r is a rule assigning to every quadruple
(A5, AN, @) an element f(A,g, A, N, @) inside V['(S) = Wi (S)[Y]<r,
where (A/g, ) is a principally polarized dimension n abelian scheme de-
fined over the R-algebra S, 1y is a principal level N structure and « is
a basis of Hig(A/S) respecting the Hodge filtration and the symplectic
pairing up to similitude. Taking into account the definition of W, (2.10),
by evaluating f(A,g, A, ¥n,a) € Wi (S)[Y]<, at the identity, one may also
formulate Katz’s interpretation for f as follows. The nearly holomorphic
form f is a rule assigning to each quadruple (A,g, A, N, ) an element
f5(A/s, M\, ¥n, @) € S[Y]<, such that for each g = (¢4) € Q with a
belonging to B, we have f*(A,s,\,¥n,ag) = £'(a) f*(A;s,\, N, ).

It follows directly from Proposition 2.4 and (2.8) that the sheaves V,,V)
are equipped with the integrable connections

V,:V, —V,20%(logO)
and
(2.11) V,:Vy — Vit @ 0k (log O).

The global sections of the differential sheaf Q% has a natural Hecke action
and the extended Kodaira—Spencer isomorphism [35, Proposition 6.9] says
that there is the Hecke-equivariant isomorphism

O (log €) = Sym*(w(G/X))(—1) = w.(~1).
There is a canonical isomorphism of locally free sheaves

th Vi (-1) — Vvidl
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which is not Hecke equivariant but commutes with Hecke actions up to
a twist by the multiplier character. Composing V, with ¢+ we get the
differential operator

Vo oo N
D, : vy =5yt @ Ok (log ©) X5 vigl(—1) 15 Vil

It commutes with Hecke actions up to a multiplier twist (cf. Section 3.10,
[49, Section 2.5.2, Proposition 3.3.7]).
Put J = &(J) and JV to be its dual. By (2.9) we have

PROPOSITION 2.11. — V' = w, ® Sym" J as locally free sheaves over
X with Hecke actions.

Remark 2.12. — In [48, Sections 4.1.2, 4.3.1] Urban defined a locally
free sheaf J’ to be the one making the diagram below commutative with
bottom row exact,

Sym?(w(G/X))(~1) —— w(G/X) ® Lie('g/X)
T HI (A/Y)™ © Lic('G/X)

Ox & Lie('¢/X) ® Lie('g/X)"

0 0,

and he defined the sheaf of weight x degree r nearly holomorphic forms
to be w, ® Sym” J’V. One can show that the sheaf JV satisfies Urban’s
condition for defining J’. Hence J = J'V and our definition of sheaves of
nearly holomorphic forms agrees with his.

We end this section with an example showing that the locally free sheaves
associated to two non-isomorphic Q-representations can be isomorphic as
locally free sheaves without considering the Hecke actions. It also illus-
trates that the sheaf J may have splitting that does not come from the
Q-representation and such a splitting can give rise to holomorphic but
non-Hecke equivariant differential operators.
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Example 2.13. — Take n = 1, G = GL(2) and G° = SL(2). We show
that the sheaf 7V = (V1;,)" and the first jet sheaf P1(Ox) are isomorphic
in QCoh(X) but their corresponding Q-representations are not isomorphic.
Let Vi, Va be the Q-representations giving rise to JV, P(Ox) respectively.
Write Y = Y1;. Then V}Y = triv® Z[Y]<; with basis {Y, 1}, and the action
of Q° is given by

0 a”

a b . a2 0
0 a! a” b 1/)°

Clearly V; is indecomposable as a Q-representation. On the other hand
by [16, Proposition VI 5.1], V3, 2 U1(g°) @y (q0) triv as a Q°-representation,
where g° = Lie G° = sl(2) = Span{h, z,y} and q° = Span{h,z} with h =
(6 %), 2=(38), y=(18). As a basis of V we can take {y ®1,1®1},

and we have (g aél ) act on them by

(a b1> P(Y) = P(a” b+ a"%Y),

or in the matrix form

b b
(g al)-(y®1)=a‘2y®1, <g al)'(1®1):1®1’

(0= ()

This is saying that the Q-action on V5 splits. Hence V; and Vs are not
isomorphic as Q-representations.

However as coherent sheaves 7V and P!(Ox) are indeed isomorphic,
because the nearly holomorphic form Es splits JV = w(G/X)®? ® J as
locally free sheaves [49, Remark 2.3.7]. This non-Hecke equivariant splitting
gives rise to Serre’s 0 operator that acts on a modular form f of weight
k by

or in the matrix form

df = 120f — kP¥,

where 6 = qdiq and P is the holomorphic funciton on the upper half plane
defined as P(q) = 1 — 243 -, 01(n)¢" with ¢ = €*™* (cf. [30, Sec-
tion A1.4]). Serre’s 9 operator is a holomorphic differential operator but
not Hecke equivariant.
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2.5. Equivalence to Shimura’s nearly holomorphic forms and
differential operators

First recall Shimura’s definition of nearly holomorphic forms and Maass—
Shimura differential operators. Let b,, = {z € M, (C) : %2 = 2, Imz > 0}
be the genus n Siegel upper half space and I' C G°(Z) = Sp(2n,Z) be

a congruence subgroup. As usual 7 = (‘Zj ZZ) € G(R) acts on b, by
vz = (ayz2+by) - (cyz+dy) "L Put s(z) = (z—2) ! and p(vy, 2) = cyz+d,.
For an algebraic representation (p,W,) of GL(n) free of finite rank,
Shimura defines [45, Section 13.11] the space of W,(C)-valued nearly holo-
morphic forms of degree r, denoted by Nj (b, ), as the set consisting of
functions f € C*°(b,, W,(C)) satisfying
(i) f(z) can be written as a degree < r polynomial in the components
of s(z) with coefficients being holomorphic maps from b,, to W,(C),
(ii) f transforms under v € T by f(vz) = p(u(y, 2)) f(2).
When n = 1 the function f is also required to satisfy the cusp condition,
i.e. for every v € SL(2,Z) there exists a;, € C and M € N such that
p((y,2) 7 f(yz) =Y (7Im2) ™"y age®™ /M,
i=0 n=0
The Maass—-Shimura differential operator Dy, , is defined as [45, Section
12.9]

Dy, .o NJ (b, T) — Ni21(b,,,T)

F(2) = p(s(2))(ds(p(s(2)71) f(2)))-

Now we show that Nj(h,,['), together with the Maass—Shimura differ-
ential operator Dy, ,, is nothing but the global sections over I'\h,, of the
sheaf V] equipped with the differential operator D, defined in the previous
sections. Let Y{® be a connected component of Y base changed to C. Then
Y¢S = I'(V)\b, as complex manifolds and the universal abelian variety
p : Ac — Y¢ is isomorphic to p : T'(N)\C" x b,,/Z?" — T'(N)\b,,. Here
(m1,mg) € Z?" and v € I'(N) act on (w,z) € C" x b,, by

(2.12)

(w, 2) - (m1,m2) = (w+miz+ms, 2),
v (w,2) = (wp(y,2) 71, v2).

Let g : b, — T(N)\bh,, be the quotient map and Ay, = C" x b,,/Z*" — b,
be the pullback of A¢ via ¢. For each z = (z;;) € b, the fibre A, . =
C™/A., where A, is the lattice spanned by e;, the vector with 1 as the
i-th entry and 0 elsewhere, 1 < ¢ < n, and z; = t(le,Zgj,...7an)7
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1 < j < n. Let Ay, (resp. ¢y, n) be the polarization (principal level N
structure) of Ay, such that its fibre at z is given by the real Riemann

form E, : C" x C" — R, defined as E. (w1, ws) = —Im (‘w1 (Im 2) ! (iwy))
(resp. €1, N €ns 3 21,- -5 3 2n)- The {e;, Zj}lgi,jgn form a basis of
Hy(Ay, »,Z). Over b, we have a global basis (a,8) = (ai,...,an,
Bi,...,By) for the sheaf ¢*Hig (Ac/Yc) = Hir(Ay, /bn) defined as

n n

i | D omaigztmage; | =ma Bi | Y magz 4 mege; | =mu.
=1 =1

The basis (a, §) is horizontal with respect to the Gauss—Manin connection,
ie.

Via;)) =V(8:;)=0, 1<i<n.
After base changing to C*(h,,C), the Hodge decomposition gives an-
other basis (dw,dw) = (dwy,...,dw,,dw,...,dw,) of Hiz(As,/bn) ®
C*(b,, C).

Neither (dw,dw) nor («,f) gives rise to an element of (¢*T7%;)(bhn) ®
C*(bhn, C). The basis (dw,dw) does not satisfy the pairing condition, while
(ar, B) is not compatible with the Hodge filtration. Nevertheless (dw, 3)
(resp. (dw, —dw s)) does give an element of (¢*T7; ) (hr) (resp. (¢*T5; ) (hn)®
C*(bhn,C)), and it is easily checked that

(2.13) (dw, —dw s) = (dw, B) (é ‘f) .
Evaluating global sections of V; over Y at the test object

(Ap,, /b Ao, oy, N, (dw, —dw 5))

defines a map
(2.14) ¢: H(YE, V) — Ny (b, T(N)) )
fr—= F(Ay,s Ay ¥, (dw, —dw )| y=o.

PROPOSITION 2.14. — ¢ is well defined and is an isomorphism.

Proof. — We need to check that the above defined ¢(f) does land in-
side Ny (hn,(N)). First look at the evaluation of f at the test object
(Ap,., Ap,,» ¥y, N, (dw, B)). Since (dw, B) is holomorphic we have

f(Ahn7>\hn’whn1N7 (dw7ﬂ)) = Pf(l/)v
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a polynomial in Y of degree < r with coefficients being holomorphic maps
from b,, to W,(C). Combining (2.4) and (2.13) we get

o(f) = f(Ay,, Ng, s Uy, N, (dw, —dw s)) | y=o

= f(Ahna)‘h,mwhn,N» (dwaﬁ ( >>

1
= (0 i) . f(Ahnv)‘hny wh'r“N) (dw’ 6))

= Pp(Y +5)| y=0 = Ps(5).

Y=0

This shows that ¢(f) satisfies condition (i) in the definition of N (b, T'(V)).
Under the isomorphism

v Abn,z - Abn1')'z

w — wp(y,2) 7!

for v € I'(N) we have

7 (dw, ~di ) = (duw, i s) (M(%oz)_ e z)) ’

from which we see that ¢(f) also has the transformation property required
in condition (ii). Finally the bijectivity of ¢ can be seen from the fact that
essentially it sends Pr(Y) to Ps(s) and we can recover one of them from
the other. ]

Next we prove the compatibility of D, and Dy, , under the map ¢.
PROPOSITION 2.15. — Dy, ,0¢p=¢o D,

Proof. — Let (-,-) be the canonical pairing between the sheaf of dif-
ferentials Q%n and the tangent bundle Ty, . Take 0/0z;; € Ty, and f €
HO(YE,V5). We show that (Dy, , 0 ¢(f), 9/0zij) = (¢ 0 D,(f), 8/0zij).
Assume i # j (the computation for the case i = j is the same and we omit
it), the Gauss—Manin connection acts on (dw, ) as

(2.15) VW%Mszmw%%i%zgﬂmw%.
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Let P;(Y) be as in the above proof. According to the definition of D,
by (2.2),

<(Dpf)(Abn7)‘hn’wth7 (dwa ﬂ))v a/azm>

0 _
= 321‘]' (Z)"‘Nz’j'Pf(X)
0
= 8Zijpf(x)+ Z (Ykifkj+ijEki)~Pf(¥)

1<k<n
0
— > (VY + Yy Yu) gy Pr(Y).

1<k<I<n

Hence,

(9o Dy(f),0/0z)
= ((Dpf)(Ap,.s Ao, o, v, (dw, B)), 0/ 02i5) | y=s

0
= 9 + Z (Skigkj + Skjgki) . Pf(s)
Zij Y=s  1<k<n

0
- Z (skisji + SkjSil)Tpf(5)~
Ski
1<k<i<n

Pi(Y)

Using

0 0 _
821:; T (S (3%‘ (=~ Z>> S> Kl = st ¥ sasye).

we get

(2.16) (o D,(f),0/0zij)

0
=3 + Z (Ski€kj + Skjcri) - Pr(s) +
“ij Y=s 1<k<n

O s+ 3 (swicns + suens) - Pr(s)

8skl 0

921, Dsnt 7(8)

Pr(Y)

9zij 1<k<n
0
=3 —o(f) + Z (Ski€kj + Skjcki) - (f)-
Zij 1<k<n
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On the other hand according to the definition of Dy, , (2.12)

(Dy,,.p0 0(f), 00z

)
= (p(s)(d=(p(s™)o(f))), 0/Dzi;)
0

=9 (G ots™100)) = 50t + 0 (55 ) )

= af,,¢(f) + <Z Ski€kj + skj€k7;> ~o(f)-

k=1

Comparing with (2.16), we conclude. O

It is also explained in [43, Section 7], [45, Appendix AS8] (see also [37,
Section 2.4]) that the Maass—Shimura differential operators correspond to
the action of the Lie algebra (Lie G)¢ on nearly holomorphic forms. There-
fore the sheaf-theoretic definition of the differential operators in Section 2.4
can be viewed as a geometric interpretation of the Lie algebra action at the
archimedean place, and we have the commutative diagram (1.2).

2.6. Polynomial g-expansions

We first define the Mumford objects. Thanks to the moduli interpretation
of NI(T'(N),R) = H° (X/g, V%), the evaluation of a nearly holomorphic
form at a Mumford object gives rise to its polymonial g-expansion. We also
include formulas for the action of differential operators on the polynomial
g-expansions.

Following [16, V.1], let L = Z™ with fixed basis ey, ..., e, and L* be its
dual. Put Si to be the symmetric quotient of L x L and Sp, >¢ to be the
intersection of Sy, with the cone dual to the cone inside S7 ®zR consisting of
semi-positive definite forms. Take a basis s1, ..., Sp(n41)/2 of Sz lying inside
SL7;0, and set Z((SL)go)) = Z[[SL720]][1/S]_82 e 5n(n+1)/2]~ For ,6 S SL7207
the corresponding element in Z[[Sz, >o]] is sometimes written as ¢°.

The natural map L — Sp ® L* defines a period group L C L* ®
Gm/z((51.50))+ Principally polarized by the duality between L and L*. Mum-
ford’s construction [16] gives an abelian variety A,z((s, .,)) With a canon-
ical polarization Acan and a canonical basis Wean = (W1,can - - - s Wn,can) Of
w(A/Z((SL,>0)))- The exact sequence

0—>L*®Hl(i_r£1'ulm —>HT1(A)—>L®2—>O,
1

1 m
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after base changing to Z((N~'S1 >0))[Cn,1/N], gives rise to a princi-
pal level N structure ¢y can for A/Z((SL,;O))' Let D;; € Der(Z((SL,>0)),
Z((S1,>0))) be the element dual to w; canwj can and §; can = V(Dj;) Wi can-
For ﬂ S SL7>0 we have DU(QB) = (2 - 51])ﬂwqﬂ with 5ij =0if 4 7é j,
and 1 if ¢ = j. Then dcan = (d1,can; - - -, On,can) together with wean forms a
basis of Hir (A/Z((SL,>0))) respecting both the Hodge filtration and the
symplectic pairing.

Evaluating a nearly holomorphic form f € NZ(I'(N), R) at the test object

Mum y (Q) = (A/Z((Nflngo))[CN,I/Np] ; Acana qu,canv Wean 5can)
defines its polynomial g-expansion

Ni(D(N),R) — Z[(n, 1/NJ[INT'SL z0l] © We(R)[Y]<r

(2.17)
fr— f(g, Y) = f(Mumy(q)).

Next we compute formulas of differential operators in terms of polyno-
mial g-expansions. Let X = (Xij)1gi, j<n be the symmetric matrix with the
indeterminate X;; = X; as the (¢, j) and (j,¢) entries for 1 < i < j < n.
The X;;’s form a basis of the GL(n)-representation 7. An element a €
GL(n) actson X by a- X = 'a Xa. Let X,z be the basis of 7¥ dual to Xj;.
Then under the trivialization (wean,dcan), Xij corresponds to wj canWj,can
and X corresponds to D;;. From the construction of Mumy(g) one can
see that

V(Dij)(wcana 60&11) = (wcam 5can) ,U/i_j7 X(Dij; (Wcan, 5can)) = /-%_J

PROPOSITION 2.16. — Let f € NZ(I'(N), R) be a nearly holomorphic
form with polynomial g-expansion f(q,Y) € Z[(n,1/N][[N71SL >0]] ®
W (R)[Y]<r. Then

(D)@ Y) = > (Dif(@ Y) +u5- 10, Y)) @ Xy

1<i<j<n

Example 2.17. — If we apply the above proposition to the case n =
1, Kk = k € N, we recover the formula given in [49, Proposition 2.4.1]
for Dy (denoted ¢ there). In this case the image of the polynomial g¢-
expansion belongs R[¢n, 1/N][[¢*/N]][Y]<, and Dy = qdiq. Write Y = Yi;.
The representations x and 7 are both one-dimensional and we omit writing
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down their basis.

e 1) =Dusay)+ (] ) flay)

9 fay)

CH@ )+ Yen - Jla.¥) Yo

d
= (qdq — Yz(,?q) f(a,Y)+ kY f(q,Y).

2.7. Holomorphic differential operators

The purpose of this section is to illurstrate Shimura’s construction of
holomorphic differential operators in the sheaf-theoretic context. Let G —
H be an embedding of reductive groups over Q, and we assume both G(R)
and H(R) have holomorphic discrete series. One of the motivations for
studying nearly holomorphic forms is that they help construct differential
operators sending holomorphic forms on H of weight k¢ (often taken to
be a scalar weight) to holomorphic forms on G of a specified weight k.
Such holomorphic differential operators have been considered and applied
in many works on studying special L-values, e.g. [7, 11, 14, 15, 20, 22, 45].

Let G = G° = Sp(2n),q and H = Sp(4n) o with standard Siegel par-
abolic subgroups Q¢ = Q° and Qy. The Shimura variety Yg (resp. Yg)
of principal level N is defined over Q((x) and is a connected component
of Y = Yq r(v) (resp. the Siegel variety parametrizing principally polar-
ized abelian schemes of relative dimension 2n with a principal level N
structure). In the following, sheaves over Yy and (Lie H, Q i )-modules are
denoted with a superscript 7.

Let ¢ : Yo X Yo < Yy be the embedding corresponding to

G X G — H
aq 0 b1 0
ap b as by 0 ay 0 by
—

(Cl d1> (CQ d2> C1 0 d1 0

0 C2 0 d2
Denote by p1,p2 : Yo X Yo — Y the projection to the first and second

factor.

PROPOSITION 2.18. — Let k be an positive integer (viewed as a scalar

weight) and k € X(T°)" be a generic weight such that the holomorphic
projection .y, : Vi, . — Witx (cf. [45, Proposition 14.2], Proposition 3.6,
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Corollary 3.10) exists for e = || = Y7 | k;. Then there exists a nonzero
morphism

Diotr T ol — Pk © Phwi k-
By taking global sections, Dy, 1+, induces a holomorphic differential oper-
ator sending Siegel modular forms on Sp(4n) of scalar weight k to Siegel
modular forms on Sp(2n) x Sp(2n) of weight (k + x, k + k).

Proof. — First, by our construction of differential operators, there is the

map
e. —1, H xy)H,e
Dy o7 w — U Vid me 71
so we consider the decomposition of the sheaf pHe especially how

k®Syme 7H»
Wi+ appears in the decomposition. Equivalently, we consider the decom-

position of kaggyme L asa(g° x g% Qg x Qg)-module.
Write

X X Y Y
g _ (X1 Xo u_ (Y1 Yo
X _<tX0 Xz)7 Y _(tYo Y2>

in n x n blocks. The subspace
(X1, Xo, Yo)WH [ XP, Y] 0 W XP][YH] € WHE X" [Y"]

is stable under the action of g° x g° and Qg X Q¢. Here the subscript .
means polynomials of degree equal to e. The quotient of W[ X#] [Y#]
by this submodule is canonically isomorphic to

(2.18) Wi[Xole[Y1, Yo

with the induced (g° x g°,Qa X Q¢ )-action. Instead of looking at the
decomposition of the whole Vklégyme i ](g°x8°,Q6 xQg), We consider the de-
composition of the quotient (2.18). First it is easy to check that (a01 tabil ) X

1

(az 2 ) € Qo x Qg acts on P(Xo,Y1,Ys) € Wi[Xole[Y1, Y2 as

t —1
0 ‘a,

ay bl a9 bg
-P(Xo,Y1,Y
<0 tall) X (0 ta21> (Xo0,Y1,Y5)

= P (‘ay Xo as, a; ' Yi'art +arthy, agtYolagt (12_1b2) .
By [45, Theorem 12.7] we know that as representations of Q¢ X Q¢,
(219) Wk[KO}e[YhXZ] = @ Vk‘+K/&Vk+N.
REX(TO)T, |r|=e
By checking the formulas defining the g-actions, we see that this decom-

position actually holds as modules of (g° x g°, Q¢ X Q¢). Moreover, for
each x appearing in the decomposition, the highest weight vector inside
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V2, ®VP s given by []7, det;( Xo)" i+, where det; is the deter-
minant of the upper left i x i block. Therefore, for £ € X(T°)*", |x|=e,
the (g° x g°, Q¢ X Qg)-module Vi, X Vi, appears as a quotient of

H .
Vigsyme 21 l(g°x9°,Qa x @) and one can write down a map

mod X1, X2,Yo

Vk{éSym"‘ ' (g°%xg°,QaxQa W]é[XO]e[Xla XZ] —>Vk+ngvl€+m

which induces a morphism of sheaves over Yo X Yg,
) H
Ok, - L*Vk®Sym‘f +H — pTVk+,{ ®p;Vk+,€.

When the holomorphic projection @1, : Vi, — wiy, exists, We define
the operator Dy, 4, as the composition
_ Dy, Ok,
Dippyr : 0wl =5 L*Végesyme K =8 Ve, @ P3 Vit
Ditr  x *
— P1Wk+k ®p2wk+m~
It remains to show that such defined Dy, . is nonzero. This can be done
by some computation in local coordinates.

Take an affine open subset Uy = Spec(R’) C Yy such that Uy Xy, (Yo x
Ye) is of the form U x U with U = Spec(R). Also we pick an ordered basis
a=(ai,...,a,) of Hig (A/Ug) respecting both the Hodge filtration and
the symplectic pairing such that o™ x o(® € T (U) x Ty (U) with

o) = (raq, ..t ap, agpa, -, L asy),

a? = (L' Qpg1y -t aon, L asnt, - L auy).
Then wf/ (Uy) ~ R, @}, (Un) ~ R'[X"]1, Q) (U xU) ~ R[X1); ®
R[ X5, and Qy, iy oy, (Un) ~ R [ Xol1.

Let 85 € Derg(¢y) (R, R'), 1 <i < j < 2n, be the dual basis of Xg and
write 87 = (9]1) in n xn blocks as 9" = (%} gz ) According to (2.2) there
is a nonzero degree e homogeneous polynomial P, (T;;) € Q[T;;]1<i<j<n and
a polynomial @ in Xg,dy, Y1, Yo whose degree in 0y is strictly less than e
such that

Ok, © D, = u, (P (X0,i500,i5) + Q(Xo,00, Y1, Y2)),

where u, : R' — R® R is the quotient map corresponding to the embedding
Yo X Yo — Ypy. The holomorphic projection 7., is purely defined on
Yo x Yg, so does not involve any dy. Thus,

Dy jrr = Sy o, (PR(XO,ijaO,ij) + Q(Xo,00, Y1, Xz))
= u, (Ps(X0,i;00,i) + Q( X0, 00,01, 02))
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with @ being a polynomial whose degree in 8y is still strictly less than
e. This implies that the differential operator Dy x4+, # 0, and the coefli-
cient for the highest weight vector [}, det;( Xo) is [}, det;(8p)" ~"i+1 +
¢(0p, 01, 02), where the total degree of the homogeneous polynomial of ¢ is
e and every term involves either 9; or Os. O

Remark 2.19. — In the construction of Dy, 4, the increase of the weight
. . . . 1
is contributed by the co-normal differential sheaf €y, JYoxYa We do not
consider the part Q%/nyc because its contribution will be killed by the
holomophic projection.

Remark 2.20. — Besides Shimura, holomorphic differential operators are
also studied by Bocherer [6], Ibukiyama [27] uisng invariant pluri-harmonic
polynomials and Harris [19] using Grothendieck’s sheaves of differentials.
Harris’ approach shows the uniqueness (up to scalars) of holomorphic dif-
ferential operators in many cases (including the case considered above).
Therefore, all the holomorphic differential operators constructed in differ-
ent approaches must be the same up to scalars. On the other hand, different
approaches yield different descriptions of the holomorphic differential op-
erators, and have their own advantages in applications.

3. Overconvergent nearly holomorphic forms and their
p-adic families

3.1. The weight space

Let p be an odd prime number. The weight space W is the rigid ana-
lytic space defined over QQ, associated to the noetherian complete algebra

Zp|[T°(Zp)]]. Its C,-points parametrize continuous homomorphisms from
T°(Zy) to Cy, ie. W(Cp) = Homeont(T°(Zy),C)). For k € W we can

p b)
write it as kK = (K1, Ka,...,Kkn) With k; being a continuous character of

Gm(Zy) = L% such that x(diag(ai,...,a,)) = [, ki(as). If we fix a
topological generator of 1+ pZ,, say 1+ p, then W can be identified with
the disjoint union of n-dimensional open unit balls indexed by T%Z),
the character group of the torsion part T°(Z/pZ) of the group T°(Z,).
Explicitly we can write the isomorphism as

W — T°(Z/pZ) % ﬁB(l, 17)

=1
K — (KlTez/pz), K1 (1 + D), K2(L+ D), .. s n(1 +p)).
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Here B(1,17) is the 1-dimensional rigid open unit ball centered at 1. For an
affinoid subdomain &/ C W, we use A(U) to denote the affinoid algebra of
analytic functions on & and A(U)° to denote the subset of A(lf) consisting
of power bounded elements.

Given k we say it is algebraic if x(diag(as, ..., a,)) = a¥ak? .. aFr with
ki, 1 < i < n, being integers, and it is arithmetic if it can be written as
the product of an algebraic weight and a locally constant character. If s
is arithmetic, we denote by kaig (resp. k¢) its algebraic part (resp. locally
constant part).

Let pp—1 be the group of (p — 1)-th roots of unity. There is a universal
character

KW X T(Zy) — pp—1 x B(1,17).

Take L to be an extension of Q, inside C,,, complete with a valuation v such
that v(p) = 1. Denote by my, the maximal ideal of Or,. For each w € v(mp,)
we can define over L the rigid analytic group 7°, = [[;, B(1,p") with
B(1,p") being the 1-dimensional closed ball of radius p* centered at 1
and the rigid analytic group 7, = 7°(Z,)T,,,- For any affinoid subdomain
U C W there exists some w € v(my) such that the universal character
ﬁun|uxTo(ZP) extends to a map between rigid analytic spaces

K U X Ty — pp—1 X B(1,17).

For such & and w we say that the universal character "™ over U is w-
analytic. In order to see the existence of such a w, it suffices to look at the
case where U/ is a closed ball inside the identity connected component W°
of the weight space, i.e. U = W(t)° =[], B(1,p") for some ¢t € v(mp).
Let Y1,...,Y, (resp. Si,...,S,) be the coordinates of W(t)° (resp. the
neighborhood a - [T, B(1,p*) =[], B(ai, p*) of a = diag(ai,...,a,) €
T°(Z,)) with coordinate ring AOWV(t)°) = L(Y1,...,Y,) (resp.
L(Sy,...,5,)). The universal character can be extended to W(t)° x a -

log(1+p™ S;)
T2, B(L,p*) as long as (1+p!Ye)* (1-+pY;) "7 belongs to L(Y;, S,

for all 1 < i < n. The factor (1 +p'Y;)* = 37, (‘?i)pthij is always
log(1+p"™S;)
inside 1 + p'Op(Y;), and the factor (1 + p'Y;) Tt = exp(log(1 +
ty_) _ log(1+p™S;)
Pt log(1+p)
that the supreme norm of the function log(1 + X) over B(0,p') satisfies

) lies inside L(Y;, S;) if we choose w large enough such

|log(14 X)|B(o,pt) < pw_ﬁ. If the universal weight x"" is w-analytic over
U, then it is obvious that any point x € U(L) is a w-analytic weight.
Let 5, be the formal group defined by

(3.1) ! w(R) =Ker (T°(R) — T°(R/p“R))

1w
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for all flat, p-adically complete Op-algebras R. As a formal scheme T7 ,,
is isomorphic to Spf(Or(Si,...,S,)). The identity component W(t)° of
W(t) has a natural formal model 20(¢)° isomorphic to Spf(Or (Y1, ..., Y,)).
Given an affinoid subdomain & C W(t)° and an open formal subscheme &
of an admissible blow-up of 20(¢)° such that i is the rigid fibre of 4, the
above discussion shows that for w € v(my) big enough the formal universal
character

KM UXTT, — Gy,

can be defined and it specializes to a formal character x : T7 , — G,y for
each k € U(L).

3.2. The analytic (g, Q,,)-modules V, ,, and Vjun ,

This section is an analogue of Section 2.3 in the p-adic analytic and
formal setting. Fix the p-adic field L and w € v(my) as in the previous
section. Let 2; be the category of L-affinoid algebras and Adme, be
the category of admissible Op-algebras, i.e. the flat Op-algebras that are
quotients of Op(Xy,...,Xs) for some s € N. First we define several rigid
analytic groups and formal groups. Like the formal torus 7, we define
the formal groups M5, and By ,, over Of, by

! w(R) = Ker (GL(n, R) — GL(n, R/p“R)),

1w

B w(R) = Ker (B(R) — B(R/p“R))

for all R € Admyg, . Define M, ,, to be the unipotent part of B; ,. Let
GL(n)an, Ban, Nan, Thy, Quns Uan be the rigid analytic groups associated
to the groups schemes GL(n), B, N, T°, Q, U, and GL(n)sig, Brig, Trigs
Q,i; be the generic fibre of the formal completion of GL(n), B, T°, Q
along p. The rigid fibre M7 ,, B w, 77, of the formal groups M5 ,,, B1 w,

1w can be naturally regarded as rigid analytic subgroups of GL(n)ig,
B.ig, Thig- Set 1(Zy) = {g € GL(n,Zy) : g mod p € B(Z/pZ)} to be the
Iwahori subgroup of GL(n, Z,) and N (Z,) to be the unipotent subgroup of
I(Z,) consisting of lower triangular matrices with 1 on the diagonal. There
is the Iwahori decomposition I(Z,) = N; (Z,) B(Z,). We define the rigid
analytic subgroup Z,, of GL(n)sg by Z,, = I(Zy) - M3 . Fixing a set S of
representatives in 1(Z,) of I(Z/p!"1Z), the group Z,, can be written as the
disjoint union [ gy M3 . Similarly we define B, = B(Z,)-Bi,w C Buig.
The group T, = T°(Zy) - T°, C Ty, is already defined in last section.
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There is a projection 7 : Q,,, — GL(n)an sending (&) to a. We define the
rigid analytic subgroup Q,, C Q,,, as

(3.2) Quw =71 HTw)

Note that Q, is not contained inside Q.

Now take £ = (K1,...,kn) € W(C,) to be a w-analytic weight and set
k' = (—FKn,...,—k1) which is also w-analytic. Extend £’ to a character of
B, through the quotient map B,, — 7). Define the w-analytic left Z,,-
module Wy, ,, by

;. o | 70 = 0@
Wiew(R) = {f P Lu(R) = Ranalytic |\ ey e B (R), © € Iw(R)}

for all R € /Ay, with Z,, acting through the left inverse translation. Because
of the Iwahori decomposition, W, ,, consists of analytic functions on

B(0,p®) 1 0
Ny (z/p™'z) x . : o
B(0,p") B(0,p*) --- 1

Therefore as a module over R we see W, ,,(R) = EBN; (Z/p[sz)R<Tij>léj<i<na
i.e. |N; (Z/p")Z)| copies of strictly convergent power series in n(n — 1)/2
variables.

From this description we see that there is a natural formal model of W, ,,,
whose R-points are @N;(Z/p[sz)R<Tij>1<j<i<n for R € Admy, , equipped
with a functorial action of I(Z,) and M7 ,. We denote the formal model
still by Wi .

With W, ., we define the w-analytic (g, @, )-module Vj ,, in the same
way as we define the (g, Q)-module V, from the algebraic representation
W, of GL(n) in Section 2.3. For all R € 2,

Vn,w(R) = Wn,w(R) QR R[X] = Wf-c,w(R) KR R[}/ij]lgigjgn-

The action of g = (8 2) € Q, and p;; € u” on P(Y) € Vi, is given by
the formulas

(3.3) (9- P)(Y)=a-Pla'b+a'Yd),
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(niy - PYY) = Y (Yiiek; + Yijeri) - P(Y)

1<k<n
0 L
(3.4) = D MY+ YgYa)gp=P(Y), i #,
1<k<I<n
_ 0
i )= ki€ki + P(Y ki¥il oo 47X
(15 P)(Y) Viieni - P(Y) ViV P(Y).
1<k<n 1<k<l<n ki

The compatibility is checked in the same way as in Section 2.3. As Q-
representations we have the filtration

Fil" Vi w(R) = VI ,(R) = Wi w(R) @r R[Y]<r

satisfying g-V, V”‘l By definition, if we regard the Z,,-representation
Wew as a Qw-representation via the projection Q,, — Z,,, then V,gw =
Wi w as Qy-representations. For ¢ € Z we can twist Vj ,, by the i-th power
of the multiplier v and get the w-analytic (g, Q. )-module V;; ,,(4).

Recall that J is defined to be the algebraic representation Vil of Q. It
restricts to an analytic Q,,-representation. Parallel to (2.9) we have

Vf:,w = V,S)w X Symr J = Wn’w X Symr J

as analytic Q,,-representations.

More generally, given (p, W,) € Repy ; GL(n), an algebraic representa-
tion of GL(n) free of finite rank, the tensor product Wigp.w = Wiw ®@ W,
is an analytic Z,,-representation, and we can define the corresponding an-
alytic (g, Qu)-module Vg, ., and Q,-representation Vigpw for 7= 0.
All of the above constructions carry over to the universal w-analytic

weight " over an affinoid subdomain & C W.

3.3. The Andreatta—Iovita—Pilloni construction

We briefly recall the constructions in [2, Chapter 3,4,5]. Let o be the
Frobenious endomorphism of Oy, /pOy,. For any finite group scheme H over
Or, we denote by HP its Cartier dual and wyy its sheaf of invariant dif-
ferentials. Given a Barsotti-Tate group G over Op of dimension n, the
Hasse invariant Ha(G) € det(wgyp)®P~! is defined to be the determinant
of the o-linear endomorphism on wg,» induced by the relative Frobenius.
The Hodge height Hdg(G) € [0, 1] is defined as the truncated valuation of
Ha(G).

Let NAdmp, be subcategory of Admep, consisting of those objects
that are normal. Fix R € NAdmgp, and suppose that G is a rank n
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semi-abelian scheme over S = Spec(R) whose restriction to an open dense

subscheme of S is abelian. Take a positive integer m € Ny and v < 21,714
(resp. v < 31-”"% if p = 3) such that for any = € S,ig the Hodge height

Hdg(x) := Hdg(G.[p*]) < v. Write Ry, to denote R/p™ R. We summarize,
in the following theorem, some results about canonical subgroups in families
used in [2].

THEOREM 3.1 ([2, Proposition 4.1.3, Proposition 4.3.1]). — There is a
finite flat canonical subgroup H,, C G[p™] of level m over S, which, at each
point x € S,ig, specializes to the canonical subgroup H,, , C Gz[p™] as con-
structed in [17, Theorem 6]. Moreover, assuming HZ (R[1/p]) ~ (Z/p™Z)",
then there is a free sub-sheaf of R-modules F C wg of rank n containing
pﬁwG, equipped with an isomorphism

HT, : H?(R[1/p]) ®z Rw — F @ Ruw,

induced from the Hodge-Tate map on HZE for all w € (0,m — v}f’—:] N
’Up(OL>.

Fix N > 3 prime to p. Let K be a finite extension of @, with valuation
v such that v(p) = 1 and a uniformizer w. Denote by Y the Siegel variety
defined over O parametrizing principally polarized abelian schemes of di-
mension n with principal level N structure. Let X be a smooth toroidal
compactification. The universal abelian scheme A — Y extends to a semi-
abelian scheme G — X. Set X to be the formal scheme obtained by com-
pleting X along its special fibre. On the associated rigid analytic space
Xrig = Xan, we have the Hodge height function Hdg : X,iz — [0,1]. For
v € v(Ok) we define the open subset X (v) = {z € X, : Hdg(z) < v}.
Let X(v) be the admissible blow-up of X along the ideal (Ha,p"), and
X(v) be the p-adic completion of the normalization of the largest open
formal sub-scheme of X(v) where the ideal (Ha,p") is generated by Ha.
This X(v) is a formal model of X (v). By construction the semi-abelian
scheme G — X gives rise to semi-abelian schemes over X(v) and X(v),
which we still denote by G. For m € N5y and v < W% (resp. v < Wll,l
if p = 3), there is the level m canonical subgroup H,, C G[p™]. Define
X1 (p™)(v) = Isomy () ((Z/p™Z)", HP) to be the finite étale cover of X (v)
parametrizing the trivializations ¢ of the Cartier dual of H,,. The group
GL(n,Z/pZ) acts on X1 (p)(v). The quotient Aty (v) = X1 (p)(v))/ B(Z/pZ)
is also finite étale over X'(v). As formal models of X;(p™)(v), Xiw(v), we
take X1(p™)(v), X1w(v) to be the normalizations of X(v) inside the corre-
sponding rigid spaces. There is the chain of formal schemes

X1(p™)(v) = Xrw(v) = X(v).
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Let 2, D(v), D1(p™)(v), V1w (v) be the open formal subschemes of X, X(v),
X1(p™)(v), X1w(v) that are the complements of the boundary C. Although
D(v), V1(p™)(v), V1w(v) are not moduli spaces, they admit modular in-
terpretations for R € NAdm (cf. [2, Proposition 5.2.1.1]). Let Y, be
the analytification of Y with the natural open immersion Y,, — Xa,. Set
V), Y1(p™)(v), Viw(v) to be the fibre products of X' (v), X1 (p™)(v), Xiw(v)
with Y,, over X,,.

By the construction of X1 (p™)(v), we can apply Theorem 3.1 to construct
a locally free sub-sheaf F C w(G/X1(p™)(v)) of rank n, equipped with the
isomorphism

(3.5) HT,, ot : (Z/me)n X7, Oxl(pm)(v),w = F RO OK,w

for w € (0,m — v]ffml} Nv(Ok).

From now on we assume w € (m — 1 + -2

S m = %] Nv(Ok), so m is
determined by w. Define the M ,-torsor Tx  (v) over X1(p™)(v) by

Tr (V) = Isomzg, (m) ) .0 (OF, (o ()2 )

where the subscript 1, w means that we require the isomorphism to be
w-compatible with (3.5) as explained below. We always fix the canon-
ical global basis of the n copies of the structure sheaf O%, (0™)(v) and
the canonical basis of the Z/p™Z-module (Z/p™Z)™. Then locally over
4 = Spf(R) C X1(p™)(v), an isomorphism « from R"™ to F (L) corresponds
to an ordered basis aq, . . . @, of the free R-module F (i) and 1) gives rise to
an ordered basis 71, ..., x, of HP(R[1/p]). We say that « is w-compatible
with (3.5) if a; = HT,(z;) mod p”R for all 1 < i < n. An element
a € M ,(R) acts on a by sending it to a o a, or equivalently sending
the corresponding basis (a1,...,a,) to (a1, ...,ay)a. This action makes
T, (v) a M3, ~torsor over X1 (p™)(v).

For a w-analytic weight k € W(K) we can form the contracted product
and get a locally free formal sheaf

mL,w = ‘I_;(-‘,w(v) Xm?‘w Wm,w

over X1(p™)(v). In particular this w] , is a flat formal Banach sheaf in
the sense of [2, Definition A.1.1.1]. Therefore we can apply the procedure
worked out in [2, A.2.2] to get the associated Banach sheaf (‘Dl,w over the
rigid analytic fibre X} (p™)(v) (see [2, Definition A.2.1.2] for the definition
of a Banach sheaf). For any affinoid subdomain & C X3 (p™)(v) and an

admissible blow-up h : ¥ — X1 (p™)(v) such that U is the rigid fibre of an
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open formal subscheme &l of X', the local sections of cDLw over U are
&L,w(u) = h*l{llﬁw(ﬂ) R0k K,

which is naturally equipped with a complete norm (independent of h up to
equivalence) with 1], ,, (40) being the unit ball.

The group I(Z/p™Z) acts on X1(p™)(v) with X1 (v) as the quotient.
Under this action the sheaf &, ,, is I(Z/p™Z)-equivariant. Since I(Z/p™Z)
is a finite group, the I(Z/p™Z)-invariant of the pushforward 71,/ ,, is a
Banach sheaf over Xy (v).

DEFINITION 3.2. — The Banach sheaf of w-analytic, v-overconvergent,
weight k Siegel modular forms of principal level N is defined as

wl,w = (ﬂl,*wl,w)l(Z/pMZ) :

We also want to associate to the Banach sheaf wLw a contracted prod-
uct interpretation, which will bring us some convenience when defining
certain morphisms. By taking the rigid fibre of the 9IS, -torsor T  (v)

over X1(p™)(v), we get
TF w(0) =2 X0(p™)(v) =5 Xy (v).

The rigid analytic space 77, (v) is a M? ,-torsor over X1 (p™)(v) and the
cover m : X1(p™)(v) = Aw(v) is finite étale. The group I(Z,) acts on
T# . (v) over X1y (v). The I(Zy)-action together with the M3, -torsor struc-
ture on 77, (v) makes it an Z,-torsor over A1y (v). Let S be the category
whose objects are affinoid subdomains of A7y, (v) admitting local sections
of the projection w1 o o with inclusions as morphisms. We can define a
presheaf on S by the contracted product

(3.6) TF () X7 Wy .

It is isomorphic to the restriction of the sheaf wf , to S. We call (3.6)
a contracted product interpretation of w,lw. Since the objects of & form
a basis of the Grothendieck topology on X;(p™)(v), in order to construct
morphisms between the sheaves over Xy (v), it suffices to construct mor-
phisms between their restrictions to & by using the contracted product
interpretation. By abuse of notation we write wf ,, = T, (v) x** Wi 4.
Define Ok schemes T,, = Homy(O%,w(G/X)), TS = Isomy(O%,
w(G/X)) over X. Let T, an, T} ,,, be their rigid analytifications, and T, T
be their formal completions along the special fibres. Also take T, vig, ijrig

to be the rigid fibre of T, TJ. Set ﬁ)’an(v)Efan(v)ﬂ;,rig(v),nfrig(v)
to be the corresponding base changes to Xy (v). Due to the requirement
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w e (m—1+, m—vl%ml} Nv(Ok), the argument of [2, Proposition 5.3.1]

shows that there is a natural open immersion
T]-ziw(v) %,rig(v) n 7;;?8.11(1])'

Local sections of the projection Tx,,(v) — Ary(v) correspond to local basis
of the sheaf w(G/X1w(v)) satisfying w-compatibility conditions defined by
the Hodge-Tate map HT,,. Note that 7, (v) does not lie inside 7., (v).
When « is algebraic this open immersion induces a canonical inclusion of
W Ay (v) IO W] .

In [2] another two formal schemes are introduced. They are defined as

IWy,(v) =FTx ,/B1w and  JIW[(v) = Tx /M w,
with maps
W (v) L5 IW,, (v) =2 X1 (p™) (V) 5 Xiw(v).

The group ¥9,, acts on JW, (v) over JW,(v), and so on the pushfor-
ward of the structure sheaf 9*03917$ (v)* Define the invertible sheaf £, =
9+Ozqn+ (1 [K'] to be the r'-invariant of the T7 -action on g.Osgp+ (-
Take the rigid fibres ZW,! (v), ZW,} (v), L. There is a B(Z,)-action on
IW; (v) over Xy (v) which, together with k, makes 73 .L,; a B(Z/p™Z)-
equivariant Banach sheaf with respect to the natural B(Z/p™Z)-action on
Xy (p™)(v) over Xy (v). In [2] the invariant (7 .73 L, )B#/P"%) is defined
to be the Banach sheaf of w-analytic, v-overconvergent, weight « Siegel
modular forms. It is easy to see that the map W, ., — Al by evaluation
at identity induces an isomorphism between (7r17*7r37*£,<,)B(Z/ P"Z) and the
sheaf WI,,w in Definition 3.2.

All the above constructions run parallelly for the w-analytic universal
weight k"™ corresponding to U C W, so that we can define the Banach

over Xy, (v) X U and the flat formal Banach sheaf o]

KUT

sheaf w!

KUD

}:1 (pm)(v) x 4.

over

3.4. Nearly overconvergent Siegel modular forms

3.4.1. The Banach sheaf Vl’,z, and its global sections
Recall that in Section 2.4 we defined the locally free sheaf of finite rank
J over X, and for p € Repy, ; GL(n) we have V] = w, ® Sym" J as locally
free sheaves with Hecke actions. Take the rigid analytification of J and
pull it back to AL (v). We denote the resulting coherent sheaf over Xy, (v)
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still by J. Similarly, let J be the locally free formal sheaf of finite rank
over X1y (v) obtained by completing J along the special fibre of X and
pulling it back. Then Sym"” J is the rigid fibre of Sym" J. Since Sym" 7 is
locally free of finite rank and A%y (v) is quasi-compact, it can be equipped
with a Banach sheaf structure by choosing a cover and local basis. All such
structures are equivalent to the one given by the formal model Sym” J. The
tensor product of Sym” J with a Banach sheaf is still a Banach sheaf under
the tensor product semi-norm. The flatness of Sym” 7 guarantees that the
sheaf conditions of the Banach sheaf are preserved under the operation
of tensoring with Sym” 7. Also, the spaces of local sections of the tensor
product sheaf is complete with respect to the tensor product semi-norm.

DEFINITION 3.3. — The Banach sheaf of w-analytic, v-overconvergent
nearly holomorphic forms of principal level N, weight k (resp. universal
weight k"™ over U C W) and (non-holomorphy) degree r is defined as

V,I:ZJ = w};’w ® Sym" J (resp. V,Zfrl’w = w,tun’w ® Sym" J).

The space of global sections of a Banach sheaf over a quasi-compact
rigid analytic space can be equipped with a norm by choosing a suitable
admissible covering by affinoids. All such norms are equivalent and the
space of global sections are complete under these norms.

DEFINITION 3.4. — The K-Banach space (resp. A(U)-Banach module)
of w-analytic, v-overconvergent nearly holomorphic forms of principal level
N, weight k (resp. universal weight k"™ overid C W) and (non-holomorphy)
degree r is defined as

Ni% .= H(Xy(v),V]0)  (resp. N, o= HO (X (v) x U, VEL ),

K,w,v U,w,v

and the corresponding cuspidal part is defined as

N cusp = H (X (0), VI, (=)
(resp. N, = HO (X (v) x U, VL, (—O)).

U,w,v,cusp *

Following [49] we also call overconvergent nearly holomorphic forms
nearly overconvergent forms.
For later use we also define a locally free formal Banach sheaf ‘BMH over

X1(p™)(v) as

B\, =k, @ Sym"J.
Let f),];fv be its rigid fibre which is an I(Z/p™Z)-equivariant Banach sheaf.
Then we have V[T = (Wl,*]}l:;)f(Z/P’"Z).
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3.4.2. The Q,,-torsor T;,_iw(v) and contracted product
interpretation of V,if"w

The definition of the Banach sheaf V,f[u”fu as w};’w ® Sym" J is already
convenient for constructing unramified Hecke operators and U,-operators.
However, for the construction of differential operators and holomorphic
projections, it is preferable to have a contracted product interpretation
involving a Q,-torsor and the Q,-submodule V., of the (g, Qu)-module
Vie,w defined in Section 3.2.

The Of-scheme T, = Isomy (O%, Hig (A/Y)") is defined as in Sec-
tion 2.1. Let T3, be its analytification and 7,7, (v) be the base change
t0 Xy (v). There is a natural projection

T’;L(,an (U) — 7;;?3,11(1})'
We define the Q,,-torsor T?-?,w over Ay (v) as
T7~>L<,w(v) = T?-i(,an(v) XTf’an(v) T]->'<,w (’U)
It is not difficult to see that the Banach sheaf VI’ admits the following

R,w

contracted product interpretation

Yl = T (0) X V2
3.4.3. Summary

We record below several interpretations of the Banach sheaf Vljfu over
Xiw(v) and its global sections, which we will use later for convenience ac-
cording to different purposes.

(i) Vi, =wl, ®Sym" 7,
(if) VIn = (m1,.7m3,.L)BE/P"E) @ Sym”™ 7, and for global sections

NiT = HY(IW,(v), Ly @ (71 0 m3)* Sym” J)BE/P"E)

K, W,v
(i) Vi, = (ﬂl,*V,szU)I(Z/me), and for global sections

N1t = B (™) (0), VL) D

= (H°(%,(p™)(v), ], ,, ® 7} Sym” J)[1/p])T @72,

(iv) Vi, =T o(v) xS VI,

It is easy to see that in all the above constructions we can replace k by the
w-analytic universal weight k"" corresponding to & C W, and consider the
Banach sheaf Vl:};w over Xy (v) x U as well as the A(U)-Banach module

NjT = HO (X (0) x U, VI ).

U,w,v
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In the following we need also to consider the Banach sheaf Vﬂ;;ﬁg pw =

wh \ ® w, ® Sym” J and its global sections ngp)w’v for some (p,W,) €
Repy ; GL(n). Here w, is the base change to A1y (v) of the analytification
of the automorphic sheaf £(W,). From £(W,) one also gets the locally free
formal sheaf of finite rank w, over X1 (v) whose rigid fibre is w,. When
working with Vl@ép’w and ngp,w,v’ we can replace Sym” J and Sym"J

in (i), (iii) by w, ® Sym" J,w, ® Sym" J, and V[, in (iv) by Vg, .-

K,w

3.5. The Banach A(U)-module N,/” is projective

U ,w,v,cusp

The goal of this section is to prove the proposition below following the
arguments in [2, Section 8].

PROPOSITION 3.5. — N£{7,:u,v,cusp is a projective Banach A(U)-module.
For every k € U with the corresponding maximal ideal m, C A(U), we
have Nl'/rli:u,mcusp ® A(u)/mﬁ :> N/;r::u,'u,cusp'

Proof. — We use the interpretation (iii) in Section 3.4.3 and the same
proof works if we replace £"" by " ® p with p € Repy, ; GL(n). Our case
differs very little from that in [2, Section 8]. Instead of repeating the whole
proof here, we just point out the main ingredients there and explain that

their arguments for the formal Banach sheaf l{)Lun,w(—C) are applicable
to @Lun’w(—C) = ﬁJLunw ® 73 Sym” J(—C). Below for simplicity we write
77 Sym” J as Sym” J.

We use the notation in [2, Section 8.2]. Let X* be the minimal compact-
ification of Y. There is a proper morphism X — X*. Like X(v) one can
define X*(v) to be the p-adic completion of the normalization of the largest
open formal subscheme of the blow-up of X* along the ideal (Ha, p?) where
it is generated by Ha. We have the projection n : X1(p™)(v) — X*(v).
We may assume that U lies inside the identity component W and take 4
to be the open formal subscheme of an admissible blow-up of 20° whose
rigid fibre is . We use the subscript [ to mean reduction modulo w'. [2,
Corollary 8.1.6.2] shows that @L’LJU is a small formal Banach sheaf over
X1(p™)(v) with Sym" J; as the required coherent sheaf in the definition of
small formal Banach sheaves (cf. [2, Definition A.1.2.1]).
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First we claim that the proposition follows from the following base change
T n (—C). For all | € N, considering the diagram

KUT

property for by}

X1 (p™)(0) % 8 — = X1 (p™) (V)1 X g1

J/mxl i’ﬂl+1><1
./

X*(U)l X ﬂl : X*(U)l+1 X ul+1

the base change property for il (-C) is

KUD

(37) il*(nl"rl X 1)*%2““,w,l+1(70) = (771 X 1)*@2;““,10,1(70)'
Once this base change property is proved, we deduce that

(n x 1)*‘1~3Lun’w(—(]) is a small formal Banach sheaf with (n x 1), Sym" J;
as the required coherent sheaf. Then applying [2, Theorem A.1.2.2] and the
arguments in [2, Corollary 8.2.3.1, 8.2.3.2], we conclude that the module
HO (X (p™) (v) x Z/{,]},iunyw(—C’)) is a projective Banach A({)-module and

the map
HO(X1(p™) (0) XU, Vo o (—C)) @ AWU) m; — HO(X(p™)(0), V], (=C))

is an isomorphism. The statement of the proposition follows by taking the
invariant of the finite group I,(Z/p™Z).

We are left to show the base change property (3.7). Like in [2, Section 8],
we look at the projection 7; in a formal neighborhood of a geometric point
in the minimal compactification and reduce the base change property to
the vanishing of certain locally free sheaves over abelian schemes (3.11).
In [2, Section 8], only the vanishing for p being trivial is needed.

Let V! C V = Z®2" be an isotropic direct factor of rank 7. We start by
recalling the description given in [2, Section 8.2] of the localization of the
projection from the toroidal compactification to the minimal compactifica-
tion at a geometric point & € X*(v); belonging to the stratum Yy~ ; C X}.
Let Ay, — Yy be the universal abelian scheme, and By — Yy~ be the
abelian scheme parametrizing the extensions of Ay by V' ® G,,, which is
isogenous to AT, Over By lies My which is a torsor under the torus with
character group Sy, isogenous to Hom(Sym?V/V'+ G,,). Let My, —
My s be the torus embedding associated to a polyhedral decomposition S
of the cone C'(V/V'+) of symmetric semi-definite bilinear forms on V/V'+.
Like in Section 3.3 one defines Yy (v),D1(p™)v'(v), By (v), My s(v).
Put %1(pm)\// (’U) = %V’ (U) XQ[T‘"// (Q(V//Hmyvl)r and ml (pm)v/’s(v) =

My s(v) X8, () B1(p™)v+(v). The completion X;(p™)(v), ; at a geo-
metric point Z inside Yy (v); C X*(v); is isomorphic to a disjoint union
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of spaces Ml(ﬁ)?’g(v)ly/Fl(pm)v/ with some geometric point y €
Y1 (p™)v+(v);. The spaces fit into the diagram

—— —

Mi(p™)yrs(0), 5 = My (™) s ()0 /T1 ™)y —= X1 (™) (), 5

(3.8) ihl i

—

Bi(p™)v (U)l,gj — V(M (U)l,g

Because of the exact sequence

wl*l - o~
0— tbL,w,l ® Sym" J1(—C) 7 sl ® Sym” J;(—=C)

K,w,l

], ®Sym’ i1 (—C) = 0,

the base change property for @Luuyw(—C) will follow from the vanishing
result

(3.9)  H'Mi(p™)vs(v), ,/T1(p™)v.®,; ® Sym” 31(~C)) = 0

for all kK € U. The coherent Sym” J has a filtration with graded pieces being
automorphic sheaves attached to algebraic GL(n)-representations that are
free of finite rank and the sheaf ﬁaLwJ is an inductive limit of iterated
extensions of the trivial sheaf [2, Corollary 8.1.6.2]. Therefore, (3.9) will
follow from the general vanishing result: For all p € Repy ; GL(n) and
>0,

(310)  H(Mi(p™)vr s(0), ,/T1(p™)vw,1(~C)) =0,

where w,, ; is the pullback to Ml(p/mﬁﬁ(v)lyg/ﬂ(pm)vl of the automor-
phic sheaf w, on X. The proof of (3.10) is an adaption of [36, Section 8.2]
in the situation (3.8). It is enough to show that

(L2 (0" B My 5 (0), 5 B3, (—C)) =0, i+ 5> 0.
Over By there is the universal semi-abelian scheme
0—>V/®Gm—>GV/ — Ay — 0.

Using the GL(n)-torsor Isomp , (O} ,,w(Gv'/By+)) one constructs a lo-
cally free sheaf of finite rank wy/ , over By, whose pullback oy ,1 to

By (p/m)\Vf (v), 5 satisfies

* *
hiroy pl = hzmp,1~
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The action of T’y (p™)y+ on Sy factors through a quotient which acts freely
on {\ € Sy NC(V/V'*H)Y : X > 0}. Take Sy to be a set of representatives
of the orbits. Applying [36, Lemma 8.2.3.12], [16, Theorem V.2.7] we get

ot <F1 ®P™)vr, HJ'(./\/h(m,s(v)Lg, hgmﬂJ(_O)))
= H (Fl(pM)vu H Hj(B1(P/m)\V/ (V)5 L) @ mv,’p,1)>

AESy NC(V/V'H)Y,
A>0

[ Thes, B (Br@™) v (), 5. L) @ 1oy 1) i =0
0 i >0,

where L£(A) is an ample invertible sheaf over the abelian scheme
B1(p™)y(v) for A € Sy [16, p. 143]. We reduce to show

(3.11) HI(By(p™)v (v), 5, £L(A) @ wyr ,1) =0, if j > 0.

Over By, the sheaf of invariant differentials of the torus part and the
quotient abelian part of the semi-abelian scheme Gy can be trivialized.
Hence the sheaf wy- , can be constructed by using a torsor of a unipo-
tent subgroup Ny, C GL(n) with the Ny -representation p|x,,,. Then [36,
Lemma 8.2.4.16] says that p|y,, admits a filtration with Ny acting
trivially on each graded piece. Thus wy- , is an iterated extension of
the trivial sheaf, and (3.11) follows from the vanishing results for

HI (B (p™)y (v),5- £(N)), § > 0 [39, Section TIL16]. O

3.6. The differential operators

Let Qﬁqw(u) be the sheaf of differentials on A, (v) defined as in [18,

Ex. 4.4.1]. Over Xjy(v) we have the integrable Gauss—Manin connection
Vi Har(G/ X (0)™ = Hag(G/ X (0)" @ Qo (log O).

For a w-analytic weight k € W(C,) and p € Repy ; GL(n), we defined
in Section 3.2 the (g, Qu)-module Vg, . The Banach sheaf V,L’gp’w =
wLw ®w, ® Sym” J on Ay (v) has the contracted product interpretation
Tﬁyw(v) x Qw Vi@p,w- Using this contracted product interpretation and the
construction in Section 2.2, we obtain a connection

T ,r+1 ~ ,r+1
vﬁ@ﬂ,w : VZ@p,w — V/Te@;r,w ® QXIW('U) (]'Og C) = Vl@;@r,w(_l)'

Recall that 7 is the symmetric square of the standard representation of

GL(n). Composing it with ¢* : V,Ig:éﬂw(—l) — Vlg:é)r,w we get the
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following differential operator which can be thought of as a p-adic analytic
version of the Maass—Shimura differential operators

f,r+1
DR®P7 VH@,D w 7 Vn@p@f,w'

Besides, there is the Shimura’s E-operator [45, Section 12.9]

5m®p tr—1 t~ t,r—1
Eﬁ@ﬂv Vn@p w Vﬁ®p®‘rv,w(1) Vﬁ®p®rv,w’

whose construction relies only on the fact that we have the morphism of
Q,,-representations

Vi K®p, w/ ®p w 7 Vn®p w VTV( ) V:@;@TV w(l)'

We can also iterate the operators and obtain

) T,rte
Di@p w V;,; - Vn@p@Syme T,
. R t,r—e
E}i@p w * V;,Z) — Vn@p@Sym6 ™V,w?
for e € N. A section of the sheaf V,Q@p w lies inside V,@p o for 0 <7’ < rif
and only is it is annihilated by Ef;(g pljw.
OAlso, note that because there is a natural isomorphism Vg , .,/ Vg, p w—
V& p@Sym” Tv)w(r), we have
T
(312) Elo@p w V " _> Vﬁ®p®Sym ™V,w

3.7. The holomorphic projection

Besides the definition of the space of nearly holomorphic forms, its al-
gebraic structure and the Maass—Shimura differential operators, another
main ingredient in Shimura’s theory of nearly holomorphic forms is the
holomorphic projection. Shimura’s construction [45, Proposition 14.2] can
be adapted to our p-adic analytic context.

Define the functions Log, ..., Log, on the weight space VW by

1ng(l€1(1 + p)t)
log,,((1+p)?)
for K = (K1,...,Kkn) € Wand some ¢ € N sufficiently large. Let K (Log;, ...,
Log,,) be the fraction field of K[Log;, ..., Log,]. For an affinoid subdomain

U C W such that "y, is w-analytic, we prove in this section the following
proposition.

Log, (x) =

3
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PROPOSITION 3.6. — There is an A(U)-linear continuous map

A Ny — Nii,0 ®©x K (Logy, ..., Log,,)

U, w,v

whose restriction to Ng{fv,v is the identity.

In order to simplify notation for the rest of this section we omit all the
subscripts from the differential operators and E-operators as well as the
subscript w from Vl;:‘@Syme eSyme 7w

Suppose that Spm(R) C X1 (v) is an affinoid subdomain such that there
exists a section a € T/, (v)(R), and we regard a as a basis (a1, ..., a2,)
of Hig (A/R) satisfying certain conditions. Given D € Derg (R, R), define
X(D,a) € g® R by

V(D)a=a-X(D,a),

and denote by X (D, «) its image in the quotient g/q = u~. The Levi sub-

group M acts on u~ by conjugation, i.e. a € GL(n, R) acts on X (D, a) by
sending it to 'a =1 X (D, a)a~. This GL(n)-action is isomorphic to 7. Given
@ € Ty ,(v)(R) and a basis {eiti<icn(n1) 2 of the GL(n)-representation 7,
the dual basis {e;/}lgign(m_l)/2 gives rise to a basis {De;/)a}lgign(n+1)/2 of
the tangent space Derg (R, R). One can check by definition that the element
X(Dey o, @) inside u™ ®@ R is independent of the choice of a € Ty, (v)(R),

and we abbreviate it as X (e)).

form a basis of u” @ R = 7V (R),

[3

LEMMA 3.7. — {X(Dev)}
1<i<n(n+1)/2

which is dual to the basis {€i}, <;<n(nt1/2-

Proof. — The statement is an equality statement and does not depend
on the choice of {€;}; ;< (41)/2- Hence it suffices to prove it for the Siegel
variety Y, and we can further reduce to the Siegel upper half space h,, and
take a to be the holomorphic basis (dw, 3) of H}g (As,. /bys) constructed in
Section 2.5. Denote by KS the Kodaira—Spencer map. Explicit computation
using (2.15) shows that

(3.13) KS(dw;dw;) =2mi-dz; 1<i<j<n

Put X = (X;;) as in Section 2.6. Then (X;;)1<igj<n can be regarded
as a basis spanning the representation 7. It is dual to the basis p;; of
u~. (3.13) shows that dz;; corresponds to X;; under the basis (dw, 3) so

0/0z; = Dxy (dw,s)- By (2.15) we have X(X}}) = p;; and the statement
is proved. (|
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The morphism 7 ® 7V — triv of GL(n)-representations induces the con-
traction operator

6 Vnun®sym 7—®Sym Vv >VK,“"
LEMMA 3.8. — The composition
ege pe -
E°0°D V/i"“@Sym TV —>VN““®Sym TV ®Syme T VK““ Vﬁ““@Sym TV

is an OXIW(U) xy-linear morphism of Banach sheaves over Xy, (,y XU induced
by an endomorphism of the Q,,-representation V2 oun@Syme 7V -

Proof. — There exists a contraction map

0 VH““@Sym 7V ®Sym® T®Sym® 7V — vn““@Sym erVv

induced from a morphism of the corresponding representations such that
E°0°D® = °E°D*.
Therefore it is enough to show that the map

e e .
E°D V/-c"“(X)Sym TV V/i““@Sym TV ®Sym® T®Sym¢ 7V

is induced from a morphism of Z,,-representations. Still take X = (X,;) as
a basis of 7 and write Viun o, = Wiun [Y] with Y = (Yj;)1<igj<n as in
Section 3.2. Locally over Spm(R) C &1y (v), we fix a section a € T/, (v)(R)
and let Dxv o be the basis of Derg (R, R) associated to X} and a. With
these choices of local coordinates, the map E°D¢ can be written as

T’}-iw(lu) (R) X Qu(R) Vmo‘m@)Syme TV (R)

B pe
— T?;(,w(v)(R) QW(R) VH"“@SYI‘H 7V ®Symeé 7®Sym*® 7V (R)
(v, u) — (a, Pa,U,e(Xv Y)),
with P, (X, Y) being a homogenous polynomial of degree e in X and
degree e in Y whose coefficients lie in V) win@syme v (11). The claim that

E<€D¢ is induced from a morphism of Z,-representations is equivalent to
the equality

(314) a'(Paue(Xa X)):Pa-a,u,e(l(a X)a

for all a € Z,(R) and u € Viuggyme -v(R). By (2.2) the operator E°
annihilates all terms in D¢ ((a, u)) involving derivations of the base ring R
or the action of q C g, because they do not increase the degree in Y. Thus,

Poue(X,Y) Z (X ) Pajue—1(X, Y)) Xij,

1<i<j<n
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where X(X%) is regarded as an element of u™ through u™ = g/q. We
show (3.14) by induction. The e = 0 case is true by definition of the con-
tracted product. Assuming it is true for e — 1, then

a'Pa,u,e(le/)
—a- Y (XX Paer(X, ) X
1<i<j<n

Il
~~
/N

QL-P

—
>~
~—
>
Si<
S~—
Q
L
N—
~~

Q

P’“U

S

K

—

—

<

I~

~—~"
N—
N—
~~

Q

2
<
N—

1isysn

= (X(Xl\g) (a Pa,ue—l(Xv X))) XZJ
1<i<j<n

= X(Xz\g) Paa,um—l(z(v X)) XU
1<i<j<n

:Paaue(Xa Y)

The second equality uses the compatibility of the action of g and Z,, and
the third equality follows from Lemma 3.7. g
Denote by ¢(k"", e) the endomorphism of Wyungsyme rv = V,gm®syme v
giving rise to E°0°D*.
LEMMA 3.9. — There exists an element ¢ € End(Wumgsyme v ) and
anonzeron € K[Log,...,Log,] such that gop(k", e) = p(k"™,e)op = n.

Proof. — As an A(U)-Banach module, we have
Wigun o & @ - (z/ple1z) AU L),

the direct sum of [N~ (Z/p!™Z)| copies of strictly convergent power series
in T = (T}j)1<i<j<n- Let WO = A(U)[T] be the polynomial part of one
copy. Fix a basis Z = (Z;j)1<i,j<n, Zij = Zj; of ¥ with a € GL(n) acting
by a-Z="%""'Za ' Then

WH“"@Syme ™ = Bn- (Z/p[w]Z)A(u)[Z]e<I>v
where the subscript e means homogenous polynomials of degree e. Like W0,
set W0 = WO2Sym® Vv = A(U)[ Z].[T]. Both W° and W are closed under
the action of gl(n), and ¢(k"™", e) restricts to an endomorphism of the gl(n)-

module W?. We can write W2 as a direct sum of its weight spaces W0 =
&) )\Wg \ With each Wg 5 free of finite rank generated by some monomials

of the form H1<i<j<n T:j7 'ngkglgn Z,i’;’, Sijyte = 0, Yty = e. The
endomorphism ¢(k"", e) restricts to an A(U)-linear map ¢y : Wg/\ — Wg)\
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for each A and the corresponding matrix, with respect to the basis consisting
of monomials, has entries in Og[Logy,...,Log,].

The first claim is that the determinant of ¢, in non-zero. For k € U
write @y . to denote the specialization of ¢, at k. Fix an arbitrary x =
(K1,-..,6n) €U and consider k + k = (k1 + k, ..., Kk, + k) with k varying
in N. Set Q(k) to be the determinant of ¢y .. It is a polynomial in k and
is non-zero as observed in [45, (14.3)]. Hence the determinant of ¢, cannot
be zero.

Then in order to show the existence of the @, it suffices to show that there
exists n € Ok[Log;,...,Log,] such that the minimal polynomial Py of ¢y
divides 1 in Okl[Log;,...,Log,] for all A. Let L be the algebraic closure
of the field K(Log,...,Log,). For a generic k € U, the specialization
WY of W0 at & is isomorphic to the irreducible Verma module with highest
weight . According to [3, Lemma 5], for generic «, the gl(n)-module W? =
WY ® Sym® 7V admits a Jordan—Hélder series of finite length with graded
pieces being irreducible Verma modules, and the length is independent
of k. Let [ be this length. It follows that the subset of L consisting all
the eigenvalues of ) for all A is finite. Also, for each u € Wg Ak
generic, the dimension of the space Span{ap’}fﬁ(u) : m € N} is bounded by .
Therefore as A varies, the degree of the minimal polynomial Py is uniformly

with &

bounded and all the roots are contained in a finite set. This implies the
existence of the desired n € Ok[Logy, ..., Log,]. O

Proof of Proposition 3.6. — Let ¢,n be as in the previous lemma for
e = r. Then n~ '@ induces the morphism

,0 0
(I)T : VZun@SymT ™V ow — Vlun®symr ™vw ®K K(Logla ey LOgn)a
which is the inverse of E"0"D". Set . =1 — 0"D"®,.E". Then
E'e=E"(1-0"D'®.E")=FE" —(E"0"D"®,.)E"=E" —E" =0,

showing that 7. sends NZL’:D’U into NZL:;; ®k K(Logy,...,Log,). Mean-
while 7, is identity on N,/" ! because E" annihilates N;>" . By induction

U,w,v U, w,v
we obtain the desired & = @4 o w0 --- 0 . O
COROLLARY 3.10. — There exists a nonzero 1 € K[Logy,...,Log,]
such that each F' € N&:U , can be written as

nF = Fy+0DF, +---+0"D"F,

with F; € NJ"°

URSym*® TV, w,v"
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3.8. Unramified Hecke operators

Let ¢ be a prime integer with (¢, Np) = 1. For an element ~, of the double
coset GSp(2n,Z¢)\ GSp(2n, Q.)/ GSp(2n, Z.), the action of the Hecke op-
erator T, on N, ,Mw can be defined in the standard way by using algebraic
correspondence of ¢-(quasi-)isogenies of type «y,. Let Yiw x be the moduli
scheme over K parametrizing principally polarized abelian schemes (A, \)
with a principal level N structure and a self-dual full flag Fil, A[p]. Define
Cy, C Yiw kx X Yiw,x to be the moduli space, whose R-points C.,(R) for

any K-algebra R consists of (quasi-)isogenies
T (Al, Al, 1/)]\[71, Fll. Al[p]) — (1427 )\2, ¢N72, Fll. AQ [p])

of type ;. Here for i = 1,2, A\;,¥n; and Fils 4;[p] need to satisfy 7*\o =
v(ve)A, ™o N1 = Yn2, wo Filg Aj[p] = Fils Ao[p]. Being of type ¢
means that under certain Z,-basis of the Tate modules T;(A;), the matrix
of the morphism induced by 7= on Tate modules is ;. Denote by p; (resp.
p2) the projection of C,, to the first (resp. second) factor. Put C,,(v) =
Cryoan Xpy Yiw x.an Yiw(v). Then we have

(3.15) / \

ylw(v) yIW(U)'

Write p; 77, (v) = Cqy(v) Xp, 31, (0) T (V). Due to the functoriality of
the Hodge—Tate map and the canonical subgroups, the (quasi-)isogeny 7
induces an isomorphism 7 : p3 757, (v) = pi 757, (v) (cf. [2, Lemma 6.1.1]).
Applying 7* to the first factor of the contracted product p; Ty, (v) x Qw

, .
Vi w» we obtain

m p3 VL o piVEL.
The Hecke operator 7', is defined as the composition
H® (Vi (0), VIL,) 25 HO(Co, (v), p3VEL) 7= HO(Co\ (0),p1VEL)
Tr T
=2 HO(Vrw(v), Vi)

Such defined T’,, maps bounded functions to bounded functions and re-
stricts to an action on N7 by the discussion of [2, Section 5.5]. The

K,W,v

action also preserves the cuspidal part (see Remark 3.15).
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3.9. The U,-operators

Let T C T(Q) be the set
Tt = {diag(p™,...,p*,p™ %, ... .p» ") :ay < < apn, a0 = 2a,}

We want to attach a Hecke operator to each element of 7F. All such oper-
ators will be called U,-operators. Let

I; 0 0 0
0 I, O 0 .

(3.16) vpi = 0 0 2L 0 1<i<n—1,
0 0 0 I

I, 0
andypyn(o I>'

An element v, € Tt can be uniquely written as v, = p* H?=1 ’y;J] with
S0 € Z, 81...,5, € N. We make the scalar p act on Yy g by sending
(A, N\, ¢, Filg Alp]) to (A, X\, ¥n op, Fils A[p]). This action is invertible and
induces a map on the global sections of the sheaf V,I’L, which we take as
the Hecke operator corresponding to p € T and denote by (p). We define
the Hecke operator attached to p*0 as (p)®® for all sy € Z. It remains to
define the operators U, ; associated to v, ; for 1 <i < n.

3.9.1. The operator U, ,,

Let C,, C Yiw,xk X Yiw,x be the moduli space parametrizing the quin-
tuples (A, \, ¢y, Fils Ap], L), with (A, A\, ¥n,Fils Alp]) being the moduli
problem defining Y1y x and L C A[p] satisfying L & Fil, A[p] = Alp].
Denote by m : A — A/L the universal isogeny. There are two projec-
tions p1,p2 from C,, to Yy k. One is by forgetting L, and the other sends
(A, N\, ¥n, Filg Alp], L) to (A/L, N, 7 on,Filg A/L[p]), with X defined by
7*N = pX and Fil; A/L[p| = w o Fil; A[p], 1 < i < n. Let

Cn(v) == On,an Xpl,YIWJ( wa(v) C wa(U) X wa(U)-
Then by [17, Theorem 8], there is the diagram

(3.17) / \
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The universal isogeny 7 induces an isomorphism 7* : piT7 ,(2) —
Pi T3 () (cf. [2, Lemma 6.2.1.2]) that gives rise to 7 : ps Vi — piVi.
The operator U, ,, is defined as the composition

(3.18) H° (ym(p) (p) ,vz;z;) P25 H0(C, (o), gV

pr D/ 2y,
%

s HO(Cp(v), piVIT) H (Y (0), VEL).

See Section 3.9.5 for the normalizer p~™(+1)/2

3.9.2. The operators U, ;,1=1,...,n—1

In order to define the operators U, ;, we first generalize the notion of
w-analyticity to w-analyticity for w = (w;i)1<k<j<n satisfying
(i) wjr =w or w — 1 for some w as before,
(i) wjt1,k = Wik, and wjg—1 = Wjk.
Recall N; (Z,) C I(Z,) is the subgroup of lower triangular elements with
1 as diagonal entries. Let A, be the rigid analytic group

B(0, p*=1) 1 e 0
N™(Zy) - : : .
B(0,p*mt) B(O,p*n2) .- 1

pZ, + B(0, p*2) 1 0

Zy + B(0,p*")  pZ, +B(0,p*2) - 1

Then Z|, = N, T.2_; Ng, is a rigid analytic space with the group 7.2_; N,
acting by the right multiplication. Due to the requirement (i) (ii) on w, the
space 7., is also stable under the left multiplication by the group Z,,. Like
in Section 3.2 we define the Z,,-module Wi,w by

[T, (R) = R, fl|y- is analytic and f(ztn) = '(t)f(z) }

an R) = -
(R) {for allz € 7, (R),t € T,y_1(R),n € Nun(R)

for all R € ;. The group Z,, acts on it through the left inverse translation.
We write w’ < w ifw;,C Swjy, foralll < k< j<n Ifw < w, then
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Wiw C Wi w and elements in Wy, ., satisfy stronger analyticity condition.
We define V., by the same formulas as (3.3) (3.4), and Banach sheaves

wfe,g :T]-ziw (U) XIw W&w - wl,w? Vllzrg :T?-T,u;( ) Q st w C V;-s w:*

Next we extend the action of Z,, on Wy, ., to A;w = 7,T°"T,, where
T°~ = {diag(p",...,p") € GL(n,Q) : by > --- > b, }. With this extension
the Q,-action on Vi, extends to Aé’w = 9,79, with T~ C T(Q)
consisting of diag(p®,...,po, pPo=b1 ... pPo=bn) by > ... > b, by > 2b;.
Given h = h'tph” with K/, h” € Z,, and t, € T°, we make it act on
f € Wyqw by

(3.19) (f - h)(x) = f(h™ aty).

One can check that this action is well defined and has norm less or equal to 1
with respect to the supreme norm on Wy ,,. If t), = diag(p®,...,p"), then
h sends Wy, ,, into W, 4, with w;-k = maxg<ics<j{Wst +bs — by, wjp — 1} <
wjk, and increases the analyticity.

Now fix 1 < ¢ < n — 1 and consider the moduli scheme C; over K
parametrizing (A, A\, ¥y, Filg A[p], L), where (A, \,¢¥n,Fils Alp]) is the
moduli problem defining Yi,,, and L C A[p?] is a Lagrangian subgroup such
that L[p] ® Fil; A[p] = A[p]. Denote by = : A — A/L the universal isogeny.
Define the projection p; : C; — Y1,k by forgetting L, and py : C; — Yiw,x
by sending (A, \, ¥, Fils A[p|, L) to (A/L, N ,moyn,Filg A/L[p]). Here the
polarization )\ is defined by 7*\ = p?X and Fil, A/L[p] is defined as

w(Fil; Alp]), if 1 <j<i,
Fil; A/L[p] = { n(Fil; A[p] + p~*(Fil; A[p)| N L)), ifi<j<n,
(Fila,—j A/L[p))*, ifn+1<j<2n.
For example if 21,...,%p, Tpni1, ..., T2, is a basis of A[p?] compatible with

Fil, A[p] and the Weil pairing, then we can take
L = <pxi+17 ey Py P41y -+ s PL20—iy L20n—i4-15 - - - ,$2n>,
and correspondingly we have
Fllo A/L[p] = <p'f1> c--C <pj:17 s 7pji> - <p3_:1a s apjiv'ii+l> (@R
- <p§717"'api.i7:i.i+l7"'7:Z'n> c--

where z; stands for ; mod L.
Set Cz (’U) = Ci,an XthIw,an yIW(’U).
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PROPOSITION 3.11 ([2, Proposition 6.2.2.1]). — IfHdg(A[p™]) < o525
and Fil,, Alp| is the canonical subgroup of level 1, then Hdg(A[p*>®]/L) <
Hdg(A[p>°]) and the Fil,, A/L[p] defined above is the canonical subgroup

of level 1 of A/L.

Now we have the diagram

(3.20) / \
Viw(v

wa

The pullback 7% : p3 75/ ., (v) = PiT5 4n(v) does not send p3T;, (v) into
p}‘Tﬁw(v), but to

pIn—i 0 0 0
X 0 I; 0 0 . _
plT’;L(,w(v) ° 0 0 pIn—i 0 Qw - plT’;[(,w(U) ° AQ,w
0 0 0 P

Given local section (a,u) of the contracted product p3T,;,, (v) x 2w Vi ws

there is a 7, € Ag ,, such that (7*a) oy, " lies inside pi T, (v), and we
can define

T 3T W () x Qv VL, — PiT5 (V) x%w VI

(3.21) . .
(aau) — ((W a) °Ya sV U),
with
, max{w;x — -1}, f1<k<n—i<j<
Wik, otherwise.

It is easy to see that the right hand side of (3.21) does not depend on the
choice of 7, and 7* is well defined.
The operator U, ; is defined as the composition

(3.22) H°(V(v),VIn) 25 HO(Ci(v), p3Vin,) = HO(Ci(v), piVie)
R Vo

H (V1w (v), V],

The normalizer p~*("*1) is justified in Section 3.9.5.
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3.9.3. A compact operator U,

From (3.18) and (3.22) we see that the composition U, ,0Up n,—10- - -0Up, 1
maps N,I;ZW continuously into N,I:Z,_va. Let res : N,I:;_va — N,Z:{U,U be
the natural restriction map. Define the operator U, as

Up=resoUp,0Upp10---0Upq: NI ~—3 NI7

K, W,V Ky,w,v*
In the following we show that the map res : Nl::u_l,pv — N,l:fum is a

compact morphism between two K-Banach modules. To this end it will be
convenient to use the interpretation (ii) of NI'" in Section 3.4.3, i.e.

R,W,v

N — HO(IWw(U),LN Q (771 o 7T3)* Symr j)B(Z/me).

K, W,v
Since the group B(Z/p™Z) is finite, there is a continuous projection from
HY(IW, (), L, (7 0om3)* Sym” J) to its B(Z/p™Z)-invariant part. Thus
it is enough to show the compactness of the restriction

HO(IWwfl(pU), [,,g ® (7T1 9] 7T3)* Symr J)
— H°(IW,,(v), L, @ (my 0 73)* Sym” J).

Since the sheaf £,,® (71 0m3)* Sym” J is coherent, by [34, Proposition 2.4.1]
we reduce to prove that ZW,,(v) is relatively compact inside ZW,,_1(pv)
(relative to Spm(K)).

According to [34, Definition 2.1.1], given a quasi-compact rigid analytic
space Z and an admissible open quasi-compact subset V C Z, V is called
relatively compact inside Z (relative to Spm(K)), written as V € Z, if
there exists a formal model 3 of Z together with an open sub-formal scheme
0 C 3 with rigid fibre U,i; = V, such that the closure Uy of the reduction
Uy C 3o is proper (over Spec(k), k = Ok /).

LEMMA 3.12. — X1 (p™)(v) is relatively compact inside Xy (p™)(pv).

Proof. — First X(pv) € X because X is proper. Then using [34, Proposi-
ion 2.3.1] we get X(v) € X(pv). Both of the projections X;(p™)(v) —
X(v) and &1 (p™)(pv) — X(pv) are finite. The statement follows from [34,
Lemma 2.1.8]. O

PROPOSITION 3.13. — IW,,(v) is relatively compact inside TW,,_1(pv).

Proof. — By construction we have the formal model f : 320,,_1(pv) —
X1(p™)(pv). By the previous lemma we can take an admissible formal
blow-up X1 (p™)(pv)’ — X1(p™)(pv) with an open formal subscheme
X1 (p™)(v) € X1(p™)(pv)’, such that %1(pm)(v);ig = X1 (p™)(v) and the

TOME 69 (2019), FASCICULE 6



2490 Zheng LIU
closure X1 (p™)(v){ inside X1 (p™)(pv); is proper. Base changing f via the
blow-up we get

IWy—1(v) —— TW,—1(pv) .

| o
X1 (p™) (v) —— X1 (p™)(pv)’
There is an open covering of X1 (p™)(pv)’ by affine open subschemes such

that over each member Spf(R) of it, 32, _—1(pv)" Xx,(pm) vy SPE(R) is
isomorphic to

1 0 e 0
w—1
p*~195(0,1) 1 0
Spf(R) x ) ) .
w=193(0,1) p¥~1B(0,1) --- 1

= Spf(R) X %(0, 1)n(n—1)/2 = Spf(R<Tij>1<j<i<n).

Over 3W,,—1(pv)" X%, (pm)(pv) SP{(R) one can define the ideal sheaf at-
tached to the ideal generated by p and T;;, 1 < j < ¢ < n, which
is independent of the choice of the coordinate T;;. Such locally defined
ideal sheaves glue together to an ideal sheaf .# over J2,_1(pv)’. Let
32, —1(pv)” be the blow-up of JW,,_1(pv)’ along #. Take IW,,(pv)” to
be its open sub-formal scheme where the ideal sheaf .# is generated by
p. From the local description of .#, we know that the closure 320, (pv)j
of 3, (pv)y inside IW,,_1(pv)y is proper over the base X1(p™)(pv)j.
Take J20,,(v)” to be the inverse image of X1(p™)(v)’ under the projection
I, (pv)" — X1(p™)(pv)’. Then I20,,(v)” is an open sub-formal scheme
of 32,1 (pv)” with rigid fibre equal to ZW,,(v). Now we have the picture

3o (v)g © 30 € 3 (p)g —— IWw—1(p)g

| AL

X1 (p™) (v)g —— X1(p™) (v)g — X1 (p™) (pv)g

with the vertical map h being proper. Due to the properness of the scheme
X1 (p™)(v), and the map g (implied by that of k), the scheme 3¢ is proper.
Then the closure of J,,(v){ inside 320,,—1(pv){ must be proper since it
is contained in 3. O

All the arguments apply to the universal weight case by working rela-
tively over U C W, as well as the cuspidal case by replacing Sym” J with
Sym” J(—C). We record the following corollary.
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COROLLARY 3.14. — The operators
. Nhr T.r . N 1,7
UP : Nn,w,v - Nn,w,vv UP : Nn,w,v,cusp - Nn,w,v,cusp
. T, T, . t,r t,r
(resp. UP . NL{,U;,U - NL{,w,U’ UP . NM,w,v,cusp - NZ/{,w,v,cuSp)

are compact operators of K-Banach spaces (resp. A(U)-Banach modules).

3.9.4. Tensoring with 7,7

We consider the algebraic GL(n)-representations (paig, Wp,,,) that are
obtained by taking tensor products of symmetric powers Sym®' 7, and
Sym®©? Tg\flg with e1, ez € N. Here we add the subscript . to indicate that
the action of A;w is the one given by the algebraic action of GL(n). The
notation p, 7,7V will be saved for the A;w—modules which are obtained
from the algebraic ones by a renormalization explained below.

First we define two characters x1,x2 on the semi-group A7 . Given
h = Wt,h" with ', h" € T, and t;, = diag(p™,...,p") € T°~, put

xi(h) =p~2",  xa(h) =p™.
We define the A7 -modules 7,7" as
T = Talg ® X1, V= T;{g®xg.

By taking tensor products of 7, 7", we associate to each p,ig the renormal-
ized A} ,-module p. The reason we consider this renormalization of paig is
that it makes the action of Ay on V, integral.

Then all the U,-operators can be constructed for NV, ,:[Q; p.w,v 101 exactly the
same way as when p is trivial and Corollary 3.14 holds for the action of U,

on NIT and N7

KQp,w,v KQp,w,v,cusp"’
3.9.5. The normalizations of the Up,-operators

We show that by our choice of the normalizations of the U,-operators,

all the eigenvalues of the compactor operator U, acting on Nig pw,w AT€
p-adically integral. Since Vjg, , has a filtration with V2®p®syme Vo 88

graded pieces, it is enough to consider the case r = 0.

For an integer [ > 0, let Y; be the Siegel variety modulo p' and Y;[1/ Ha)
be its ordinary locus. Denote by S(p™); the finite étale cover of Y;[1/ Hal
parametrizing, the quintuples (A4, \,¥n, Fils "A[p™, (¢;)1<j<n), Where
the abelian scheme A over an O /p'-algebra is ordinary, and Fil, *A[p™]¢
is a complete flag of the free Z/p™Z-module *A[p™]* with trivializations
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of graded pieces ¢; : Z/p™Z =~ Fil; /Fil;11 ‘Ap™])¢. Put &(p>®) =
1'%@15 (p™);. The Hodge—Tate map gives rise to the embedding
m

&(p>) —— 32, (v)

~

%Iw (U)v
which induces an injective map

(3.24) res: NIT — H(&(p™),27)[1/p),

K®p,w,v

where 27 is the pullback to &(p*) of the locally free sheaf V} of finite rank

over X. We can define an Uy-action on H%(&(p>), ;) such that (3.24)
is Up-equivariant. Then the integrality of the Up-eigenvalues on N,Ig pow,v
follows. We deal with the case of the operator Uy, ; for 1 <i < n—1. Other
cases are basically the same.

First we construct the correspondence analogous to (3.20)

Ci,m.1(0)

S(p™) S,

where C; ,,,1(0) parametrizes sextuples (A, \, ¥y, File "A[p™]¢, (¢)1<j<ns
L) whose first five components form the quintuple defining S(p™);. The flag
Fil, *A[p™]¢* gives a self-dual flag of Fil, A[p], and L C A[p?] is the one used
in defining C;. The projection p; is forgetting L. The projection py sends
(A, A YN, Filg tA[pm]ét7 ((bj)lgjgny L) to (A/, )\/, m o Yy, Fils tA/[pm_l]ét7
(¢})1<j<n)- Here A" = A/L, and the universal isogeny 7 : A — A" induces
amap ‘1 : "A'[p™]¢* — *A[p™]¢* and a well-defined map p-tr—1 : PA[p™ ¢ —
FA'[p™et. Set Fil; ‘A’ [pm 1 = p - twL(Fil; PA[p™]¢) N A [pm T and

¢/_ p2'tﬂ-710¢j7 lflgjgnfla
/ p-mlog;, ifn—i+1<j<n
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Taking the inverse limit with respect to m followed by the direct limit with
respect to I, we get €; »(0) = @@Clml(O) and the correspondence
I m

i (0)
&(p™) S(p™).

By our normalization of the A} -action on V', the group I(Z,)T°~ I(Z,)
acts on it integrally. This guarantees that the map 7* : p30, — piY,
can be defined in a manner similar to (3.21). Once we have checked that
Im (Trp;) C p'"*VHO(S(p>), V%), we can define the operator Uy ; as

H(S(p™), T7) 25 HO(€.00(0), p3B) "= HO(€ 50(0), pi0))
—i(n+1) oy
D Trp1

H°(&(p™), 7).

It is not difficult to check that such defined U,-operators on H°(&(p™), 1v,,)
make (3.24) U,-equivariant.
We are left to show the inclusion

Im (Trpy) C pi(”"’l)HO(G(poo)7 07).

Essentially this containment reflects the fact that the projection p; is ram-
ified and p(™*1) is its pure inseparability degree. Thanks to the projection
formula we have

P10}, = p1,:O¢, . (0) © V).

Therefore it suffices to show
(3.25) Tr py (pl’*OCiym(O)) C pi(n+1)06(poc).

Let S(p™)o be the reduction of &(p>). Take yo € S(p™)o, ¥4 € p2(py * (o).

Pl

We show (3.25) in the formal neighborhoods &(p>), . €;iac(0)y,, -
Yo
We explicate the projection p; using the Serre-Tate coordinates [26, Sec-

—

tions 8.2, 8.3]. The formal neighborhood &(p>),

Homsym(TpAf/‘; X TptAf/E,@m). A point z € &(p>), corresponds to a bi-

X TptAig — G, which is symmetric if we identify

is isomorphic to

linear map q : TpAfj?J
tAiE with AZE via the polarization. Given any basis x1, ..., , of TPASE, let
Yr1,..., %, the basis of tAfjg which are obtained as the image of x1,...,z,

under the polarization. Write ¢(z;,%;) = 1+ Tji, 1 < j,k < n. We have
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Tji = Tj. The {Tjk}1<j<k<n is a Serre—Tate coordinate of 6/(;»;) .- Sim-

y
ilarly, for %;)yé with a given basis a},..., 2!, of Tijz, we get a cor-
responding Serre-Tate coordinate {7}, }1<j<k<n. The isogeny 7 : Ay, —
A% induces a map on the Tate modules. Now fix basis zi,...,z, and
zh,...,x, of T,A% and TpAzz, such that with respect to them the ma-
trix for the map 7 : T,,Ajz — Tijf,J is given by (In(;i pzoL:)' Then un-
der the basis ‘ry,...,%, and %2},... % of TptAgf) and TptAgz, the ma-

trix for 7 : TptAiz — T,'AS is given by (I"O‘i ?) For each (z,2') €
€i>°°(0)(yo,yg) C &(p®)y, x &(p>),,, let q: T, A% x T,'A% — Gy, (resp.
q :T PA?/Z X TptAgé,Z — G,,) be the corresponding bilinear map for z (resp.

2'). We have q(z;,'w(z},)) = ¢ (7(x;),z}). In terms of the coordinates
T}, and T;k7 we see that TJ'-,c can be taken to be the local coordinates of

—_—

Q:LOO(O)(yO’%), and the projection py : €; 5(0)(,, ..y = &(p™)
Ok |[Tjk]] — Ok [[Tjl]

is given by

Y0,Y0 Yo

T, if 1<
Tjp— (T +1)P =1 if1<j<n—i<k<n,

<k<n—i,
<n <n
(Th+ 1P =1 ifn—i+1<j<k<n

An easy computation shows that the pure inseparability degree of py is
P and Im (Trpy) C p"" DOk [[Tix])-

Before ending this section we include the following remark concerning
the Hecke actions preserving the cuspidality.

Remark 3.15. — The injection (3.24) is equivariant under the action of
both unramified Hecke operators and U,-operators. It is also easy to check
that

Nfi(gp,w,v,cusp = Nfi(gp,w,u n H0<6(poo)? sI];(7(7))[1/1)]
Hence it is enough to notice that the space H°(&(p>), U} (~C)) is pre-
served under those operators. This follows from the fact that classical
cuspidal nearly homomorphic forms are stable under Hecke actions, and
that the classical cuspidal nearly homomorphic forms are dense inside

H(&(p™), T,(-0)).
3.10. Interchanging the Hecke and differential operators

Let p be as in Section 3.9.4. In this section we discuss the commutator
of Hecke operators and differential operators. Recall that the operators
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Dygp.w and Eg), . are defined as the compositions

v

+
. DT ERRw yyr41 t r+1
DK®P~,W . vﬁ@p,w,v Vﬁ®p®*ra]g,w,v(71) Vn®p®7-,w,v7

(3.26)

LT EK@P;U’ r—1 i r—1
EN@PﬂU Y EQp,w,v Vn@p@rﬁg,w,u(l) Vm@p@-rv,w,'u'

We first show that Hecke operators commute with the connection Vg w
and the operator €.gp,uw-

LEMMA 3.16. — The U,-operators and unramified Hecke operators com-
mute with the connection Vg, ., and the operator €.gp w-

Proof. — The Q-representation J admits a filtration 0 — triv — J —
T;;/lg(l) — 0. The operator €.gp, by definition is induced from the quotient
morphism J — Tgig(l), and is easily seen to commute with all Up-operators
as well as unramified Hecke operators.

The commutativity of the connection Vg, with Hecke operators is a
result of the functoriality of the Gauss—Manin connection, which says that
for any map of abelian schemes

%)
—= A’

o]

P,

b

we have

FHIAYR) 5 UL (AYR) @ O —= FHL(AT/R) © Q)

itp* O lép*®1

Hin(A/S) T Hin(A/S) ® Q%

Let m be the universal isogeny A — A’ = A/L over C;(v). The commutativ-
ity of Up4, 1 <4 < n—1, with Vg, will follow from the commutativity
if the following diagram

sy )T sy Ts7
p2vﬁ®p7w plvﬁ@p,w

r+1 el r+1
pgvlép,w ® Qéi(v) — D1 lép,w ® Qéi(”)'

Write a local section of p3 lé;i = p5T5 o(0) X% Vi, as (a,u). For

any g € Qu, (a,u) = (aog,g~t-u). Take vy € Ay, such that ooyl €
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PiT5(v). If D is a local section of the tangent bundle of C;(v) then
(PiV pw(D) 0 7*)(a,v) = piV, w(D)((T*a oy, v - v))

= (r*aoy !, D(y-v)+ X(D,m*aoy™) -y -v)
(a7 Dy v) +97 1 X(Daoy ™)y 0)
=7, Dv+X(D a) - v)
= (7" o p3Vpuw(D))(a, v),

where the third equality follows from the functoriality of the Gauss—Manin
connection. The commutativity of Vg, .« with other Hecke operators can
be shown similarly. (|

Next we show that interchanging the order of U,-operators and ¢*, ¢~
in (3.26) leads to powers of p. Define the following two characters

.t X
l/p7D, l/p7E TT — Q

v t) = a072a1
t = diag(p®,...,p*, p® % .. pTT) —s () = pa N
Vp,p(t) = pro—2n.

Both v, p and v, g are trivial on scalar matrices, and v, p(7p,i) = p?

vpE(Vps) =1for 1 <i<n—1,and vpp(Ypn) = Vp,e(Ypn) = p. For £
coprime to Np, define
ve : GSp(2n,Z¢)\ GSp(2n,Q¢)/ GSp(2n,Z,) — Q*
Yo = (vl

where v is the multiplier character.

LEMMA 3.17.
(1) VP»D (,yp) : t+U'Yp = U'th+7 tiU’Yp = I/va(,yp) : U’thi’
(2) ve(ye) 't+Tw = war» Ty, = ve(7e) STt

Proof. — (2) is obvious since the corresponding representations differ by
a twist of the multiplier character. (1) is basically the same, but when defin-
ing the Up-operators, we renormalized the algebraic representations T,ig,
Talg to the Ay -modules 7, 7 by twisting the characters x1, x2. Therefore,

for 4, = diag(p™,...,p%,p— ..., p*~%) € T*, the commutators of
U, with ¢+, ¢t~ are vp(7) - x1(75) = vp,0 (), and vp(7p) - x2(p) ™! =
Vp,E(Vp)- 0

COROLLARY 3.18.
(1) vp.0(Wp) - DrgpUy, = Uy, Drgp, En®pU

( ) N®p7
(2) vel(e) - DygpTy, =Ty, Digp,  Ergply, = VZ(’W) Ty, Evg
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In particular, for the compact operator U, we have

p*" ' DygoUy = UpDugpy  ExepUp =0 UpErg)p.

3.11. The slope decomposition

We consider the slope decomposition of the operator U, acting on the
union of projective A(U)-Banach modules N, =U,>0 NT

U,w,v,cusp * U,w,v,cusp’
On each N," the action of U, is compact. Applying the Coleman-

U, w,v,cusp
Riesz—Serre theory developed in [9] on the spectrum of compact operators,

one can define the Fredohlm determinant P,.(T) = det(1 —TUp| y.» ),
u

,w,v,cusp

which belongs to AWU){{T'}}, the A(U)-algebra of power series with con-
vergence radius being infinity. Because of the integrality of the operator U,
all the coefficients of P.(T") are power bounded, i.e. P,.(T) € AU)°{{T}}.

PROPOSITION 3.19. — The sequence
1 r
3.27) 0 — Nir=l oy Npr o i o o0
( . ) K,Ww,v,cusp K,W,v Cusp KQSym” 7V w,v cusp
is exact.

Proof. — Let n : X1(p™)(v) — X*(v) be as in Section 3.5. Combining
the vanishing result (3.9) there and (3.12), we get the exact sequence of
small formal Banach sheaves over X*(v)

- - LET -
0 — nBLH(=C) — nTLT,(—0) 2 0, B0 (=C) —> 0.

KQSym” TV w

Due to the smallness we know that the augmented Céch complexes of the
above sheaves are exact after inverting p [2, Theorem A.1.2.2]. Thus we
deduce the exactness of the sequence

0 — HO(X: (p™)(v), VI (=C)) — HO (X1 (p™)(v), VL, (=C))

LEL, I
I (2 (p™) (0), V] gy v 00 (—C)) — 0.

The proposition follows by taking the invariants of I(Z/p™Z). O

Combining (3.27) and the equality
E:,wUp = pTUPEQ,uN

we see that there exist C,.(T') € A(U)°{{T}} such that
P.(T)=P._1(T)C.(p"T).
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Therefore we can define P (T) € AU)°{{T'}} as the limit

Poo(T) = lim P(T).
Given Q(T) € AU)[T] dividing P (T), one checks by definition [10,
p. 434-435] that for sufficiently large r, the resultant Res(Q(T),
P (T)/P.(T)) is a unit in AU), so Q(T) divides P,(T).

Now take Q(T) € A(U)[T] whose constant term is 1 and the leading
coefficient is a unit of A(U), such that Py (T) = Q(T)S(T) with S(T)
relatively prime to Q(T'). We call such a Q(T) admissible for NJ{’,OJU’CHSP.
Applying [9, Theorem.3.3] to get the slope decomposition
(3.28) N = NGy cusp © F& 1

U, w,v,cusp

satisfying

(1) the direct summand N() 1/ ., IS a projective A(U)-Banach module
of finite rank, and we have det(1 — TUp|N(5 o) = Q(T),

(2) the operator Q*(Up) is invertible on F(),,, where Q*(T) =
T4sRQ(1/T).

Since Q(T) is of finite degree and is picked such that Res(Q(T),
Poo(T)/Pr(T)) is a unit in A(U) for r > 0, the module N, .., Stops
increasing after r is sufficiently large. We define Ng 11 cusp @s NG v cusp for
r > 0. The subscripts w, v are omitted. Since all eigenvalues of U, acting on
NQ.u,cusp are nonzero, and U, increases analyticity and overconvergence,
the module does not depend on w,v. Elements in the finite rank projec-
tive A(U)-Banach module Ng i/ cusp are Q-finite slope families of cuspidal
nearly overconvergnent forms, and we have the Q-finite slope projection

0o
w,v,cusp

eQu NZIL{’, — NQ,L{,cusp~

Remark 3.20. — With the finite rank projective A(U)-Banach module
NQ u cusp, one can apply the machinery developed in [9] to construct the
eigenvariety for nearly overconvergent Siegel modular forms. We do not at-
tempt this here because from the point of view of automorphic representa-
tions, if 7 is an irreducible cuspidal automorphic representation generated
by a cuspdial nearly holomorphic form, then 7., has a lowest K. .-type
and forms inside the lowest K.-types are holomorphic, i.e. cuspidal nearly
holomorphic forms do not provide new interesting Hecke eigensystems than

holomorphic forms.
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3.12. p-adic splitting of Vlf{u over ordinary locus

Let YV, X, X, X(v), X (v), X = Xig, X(v), ¥w(v) be defined as in
Section 3.3. Over X (resp. Y) there is the semi-abelian scheme p: G — X
(resp. the universal abelian scheme p : 4 — Y'). Denote by p : Go — X
(resp. p : Ag — Yp) the reduction modulo w. Set X ord, Yo,0ra to be the
ordinary locus of Xy, Y. Fix a lift 0 : O — Ok of the Frobenius of the
residue field k = Ok /w. Let F' : X ora — Xo,0rd be the absolute Frobenius
and consider the commutative diagram

X0,01a © X(0) Spf(Ok) ,
XO,ord C %(0) Spf(OK)

where u is the lift of the absolute Frobenius defined by sending an ordinary
semi-abelian scheme G to its quotient by the connected part of G[p], and
composing with the base change by o. The isogeny A — A/ A[p]° induces
a morphism

©: wHag (A/D(0))™" — Har (A/D(0))°"

of formal coherent sheaves over X(0). By [31, Theorem 4.1], the locally free
formal sheaf H1 (A/(0))*" of rank 2n has a unique ®-stable locally free
formal sub-sheaf {3 of rank n, over which ® restricts to an isomorphism.
This $ly; gives rise to a splitting, called the unit-root splitting, of the Hodge
filtration:

Hair (A/D(0))"" = w(G/X(0)) L.
Moreover iy, is stable under the Gauss—Manin connection. The unit-root
splitting pulls back to X1y (p)(0), and induces a projection J — Ox,, ()(0)-
Taking the generic fibre we get the projection
(3.29) H(A1.(0),VL7,)

= H(X1(0), wf , ® Sym" J) — H® (X1 (0), w] ,,)-

The Igusa tower &(p*°) defined in Section 3.9.5 is étale over X1,,(0) with
the group T°(Z,) acting on it. The space of weight k p-adic forms consists
of functions on &(p™) that are x’-invariant under the action of T°(Z,), i.e.

MEPYe = HY(S(p™), Og (pe)) W]
Composing (3.24) with r = 0 and (3.29) we obtain the map
6 ¢ N — ME(1/p),

R,W,v
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sending nearly overconvergent forms to p-adic forms.
Let k € W(K) be an arithmetic weight with algebraic part K1, and finite
order part k¢. Set

Ly(N,p™) ={(2}) eT(N):c=0modp™, a modp™ € N(Z/p™Z)} .

Denote by N[ (I'1(N,p™), K) the space of weight ke, degree r classical
nearly holomorphic Siegel modular forms of level I'y (N, p™) with nebenty-
pus k¢ at p.

PROPOSITION 3.21. — The following restriction of §, to classical nearly
holomorphic Siegel modular forms

- m r 517 -adic
pet : NL(TL(N,p™), K) — Nt | =2 ME24[1 /p]

is injective.

Proof. — Take f € Ker&, .. Under the map ¢ : NZ(I'1(N,p™), K) Qk
C — NZ(b,,T'1(N,p™)) defined as (2.14), the image ¢(f) of f is a poly-
nomial in (Im 2)~! with coefficients being holomorphic maps from b, to
Wmalg
VO through the C°° splitting given by the Hodge decomposition of
Hir(Ap, /bn) ® C°(b,,C). Let S C b, be the subset consisting of or-
dinary CM points. It is analytically dense in h,,. At each point of S, the
unit-root splitting agrees with the C'* splitting [32, Lemma 5.1.27]. There-
fore f € Ker&, o implies that ¢(f) =0 and f=0. O

In general it is conjectured that for all w-analytic weight &, the map &, is
injective. The injectivity is proved in the n = 1 case [49, Proposition 3.2.4].

(C). By definition ¢ is equivalent to the projection from V! to

3.13. Polynomial g-expansions and p-adic g-expansions

The embedding (3.23) induces, by restriction, the injective map
(3.30) N — HO(S(p™), Sym” 3)[1/p].
For each geometrically connected component &(p™)°, with the Mumford
object constructed in Section 2.6, one can define a map

L+ SpE(OK[L/H[[NT'SL,0]]) — &(p™)°.
The canonical basis (Wean, dcan) induces an isomorphism
" Sym”J = Ok [1/4][[N7' S 50]l[Y]<r,
which, together with (3.30), defines a p-adic polymonial g-expansion map
€rqpoly i NIy — O [[NT'SL soll[Y]<r[1/p]-
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Remark 3.22. — Note that the image of €, 4 poly are polynomials in Y
with scalar coefficients, while the polynomial g-expansion f(g, Y), defined
as (2.17) for a classical nearly holomorphic form f of an arithmetic weight
K, is a polynomial in Y with coefficients inside the representation W,. To
obtain the polynomial g-expansion here from the polymonial ¢-expansion
in (2.17), one simply applies the canonical map ecan : Wi, — A, defined
as the evaluation at the identity.

If ¢ is the number of geometrically connected components of 91 (p>)(0),
we can choose t1, ..., ¢, such that ¢; maps Mump(g) to the j-th compo-
nent. We define the polynomial g-expansion map €4 poly as @§=1 €.;,q,poly-
Then it follows from the irreduciblity of the Igusa tower &(p*°) [26, Corol-
lary 8.17] that the map €4 pory is injective. Similarly, we can define the
polynomial g-expansion map for families of nearly overconvergent forms.

ProOPOSITION 3.23. — The polynomial g-expansion maps
Eqpoly Ny — (Ok[[N7'SLzoll[Y][1/p)®°,

Eqpoly * Ny — (AW [N 1 20l [Y][1/p])®°
are injective.

In Section 3.12 we defined a map &, : NI, — ME24ic[1/p] using

the unit root splitting. Composing &, with the g-expansion map for p-adic
forms, we get the map

Eqpadic Ny —> MEA[1/p] — (Ok[[N7'S120]][1/p)®,

K,2W,v

and we call it the p-adic g-expansion of nearly overconvergent forms. Simi-
larly, we define the p-adic g-expansion for NJ{’,ZO,U- Since dcan is exactly the
unit-root part, €4 p-adic is nothing but €4 poiy|y=o. In the case when the
map &, is injective, the p-adic g-expansion €4 ,-adic Will also be injective.
For families we define the p-adic g-expansion simply as €4 poly| y—=o-

PROPOSITION 3.24. — Suppose that the subdomain U C W is a closed
ball centered at an arithmetic point and Q(T) € A(U)[T is admissible for
Nj° Then

U, w,v,cusp”
Eqap-adic * NQuucusp — (AU)°[[NT1SL z0]I[1/p])®
is injective.
Proof. — Take F' € Ngicusp With €gpadic(F) = 0. Then Proposi-
tion 3.21 implies that for each k € U (@p) such that the specialization
F,. is a classical nearly holomorphic form, we have F, = 0. We reduce to

show that the subset of (Q,,) consisting of points x with F,; being classical
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is Zariski dense inside Y. By the construction of Ng i/ cusp, We know that
F € N§ 1y cusp for some 7 € N. Then F' can be written as (Corollary 3.10)

nF = Fy+0DF, +---+0"D"F,

with F; € NZ};Symi Vo a0 7 € K[Logy,...,Log,] nonzero. By Corol-
lary 3.18, the slopes of Fy, F1, ..., F, are bounded in terms of @ and 7.
Therefore, if an arithmetic weight = € U(Q,) is away from the zeroes of
1 with ke sufficiently regular with respect to the bound on slopes, then
the classicity of Fy,...,Fy  can be deduced from [2, Proposition 7.3.1]
and [5], from which the classicity of F,, follows. Such arithmetic points are

Zariski dense in U as U is a closed ball centered at an arithmetic point. [

3.14. Families by ¢g-expansions

Keep the assumption on U/, Q as in Proposition 3.24. Let ¥ C Z/I(@p) be
a Zariski dense subset consisting of arithmetic points. Define

NGB o C (A U)IN S o)) [Y[1/p]) 2
(xesp. N3 g.eusp © (A°UIIN"1S1 50]1[1/0))®€)

as the sub-A(U)-module consisting of elements whose specializations at al-
most all k € ¥ are the polynomial g-expansions (resp. p-adic g-expansions)
of forms in Ng, « cusp-

ProrosITION 3.25. — WithU, @ as in Proposition 3.24, the polynomial

o . . . 2,poly
g-expansion map induces an isomorphism from N i cusp tO NGl cusp-

Proof. — We follow the argument of [50, Theorem 1.2.2], [25, Theo-
rem 7.3.1). Abbreviate A(U), Ngurcusps NG, wcusps Noythonsp: 85 A, N,
N,., NP Tet I be the set consisting of monomials ¢% HY;Z“, where
ajr €N, 1<j<k<n,and §; € N’lSL)o with the subscript 1 <7 < ¢
meaning the i-th connected component. By taking coefficients, there is a
natural embedding

(AQ)°[IN T Se 2ol [Y][1/p) e — AL

Denote by K(A) the fraction field of A. The A-module N is finite projec-
tive. Let d = rank 4(N) = dim g4 (N ® K (A)) < oo, and pick F1, ..., Fy €
N such that they span N ® K(A) over K(A). Write their images inside
A’ under the polynomial g-expansion map as (a(Fj,4))ier, 1 < j < d.
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Thanks to the injectivity of the map &4 poly, We can choose i1, ...,7q such
that D = det(a(F},4:))1<j1<d # 0. We claim that

DNP g, o (N).

Otherwise, there exists G = (a(G,i))ier € DNZPW\e, 101y (N). Subtract-
ing from G a linear combination of the g4 o1y (F;)’s, we get a nonzero
G' € N=prol with a(G,i;) = 0 for all 1 < ¢ < d. The Zariski density of ¥
implies that there exists k € X such that eq poly (Fi)s, - - -, €q,poly (Fa)r, Gl
are Q,-linearly independent and G, = &4 poly(f) for some f € N,. Thus,
Fi ..., F4., f are linearly independent inside IV,;, but N, is of dimension
d. The claim is proved. Therefore,

NEPY — o p(N) @ K(A) N AL,

and we also deduce that N>P° is a finitely generated .A-module because
A is noetherian. In fact A is a noetherian UFD and a Jacobson ring [8,
Section 5.2.6, Theorem 1, 3].

Now take an arbitrary G” € g4 poly (V) ® K(A) N Al we want to prove
that G actually lies inside €4 pory (V). Since A is a UFD we can take some
n € A such that nG” € €4 poiy(N) and 7'G” ¢ €4 pory (N) for any 7’ strictly
divides 7. Take F' € N such that nG" = g4 poiy(F). If m C A is a maximal
ideal containing 7, then e, pory (Fk,,) = 7(km)G, = 0. The injectivity of
€q,poly at weight x implies that F,, = 0, and F' € mN by Proposition 3.5.
This shows that F' € ﬂnem mN. The A-module N is finite projective, so
there exists a1,...,a; € A such that 4 = > a;4 and each localization
N,, is free of finite rank over A,,. Each A,, is still a noetherian UFD [38,
Lemma (19.B)] and a Jacobson ring [46, Tag 00G6]. Let 11, . .., m be all the
prime factors of 1. Then 1;A,, is a prime ideal that is the intersection of all
maximal ideals containing 7; in Aq,. It follows that \/nAa, = (;1;4a, =
nnEm,meMax(Aai)mAai and \/ﬁNai = mnem,meMax(A,,,i)mNai' Then since
F € ,cmmN, we have F' € \/N,, for all i, and hence F' € \/nN. By our
choice of 7 this implies that 7 is a unit in A. O

If we apply the same argument to quz,u,cuspv due to the lack of injectivity
of the map €4 p-adic at all points in U, we only get a weaker result.

ProOPOSITION 3.26. — With U, Q as in Proposition 3.24, there exists a
nonzero 1 € A(U) such that WNS,u,cusp belongs to €4 p-adic (INQ u,cusp)-
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